Machine LearnindModule 5 Notes for 39 |A

Module5: Motivation, Estimating hypothesis accuracy, Basics of sampling
theorem, General approach for deriving confidence intervals, Difference in error
of two hypothesis, Comparing learninglgorithms. Instance Based Learning:

Introduction, k-nearest neighbor learning, locally weighted regression, radial
basis function, casedbased reasoning, Reinforcement Learning: Introduction,

Learning Task, Q Learning.

Note :Who are Consistent Learne€?Module4)

Ans: Every hypothesis consistent with D is a MAP hypothesis. We will say that a
learning algorithm is @onsistent learnermprovided it outputs a hypothesis that
commits zero errors over the training examples.

Given the above analysis, we can conclude évary consistent learner outputs
MAP hypothesis, if we assume a uniform prior probability distribution over H (i.e.,
P(h) = P(h for all i, j), and if we assume deterministic, noise free training data (i.e
P(Dh) = 1 if D and h are consistent, and 0 otherwise).

1.Explain with formulas and examples the Following
a.Sample Error (Training Error)
b.True Error
c.Mean
d.Variance
e.Standard Deviation
f. Expected Value
g.Random variable



Ans:

a. Sample Erroris the error rate of the hypothesis over the sample of data that is
available.

Definition: The sample error (denoted errors(h)) of hypothesis h with respect to
target function f and data sample § is

|
3 errors(h) = - 23( f(x), h(x))
xes
Where n 1s the number of examples in §, and the quantity 8(f(x), h(x)) is 1 if
f(x) # h(x), and 0 otherwise.

b. True Error. is the error rate of the hypothesis over the entire unknown
distribution D of examples.

* True Error : is the error rate of the hypothesis over the entire unknown
distribution D of examples. The true error of a hypothesis is the probability that
it will misclassify a single randomly drawn instance from the distribution D.

Definition: The true error (denoted errorp(h)) of hypothesis h with respect to target
function f and distribution D, is the probability that & will misclassify an instance
drawn at random according to D.

errorp(h) = Pr[f(x) # h(x)]

Here the notation Pg) denotes that the probability is taken over the instance
X€
distribution D.

c.Meanis average of a given set of data.
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d. Varianceis the sumof squaresof differencesbetweenall numbersand means.
Deviationfor aboveexample.

N oy 2
Formula : 0% = Z’i=1{$*_”)

Where € i s Mean, N is the tot al number of el ement

The variance of a random variable is Var(Y) = E[(Y — uy)?]. The variance characterizes the
width or dispersion of the distribution about its mean.

e. Standard Deviations square root of variance. It is a measure of the extent to
which data varies from the mearit measures the absolute variability of a
distribution; the higher the dispersion or variability, the greater is the standard
deviation and grater will be the magnitude of the deviation of the value from their
mean.

The standard deviation of Y is 4/Var(Y). The symbol oy is often used used to represent the
standard deviation of Y,

The main and most important purpose of standard deviation is to understand how spread out
a data set is. If you imagine a cloud of data points, drawing a line through the middle of that cloud
will give you the 'average' value of a data point in that cloud.

f. Expectedvalue:

The expected value, or mean, of a random variable Y is E[Y] = Zi yi Pr(Y = y;). The symbol
iy 1s commonly used to represent E[Y].

g. Random Variable: A random variable can be viewed as the name of an
experiment with a probabilistic outcome. Its value is the outcome of the
experiment Arandom variables a numerical description of the outcome of a
statistical experiment. Aandom variablghat may assume only a finite number or
an infinite sequence ofaluesis said to be discrete; one that may assume any value
in some inteval on the real number line is said to be continuous.
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interested in. Asampleis just a suksection of the population.

