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������ �"�A�C�K�T�R�A�C�K�I�N�G �3�E�A�R�C�H �F�O�R �#�3�0�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �,�O�C�A�L �3�E�A�R�C�H �F�O�R �#�3�0�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�H�E �3�T�R�U�C�T�U�R�E �O�F �0�R�O�B�L�E�M�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

�,�,�, �.�Q�R�Z�O�H�G�J�H�� �U�H�D�V�R�Q�L�Q�J�� �D�Q�G �S�O�D�Q�Q�L�Q�J

�� �/�R�J�L�F�D�O �$�J�H�Q�W�V ������
������ �+�N�O�W�L�E�D�G�E�
�"�A�S�E�D �!�G�E�N�T�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�H�E �7�U�M�P�U�S �7�O�R�L�D �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �,�O�G�I�C �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C�� �! �6�E�R�Y �3�I�M�P�L�E �,�O�G�I�C �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �0�R�O�P�O�S�I�T�I�O�N�A�L �4�H�E�O�R�E�M �0�R�O�V�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �%�F�F�E�C�T�I�V�E �0�R�O�P�O�S�I�T�I�O�N�A�L �-�O�D�E�L �#�H�E�C�K�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �!�G�E�N�T�S �"�A�S�E�D �O�N �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

�� �)�L�U�V�W���2�U�G�H�U �/�R�J�L�F ������
������ �2�E�P�R�E�S�E�N�T�A�T�I�O�N �2�E�V�I�S�I�T�E�D �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �3�Y�N�T�A�X �A�N�D �3�E�M�A�N�T�I�C�S �O�F �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �5�S�I�N�G �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �+�N�O�W�L�E�D�G�E �%�N�G�I�N�E�E�R�I�N�G �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

�� �,�Q�I�H�U�H�Q�F�H �L�Q �)�L�U�V�W���2�U�G�H�U �/�R�J�L�F ������
������ �0�R�O�P�O�S�I�T�I�O�N�A�L �V�S�� �&�I�R�S�T�
�/�R�D�E�R �)�N�F�E�R�E�N�C�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �5�N�I�l�C�A�T�I�O�N �A�N�D �,�I�F�T�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �&�O�R�W�A�R�D �#�H�A�I�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �"�A�C�K�W�A�R�D �#�H�A�I�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �2�E�S�O�L�U�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �&�O�D�V�V�L�F�D�O �3�O�D�Q�Q�L�Q�J ������
�������� �$�E�l�N�I�T�I�O�N �O�F �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �!�L�G�O�R�I�T�H�M�S �F�O�R �0�L�A�N�N�I�N�G �A�S �3�T�A�T�E�
�3�P�A�C�E �3�E�A�R�C�H �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �0�L�A�N�N�I�N�G �'�R�A�P�H�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������



�������� �/�T�H�E�R �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G �!�P�P�R�O�A�C�H�E�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �!�N�A�L�Y�S�I�S �O�F �0�L�A�N�N�I�N�G �!�P�P�R�O�A�C�H�E�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �3�O�D�Q�Q�L�Q�J �D�Q�G �$�F�W�L�Q�J �L�Q �W�K�H �5�H�D�O �:�R�U�O�G ������
�������� �4�I�M�E�� �3�C�H�E�D�U�L�E�S�� �A�N�D �2�E�S�O�U�R�C�E�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �(�I�E�R�A�R�C�H�I�C�A�L �0�L�A�N�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �$�O�M�A�I�N�S �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �-�U�L�T�I�A�G�E�N�T �0�L�A�N�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �.�Q�R�Z�O�H�G�J�H �5�H�S�U�H�V�H�Q�W�D�W�L�R�Q ������
�������� �/�N�T�O�L�O�G�I�C�A�L �%�N�G�I�N�E�E�R�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �#�A�T�E�G�O�R�I�E�S �A�N�D �/�B�J�E�C�T�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �%�V�E�N�T�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �-�E�N�T�A�L �%�V�E�N�T�S �A�N�D �-�E�N�T�A�L �/�B�J�E�C�T�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �2�E�A�S�O�N�I�N�G �3�Y�S�T�E�M�S �F�O�R �#�A�T�E�G�O�R�I�E�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �2�E�A�S�O�N�I�N�G �W�I�T�H �$�E�F�A�U�L�T �)�N�F�O�R�M�A�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �4�H�E �)�N�T�E�R�N�E�T �3�H�O�P�P�I�N�G �7�O�R�L�D �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

�,�9 �8�Q�F�H�U�W�D�L�Q �N�Q�R�Z�O�H�G�J�H �D�Q�G �U�H�D�V�R�Q�L�Q�J

���� �4�X�D�Q�W�L�I�\�L�Q�J �8�Q�F�H�U�W�D�L�Q�W�\ ������
�������� �!�C�T�I�N�G �U�N�D�E�R �5�N�C�E�R�T�A�I�N�T�Y �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �"�A�S�I�C �0�R�O�B�A�B�I�L�I�T�Y �.�O�T�A�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �)�N�F�E�R�E�N�C�E �5�S�I�N�G �&�U�L�L �*�O�I�N�T �$�I�S�T�R�I�B�U�T�I�O�N�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �)�N�D�E�P�E�N�D�E�N�C�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �"�A�Y�E�S�� �2�U�L�E �A�N�D �)�T�S �5�S�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �4�H�E �7�U�M�P�U�S �7�O�R�L�D �2�E�V�I�S�I�T�E�D �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �3�U�R�E�D�E�L�O�L�V�W�L�F �5�H�D�V�R�Q�L�Q�J ������
�������� �2�E�P�R�E�S�E�N�T�I�N�G �+�N�O�W�L�E�D�G�E �I�N �A�N �5�N�C�E�R�T�A�I�N �$�O�M�A�I�N �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �4�H�E �3�E�M�A�N�T�I�C�S �O�F �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �%�F�l�C�I�E�N�T �2�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �#�O�N�D�I�T�I�O�N�A�L �$�I�S�T�R�I�B�U�T�I�O�N�S �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �%�X�A�C�T �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �!�P�P�R�O�X�I�M�A�T�E �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �2�E�L�A�T�I�O�N�A�L �A�N�D �&�I�R�S�T�
�/�R�D�E�R �0�R�O�B�A�B�I�L�I�T�Y �-�O�D�E�L�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �/�T�H�E�R �!�P�P�R�O�A�C�H�E�S �T�O �5�N�C�E�R�T�A�I�N �2�E�A�S�O�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �3�U�R�E�D�E�L�O�L�V�W�L�F �5�H�D�V�R�Q�L�Q�J �R�Y�H�U �7�L�P�H ������
�������� �4�I�M�E �A�N�D �5�N�C�E�R�T�A�I�N�T�Y �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������



�������� �)�N�F�E�R�E�N�C�E �I�N �4�E�M�P�O�R�A�L �-�O�D�E�L�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �(�I�D�D�E�N �-�A�R�K�O�V �-�O�D�E�L�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �+�A�L�M�A�N �&�I�L�T�E�R�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �$�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �+�E�E�P�I�N�G �4�R�A�C�K �O�F �-�A�N�Y �/�B�J�E�C�T�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �0�D�N�L�Q�J �6�L�P�S�O�H �'�H�F�L�V�L�R�Q�V ������
�������� �#�O�M�B�I�N�I�N�G �"�E�L�I�E�F�S �A�N�D �$�E�S�I�R�E�S �U�N�D�E�R �5�N�C�E�R�T�A�I�N�T�Y �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �4�H�E �"�A�S�I�S �O�F �5�T�I�L�I�T�Y �4�H�E�O�R�Y �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �5�T�I�L�I�T�Y �&�U�N�C�T�I�O�N�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �-�U�L�T�I�A�T�T�R�I�B�U�T�E �5�T�I�L�I�T�Y �&�U�N�C�T�I�O�N�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �$�E�C�I�S�I�O�N �.�E�T�W�O�R�K�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �4�H�E �6�A�L�U�E �O�F �)�N�F�O�R�M�A�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �$�E�C�I�S�I�O�N�
�4�H�E�O�R�E�T�I�C �%�X�P�E�R�T �3�Y�S�T�E�M�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �0�D�N�L�Q�J �&�R�P�S�O�H�[ �'�H�F�L�V�L�R�Q�V ������
�������� �3�E�Q�U�E�N�T�I�A�L �$�E�C�I�S�I�O�N �0�R�O�B�L�E�M�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �6�A�L�U�E �)�T�E�R�A�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �0�O�L�I�C�Y �)�T�E�R�A�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �0�A�R�T�I�A�L�L�Y �/�B�S�E�R�V�A�B�L�E �-�$�0�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �$�E�C�I�S�I�O�N�S �W�I�T�H �-�U�L�T�I�P�L�E �!�G�E�N�T�S�� �'�A�M�E �4�H�E�O�R�Y �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �-�E�C�H�A�N�I�S�M �$�E�S�I�G�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

�9 �/�H�D�U�Q�L�Q�J

���� �/�H�D�U�Q�L�Q�J �I�U�R�P �(�[�D�P�S�O�H�V ������
�������� �&�O�R�M�S �O�F �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�P�E�R�V�I�S�E�D �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �,�E�A�R�N�I�N�G �$�E�C�I�S�I�O�N �4�R�E�E�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �%�V�A�L�U�A�T�I�N�G �A�N�D �#�H�O�O�S�I�N�G �T�H�E �"�E�S�T �(�Y�P�O�T�H�E�S�I�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �4�H�E �4�H�E�O�R�Y �O�F �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �2�E�G�R�E�S�S�I�O�N �A�N�D �#�L�A�S�S�I�l�C�A�T�I�O�N �W�I�T�H �,�I�N�E�A�R �-�O�D�E�L�S �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �!�R�T�I�l�C�I�A�L �.�E�U�R�A�L �.�E�T�W�O�R�K�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �.�O�N�P�A�R�A�M�E�T�R�I�C �-�O�D�E�L�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�P�P�O�R�T �6�E�C�T�O�R �-�A�C�H�I�N�E�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �%�N�S�E�M�B�L�E �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �0�R�A�C�T�I�C�A�L �-�A�C�H�I�N�E �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �.�Q�R�Z�O�H�G�J�H �L�Q �/�H�D�U�Q�L�Q�J ������
�������� �! �,�O�G�I�C�A�L �&�O�R�M�U�L�A�T�I�O�N �O�F �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������



�������� �+�N�O�W�L�E�D�G�E �I�N �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �%�X�P�L�A�N�A�T�I�O�N�
�"�A�S�E�D �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �,�E�A�R�N�I�N�G �5�S�I�N�G �2�E�L�E�V�A�N�C�E �)�N�F�O�R�M�A�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �)�N�D�U�C�T�I�V�E �,�O�G�I�C �0�R�O�G�R�A�M�M�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �/�H�D�U�Q�L�Q�J �3�U�R�E�D�E�L�O�L�V�W�L�F �0�R�G�H�O�V ������
�������� �3�T�A�T�I�S�T�I�C�A�L �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �,�E�A�R�N�I�N�G �W�I�T�H �#�O�M�P�L�E�T�E �$�A�T�A �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �,�E�A�R�N�I�N�G �W�I�T�H �(�I�D�D�E�N �6�A�R�I�A�B�L�E�S�� �4�H�E �%�- �!�L�G�O�R�I�T�H�M �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

���� �5�H�L�Q�I�R�U�F�H�P�H�Q�W �/�H�D�U�Q�L�Q�J ������
�������� �)�N�T�R�O�D�U�C�T�I�O�N �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �0�A�S�S�I�V�E �2�E�I�N�F�O�R�C�E�M�E�N�T �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �!�C�T�I�V�E �2�E�I�N�F�O�R�C�E�M�E�N�T �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �'�E�N�E�R�A�L�I�Z�A�T�I�O�N �I�N �2�E�I�N�F�O�R�C�E�M�E�N�T �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �0�O�L�I�C�Y �3�E�A�R�C�H �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �!�P�P�L�I�C�A�T�I�O�N�S �O�F �2�E�I�N�F�O�R�C�E�M�E�N�T �,�E�A�R�N�I�N�G �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �3�U�M�M�A�R�Y�� �"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S�� �%�X�E�R�C�I�S�E�S �� �� �� �� �� �� �� �� �� ������

�9�, �&�R�P�P�X�Q�L�F�D�W�L�Q�J�� �S�H�U�F�H�L�Y�L�Q�J�� �D�Q�G �D�F�W�L�Q�J

���� �1�D�W�X�U�D�O �/�D�Q�J�X�D�J�H �3�U�R�F�H�V�V�L�Q�J ������
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�W�I�T�H �T�H�E �A�C�T�U�A�L �S�P�E�C�T�R�U�M�� �!�S �O�N�E �M�I�G�H�T �E�X�P�E�C�T�� �T�H�I�S �I�S �I�N�T�R�A�C�T�A�B�L�E �F�O�R �E�V�E�N �M�O�D�E�R�A�T�E�
�S�I�Z�E�D
�M�O�L�E�C�U�L�E�S�� �4�H�E �$�%�.�$�2�!�, �R�E�S�E�A�R�C�H�E�R�S �C�O�N�S�U�L�T�E�D �A�N�A�L�Y�T�I�C�A�L �C�H�E�M�I�S�T�S �A�N�D �F�O�U�N�D �T�H�A�T �T�H�E�Y
�W�O�R�K�E�D �B�Y �L�O�O�K�I�N�G �F�O�R �W�E�L�L�
�K�N�O�W�N �P�A�T�T�E�R�N�S �O�F �P�E�A�K�S �I�N �T�H�E �S�P�E�C�T�R�U�M �T�H�A�T �S�U�G�G�E�S�T�E�D �C�O�M�M�O�N
�S�U�B�S�T�R�U�C�T�U�R�E�S �I�N �T�H�E �M�O�L�E�C�U�L�E�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �F�O�L�L�O�W�I�N�G �R�U�L�E �I�S �U�S�E�D �T�O �R�E�C�O�G�N�I�Z�E �A �K�E�T�O�N�E
���#���/�	 �S�U�B�G�R�O�U�P ���W�H�I�C�H �W�E�I�G�H�S �����	��

�L�I�T�H�E�R�E �A�R�E �T�W�O �P�E�A�K�S �A�Tx1 �A�N�Dx2 �S�U�C�H �T�H�A�T
���A�	x1 + x2 = M + 28 ��M �I�S �T�H�E �M�A�S�S �O�F �T�H�E �W�H�O�L�E �M�O�L�E�C�U�L�E�	��



�3�E�C�T�I�O�N �������� �4�H�E �(�I�S�T�O�R�Y �O�F �!�R�T�I�l�C�I�A�L �)�N�T�E�L�L�I�G�E�N�C�E ����

���B�	x1 � 28 �I�S �A �H�I�G�H �P�E�A�K��
���C�	x2 � 28 �I�S �A �H�I�G�H �P�E�A�K��
���D�	 �!�T �L�E�A�S�T �O�N�E �O�Fx1 �A�N�Dx2 �I�S �H�I�G�H��
�W�K�H�Q�T�H�E�R�E �I�S �A �K�E�T�O�N�E �S�U�B�G�R�O�U�P

�2�E�C�O�G�N�I�Z�I�N�G �T�H�A�T �T�H�E �M�O�L�E�C�U�L�E �C�O�N�T�A�I�N�S �A �P�A�R�T�I�C�U�L�A�R �S�U�B�S�T�R�U�C�T�U�R�E �R�E�D�U�C�E�S �T�H�E �N�U�M�B�E�R �O�F �P�O�S�

�S�I�B�L�E �C�A�N�D�I�D�A�T�E�S �E�N�O�R�M�O�U�S�L�Y�� �$�%�.�$�2�!�,�W�A�S �P�O�W�E�R�F�U�L �B�E�C�A�U�S�E

�!�L�L �T�H�E �R�E�L�E�V�A�N�T �T�H�E�O�R�E�T�I�C�A�L �K�N�O�W�L�E�D�G�E �T�O �S�O�L�V�E �T�H�E�S�E �P�R�O�B�L�E�M�S �H�A�S �B�E�E�N �M�A�P�P�E�D �O�V�E�R �F�R�O�M
�I�T�S �G�E�N�E�R�A�L �F�O�R�M �I�N �T�H�E �;�S�P�E�C�T�R�U�M �P�R�E�D�I�C�T�I�O�N �C�O�M�P�O�N�E�N�T�= ���h�l�R�S�T �P�R�I�N�C�I�P�L�E�S�v�	 �T�O �E�F�l�C�I�E�N�T
�S�P�E�C�I�A�L �F�O�R�M�S ���h�C�O�O�K�B�O�O�K �R�E�C�I�P�E�S�v�	�� ���&�E�I�G�E�N�B�A�U�M�H�W �D�O���� ���������	

�4�H�E �S�I�G�N�I�l�C�A�N�C�E �O�F �$�%�.�$�2�!�, �W�A�S �T�H�A�T �I�T �W�A�S �T�H�E �l�R�S�T �S�U�C�C�E�S�S�F�U�L�N�Q�R�Z�O�H�G�J�H���L�Q�W�H�Q�V�L�Y�H�S�Y�S�

�T�E�M�� �I�T�S �E�X�P�E�R�T�I�S�E �D�E�R�I�V�E�D �F�R�O�M �L�A�R�G�E �N�U�M�B�E�R�S �O�F �S�P�E�C�I�A�L�
�P�U�R�P�O�S�E �R�U�L�E�S�� �,�A�T�E�R �S�Y�S�T�E�M�S �A�L�S�O
�I�N�C�O�R�P�O�R�A�T�E�D �T�H�E �M�A�I�N �T�H�E�M�E �O�F �-�C�#�A�R�T�H�Y���S �!�D�V�I�C�E �4�A�K�E�R �A�P�P�R�O�A�C�H�ˆ�T�H�E �C�L�E�A�N �S�E�P�A�R�A�T�I�O�N �O�F
�T�H�E �K�N�O�W�L�E�D�G�E ���I�N �T�H�E �F�O�R�M �O�F �R�U�L�E�S�	 �F�R�O�M �T�H�E �R�E�A�S�O�N�I�N�G �C�O�M�P�O�N�E�N�T��

�7�I�T�H �T�H�I�S �L�E�S�S�O�N �I�N �M�I�N�D�� �&�E�I�G�E�N�B�A�U�M �A�N�D �O�T�H�E�R�S �A�T �3�T�A�N�F�O�R�D �B�E�G�A�N �T�H�E �(�E�U�R�I�S�T�I�C �0�R�O�

�G�R�A�M�M�I�N�G �0�R�O�J�E�C�T ���(�0�0�	 �T�O �I�N�V�E�S�T�I�G�A�T�E �T�H�E �E�X�T�E�N�T �T�O �W�H�I�C�H �T�H�E �N�E�W �M�E�T�H�O�D�O�L�O�G�Y �O�F�H�[�S�H�U�W
�V�\�V�W�H�P�V�C�O�U�L�D �B�E �A�P�P�L�I�E�D �T�O �O�T�H�E�R �A�R�E�A�S �O�F �H�U�M�A�N �E�X�P�E�R�T�I�S�E�� �4�H�E �N�E�X�T �M�A�J�O�R �E�F�F�O�R�T �W�A�S �I�NEXPERT SYSTEMS

�T�H�E �A�R�E�A �O�F �M�E�D�I�C�A�L �D�I�A�G�N�O�S�I�S�� �&�E�I�G�E�N�B�A�U�M�� �"�U�C�H�A�N�A�N�� �A�N�D �$�R�� �%�D�W�A�R�D �3�H�O�R�T�L�I�F�F�E �D�E�V�E�L�O�P�E�D
�- �9�#�)�. �T�O �D�I�A�G�N�O�S�E �B�L�O�O�D �I�N�F�E�C�T�I�O�N�S�� �7�I�T�H �A�B�O�U�T ������ �R�U�L�E�S�� �-�9�#�)�. �W�A�S �A�B�L�E �T�O �P�E�R�F�O�R�M
�A�S �W�E�L�L �A�S �S�O�M�E �E�X�P�E�R�T�S�� �A�N�D �C�O�N�S�I�D�E�R�A�B�L�Y �B�E�T�T�E�R �T�H�A�N �J�U�N�I�O�R �D�O�C�T�O�R�S�� �)�T �A�L�S�O �C�O�N�T�A�I�N�E�D �T�W�O
�M�A�J�O�R �D�I�F�F�E�R�E�N�C�E�S �F�R�O�M �$�%�.�$�2�!�,�� �&�I�R�S�T�� �U�N�L�I�K�E �T�H�E �$�%�.�$�2�!�, �R�U�L�E�S�� �N�O �G�E�N�E�R�A�L �T�H�E�O�R�E�T�I�C�A�L
�M�O�D�E�L �E�X�I�S�T�E�D �F�R�O�M �W�H�I�C�H �T�H�E �-�9�#�)�.�R�U�L�E�S �C�O�U�L�D �B�E �D�E�D�U�C�E�D�� �4�H�E�Y �H�A�D �T�O �B�E �A�C�Q�U�I�R�E�D �F�R�O�M
�E�X�T�E�N�S�I�V�E �I�N�T�E�R�V�I�E�W�I�N�G �O�F �E�X�P�E�R�T�S�� �W�H�O �I�N �T�U�R�N �A�C�Q�U�I�R�E�D �T�H�E�M �F�R�O�M �T�E�X�T�B�O�O�K�S�� �O�T�H�E�R �E�X�P�E�R�T�S��
�A�N�D �D�I�R�E�C�T �E�X�P�E�R�I�E�N�C�E �O�F �C�A�S�E�S�� �3�E�C�O�N�D�� �T�H�E �R�U�L�E�S �H�A�D �T�O �R�E�m�E�C�T �T�H�E �U�N�C�E�R�T�A�I�N�T�Y �A�S�S�O�C�I�A�T�E�D �W�I�T�H
�M�E�D�I�C�A�L �K�N�O�W�L�E�D�G�E�� �-�9�#�)�. �I�N�C�O�R�P�O�R�A�T�E�D �A �C�A�L�C�U�L�U�S �O�F �U�N�C�E�R�T�A�I�N�T�Y �C�A�L�L�E�D�F�H�U�W�D�L�Q�W�\ �I�D�F�W�R�U�VCERTAINTY FACTOR

���S�E�E �#�H�A�P�T�E�R �����	�� �W�H�I�C�H �S�E�E�M�E�D ���A�T �T�H�E �T�I�M�E�	 �T�O �l�T �W�E�L�L �W�I�T�H �H�O�W �D�O�C�T�O�R�S �A�S�S�E�S�S�E�D �T�H�E �I�M�P�A�C�T
�O�F �E�V�I�D�E�N�C�E �O�N �T�H�E �D�I�A�G�N�O�S�I�S��

�4�H�E �I�M�P�O�R�T�A�N�C�E �O�F �D�O�M�A�I�N �K�N�O�W�L�E�D�G�E �W�A�S �A�L�S�O �A�P�P�A�R�E�N�T �I�N �T�H�E �A�R�E�A �O�F �U�N�D�E�R�S�T�A�N�D�I�N�G
�N�A�T�U�R�A�L �L�A�N�G�U�A�G�E�� �!�L�T�H�O�U�G�H �7�I�N�O�G�R�A�D���S �3�(�2�$�,�5 �S�Y�S�T�E�M �F�O�R �U�N�D�E�R�S�T�A�N�D�I�N�G �N�A�T�U�R�A�L �L�A�N�G�U�A�G�E
�H�A�D �E�N�G�E�N�D�E�R�E�D �A �G�O�O�D �D�E�A�L �O�F �E�X�C�I�T�E�M�E�N�T�� �I�T�S �D�E�P�E�N�D�E�N�C�E �O�N �S�Y�N�T�A�C�T�I�C �A�N�A�L�Y�S�I�S �C�A�U�S�E�D �S�O�M�E
�O�F �T�H�E �S�A�M�E �P�R�O�B�L�E�M�S �A�S �O�C�C�U�R�R�E�D �I�N �T�H�E �E�A�R�L�Y �M�A�C�H�I�N�E �T�R�A�N�S�L�A�T�I�O�N �W�O�R�K�� �)�T �W�A�S �A�B�L�E �T�O
�O�V�E�R�C�O�M�E �A�M�B�I�G�U�I�T�Y �A�N�D �U�N�D�E�R�S�T�A�N�D �P�R�O�N�O�U�N �R�E�F�E�R�E�N�C�E�S�� �B�U�T �T�H�I�S �W�A�S �M�A�I�N�L�Y �B�E�C�A�U�S�E �I�T �W�A�S
�D�E�S�I�G�N�E�D �S�P�E�C�I�l�C�A�L�L�Y �F�O�R �O�N�E �A�R�E�A�ˆ�T�H�E �B�L�O�C�K�S �W�O�R�L�D�� �3�E�V�E�R�A�L �R�E�S�E�A�R�C�H�E�R�S�� �I�N�C�L�U�D�I�N�G �%�U�G�E�N�E
�#�H�A�R�N�I�A�K�� �A �F�E�L�L�O�W �G�R�A�D�U�A�T�E �S�T�U�D�E�N�T �O�F �7�I�N�O�G�R�A�D���S �A�T �-�)�4�� �S�U�G�G�E�S�T�E�D �T�H�A�T �R�O�B�U�S�T �L�A�N�G�U�A�G�E
�U�N�D�E�R�S�T�A�N�D�I�N�G �W�O�U�L�D �R�E�Q�U�I�R�E �G�E�N�E�R�A�L �K�N�O�W�L�E�D�G�E �A�B�O�U�T �T�H�E �W�O�R�L�D �A�N�D �A �G�E�N�E�R�A�L �M�E�T�H�O�D �F�O�R
�U�S�I�N�G �T�H�A�T �K�N�O�W�L�E�D�G�E��

�!�T �9�A�L�E�� �L�I�N�G�U�I�S�T�
�T�U�R�N�E�D�
�!�)�
�R�E�S�E�A�R�C�H�E�R �2�O�G�E�R �3�C�H�A�N�K �E�M�P�H�A�S�I�Z�E�D �T�H�I�S �P�O�I�N�T�� �C�L�A�I�M�I�N�G��
�h�4�H�E�R�E �I�S �N�O �S�U�C�H �T�H�I�N�G �A�S �S�Y�N�T�A�X���v �W�H�I�C�H �U�P�S�E�T �A �L�O�T �O�F �L�I�N�G�U�I�S�T�S �B�U�T �D�I�D �S�E�R�V�E �T�O �S�T�A�R�T �A �U�S�E�F�U�L
�D�I�S�C�U�S�S�I�O�N�� �3�C�H�A�N�K �A�N�D �H�I�S �S�T�U�D�E�N�T�S �B�U�I�L�T �A �S�E�R�I�E�S �O�F �P�R�O�G�R�A�M�S ���3�C�H�A�N�K �A�N�D �!�B�E�L�S�O�N�� ����������
�7�I�L�E�N�S�K�Y�� ���������� �3�C�H�A�N�K �A�N�D �2�I�E�S�B�E�C�K�� ���������� �$�Y�E�R�� ���������	 �T�H�A�T �A�L�L �H�A�D �T�H�E �T�A�S�K �O�F �U�N�D�E�R�

�S�T�A�N�D�I�N�G �N�A�T�U�R�A�L �L�A�N�G�U�A�G�E�� �4�H�E �E�M�P�H�A�S�I�S�� �H�O�W�E�V�E�R�� �W�A�S �L�E�S�S �O�N �L�A�N�G�U�A�G�E�S�H�U �V�H�A�N�D �M�O�R�E �O�N
�T�H�E �P�R�O�B�L�E�M�S �O�F �R�E�P�R�E�S�E�N�T�I�N�G �A�N�D �R�E�A�S�O�N�I�N�G �W�I�T�H �T�H�E �K�N�O�W�L�E�D�G�E �R�E�Q�U�I�R�E�D �F�O�R �L�A�N�G�U�A�G�E �U�N�D�E�R�

�S�T�A�N�D�I�N�G�� �4�H�E �P�R�O�B�L�E�M�S �I�N�C�L�U�D�E�D �R�E�P�R�E�S�E�N�T�I�N�G �S�T�E�R�E�O�T�Y�P�I�C�A�L �S�I�T�U�A�T�I�O�N�S ���#�U�L�L�I�N�G�F�O�R�D�� ���������	��



���� �#�H�A�P�T�E�R ���� �)�N�T�R�O�D�U�C�T�I�O�N

�D�E�S�C�R�I�B�I�N�G �H�U�M�A�N �M�E�M�O�R�Y �O�R�G�A�N�I�Z�A�T�I�O�N ���2�I�E�G�E�R�� ���������� �+�O�L�O�D�N�E�R�� ���������	�� �A�N�D �U�N�D�E�R�S�T�A�N�D�I�N�G
�P�L�A�N�S �A�N�D �G�O�A�L�S ���7�I�L�E�N�S�K�Y�� ���������	��

�4�H�E �W�I�D�E�S�P�R�E�A�D �G�R�O�W�T�H �O�F �A�P�P�L�I�C�A�T�I�O�N�S �T�O �R�E�A�L�
�W�O�R�L�D �P�R�O�B�L�E�M�S �C�A�U�S�E�D �A �C�O�N�C�U�R�R�E�N�T �I�N�

�C�R�E�A�S�E �I�N �T�H�E �D�E�M�A�N�D�S �F�O�R �W�O�R�K�A�B�L�E �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �S�C�H�E�M�E�S�� �! �L�A�R�G�E �N�U�M�B�E�R
�O�F �D�I�F�F�E�R�E�N�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�N�D �R�E�A�S�O�N�I�N�G �L�A�N�G�U�A�G�E�S �W�E�R�E �D�E�V�E�L�O�P�E�D�� �3�O�M�E �W�E�R�E �B�A�S�E�D �O�N
�L�O�G�I�C�ˆ�F�O�R �E�X�A�M�P�L�E�� �T�H�E �0�R�O�L�O�G �L�A�N�G�U�A�G�E �B�E�C�A�M�E �P�O�P�U�L�A�R �I�N �%�U�R�O�P�E�� �A�N�D �T�H�E �0�,�!�.�.�%�2 �F�A�M�

�I�L�Y �I�N �T�H�E �5�N�I�T�E�D �3�T�A�T�E�S�� �/�T�H�E�R�S�� �F�O�L�L�O�W�I�N�G �-�I�N�S�K�Y���S �I�D�E�A �O�F�I�U�D�P�H�V�����������	�� �A�D�O�P�T�E�D �A �M�O�R�EFRAMES
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ACTUATOR �! �H�U�M�A�N �A�G�E�N�T �H�A�S �E�Y�E�S�� �E�A�R�S�� �A�N�D �O�T�H�E�R �O�R�G�A�N�S �F�O�R �S�E�N�S�O�R�S �A�N�D �H�A�N�D�S�� �L�E�G�S�� �V�O�C�A�L �T�R�A�C�T�� �A�N�D �S�O

�O�N �F�O�R �A�C�T�U�A�T�O�R�S�� �! �R�O�B�O�T�I�C �A�G�E�N�T �M�I�G�H�T �H�A�V�E �C�A�M�E�R�A�S �A�N�D �I�N�F�R�A�R�E�D �R�A�N�G�E �l�N�D�E�R�S �F�O�R �S�E�N�S�O�R�S
�A�N�D �V�A�R�I�O�U�S �M�O�T�O�R�S �F�O�R �A�C�T�U�A�T�O�R�S�� �! �S�O�F�T�W�A�R�E �A�G�E�N�T �R�E�C�E�I�V�E�S �K�E�Y�S�T�R�O�K�E�S�� �l�L�E �C�O�N�T�E�N�T�S�� �A�N�D
�N�E�T�W�O�R�K �P�A�C�K�E�T�S �A�S �S�E�N�S�O�R�Y �I�N�P�U�T�S �A�N�D �A�C�T�S �O�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T �B�Y �D�I�S�P�L�A�Y�I�N�G �O�N �T�H�E �S�C�R�E�E�N��
�W�R�I�T�I�N�G �l�L�E�S�� �A�N�D �S�E�N�D�I�N�G �N�E�T�W�O�R�K �P�A�C�K�E�T�S��

�7�E �U�S�E �T�H�E �T�E�R�M�S�H�U�F�H�S�W�T�O �R�E�F�E�R �T�O �T�H�E �A�G�E�N�T���S �P�E�R�C�E�P�T�U�A�L �I�N�P�U�T�S �A�T �A�N�Y �G�I�V�E�N �I�N�S�T�A�N�T�� �!�NPERCEPT

�A�G�E�N�T���S�S�H�U�F�H�S�W �V�H�T�X�H�Q�F�H�I�S �T�H�E �C�O�M�P�L�E�T�E �H�I�S�T�O�R�Y �O�F �E�V�E�R�Y�T�H�I�N�G �T�H�E �A�G�E�N�T �H�A�S �E�V�E�R �P�E�R�C�E�I�V�E�D��PERCEPT SEQUENCE

�)�N �G�E�N�E�R�A�L���D�Q �D�J�H�Q�W�¶�V �F�K�R�L�F�H �R�I �D�F�W�L�R�Q �D�W �D�Q�\ �J�L�Y�H�Q �L�Q�V�W�D�Q�W �F�D�Q �G�H�S�H�Q�G �R�Q �W�K�H �H�Q�W�L�U�H �S�H�U�F�H�S�W
�V�H�T�X�H�Q�F�H �R�E�V�H�U�Y�H�G �W�R �G�D�W�H�� �E�X�W �Q�R�W �R�Q �D�Q�\�W�K�L�Q�J �L�W �K�D�V�Q�¶�W �S�H�U�F�H�L�Y�H�G���"�Y �S�P�E�C�I�F�Y�I�N�G �T�H�E �A�G�E�N�T���S
�C�H�O�I�C�E �O�F �A�C�T�I�O�N �F�O�R �E�V�E�R�Y �P�O�S�S�I�B�L�E �P�E�R�C�E�P�T �S�E�Q�U�E�N�C�E�� �W�E �H�A�V�E �S�A�I�D �M�O�R�E �O�R �L�E�S�S �E�V�E�R�Y�T�H�I�N�G
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�)�L�J�X�U�H �������!�G�E�N�T�S �I�N�T�E�R�A�C�T �W�I�T�H �E�N�V�I�R�O�N�M�E�N�T�S �T�H�R�O�U�G�H �S�E�N�S�O�R�S �A�N�D �A�C�T�U�A�T�O�R�S��

�T�H�E�R�E �I�S �T�O �S�A�Y �A�B�O�U�T �T�H�E �A�G�E�N�T�� �-�A�T�H�E�M�A�T�I�C�A�L�L�Y �S�P�E�A�K�I�N�G�� �W�E �S�A�Y �T�H�A�T �A�N �A�G�E�N�T���S �B�E�H�A�V�I�O�R �I�S
�D�E�S�C�R�I�B�E�D �B�Y �T�H�E�D�J�H�Q�W �I�X�Q�F�W�L�R�Q�T�H�A�T �M�A�P�S �A�N�Y �G�I�V�E�N �P�E�R�C�E�P�T �S�E�Q�U�E�N�C�E �T�O �A�N �A�C�T�I�O�N��AGENT FUNCTION

�7�E �C�A�N �I�M�A�G�I�N�E�W�D�E�X�O�D�W�L�Q�J�T�H�E �A�G�E�N�T �F�U�N�C�T�I�O�N �T�H�A�T �D�E�S�C�R�I�B�E�S �A�N�Y �G�I�V�E�N �A�G�E�N�T�� �F�O�R �M�O�S�T
�A�G�E�N�T�S�� �T�H�I�S �W�O�U�L�D �B�E �A �V�E�R�Y �L�A�R�G�E �T�A�B�L�E�ˆ�I�N�l�N�I�T�E�� �I�N �F�A�C�T�� �U�N�L�E�S�S �W�E �P�L�A�C�E �A �B�O�U�N�D �O�N �T�H�E
�L�E�N�G�T�H �O�F �P�E�R�C�E�P�T �S�E�Q�U�E�N�C�E�S �W�E �W�A�N�T �T�O �C�O�N�S�I�D�E�R�� �'�I�V�E�N �A�N �A�G�E�N�T �T�O �E�X�P�E�R�I�M�E�N�T �W�I�T�H�� �W�E �C�A�N��
�I�N �P�R�I�N�C�I�P�L�E�� �C�O�N�S�T�R�U�C�T �T�H�I�S �T�A�B�L�E �B�Y �T�R�Y�I�N�G �O�U�T �A�L�L �P�O�S�S�I�B�L�E �P�E�R�C�E�P�T �S�E�Q�U�E�N�C�E�S �A�N�D �R�E�C�O�R�D�I�N�G
�W�H�I�C�H �A�C�T�I�O�N�S �T�H�E �A�G�E�N�T �D�O�E�S �I�N �R�E�S�P�O�N�S�E���� �4�H�E �T�A�B�L�E �I�S�� �O�F �C�O�U�R�S�E�� �A�N�H�[�W�H�U�Q�D�O�C�H�A�R�A�C�T�E�R�I�Z�A�T�I�O�N
�O�F �T�H�E �A�G�E�N�T���,�Q�W�H�U�Q�D�O�O�\�� �T�H�E �A�G�E�N�T �F�U�N�C�T�I�O�N �F�O�R �A�N �A�R�T�I�l�C�I�A�L �A�G�E�N�T �W�I�L�L �B�E �I�M�P�L�E�M�E�N�T�E�D �B�Y �A�N
�D�J�H�Q�W �S�U�R�J�U�D�P�� �)�T �I�S �I�M�P�O�R�T�A�N�T �T�O �K�E�E�P �T�H�E�S�E �T�W�O �I�D�E�A�S �D�I�S�T�I�N�C�T�� �4�H�E �A�G�E�N�T �F�U�N�C�T�I�O�N �I�S �A�NAGENT PROGRAM

�A�B�S�T�R�A�C�T �M�A�T�H�E�M�A�T�I�C�A�L �D�E�S�C�R�I�P�T�I�O�N�� �T�H�E �A�G�E�N�T �P�R�O�G�R�A�M �I�S �A �C�O�N�C�R�E�T�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N�� �R�U�N�N�I�N�G
�W�I�T�H�I�N �S�O�M�E �P�H�Y�S�I�C�A�L �S�Y�S�T�E�M��

�4�O �I�L�L�U�S�T�R�A�T�E �T�H�E�S�E �I�D�E�A�S�� �W�E �U�S�E �A �V�E�R�Y �S�I�M�P�L�E �E�X�A�M�P�L�E�ˆ�T�H�E �V�A�C�U�U�M�
�C�L�E�A�N�E�R �W�O�R�L�D
�S�H�O�W�N �I�N �&�I�G�U�R�E �������� �4�H�I�S �W�O�R�L�D �I�S �S�O �S�I�M�P�L�E �T�H�A�T �W�E �C�A�N �D�E�S�C�R�I�B�E �E�V�E�R�Y�T�H�I�N�G �T�H�A�T �H�A�P�P�E�N�S��
�I�T���S �A�L�S�O �A �M�A�D�E�
�U�P �W�O�R�L�D�� �S�O �W�E �C�A�N �I�N�V�E�N�T �M�A�N�Y �V�A�R�I�A�T�I�O�N�S�� �4�H�I�S �P�A�R�T�I�C�U�L�A�R �W�O�R�L�D �H�A�S �J�U�S�T �T�W�O
�L�O�C�A�T�I�O�N�S�� �S�Q�U�A�R�E�SA �A�N�DB �� �4�H�E �V�A�C�U�U�M �A�G�E�N�T �P�E�R�C�E�I�V�E�S �W�H�I�C�H �S�Q�U�A�R�E �I�T �I�S �I�N �A�N�D �W�H�E�T�H�E�R
�T�H�E�R�E �I�S �D�I�R�T �I�N �T�H�E �S�Q�U�A�R�E�� �)�T �C�A�N �C�H�O�O�S�E �T�O �M�O�V�E �L�E�F�T�� �M�O�V�E �R�I�G�H�T�� �S�U�C�K �U�P �T�H�E �D�I�R�T�� �O�R �D�O
�N�O�T�H�I�N�G�� �/�N�E �V�E�R�Y �S�I�M�P�L�E �A�G�E�N�T �F�U�N�C�T�I�O�N �I�S �T�H�E �F�O�L�L�O�W�I�N�G�� �I�F �T�H�E �C�U�R�R�E�N�T �S�Q�U�A�R�E �I�S �D�I�R�T�Y�� �T�H�E�N
�S�U�C�K�� �O�T�H�E�R�W�I�S�E�� �M�O�V�E �T�O �T�H�E �O�T�H�E�R �S�Q�U�A�R�E�� �! �P�A�R�T�I�A�L �T�A�B�U�L�A�T�I�O�N �O�F �T�H�I�S �A�G�E�N�T �F�U�N�C�T�I�O�N �I�S �S�H�O�W�N
�I�N �&�I�G�U�R�E ������ �A�N�D �A�N �A�G�E�N�T �P�R�O�G�R�A�M �T�H�A�T �I�M�P�L�E�M�E�N�T�S �I�T �A�P�P�E�A�R�S �I�N �&�I�G�U�R�E ������ �O�N �P�A�G�E ������

�,�O�O�K�I�N�G �A�T �&�I�G�U�R�E �������� �W�E �S�E�E �T�H�A�T �V�A�R�I�O�U�S �V�A�C�U�U�M�
�W�O�R�L�D �A�G�E�N�T�S �C�A�N �B�E �D�E�l�N�E�D �S�I�M�P�L�Y
�B�Y �l�L�L�I�N�G �I�N �T�H�E �R�I�G�H�T�
�H�A�N�D �C�O�L�U�M�N �I�N �V�A�R�I�O�U�S �W�A�Y�S�� �4�H�E �O�B�V�I�O�U�S �Q�U�E�S�T�I�O�N�� �T�H�E�N�� �I�S �T�H�I�S���:�K�D�W
�L�V �W�K�H �U�L�J�K�W �Z�D�\ �W�R �¿�O�O �R�X�W �W�K�H �W�D�E�O�H�"�)�N �O�T�H�E�R �W�O�R�D�S�� �W�H�A�T �M�A�K�E�S �A�N �A�G�E�N�T �G�O�O�D �O�R �B�A�D��
�I�N�T�E�L�L�I�G�E�N�T �O�R �S�T�U�P�I�D�� �7�E �A�N�S�W�E�R �T�H�E�S�E �Q�U�E�S�T�I�O�N�S �I�N �T�H�E �N�E�X�T �S�E�C�T�I�O�N��

1 �)�F �T�H�E �A�G�E�N�T �U�S�E�S �S�O�M�E �R�A�N�D�O�M�I�Z�A�T�I�O�N �T�O �C�H�O�O�S�E �I�T�S �A�C�T�I�O�N�S�� �T�H�E�N �W�E �W�O�U�L�D �H�A�V�E �T�O �T�R�Y �E�A�C�H �S�E�Q�U�E�N�C�E �M�A�N�Y
�T�I�M�E�S �T�O �I�D�E�N�T�I�F�Y �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �E�A�C�H �A�C�T�I�O�N�� �/�N�E �M�I�G�H�T �I�M�A�G�I�N�E �T�H�A�T �A�C�T�I�N�G �R�A�N�D�O�M�L�Y �I�S �R�A�T�H�E�R �S�I�L�L�Y�� �B�U�T �W�E
�S�H�O�W �L�A�T�E�R �I�N �T�H�I�S �C�H�A�P�T�E�R �T�H�A�T �I�T �C�A�N �B�E �V�E�R�Y �I�N�T�E�L�L�I�G�E�N�T��
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�0�E�R�C�E�P�T �S�E�Q�U�E�N�C�E �!�C�T�I�O�N

[A; Clean] Right
[A; Dirty ] Suck
[B; Clean] Left
[B; Dirty ] Suck
[A; Clean]��[A; Clean] Right
[A; Clean]��[A; Di rty ] Suck
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[A; Clean]��[A; Clean]��[A; Clean] Right
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�)�L�J�X�U�H �������0�A�R�T�I�A�L �T�A�B�U�L�A�T�I�O�N �O�F �A �S�I�M�P�L�E �A�G�E�N�T �F�U�N�C�T�I�O�N �F�O�R �T�H�E �V�A�C�U�U�M�
�C�L�E�A�N�E�R �W�O�R�L�D
�S�H�O�W�N �I�N �&�I�G�U�R�E ��������

�"�E�F�O�R�E �C�L�O�S�I�N�G �T�H�I�S �S�E�C�T�I�O�N�� �W�E �S�H�O�U�L�D �E�M�P�H�A�S�I�Z�E �T�H�A�T �T�H�E �N�O�T�I�O�N �O�F �A�N �A�G�E�N�T �I�S �M�E�A�N�T �T�O
�B�E �A �T�O�O�L �F�O�R �A�N�A�L�Y�Z�I�N�G �S�Y�S�T�E�M�S�� �N�O�T �A�N �A�B�S�O�L�U�T�E �C�H�A�R�A�C�T�E�R�I�Z�A�T�I�O�N �T�H�A�T �D�I�V�I�D�E�S �T�H�E �W�O�R�L�D �I�N�T�O
�A�G�E�N�T�S �A�N�D �N�O�N�
�A�G�E�N�T�S�� �/�N�E �C�O�U�L�D �V�I�E�W �A �H�A�N�D�
�H�E�L�D �C�A�L�C�U�L�A�T�O�R �A�S �A�N �A�G�E�N�T �T�H�A�T �C�H�O�O�S�E�S �T�H�E
�A�C�T�I�O�N �O�F �D�I�S�P�L�A�Y�I�N�G �h���v �W�H�E�N �G�I�V�E�N �T�H�E �P�E�R�C�E�P�T �S�E�Q�U�E�N�C�E �h�� �� �� �����v �B�U�T �S�U�C�H �A�N �A�N�A�L�Y�S�I�S
�W�O�U�L�D �H�A�R�D�L�Y �A�I�D �O�U�R �U�N�D�E�R�S�T�A�N�D�I�N�G �O�F �T�H�E �C�A�L�C�U�L�A�T�O�R�� �)�N �A �S�E�N�S�E�� �A�L�L �A�R�E�A�S �O�F �E�N�G�I�N�E�E�R�I�N�G �C�A�N
�B�E �S�E�E�N �A�S �D�E�S�I�G�N�I�N�G �A�R�T�I�F�A�C�T�S �T�H�A�T �I�N�T�E�R�A�C�T �W�I�T�H �T�H�E �W�O�R�L�D�� �!�) �O�P�E�R�A�T�E�S �A�T ���W�H�A�T �T�H�E �A�U�T�H�O�R�S
�C�O�N�S�I�D�E�R �T�O �B�E�	 �T�H�E �M�O�S�T �I�N�T�E�R�E�S�T�I�N�G �E�N�D �O�F �T�H�E �S�P�E�C�T�R�U�M�� �W�H�E�R�E �T�H�E �A�R�T�I�F�A�C�T�S �H�A�V�E �S�I�G�N�I�l�C�A�N�T
�C�O�M�P�U�T�A�T�I�O�N�A�L �R�E�S�O�U�R�C�E�S �A�N�D �T�H�E �T�A�S�K �E�N�V�I�R�O�N�M�E�N�T �R�E�Q�U�I�R�E�S �N�O�N�T�R�I�V�I�A�L �D�E�C�I�S�I�O�N �M�A�K�I�N�G��
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state  �5�0�$�!�4�%�
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�T�H�E�S�E �A�C�T�I�O�N�S �I�S�D�S�S�O�L�F�D�E�O�H�I�Ns�� �&�O�R �E�X�A�M�P�L�E�� �F�R�O�M �T�H�E �S�T�A�T�EIn (Arad )�� �T�H�E �A�P�P�L�I�C�A�B�L�EAPPLICABLE

�A�C�T�I�O�N�S �A�R�Ef Go(Sibiu); Go(Timisoara ); Go(Zerind )g��
� �! �D�E�S�C�R�I�P�T�I�O�N �O�F �W�H�A�T �E�A�C�H �A�C�T�I�O�N �D�O�E�S�� �T�H�E �F�O�R�M�A�L �N�A�M�E �F�O�R �T�H�I�S �I�S �T�H�E�W�U�D�Q�V�L�W�L�R�Q

�P�R�G�H�O�� �S�P�E�C�I�l�E�D �B�Y �A �F�U�N�C�T�I�O�N �2�%�3�5�,�4��s��a�	 �T�H�A�T �R�E�T�U�R�N�S �T�H�E �S�T�A�T�E �T�H�A�T �R�E�S�U�L�T�S �F�R�O�MTRANSITION MODEL

�D�O�I�N�G �A�C�T�I�O�Na �I�N �S�T�A�T�Es�� �7�E �A�L�S�O �U�S�E �T�H�E �T�E�R�M�V�X�F�F�H�V�V�R�U�T�O �R�E�F�E�R �T�O �A�N�Y �S�T�A�T�E �R�E�A�C�H�A�B�L�ESUCCESSOR

�F�R�O�M �A �G�I�V�E�N �S�T�A�T�E �B�Y �A �S�I�N�G�L�E �A�C�T�I�O�N���� �&�O�R �E�X�A�M�P�L�E�� �W�E �H�A�V�E

�2�%�3�5�,�4(In (Arad ); Go(Zerind )) = In (Zerind ) :

�4�O�G�E�T�H�E�R�� �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E�� �A�C�T�I�O�N�S�� �A�N�D �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �I�M�P�L�I�C�I�T�L�Y �D�E�l�N�E �T�H�E�V�W�D�W�H �V�S�D�F�HSTATE SPACE

�O�F �T�H�E �P�R�O�B�L�E�M�ˆ�T�H�E �S�E�T �O�F �A�L�L �S�T�A�T�E�S �R�E�A�C�H�A�B�L�E �F�R�O�M �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �B�Y �A�N�Y �S�E�Q�U�E�N�C�E
�O�F �A�C�T�I�O�N�S�� �4�H�E �S�T�A�T�E �S�P�A�C�E �F�O�R�M�S �A �D�I�R�E�C�T�E�D �N�E�T�W�O�R�K �O�R�J�U�D�S�K�I�N �W�H�I�C�H �T�H�E �N�O�D�E�SGRAPH

�A�R�E �S�T�A�T�E�S �A�N�D �T�H�E �L�I�N�K�S �B�E�T�W�E�E�N �N�O�D�E�S �A�R�E �A�C�T�I�O�N�S�� ���4�H�E �M�A�P �O�F �2�O�M�A�N�I�A �S�H�O�W�N �I�N
�&�I�G�U�R�E ������ �C�A�N �B�E �I�N�T�E�R�P�R�E�T�E�D �A�S �A �S�T�A�T�E�
�S�P�A�C�E �G�R�A�P�H �I�F �W�E �V�I�E�W �E�A�C�H �R�O�A�D �A�S �S�T�A�N�D�I�N�G
�F�O�R �T�W�O �D�R�I�V�I�N�G �A�C�T�I�O�N�S�� �O�N�E �I�N �E�A�C�H �D�I�R�E�C�T�I�O�N���	 �!�S�D�W�K�I�N �T�H�E �S�T�A�T�E �S�P�A�C�E �I�S �A �S�E�Q�U�E�N�C�EPATH

�O�F �S�T�A�T�E�S �C�O�N�N�E�C�T�E�D �B�Y �A �S�E�Q�U�E�N�C�E �O�F �A�C�T�I�O�N�S��
� �4�H�E�J�R�D�O �W�H�V�W�� �W�H�I�C�H �D�E�T�E�R�M�I�N�E�S �W�H�E�T�H�E�R �A �G�I�V�E�N �S�T�A�T�E �I�S �A �G�O�A�L �S�T�A�T�E�� �3�O�M�E�T�I�M�E�S �T�H�E�R�EGOAL TEST

�I�S �A�N �E�X�P�L�I�C�I�T �S�E�T �O�F �P�O�S�S�I�B�L�E �G�O�A�L �S�T�A�T�E�S�� �A�N�D �T�H�E �T�E�S�T �S�I�M�P�L�Y �C�H�E�C�K�S �W�H�E�T�H�E�R �T�H�E �G�I�V�E�N
�S�T�A�T�E �I�S �O�N�E �O�F �T�H�E�M�� �4�H�E �A�G�E�N�T���S �G�O�A�L �I�N �2�O�M�A�N�I�A �I�S �T�H�E �S�I�N�G�L�E�T�O�N �S�E�Tf In (Bucharest)g��

2 �-�A�N�Y �T�R�E�A�T�M�E�N�T�S �O�F �P�R�O�B�L�E�M �S�O�L�V�I�N�G�� �I�N�C�L�U�D�I�N�G �P�R�E�V�I�O�U�S �E�D�I�T�I�O�N�S �O�F �T�H�I�S �B�O�O�K�� �U�S�E �A�V�X�F�F�H�V�V�R�U �I�X�Q�F�W�L�R�Q�� �W�H�I�C�H
�R�E�T�U�R�N�S �T�H�E �S�E�T �O�F �A�L�L �S�U�C�C�E�S�S�O�R�S�� �I�N�S�T�E�A�D �O�F �S�E�P�A�R�A�T�E �!�#�4�)�/�.�3�A�N�D �2�%�3�5�,�4�F�U�N�C�T�I�O�N�S�� �4�H�E �S�U�C�C�E�S�S�O�R �F�U�N�C�T�I�O�N
�M�A�K�E�S �I�T �D�I�F�l�C�U�L�T �T�O �D�E�S�C�R�I�B�E �A�N �A�G�E�N�T �T�H�A�T �K�N�O�W�S �W�H�A�T �A�C�T�I�O�N�S �I�T �C�A�N �T�R�Y �B�U�T �N�O�T �W�H�A�T �T�H�E�Y �A�C�H�I�E�V�E�� �!�L�S�O�� �N�O�T�E
�S�O�M�E �A�U�T�H�O�R �U�S�E �2�%�3�5�,�4��a��s�	 �I�N�S�T�E�A�D �O�F �2�%�3�5�,�4��s��a�	�� �A�N�D �S�O�M�E �U�S�E �$�/ �I�N�S�T�E�A�D �O�F �2�%�3�5�,�4��



���� �#�H�A�P�T�E�R ���� �3�O�L�V�I�N�G �0�R�O�B�L�E�M�S �B�Y �3�E�A�R�C�H�I�N�G

�*�L�X�U�J�L�X

�8�U�]�L�F�H�Q�L
�+�L�U�V�R�Y�D

�(�I�R�U�L�H

�1�H�D�P�W

�2�U�D�G�H�D

�=�H�U�L�Q�G

�$�U�D�G

�7�L�P�L�V�R�D�U�D

�/�X�J�R�M

�0�H�K�D�G�L�D

�'�U�R�E�H�W�D

�&�U�D�L�R�Y�D

�6�L�E�L�X �)�D�J�D�U�D�V

�3�L�W�H�V�W�L

�9�D�V�O�X�L

�,�D�V�L
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�)�L�J�X�U�H �������! �S�I�M�P�L�I�l�E�D �R�O�A�D �M�A�P �O�F �P�A�R�T �O�F �2�O�M�A�N�I�A��

�3�O�M�E�T�I�M�E�S �T�H�E �G�O�A�L �I�S �S�P�E�C�I�l�E�D �B�Y �A�N �A�B�S�T�R�A�C�T �P�R�O�P�E�R�T�Y �R�A�T�H�E�R �T�H�A�N�A�N �E�X�P�L�I�C�I�T�L�Y �E�N�U�M�E�R�

�A�T�E�D �S�E�T �O�F �S�T�A�T�E�S�� �&�O�R �E�X�A�M�P�L�E�� �I�N �C�H�E�S�S�� �T�H�E �G�O�A�L �I�S �T�O �R�E�A�C�H �A �S�T�A�T�E �C�A�L�L�E�D �h�C�H�E�C�K�M�A�T�E���v
�W�H�E�R�E �T�H�E �O�P�P�O�N�E�N�T���S �K�I�N�G �I�S �U�N�D�E�R �A�T�T�A�C�K �A�N�D �C�A�N���T �E�S�C�A�P�E��

� �! �S�D�W�K �F�R�V�W�F�U�N�C�T�I�O�N �T�H�A�T �A�S�S�I�G�N�S �A �N�U�M�E�R�I�C �C�O�S�T �T�O �E�A�C�H �P�A�T�H�� �4�H�E �P�R�O�B�L�E�M�
�S�O�L�V�I�N�GPATH COST

�A�G�E�N�T �C�H�O�O�S�E�S �A �C�O�S�T �F�U�N�C�T�I�O�N �T�H�A�T �R�E�m�E�C�T�S �I�T�S �O�W�N �P�E�R�F�O�R�M�A�N�C�E �M�E�A�S�U�R�E�� �&�O�R �T�H�E �A�G�E�N�T
�T�R�Y�I�N�G �T�O �G�E�T �T�O �"�U�C�H�A�R�E�S�T�� �T�I�M�E �I�S �O�F �T�H�E �E�S�S�E�N�C�E�� �S�O �T�H�E �C�O�S�T �O�F �A �P�A�T�H �M�I�G�H�T �B�E �I�T�S �L�E�N�G�T�H
�I�N �K�I�L�O�M�E�T�E�R�S�� �)�N �T�H�I�S �C�H�A�P�T�E�R�� �W�E �A�S�S�U�M�E �T�H�A�T �T�H�E �C�O�S�T �O�F �A �P�A�T�H �C�A�N �B�E �D�E�S�C�R�I�B�E�D �A�S �T�H�E
�V�X�P�O�F �T�H�E �C�O�S�T�S �O�F �T�H�E �I�N�D�I�V�I�D�U�A�L �A�C�T�I�O�N�S �A�L�O�N�G �T�H�E �P�A�T�H���� �4�H�E�V�W�H�S �F�R�V�W�O�F �T�A�K�I�N�G �A�C�T�I�O�NSTEP COST

a �I�N �S�T�A�T�Es �T�O �R�E�A�C�H �S�T�A�T�Es0 �I�S �D�E�N�O�T�E�D �B�Yc(s; a; s0)�� �4�H�E �S�T�E�P �C�O�S�T�S �F�O�R �2�O�M�A�N�I�A �A�R�E
�S�H�O�W�N �I�N �&�I�G�U�R�E ������ �A�S �R�O�U�T�E �D�I�S�T�A�N�C�E�S�� �7�E �A�S�S�U�M�E �T�H�A�T �S�T�E�P �C�O�S�T�S �A�R�E �N�O�N�N�E�G�A�T�I�V�E����

�4�H�E �P�R�E�C�E�D�I�N�G �E�L�E�M�E�N�T�S �D�E�l�N�E �A �P�R�O�B�L�E�M �A�N�D �C�A�N �B�E �G�A�T�H�E�R�E�D �I�N�T�O �A �S�I�N�G�L�E �D�A�T�A �S�T�R�U�C�T�U�R�E
�T�H�A�T �I�S �G�I�V�E�N �A�S �I�N�P�U�T �T�O �A �P�R�O�B�L�E�M�
�S�O�L�V�I�N�G �A�L�G�O�R�I�T�H�M�� �!�V�R�O�X�W�L�R�Q�T�O �A �P�R�O�B�L�E�M �I�S �A�N �A�C�T�I�O�N
�S�E�Q�U�E�N�C�E �T�H�A�T �L�E�A�D�S �F�R�O�M �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �T�O �A �G�O�A�L �S�T�A�T�E�� �3�O�L�U�T�I�O�N �Q�U�A�L�I�T�Y �I�S �M�E�A�S�U�R�E�D �B�Y �T�H�E
�P�A�T�H �C�O�S�T �F�U�N�C�T�I�O�N�� �A�N�D �A�N�R�S�W�L�P�D�O �V�R�O�X�W�L�R�Q�H�A�S �T�H�E �L�O�W�E�S�T �P�A�T�H �C�O�S�T �A�M�O�N�G �A�L�L �S�O�L�U�T�I�O�N�S��OPTIMAL SOLUTION

���������� �)�R�U�P�X�O�D�W�L�Q�J �S�U�R�E�O�H�P�V

�)�N �T�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N �W�E �P�R�O�P�O�S�E�D �A �F�O�R�M�U�L�A�T�I�O�N �O�F �T�H�E �P�R�O�B�L�E�M �O�F �G�E�T�T�I�N�G �T�O �"�U�C�H�A�R�E�S�T �I�N
�T�E�R�M�S �O�F �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E�� �A�C�T�I�O�N�S�� �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �G�O�A�L �T�E�S�T�� �A�N�D �P�A�T�H �C�O�S�T�� �4�H�I�S �F�O�R�M�U�L�A�T�I�O�N
�S�E�E�M�S �R�E�A�S�O�N�A�B�L�E�� �B�U�T �I�T �I�S �S�T�I�L�L �A�P�R�G�H�O�ˆ�A�N �A�B�S�T�R�A�C�T �M�A�T�H�E�M�A�T�I�C�A�L �D�E�S�C�R�I�P�T�I�O�N�ˆ�A�N�D �N�O�T �T�H�E

3 �4�H�I�S �A�S�S�U�M�P�T�I�O�N �I�S �A�L�G�O�R�I�T�H�M�I�C�A�L�L�Y �C�O�N�V�E�N�I�E�N�T �B�U�T �A�L�S�O �T�H�E�O�R�E�T�I�C�A�L�L�Y �J�U�S�T�I�l�A�B�L�E�ˆ�S�E�E �P�A�G�E ������ �I�N �#�H�A�P�T�E�R ������
4 �4�H�E �I�M�P�L�I�C�A�T�I�O�N�S �O�F �N�E�G�A�T�I�V�E �C�O�S�T�S �A�R�E �E�X�P�L�O�R�E�D �I�N �%�X�E�R�C�I�S�E ��������



�3�E�C�T�I�O�N �������� �%�X�A�M�P�L�E �0�R�O�B�L�E�M�S ����

�R�E�A�L �T�H�I�N�G�� �#�O�M�P�A�R�E �T�H�E �S�I�M�P�L�E �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�N �W�E �H�A�V�E �C�H�O�S�E�N���,�Q���$�U�D�G���� �T�O �A�N �A�C�T�U�A�L �C�R�O�S�S�

�C�O�U�N�T�R�Y �T�R�I�P�� �W�H�E�R�E �T�H�E �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D �I�N�C�L�U�D�E�S �S�O �M�A�N�Y �T�H�I�N�G�S�� �T�H�E �T�R�A�V�E�L�I�N�G �C�O�M�P�A�N�I�O�N�S��
�T�H�E �C�U�R�R�E�N�T �R�A�D�I�O �P�R�O�G�R�A�M�� �T�H�E �S�C�E�N�E�R�Y �O�U�T �O�F �T�H�E �W�I�N�D�O�W�� �T�H�E �P�R�O�X�I�M�I�T�Y �O�F �L�A�W �E�N�F�O�R�C�E�M�E�N�T
�O�F�l�C�E�R�S�� �T�H�E �D�I�S�T�A�N�C�E �T�O �T�H�E �N�E�X�T �R�E�S�T �S�T�O�P�� �T�H�E �C�O�N�D�I�T�I�O�N �O�F �T�H�E �R�O�A�D�� �T�H�E �W�E�A�T�H�E�R�� �A�N�D �S�O �O�N��
�!�L�L �T�H�E�S�E �C�O�N�S�I�D�E�R�A�T�I�O�N�S �A�R�E �L�E�F�T �O�U�T �O�F �O�U�R �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�N�S �B�E�C�A�U�S�E �T�H�E�Y �A�R�E �I�R�R�E�L�E�V�A�N�T �T�O �T�H�E
�P�R�O�B�L�E�M �O�F �l�N�D�I�N�G �A �R�O�U�T�E �T�O �"�U�C�H�A�R�E�S�T�� �4�H�E �P�R�O�C�E�S�S �O�F �R�E�M�O�V�I�N�G �D�E�T�A�I�L �F�R�O�M �A �R�E�P�R�E�S�E�N�T�A�T�I�O�N
�I�S �C�A�L�L�E�D�D�E�V�W�U�D�F�W�L�R�Q��ABSTRACTION

�)�N �A�D�D�I�T�I�O�N �T�O �A�B�S�T�R�A�C�T�I�N�G �T�H�E �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�N�� �W�E �M�U�S�T �A�B�S�T�R�A�C�T �T�H�E �A�C�T�I�O�N�S �T�H�E�M�S�E�L�V�E�S��
�! �D�R�I�V�I�N�G �A�C�T�I�O�N �H�A�S �M�A�N�Y �E�F�F�E�C�T�S�� �"�E�S�I�D�E�S �C�H�A�N�G�I�N�G �T�H�E �L�O�C�A�T�I�O�N �O�F �T�H�E �V�E�H�I�C�L�E �A�N�D �I�T�S �O�C�

�C�U�P�A�N�T�S�� �I�T �T�A�K�E�S �U�P �T�I�M�E�� �C�O�N�S�U�M�E�S �F�U�E�L�� �G�E�N�E�R�A�T�E�S �P�O�L�L�U�T�I�O�N�� �A�N�D �C�H�A�N�G�E�S �T�H�E �A�G�E�N�T ���A�S �T�H�E�Y
�S�A�Y�� �T�R�A�V�E�L �I�S �B�R�O�A�D�E�N�I�N�G�	�� �/�U�R �F�O�R�M�U�L�A�T�I�O�N �T�A�K�E�S �I�N�T�O �A�C�C�O�U�N�T �O�N�L�Y �T�H�E �C�H�A�N�G�E �I�N �L�O�C�A�T�I�O�N��
�!�L�S�O�� �T�H�E�R�E �A�R�E �M�A�N�Y �A�C�T�I�O�N�S �T�H�A�T �W�E �O�M�I�T �A�L�T�O�G�E�T�H�E�R�� �T�U�R�N�I�N�G �O�N �T�H�E �R�A�D�I�O�� �L�O�O�K�I�N�G �O�U�T �O�F
�T�H�E �W�I�N�D�O�W�� �S�L�O�W�I�N�G �D�O�W�N �F�O�R �L�A�W �E�N�F�O�R�C�E�M�E�N�T �O�F�l�C�E�R�S�� �A�N�D �S�O �O�N�� �!�N�D �O�F �C�O�U�R�S�E�� �W�E �D�O�N���T
�S�P�E�C�I�F�Y �A�C�T�I�O�N�S �A�T �T�H�E �L�E�V�E�L �O�F �h�T�U�R�N �S�T�E�E�R�I�N�G �W�H�E�E�L �T�O �T�H�E �L�E�F�T �B�Y �O�N�E �D�E�G�R�E�E���v

�#�A�N �W�E �B�E �M�O�R�E �P�R�E�C�I�S�E �A�B�O�U�T �D�E�l�N�I�N�G �T�H�E �A�P�P�R�O�P�R�I�A�T�E �L�E�V�E�L �O�F �A�B�S�T�R�A�C�T�I�O�N�� �4�H�I�N�K �O�F �T�H�E
�A�B�S�T�R�A�C�T �S�T�A�T�E�S �A�N�D �A�C�T�I�O�N�S �W�E �H�A�V�E �C�H�O�S�E�N �A�S �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �L�A�R�G�E �S�E�T�S �O�F �D�E�T�A�I�L�E�D �W�O�R�L�D
�S�T�A�T�E�S �A�N�D �D�E�T�A�I�L�E�D �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�S�� �.�O�W �C�O�N�S�I�D�E�R �A �S�O�L�U�T�I�O�N �T�O �T�H�E �A�B�S�T�R�A�C�T �P�R�O�B�L�E�M�� �F�O�R
�E�X�A�M�P�L�E�� �T�H�E �P�A�T�H �F�R�O�M �!�R�A�D �T�O �3�I�B�I�U �T�O �2�I�M�N�I�C�U �6�I�L�C�E�A �T�O �0�I�T�E�S�T�I �T�O �"�U�C�H�A�R�E�S�T�� �4�H�I�S �A�B�S�T�R�A�C�T
�S�O�L�U�T�I�O�N �C�O�R�R�E�S�P�O�N�D�S �T�O �A �L�A�R�G�E �N�U�M�B�E�R �O�F �M�O�R�E �D�E�T�A�I�L�E�D �P�A�T�H�S�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�O�U�L�D �D�R�I�V�E
�W�I�T�H �T�H�E �R�A�D�I�O �O�N �B�E�T�W�E�E�N �3�I�B�I�U �A�N�D �2�I�M�N�I�C�U �6�I�L�C�E�A�� �A�N�D �T�H�E�N �S�W�I�T�C�H �I�T �O�F�F �F�O�R �T�H�E �R�E�S�T �O�F
�T�H�E �T�R�I�P�� �4�H�E �A�B�S�T�R�A�C�T�I�O�N �I�S�Y�D�O�L�G�I�F �W�E �C�A�N �E�X�P�A�N�D �A�N�Y �A�B�S�T�R�A�C�T �S�O�L�U�T�I�O�N �I�N�T�O �A �S�O�L�U�T�I�O�N �I�N �T�H�E
�M�O�R�E �D�E�T�A�I�L�E�D �W�O�R�L�D�� �A �S�U�F�l�C�I�E�N�T �C�O�N�D�I�T�I�O�N �I�S �T�H�A�T �F�O�R �E�V�E�R�Y �D�E�T�A�I�L�E�D �S�T�A�T�E �T�H�A�T �I�S �h�I�N �!�R�A�D���v
�T�H�E�R�E �I�S �A �D�E�T�A�I�L�E�D �P�A�T�H �T�O �S�O�M�E �S�T�A�T�E �T�H�A�T �I�S �h�I�N �3�I�B�I�U���v �A�N�D �S�O �O�N���� �4�H�E �A�B�S�T�R�A�C�T�I�O�N �I�S�X�V�H�I�X�O
�I�F �C�A�R�R�Y�I�N�G �O�U�T �E�A�C�H �O�F �T�H�E �A�C�T�I�O�N�S �I�N �T�H�E �S�O�L�U�T�I�O�N �I�S �E�A�S�I�E�R �T�H�A�N �T�H�E �O�R�I�G�I�N�A�L �P�R�O�B�L�E�M�� �I�N �T�H�I�S
�C�A�S�E �T�H�E�Y �A�R�E �E�A�S�Y �E�N�O�U�G�H �T�H�A�T �T�H�E�Y �C�A�N �B�E �C�A�R�R�I�E�D �O�U�T �W�I�T�H�O�U�T �F�U�R�T�H�E�R �S�E�A�R�C�H �O�R �P�L�A�N�N�I�N�G �B�Y
�A�N �A�V�E�R�A�G�E �D�R�I�V�I�N�G �A�G�E�N�T�� �4�H�E �C�H�O�I�C�E �O�F �A �G�O�O�D �A�B�S�T�R�A�C�T�I�O�N �T�H�U�S �I�N�V�O�L�V�E�S �R�E�M�O�V�I�N�G �A�S �M�U�C�H
�D�E�T�A�I�L �A�S �P�O�S�S�I�B�L�E �W�H�I�L�E �R�E�T�A�I�N�I�N�G �V�A�L�I�D�I�T�Y �A�N�D �E�N�S�U�R�I�N�G �T�H�A�T �T�H�E �A�B�S�T�R�A�C�T �A�C�T�I�O�N�S �A�R�E �E�A�S�Y �T�O
�C�A�R�R�Y �O�U�T�� �7�E�R�E �I�T �N�O�T �F�O�R �T�H�E �A�B�I�L�I�T�Y �T�O �C�O�N�S�T�R�U�C�T �U�S�E�F�U�L �A�B�S�T�R�A�C�T�I�O�N�S�� �I�N�T�E�L�L�I�G�E�N�T �A�G�E�N�T�S �W�O�U�L�D
�B�E �C�O�M�P�L�E�T�E�L�Y �S�W�A�M�P�E�D �B�Y �T�H�E �R�E�A�L �W�O�R�L�D��
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�4�H�E �l�R�S�T �E�X�A�M�P�L�E �W�E �E�X�A�M�I�N�E �I�S �T�H�E�Y�D�F�X�X�P �Z�R�U�O�G�l�R�S�T �I�N�T�R�O�D�U�C�E�D �I�N �#�H�A�P�T�E�R ���� ���3�E�E
�&�I�G�U�R�E ���������	 �4�H�I�S �C�A�N �B�E �F�O�R�M�U�L�A�T�E�D �A�S �A �P�R�O�B�L�E�M �A�S �F�O�L�L�O�W�S��

� �6�W�D�W�H�V�� �4�H�E �S�T�A�T�E �I�S �D�E�T�E�R�M�I�N�E�D �B�Y �B�O�T�H �T�H�E �A�G�E�N�T �L�O�C�A�T�I�O�N �A�N�D �T�H�E �D�I�R�T �L�O�C�A�T�I�O�N�S�� �4�H�E
�A�G�E�N�T �I�S �I�N �O�N�E �O�F �T�W�O �L�O�C�A�T�I�O�N�S�� �E�A�C�H �O�F �W�H�I�C�H �M�I�G�H�T �O�R �M�I�G�H�T �N�O�T �C�O�N�T�A�I�N �D�I�R�T�� �4�H�U�S��
�T�H�E�R�E �A�R�E2 � 22 = 8 �P�O�S�S�I�B�L�E �W�O�R�L�D �S�T�A�T�E�S�� �! �L�A�R�G�E�R �E�N�V�I�R�O�N�M�E�N�T �W�I�T�Hn �L�O�C�A�T�I�O�N�S �H�A�S
n � 2n �S�T�A�T�E�S��

� �,�Q�L�W�L�D�O �V�W�D�W�H�� �!�N�Y �S�T�A�T�E �C�A�N �B�E �D�E�S�I�G�N�A�T�E�D �A�S �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E��

� �$�F�W�L�R�Q�V�� �)�N �T�H�I�S �S�I�M�P�L�E �E�N�V�I�R�O�N�M�E�N�T�� �E�A�C�H �S�T�A�T�E �H�A�S �J�U�S�T �T�H�R�E�E �A�C�T�I�O�N�S���/�H�I�W���5�L�J�K�W�� �A�N�D
�6�X�F�N�� �,�A�R�G�E�R �E�N�V�I�R�O�N�M�E�N�T�S �M�I�G�H�T �A�L�S�O �I�N�C�L�U�D�E�8�S�A�N�D�'�R�Z�Q��

� �7�U�D�Q�V�L�W�L�R�Q �P�R�G�H�O�� �4�H�E �A�C�T�I�O�N�S �H�A�V�E �T�H�E�I�R �E�X�P�E�C�T�E�D �E�F�F�E�C�T�S�� �E�X�C�E�P�T �T�H�A�T �M�O�V�I�N�G�/�H�I�W�I�N
�T�H�E �L�E�F�T�M�O�S�T �S�Q�U�A�R�E�� �M�O�V�I�N�G�5�L�J�K�W�I�N �T�H�E �R�I�G�H�T�M�O�S�T �S�Q�U�A�R�E�� �A�N�D�6�X�F�N�I�N�G �I�N �A �C�L�E�A�N �S�Q�U�A�R�E
�H�A�V�E �N�O �E�F�F�E�C�T�� �4�H�E �C�O�M�P�L�E�T�E �S�T�A�T�E �S�P�A�C�E �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ��������

� �*�R�D�O �W�H�V�W�� �4�H�I�S �C�H�E�C�K�S �W�H�E�T�H�E�R �A�L�L �T�H�E �S�Q�U�A�R�E�S �A�R�E �C�L�E�A�N��

� �3�D�W�K �F�R�V�W�� �%�A�C�H �S�T�E�P �C�O�S�T�S ���� �S�O �T�H�E �P�A�T�H �C�O�S�T �I�S �T�H�E �N�U�M�B�E�R �O�F �S�T�E�P�S �I�N �T�H�E �P�A�T�H��

�#�O�M�P�A�R�E�D �W�I�T�H �T�H�E �R�E�A�L �W�O�R�L�D�� �T�H�I�S �T�O�Y �P�R�O�B�L�E�M �H�A�S �D�I�S�C�R�E�T�E �L�O�C�A�T�I�O�N�S�� �D�I�S�C�R�E�T�E �D�I�R�T�� �R�E�L�I�A�B�L�E
�C�L�E�A�N�I�N�G�� �A�N�D �I�T �N�E�V�E�R �G�E�T�S �A�N�Y �D�I�R�T�I�E�R�� �#�H�A�P�T�E�R �� �R�E�L�A�X�E�S �S�O�M�E �O�F �T�H�E�S�E �A�S�S�U�M�P�T�I�O�N�S��
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�E�I�G�H�T �N�U�M�B�E�R�E�D �T�I�L�E�S �A�N�D �A �B�L�A�N�K �S�P�A�C�E�� �! �T�I�L�E �A�D�J�A�C�E�N�T �T�O �T�H�E �B�L�A�N�K �S�P�A�C�E �C�A�N �S�L�I�D�E �I�N�T�O �T�H�E
�S�P�A�C�E�� �4�H�E �O�B�J�E�C�T �I�S �T�O �R�E�A�C�H �A �S�P�E�C�I�l�E�D �G�O�A�L �S�T�A�T�E�� �S�U�C�H �A�S �T�H�E �O�N�E �S�H�O�W�N �O�N �T�H�E �R�I�G�H�T �O�F �T�H�E
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N (�)�$�3) = ( d)b+ ( d � 1)b2 + � � � + (1) bd ;
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�4�I�M�E O(bd) O(b1+ bC � =� c) O(bm ) O(b̀ ) O(bd) O(bd=2)
�3�P�A�C�E O(bd) O(b1+ bC � =� c) O(bm) O(b`) O(bd) O(bd=2)
�/�P�T�I�M�A�L�� �9�E�Sc �9�E�S �.�O �.�O �9�E�Sc �9�E�Sc;d

�)�L�J�X�U�H ���������%�V�A�L�U�A�T�I�O�N �O�F �T�R�E�E�
�S�E�A�R�C�H �S�T�R�A�T�E�G�I�E�S��b �I�S �T�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R��d �I�S �T�H�E �D�E�P�T�H
�O�F �T�H�E �S�H�A�L�L�O�W�E�S�T �S�O�L�U�T�I�O�N��m �I�S �T�H�E �M�A�X�I�M�U�M �D�E�P�T�H �O�F �T�H�E �S�E�A�R�C�H �T�R�E�E��l �I�S �T�H�E �D�E�P�T�H �L�I�M�I�T��
�3�U�P�E�R�S�C�R�I�P�T �C�A�V�E�A�T�S �A�R�E �A�S �F�O�L�L�O�W�S��a �C�O�M�P�L�E�T�E �I�Fb �I�S �l�N�I�T�E��b �C�O�M�P�L�E�T�E �I�F �S�T�E�P �C�O�S�T�S� � �F�O�R
�P�O�S�I�T�I�V�E� ��c �O�P�T�I�M�A�L �I�F �S�T�E�P �C�O�S�T�S �A�R�E �A�L�L �I�D�E�N�T�I�C�A�L��d �I�F �B�O�T�H �D�I�R�E�C�T�I�O�N�S �U�S�E �B�R�E�A�D�T�H�
�l�R�S�T �S�E�A�R�C�H��



���� �#�H�A�P�T�E�R ���� �3�O�L�V�I�N�G �0�R�O�B�L�E�M�S �B�Y �3�E�A�R�C�H�I�N�G

������ �)�.�&�/�2�-�%�$���(�%�5�2�)�3�4�)�#�	 �3�%�!�2�#�(�3�4�2�!�4�%�'�)�%�3

�4�H�I�S �S�E�C�T�I�O�N �S�H�O�W�S �H�O�W �A�N�L�Q�I�R�U�P�H�G �V�H�D�U�F�K�S�T�R�A�T�E�G�Y�ˆ�O�N�E �T�H�A�T �U�S�E�S �P�R�O�B�L�E�M�
�S�P�E�C�I�l�C �K�N�O�W�L�
INFORMED SEARCH

�E�D�G�E �B�E�Y�O�N�D �T�H�E �D�E�l�N�I�T�I�O�N �O�F �T�H�E �P�R�O�B�L�E�M �I�T�S�E�L�F�ˆ�C�A�N �l�N�D �S�O�L�U�T�I�O�N�S �M�O�R�E �E�F�l�C�I�E�N�T�L�Y �T�H�A�N �C�A�N
�A�N �U�N�I�N�F�O�R�M�E�D �S�T�R�A�T�E�G�Y��

�4�H�E �G�E�N�E�R�A�L �A�P�P�R�O�A�C�H �W�E �C�O�N�S�I�D�E�R �I�S �C�A�L�L�E�D�E�H�V�W���¿�U�V�W �V�H�D�U�F�K�� �"�E�S�T�
�l�R�S�T �S�E�A�R�C�H �I�S �A�NBEST­FIRST SEARCH

�I�N�S�T�A�N�C�E �O�F �T�H�E �G�E�N�E�R�A�L �4�2�%�%�
�3�%�!�2�#�(�O�R �'�2�!�0�(�
�3�%�!�2�#�(�A�L�G�O�R�I�T�H�M �I�N �W�H�I�C�H �A �N�O�D�E �I�S
�S�E�L�E�C�T�E�D �F�O�R �E�X�P�A�N�S�I�O�N �B�A�S�E�D �O�N �A�N�H�Y�D�O�X�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�� f (n)�� �4�H�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �I�SEVALUATION

FUNCTION

�C�O�N�S�T�R�U�E�D �A�S �A �C�O�S�T �E�S�T�I�M�A�T�E�� �S�O �T�H�E �N�O�D�E �W�I�T�H �T�H�E�O�R�Z�H�V�W�E�V�A�L�U�A�T�I�O�N �I�S �E�X�P�A�N�D�E�D �l�R�S�T�� �4�H�E
�I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F �B�E�S�T�
�l�R�S�T �G�R�A�P�H �S�E�A�R�C�H �I�S �I�D�E�N�T�I�C�A�L �T�O �T�H�A�T �F�O�R �U�N�I�F�O�R�M�
�C�O�S�T �S�E�A�R�C�H ���&�I�G�

�U�R�E ���������	�� �E�X�C�E�P�T �F�O�R �T�H�E �U�S�E �O�Ff �I�N�S�T�E�A�D �O�Fg �T�O �O�R�D�E�R �T�H�E �P�R�I�O�R�I�T�Y �Q�U�E�U�E��

�4�H�E �C�H�O�I�C�E �O�Ff �D�E�T�E�R�M�I�N�E�S �T�H�E �S�E�A�R�C�H �S�T�R�A�T�E�G�Y�� ���&�O�R �E�X�A�M�P�L�E�� �A�S �%�X�E�R�C�I�S�E �������� �S�H�O�W�S��
�B�E�S�T�
�l�R�S�T �T�R�E�E �S�E�A�R�C�H �I�N�C�L�U�D�E�S �D�E�P�T�H�
�l�R�S�T �S�E�A�R�C�H �A�S �A �S�P�E�C�I�A�L �C�A�S�E���	 �-�O�S�T �B�E�S�T�
�l�R�S�T �A�L�G�O�R�I�T�H�M�S
�I�N�C�L�U�D�E �A�S �A �C�O�M�P�O�N�E�N�T �O�Ff �A�K�H�X�U�L�V�W�L�F �I�X�Q�F�W�L�R�Q�� �D�E�N�O�T�E�Dh(n)��HEURISTIC

FUNCTION

h(n) = �E�S�T�I�M�A�T�E�D �C�O�S�T �O�F �T�H�E �C�H�E�A�P�E�S�T �P�A�T�H �F�R�O�M �T�H�E �S�T�A�T�E �A�T �N�O�D�E�Q�T�O �A �G�O�A�L �S�T�A�T�E��

���.�O�T�I�C�E �T�H�A�Th(n) �T�A�K�E�S �A�Q�R�G�H�A�S �I�N�P�U�T�� �B�U�T�� �U�N�L�I�K�Eg(n)�� �I�T �D�E�P�E�N�D�S �O�N�L�Y �O�N �T�H�E�V�W�D�W�H�A�T �T�H�A�T
�N�O�D�E���	 �&�O�R �E�X�A�M�P�L�E�� �I�N �2�O�M�A�N�I�A�� �O�N�E �M�I�G�H�T �E�S�T�I�M�A�T�E �T�H�E �C�O�S�T �O�F �T�H�E �C�H�E�A�P�E�S�T �P�A�T�H �F�R�O�M �!�R�A�D
�T�O �"�U�C�H�A�R�E�S�T �V�I�A �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E �F�R�O�M �!�R�A�D �T�O �"�U�C�H�A�R�E�S�T��

�(�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�S �A�R�E �T�H�E �M�O�S�T �C�O�M�M�O�N �F�O�R�M �I�N �W�H�I�C�H �A�D�D�I�T�I�O�N�A�L �K�N�O�W�L�E�D�G�E �O�F �T�H�E
�P�R�O�B�L�E�M �I�S �I�M�P�A�R�T�E�D �T�O �T�H�E �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�� �7�E �S�T�U�D�Y �H�E�U�R�I�S�T�I�C�S �I�N �M�O�R�E �D�E�P�T�H �I�N �3�E�C�T�I�O�N ��������
�&�O�R �N�O�W�� �W�E �C�O�N�S�I�D�E�R �T�H�E�M �T�O �B�E �A�R�B�I�T�R�A�R�Y�� �N�O�N�N�E�G�A�T�I�V�E�� �P�R�O�B�L�E�M�
�S�P�E�C�I�l�C �F�U�N�C�T�I�O�N�S�� �W�I�T�H �O�N�E
�C�O�N�S�T�R�A�I�N�T�� �I�Fn �I�S �A �G�O�A�L �N�O�D�E�� �T�H�E�Nh(n) = 0 �� �4�H�E �R�E�M�A�I�N�D�E�R �O�F �T�H�I�S �S�E�C�T�I�O�N �C�O�V�E�R�S �T�W�O �W�A�Y�S
�T�O �U�S�E �H�E�U�R�I�S�T�I�C �I�N�F�O�R�M�A�T�I�O�N �T�O �G�U�I�D�E �S�E�A�R�C�H��

���������� �*�U�H�H�G�\ �E�H�V�W���¿�U�V�W �V�H�D�U�F�K

�*�U�H�H�G�\ �E�H�V�W���¿�U�V�W �V�H�D�U�F�K�� �T�R�I�E�S �T�O �E�X�P�A�N�D �T�H�E �N�O�D�E �T�H�A�T �I�S �C�L�O�S�E�S�T �T�O �T�H�E �G�O�A�L�� �O�N �T�H�E �G�R�O�U�N�D�SGREEDY BEST­FIRST
SEARCH

�T�H�A�T �T�H�I�S �I�S �L�I�K�E�L�Y �T�O �L�E�A�D �T�O �A �S�O�L�U�T�I�O�N �Q�U�I�C�K�L�Y�� �4�H�U�S�� �I�T �E�V�A�L�U�A�T�E�S �N�O�D�E�S �B�Y �U�S�I�N�G �J�U�S�T �T�H�E
�H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�� �T�H�A�T �I�S��f (n) = h(n)��

�,�E�T �U�S �S�E�E �H�O�W �T�H�I�S �W�O�R�K�S �F�O�R �R�O�U�T�E�
�l�N�D�I�N�G �P�R�O�B�L�E�M�S �I�N �2�O�M�A�N�I�A�� �W�E �U�S�E �T�H�E�V�W�U�D�L�J�K�W��
�O�L�Q�H �G�L�V�W�D�Q�F�H�H�E�U�R�I�S�T�I�C�� �W�H�I�C�H �W�E �W�I�L�L �C�A�L�LhSLD �� �)�F �T�H�E �G�O�A�L �I�S �"�U�C�H�A�R�E�S�T�� �W�E �N�E�E�D �T�OSTRAIGHT­LINE

DISTANCE

�K�N�O�W �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E�S �T�O �"�U�C�H�A�R�E�S�T�� �W�H�I�C�H �A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �&�O�R �E�X�A�M�

�P�L�E��hSLD (In (Arad )) = 366 �� �.�O�T�I�C�E �T�H�A�T �T�H�E �V�A�L�U�E�S �O�FhSLD �C�A�N�N�O�T �B�E �C�O�M�P�U�T�E�D �F�R�O�M �T�H�E
�P�R�O�B�L�E�M �D�E�S�C�R�I�P�T�I�O�N �I�T�S�E�L�F�� �-�O�R�E�O�V�E�R�� �I�T �T�A�K�E�S �A �C�E�R�T�A�I�N �A�M�O�U�N�T �O�F �E�X�P�E�R�I�E�N�C�E �T�O �K�N�O�W �T�H�A�T
hSLD �I�S �C�O�R�R�E�L�A�T�E�D �W�I�T�H �A�C�T�U�A�L �R�O�A�D �D�I�S�T�A�N�C�E�S �A�N�D �I�S�� �T�H�E�R�E�F�O�R�E�� �A �U�S�E�F�U�L �H�E�U�R�I�S�T�I�C��

�&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E �P�R�O�G�R�E�S�S �O�F �A �G�R�E�E�D�Y �B�E�S�T�
�l�R�S�T �S�E�A�R�C�H �U�S�I�N�GhSLD �T�O �l�N�D �A �P�A�T�H
�F�R�O�M �!�R�A�D �T�O �"�U�C�H�A�R�E�S�T�� �4�H�E �l�R�S�T �N�O�D�E �T�O �B�E �E�X�P�A�N�D�E�D �F�R�O�M �!�R�A�D �W�I�L�L �B�E �3�I�B�I�U �B�E�C�A�U�S�E �I�T
�I�S �C�L�O�S�E�R �T�O �"�U�C�H�A�R�E�S�T �T�H�A�N �E�I�T�H�E�R �:�E�R�I�N�D �O�R �4�I�M�I�S�O�A�R�A�� �4�H�E �N�E�X�T �N�O�D�E �T�O �B�E �E�X�P�A�N�D�E�D �W�I�L�L
�B�E �&�A�G�A�R�A�S �B�E�C�A�U�S�E �I�T �I�S �C�L�O�S�E�S�T�� �&�A�G�A�R�A�S �I�N �T�U�R�N �G�E�N�E�R�A�T�E�S �"�U�C�H�A�R�E�S�T�� �W�H�I�C�H �I�S �T�H�E �G�O�A�L�� �&�O�R
�T�H�I�S �P�A�R�T�I�C�U�L�A�R �P�R�O�B�L�E�M�� �G�R�E�E�D�Y �B�E�S�T�
�l�R�S�T �S�E�A�R�C�H �U�S�I�N�GhSLD �l�N�D�S �A �S�O�L�U�T�I�O�N �W�I�T�H�O�U�T �E�V�E�R

8 �/�U�R �l�R�S�T �E�D�I�T�I�O�N �C�A�L�L�E�D �T�H�I�S�J�U�H�H�G�\ �V�H�D�U�F�K�� �O�T�H�E�R �A�U�T�H�O�R�S �H�A�V�E �C�A�L�L�E�D �I�T�E�H�V�W���¿�U�V�W �V�H�D�U�F�K�� �/�U�R �M�O�R�E �G�E�N�E�R�A�L
�U�S�A�G�E �O�F �T�H�E �L�A�T�T�E�R �T�E�R�M �F�O�L�L�O�W�S �0�E�A�R�L �����������	��



�3�E�C�T�I�O�N �������� �)�N�F�O�R�M�E�D ���(�E�U�R�I�S�T�I�C�	 �3�E�A�R�C�H �3�T�R�A�T�E�G�I�E�S ����

�8�U�]�L�F�H�Q�L

�1�H�D�P�W
�2�U�D�G�H�D

�=�H�U�L�Q�G

�7�L�P�L�V�R�D�U�D

�0�H�K�D�G�L�D

�6�L�E�L�X

�3�L�W�H�V�W�L
�5�L�P�Q�L�F�X���9�L�O�F�H�D

�9�D�V�O�X�L

�%�X�F�K�D�U�H�V�W

�*�L�X�U�J�L�X
�+�L�U�V�R�Y�D

�(�I�R�U�L�H

�$�U�D�G

�/�X�J�R�M
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�&�U�D�L�R�Y�D

�)�D�J�D�U�D�V

�,�D�V�L

��
������
������
������

����
������

������

������
������

������

������

������
������
����

������

������
������

������

������
������

�)�L�J�X�U�H ���������6�A�L�U�E�S �O�FhSLD �ˆ�S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E�S �T�O �"�U�C�H�A�R�E�S�T��

�E�X�P�A�N�D�I�N�G �A �N�O�D�E �T�H�A�T �I�S �N�O�T �O�N �T�H�E �S�O�L�U�T�I�O�N �P�A�T�H�� �H�E�N�C�E�� �I�T�S �S�E�A�R�C�H�C�O�S�T �I�S �M�I�N�I�M�A�L�� �)�T �I�S
�N�O�T �O�P�T�I�M�A�L�� �H�O�W�E�V�E�R�� �T�H�E �P�A�T�H �V�I�A �3�I�B�I�U �A�N�D �&�A�G�A�R�A�S �T�O �"�U�C�H�A�R�E�S�T �I�S ���� �K�I�L�O�M�E�T�E�R�S �L�O�N�G�E�R
�T�H�A�N �T�H�E �P�A�T�H �T�H�R�O�U�G�H �2�I�M�N�I�C�U �6�I�L�C�E�A �A�N�D �0�I�T�E�S�T�I�� �4�H�I�S �S�H�O�W�S �W�H�Y �T�H�E �A�L�G�O�R�I�T�H�M �I�S �C�A�L�L�E�D
�h�G�R�E�E�D�Y�v�ˆ�A�T �E�A�C�H �S�T�E�P �I�T �T�R�I�E�S �T�O �G�E�T �A�S �C�L�O�S�E �T�O �T�H�E �G�O�A�L �A�S �I�T �C�A�N��

�'�R�E�E�D�Y �B�E�S�T�
�l�R�S�T �T�R�E�E �S�E�A�R�C�H �I�S �A�L�S�O �I�N�C�O�M�P�L�E�T�E �E�V�E�N �I�N �A �l�N�I�T�E �S�T�A�T�E �S�P�A�C�E�� �M�U�C�H �L�I�K�E
�D�E�P�T�H�
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�I�F �T�H�E�R�E �W�E�R�E �A �R�O�U�T�E �F�R�O�Mn �T�OGn �V�I�An0 �T�H�A�T �W�A�S �C�H�E�A�P�E�R �T�H�A�Nh(n)�� �T�H�A�T �W�O�U�L�D �V�I�O�L�A�T�E �T�H�E
�P�R�O�P�E�R�T�Y �T�H�A�Th(n) �I�S �A �L�O�W�E�R �B�O�U�N�D �O�N �T�H�E �C�O�S�T �T�O �R�E�A�C�HGn ��

�)�T �I�S �F�A�I�R�L�Y �E�A�S�Y �T�O �S�H�O�W ���%�X�E�R�C�I�S�E ���������	 �T�H�A�T �E�V�E�R�Y �C�O�N�S�I�S�T�E�N�T �H�E�U�R�I�S�T�I�C �I�S �A�L�S�O �A�D�M�I�S�S�I�B�L�E��
�#�O�N�S�I�S�T�E�N�C�Y �I�S �T�H�E�R�E�F�O�R�E �A �S�T�R�I�C�T�E�R �R�E�Q�U�I�R�E�M�E�N�T �T�H�A�N �A�D�M�I�S�S�I�B�I�L�I�T�Y�� �B�U�T �O�N�E �H�A�S �T�O �W�O�R�K �Q�U�I�T�E
�H�A�R�D �T�O �C�O�N�C�O�C�T �H�E�U�R�I�S�T�I�C�S �T�H�A�T �A�R�E �A�D�M�I�S�S�I�B�L�E �B�U�T �N�O�T �C�O�N�S�I�S�T�E�N�T�� �!�L�L �T�H�E �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C�S
�W�E �D�I�S�C�U�S�S �I�N �T�H�I�S �C�H�A�P�T�E�R �A�R�E �A�L�S�O �C�O�N�S�I�S�T�E�N�T�� �#�O�N�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E��hSLD �� �7�E �K�N�O�W �T�H�A�T
�T�H�E �G�E�N�E�R�A�L �T�R�I�A�N�G�L�E �I�N�E�Q�U�A�L�I�T�Y �I�S �S�A�T�I�S�l�E�D �W�H�E�N �E�A�C�H �S�I�D�E �I�S �M�E�A�S�U�R�E�D �B�Y �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E
�D�I�S�T�A�N�C�E �A�N�D �T�H�A�T �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E �B�E�T�W�E�E�Nn �A�N�Dn0 �I�S �N�O �G�R�E�A�T�E�R �T�H�A�Nc(n; a; n0)��
�(�E�N�C�E��hSLD �I�S �A �C�O�N�S�I�S�T�E�N�T �H�E�U�R�I�S�T�I�C��

�2�S�W�L�P�D�O�L�W�\ �R�I �$�


�!�S �W�E �M�E�N�T�I�O�N�E�D �E�A�R�L�I�E�R�� �!� �H�A�S �T�H�E �F�O�L�L�O�W�I�N�G �P�R�O�P�E�R�T�I�E�S���W�K�H �W�U�H�H���V�H�D�U�F�K �Y�H�U�V�L�R�Q �R�IA � �L�V
�R�S�W�L�P�D�O �L�Ih(n) �L�V �D�G�P�L�V�V�L�E�O�H�� �Z�K�L�O�H �W�K�H �J�U�D�S�K���V�H�D�U�F�K �Y�H�U�V�L�R�Q �L�V �R�S�W�L�P�D�O �L�Ih(n) �L�V �F�R�Q�V�L�V�W�H�Q�W��

�7�E �S�H�O�W �T�H�E �S�E�C�O�N�D �O�F �T�H�E�S�E �T�W�O �C�L�A�I�M�S �S�I�N�C�E �I�T �I�S �M�O�R�E �U�S�E�F�U�L�� �4�H�E �A�R�G�U�M�E�N�T �E�S�

�S�E�N�T�I�A�L�L�Y �M�I�R�R�O�R�S �T�H�E �A�R�G�U�M�E�N�T �F�O�R �T�H�E �O�P�T�I�M�A�L�I�T�Y �O�F �U�N�I�F�O�R�M�
�C�O�S�T �S�E�A�R�C�H�� �W�I�T�Hg �R�E�P�L�A�C�E�D �B�Y
f �ˆ�J�U�S�T �A�S �I�N �T�H�E �!� �A�L�G�O�R�I�T�H�M �I�T�S�E�L�F��

�4�H�E �l�R�S�T �S�T�E�P �I�S �T�O �E�S�T�A�B�L�I�S�H �T�H�E �F�O�L�L�O�W�I�N�G���L�Ih(n) �L�V �F�R�Q�V�L�V�W�H�Q�W�� �W�K�H�Q �W�K�H �Y�D�O�X�H�V �R�I
f (n) �D�O�R�Q�J �D�Q�\ �S�D�W�K �D�U�H �Q�R�Q�G�H�F�U�H�D�V�L�Q�J���4�H�E �P�R�O�O�F �F�O�L�L�O�W�S �D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �D�E�l�N�I�T�I�O�N �O�F
�C�O�N�S�I�S�T�E�N�C�Y�� �3�U�P�P�O�S�En0 �I�S �A �S�U�C�C�E�S�S�O�R �O�Fn�� �T�H�E�Ng(n0) = g(n) + c(n; a; n0) �F�O�R �S�O�M�E �A�C�T�I�O�N
a�� �A�N�D �W�E �H�A�V�E

f (n0) = g(n0) + h(n0) = g(n) + c(n; a; n0) + h(n0) � g(n) + h(n) = f (n) :

�4�H�E �N�E�X�T �S�T�E�P �I�S �T�O �P�R�O�V�E �T�H�A�T�Z�K�H�Q�H�Y�H�UA � �V�H�O�H�F�W�V �D �Q�R�G�Hn �I�R�U �H�[�S�D�Q�V�L�R�Q�� �W�K�H �R�S�W�L�P�D�O �S�D�W�K
�W�R �W�K�D�W �Q�R�G�H �K�D�V �E�H�H�Q �I�R�X�Q�G���7�E�R�E �T�H�I�S �N�O�T �T�H�E �C�A�S�E�� �T�H�E�R�E �W�O�U�L�D �H�A�V�E �T�O �B�E �A�N�O�T�H�E�R �F�R�O�N�T�I�E�R
�N�O�D�En0 �O�N �T�H�E �O�P�T�I�M�A�L �P�A�T�H �F�R�O�M �T�H�E �S�T�A�R�T �N�O�D�E �T�On�� �B�Y �T�H�E �G�R�A�P�H �S�E�P�A�R�A�T�I�O�N �P�R�O�P�E�R�T�Y �O�F

9 �7�I�T�H �A�N �A�D�M�I�S�S�I�B�L�E �B�U�T �I�N�C�O�N�S�I�S�T�E�N�T �H�E�U�R�I�S�T�I�C�� �!� �R�E�Q�U�I�R�E�S �S�O�M�E �E�X�T�R�A �B�O�O�K�K�E�E�P�I�N�G �T�O �E�N�S�U�R�E �O�P�T�I�M�A�L�I�T�Y��
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�3�I�B�I�U �4�I�M�I�S�O�A�R�A

����������������������

�:�E�R�I�N�D

������������������������������������������

�!�R�A�D

������������������

���G�����$�I�W�H�U���H�[�S�D�Q�G�L�Q�J���5�L�P�Q�L�F�X���9�L�O�F�H�D

���H�����$�I�W�H�U���H�[�S�D�Q�G�L�Q�J���)�D�J�D�U�D�V

���I�����$�I�W�H�U���H�[�S�D�Q�G�L�Q�J���3�L�W�H�V�W�L

�:�E�R�I�N�D

�!�R�A�D

�3�I�B�I�U

�!�R�A�D

�4�I�M�I�S�O�A�R�A

�2�I�M�N�I�C�U �6�I�L�C�E�A�&�A�G�A�R�A�S�/�R�A�D�E�A

���������������������� ��������������������

���������������������� �������������������������������������������� ����������������������

�:�E�R�I�N�D

�!�R�A�D

�3�I�B�I�U �4�I�M�I�S�O�A�R�A

���������������������� ��������������������

�2�I�M�N�I�C�U �6�I�L�C�E�A

�#�R�A�I�O�V�A �0�I�T�E�S�T�I �3�I�B�I�U

���������������������� ��������������������������������������������

�:�E�R�I�N�D

�!�R�A�D

�3�I�B�I�U

�!�R�A�D

�4�I�M�I�S�O�A�R�A

�3�I�B�I�U �"�U�C�H�A�R�E�S�T

�&�A�G�A�R�A�S�/�R�A�D�E�A

�#�R�A�I�O�V�A �0�I�T�E�S�T�I �3�I�B�I�U

���������������������� ��������������������

����������������������

���������������������� ������������������ ���������������������� ��������������������������������������������

����������������������

�:�E�R�I�N�D

�!�R�A�D

�3�I�B�I�U

�!�R�A�D

�4�I�M�I�S�O�A�R�A

�3�I�B�I�U �"�U�C�H�A�R�E�S�T

�/�R�A�D�E�A

�#�R�A�I�O�V�A �0�I�T�E�S�T�I �3�I�B�I�U

�"�U�C�H�A�R�E�S�T�#�R�A�I�O�V�A�2�I�M�N�I�C�U �6�I�L�C�E�A

������������������

���������������������� ��������������������

����������������������

���������������������� ������������������ ���������������������� ����������������������

���������������������� ����������������������
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�)�L�J�X�U�H ���������3�T�A�G�E�S �I�N �A�N �!� �S�E�A�R�C�H �F�O�R �"�U�C�H�A�R�E�S�T�� �.�O�D�E�S �A�R�E �L�A�B�E�L�E�D �W�I�T�Hf = g+ h�� �4�H�E
h �V�A�L�U�E�S �A�R�E �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E�S �T�O �"�U�C�H�A�R�E�S�T �T�A�K�E�N �F�R�O�M �&�I�G�U�R�E ����������
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�)�L�J�X�U�H ���������-�A�P �O�F�2�O�M�A�N�I�A �S�H�O�W�I�N�G �C�O�N�T�O�U�R�S �A�Tf = 380��f = 400�� �A�N�Df = 420�� �W�I�T�H
�!�R�A�D �A�S �T�H�E �S�T�A�R�T �S�T�A�T�E�� �.�O�D�E�S �I�N�S�I�D�E �A �G�I�V�E�N �C�O�N�T�O�U�R �H�A�V�Ef �
�C�O�S�T�S �L�E�S�S �T�H�A�N �O�R �E�Q�U�A�L �T�O �T�H�E
�C�O�N�T�O�U�R �V�A�L�U�E��

�&�I�G�U�R�E �������� �B�E�C�A�U�S�Ef �I�S �N�O�N�D�E�C�R�E�A�S�I�N�G �A�L�O�N�G �A�N�Y �P�A�T�H��n0 �W�O�U�L�D �H�A�V�E �L�O�W�E�Rf �
�C�O�S�T �T�H�A�Nn
�A�N�D �W�O�U�L�D �H�A�V�E �B�E�E�N �S�E�L�E�C�T�E�D �l�R�S�T��

�&�R�O�M �T�H�E �T�W�O �P�R�E�C�E�D�I�N�G �O�B�S�E�R�V�A�T�I�O�N�S�� �I�T �F�O�L�L�O�W�S �T�H�A�T �T�H�E �S�E�Q�U�E�N�C�E �O�F �N�O�D�E�S �E�X�P�A�N�D�E�D
�B�Y �!� �U�S�I�N�G �'�2�!�0�(�
�3�%�!�2�#�(�I�S �I�N �N�O�N�D�E�C�R�E�A�S�I�N�G �O�R�D�E�R �O�Ff (n)�� �(�E�N�C�E�� �T�H�E �l�R�S�T �G�O�A�L �N�O�D�E
�S�E�L�E�C�T�E�D �F�O�R �E�X�P�A�N�S�I�O�N �M�U�S�T �B�E �A�N �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �B�E�C�A�U�S�Ef �I�S �T�H�E �T�R�U�E �C�O�S�T �F�O�R �G�O�A�L �N�O�D�E�S
���W�H�I�C�H �H�A�V�Eh = 0 �	 �A�N�D �A�L�L �L�A�T�E�R �G�O�A�L �N�O�D�E�S �W�I�L�L �B�E �A�T �L�E�A�S�T �A�S �E�X�P�E�N�S�I�V�E��

�4�H�E �F�A�C�T �T�H�A�Tf �
�C�O�S�T�S �A�R�E �N�O�N�D�E�C�R�E�A�S�I�N�G �A�L�O�N�G �A�N�Y �P�A�T�H �A�L�S�O �M�E�A�N�S �T�H�A�T �W�E �C�A�N �D�R�A�W
�F�R�Q�W�R�X�U�V�I�N �T�H�E �S�T�A�T�E �S�P�A�C�E�� �J�U�S�T �L�I�K�E �T�H�E �C�O�N�T�O�U�R�S �I�N �A �T�O�P�O�G�R�A�P�H�I�C �M�A�P�� �&�I�G�U�R�E �������� �S�H�O�W�SCONTOUR

�A�N �E�X�A�M�P�L�E�� �)�N�S�I�D�E �T�H�E �C�O�N�T�O�U�R �L�A�B�E�L�E�D400�� �A�L�L �N�O�D�E�S �H�A�V�Ef (n) �L�E�S�S �T�H�A�N �O�R �E�Q�U�A�L �T�O ��������
�A�N�D �S�O �O�N�� �4�H�E�N�� �B�E�C�A�U�S�E �!� �E�X�P�A�N�D�S �T�H�E �F�R�O�N�T�I�E�R �N�O�D�E �O�F �L�O�W�E�S�Tf �
�C�O�S�T�� �W�E �C�A�N �S�E�E �T�H�A�T �A�N
�!� �S�E�A�R�C�H �F�A�N�S �O�U�T �F�R�O�M �T�H�E �S�T�A�R�T �N�O�D�E�� �A�D�D�I�N�G �N�O�D�E�S �I�N �C�O�N�C�E�N�T�R�I�C �B�A�N�D�S �O�F �I�N�C�R�E�A�S�I�N�Gf �
�C�O�S�T��

�7�I�T�H �U�N�I�F�O�R�M�
�C�O�S�T �S�E�A�R�C�H ���!� �S�E�A�R�C�H �U�S�I�N�Gh(n) = 0 �	�� �T�H�E �B�A�N�D�S �W�I�L�L �B�E �h�C�I�R�C�U�L�A�R�v
�A�R�O�U�N�D �T�H�E �S�T�A�R�T �S�T�A�T�E�� �7�I�T�H �M�O�R�E �A�C�C�U�R�A�T�E �H�E�U�R�I�S�T�I�C�S�� �T�H�E �B�A�N�D�S �W�I�L�L �S�T�R�E�T�C�H �T�O�W�A�R�D �T�H�E �G�O�A�L
�S�T�A�T�E �A�N�D �B�E�C�O�M�E �M�O�R�E �N�A�R�R�O�W�L�Y �F�O�C�U�S�E�D �A�R�O�U�N�D �T�H�E �O�P�T�I�M�A�L �P�A�T�H�� �)�FC � �I�S �T�H�E �C�O�S�T �O�F �T�H�E
�O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �P�A�T�H�� �T�H�E�N �W�E �C�A�N �S�A�Y �T�H�E �F�O�L�L�O�W�I�N�G��

� �!� �E�X�P�A�N�D�S �A�L�L �N�O�D�E�S �W�I�T�Hf (n) < C � ��

� �!� �M�I�G�H�T �T�H�E�N �E�X�P�A�N�D �S�O�M�E �O�F �T�H�E �N�O�D�E�S �R�I�G�H�T �O�N �T�H�E �h�G�O�A�L �C�O�N�T�O�U�R�v ���W�H�E�R�Ef (n) = C � �	
�B�E�F�O�R�E �S�E�L�E�C�T�I�N�G �A �G�O�A�L �N�O�D�E��

�#�O�M�P�L�E�T�E�N�E�S�S �R�E�Q�U�I�R�E�S �T�H�A�T �T�H�E�R�E �B�E �O�N�L�Y �l�N�I�T�E�L�Y �M�A�N�Y �N�O�D�E�S �W�I�T�H �C�O�S�T �L�E�S�S �T�H�A�N �O�R �E�Q�U�A�L �T�O
C � �� �A �C�O�N�D�I�T�I�O�N �T�H�A�T �I�S �T�R�U�E �I�F �A�L�L �S�T�E�P �C�O�S�T�S �E�X�C�E�E�D �S�O�M�E �l�N�I�T�E� �A�N�D �I�Fb �I�S �l�N�I�T�E��

�.�O�T�I�C�E �T�H�A�T �!� �E�X�P�A�N�D�S �N�O �N�O�D�E�S �W�I�T�Hf (n) > C � �ˆ�F�O�R �E�X�A�M�P�L�E�� �4�I�M�I�S�O�A�R�A �I�S �N�O�T
�E�X�P�A�N�D�E�D �I�N �&�I�G�U�R�E �������� �E�V�E�N �T�H�O�U�G�H �I�T �I�S �A �C�H�I�L�D �O�F �T�H�E �R�O�O�T�� �7�E �S�A�Y �T�H�A�T �T�H�E �S�U�B�T�R�E�E �B�E�L�O�W



���� �#�H�A�P�T�E�R ���� �3�O�L�V�I�N�G �0�R�O�B�L�E�M�S �B�Y �3�E�A�R�C�H�I�N�G

�4�I�M�I�S�O�A�R�A �I�S�S�U�X�Q�H�G�� �B�E�C�A�U�S�EhSLD �I�S �A�D�M�I�S�S�I�B�L�E�� �T�H�E �A�L�G�O�R�I�T�H�M �C�A�N �S�A�F�E�L�Y �I�G�N�O�R�E �T�H�I�S �S�U�B�T�R�E�EPRUNING

�W�H�I�L�E �S�T�I�L�L �G�U�A�R�A�N�T�E�E�I�N�G �O�P�T�I�M�A�L�I�T�Y�� �4�H�E �C�O�N�C�E�P�T �O�F �P�R�U�N�I�N�G�ˆ�E�L�I�M�I�N�A�T�I�N�G �P�O�S�S�I�B�I�L�I�T�I�E�S �F�R�O�M
�C�O�N�S�I�D�E�R�A�T�I�O�N �W�I�T�H�O�U�T �H�A�V�I�N�G �T�O �E�X�A�M�I�N�E �T�H�E�M�ˆ�I�S �I�M�P�O�R�T�A�N�T �F�O�R �M�A�N�Y �A�R�E�A�S �O�F �!�)��

�/�N�E �l�N�A�L �O�B�S�E�R�V�A�T�I�O�N �I�S �T�H�A�T �A�M�O�N�G �O�P�T�I�M�A�L �A�L�G�O�R�I�T�H�M�S �O�F �T�H�I�S �T�Y�P�E�ˆ�A�L�G�O�R�I�T�H�M�S �T�H�A�T
�E�X�T�E�N�D �S�E�A�R�C�H �P�A�T�H�S �F�R�O�M �T�H�E �R�O�O�T �A�N�D �U�S�E �T�H�E �S�A�M�E �H�E�U�R�I�S�T�I�C �I�N�F�O�R�M�A�T�I�O�N�ˆ�!� �I�S�R�S�W�L�P�D�O�O�\
�H�I�¿�F�L�H�Q�W�F�O�R �A�N�Y �G�I�V�E�N �C�O�N�S�I�S�T�E�N�T �H�E�U�R�I�S�T�I�C�� �4�H�A�T �I�S�� �N�O �O�T�H�E�R �O�P�T�I�M�A�L �A�L�G�O�R�I�T�H�M �I�S �G�U�A�R�A�N�
OPTIMALLY

EFFICIENT

�T�E�E�D �T�O �E�X�P�A�N�D �F�E�W�E�R �N�O�D�E�S �T�H�A�N �!� ���E�X�C�E�P�T �P�O�S�S�I�B�L�Y �T�H�R�O�U�G�H �T�I�E�
�B�R�E�A�K�I�N�G �A�M�O�N�G �N�O�D�E�S �W�I�T�H
f (n) = C � �	�� �4�H�I�S �I�S �B�E�C�A�U�S�E �A�N�Y �A�L�G�O�R�I�T�H�M �T�H�A�T�G�R�H�V �Q�R�W�E�X�P�A�N�D �A�L�L �N�O�D�E�S �W�I�T�Hf (n) < C �

�R�U�N�S �T�H�E �R�I�S�K �O�F �M�I�S�S�I�N�G �T�H�E �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N��
�4�H�A�T �!� �S�E�A�R�C�H �I�S �C�O�M�P�L�E�T�E�� �O�P�T�I�M�A�L�� �A�N�D �O�P�T�I�M�A�L�L�Y �E�F�l�C�I�E�N�T �A�M�O�N�G �A�L�L �S�U�C�H �A�L�G�O�R�I�T�H�M�S

�I�S �R�A�T�H�E�R �S�A�T�I�S�F�Y�I�N�G�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �I�T �D�O�E�S �N�O�T �M�E�A�N �T�H�A�T �!� �I�S �T�H�E �A�N�S�W�E�R �T�O �A�L�L �O�U�R �S�E�A�R�C�H�I�N�G
�N�E�E�D�S�� �4�H�E �C�A�T�C�H �I�S �T�H�A�T�� �F�O�R �M�O�S�T �P�R�O�B�L�E�M�S�� �T�H�E �N�U�M�B�E�R �O�F �S�T�A�T�E�S �W�I�T�H�I�N �T�H�E �G�O�A�L �C�O�N�T�O�U�R
�S�E�A�R�C�H �S�P�A�C�E �I�S �S�T�I�L�L �E�X�P�O�N�E�N�T�I�A�L �I�N �T�H�E �L�E�N�G�T�H �O�F �T�H�E �S�O�L�U�T�I�O�N�� �4�H�E �D�E�T�A�I�L�S �O�F �T�H�E �A�N�A�L�Y�S�I�S �A�R�E
�B�E�Y�O�N�D �T�H�E �S�C�O�P�E �O�F �T�H�I�S �B�O�O�K�� �B�U�T �T�H�E �B�A�S�I�C �R�E�S�U�L�T�S �A�R�E �A�S �F�O�L�L�O�W�S�� �&�O�R �P�R�O�B�L�E�M�S �W�I�T�H �C�O�N�S�T�A�N�T
�S�T�E�P �C�O�S�T�S�� �T�H�E �G�R�O�W�T�H �I�N �R�U�N �T�I�M�E �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �D�E�P�T�Hd �I�S �A�N�A�L�Y�Z�E�D �I�N
�T�E�R�M�S �O�F �T�H�E �T�H�E�D�E�V�R�O�X�W�H �H�U�U�R�U�O�R �T�H�E�U�H�O�D�W�L�Y�H �H�U�U�R�U�O�F �T�H�E �H�E�U�R�I�S�T�I�C�� �4�H�E �A�B�S�O�L�U�T�E �E�R�R�O�R �I�SABSOLUTE ERROR

RELATIVE ERROR �D�E�l�N�E�D �A�S� � h� � h�� �W�H�E�R�Eh� �I�S �T�H�E �A�C�T�U�A�L �C�O�S�T �O�F �G�E�T�T�I�N�G �F�R�O�M �T�H�E �R�O�O�T �T�O �T�H�E �G�O�A�L�� �A�N�D
�T�H�E �R�E�L�A�T�I�V�E �E�R�R�O�R �I�S �D�E�l�N�E�D �A�S� � (h� � h)=h� ��

�4�H�E �C�O�M�P�L�E�X�I�T�Y �R�E�S�U�L�T�S �D�E�P�E�N�D �V�E�R�Y �S�T�R�O�N�G�L�Y �O�N �T�H�E �A�S�S�U�M�P�T�I�O�N�S �M�A�D�E �A�B�O�U�T �T�H�E �S�T�A�T�E
�S�P�A�C�E�� �4�H�E �S�I�M�P�L�E�S�T �M�O�D�E�L �S�T�U�D�I�E�D �I�S �A �S�T�A�T�E �S�P�A�C�E �T�H�A�T �H�A�S �A �S�I�N�G�L�E �G�O�A�L �A�N�D �I�S �E�S�S�E�N�T�I�A�L�L�Y �A
�T�R�E�E �W�I�T�H �R�E�V�E�R�S�I�B�L�E �A�C�T�I�O�N�S�� ���4�H�E ���
�P�U�Z�Z�L�E �S�A�T�I�S�l�E�S �T�H�E �l�R�S�T �A�N�D �T�H�I�R�D �O�F �T�H�E�S�E �A�S�S�U�M�P�T�I�O�N�S���	
�)�N �T�H�I�S �C�A�S�E�� �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �!� �I�S �E�X�P�O�N�E�N�T�I�A�L �I�N �T�H�E �M�A�X�I�M�U�M �A�B�S�O�L�U�T�E �E�R�R�O�R�� �T�H�A�T �I�S��
O(b� )�� �&�O�R �C�O�N�S�T�A�N�T �S�T�E�P �C�O�S�T�S�� �W�E �C�A�N �W�R�I�T�E �T�H�I�S �A�SO(b�d )�� �W�H�E�R�Ed �I�S �T�H�E �S�O�L�U�T�I�O�N �D�E�P�T�H��
�&�O�R �A�L�M�O�S�T �A�L�L �H�E�U�R�I�S�T�I�C�S �I�N �P�R�A�C�T�I�C�A�L �U�S�E�� �T�H�E �A�B�S�O�L�U�T�E �E�R�R�O�R �I�S �A�T �L�E�A�S�T �P�R�O�P�O�R�T�I�O�N�A�L �T�O �T�H�E �P�A�T�H
�C�O�S�Th� �� �S�O� �I�S �C�O�N�S�T�A�N�T �O�R �G�R�O�W�I�N�G �A�N�D �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �I�S �E�X�P�O�N�E�N�T�I�A�L �I�Nd�� �7�E �C�A�N
�A�L�S�O �S�E�E �T�H�E �E�F�F�E�C�T �O�F �A �M�O�R�E �A�C�C�U�R�A�T�E �H�E�U�R�I�S�T�I�C��O(b�d ) = O((b� )d)�� �S�O �T�H�E �E�F�F�E�C�T�I�V�E �B�R�A�N�C�H�I�N�G
�F�A�C�T�O�R ���D�E�l�N�E�D �M�O�R�E �F�O�R�M�A�L�L�Y �I�N �T�H�E �N�E�X�T �S�E�C�T�I�O�N�	 �I�Sb� ��

�7�H�E�N �T�H�E �S�T�A�T�E �S�P�A�C�E �H�A�S �M�A�N�Y �G�O�A�L �S�T�A�T�E�S�ˆ�P�A�R�T�I�C�U�L�A�R�L�Y�Q�H�D�U���R�S�W�L�P�D�O�G�O�A�L �S�T�A�T�E�S�ˆ�T�H�E
�S�E�A�R�C�H �P�R�O�C�E�S�S �C�A�N �B�E �L�E�D �A�S�T�R�A�Y �F�R�O�M �T�H�E �O�P�T�I�M�A�L �P�A�T�H �A�N�D �T�H�E�R�E �I�S �A�N �E�X�T�R�A �C�O�S�T �P�R�O�P�O�R�T�I�O�N�A�L
�T�O �T�H�E �N�U�M�B�E�R �O�F �G�O�A�L�S �W�H�O�S�E �C�O�S�T �I�S �W�I�T�H�I�N �A �F�A�C�T�O�R� �O�F �T�H�E �O�P�T�I�M�A�L �C�O�S�T�� �&�I�N�A�L�L�Y�� �I�N �T�H�E
�G�E�N�E�R�A�L �C�A�S�E �O�F �A �G�R�A�P�H�� �T�H�E �S�I�T�U�A�T�I�O�N �I�S �E�V�E�N �W�O�R�S�E�� �4�H�E�R�E �C�A�N �B�E �E�X�P�O�N�E�N�T�I�A�L�L�Y �M�A�N�Y �S�T�A�T�E�S
�W�I�T�Hf (n) < C � �E�V�E�N �I�F �T�H�E �A�B�S�O�L�U�T�E �E�R�R�O�R �I�S �B�O�U�N�D�E�D �B�Y �A �C�O�N�S�T�A�N�T�� �&�O�R �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R
�A �V�E�R�S�I�O�N �O�F �T�H�E �V�A�C�U�U�M �W�O�R�L�D �W�H�E�R�E �T�H�E �A�G�E�N�T �C�A�N �C�L�E�A�N �U�P �A�N�Y �S�Q�U�A�R�E �F�O�R �U�N�I�T �C�O�S�T �W�I�T�H�O�U�T
�E�V�E�N �H�A�V�I�N�G �T�O �V�I�S�I�T �I�T�� �I�N �T�H�A�T �C�A�S�E�� �S�Q�U�A�R�E�S �C�A�N �B�E �C�L�E�A�N�E�D �I�N �A�N�Y �O�R�D�E�R�� �7�I�T�HN �I�N�I�T�I�A�L�L�Y �D�I�R�T�Y
�S�Q�U�A�R�E�S�� �T�H�E�R�E �A�R�E2N �S�T�A�T�E�S �W�H�E�R�E �S�O�M�E �S�U�B�S�E�T �H�A�S �B�E�E�N �C�L�E�A�N�E�D �A�N�D �A�L�L �O�F �T�H�E�M �A�R�E �O�N �A�N
�O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �P�A�T�H�ˆ�A�N�D �H�E�N�C�E �S�A�T�I�S�F�Yf (n) < C � �ˆ�E�V�E�N �I�F �T�H�E �H�E�U�R�I�S�T�I�C �H�A�S �A�N �E�R�R�O�R �O�F ����

�4�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �!� �O�F�T�E�N �M�A�K�E�S �I�T �I�M�P�R�A�C�T�I�C�A�L �T�O �I�N�S�I�S�T �O�N �l�N�D�I�N�G �A�N �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N��
�/�N�E �C�A�N �U�S�E �V�A�R�I�A�N�T�S �O�F �!� �T�H�A�T �l�N�D �S�U�B�O�P�T�I�M�A�L �S�O�L�U�T�I�O�N�S �Q�U�I�C�K�L�Y�� �O�R �O�N�E �C�A�N �S�O�M�E�T�I�M�E�S
�D�E�S�I�G�N �H�E�U�R�I�S�T�I�C�S �T�H�A�T �A�R�E �M�O�R�E �A�C�C�U�R�A�T�E �B�U�T �N�O�T �S�T�R�I�C�T�L�Y �A�D�M�I�S�S�I�B�L�E�� �)�N �A�N�Y �C�A�S�E�� �T�H�E �U�S�E �O�F �A
�G�O�O�D �H�E�U�R�I�S�T�I�C �S�T�I�L�L �P�R�O�V�I�D�E�S �E�N�O�R�M�O�U�S �S�A�V�I�N�G�S �C�O�M�P�A�R�E�D �T�O �T�H�E �U�S�E �O�F �A�N �U�N�I�N�F�O�R�M�E�D �S�E�A�R�C�H��
�)�N �3�E�C�T�I�O�N �������� �W�E �L�O�O�K �A�T �T�H�E �Q�U�E�S�T�I�O�N �O�F �D�E�S�I�G�N�I�N�G �G�O�O�D �H�E�U�R�I�S�T�I�C�S��

�#�O�M�P�U�T�A�T�I�O�N �T�I�M�E �I�S �N�O�T�� �H�O�W�E�V�E�R�� �!� ���S �M�A�I�N �D�R�A�W�B�A�C�K�� �"�E�C�A�U�S�E �I�T �K�E�E�P�S �A�L�L �G�E�N�E�R�A�T�E�D
�N�O�D�E�S �I�N �M�E�M�O�R�Y ���A�S �D�O �A�L�L �'�2�!�0�(�
�3�%�!�2�#�(�A�L�G�O�R�I�T�H�M�S�	�� �!� �U�S�U�A�L�L�Y �R�U�N�S �O�U�T �O�F �S�P�A�C�E �L�O�N�G