Basic Definitions

o A random variable can be viewed as the name of an experiment with a probabilistic outcome. Its
value is the outcome of the experiment.

o A probability distribution for a random variable Y specifies the probability Pr(Y = y;) that ¥ will
take on the value y;, for each possible value y;.

o The expected value, or mean, of a random variable ¥ is E[Y] = Z;' yi Pr(Y = y;). The symbol
iy is commonly used to represent E[Y].

o The variance of a random variable is Var(Y) = E[(Y - uy)*]. The variance characterizes the
width or dispersion of the distribution about its mean.

o The standard deviation of ¥ is y/Var(Y). The symbol oy is often used used to represent the
standard deviation of Y.

o The Binomial distribution gives the probability of observing r heads in a series of » independent
coin tosses, if the probability of heads in a single toss is p.

o The Normal distribution is a bell-shaped probability distribution that covers many natural
phenomena,

o The Central Limit Theorem is a theorem stating that the sum of a large number of independent,
identically distributed random variables approximately follows a Normal distribution.

o An estimator is a random variable Y used to estimate some parameter p of an underlying popu-
fation.

o The estimation bias of Y as an estimator for p is the quantity (E[Y]- p). An unbiased estimator
is one for which the bias is zero.

o A N% confidence interval estimate for parameter p is an interval that includes p with probabil-
ity N%.
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2.Write a short note onConfidence Intervals.

Ans:One common way to describe the uncertainty associated with an estimate is
to give an interval within which the true value is expected to fall, along with the
probability with which it is expected to fall into this interval. Sestimates are
calledconfidence interval estimates

Definition: An N% confidence interval for some parameter p is an interval that is
expected with probability N% to contain.p

For example, if we observe r = 12 errors in a sample of n = 40 independently drawn
examples, we can say with approximately 95% probability that the interval 0.30 f
0.14 contains the true error errefh)

A GENERAL APPROACH FOR DERIVING CONFIDENCE INTERVALS
The general process includes the following steps:

1. ldentify the underlying population parameter p to be estimated, for example,
errorp(h).

2. Define the estimator Y (e.g., ergdr)). It is desirable to choose a minimum
variance, unbiased estimator.

3. Determine the probability distributioBy that governs the estimator Y, including

its mean and variance.

4. Determine the N% confidence interval by finding thresholds L and U such that
N% of the mass in the probability distributi®y falls between land U.

Confidence Intervals for Discret€alued Hypotheses

Here we give an answer to the question "How good an estimate of dnjois
provided by errog(h)?' for the case in which h is a discresdued hypothesis. More
specifically, suppose we wish to estimate the true error for some discveleed
hypothesis h, based on its observed sample error over a sample S, where

1 the sample S contains n exampbigwn independent of one another, and
independent of h, according to the probability distribution D

1 n>=30

1 hypothesis h commits r errors over these n examples (i.e., £mox rin).



Under these conditions, statistical theory allows us to make the feling
assertions:

1. Given no other information, the most probable value of ejfioy is errog(h)

2. With approximately 95% probability, the true error exfb) lies in the interval

errors(h)(1 — errors(h))
rn

errors(h) £ 1 .96\/

The above expression for the 95% confidence interval can be generalized to
any desired confidence level. The constant 1.96 is used in case we desire a 95%
confidence interval. A different constant, zy, is used to calculate the N% confi-
dence interval. The general expression for approximate N% confidence intervals
for errorp(h) is

errorg(h)(1 — errors(h))
n

errors(h) £+ zN‘/

where the constant z is chosen depending on the desired confidence level, using
the values of zy given in Table 5.1.

Confidence level N%: 50% 68% 80% 90% 95% 98% 99%
Constant zn: 0.67 1.00 1.28 1.64 1.96 2.33 2.58

TABLE 5.1
Values of zy for two-sided N% confidence intervals.

3.Discuss Error Estimation and Estimating Binomial
Proportions

Imagine that we were to run k random experiments, measuring the random

variables erros (h), erroke(h) . . . errog(h). Imagine further that we then plotted

a histogram displaying the frequency with which we observed each possible error
value. As we allowed k to grow, the histogram would approach the form of the



distribution shown inFigure below This describes a paitular probability
distribution called theBinomial distribution

Binomial distribution for n =40, p =0.3
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A Binomial distribution gives the probability of observing r heads in a sample of n independent
coin tosses, when the probability of heads on a single coin toss is p. It is defined by the probability
function ot

P(r) - m pr(l _p)n r
If the random variable X follows a Binomial distribution, then:
o The probability Pr(X = r) that X will take on the value r is given by P(r)

o The expected, or mean value of X, E[X], is
E[X]=np
e The variance of X, Var(X), is
Var(X) = np(1 - p)
o The standard deviation of X, oy, is

ox = +/np(l - p)

For sufficiently large values of »n the Binomial distribution is closely approximated by a Normal
distribution (see Table 5.4) with the same mean and variance. Most statisticians recommend using
the Normal approximation only when np(1 — p) > 5.

The general setting to which the Binomial distribution applies is:

1. There is a base, or underlying, experiment (e.g., toss of the coin) whose outcome
can be described by a random iable, say Y. The random variable Y can take on
two possible values (e.g., Y = 1 if heads, Y = 0 if tails).



2. The probability that Y = 1 on any single trial of the underlying experiment is given
by some constant p, independent of the outcome of any oteeperiment. The
probability that Y = O is therefore (). Typically, p is not known in advance, and
the problem is to estimate it.

3. A series of n independent trials of the underlying experiment is performed (e.g.,
n independent coin tosses), prodagi the sequence of independent, identically
distributed random variables,YY;, . . ., Yn. Let R denote the number of trials for
which Y= 1 in this series of n experiments

REZH:Y,

i=l

4. The probability that the random variable R will take on a spe@fie r (e.g., the
probability of observing exactly r heads) is given by the Binomial distribution

n!
PriR =) = ri(n —r)! Prl=p

Mean and Variance:

Two properties of a random variable that are often of interest are its expected
value (also called its mean value) and its variance. The expected value is the
average of the values taken on by repeatedly sampling the random variable. More
precisely

Definition: Consider a random variable Y that takes on the possible values yi, ... y,.
The expected value of ¥, E[Y], is

E[Y]=) yPr(¥ =)

i=1

For example, if ¥ takes on the value 1 with probability .7 and the value 2 with
probability .3, then its expected value is (1-0.74-2-0.3 = 1.3). In case the random
variable Y is governed by a Binomial distribution, then it can be shown that

E[Y]=np

where n and p are the parameters of the Binomial distribution defined in Equa-
tion



A second property, the variance, captures the “width” or “spread” of the
probability distribution; that is, it captures how far the random variable is expected
to vary from its mean value.

Definition: The variance of a random variable ¥, Var[Y], is

Var[Y] = E[(Y — E[Y])?]
The variance describes the expected squared error in using a single obser-

vation of Y to estimate its mean E[Y]. The square root of the variance is called
the standard deviation of Y, denoted oy.

Definition: The standard deviation of a random variable Y, oy, is

oy =/ E[(Y — E[Y])?]

In case the random variable Y is governed by a Binomial distribution, then the
variance and standard deviation are given by

Var[Y] = np(1 — p)

oy = /np(l —p)

Estimators, Bias, and Variance

* Since error¢(h) (an estimator for the true error) obeys a Binomial distribution

we have: error((h) =r/n and errorp(h) = p

where n is the number of instances in the sample S, ris the number of instances from §
misclassified by h, and p is the probability of misclassifying a single instance drawn from
D.

* Definition: The estimation bias (# from the inductive bias) of an estimator Y
for an arbitrary parameter p is E[Y]=p

* The standard deviation for error(h) is given by
Vp(1-p)/n~ Vi errory(h)(1-errors(h))/n




In general, given r errors in a sample of n independently drawn test exam-
ples, the standard deviation for errorg(h) is given by

o p(1—p)
Oerrors(h) — ; b T

which can be approximated by substituting r/n = errorg(h) for p

\/errors(h)(l — errorg(h))
C"eli'rf,-rs(k) ~ n

4.Discuss Normal or Gaussian Probability Distribution

Normal distribution with mean 0, standard deviation 1
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A Normal distribution (also called a Gaussian distribution) is a bell-shaped distribution defined by

the probability density function
3

x)=
P 2no

A Normal distribution is fully determined by two parameters in the above formula: & and o.

If the random variable X follows a normal distribution, then:
o The probability that X will fall into the interval (a, b) is given by

b
f p(x)dx



e The expected, or mean value of X, E[X], is

E(X]=pn
e The variance of X, Var(X), is
Var(X) = o2
e The standard deviation of X, oy, is
ox =0

To summarize, if a random variable Y obeys a Normal distribution with
mean p and standard deviation o, then the measured random value y of ¥ will
fall into the following interval N% of the time

u=xzyo
Equivalently, the mean w will fall into the following interval N% of the time

y*xzyo
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A Normal distribution with mean 0, standard deviation 1. (a) With 80% confidence, the value of
the random variable will lie in the two-sided interval [—1.28, 1.28]. Note z gy = 1.28. With 10%
confidence it will lie to the right of this interval, and with 10% confidence it will lie to the left.
(b) With 90% confidence, it will lie in the one-sided interval [—oo, 1.28].



5.Write a Short note on Central Limit Theorem.

Theorem 5.1. Central Limit Theorem. Consider a set of independent, identically
distributed random variables Y; ...Y, governed by an arbitrary probability distribu-
tion with mean y and finite variance o2. Define the sample mean, ¥, = 1 3" ¥,

Then as n — oo, the distribution governing

Y_n—u'
o

n

approaches a Normal distribution, with zero mean and standard deviation equal to 1.

6.DIFFERENCE IN ERROR OF TWO HYPOTHESES

ANs :

a. The difference d between the true errors of two hypothes$dsand h2 :

d = errorp(hy) — errorp(h2)

b. Thedifference d between the sample error of two hypotheses hl and h2 :

d = errorp(hy) — errorp(hz)
c.the approximate variance of each of these distributions

52 errorg, (h1)(1 —errorg,(h1)) " errors, (hy)(1 — errors,(h2))
a" n na

d. the approximate N% Confidence interval estimate for d is

d+

n \/ errors, (h1)(1 — errors,(hy)) + errors,(h2)(1 — errors,(h2))
iN
ni nj



7.Explain  Comparing Learning Algorithms. Write a
procedure b estimate the difference in error between
two learning methods LA and LB . Approximate
confidence intervals for this estimate

Comparing Learning Algorithms

* How can we tell if one algorithm can learn better than another?

1. Design an experiment to measure the accuracy of the two
algorithms

2. Run multiple trials

3. Compare the samples not just their means . Do a statistically sound
test of the two samples.

4. Is any observed difference significant? Is it due to true difference
between algorithms or natural variations in the measurements?

* Which of L, and L, is the better learning method on average for learning some
particular target function f ?

* To answer this question, we wish to estimate the expected value of the
difference in their errors:

Escplerrory(Ly(S)) - errory(Lg(S))]

* Of course, since we have only a limited sample D, we estimate this quantity by
dividing D, into a training set S, and a testing set T,and measure:

error,(L,(S,))-error,(Ly(S,))



A procedure to estimate the difference in error between two learning methods
LA and LB

1. Partition the available data Dy into k disjoint subsets 71, 1, ..., T of equal size, where this size
is at least 30.
2. Fori from 1 to k, do
use T; for the test set, and the remaining data for training set S;
o §i « {Dy—T}
o ha < La(S)
o h B LB(S,')
o §; «errory,(ha) —errory, (hg)
3. Return the value &, where

The approximate N% confidence interval for estimating the quantity in Equa-
tion - using § is given by

S:l:tN'k_l 83 (1)

where ty (-1 1s a constant that plays a role analogous to that of zy in our ear-
lier confidence interval expressions, and where s; is an estimate of the standard
deviation of the distribution governing §. In particular, s; is defined as

1 k _
_ 52 2

Paired tTests

The best way to understand the justification for the confidence interval estimate
given by Equatioaboveis to consider the following estimation problem:



e We are given the observed values of a set of independent, identically dis-
tributed random variables Y1, Y», ..., Y.

e We wish to estimate the mean p of the probability distribution governing
these Y;.

e The estimator we will use is the sample mean ¥

k
>
i=l1

The t test, described by Equationk) @nd @), applies to a special case of this
problemthe case in which the individual Yi follow a Normal distribution.

Y

|

The t test applies to precisely these situations, in which the task is to estimate the
sample mean of a collection of independent, identically and Normally distributed
random variables. In thigase, we can use the confidence interval given by
Equations ) and @), which can be restated using our current notation as

mw =Y itnNr-1 Sy

where sy is the estimated standard deviation of the sample mean

k

1 -
_— . — )2
k(k — 1) 2 %= 1)

i=l

tn
-]
Il

Practical Considerations

No single procedure for comparing learning methods based on limited data satisfies
all the constraing we would like.

It is wise to keep in mind that statistical models rarely fit perfectly the practical
constraints in testing learning algorithms when available data is limited.

Nevertheless, they do provide approximate confidence intervals that canfbe o
great help in interpreting experimental comparisons of learning methods.



8.What is instancebased learning? Explain and Give
Examples.

Ans:

* Memory-based learning (also called instance-based learning) is a type
of learning algorithm that compares new test data with training data in
order to solve the given machine learning problem. Such algorithms search
for the training data that are most similar to the test data and make
predictions based on these similarities.

* Learning in these algorithms consists of simply storing the presented
training data. When a new query instance is encountered a set of similar
related instances is retrieved from memory and used to classify the new
query instance

* Examples : k-nearest neighbor learning , locally weighted regression, Radial
Basis function (RBF), kernel machines and Case based Reasoning .

Key Advantage

Instead of estimating the target function once for the entire
data set (which can lead to complex and not necessarily
accurate functions) IBL can estimate the required function
locally and differently for each new mstance to be classified

Advantages

* Instead of estimating for the whole instance space, local
approximations to the target function are possible.

* Especially if target functions is complex but still decomposable



Disadvantages

» Classification costs are high

* Typically all attributes are considered when attempting to retrieve
similar training examples.

9.Discuss thék- NN Algorithm . Write a KNN Algorithm
for the following:
9 For approximating a discrete valued function

9 For approximating continuous valued function
9 For distance weighted discrete valued functions

9 For distance weighted continuous valued
functions

a. Kk Nearest Neighbor Algorithm:

* The most basic instance-based method is the k-NEAREST NEIGHBOR
algorithm. This algorithm assumes all instances correspond to points
in the n-dimensional space R".

* The nearest neighbors of an instance are defined in terms of the
standard Euclidean distance.



More precisely let an arbitrary imstance x be described by the feature
vector (set of attributes) as follows:

<a(x),axx),...an(x) >

where ar(x) denotes the value of the r'* attribute of instance x. Then
the Euclidean distance between two instances x1 and xj 1s defined to
be d(x; x;) where

d(xi,x7) = \/Z (ar(xi) —ar(xy)) 2
r=1

The K-NN algorithm for approximating a discrete valued function

Consider, the case of learning a discrete-valued target function of the

form [ R >V, where Vs the finte set {v,...s}

Training Algorithm :
+ For each training example <x, fix) >, add the example to the list of training_examples

Classification Algorithm
»Given a query instance xq to be classified
* Letyx; ... x; denote the k instances from fraining_examples that are nearest to x,

. k
* Reum  f(x,) «argmax ) 6(v. f(x))

eV g

where d(a.b)=1 fa=5>

=0 otherwse

where argmax f{v) refurns the value of x which maximises ffx),
eg  argmx(x’)=-3
xefl.2,-3)




FIGURE 8.1

k-NEAREST NEIGHBOR. A set of positive and negative training examples is shown on the left, along
with a query instance x, to be classified. The 1-NEAREST NEIGHBOR algorithm classifies x, positive,
whereas 5-NEAREST NEIGHBOR classifies it as negative. On the right is the decision surface induced
by the 1-NEAREST NEIGHBOR algorithm for a typical set of training examples. The convex polygon
surrounding each training example indicates the region of instance space closest to that point (i.e.,
the instances for which the 1-NEAREST NEIGHBOR algorithm will assign the classification belonging
to that training example).

The diagram on the right side of Figure 8.1 shows the shape of this decision surface
induced by INEAREST NEIGHBOR over the entire instance space. The decision
surface is a combination of convex polyhedra surging each of the training
examples. For every training example, the polyhedron indicates the set of query
points whose classification will be completely determined by that training example.
Query points outside the polyhedron are closer to some other tngirexample.

This kind of diagram is often called tMoronoi diagramof the set of training
examples

The k-NEAResT NEIGHBOR algorithm is easily adapted to approximating
continuous-valued target functions. To accomplish this, we have the algorithm
calculate the mean value of the k nearest training examples rather than calculate
their most common value. More precisely, to approximate a real-valued target
function f : " — R we replace the final line of the above algorithm by the line

k .
CARS ——-—Z‘=1kf &)



Continuous vs Discrete valued functions (classes)

K-NN works well for discrete-valued target functions. Furthermore, the

1dea can be extended f or continuos (real) valued functions. In this case

we can take mean of the /* values of k& nearest neighbors:

> S

f(XQ) «— = — &

Distance-weighted k-NN

Might want to weigh nearer neighbors more heavily
k

A

veV o
and d (x,, x;) 18 distance between x, and x;

For continuous functiong:
Zm f(xi) |

flxg) = where wi =
=|

d(xe. xi)’
” (Xg,X1)

1

mstead of just £.

(%) ¢ argmax Zwﬁ(v, f(x)) where wi =

1

)
d(xq Xi)”

Note now 1t may make more sense to use all training examples



Curse of Dimensionality : Remarks on KNN

Imagine mstances described by 20 attributes, but only 2 are relevant to target function:
Instances that have 1dentical values for the two relevant attributes may nevertheless be
distant from one another

in the 20-dimensional space.

Curse of dimensionality: nearest neighbor 1s easily misled when high-dimensional X.
(Compare to decision trees).

One approach: Weight each attribute differently (Use training)

1) Stretch j  axis by weight 7, , where z;, ...., z, chosen to minimize prediction error
2) Use cross-validation to automatically choose weights =, ..., z,
3) Note setting z; to zero elumnates dimension i altogether

When To Consider Nearest Neighbor ?

+ Instances map to pomnts m R"

» Average number of attributes (e.g. Less than 20 attributes per instance)

+ Lots of traming data

» When target function is complex but can be approximated by separate local simple
approximations

Advantages: Disadvantages:

Traiming 1s very fast Slow at query time

Learn complex target | Easily fooled by irrelevant
functions attributes

Note that efficient methods do exist to allow fast querying (kd-trees)



KNN Performance

The performance of the KNN Algorithm is influenced by three main
factors :

1. The distance function or distance metric used to determine the
nearest neighbors

2. The decision rule used to derive a classification from the K nearest
neighbors

3. The number of neighbors used to classify the new example.

Advantages

* The KNN algorithm is very easy to implement

* Nearly optimal in the large sample limit

* Uses local information which can yield highly adaptive behavior
* Lends itself very easily to parallel implementation

Disadvantages

* Large storage requirements
* Computationally intensive recall
* Highly susceptible to the curse of dimensionality

10. Define the following terms with respect to K
Nearest Neighbour Learning :
a.l) Reqgression 1) Residual 1) Kernel Function.




o Regression means approximating a real-valued target function.
e Residual is the error f(x) — f(x) in approximating the target function.

o Kernel function is the function of distance that is used to determine the
weight of each training example. In other words, the kernel function s the
function K such that w; = K(d(x;, x,)).

11. Discuss Locally Weighted Regression

Basic idea: k-NN forms local approximation to f for each query point x4
Why not form an explicit approximation f (x) for region surrounding x4

« Fit linear function to k nearest neighbors
 Fit quadratic, ...
* Thus producing "'piecewise approximation" to f

v Let us consider the case of locally weighted regression in which the target function f
is approximated near Xq, using a linear function of the form

A

fx) = wo +wiay(x) + - + wya(x)
As before, ai(x) denotes the value of the ith attribute of the instance x.
+ There are three error criterion E(xq) to emphasize fitting the local training

examples.
+ Three possible criteria are given below :



1. Minimize the squared error over just the k nearest neighbors:

1 x
Bog=y ), (®-f0)
x€ k nearest nbrs of x,

2, Minimize the squared error over the entire set D of training examples, while

weighting the error of each training example by some decreasing function

K of its distance from xq:

Ex(x 2 (f(x) = f@))? K(d(xg, %))

xeD

3. Combine 1 and 2:

Ex(xy) = Y (f@ - ) K@, )

X€ k nearest nbrs of x,

S

If we choose criterion three above and rederive the gradient descenivele
obtain the following training rule

Aw; =1 > K(d(xg, ) (f&x) = f(x) aj(x)

x€ k nearest nbrs of x;

Remarks on LocallWeighted Regression

1 The literature on locally weighted regression contains a broad range of
alternative methods for distance weighting the training examples, and a
range of methods for locally approximating the target function.

1 In most cases, the target function is approximated by a constant, linear, or
guadratic function.

1 More complex functional forms are not often found because

o (1) the cost of fitting more complex functions for each query instance
Is prohibitively high, and



o0 (2) these simple approximations model the target function quite well
over a sufficiently small subregion of the instance space.

12. Explain RADIAL BASIS FUNCTIONS (RBF)

* One approach to function approximation that is closely related to
distance weighted regression and also to artificial neural network its
learning with radial basis functions .It is eager instead of lazy

* Global approximation to target function in terms of linear
combination of local approximations

» Used e.qg. for image classification
* In this approach the learned hypothesis is a function of the form

k
F&x)=wo+ ) wyKy(d(xy, x))
u=1

where each x, is an instance from X and where the kernel function K,(d(x,, x))
is defined so that it decreases as the distance d(x,, x) increases. Here k is a user-
provided constant that specifies the number of kernel functions to be included.
Even though f(x) is a global approximation to f(x), the contribution from each
of the K,(d(x,, x)) terms is localized to a region nearby the point x,. It is common

to choose each function K,(d(x,,x)) to be a Gaussian function
centered at the point x, with some variance o2,

;}?d’-(x..n

Ku(d(x,,x)) =€

An example radial basis function (RBF) network is illustrated in Fhgloe
.Where a(x), a0 E 0 XXX &tetthe attributes describing the instance x.



FIGURE
A radial basis function network. Each hidden unit produces
an activation determined by a Gaussian function centered at
some instance x,. Therefore, its activation will be close to zero
unless the input x is near x,. The output unit produces a linear
combination of the hidden unit activations. Although the network
(x) a (x) sho_wn here has just one output, multiple output units can also
2 n be included. :

Training of RBF Network

* Given a set of training examples of the target function, RBF networks are
typically trained in a two-stage process.

* First, the number k of hidden units is determined and each hidden unit u is

defined by choosing the values of x. and 6.A:: that define its kernel functio
Kl(d(XH X))'

* Second, the weights w, are trained to maximize the fit of the network to
the training data, using the global error criterion given by Equation

| 802
E= ED fx) = f(x)

xeD

» Because the kernel functions are held fixed during this second stage, the
linear weight values w, can be trained very efficiently.

To summarize, radial basis function networks provide a global approximation to the
target function, represented by a lineeombination of many local kernel functions.
The value for any given kernel function is agegligible only when the input x falls
into the region defined by its particular center and width. Thus, the network can be
viewed as a smooth linear combinationrofny local approximations to the target



function. One key advantage to RBF networks is that they can be trained much
more efficiently than feedforward networks trained with BACKPROPAGATION. This
follows from the fact that the input layer and the output &xyof an RBF are trained
separately

13. Explain Locally Welghted Regression.

AnNs:

The nearesneighbor approaches can be thought of as approximating the target
function f (x) at the single query point x 7 kocally weighted regression is a
generalizatiorof this approach. It constructs an explicit approximation to f over a
local region surroundingqgxLocally weighted regression uses nearby or distance
weighted training examples to form this local approximation tdrtie phrase
"locally weighted regressiv is called local because the function is approximated
based only on data near the query point, weighted because the contribution of
each training example is weighted by its distance from the query point, and
regression because this is the term used wydéh the statistical learning
community for the problem of approximating reahlued functions.

Given a new query instance x,, the general approach in locally weighted
regression is to construct an approximation f that fits the training examples in the
neighborhood surrounding x,. This approximation is then used to calculate the
value f (x4), which is output as the estimated target value for the query instance.
The description of f may then be deleted, because a different local approximation
will be calculated for each distinct query instance.

Let us consider the case of locally weighted regression in which the target function
f is approximated near x, using a linear function of the form

f(x) = wo + wiar(x) + - - + wpan(x)
1 The squared error summed over the set D of training examples is given below

1 A
E=2) (f0) - f()

xeD



1 The gradient descent training rulke given by :

Aw; =n) (f(x) - f(x))a;(x)
xeD
wherea is a constant learning rat&/e canmodify this procedure to derive a local
approximation rather than a global oney redefiningThe simple way is to redefine
the error criterion E to emphasize fitting the local training examples. Three possible
criteria are given below. Note we write the error §(t0o emphasize the fact that
now the error is being defined as a function of the query point x

If we choose criterion three above and rederive the gradient descent we obtain the
following training rule

Remarks on Locally Weighted Regression:

The literature on locally weighted regression contains a broad range of alternative
methods for distance weighting the training examples, and a range of methods for
locally approximating the target function. most cases, the target function is
approximated by a constant, linear, or quadratic function. More complex functional
forms are not often found because (1) the cost of fitting more complex functions
for each query instance is prohibitively high, and {8se simple approximations