�3�E�C�T�I�O�N �������� �)�N�F�O�R�M�E�D ���(�E�U�R�I�S�T�I�C�	 �3�E�A�R�C�H �3�T�R�A�T�E�G�I�E�S ����

�I�X�Q�F�W�L�R�Q�2�%�#�5�2�3�)�6�%�
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�&�)�2�3�4�
�3�%�!�2�#�(��problem�	�U�H�W�X�U�Q�V�A �S�O�L�U�T�I�O�N�� �O�R �F�A�I�L�U�R�E
�U�H�W�X�U�Q�2�"�&�3��problem�� �- �!�+�%�
�. �/�$�%��problem���)�.�)�4�)�!�,�
�3�4�!�4�%�	��1�	
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�A�N�S�W�E�R �I�S �Y�E�S�� �A�N�D �T�H�E �M�E�T�H�O�D �R�E�S�T�S �O�N �A�N �I�M�P�O�R�T�A�N�T �C�O�N�C�E�P�T �C�A�L�L�E�D �T�H�E�P�H�W�D�O�H�Y�H�O �V�W�D�W�H �V�S�D�F�H��METALEVEL STATE

SPACE

�%�A�C�H �S�T�A�T�E �I�N �A �M�E�T�A�L�E�V�E�L �S�T�A�T�E �S�P�A�C�E �C�A�P�T�U�R�E�S �T�H�E �I�N�T�E�R�N�A�L ���C�O�M�P�U�T�A�T�I�O�N�A�L�	 �S�T�A�T�E �O�F �A �P�R�O�G�R�A�M
�T�H�A�T �I�S �S�E�A�R�C�H�I�N�G �I�N �A�N�R�E�M�H�F�W���O�H�Y�H�O �V�W�D�W�H �V�S�D�F�H�S�U�C�H �A�S �2�O�M�A�N�I�A�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �I�N�T�E�R�N�A�LOBJECT­LEVEL STATE

SPACE

�S�T�A�T�E �O�F �T�H�E �!� �A�L�G�O�R�I�T�H�M �C�O�N�S�I�S�T�S �O�F �T�H�E �C�U�R�R�E�N�T �S�E�A�R�C�H �T�R�E�E�� �%�A�C�H �A�C�T�I�O�N �I�N �T�H�E �M�E�T�A�L�E�V�E�L �S�T�A�T�E
�S�P�A�C�E �I�S �A �C�O�M�P�U�T�A�T�I�O�N �S�T�E�P �T�H�A�T �A�L�T�E�R�S �T�H�E �I�N�T�E�R�N�A�L �S�T�A�T�E�� �F�O�R �E�X�A�M�P�L�E�� �E�A�C�H �C�O�M�P�U�T�A�T�I�O�N �S�T�E�P
�I�N �!� �E�X�P�A�N�D�S �A �L�E�A�F �N�O�D�E �A�N�D �A�D�D�S �I�T�S �S�U�C�C�E�S�S�O�R�S �T�O �T�H�E �T�R�E�E�� �4�H�U�S�� �&�I�G�U�R�E ���������� �W�H�I�C�H �S�H�O�W�S
�A �S�E�Q�U�E�N�C�E �O�F �L�A�R�G�E�R �A�N�D �L�A�R�G�E�R �S�E�A�R�C�H �T�R�E�E�S�� �C�A�N �B�E �S�E�E�N �A�S �D�E�P�I�C�T�I�N�G �A �P�A�T�H �I�N �T�H�E �M�E�T�A�L�E�V�E�L
�S�T�A�T�E �S�P�A�C�E �W�H�E�R�E �E�A�C�H �S�T�A�T�E �O�N �T�H�E �P�A�T�H �I�S �A�N �O�B�J�E�C�T�
�L�E�V�E�L �S�E�A�R�C�H �T�R�E�E��

�.�O�W�� �T�H�E �P�A�T�H �I�N �&�I�G�U�R�E �������� �H�A�S �l�V�E �S�T�E�P�S�� �I�N�C�L�U�D�I�N�G �O�N�E �S�T�E�P�� �T�H�E �E�X�P�A�N�S�I�O�N �O�F �&�A�G�A�R�A�S��
�T�H�A�T �I�S �N�O�T �E�S�P�E�C�I�A�L�L�Y �H�E�L�P�F�U�L�� �&�O�R �H�A�R�D�E�R �P�R�O�B�L�E�M�S�� �T�H�E�R�E �W�I�L�L �B�E �M�A�N�Y �S�U�C�H �M�I�S�S�T�E�P�S�� �A�N�D �A
�P�H�W�D�O�H�Y�H�O �O�H�D�U�Q�L�Q�J�A�L�G�O�R�I�T�H�M �C�A�N �L�E�A�R�N �F�R�O�M �T�H�E�S�E �E�X�P�E�R�I�E�N�C�E�S �T�O �A�V�O�I�D �E�X�P�L�O�R�I�N�G �U�N�P�R�O�M�I�S�
METALEVEL

LEARNING

�I�N�G �S�U�B�T�R�E�E�S�� �4�H�E �T�E�C�H�N�I�Q�U�E�S �U�S�E�D �F�O�R �T�H�I�S �K�I�N�D �O�F �L�E�A�R�N�I�N�G �A�R�E �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R ������ �4�H�E
�G�O�A�L �O�F �L�E�A�R�N�I�N�G �I�S �T�O �M�I�N�I�M�I�Z�E �T�H�E�W�R�W�D�O �F�R�V�W�O�F �P�R�O�B�L�E�M �S�O�L�V�I�N�G�� �T�R�A�D�I�N�G �O�F�F �C�O�M�P�U�T�A�T�I�O�N�A�L
�E�X�P�E�N�S�E �A�N�D �P�A�T�H �C�O�S�T��

������ �(�%�5�2�)�3�4�)�#�&�5�.�#�4�)�/�.�3

�)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �L�O�O�K �A�T �H�E�U�R�I�S�T�I�C�S �F�O�R �T�H�E ���
�P�U�Z�Z�L�E�� �I�N �O�R�D�E�R �T�O�S�H�E�D �L�I�G�H�T �O�N �T�H�E �N�A�T�U�R�E �O�F
�H�E�U�R�I�S�T�I�C�S �I�N �G�E�N�E�R�A�L��

�4�H�E ���
�P�U�Z�Z�L�E �W�A�S �O�N�E �O�F �T�H�E �E�A�R�L�I�E�S�T �H�E�U�R�I�S�T�I�C �S�E�A�R�C�H �P�R�O�B�L�E�M�S�� �!�S �M�E�N�T�I�O�N�E�D �I�N �3�E�C�

�T�I�O�N �������� �T�H�E �O�B�J�E�C�T �O�F �T�H�E �P�U�Z�Z�L�E �I�S �T�O �S�L�I�D�E �T�H�E �T�I�L�E�S �H�O�R�I�Z�O�N�T�A�L�L�Y �O�R �V�E�R�T�I�C�A�L�L�Y �I�N�T�O �T�H�E �E�M�P�T�Y
�S�P�A�C�E �U�N�T�I�L �T�H�E �C�O�N�l�G�U�R�A�T�I�O�N �M�A�T�C�H�E�S �T�H�E �G�O�A�L �C�O�N�l�G�U�R�A�T�I�O�N ���&�I�G�U�R�E ���������	��

�4�H�E �A�V�E�R�A�G�E �S�O�L�U�T�I�O�N �C�O�S�T �F�O�R �A �R�A�N�D�O�M�L�Y �G�E�N�E�R�A�T�E�D ���
�P�U�Z�Z�L�E �I�N�S�T�A�N�C�E �I�S �A�B�O�U�T ���� �S�T�E�P�S��
�4�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �I�S �A�B�O�U�T ���� ���7�H�E�N �T�H�E �E�M�P�T�Y �T�I�L�E �I�S �I�N �T�H�E �M�I�D�D�L�E�� �F�O�U�R �M�O�V�E�S �A�R�E
�P�O�S�S�I�B�L�E�� �W�H�E�N �I�T �I�S �I�N �A �C�O�R�N�E�R�� �T�W�O�� �A�N�D �W�H�E�N �I�T �I�S �A�L�O�N�G �A�N �E�D�G�E�� �T�H�R�E�E���	 �4�H�I�S �M�E�A�N�S
�T�H�A�T �A�N �E�X�H�A�U�S�T�I�V�E �T�R�E�E �S�E�A�R�C�H �T�O �D�E�P�T�H ���� �W�O�U�L�D �L�O�O�K �A�T �A�B�O�U�T322 � 3:1 � 1010 �S�T�A�T�E�S��
�! �G�R�A�P�H �S�E�A�R�C�H �W�O�U�L�D �C�U�T �T�H�I�S �D�O�W�N �B�Y �A �F�A�C�T�O�R �O�F �A�B�O�U�T �������������� �B�E�C�A�U�S�E �O�N�L�Y9!=2 =
181; 440 �D�I�S�T�I�N�C�T �S�T�A�T�E�S �A�R�E �R�E�A�C�H�A�B�L�E�� ���3�E�E �%�X�E�R�C�I�S�E ���������	 �4�H�I�S �I�S �A �M�A�N�A�G�E�A�B�L�E �N�U�M�B�E�R�� �B�U�T



�3�E�C�T�I�O�N �������� �(�E�U�R�I�S�T�I�C �&�U�N�C�T�I�O�N�S ������
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�3�T�A�R�T �3�T�A�T�E �'�O�A�L �3�T�A�T�E
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�)�L�J�X�U�H ���������! �T�Y�P�I�C�A�L �I�N�S�T�A�N�C�E �O�F �T�H�E ���
�P�U�Z�Z�L�E�� �4�H�E �S�O�L�U�T�I�O�N �I�S ���� �S�T�E�P�S �L�O�N�G��

�T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �N�U�M�B�E�R �F�O�R �T�H�E �����
�P�U�Z�Z�L�E �I�S �R�O�U�G�H�L�Y1013�� �S�O �T�H�E �N�E�X�T �O�R�D�E�R �O�F �B�U�S�I�N�E�S�S �I�S
�T�O �l�N�D �A �G�O�O�D �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�� �)�F �W�E �W�A�N�T �T�O �l�N�D �T�H�E �S�H�O�R�T�E�S�T �S�O�L�U�T�I�O�N�S �B�Y �U�S�I�N�G �!� �� �W�E
�N�E�E�D �A �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N �T�H�A�T �N�E�V�E�R �O�V�E�R�E�S�T�I�M�A�T�E�S �T�H�E �N�U�M�B�E�R �O�F �S�T�E�P�S �T�O �T�H�E �G�O�A�L�� �4�H�E�R�E �I�S �A
�L�O�N�G �H�I�S�T�O�R�Y �O�F �S�U�C�H �H�E�U�R�I�S�T�I�C�S �F�O�R �T�H�E �����
�P�U�Z�Z�L�E�� �H�E�R�E �A�R�E �T�W�O �C�O�M�M�O�N�L�Y �U�S�E�D �C�A�N�D�I�D�A�T�E�S��

� h1 = �T�H�E �N�U�M�B�E�R �O�F �M�I�S�P�L�A�C�E�D �T�I�L�E�S�� �&�O�R �&�I�G�U�R�E ���������� �A�L�L �O�F �T�H�E �E�I�G�H�T �T�I�L�E�S �A�R�E �O�U�T �O�F
�P�O�S�I�T�I�O�N�� �S�O �T�H�E �S�T�A�R�T �S�T�A�T�E �W�O�U�L�D �H�A�V�Eh1 = 8 �� h1 �I�S �A�N �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C �B�E�C�A�U�S�E �I�T
�I�S �C�L�E�A�R �T�H�A�T �A�N�Y �T�I�L�E �T�H�A�T �I�S �O�U�T �O�F �P�L�A�C�E �M�U�S�T �B�E �M�O�V�E�D �A�T �L�E�A�S�T �O�N�C�E��

� h2 = �T�H�E �S�U�M �O�F �T�H�E �D�I�S�T�A�N�C�E�S �O�F �T�H�E �T�I�L�E�S �F�R�O�M �T�H�E�I�R �G�O�A�L �P�O�S�I�T�I�O�N�S�� �"�E�C�A�U�S�E �T�I�L�E�S
�C�A�N�N�O�T �M�O�V�E �A�L�O�N�G �D�I�A�G�O�N�A�L�S�� �T�H�E �D�I�S�T�A�N�C�E �W�E �W�I�L�L �C�O�U�N�T �I�S �T�H�E �S�U�M �O�F �T�H�E �H�O�R�I�Z�O�N�T�A�L
�A�N�D �V�E�R�T�I�C�A�L �D�I�S�T�A�N�C�E�S�� �4�H�I�S �I�S �S�O�M�E�T�I�M�E�S �C�A�L�L�E�D �T�H�E�F�L�W�\ �E�O�R�F�N �G�L�V�W�D�Q�F�H�O�R�0�D�Q�K�D�W�W�D�Q
�G�L�V�W�D�Q�F�H�� h2 �I�S �A�L�S�O �A�D�M�I�S�S�I�B�L�E �B�E�C�A�U�S�E �A�L�L �A�N�Y �M�O�V�E �C�A�N �D�O �I�S �M�O�V�E �O�N�E �T�I�L�E �O�N�E �S�T�E�PMANHATTAN

DISTANCE

�C�L�O�S�E�R �T�O �T�H�E �G�O�A�L�� �4�I�L�E�S �� �T�O �� �I�N �T�H�E �S�T�A�R�T �S�T�A�T�E �G�I�V�E �A �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E �O�F

h2 = 3 + 1 + 2 + 2 + 2 + 3 + 3 + 2 = 18 :

�!�S �E�X�P�E�C�T�E�D�� �N�E�I�T�H�E�R �O�F �T�H�E�S�E �O�V�E�R�E�S�T�I�M�A�T�E�S �T�H�E �T�R�U�E �S�O�L�U�T�I�O�N �C�O�S�T�� �W�H�I�C�H �I�S ������

���������� �7�K�H �H�I�I�H�F�W �R�I �K�H�X�U�L�V�W�L�F �D�F�F�X�U�D�F�\ �R�Q �S�H�U�I�R�U�P�D�Q�F�H

�/�N�E �W�A�Y �T�O �C�H�A�R�A�C�T�E�R�I�Z�E �T�H�E �Q�U�A�L�I�T�Y �O�F �A �H�E�U�R�I�S�T�I�C �I�S �T�H�E�H�I�I�H�F�W�L�Y�H �E�U�D�Q�F�K�L�Q�J �I�D�F�W�R�Ub� �� �)�F �T�H�EEFFECTIVE
BRANCHING FACTOR

�T�O�T�A�L �N�U�M�B�E�R �O�F �N�O�D�E�S �G�E�N�E�R�A�T�E�D �B�Y �!� �F�O�R �A �P�A�R�T�I�C�U�L�A�R �P�R�O�B�L�E�M �I�SN �A�N�D �T�H�E �S�O�L�U�T�I�O�N �D�E�P�T�H �I�S
d�� �T�H�E�Nb� �I�S �T�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �T�H�A�T �A �U�N�I�F�O�R�M �T�R�E�E �O�F �D�E�P�T�Hd �W�O�U�L�D �H�A�V�E �T�O �H�A�V�E �I�N �O�R�D�E�R
�T�O �C�O�N�T�A�I�NN + 1 �N�O�D�E�S�� �4�H�U�S��

N + 1 = 1 + b� + ( b� )2 + � � � + ( b� )d :

�&�O�R �E�X�A�M�P�L�E�� �I�F �!� �l�N�D�S �A �S�O�L�U�T�I�O�N �A�T �D�E�P�T�H �� �U�S�I�N�G ���� �N�O�D�E�S�� �T�H�E�N �T�H�E �E�F�F�E�C�T�I�V�E �B�R�A�N�C�H�I�N�G
�F�A�C�T�O�R �I�S ���������� �4�H�E �E�F�F�E�C�T�I�V�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �C�A�N �V�A�R�Y �A�C�R�O�S�S �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�S�� �B�U�T �U�S�U�A�L�L�Y
�I�T �I�S �F�A�I�R�L�Y �C�O�N�S�T�A�N�T �F�O�R �S�U�F�l�C�I�E�N�T�L�Y �H�A�R�D �P�R�O�B�L�E�M�S�� ���4�H�E �E�X�I�S�T�E�N�C�E �O�F �A�N �E�F�F�E�C�T�I�V�E �B�R�A�N�C�H�I�N�G
�F�A�C�T�O�R �F�O�L�L�O�W�S �F�R�O�M �T�H�E �R�E�S�U�L�T�� �M�E�N�T�I�O�N�E�D �E�A�R�L�I�E�R�� �T�H�A�T �T�H�E �N�U�M�B�E�R �O�F �N�O�D�E�S �E�X�P�A�N�D�E�D �B�Y �!�

�G�R�O�W�S �E�X�P�O�N�E�N�T�I�A�L�L�Y �W�I�T�H �S�O�L�U�T�I�O�N �D�E�P�T�H���	 �4�H�E�R�E�F�O�R�E�� �E�X�P�E�R�I�M�E�N�T�A�L �M�E�A�S�U�R�E�M�E�N�T�S �O�Fb� �O�N �A
�S�M�A�L�L �S�E�T �O�F �P�R�O�B�L�E�M�S �C�A�N �P�R�O�V�I�D�E �A �G�O�O�D �G�U�I�D�E �T�O �T�H�E �H�E�U�R�I�S�T�I�C���S �O�V�E�R�A�L�L �U�S�E�F�U�L�N�E�S�S�� �! �W�E�L�L�
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�P�R�O�P�E�R �S�C�O�R�E �I�F �W�E �M�O�V�E�D �E�A�C�H �T�I�L�E �I�N �T�U�R�N �T�O �I�T�S �D�E�S�T�I�N�A�T�I�O�N�� �4�H�E �H�E�U�R�I�S�T�I�C �D�E�R�I�V�E�D �F�R�O�M ���B�	 �I�S
�D�I�S�C�U�S�S�E�D �I�N �%�X�E�R�C�I�S�E ���������� �&�R�O�M ���C�	�� �W�E �C�A�N �D�E�R�I�V�Eh1 ���M�I�S�P�L�A�C�E�D �T�I�L�E�S�	 �B�E�C�A�U�S�E �I�T �W�O�U�L�D �B�E
�T�H�E �P�R�O�P�E�R �S�C�O�R�E �I�F �T�I�L�E�S �C�O�U�L�D �M�O�V�E �T�O �T�H�E�I�R �I�N�T�E�N�D�E�D �D�E�S�T�I�N�A�T�I�O�N �I�N �O�N�E �S�T�E�P�� �.�O�T�I�C�E �T�H�A�T �I�T �I�S
�C�R�U�C�I�A�L �T�H�A�T �T�H�E �R�E�L�A�X�E�D �P�R�O�B�L�E�M�S �G�E�N�E�R�A�T�E�D �B�Y �T�H�I�S �T�E�C�H�N�I�Q�U�E �C�A�N �B�E �S�O�L�V�E�D �E�S�S�E�N�T�I�A�L�L�Y�Z�L�W�K�R�X�W
�V�H�D�U�F�K�� �B�E�C�A�U�S�E �T�H�E �R�E�L�A�X�E�D �R�U�L�E�S �A�L�L�O�W �T�H�E �P�R�O�B�L�E�M �T�O �B�E �D�E�C�O�M�P�O�S�E�D �I�N�T�O �E�I�G�H�T �I�N�D�E�P�E�N�D�E�N�T
�S�U�B�P�R�O�B�L�E�M�S�� �)�F �T�H�E �R�E�L�A�X�E�D �P�R�O�B�L�E�M �I�S �H�A�R�D �T�O �S�O�L�V�E�� �T�H�E�N �T�H�E �V�A�L�U�E�S �O�F �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G
�H�E�U�R�I�S�T�I�C �W�I�L�L �B�E �E�X�P�E�N�S�I�V�E �T�O �O�B�T�A�I�N������

�! �P�R�O�G�R�A�M �C�A�L�L�E�D �!�"�3�/�,�6�%�2�C�A�N �G�E�N�E�R�A�T�E �H�E�U�R�I�S�T�I�C�S �A�U�T�O�M�A�T�I�C�A�L�L�Y �F�R�O�M �P�R�O�B�L�E�M �D�E�F�

�I�N�I�T�I�O�N�S�� �U�S�I�N�G �T�H�E �h�R�E�L�A�X�E�D �P�R�O�B�L�E�M�v �M�E�T�H�O�D �A�N�D �V�A�R�I�O�U�S �O�T�H�E�R �T�E�C�H�N�I�Q�U�E�S ���0�R�I�E�D�I�T�I�S�� ���������	��
�! �"�3�/�,�6�%�2�G�E�N�E�R�A�T�E�D �A �N�E�W �H�E�U�R�I�S�T�I�C �F�O�R �T�H�E ���
�P�U�Z�Z�L�E �T�H�A�T �W�A�S �B�E�T�T�E�R �T�H�A�N �A�N�Y �P�R�E�E�X�I�S�T�I�N�G
�H�E�U�R�I�S�T�I�C �A�N�D �F�O�U�N�D �T�H�E �l�R�S�T �U�S�E�F�U�L �H�E�U�R�I�S�T�I�C �F�O�R �T�H�E �F�A�M�O�U�S �2�U�B�I�K���S �#�U�B�E �P�U�Z�Z�L�E��

�/�N�E �P�R�O�B�L�E�M �W�I�T�H �G�E�N�E�R�A�T�I�N�G �N�E�W �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�S �I�S �T�H�A�T �O�N�E �O�F�T�E�N �F�A�I�L�S �T�O �G�E�T �A
�S�I�N�G�L�E �h�C�L�E�A�R�L�Y �B�E�S�T�v �H�E�U�R�I�S�T�I�C�� �)�F �A �C�O�L�L�E�C�T�I�O�N �O�F �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C�Sh1 : : : hm �I�S �A�V�A�I�L�A�B�L�E
�F�O�R �A �P�R�O�B�L�E�M �A�N�D �N�O�N�E �O�F �T�H�E�M �D�O�M�I�N�A�T�E�S �A�N�Y �O�F �T�H�E �O�T�H�E�R�S�� �W�H�I�C�H �S�H�O�U�L�D �W�E �C�H�O�O�S�E�� �!�S �I�T
�T�U�R�N�S �O�U�T�� �W�E �N�E�E�D �N�O�T �M�A�K�E �A �C�H�O�I�C�E�� �7�E �C�A�N �H�A�V�E �T�H�E �B�E�S�T �O�F �A�L�L �W�O�R�L�D�S�� �B�Y �D�E�l�N�I�N�G

h(n) = maxf h1(n); : : : ; hm (n)g :

11 �)�N �#�H�A�P�T�E�R�S �� �A�N�D ������ �W�E �D�E�S�C�R�I�B�E �F�O�R�M�A�L �L�A�N�G�U�A�G�E�S �S�U�I�T�A�B�L�E �F�O�R �T�H�I�S �T�A�S�K�� �W�I�T�H �F�O�R�M�A�L �D�E�S�C�R�I�P�T�I�O�N�S �T�H�A�T �C�A�N �B�E
�M�A�N�I�P�U�L�A�T�E�D�� �T�H�E �C�O�N�S�T�R�U�C�T�I�O�N �O�F �R�E�L�A�X�E�D �P�R�O�B�L�E�M�S �C�A�N �B�E �A�U�T�O�M�A�T�E�D�� �&�O�R �N�O�W�� �W�E �U�S�E �%�N�G�L�I�S�H��
12 �.�O�T�E �T�H�A�T �A �P�E�R�F�E�C�T �H�E�U�R�I�S�T�I�C �C�A�N �B�E �O�B�T�A�I�N�E�D �S�I�M�P�L�Y �B�Y �A�L�L�O�W�I�N�Gh �T�O �R�U�N �A �F�U�L�L �B�R�E�A�D�T�H�
�l�R�S�T �S�E�A�R�C�H �h�O�N �T�H�E
�S�L�Y���v �4�H�U�S�� �T�H�E�R�E �I�S �A �T�R�A�D�E�O�F�F �B�E�T�W�E�E�N �A�C�C�U�R�A�C�Y �A�N�D �C�O�M�P�U�T�A�T�I�O�N �T�I�M�E �F�O�R �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�S��



������ �#�H�A�P�T�E�R ���� �3�O�L�V�I�N�G �0�R�O�B�L�E�M�S �B�Y �3�E�A�R�C�H�I�N�G

�3�T�A�R�T �3�T�A�T�E �'�O�A�L �3�T�A�T�E
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�)�L�J�X�U�H ���������! �S�U�B�P�R�O�B�L�E�M �O�F �T�H�E ���
�P�U�Z�Z�L�E �I�N�S�T�A�N�C�E �G�I�V�E�N �I�N �&�I�G�U�R�E ���������� �4�H�E �T�A�S�K �I�S �T�O
�G�E�T �T�I�L�E�S ���� ���� ���� �A�N�D �� �I�N�T�O �T�H�E�I�R �C�O�R�R�E�C�T �P�O�S�I�T�I�O�N�S�� �W�I�T�H�O�U�T �W�O�R�R�Y�I�N�G �A�B�O�U�T �W�H�A�T �H�A�P�P�E�N�S �T�O
�T�H�E �O�T�H�E�R �T�I�L�E�S��

�4�H�I�S �C�O�M�P�O�S�I�T�E �H�E�U�R�I�S�T�I�C �U�S�E�S �W�H�I�C�H�E�V�E�R �F�U�N�C�T�I�O�N �I�S �M�O�S�T �A�C�C�U�R�A�T�E �O�N �T�H�E �N�O�D�E �I�N �Q�U�E�S�T�I�O�N��
�"�E�C�A�U�S�E �T�H�E �C�O�M�P�O�N�E�N�T �H�E�U�R�I�S�T�I�C�S �A�R�E �A�D�M�I�S�S�I�B�L�E��h �I�S �A�D�M�I�S�S�I�B�L�E�� �I�T �I�S �A�L�S�O �E�A�S�Y �T�O �P�R�O�V�E �T�H�A�T
h �I�S �C�O�N�S�I�S�T�E�N�T�� �&�U�R�T�H�E�R�M�O�R�E��h �D�O�M�I�N�A�T�E�S �A�L�L �O�F �I�T�S �C�O�M�P�O�N�E�N�T �H�E�U�R�I�S�T�I�C�S��

���������� �*�H�Q�H�U�D�W�L�Q�J �D�G�P�L�V�V�L�E�O�H �K�H�X�U�L�V�W�L�F�V �I�U�R�P �V�X�E�S�U�R�E�O�H�P�V�� �3�D�W�W�H�U�Q �G�D�W�D�E�D�V�H�V

�!�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C�S �C�A�N �A�L�S�O �B�E �D�E�R�I�V�E�D �F�R�O�M �T�H�E �S�O�L�U�T�I�O�N �C�O�S�T �O�F �A�V�X�E�S�U�R�E�O�H�P�O�F �A �G�I�V�E�NSUBPROBLEM

�P�R�O�B�L�E�M�� �&�O�R �E�X�A�M�P�L�E�� �&�I�G�U�R�E �������� �S�H�O�W�S �A �S�U�B�P�R�O�B�L�E�M �O�F �T�H�E ���
�P�U�Z�Z�L�E �I�N�S�T�A�N�C�E �I�N �&�I�G�

�U�R�E ���������� �4�H�E �S�U�B�P�R�O�B�L�E�M �I�N�V�O�L�V�E�S �G�E�T�T�I�N�G �T�I�L�E�S ���� ���� ���� �� �I�N�T�O �T�H�E�I�R �C�O�R�R�E�C�T �P�O�S�I�T�I�O�N�S�� �#�L�E�A�R�L�Y��
�T�H�E �C�O�S�T �O�F �T�H�E �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �O�F �T�H�I�S �S�U�B�P�R�O�B�L�E�M �I�S �A �L�O�W�E�R �B�O�U�N�D �O�N �T�H�E �C�O�S�T �O�F �T�H�E �C�O�M�

�P�L�E�T�E �P�R�O�B�L�E�M�� �)�T �T�U�R�N�S �O�U�T �T�O �B�E �M�O�R�E �A�C�C�U�R�A�T�E �T�H�A�N �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E �I�N �S�O�M�E �C�A�S�E�S��

�4�H�E �I�D�E�A �B�E�H�I�N�D�S�D�W�W�H�U�Q �G�D�W�D�E�D�V�H�V�I�S �T�O �S�T�O�R�E �T�H�E�S�E �E�X�A�C�T �S�O�L�U�T�I�O�N �C�O�S�T�S �F�O�R �E�V�E�R�Y �P�O�S�
PATTERN DATABASE

�S�I�B�L�E �S�U�B�P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�ˆ�I�N �O�U�R �E�X�A�M�P�L�E�� �E�V�E�R�Y �P�O�S�S�I�B�L�E �C�O�N�l�G�U�R�A�T�I�O�N �O�F �T�H�E �F�O�U�R �T�I�L�E�S
�A�N�D �T�H�E �B�L�A�N�K�� ���4�H�E �L�O�C�A�T�I�O�N�S �O�F �T�H�E �O�T�H�E�R �F�O�U�R �T�I�L�E�S �A�R�E �I�R�R�E�L�E�V�A�N�T �F�O�R �T�H�E �P�U�R�P�O�S�E�S �O�F �S�O�L�V�

�I�N�G �T�H�E �S�U�B�P�R�O�B�L�E�M�� �B�U�T �M�O�V�E�S �O�F �T�H�O�S�E �T�I�L�E�S �D�O �C�O�U�N�T �T�O�W�A�R�D �T�H�E �C�O�S�T���	 �4�H�E�N �W�E �C�O�M�P�U�T�E
�A�N �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�ChDB �F�O�R �E�A�C�H �C�O�M�P�L�E�T�E �S�T�A�T�E �E�N�C�O�U�N�T�E�R�E�D �D�U�R�I�N�G �A �S�E�A�R�C�H �S�I�M�P�L�Y �B�Y
�L�O�O�K�I�N�G �U�P �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �S�U�B�P�R�O�B�L�E�M �C�O�N�l�G�U�R�A�T�I�O�N �I�N �T�H�E �D�A�T�A�B�A�S�E�� �4�H�E �D�A�T�A�B�A�S�E �I�T�S�E�L�F �I�S
�C�O�N�S�T�R�U�C�T�E�D �B�Y �S�E�A�R�C�H�I�N�G �B�A�C�K���� �F�R�O�M �T�H�E �G�O�A�L �A�N�D �R�E�C�O�R�D�I�N�G �T�H�E �C�O�S�T �O�F �E�A�C�H �N�E�W �P�A�T�T�E�R�N �E�N�

�C�O�U�N�T�E�R�E�D�� �T�H�E �E�X�P�E�N�S�E �O�F �T�H�I�S �S�E�A�R�C�H �I�S �A�M�O�R�T�I�Z�E�D �O�V�E�R �M�A�N�Y �S�U�B�S�E�Q�U�E�N�T �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�S��

�4�H�E �C�H�O�I�C�E �O�F ���
���
���
�� �I�S �F�A�I�R�L�Y �A�R�B�I�T�R�A�R�Y�� �W�E �C�O�U�L�D �A�L�S�O �C�O�N�S�T�R�U�C�T �D�A�T�A�B�A�S�E�S �F�O�R ���
���
���
����
�F�O�R ���
���
���
���� �A�N�D �S�O �O�N�� �%�A�C�H �D�A�T�A�B�A�S�E �Y�I�E�L�D�S �A�N �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C�� �A�N�D �T�H�E�S�E �H�E�U�R�I�S�T�I�C�S �C�A�N
�B�E �C�O�M�B�I�N�E�D�� �A�S �E�X�P�L�A�I�N�E�D �E�A�R�L�I�E�R�� �B�Y �T�A�K�I�N�G �T�H�E �M�A�X�I�M�U�M �V�A�L�U�E�� �! �C�O�M�B�I�N�E�D �H�E�U�R�I�S�T�I�C �O�F
�T�H�I�S �K�I�N�D �I�S �M�U�C�H �M�O�R�E �A�C�C�U�R�A�T�E �T�H�A�N �T�H�E �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E�� �T�H�E �N�U�M�B�E�R �O�F �N�O�D�E�S �G�E�N�E�R�A�T�E�D
�W�H�E�N �S�O�L�V�I�N�G �R�A�N�D�O�M �����
�P�U�Z�Z�L�E�S �C�A�N �B�E �R�E�D�U�C�E�D �B�Y �A �F�A�C�T�O�R �O�F ����������

�/�N�E �M�I�G�H�T �W�O�N�D�E�R �W�H�E�T�H�E�R �T�H�E �H�E�U�R�I�S�T�I�C�S �O�B�T�A�I�N�E�D �F�R�O�M �T�H�E ���
���
���
�� �D�A�T�A�B�A�S�E �A�N�D �T�H�E
���
���
���
�� �C�O�U�L�D �B�E�D�G�G�H�G�� �S�I�N�C�E �T�H�E �T�W�O �S�U�B�P�R�O�B�L�E�M�S �S�E�E�M �N�O�T �T�O �O�V�E�R�L�A�P�� �7�O�U�L�D �T�H�I�S �S�T�I�L�L �G�I�V�E
�A�N �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C�� �4�H�E �A�N�S�W�E�R �I�S �N�O�� �B�E�C�A�U�S�E �T�H�E �S�O�L�U�T�I�O�N�S �O�F �T�H�E ���
���
���
�� �S�U�B�P�R�O�B�L�E�M
�A�N�D �T�H�E ���
���
���
�� �S�U�B�P�R�O�B�L�E�M �F�O�R �A �G�I�V�E�N �S�T�A�T�E �W�I�L�L �A�L�M�O�S�T �C�E�R�T�A�I�N�L�Y �S�H�A�R�E �S�O�M�E �M�O�V�E�S�ˆ�I�T �I�S

13 �"�Y �W�O�R�K�I�N�G �B�A�C�K�W�A�R�D �F�R�O�M �T�H�E �G�O�A�L�� �T�H�E �E�X�A�C�T �S�O�L�U�T�I�O�N �C�O�S�T �O�F �E�V�E�R�Y �I�N�S�T�A�N�C�E �E�N�C�O�U�N�T�E�R�E�D �I�S �I�M�M�E�D�I�A�T�E�L�Y
�A�V�A�I�L�A�B�L�E�� �4�H�I�S �I�S �A�N �E�X�A�M�P�L�E �O�F�G�\�Q�D�P�L�F �S�U�R�J�U�D�P�P�L�Q�J�� �W�H�I�C�H �W�E �D�I�S�C�U�S�S �F�U�R�T�H�E�R �I�N �#�H�A�P�T�E�R ������



�3�E�C�T�I�O�N �������� �(�E�U�R�I�S�T�I�C �&�U�N�C�T�I�O�N�S ������

�U�N�L�I�K�E�L�Y �T�H�A�T ���
���
���
�� �C�A�N �B�E �M�O�V�E�D �I�N�T�O �P�L�A�C�E �W�I�T�H�O�U�T �T�O�U�C�H�I�N�G ���
���
���
���� �A�N�D �V�I�C�E �V�E�R�S�A�� �"�U�T
�W�H�A�T �I�F �W�E �D�O�N���T �C�O�U�N�T �T�H�O�S�E �M�O�V�E�S�� �4�H�A�T �I�S�� �W�E �R�E�C�O�R�D �N�O�T �T�H�E �T�O�T�A�L �C�O�S�T �O�F �S�O�L�V�I�N�G �T�H�E ���
���

���
�� �S�U�B�P�R�O�B�L�E�M�� �B�U�T �J�U�S�T �T�H�E �N�U�M�B�E�R �O�F �M�O�V�E�S �I�N�V�O�L�V�I�N�G ���
���
���
���� �4�H�E�N �I�T �I�S �E�A�S�Y �T�O �S�E�E �T�H�A�T
�T�H�E �S�U�M �O�F �T�H�E �T�W�O �C�O�S�T�S �I�S �S�T�I�L�L �A �L�O�W�E�R �B�O�U�N�D �O�N �T�H�E �C�O�S�T �O�F �S�O�L�V�I�N�G �T�H�E �E�N�T�I�R�E �P�R�O�B�L�E�M�� �4�H�I�S
�I�S �T�H�E �I�D�E�A �B�E�H�I�N�D�G�L�V�M�R�L�Q�W �S�D�W�W�H�U�Q �G�D�W�D�E�D�V�H�V�� �7�I�T�H �S�U�C�H �D�A�T�A�B�A�S�E�S�� �I�T �I�S �P�O�S�S�I�B�L�E �T�O �S�O�L�V�EDISJOINT PATTERN

DATABASES

�R�A�N�D�O�M �����
�P�U�Z�Z�L�E�S �I�N �A �F�E�W �M�I�L�L�I�S�E�C�O�N�D�S�ˆ�T�H�E �N�U�M�B�E�R �O�F �N�O�D�E�S �G�E�N�E�R�A�T�E�D �I�S �R�E�D�U�C�E�D �B�Y �A
�F�A�C�T�O�R �O�F ������������ �C�O�M�P�A�R�E�D �W�I�T�H �T�H�E �U�S�E �O�F �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E�� �&�O�R �����
�P�U�Z�Z�L�E�S�� �A �S�P�E�E�D�U�P �O�F
�R�O�U�G�H�L�Y �A �F�A�C�T�O�R �O�F �A �M�I�L�L�I�O�N �C�A�N �B�E �O�B�T�A�I�N�E�D��

�$�I�S�J�O�I�N�T �P�A�T�T�E�R�N �D�A�T�A�B�A�S�E�S �W�O�R�K �F�O�R �S�L�I�D�I�N�G�
�T�I�L�E �P�U�Z�Z�L�E�S �B�E�C�A�U�S�E �T�H�E �P�R�O�B�L�E�M �C�A�N �B�E
�D�I�V�I�D�E�D �U�P �I�N �S�U�C�H �A �W�A�Y �T�H�A�T �E�A�C�H �M�O�V�E �A�F�F�E�C�T�S �O�N�L�Y �O�N�E �S�U�B�P�R�O�B�L�E�M�ˆ�B�E�C�A�U�S�E �O�N�L�Y �O�N�E �T�I�L�E
�I�S �M�O�V�E�D �A�T �A �T�I�M�E�� �&�O�R �A �P�R�O�B�L�E�M �S�U�C�H �A�S �2�U�B�I�K���S �#�U�B�E�� �T�H�I�S �K�I�N�D �O�F �S�U�B�D�I�V�I�S�I�O�N �I�S �D�I�F�l�C�U�L�T
�B�E�C�A�U�S�E �E�A�C�H �M�O�V�E �A�F�F�E�C�T�S �� �O�R �� �O�F �T�H�E ���� �C�U�B�I�E�S�� �-�O�R�E �G�E�N�E�R�A�L �W�A�Y�S �O�F �D�E�l�N�I�N�G �A�D�D�I�T�I�V�E��
�A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C�S �H�A�V�E �B�E�E�N �P�R�O�P�O�S�E�D �T�H�A�T �D�O �A�P�P�L�Y �T�O �2�U�B�I�K���S �C�U�B�E ���9�A�N�G�H�W �D�O���� ���������	��
�B�U�T �T�H�E�Y �H�A�V�E �N�O�T �Y�I�E�L�D�E�D �A �H�E�U�R�I�S�T�I�C �B�E�T�T�E�R �T�H�A�N �T�H�E �B�E�S�T �N�O�N�A�D�D�I�T�I�V�E �H�E�U�R�I�S�T�I�C �F�O�R �T�H�E �P�R�O�B�L�E�M��

���������� �/�H�D�U�Q�L�Q�J �K�H�X�U�L�V�W�L�F�V �I�U�R�P �H�[�S�H�U�L�H�Q�F�H

�! �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�Nh(n) �I�S �S�U�P�P�O�S�E�D �T�O �E�S�T�I�M�A�T�E �T�H�E �C�O�S�T �O�F �A �S�O�L�U�T�I�O�N �B�E�G�I�N�N�I�N�G �F�R�O�M �T�H�E
�S�T�A�T�E �A�T �N�O�D�En�� �(�O�W �C�O�U�L�D �A�N �A�G�E�N�T �C�O�N�S�T�R�U�C�T �S�U�C�H �A �F�U�N�C�T�I�O�N�� �/�N�E �S�O�L�U�T�I�O�N �W�A�S �G�I�V�E�N �I�N
�T�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N�S�ˆ�N�A�M�E�L�Y�� �T�O �D�E�V�I�S�E �R�E�L�A�X�E�D �P�R�O�B�L�E�M�S �F�O�R �W�H�I�C�H �A�N �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N
�C�A�N �B�E �F�O�U�N�D �E�A�S�I�L�Y�� �!�N�O�T�H�E�R �S�O�L�U�T�I�O�N �I�S �T�O �L�E�A�R�N �F�R�O�M �E�X�P�E�R�I�E�N�C�E�� �h�%�X�P�E�R�I�E�N�C�E�v �H�E�R�E �M�E�A�N�S
�S�O�L�V�I�N�G �L�O�T�S �O�F ���
�P�U�Z�Z�L�E�S�� �F�O�R �I�N�S�T�A�N�C�E�� �%�A�C�H �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �T�O �A�N ���
�P�U�Z�Z�L�E �P�R�O�B�L�E�M �P�R�O�V�I�D�E�S
�E�X�A�M�P�L�E�S �F�R�O�M �W�H�I�C�Hh(n) �C�A�N �B�E �L�E�A�R�N�E�D�� �%�A�C�H �E�X�A�M�P�L�E �C�O�N�S�I�S�T�S �O�F �A �S�T�A�T�E �F�R�O�M �T�H�E �S�O�L�U�

�T�I�O�N �P�A�T�H �A�N�D �T�H�E �A�C�T�U�A�L �C�O�S�T �O�F �T�H�E �S�O�L�U�T�I�O�N �F�R�O�M �T�H�A�T �P�O�I�N�T�� �&�R�O�M �T�H�E�S�E �E�X�A�M�P�L�E�S�� �A �L�E�A�R�N�I�N�G
�A�L�G�O�R�I�T�H�M �C�A�N �B�E �U�S�E�D �T�O �C�O�N�S�T�R�U�C�T �A �F�U�N�C�T�I�O�Nh(n) �T�H�A�T �C�A�N ���W�I�T�H �L�U�C�K�	 �P�R�E�D�I�C�T �S�O�L�U�T�I�O�N �C�O�S�T�S
�F�O�R �O�T�H�E�R �S�T�A�T�E�S �T�H�A�T �A�R�I�S�E �D�U�R�I�N�G �S�E�A�R�C�H�� �4�E�C�H�N�I�Q�U�E�S �F�O�R �D�O�I�N�G �J�U�S�T �T�H�I�S �U�S�I�N�G �N�E�U�R�A�L �N�E�T�S�� �D�E�

�C�I�S�I�O�N �T�R�E�E�S�� �A�N�D �O�T�H�E�R �M�E�T�H�O�D�S �A�R�E �D�E�M�O�N�S�T�R�A�T�E�D �I�N �#�H�A�P�T�E�R ������ ���4�H�E �R�E�I�N�F�O�R�C�E�M�E�N�T �L�E�A�R�N�I�N�G
�M�E�T�H�O�D�S �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R ���� �A�R�E �A�L�S�O �A�P�P�L�I�C�A�B�L�E���	

�)�N�D�U�C�T�I�V�E �L�E�A�R�N�I�N�G �M�E�T�H�O�D�S �W�O�R�K �B�E�S�T �W�H�E�N �S�U�P�P�L�I�E�D �W�I�T�H�I�H�D�W�X�U�H�V�O�F �A �S�T�A�T�E �T�H�A�T �A�R�EFEATURE

�R�E�L�E�V�A�N�T �T�O �P�R�E�D�I�C�T�I�N�G �T�H�E �S�T�A�T�E���S �V�A�L�U�E�� �R�A�T�H�E�R �T�H�A�N �W�I�T�H �J�U�S�T �T�H�E �R�A�W �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�N�� �&�O�R
�E�X�A�M�P�L�E�� �T�H�E �F�E�A�T�U�R�E �h�N�U�M�B�E�R �O�F �M�I�S�P�L�A�C�E�D �T�I�L�E�S�v �M�I�G�H�T �B�E �H�E�L�P�F�U�L �I�N �P�R�E�D�I�C�T�I�N�G �T�H�E �A�C�T�U�A�L
�D�I�S�T�A�N�C�E �O�F �A �S�T�A�T�E �F�R�O�M �T�H�E �G�O�A�L�� �,�E�T���S �C�A�L�L �T�H�I�S �F�E�A�T�U�R�Ex1(n)�� �7�E �C�O�U�L�D �T�A�K�E ������ �R�A�N�D�O�M�L�Y
�G�E�N�E�R�A�T�E�D ���
�P�U�Z�Z�L�E �C�O�N�l�G�U�R�A�T�I�O�N�S �A�N�D �G�A�T�H�E�R �S�T�A�T�I�S�T�I�C�S �O�N �T�H�E�I�R �A�C�T�U�A�L �S�O�L�U�T�I�O�N �C�O�S�T�S�� �7�E
�M�I�G�H�T �l�N�D �T�H�A�T �W�H�E�Nx1(n) �I�S ���� �T�H�E �A�V�E�R�A�G�E �S�O�L�U�T�I�O�N �C�O�S�T �I�S �A�R�O�U�N�D ������ �A�N�D �S�O �O�N�� �'�I�V�E�N
�T�H�E�S�E �D�A�T�A�� �T�H�E �V�A�L�U�E �O�Fx1 �C�A�N �B�E �U�S�E�D �T�O �P�R�E�D�I�C�Th(n)�� �/�F �C�O�U�R�S�E�� �W�E �C�A�N �U�S�E �S�E�V�E�R�A�L �F�E�A�T�U�R�E�S��
�! �S�E�C�O�N�D �F�E�A�T�U�R�Ex2(n) �M�I�G�H�T �B�E �h�N�U�M�B�E�R �O�F �P�A�I�R�S �O�F �A�D�J�A�C�E�N�T �T�I�L�E�S �T�H�A�T �A�R�E �N�O�T �A�D�J�A�C�E�N�T �I�N �T�H�E
�G�O�A�L �S�T�A�T�E���v �(�O�W �S�H�O�U�L�Dx1(n) �A�N�Dx2(n) �B�E �C�O�M�B�I�N�E�D �T�O �P�R�E�D�I�C�Th(n)�� �! �C�O�M�M�O�N �A�P�P�R�O�A�C�H
�I�S �T�O �U�S�E �A �L�I�N�E�A�R �C�O�M�B�I�N�A�T�I�O�N��

h(n) = c1x1(n) + c2x2(n) :

�4�H�E �C�O�N�S�T�A�N�T�Sc1 �A�N�Dc2 �A�R�E �A�D�J�U�S�T�E�D �T�O �G�I�V�E �T�H�E �B�E�S�T �l�T �T�O �T�H�E �A�C�T�U�A�L �D�A�T�A �O�N �S�O�L�U�T�I�O�N �C�O�S�T�S��
�/�N�E �E�X�P�E�C�T�S �B�O�T�Hc1 �A�N�Dc2 �T�O �B�E �P�O�S�I�T�I�V�E �B�E�C�A�U�S�E �M�I�S�P�L�A�C�E�D �T�I�L�E�S �A�N�D �I�N�C�O�R�R�E�C�T �A�D�J�A�C�E�N�T �P�A�I�R�S
�M�A�K�E �T�H�E �P�R�O�B�L�E�M �H�A�R�D�E�R �T�O �S�O�L�V�E�� �.�O�T�I�C�E �T�H�A�T �T�H�I�S �H�E�U�R�I�S�T�I�C �D�O�E�S �S�A�T�I�S�F�Y �T�H�E �C�O�N�D�I�T�I�O�N �T�H�A�T
h(n) = 0 �F�O�R �G�O�A�L �S�T�A�T�E�S�� �B�U�T �I�T �I�S �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �A�D�M�I�S�S�I�B�L�E �O�R �C�O�N�S�I�S�T�E�N�T��



������ �#�H�A�P�T�E�R ���� �3�O�L�V�I�N�G �0�R�O�B�L�E�M�S �B�Y �3�E�A�R�C�H�I�N�G

������ �3�5�-�-�!�2�9

�4�H�I�S �C�H�A�P�T�E�R �H�A�S �I�N�T�R�O�D�U�C�E�D �M�E�T�H�O�D�S �T�H�A�T �A�N �A�G�E�N�T �C�A�N �U�S�E �T�O �S�E�L�E�C�T�A�C�T�I�O�N�S �I�N �E�N�V�I�R�O�N�M�E�N�T�S
�T�H�A�T �A�R�E �D�E�T�E�R�M�I�N�I�S�T�I�C�� �O�B�S�E�R�V�A�B�L�E�� �S�T�A�T�I�C�� �A�N�D �C�O�M�P�L�E�T�E�L�Y �K�N�O�W�N�� �)�N �S�U�C�H �C�A�S�E�S�� �T�H�E �A�G�E�N�T �C�A�N
�C�O�N�S�T�R�U�C�T �S�E�Q�U�E�N�C�E�S �O�F �A�C�T�I�O�N�S �T�H�A�T �A�C�H�I�E�V�E �I�T�S �G�O�A�L�S�� �T�H�I�S �P�R�O�C�E�S�S �I�S �C�A�L�L�E�D�V�H�D�U�F�K��

� �"�E�F�O�R�E �A�N �A�G�E�N�T �C�A�N �S�T�A�R�T �S�E�A�R�C�H�I�N�G �F�O�R �S�O�L�U�T�I�O�N�S�� �A�J�R�D�O�M�U�S�T �B�E �I�D�E�N�T�I�l�E�D �A�N�D �A �W�E�L�L�

�D�E�l�N�E�D�S�U�R�E�O�H�P�M�U�S�T �B�E �F�O�R�M�U�L�A�T�E�D��

� �! �P�R�O�B�L�E�M �C�O�N�S�I�S�T�S �O�F �l�V�E �P�A�R�T�S�� �T�H�E�L�Q�L�W�L�D�O �V�W�D�W�H�� �A �S�E�T �O�F�D�F�W�L�R�Q�V�� �A�W�U�D�Q�V�L�W�L�R�Q �P�R�G�H�O
�D�E�S�C�R�I�B�I�N�G �T�H�E �R�E�S�U�L�T�S �O�F �T�H�O�S�E �A�C�T�I�O�N�S�� �A�J�R�D�O �W�H�V�W�F�U�N�C�T�I�O�N�� �A�N�D �A�S�D�W�K �F�R�V�W�F�U�N�C�T�I�O�N��
�4�H�E �E�N�V�I�R�O�N�M�E�N�T �O�F �T�H�E �P�R�O�B�L�E�M �I�S �R�E�P�R�E�S�E�N�T�E�D �B�Y �A�V�W�D�W�H �V�S�D�F�H�� �! �S�D�W�K�T�H�R�O�U�G�H �T�H�E
�S�T�A�T�E �S�P�A�C�E �F�R�O�M �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �T�O �A �G�O�A�L �S�T�A�T�E �I�S �A�V�R�O�X�W�L�R�Q��

� �3�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �T�R�E�A�T �S�T�A�T�E�S �A�N�D �A�C�T�I�O�N�S �A�S�D�W�R�P�L�F�� �T�H�E�Y �D�O �N�O�T �C�O�N�S�I�D�E�R �A�N�Y �I�N�T�E�R�N�A�L
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n � n �V�E�R�S�I�O�N �O�F �T�H�E �����
�P�U�Z�Z�L�E �B�E�L�O�N�G�S �T�O �T�H�E �C�L�A�S�S �O�F �.�0�
�C�O�M�P�L�E�T�E �P�R�O�B�L�E�M�S��

�4�H�E ���
�Q�U�E�E�N�S �P�R�O�B�L�E�M �W�A�S �l�R�S�T �P�U�B�L�I�S�H�E�D �A�N�O�N�Y�M�O�U�S�L�Y �I�N �T�H�E �'�E�R�M�A�N �C�H�E�S�S �M�A�G�A�

�Z�I�N�E�6�F�K�D�F�K�I�N ���������� �I�T �W�A�S �L�A�T�E�R �A�T�T�R�I�B�U�T�E�D �T�O �O�N�E �-�A�X �"�E�Z�Z�E�L�� �)�T �W�A�S �R�E�P�U�B�L�I�S�H�E�D �I�N ��������
�A�N�D �A�T �T�H�A�T �T�I�M�E �D�R�E�W �T�H�E �A�T�T�E�N�T�I�O�N �O�F �T�H�E �E�M�I�N�E�N�T �M�A�T�H�E�M�A�T�I�C�I�A�N �#�A�R�L �&�R�I�E�D�R�I�C�H �'�A�U�S�S�� �W�H�O



������ �#�H�A�P�T�E�R ���� �3�O�L�V�I�N�G �0�R�O�B�L�E�M�S �B�Y �3�E�A�R�C�H�I�N�G

�A�T�T�E�M�P�T�E�D �T�O �E�N�U�M�E�R�A�T�E �A�L�L �P�O�S�S�I�B�L�E �S�O�L�U�T�I�O�N�S�� �I�N�I�T�I�A�L�L�Y �H�E �F�O�U�N�D �O�N�L�Y ������ �B�U�T �E�V�E�N�T�U�A�L�L�Y �H�E
�F�O�U�N�D �T�H�E �C�O�R�R�E�C�T �A�N�S�W�E�R �O�F ������ �A�L�T�H�O�U�G�H �.�A�U�C�K �P�U�B�L�I�S�H�E�D �A�L�L ���� �S�O�L�U�T�I�O�N�S �l�R�S�T�� �I�N ����������
�.�E�T�T�O �����������	 �G�E�N�E�R�A�L�I�Z�E�D �T�H�E �P�R�O�B�L�E�M �T�On �Q�U�E�E�N�S�� �A�N�D �!�B�R�A�M�S�O�N �A�N�D �9�U�N�G �����������	 �F�O�U�N�D �A�N
O(n) �A�L�G�O�R�I�T�H�M��

�%�A�C�H �O�F �T�H�E �R�E�A�L�
�W�O�R�L�D �S�E�A�R�C�H �P�R�O�B�L�E�M�S �L�I�S�T�E�D �I�N �T�H�E �C�H�A�P�T�E�R �H�A�S �B�E�E�N �T�H�E �S�U�B�J�E�C�T �O�F �A
�G�O�O�D �D�E�A�L �O�F �R�E�S�E�A�R�C�H �E�F�F�O�R�T�� �-�E�T�H�O�D�S �F�O�R �S�E�L�E�C�T�I�N�G �O�P�T�I�M�A�L �A�I�R�L�I�N�E �m�I�G�H�T�S �R�E�M�A�I�N �P�R�O�P�R�I�E�T�A�R�Y
�F�O�R �T�H�E �M�O�S�T �P�A�R�T�� �B�U�T �#�A�R�L �D�E �-�A�R�C�K�E�N ���P�E�R�S�O�N�A�L �C�O�M�M�U�N�I�C�A�T�I�O�N�	 �H�A�S �S�H�O�W�N �T�H�A�T �A�I�R�L�I�N�E �T�I�C�K�E�T
�P�R�I�C�I�N�G �A�N�D �R�E�S�T�R�I�C�T�I�O�N�S �H�A�V�E �B�E�C�O�M�E �S�O �C�O�N�V�O�L�U�T�E�D �T�H�A�T �T�H�E �P�R�O�B�L�E�M �O�F �S�E�L�E�C�T�I�N�G �A�N �O�P�T�I�M�A�L
�m�I�G�H�T �I�S �F�O�R�M�A�L�L�Y�X�Q�G�H�F�L�G�D�E�O�H�� �4�H�E �T�R�A�V�E�L�I�N�G�
�S�A�L�E�S�P�E�R�S�O�N �P�R�O�B�L�E�M �I�S �A �S�T�A�N�D�A�R�D �C�O�M�B�I�N�A�T�O�

�R�I�A�L �P�R�O�B�L�E�M �I�N �T�H�E�O�R�E�T�I�C�A�L �C�O�M�P�U�T�E�R �S�C�I�E�N�C�E ���,�A�W�L�E�R�H�W �D�O���� ���������	�� �+�A�R�P �����������	 �P�R�O�V�E�D �T�H�E
�4�3�0 �T�O �B�E �.�0�
�H�A�R�D�� �B�U�T �E�F�F�E�C�T�I�V�E �H�E�U�R�I�S�T�I�C �A�P�P�R�O�X�I�M�A�T�I�O�N �M�E�T�H�O�D�S �W�E�R�E �D�E�V�E�L�O�P�E�D ���,�I�N �A�N�D
�+�E�R�N�I�G�H�A�N�� ���������	�� �!�R�O�R�A �����������	 �D�E�V�I�S�E�D �A �F�U�L�L�Y �P�O�L�Y�N�O�M�I�A�L �A�P�P�R�O�X�I�M�A�T�I�O�N �S�C�H�E�M�E �F�O�R �%�U�

�C�L�I�D�E�A�N �4�3�0�S�� �6�,�3�) �L�A�Y�O�U�T �M�E�T�H�O�D�S �A�R�E �S�U�R�V�E�Y�E�D �B�Y �3�H�A�H�O�O�K�A�R �A�N�D �-�A�Z�U�M�D�E�R �����������	�� �A�N�D
�M�A�N�Y �L�A�Y�O�U�T �O�P�T�I�M�I�Z�A�T�I�O�N �P�A�P�E�R�S �A�P�P�E�A�R �I�N �6�,�3�) �J�O�U�R�N�A�L�S�� �2�O�B�O�T�I�C �N�A�V�I�G�A�T�I�O�N �A�N�D �A�S�S�E�M�B�L�Y
�P�R�O�B�L�E�M�S �A�R�E �D�I�S�C�U�S�S�E�D �I�N �#�H�A�P�T�E�R ������

�5�N�I�N�F�O�R�M�E�D �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �F�O�R �P�R�O�B�L�E�M �S�O�L�V�I�N�G �A�R�E �A �C�E�N�T�R�A�L �T�O�P�I�C �O�F �C�L�A�S�S�I�C�A�L �C�O�M�

�P�U�T�E�R �S�C�I�E�N�C�E ���(�O�R�O�W�I�T�Z �A�N�D �3�A�H�N�I�� ���������	 �A�N�D �O�P�E�R�A�T�I�O�N�S �R�E�S�E�A�R�C�H ���$�R�E�Y�F�U�S�� ���������	�� �"�R�E�A�D�T�H�

�l�R�S�T �S�E�A�R�C�H �W�A�S �F�O�R�M�U�L�A�T�E�D �F�O�R �S�O�L�V�I�N�G �M�A�Z�E�S �B�Y �-�O�O�R�E �����������	�� �4�H�E �M�E�T�H�O�D �O�F�G�\�Q�D�P�L�F
�S�U�R�J�U�D�P�P�L�Q�J���"�E�L�L�M�A�N�� ���������� �"�E�L�L�M�A�N �A�N�D �$�R�E�Y�F�U�S�� ���������	�� �W�H�I�C�H �S�Y�S�T�E�M�A�T�I�C�A�L�L�Y �R�E�C�O�R�D�S
�S�O�L�U�T�I�O�N�S �F�O�R �A�L�L �S�U�B�P�R�O�B�L�E�M�S �O�F �I�N�C�R�E�A�S�I�N�G �L�E�N�G�T�H�S�� �C�A�N �B�E �S�E�E�N �A�S �A �F�O�R�M �O�F �B�R�E�A�D�T�H�
�l�R�S�T
�S�E�A�R�C�H �O�N �G�R�A�P�H�S�� �4�H�E �T�W�O�
�P�O�I�N�T �S�H�O�R�T�E�S�T�
�P�A�T�H �A�L�G�O�R�I�T�H�M �O�F �$�I�J�K�S�T�R�A �����������	 �I�S �T�H�E �O�R�I�G�I�N
�O�F �U�N�I�F�O�R�M�
�C�O�S�T �S�E�A�R�C�H�� �4�H�E�S�E �W�O�R�K�S �A�L�S�O �I�N�T�R�O�D�U�C�E�D �T�H�E �I�D�E�A �O�F �E�X�P�L�O�R�E�D �A�N�D �F�R�O�N�T�I�E�R �S�E�T�S
���C�L�O�S�E�D �A�N�D �O�P�E�N �L�I�S�T�S�	��

�! �V�E�R�S�I�O�N �O�F �I�T�E�R�A�T�I�V�E �D�E�E�P�E�N�I�N�G �D�E�S�I�G�N�E�D �T�O �M�A�K�E �E�F�l�C�I�E�N�T �U�S�E �O�F �T�H�E �C�H�E�S�S �C�L�O�C�K �W�A�S
�l�R�S�T �U�S�E�D �B�Y �3�L�A�T�E �A�N�D �!�T�K�I�N �����������	 �I�N �T�H�E �#�(�%�3�3������ �G�A�M�E�
�P�L�A�Y�I�N�G �P�R�O�G�R�A�M�� �-�A�R�T�E�L�L�I���S
�A�L�G�O�R�I�T�H�M �" �����������	 �I�N�C�L�U�D�E�S �A�N �I�T�E�R�A�T�I�V�E �D�E�E�P�E�N�I�N�G �A�S�P�E�C�T �A�N�D �A�L�S�O �D�O�M�I�N�A�T�E�S �!� ���S �W�O�R�S�T�
�C�A�S�E
�P�E�R�F�O�R�M�A�N�C�E �W�I�T�H �A�D�M�I�S�S�I�B�L�E �B�U�T �I�N�C�O�N�S�I�S�T�E�N�T �H�E�U�R�I�S�T�I�C�S�� �4�H�E �I�T�E�R�A�T�I�V�E �D�E�E�P�E�N�I�N�G �T�E�C�H�N�I�Q�U�E
�C�A�M�E �T�O �T�H�E �F�O�R�E �I�N �W�O�R�K �B�Y �+�O�R�F �����������A�	�� �"�I�D�I�R�E�C�T�I�O�N�A�L �S�E�A�R�C�H�� �W�H�I�C�H �W�A�S �I�N�T�R�O�D�U�C�E�D �B�Y
�0�O�H�L �����������	�� �C�A�N �A�L�S�O �B�E �E�F�F�E�C�T�I�V�E �I�N �S�O�M�E �C�A�S�E�S��

�4�H�E �U�S�E �O�F �H�E�U�R�I�S�T�I�C �I�N�F�O�R�M�A�T�I�O�N �I�N �P�R�O�B�L�E�M �S�O�L�V�I�N�G �A�P�P�E�A�R�S �I�N �A�N �E�A�R�L�Y �P�A�P�E�R �B�Y �3�I�M�O�N
�A�N�D �.�E�W�E�L�L �����������	�� �B�U�T �T�H�E �P�H�R�A�S�E �h�H�E�U�R�I�S�T�I�C �S�E�A�R�C�H�v �A�N�D �T�H�E �U�S�E �O�F �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�S �T�H�A�T
�E�S�T�I�M�A�T�E �T�H�E �D�I�S�T�A�N�C�E �T�O �T�H�E �G�O�A�L �C�A�M�E �S�O�M�E�W�H�A�T �L�A�T�E�R ���.�E�W�E�L�L �A�N�D �%�R�N�S�T�� ���������� �,�I�N�� ���������	��
�$�O�R�A�N �A�N�D �-�I�C�H�I�E �����������	 �C�O�N�D�U�C�T�E�D �E�X�T�E�N�S�I�V�E �E�X�P�E�R�I�M�E�N�T�A�L �S�T�U�D�I�E�S �O�F �H�E�U�R�I�S�T�I�C �S�E�A�R�C�H�� �!�L�

�T�H�O�U�G�H �T�H�E�Y �A�N�A�L�Y�Z�E�D �P�A�T�H �L�E�N�G�T�H �A�N�D �h�P�E�N�E�T�R�A�N�C�E�v ���T�H�E �R�A�T�I�O �O�F �P�A�T�H �L�E�N�G�T�H �T�O �T�H�E �T�O�T�A�L �N�U�M�

�B�E�R �O�F �N�O�D�E�S �E�X�A�M�I�N�E�D �S�O �F�A�R�	�� �T�H�E�Y �A�P�P�E�A�R �T�O �H�A�V�E �I�G�N�O�R�E�D �T�H�E �I�N�F�O�R�M�A�T�I�O�N �P�R�O�V�I�D�E�D �B�Y �T�H�E
�P�A�T�H �C�O�S�Tg(n)�� �4�H�E �!� �A�L�G�O�R�I�T�H�M�� �I�N�C�O�R�P�O�R�A�T�I�N�G �T�H�E �C�U�R�R�E�N�T �P�A�T�H �C�O�S�T �I�N�T�O �H�E�U�R�I�S�T�I�C �S�E�A�R�C�H��
�W�A�S �D�E�V�E�L�O�P�E�D �B�Y �(�A�R�T�� �.�I�L�S�S�O�N�� �A�N�D �2�A�P�H�A�E�L �����������	�� �W�I�T�H �S�O�M�E �L�A�T�E�R �C�O�R�R�E�C�T�I�O�N�S ���(�A�R�T�H�W �D�O����
���������	�� �$�E�C�H�T�E�R �A�N�D �0�E�A�R�L �����������	 �D�E�M�O�N�S�T�R�A�T�E�D �T�H�E �O�P�T�I�M�A�L �E�F�l�C�I�E�N�C�Y �O�F �!� ��

�4�H�E �O�R�I�G�I�N�A�L �!� �P�A�P�E�R �I�N�T�R�O�D�U�C�E�D �T�H�E �C�O�N�S�I�S�T�E�N�C�Y �C�O�N�D�I�T�I�O�N �O�N �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�S�� �4�H�E
�M�O�N�O�T�O�N�E �C�O�N�D�I�T�I�O�N �W�A�S �I�N�T�R�O�D�U�C�E�D �B�Y �0�O�H�L �����������	 �A�S �A �S�I�M�P�L�E�R �R�E�P�L�A�C�E�M�E�N�T�� �B�U�T �0�E�A�R�L �����������	
�S�H�O�W�E�D �T�H�A�T �T�H�E �T�W�O �W�E�R�E �E�Q�U�I�V�A�L�E�N�T��

�0�O�H�L �����������	 �P�I�O�N�E�E�R�E�D �T�H�E �S�T�U�D�Y �O�F �T�H�E �R�E�L�A�T�I�O�N�S�H�I�P �B�E�T�W�E�E�N �T�H�E �E�R�R�O�R �I�N �H�E�U�R�I�S�T�I�C �F�U�N�C�

�T�I�O�N�S �A�N�D �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �!� �� �"�A�S�I�C �R�E�S�U�L�T�S �W�E�R�E �O�B�T�A�I�N�E�D �F�O�R �T�R�E�E �S�E�A�R�C�H �W�I�T�H �U�N�I�T �S�T�E�P



�"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S ������

�C�O�S�T�S �A�N�D �A �S�I�N�G�L�E �G�O�A�L �N�O�D�E ���0�O�H�L�� ���������� �'�A�S�C�H�N�I�G�� ���������� �(�U�Y�N�H�W �D�O�������������� �0�E�A�R�L�� ���������	 �A�N�D
�W�I�T�H �M�U�L�T�I�P�L�E �G�O�A�L �N�O�D�E�S ���$�I�N�H�H�W �D�O���� ���������	�� �4�H�E �h�E�F�F�E�C�T�I�V�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R�v �W�A�S �P�R�O�P�O�S�E�D
�B�Y �.�I�L�S�S�O�N �����������	 �A�S �A�N �E�M�P�I�R�I�C�A�L �M�E�A�S�U�R�E �O�F �T�H�E �E�F�l�C�I�E�N�C�Y�� �I�T �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �A�S�S�U�M�I�N�G �A
�T�I�M�E �C�O�S�T �O�FO((b� )d)�� �&�O�R �T�R�E�E �S�E�A�R�C�H �A�P�P�L�I�E�D �T�O �A �G�R�A�P�H�� �+�O�R�F�H�W �D�O�������������	 �A�R�G�U�E �T�H�A�T �T�H�E �T�I�M�E
�C�O�S�T �I�S �B�E�T�T�E�R �M�O�D�E�L�E�D �A�SO(bd� k )�� �W�H�E�R�Ek �D�E�P�E�N�D�S �O�N �T�H�E �H�E�U�R�I�S�T�I�C �A�C�C�U�R�A�C�Y�� �T�H�I�S �A�N�A�L�Y�S�I�S
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�O�N �T�H�E �M�A�P�� �4�H�E �A�M�O�U�N�T �O�F �T�I�M�E �N�E�E�D�E�D �T�O �M�O�V�E �F�R�O�M �C�I�T�Yi �T�O �N�E�I�G�H�B�O�Rj �I�S �E�Q�U�A�L �T�O �T�H�E �R�O�A�D
�D�I�S�T�A�N�C�Ed(i; j ) �B�E�T�W�E�E�N �T�H�E �C�I�T�I�E�S�� �B�U�T �O�N �E�A�C�H �T�U�R�N �T�H�E �F�R�I�E�N�D �T�H�A�T �A�R�R�I�V�E�S �l�R�S�T �M�U�S�T �W�A�I�T �U�N�T�I�L
�T�H�E �O�T�H�E�R �O�N�E �A�R�R�I�V�E�S ���A�N�D �C�A�L�L�S �T�H�E �l�R�S�T �O�N �H�I�S���H�E�R �C�E�L�L �P�H�O�N�E�	 �B�E�F�O�R�E �T�H�E �N�E�X�T �T�U�R�N �C�A�N �B�E�G�I�N��
�7�E �W�A�N�T �T�H�E �T�W�O �F�R�I�E�N�D�S �T�O �M�E�E�T �A�S �Q�U�I�C�K�L�Y �A�S �P�O�S�S�I�B�L�E��

�D�� �7�R�I�T�E �A �D�E�T�A�I�L�E�D �F�O�R�M�U�L�A�T�I�O�N �F�O�R �T�H�I�S �S�E�A�R�C�H �P�R�O�B�L�E�M�� ���9�O�U �W�I�L�L �l�N�D �I�T �H�E�L�P�F�U�L �T�O �D�E�l�N�E
�S�O�M�E �F�O�R�M�A�L �N�O�T�A�T�I�O�N �H�E�R�E���	

�E�� �,�E�TD(i; j ) �B�E �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E �B�E�T�W�E�E�N �C�I�T�I�E�Si �A�N�Dj �� �7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G
�H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�S �A�R�E �A�D�M�I�S�S�I�B�L�E�� ���I�	D (i; j )�� ���I�I�	2 � D (i; j )�� ���I�I�I�	D (i; j )=2��
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������ �3�H�O�W �T�H�A�T �T�H�E ���
�P�U�Z�Z�L�E �S�T�A�T�E�S �A�R�E �D�I�V�I�D�E�D �I�N�T�O �T�W�O �D�I�S�J�O�I�N�T �S�E�T�S�� �S�U�C�H �T�H�A�T �A�N�Y �S�T�A�T�E �I�S
�R�E�A�C�H�A�B�L�E �F�R�O�M �A�N�Y �O�T�H�E�R �S�T�A�T�E �I�N �T�H�E �S�A�M�E �S�E�T�� �W�H�I�L�E �N�O �S�T�A�T�E �I�S �R�E�A�C�H�A�B�L�E �F�R�O�M �A�N�Y �S�T�A�T�E �I�N
�T�H�E �O�T�H�E�R �S�E�T�� ���+�L�Q�W���3�E�E �"�E�R�L�E�K�A�M�P�H�W �D�O�������������	���	 �$�E�V�I�S�E �A �P�R�O�C�E�D�U�R�E �T�O �D�E�C�I�D�E �W�H�I�C�H �S�E�T �A
�G�I�V�E�N �S�T�A�T�E �I�S �I�N�� �A�N�D �E�X�P�L�A�I�N �W�H�Y �T�H�I�S �I�S �U�S�E�F�U�L �F�O�R �G�E�N�E�R�A�T�I�N�G �R�A�N�D�O�M �S�T�A�T�E�S��
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�W�H�I�C�H �E�X�H�A�U�S�T�I�V�E �E�X�P�L�O�R�A�T�I�O�N �I�S �F�E�A�S�I�B�L�E�� ���+�L�Q�W�� �$�E�R�I�V�E �A �L�O�W�E�R �B�O�U�N�D �O�N �T�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R
�B�Y �C�O�N�S�I�D�E�R�I�N�G �T�H�E �M�A�X�I�M�U�M �N�U�M�B�E�R �O�F �S�Q�U�A�R�E�S �T�H�A�T �A �Q�U�E�E�N �C�A�N �A�T�T�A�C�K �I�N �A�N�Y �C�O�L�U�M�N���	

������ �#�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F �l�N�D�I�N�G �T�H�E �S�H�O�R�T�E�S�T �P�A�T�H �B�E�T�W�E�E�N �T�W�O �P�O�I�N�T�S �O�N �A �P�L�A�N�E �T�H�A�T �H�A�S
�C�O�N�V�E�X �P�O�L�Y�G�O�N�A�L �O�B�S�T�A�C�L�E�S �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �4�H�I�S �I�S �A�N �I�D�E�A�L�I�Z�A�T�I�O�N �O�F �T�H�E �P�R�O�B�L�E�M
�T�H�A�T �A �R�O�B�O�T �H�A�S �T�O �S�O�L�V�E �T�O �N�A�V�I�G�A�T�E �I�N �A �C�R�O�W�D�E�D �E�N�V�I�R�O�N�M�E�N�T��

�D�� �3�U�P�P�O�S�E �T�H�E �S�T�A�T�E �S�P�A�C�E �C�O�N�S�I�S�T�S �O�F �A�L�L �P�O�S�I�T�I�O�N�S(x; y) �I�N �T�H�E �P�L�A�N�E�� �(�O�W �M�A�N�Y �S�T�A�T�E�S
�A�R�E �T�H�E�R�E�� �(�O�W �M�A�N�Y �P�A�T�H�S �A�R�E �T�H�E�R�E �T�O �T�H�E �G�O�A�L��

�E�� �%�X�P�L�A�I�N �B�R�I�E�m�Y �W�H�Y �T�H�E �S�H�O�R�T�E�S�T �P�A�T�H �F�R�O�M �O�N�E �P�O�L�Y�G�O�N �V�E�R�T�E�X �T�O �A�N�Y �O�T�H�E�R �I�N �T�H�E �S�C�E�N�E
�M�U�S�T �C�O�N�S�I�S�T �O�F �S�T�R�A�I�G�H�T�
�L�I�N�E �S�E�G�M�E�N�T�S �J�O�I�N�I�N�G �S�O�M�E �O�F �T�H�E �V�E�R�T�I�C�E�S �O�F �T�H�E �P�O�L�Y�G�O�N�S��
�$�E�l�N�E �A �G�O�O�D �S�T�A�T�E �S�P�A�C�E �N�O�W�� �(�O�W �L�A�R�G�E �I�S �T�H�I�S �S�T�A�T�E �S�P�A�C�E��

�F�� �$�E�l�N�E �T�H�E �N�E�C�E�S�S�A�R�Y �F�U�N�C�T�I�O�N�S �T�O �I�M�P�L�E�M�E�N�T �T�H�E �S�E�A�R�C�H �P�R�O�B�L�E�M�� �I�N�C�L�U�D�I�N�G �A�N �!�#�4�)�/�.�3

�F�U�N�C�T�I�O�N �T�H�A�T �T�A�K�E�S �A �V�E�R�T�E�X �A�S �I�N�P�U�T �A�N�D �R�E�T�U�R�N�S �A �S�E�T �O�F �V�E�C�T�O�R�S�� �E�A�C�H �O�F �W�H�I�C�H �M�A�P�S �T�H�E
�C�U�R�R�E�N�T �V�E�R�T�E�X �T�O �O�N�E �O�F �T�H�E �V�E�R�T�I�C�E�S �T�H�A�T �C�A�N �B�E �R�E�A�C�H�E�D �I�N �A �S�T�R�A�I�G�H�T �L�I�N�E�� ���$�O �N�O�T �F�O�R�G�E�T
�T�H�E �N�E�I�G�H�B�O�R�S �O�N �T�H�E �S�A�M�E �P�O�L�Y�G�O�N���	 �5�S�E �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E �F�O�R �T�H�E �H�E�U�R�I�S�T�I�C
�F�U�N�C�T�I�O�N��

�G�� �!�P�P�L�Y �O�N�E �O�R �M�O�R�E �O�F �T�H�E �A�L�G�O�R�I�T�H�M�S �I�N �T�H�I�S �C�H�A�P�T�E�R �T�O �S�O�L�V�E �A �R�A�N�G�E �O�F �P�R�O�B�L�E�M�S �I�N �T�H�E
�D�O�M�A�I�N�� �A�N�D �C�O�M�M�E�N�T �O�N �T�H�E�I�R �P�E�R�F�O�R�M�A�N�C�E��
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������ �/�N �P�A�G�E ������ �W�E �S�A�I�D �T�H�A�T �W�E �W�O�U�L�D �N�O�T �C�O�N�S�I�D�E�R �P�R�O�B�L�E�M�S �W�I�T�H �N�E�G�A�T�I�V�E �P�A�T�H �C�O�S�T�S�� �)�N
�T�H�I�S�E�X�E�R�C�I�S�E�� �W�E �E�X�P�L�O�R�E �T�H�I�S �D�E�C�I�S�I�O�N �I�N �M�O�R�E �D�E�P�T�H��

�D�� �3�U�P�P�O�S�E �T�H�A�T �A�C�T�I�O�N�S �C�A�N �H�A�V�E �A�R�B�I�T�R�A�R�I�L�Y �L�A�R�G�E �N�E�G�A�T�I�V�E �C�O�S�T�S�� �E�X�P�L�A�I�N �W�H�Y �T�H�I�S �P�O�S�S�I�

�B�I�L�I�T�Y �W�O�U�L�D �F�O�R�C�E �A�N�Y �O�P�T�I�M�A�L �A�L�G�O�R�I�T�H�M �T�O �E�X�P�L�O�R�E �T�H�E �E�N�T�I�R�E �S�T�A�T�E �S�P�A�C�E��

�E�� �$�O�E�S �I�T �H�E�L�P �I�F �W�E �I�N�S�I�S�T �T�H�A�T �S�T�E�P �C�O�S�T�S �M�U�S�T �B�E �G�R�E�A�T�E�R �T�H�A�N �O�R �E�Q�U�A�L �T�O �S�O�M�E �N�E�G�A�T�I�V�E
�C�O�N�S�T�A�N�Tc�� �#�O�N�S�I�D�E�R �B�O�T�H �T�R�E�E�S �A�N�D �G�R�A�P�H�S��

�F�� �3�U�P�P�O�S�E �T�H�A�T �A �S�E�T �O�F �A�C�T�I�O�N�S �F�O�R�M�S �A �L�O�O�P �I�N �T�H�E �S�T�A�T�E �S�P�A�C�E �S�U�C�H �T�H�A�T �E�X�E�C�U�T�I�N�G �T�H�E �S�E�T �I�N
�S�O�M�E �O�R�D�E�R �R�E�S�U�L�T�S �I�N �N�O �N�E�T �C�H�A�N�G�E �T�O �T�H�E �S�T�A�T�E�� �)�F �A�L�L �O�F �T�H�E�S�E �A�C�T�I�O�N�S �H�A�V�E �N�E�G�A�T�I�V�E �C�O�S�T��
�W�H�A�T �D�O�E�S �T�H�I�S �I�M�P�L�Y �A�B�O�U�T �T�H�E �O�P�T�I�M�A�L �B�E�H�A�V�I�O�R �F�O�R �A�N �A�G�E�N�T �I�N �S�U�C�H �A�N �E�N�V�I�R�O�N�M�E�N�T��

�G�� �/�N�E �C�A�N �E�A�S�I�L�Y �I�M�A�G�I�N�E �A�C�T�I�O�N�S �W�I�T�H �H�I�G�H �N�E�G�A�T�I�V�E �C�O�S�T�� �E�V�E�N �I�N �D�O�M�A�I�N�S �S�U�C�H �A�S �R�O�U�T�E
�l�N�D�I�N�G�� �&�O�R �E�X�A�M�P�L�E�� �S�O�M�E �S�T�R�E�T�C�H�E�S �O�F �R�O�A�D �M�I�G�H�T �H�A�V�E �S�U�C�H �B�E�A�U�T�I�F�U�L �S�C�E�N�E�R�Y �A�S �T�O
�F�A�R �O�U�T�W�E�I�G�H �T�H�E �N�O�R�M�A�L �C�O�S�T�S �I�N �T�E�R�M�S �O�F �T�I�M�E �A�N�D �F�U�E�L�� �%�X�P�L�A�I�N�� �I�N �P�R�E�C�I�S�E �T�E�R�M�S��
�W�I�T�H�I�N �T�H�E �C�O�N�T�E�X�T �O�F �S�T�A�T�E�
�S�P�A�C�E �S�E�A�R�C�H�� �W�H�Y �H�U�M�A�N�S �D�O �N�O�T �D�R�I�V�E �A�R�O�U�N�D �S�C�E�N�I�C �L�O�O�P�S
�I�N�D�E�l�N�I�T�E�L�Y�� �A�N�D �E�X�P�L�A�I�N �H�O�W �T�O �D�E�l�N�E �T�H�E �S�T�A�T�E �S�P�A�C�E �A�N�D �A�C�T�I�O�N�S �F�O�R �R�O�U�T�E �l�N�D�I�N�G �S�O
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�S�I�O�N�A�R�I�E�S �I�N �O�N�E �P�L�A�C�E �O�U�T�N�U�M�B�E�R�E�D �B�Y �T�H�E �C�A�N�N�I�B�A�L�S �I�N �T�H�A�T �P�L�A�C�E�� �4�H�I�S �P�R�O�B�L�E�M �I�S �F�A�M�O�U�S �I�N
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�D�� �3�H�O�W �T�H�A�T �T�H�I�S �A�L�G�O�R�I�T�H�M �I�S �O�P�T�I�M�A�L �F�O�R �G�E�N�E�R�A�L �P�A�T�H �C�O�S�T�S��
�E�� �#�O�N�S�I�D�E�R �A �U�N�I�F�O�R�M �T�R�E�E �W�I�T�H �B�R�A�N�C�H�I�N�G �F�A�C�T�O�Rb�� �S�O�L�U�T�I�O�N �D�E�P�T�Hd�� �A�N�D �U�N�I�T �S�T�E�P �C�O�S�T�S��

�(�O�W �M�A�N�Y �I�T�E�R�A�T�I�O�N�S �W�I�L�L �I�T�E�R�A�T�I�V�E �L�E�N�G�T�H�E�N�I�N�G �R�E�Q�U�I�R�E��
�F�� �.�O�W �C�O�N�S�I�D�E�R �S�T�E�P �C�O�S�T�S �D�R�A�W�N �F�R�O�M �T�H�E �C�O�N�T�I�N�U�O�U�S �R�A�N�G�E[�; 1]�� �W�H�E�R�E0 < � < 1�� �(�O�W

�M�A�N�Y �I�T�E�R�A�T�I�O�N�S �A�R�E �R�E�Q�U�I�R�E�D �I�N �T�H�E �W�O�R�S�T �C�A�S�E��
�G�� �)�M�P�L�E�M�E�N�T �T�H�E �A�L�G�O�R�I�T�H�M �A�N�D �A�P�P�L�Y �I�T �T�O �I�N�S�T�A�N�C�E�S �O�F �T�H�E ���
�P�U�Z�Z�L�E �A�N�D �T�R�A�V�E�L�I�N�G �S�A�L�E�S�


�P�E�R�S�O�N �P�R�O�B�L�E�M�S�� �#�O�M�P�A�R�E �T�H�E �A�L�G�O�R�I�T�H�M���S �P�E�R�F�O�R�M�A�N�C�E �T�O �T�H�A�T �O�F �U�N�I�F�O�R�M�
�C�O�S�T �S�E�A�R�C�H��
�A�N�D �C�O�M�M�E�N�T �O�N �Y�O�U�R �R�E�S�U�L�T�S��

�������� �$�E�S�C�R�I�B�E �A �S�T�A�T�E �S�P�A�C�E �I�N �W�H�I�C�H �I�T�E�R�A�T�I�V�E �D�E�E�P�E�N�I�N�G �S�E�A�R�C�H �P�E�R�F�O�R�M�S �M�U�C�H �W�O�R�S�E �T�H�A�N
�D�E�P�T�H�
�l�R�S�T �S�E�A�R�C�H ���F�O�R �E�X�A�M�P�L�E��O(n2) �V�S��O(n)�	��

�������� �7�R�I�T�E �A �P�R�O�G�R�A�M �T�H�A�T �W�I�L�L �T�A�K�E �A�S �I�N�P�U�T �T�W�O �7�E�B �P�A�G�E �5�2�,�S �A�N�D �l�N�D �A �P�A�T�H �O�F �L�I�N�K�S
�F�R�O�M �O�N�E �T�O �T�H�E �O�T�H�E�R�� �7�H�A�T �I�S �A�N �A�P�P�R�O�P�R�I�A�T�E �S�E�A�R�C�H �S�T�R�A�T�E�G�Y�� �)�S �B�I�D�I�R�E�C�T�I�O�N�A�L �S�E�A�R�C�H �A �G�O�O�D
�I�D�E�A�� �#�O�U�L�D �A �S�E�A�R�C�H �E�N�G�I�N�E �B�E �U�S�E�D �T�O �I�M�P�L�E�M�E�N�T �A �P�R�E�D�E�C�E�S�S�O�R �F�U�N�C�T�I�O�N��

�������� �#�O�N�S�I�D�E�R �T�H�E �V�A�C�U�U�M�
�W�O�R�L�D �P�R�O�B�L�E�M �D�E�l�N�E�D �I�N �&�I�G�U�R�E ��������

�D�� �7�H�I�C�H �O�F �T�H�E �A�L�G�O�R�I�T�H�M�S �D�E�l�N�E�D �I�N �T�H�I�S �C�H�A�P�T�E�R �W�O�U�L�D �B�E �A�P�P�R�O�P�R�I�A�T�E �F�O�R �T�H�I�S �P�R�O�B�L�E�M��
�3�H�O�U�L�D �T�H�E �A�L�G�O�R�I�T�H�M �U�S�E �T�R�E�E �S�E�A�R�C�H �O�R �G�R�A�P�H �S�E�A�R�C�H��

�E�� �!�P�P�L�Y �Y�O�U�R �C�H�O�S�E�N �A�L�G�O�R�I�T�H�M �T�O �C�O�M�P�U�T�E �A�N �O�P�T�I�M�A�L �S�E�Q�U�E�N�C�E �O�F �A�C�T�I�O�N�S �F�O�R �A3� 3
�W�O�R�L�D �W�H�O�S�E �I�N�I�T�I�A�L �S�T�A�T�E �H�A�S �D�I�R�T �I�N �T�H�E �T�H�R�E�E �T�O�P �S�Q�U�A�R�E�S �A�N�D �T�H�E �A�G�E�N�T �I�N �T�H�E �C�E�N�T�E�R��

�F�� �#�O�N�S�T�R�U�C�T �A �S�E�A�R�C�H �A�G�E�N�T �F�O�R �T�H�E �V�A�C�U�U�M �W�O�R�L�D�� �A�N�D �E�V�A�L�U�A�T�E �I�T�S �P�E�R�F�O�R�M�A�N�C�E �I�N �A �S�E�T �O�F
3� 3 �W�O�R�L�D�S �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ������ �O�F �D�I�R�T �I�N �E�A�C�H �S�Q�U�A�R�E�� �)�N�C�L�U�D�E �T�H�E �S�E�A�R�C�H �C�O�S�T �A�S �W�E�L�L
�A�S �P�A�T�H �C�O�S�T �I�N �T�H�E �P�E�R�F�O�R�M�A�N�C�E �M�E�A�S�U�R�E�� �U�S�I�N�G �A �R�E�A�S�O�N�A�B�L�E �E�X�C�H�A�N�G�E �R�A�T�E��

�G�� �#�O�M�P�A�R�E �Y�O�U�R �B�E�S�T �S�E�A�R�C�H �A�G�E�N�T �W�I�T�H �A �S�I�M�P�L�E �R�A�N�D�O�M�I�Z�E�D �R�E�m�E�X �A�G�E�N�T �T�H�A�T �S�U�C�K�S �I�F
�T�H�E�R�E �I�S �D�I�R�T �A�N�D �O�T�H�E�R�W�I�S�E �M�O�V�E�S �R�A�N�D�O�M�L�Y��

�H�� �#�O�N�S�I�D�E�R �W�H�A�T �W�O�U�L�D �H�A�P�P�E�N �I�F �T�H�E �W�O�R�L�D �W�E�R�E �E�N�L�A�R�G�E�D �T�On � n�� �(�O�W �D�O�E�S �T�H�E �P�E�R�

�F�O�R�M�A�N�C�E �O�F �T�H�E �S�E�A�R�C�H �A�G�E�N�T �A�N�D �O�F �T�H�E �R�E�m�E�X �A�G�E�N�T �V�A�R�Y �W�I�T�Hn��

�������� �0�R�O�V�E �E�A�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �S�T�A�T�E�M�E�N�T�S�� �O�R �G�I�V�E �A �C�O�U�N�T�E�R�E�X�A�M�P�L�E��

�D�� �"�R�E�A�D�T�H�
�l�R�S�T �S�E�A�R�C�H �I�S �A �S�P�E�C�I�A�L �C�A�S�E �O�F �U�N�I�F�O�R�M�
�C�O�S�T �S�E�A�R�C�H��
�E�� �$�E�P�T�H�
�l�R�S�T �S�E�A�R�C�H �I�S �A �S�P�E�C�I�A�L �C�A�S�E �O�F �B�E�S�T�
�l�R�S�T �T�R�E�E �S�E�A�R�C�H��
�F�� �5�N�I�F�O�R�M�
�C�O�S�T �S�E�A�R�C�H �I�S �A �S�P�E�C�I�A�L �C�A�S�E �O�F �!� �S�E�A�R�C�H��

�������� �#�O�M�P�A�R�E �T�H�E �P�E�R�F�O�R�M�A�N�C�E �O�F �!� �A�N�D �2�"�&�3 �O�N �A �S�E�T �O�F �R�A�N�D�O�M�L�Y �G�E�N�E�R�A�T�E�D �P�R�O�B�L�E�M�S



������ �#�H�A�P�T�E�R ���� �3�O�L�V�I�N�G �0�R�O�B�L�E�M�S �B�Y �3�E�A�R�C�H�I�N�G

�I�N �T�H�E ���
�P�U�Z�Z�L�E ���W�I�T�H �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E�	 �A�N�D �4�3�0 ���W�I�T�H �-�3�4�ˆ�S�E�E �%�X�E�R�C�I�S�E ���������	 �D�O�M�A�I�N�S��
�$�I�S�C�U�S�S �Y�O�U�R �R�E�S�U�L�T�S�� �7�H�A�T �H�A�P�P�E�N�S �T�O �T�H�E �P�E�R�F�O�R�M�A�N�C�E �O�F �2�"�&�3 �W�H�E�N �A �S�M�A�L�L �R�A�N�D�O�M �N�U�M�

�B�E�R �I�S �A�D�D�E�D �T�O �T�H�E �H�E�U�R�I�S�T�I�C �V�A�L�U�E�S �I�N �T�H�E ���
�P�U�Z�Z�L�E �D�O�M�A�I�N��

�������� �4�R�A�C�E �T�H�E �O�P�E�R�A�T�I�O�N �O�F �!� �S�E�A�R�C�H �A�P�P�L�I�E�D �T�O �T�H�E �P�R�O�B�L�E�M �O�F �G�E�T�T�I�N�G �T�O �"�U�C�H�A�R�E�S�T �F�R�O�M
�,�U�G�O�J �U�S�I�N�G �T�H�E �S�T�R�A�I�G�H�T�
�L�I�N�E �D�I�S�T�A�N�C�E �H�E�U�R�I�S�T�I�C�� �4�H�A�T �I�S�� �S�H�O�W �T�H�E �S�E�Q�U�E�N�C�E �O�F �N�O�D�E�S �T�H�A�T �T�H�E
�A�L�G�O�R�I�T�H�M �W�I�L�L �C�O�N�S�I�D�E�R �A�N�D �T�H�Ef ��g�� �A�N�Dh �S�C�O�R�E �F�O�R �E�A�C�H �N�O�D�E��

�������� �3�O�M�E�T�I�M�E�S �T�H�E�R�E �I�S �N�O �G�O�O�D �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �F�O�R �A �P�R�O�B�L�E�M �B�U�T �T�H�E�R�E �I�S �A �G�O�O�D
�C�O�M�P�A�R�I�S�O�N �M�E�T�H�O�D�� �A �W�A�Y �T�O �T�E�L�L �W�H�E�T�H�E�R �O�N�E �N�O�D�E �I�S �B�E�T�T�E�R �T�H�A�N �A�N�O�T�H�E�R �W�I�T�H�O�U�T �A�S�S�I�G�N�I�N�G
�N�U�M�E�R�I�C�A�L �V�A�L�U�E�S �T�O �E�I�T�H�E�R�� �3�H�O�W �T�H�A�T �T�H�I�S �I�S �E�N�O�U�G�H �T�O �D�O �A �B�E�S�T�
�l�R�S�T �S�E�A�R�C�H�� �)�S �T�H�E�R�E �A�N
�A�N�A�L�O�G �O�F �!� �F�O�R �T�H�I�S �S�E�T�T�I�N�G��

�������� �$�E�V�I�S�E �A �S�T�A�T�E �S�P�A�C�E �I�N �W�H�I�C�H �!� �U�S�I�N�G �'�2�!�0�(�
�3�%�!�2�#�(�R�E�T�U�R�N�S �A �S�U�B�O�P�T�I�M�A�L �S�O�L�U�T�I�O�N
�W�I�T�H �A�Nh(n) �F�U�N�C�T�I�O�N �T�H�A�T �I�S �A�D�M�I�S�S�I�B�L�E �B�U�T �I�N�C�O�N�S�I�S�T�E�N�T��

�������� �!�C�C�U�R�A�T�E �H�E�U�R�I�S�T�I�C�S �D�O�N���T �N�E�C�E�S�S�A�R�I�L�Y �R�E�D�U�C�E �S�E�A�R�C�H �T�I�M�E �I�N �T�H�E �W�O�R�S�T �C�A�S�E�� �'�I�V�E�N �A�N�Y
�D�E�P�T�Hd�� �D�E�l�N�E �A �S�E�A�R�C�H �P�R�O�B�L�E�M �W�I�T�H �A �G�O�A�L �N�O�D�E �A�T �D�E�P�T�Hd�� �A�N�D �W�R�I�T�E �A �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N
�S�U�C�H �T�H�A�Tjh(n) � h� (n)j � O(log h� (n)) �B�U�T �!� �E�X�P�A�N�D�S �A�L�L �N�O�D�E�S �O�F �D�E�P�T�H �L�E�S�S �T�H�A�Nd��

�������� �4�H�E�K�H�X�U�L�V�W�L�F �S�D�W�K �D�O�J�R�U�L�W�K�P���0�O�H�L�� ���������	 �I�S �A �B�E�S�T�
�l�R�S�T �S�E�A�R�C�H �I�N �W�H�I�C�H �T�H�E �E�V�A�L�U�
HEURISTIC PATH
ALGORITHM

�A�T�I�O�N �F�U�N�C�T�I�O�N �I�Sf (n) = (2 � w)g(n) + wh(n)�� �&�O�R �W�H�A�T �V�A�L�U�E�S �O�Fw �I�S �T�H�I�S �C�O�M�P�L�E�T�E��
�&�O�R �W�H�A�T �V�A�L�U�E�S �I�S �I�T �O�P�T�I�M�A�L�� �A�S�S�U�M�I�N�G �T�H�A�Th �I�S �A�D�M�I�S�S�I�B�L�E�� �7�H�A�T �K�I�N�D �O�F �S�E�A�R�C�H �D�O�E�S �T�H�I�S
�P�E�R�F�O�R�M �F�O�Rw = 0 ��w = 1 �� �A�N�Dw = 2 ��

�������� �#�O�N�S�I�D�E�R �T�H�E �U�N�B�O�U�N�D�E�D �V�E�R�S�I�O�N �O�F �T�H�E �R�E�G�U�L�A�R ���$ �G�R�I�D �S�H�O�W�N �I�N �&�I�G�U�R�E �������� �4�H�E �S�T�A�R�T
�S�T�A�T�E �I�S �A�T �T�H�E �O�R�I�G�I�N�� ���������	�� �A�N�D �T�H�E �G�O�A�L �S�T�A�T�E �I�S �A�T(x; y)��

�D�� �7�H�A�T �I�S �T�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�Rb �I�N �T�H�I�S �S�T�A�T�E �S�P�A�C�E��
�E�� �(�O�W �M�A�N�Y �D�I�S�T�I�N�C�T �S�T�A�T�E�S �A�R�E �T�H�E�R�E �A�T �D�E�P�T�Hk ���F�O�Rk > 0�	��
�F�� �7�H�A�T �I�S �T�H�E �M�A�X�I�M�U�M �N�U�M�B�E�R �O�F �N�O�D�E�S �E�X�P�A�N�D�E�D �B�Y �B�R�E�A�D�T�H�
�l�R�S�T �T�R�E�E �S�E�A�R�C�H��
�G�� �7�H�A�T �I�S �T�H�E �M�A�X�I�M�U�M �N�U�M�B�E�R �O�F �N�O�D�E�S �E�X�P�A�N�D�E�D �B�Y �B�R�E�A�D�T�H�
�l�R�S�T �G�R�A�P�H �S�E�A�R�C�H��
�H�� �)�Sh = ju � xj + jv � yj �A�N �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C �F�O�R �A �S�T�A�T�E �A�T(u; v)�� �%�X�P�L�A�I�N��
�I�� �(�O�W �M�A�N�Y �N�O�D�E�S �A�R�E �E�X�P�A�N�D�E�D �B�Y �!� �G�R�A�P�H �S�E�A�R�C�H �U�S�I�N�Gh��
�J�� �$�O�E�Sh �R�E�M�A�I�N �A�D�M�I�S�S�I�B�L�E �I�F �S�O�M�E �L�I�N�K�S �A�R�E �R�E�M�O�V�E�D��
�K�� �$�O�E�Sh �R�E�M�A�I�N �A�D�M�I�S�S�I�B�L�E �I�F �S�O�M�E �L�I�N�K�S �A�R�E �A�D�D�E�D �B�E�T�W�E�E�N �N�O�N�A�D�J�A�C�E�N�T �S�T�A�T�E�S��

�������� �#�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F �M�O�V�I�N�Gk �K�N�I�G�H�T�S �F�R�O�Mk �S�T�A�R�T�I�N�G �S�Q�U�A�R�E�Ss1; : : : ; sk �T�Ok �G�O�A�L
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�A�R�E �A�T�T�A�C�K�I�N�G �E�A�C�H �O�T�H�E�R�� �E�I�T�H�E�R �D�I�R�E�C�T�L�Y �O�R �I�N�D�I�R�E�C�T�L�Y�� �4�H�E �G�L�O�B�A�L �M�I�N�I�M�U�M �O�F �T�H�I�S �F�U�N�C�T�I�O�N
�I�S �Z�E�R�O�� �W�H�I�C�H �O�C�C�U�R�S �O�N�L�Y �A�T �P�E�R�F�E�C�T �S�O�L�U�T�I�O�N�S�� �&�I�G�U�R�E ���������A�	 �S�H�O�W�S �A �S�T�A�T�E �W�I�T�Hh = 17� � � 4� H� E
�l�G�U�R�E �A�L�S�O �S�H�O�W�S �T�H�E �V�A�L�U�E�S �O�F �A�L�L �I�T�S �S�U�C�C�E�S�S�O�R�S�� �W�I�T�H �T�H�E �B�E�S�T �S�U�C�C�E�S�S�O�R�S�H�A�V�I�N�Gh = 12��
�(�I�L�L�
�C�L�I�M�B�I�N�G �A�L�G�O�R�I�T�H�M�S �T�Y�P�I�C�A�L�L�Y �C�H�O�O�S�E �R�A�N�D�O�M�L�Y �A�M�O�N�G �T�H�E �S�E�T �O�F �B�E�S�T �S�U�C�C�E�S�S�O�R�S �I�F �T�H�E�R�E
�I�S �M�O�R�E �T�H�A�N �O�N�E��

�(�I�L�L �C�L�I�M�B�I�N�G �I�S �S�O�M�E�T�I�M�E�S �C�A�L�L�E�D�J�U�H�H�G�\ �O�R�F�D�O �V�H�D�U�F�K�B�E�C�A�U�S�E �I�T �G�R�A�B�S �A �G�O�O�D �N�E�I�G�H�B�O�RGREEDY LOCAL
SEARCH

�S�T�A�T�E �W�I�T�H�O�U�T �T�H�I�N�K�I�N�G �A�H�E�A�D �A�B�O�U�T �W�H�E�R�E �T�O �G�O �N�E�X�T�� �!�L�T�H�O�U�G�H �G�R�E�E�D �I�S �C�O�N�S�I�D�E�R�E�D �O�N�E �O�F �T�H�E
�S�E�V�E�N �D�E�A�D�L�Y �S�I�N�S�� �I�T �T�U�R�N�S �O�U�T �T�H�A�T �G�R�E�E�D�Y �A�L�G�O�R�I�T�H�M�S �O�F�T�E�N �P�E�R�F�O�R�M �Q�U�I�T�E�W�E�L�L�� �(�I�L�L �C�L�I�M�B�I�N�G
�O�F�T�E�N �M�A�K�E�S �R�A�P�I�D �P�R�O�G�R�E�S�S �T�O�W�A�R�D �A �S�O�L�U�T�I�O�N �B�E�C�A�U�S�E �I�T �I�S �U�S�U�A�L�L�Y �Q�U�I�T�E �E�A�S�Y �T�O �I�M�P�R�O�V�E �A �B�A�D
�S�T�A�T�E�� �&�O�R �E�X�A�M�P�L�E�� �F�R�O�M �T�H�E �S�T�A�T�E �I�N �&�I�G�U�R�E ���������A�	�� �I�T �T�A�K�E�S �J�U�S�T �l�V�E �S�T�E�P�S�T�O �R�E�A�C�H �T�H�E �S�T�A�T�E
�I�N �&�I�G�U�R�E ���������B�	�� �W�H�I�C�H �H�A�Sh = 1 �A�N�D �I�S �V�E�R�Y �N�E�A�R�L�Y �A �S�O�L�U�T�I�O�N�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �H�I�L�L �C�L�I�M�B�I�N�G
�O�F�T�E�N �G�E�T�S �S�T�U�C�K �F�O�R �T�H�E �F�O�L�L�O�W�I�N�G �R�E�A�S�O�N�S��

€ �/�R�F�D�O �P�D�[�L�P�D�� �A �L�O�C�A�L �M�A�X�I�M�U�M �I�S �A �P�E�A�K �T�H�A�T �I�S �H�I�G�H�E�R �T�H�A�N �E�A�C�H �O�F �I�T�S �N�E�I�G�H�B�O�R�I�N�GLOCAL MAXIMUM

�S�T�A�T�E�S �B�U�T �L�O�W�E�R �T�H�A�N �T�H�E �G�L�O�B�A�L �M�A�X�I�M�U�M�� �(�I�L�L�
�C�L�I�M�B�I�N�G �A�L�G�O�R�I�T�H�M�S �T�H�A�T �R�E�A�C�H �T�H�E
�V�I�C�I�N�I�T�Y �O�F �A �L�O�C�A�L �M�A�X�I�M�U�M �W�I�L�L �B�E �D�R�A�W�N �U�P�W�A�R�D �T�O�W�A�R�D �T�H�E �P�E�A�K �B�U�T �W�I�L�L �T�H�E� N � B� E
�S�T�U�C�K �W�I�T�H �N�O�W�H�E�R�E �E�L�S�E �T�O �G�O�� �&�I�G�U�R�E ������ �I�L�L�U�S�T�R�A�T�E�S �T�H�E �P�R�O�B�L�E�M �S�C�H�E�M�A�T�I�C�A�L�L�Y�� �-�O�R�E



�3�E�C�T�I�O�N �������� �,�O�C�A�L �3�E�A�R�C�H �!�L�G�O�R�I�T�H�M�S �A�N�D �/�P�T�I�M�I�Z�A�T�I�O�N �0�R�O�B�L�E�M�S������
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���A�	 ���B�	

�)�L�J�X�U�H ���������A�	 �!�N ���
�Q�U�E�E�N�S �S�T�A�T�E �W�I�T�H �H�E�U�R�I�S�T�I�C �C�O�S�T �E�S�T�I�M�A�T�Eh = 17�� �S�H�O�W�I�N�G �T�H�E �V�A�L�U�E �O�F
h �F�O�R �E�A�C�H �P�O�S�S�I�B�L�E �S�U�C�C�E�S�S�O�R �O�B�T�A�I�N�E�D �B�Y �M�O�V�I�N�G �A �Q�U�E�E�N �W�I�T�H�I�N �I�T�S �C�O�L�U�M�N�� �4�H�E �B�E�S�T �M�O�V�E�S
�A�R�E �M�A�R�K�E�D�� ���B�	 �! �L�O�C�A�L �M�I�N�I�M�U�M �I�N �T�H�E ���
�Q�U�E�E�N�S �S�T�A�T�E �S�P�A�C�E�� �T�H�E �S�T�A�T�E �H�A�Sh = 1 �B�U�T �E�V�E�R�Y
�S�U�C�C�E�S�S�O�R �H�A�S �A �H�I�G�H�E�R �C�O�S�T��

�C�O�N�C�R�E�T�E�L�Y�� �T�H�E �S�T�A�T�E �I�N �&�I�G�U�R�E ���������B�	 �I�S �A �L�O�C�A�L �M�A�X�I�M�U�M ���I���E���� �A �L�O�C�A�L �M�I�N�I�M�U�M �F�O�R �T�H�E
�C�O�S�Th�	�� �E�V�E�R�Y �M�O�V�E �O�F �A �S�I�N�G�L�E �Q�U�E�E�N �M�A�K�E�S �T�H�E �S�I�T�U�A�T�I�O�N �W�O�R�S�E��

€ �5�L�G�J�H�V�� �A �R�I�D�G�E �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������� �2�I�D�G�E�S �R�E�S�U�L�T �I�N �A �S�E�Q�U�E�N�C�E �O�F �L�O�C�A�L �M�A�X�I�M�ARIDGE

�T�H�A�T �I�S �V�E�R�Y �D�I�F�l�C�U�L�T �F�O�R �G�R�E�E�D�Y �A�L�G�O�R�I�T�H�M�S �T�O �N�A�V�I�G�A�T�E��

€ �3�O�D�W�H�D�X�[�� �A �P�L�A�T�E�A�U �I�S �A �m�A�T �A�R�E�A �O�F �T�H�E �S�T�A�T�E�
�S�P�A�C�E �L�A�N�D�S�C�A�P�E�� �)�T �C�A�N �B�E �A �m�A�T �L�O�C�A�LPLATEAU

�M�A�X�I�M�U�M�� �F�R�O�M �W�H�I�C�H �N�O �U�P�H�I�L�L �E�X�I�T �E�X�I�S�T�S�� �O�R �A�V�K�R�X�O�G�H�U�� �F�R�O�M �W�H�I�C�H �P�R�O�G�R�E�S�S �I�SSHOULDER

�P�O�S�S�I�B�L�E�� ���3�E�E �&�I�G�U�R�E ���������	 �! �H�I�L�L�
�C�L�I�M�B�I�N�G �S�E�A�R�C�H �M�I�G�H�T �G�E�T �L�O�S�T �O�N �T�H�E �P�L�A�T�E�A�U��

�)�N �E�A�C�H �C�A�S�E�� �T�H�E �A�L�G�O�R�I�T�H�M �R�E�A�C�H�E�S �A �P�O�I�N�T �A�T �W�H�I�C�H �N�O �P�R�O�G�R�E�S�S �I�S �B�E�I�N�G �M�A�D�E�� �3�T�A�R�T�I�N�G �F�R�O�M
�A �R�A�N�D�O�M�L�Y �G�E�N�E�R�A�T�E�D ���
�Q�U�E�E�N�S �S�T�A�T�E�� �S�T�E�E�P�E�S�T�
�A�S�C�E�N�T �H�I�L�L �C�L�I�M�B�I�N�G �G�E�T�S�S�T�U�C�K ������ �O�F �T�H�E �T�I�M�E��
�S�O�L�V�I�N�G �O�N�L�Y ������ �O�F �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�S�� �)�T �W�O�R�K�S �Q�U�I�C�K�L�Y�� �T�A�K�I�N�G �J�U�S�T �� �S�T�E�P� S � O� N � A� V� E� R� A� G� E � W� H� E� N
�I�T �S�U�C�C�E�E�D�S �A�N�D �� �W�H�E�N �I�T �G�E�T�S �S�T�U�C�K�ˆ�N�O�T �B�A�D �F�O�R �A �S�T�A�T�E �S�P�A�C�E �W�I�T�H88 � 17 �M�I�L�L�I�O�N �S�T�A�T�E�S��

�4�H�E �A�L�G�O�R�I�T�H�M �I�N �&�I�G�U�R�E ������ �H�A�L�T�S �I�F �I�T �R�E�A�C�H�E�S �A �P�L�A�T�E�A�U �W�H�E�R�E �T�H�E �B�E�S�T �S�U�C�C�E�S�S�O�R �H�A�S
�T�H�E �S�A�M�E �V�A�L�U�E �A�S �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�� �-�I�G�H�T �I�T �N�O�T �B�E �A �G�O�O�D �I�D�E�A �T�O �K�E�E�P �G�O�I�N�G�ˆ�T�O �A�L�L�O�W �A
�V�L�G�H�Z�D�\�V �P�R�Y�H�I�N �T�H�E �H�O�P�E �T�H�A�T �T�H�E �P�L�A�T�E�A�U �I�S �R�E�A�L�L�Y �A �S�H�O�U�L�D�E�R�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������� �4�H�ESIDEWAYS MOVE

�A�N�S�W�E�R �I�S �U�S�U�A�L�L�Y �Y�E�S�� �B�U�T �W�E �M�U�S�T �T�A�K�E �C�A�R�E�� �)�F �W�E �A�L�W�A�Y�S �A�L�L�O�W �S�I�D�E�W�A�Y�S �M�O�V�E�S �W�H�E�N �T�H�E�R�E
�A�R�E �N�O �U�P�H�I�L�L �M�O�V�E�S�� �A�N �I�N�l�N�I�T�E �L�O�O�P �W�I�L�L �O�C�C�U�R �W�H�E�N�E�V�E�R �T�H�E �A�L�G�O�R�I�T�H�M �R�E�A�C�H�E�S �A �m�A�T �L�O�C�A�L
�M�A�X�I�M�U�M �T�H�A�T �I�S �N�O�T �A �S�H�O�U�L�D�E�R�� �/�N�E �C�O�M�M�O�N �S�O�L�U�T�I�O�N �I�S �T�O �P�U�T �A �L�I�M�I�T �O�N �T�H�E �N�U�M�B�E�R �O�F �C�O�N�

�S�E�C�U�T�I�V�E �S�I�D�E�W�A�Y�S �M�O�V�E�S �A�L�L�O�W�E�D�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�O�U�L�D �A�L�L�O�W �U�P �T�O�� �S�A�Y�� ������ �C�O�N�S�E�C�U�T�I�V�E
�S�I�D�E�W�A�Y�S �M�O�V�E�S �I�N �T�H�E ���
�Q�U�E�E�N�S �P�R�O�B�L�E�M�� �4�H�I�S �R�A�I�S�E�S �T�H�E �P�E�R�C�E�N�T�A�G�E �O�F �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�S
�S�O�L�V�E�D �B�Y �H�I�L�L �C�L�I�M�B�I�N�G �F�R�O�M ������ �T�O �������� �3�U�C�C�E�S�S �C�O�M�E�S �A�T �A �C�O�S�T�� �T�H�E �A�L�G�O�R�I�T�H�M �A�V�E�R�A�G�E�S
�R�O�U�G�H�L�Y ���� �S�T�E�P�S �F�O�R �E�A�C�H �S�U�C�C�E�S�S�F�U�L �I�N�S�T�A�N�C�E �A�N�D ���� �F�O�R �E�A�C�H �F�A�I�L�U�R�E��



������ �#�H�A�P�T�E�R ���� �"�E�Y�O�N�D �#�L�A�S�S�I�C�A�L �3�E�A�R�C�H

�)�L�J�X�U�H �������)�L�L�U�S�T�R�A�T�I�O�N �O�F �W�H�Y �R�I�D�G�E�S �C�A�U�S�E �D�I�F�l�C�U�L�T�I�E�S �F�O�R �H�I�L�L �C�L�I�M�B�I�N�G�� �4�H�E �G�R�I�D �O�F �S�T�A�T�E�S
���D�A�R�K �C�I�R�C�L�E�S�	 �I�S �S�U�P�E�R�I�M�P�O�S�E�D �O�N �A �R�I�D�G�E �R�I�S�I�N�G �F�R�O�M �L�E�F�T �T�O �R�I�G�H�T�� �C�R�E�A�T�I�N�G �A �S�E�Q�U�E�N�C�E �O�F �L�O�C�A�L
�M�A�X�I�M�A �T�H�A�T �A�R�E �N�O�T �D�I�R�E�C�T�L�Y �C�O�N�N�E�C�T�E�D �T�O �E�A�C�H �O�T�H�E�R�� �&�R�O�M �E�A�C�H �L�O�C�A�L �M�A�X�I�M�U�M�� �A�L�L �T�H�E
�A�V�A�I�L�A�B�L�E �A�C�T�I�O�N�S �P�O�I�N�T �D�O�W�N�H�I�L�L��

�-�A�N�Y �V�A�R�I�A�N�T�S �O�F �H�I�L�L �C�L�I�M�B�I�N�G �H�A�V�E �B�E�E�N �I�N�V�E�N�T�E�D���6�W�R�F�K�D�V�W�L�F �K�L�O�O �F�O�L�P�E�L�Q�J�C�H�O�O�S�E�S �A�TSTOCHASTIC HILL
CLIMBING

�R�A�N�D�O�M �F�R�O�M �A�M�O�N�G �T�H�E �U�P�H�I�L�L �M�O�V�E�S�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �S�E�L�E�C�T�I�O�N �C�A�N �V�A�R�Y �W�I�T�H �T�H�E �S�T�E�E�P�N�E�S�S
�O�F �T�H�E �U�P�H�I�L�L �M�O�V�E�� �4�H�I�S �U�S�U�A�L�L�Y �C�O�N�V�E�R�G�E�S �M�O�R�E �S�L�O�W�L�Y �T�H�A�N �S�T�E�E�P�E�S�T �A�S�C�E�N�T�� �B�U�T �I�N �S�O�M�E
�S�T�A�T�E �L�A�N�D�S�C�A�P�E�S�� �I�T �l�N�D�S �B�E�T�T�E�R �S�O�L�U�T�I�O�N�S���)�L�U�V�W���F�K�R�L�F�H �K�L�O�O �F�O�L�P�E�L�Q�J�I�M�P�L�E�M�E�N�T�S �S�T�O�C�H�A�S�T�I�CFIRST-CHOICE HILL

CLIMBING

�H�I�L�L �C�L�I�M�B�I�N�G �B�Y �G�E�N�E�R�A�T�I�N�G �S�U�C�C�E�S�S�O�R�S �R�A�N�D�O�M�L�Y �U�N�T�I�L �O�N�E �I�S �G�E�N�E�R�A�T�E�D �T�H�A�T �I�S �B�E�T�T�E�R �T�H�A�N �T�H�E
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�C�L�I�M�B�I�N�G �A�L�G�O�R�I�T�H�M�S �D�E�S�C�R�I�B�E�D �S�O �F�A�R �A�R�E �I�N�C�O�M�P�L�E�T�E�ˆ�T�H�E�Y �O�F�T�E�N�F�A�I�L �T�O �l�N�D
�A �G�O�A�L �W�H�E�N �O�N�E �E�X�I�S�T�S �B�E�C�A�U�S�E �T�H�E�Y �C�A�N �G�E�T �S�T�U�C�K �O�N �L�O�C�A�L �M�A�X�I�M�A���5�D�Q�G�R�P���U�H�V�W�D�U�W �K�L�O�O
�F�O�L�P�E�L�Q�J�A�D�O�P�T�S �T�H�E �W�E�L�L�
�K�N�O�W�N �A�D�A�G�E�� �h�)�F �A�T �l�R�S�T �Y�O�U �D�O�N���T �S�U�C�C�E�E�D�� �T�R�Y�� �T�R�Y �A�G�A�I�N���v �)�T �C�O�N�
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�D�U�C�T�S �A �S�E�R�I�E�S �O�F �H�I�L�L�
�C�L�I�M�B�I�N�G �S�E�A�R�C�H�E�S �F�R�O�M �R�A�N�D�O�M�L�Y �G�E�N�E�R�A�T�E�D �I�N�I�T�I�A�L�S�T�A�T�E�S���� �U�N�T�I�L �A �G�O�A�L
�I�S �F�O�U�N�D�� �)�T �I�S �T�R�I�V�I�A�L�L�Y �C�O�M�P�L�E�T�E �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �A�P�P�R�O�A�C�H�I�N�G ���� �B�E�C�A�U�S�E �I�T �W�I�L�L �E�V�E�N�T�U�A�L�L�Y
�G�E�N�E�R�A�T�E �A �G�O�A�L �S�T�A�T�E �A�S �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E�� �)�F �E�A�C�H �H�I�L�L�
�C�L�I�M�B�I�N�G �S�E�A�R�C�H �H�A�S �A �P�R�O�B�A�B�I�L�I�T�Yp �O�F
�S�U�C�C�E�S�S�� �T�H�E�N �T�H�E �E�X�P�E�C�T�E�D �N�U�M�B�E�R �O�F �R�E�S�T�A�R�T�S �R�E�Q�U�I�R�E�D �I�S1/p �� �&�O�R ���
�Q�U�E�E�N�S �I�N�S�T�A�N�C�E�S �W�I�T�H
�N�O �S�I�D�E�W�A�Y�S �M�O�V�E�S �A�L�L�O�W�E�D��p � 0.14�� �S�O �W�E �N�E�E�D �R�O�U�G�H�L�Y �� �I�T�E�R�A�T�I�O�N�S �T�O �l�N�D �A �G�O�A�L ���� �F�A�I�L�

�U�R�E�S �A�N�D �� �S�U�C�C�E�S�S�	�� �4�H�E �E�X�P�E�C�T�E�D �N�U�M�B�E�R �O�F �S�T�E�P�S �I�S �T�H�E �C�O�S�T �O�F �O�N�E �S�U�C�C�E�S�S�F�U�L �I�T�E�R�A�T�I�O�N �P�L�U�S
(1Š p)/p �T�I�M�E�S �T�H�E �C�O�S�T �O�F �F�A�I�L�U�R�E�� �O�R �R�O�U�G�H�L�Y ���� �S�T�E�P�S �I�N �A�L�L�� �7�H�E�N �W�E �A�L�L�O�W �S�I�D�E�W�A�Y�S�M�O�V�E�S��
1/ 0.94 � 1.06 �I�T�E�R�A�T�I�O�N�S �A�R�E �N�E�E�D�E�D �O�N �A�V�E�R�A�G�E �A�N�D(1 × 21) + (0 .06/ 0.94)× 64 � 25 �S�T�E�P�S��
�&�O�R ���
�Q�U�E�E�N�S�� �T�H�E�N�� �R�A�N�D�O�M�
�R�E�S�T�A�R�T �H�I�L�L �C�L�I�M�B�I�N�G �I�S �V�E�R�Y �E�F�F�E�C�T�I�V�E �I�N�D�E�E�D�� �%�V�E�N �F�O�R �T�H�R�E�E �M�I�L�

�L�I�O�N �Q�U�E�E�N�S�� �T�H�E �A�P�P�R�O�A�C�H �C�A�N �l�N�D �S�O�L�U�T�I�O�N�S �I�N �U�N�D�E�R �A �M�I�N�U�T�E����

1 �'�E�N�E�R�A�T�I�N�G �A�U�D�Q�G�R�P�S�T�A�T�E �F�R�O�M �A�N �I�M�P�L�I�C�I�T�L�Y �S�P�E�C�I�l�E�D �S�T�A�T�E �S�P�A�C�E �C�A�N �B�E �A �H�A�R�D �P�R�O�B�L�E�M �I�N �I�T�S�E�L�F��
2 �,�U�B�Y�H�W �D�O�������������	 �P�R�O�V�E �T�H�A�T �I�T �I�S �B�E�S�T�� �I�N �S�O�M�E �C�A�S�E�S�� �T�O �R�E�S�T�A�R�T �A �R�A�N�D�O�M�I�Z�E�D �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M �A�F�T�E�R �A �P�A�R�T�I�C�U�L�A�R��
�l�X�E�D �A�M�O�U�N�T �O�F �T�I�M�E �A�N�D �T�H�A�T �T�H�I�S �C�A�N �B�E�P�X�F�K�M�O�R�E �E�F�l�C�I�E�N�T �T�H�A�N �L�E�T�T�I�N�G �E�A�C�H �S�E�A�R�C�H �C�O�N�T�I�N�U�E �I�N�D�E�l�N�I�T�E�L�Y��
�$�I�S�A�L�L�O�W�I�N�G �O�R �L�I�M�I�T�I�N�G �T�H�E �N�U�M�B�E�R �O�F �S�I�D�E�W�A�Y�S �M�O�V�E�S �I�S �A�N �E�X�A�M�P�L�E �O�F �T�H�I�S �I�D�E�A��
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�4�H�E �S�U�C�C�E�S�S �O�F �H�I�L�L �C�L�I�M�B�I�N�G �D�E�P�E�N�D�S �V�E�R�Y �M�U�C�H �O�N �T�H�E �S�H�A�P�E �O�F �T�H�E �S�T�A�T�E�
�S�P�A�C�E �L�A�N�D�

�S�C�A�P�E�� �I�F �T�H�E�R�E �A�R�E �F�E�W �L�O�C�A�L �M�A�X�I�M�A �A�N�D �P�L�A�T�E�A�U�X�� �R�A�N�D�O�M�
�R�E�S�T�A�R�T �H�I�L�L �C�L�I�M�B�I�N�G �W�I�L�L �l�N�D �A
�G�O�O�D �S�O�L�U�T�I�O�N �V�E�R�Y �Q�U�I�C�K�L�Y�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �M�A�N�Y �R�E�A�L �P�R�O�B�L�E�M�S �H�A�V�E �A �L�A�N�D�S�C�A�P�E �T�H�A�T
�L�O�O�K�S �M�O�R�E �L�I�K�E �A �W�I�D�E�L�Y �S�C�A�T�T�E�R�E�D �F�A�M�I�L�Y �O�F �B�A�L�D�I�N�G �P�O�R�C�U�P�I�N�E�S �O�N �A �m�A�T �m�O�O�R�� �W�I�T�H �M�I�N�I�A�T�U�R�E
�P�O�R�C�U�P�I�N�E�S �L�I�V�I�N�G �O�N �T�H�E �T�I�P �O�F �E�A�C�H �P�O�R�C�U�P�I�N�E �N�E�E�D�L�E���D�G �L�Q�¿�Q�L�W�X�P�� �.�0�
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�C�A�L�L�Y �H�A�V�E �A�N �E�X�P�O�N�E�N�T�I�A�L �N�U�M�B�E�R �O�F �L�O�C�A�L �M�A�X�I�M�A �T�O �G�E�T �S�T�U�C�K �O�N�� �$�E�S�P�I�T�E �T�H�I�S�� �A �R�E�A�S�O�N�A�B�L�Y
�G�O�O�D �L�O�C�A�L �M�A�X�I�M�U�M �C�A�N �O�F�T�E�N �B�E �F�O�U�N�D �A�F�T�E�R �A �S�M�A�L�L �N�U�M�B�E�R �O�F �R�E�S�T�A�R�T�S��
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�C�L�I�M�B�I�N�G �A�L�G�O�R�I�T�H�M �T�H�A�T�Q�H�Y�H�U�M�A�K�E�S �h�D�O�W�N�H�I�L�L�v �M�O�V�E�S �T�O�W�A�R�D �S�T�A�T�E�S �W�I�T�H �L�O�W�E�R �V�A�L�U�E
���O�R �H�I�G�H�E�R �C�O�S�T�	 �I�S �G�U�A�R�A�N�T�E�E�D �T�O �B�E �I�N�C�O�M�P�L�E�T�E�� �B�E�C�A�U�S�E �I�T �C�A�N �G�E�T �S�T�U�C�K �O�N�A �L�O�C�A�L �M�A�X�I�

�M�U�M�� �)�N �C�O�N�T�R�A�S�T�� �A �P�U�R�E�L�Y �R�A�N�D�O�M �W�A�L�K�ˆ�T�H�A�T �I�S�� �M�O�V�I�N�G �T�O �A �S�U�C�C�E�S�S�O�R �C�H�O�S�E�N �U�N�I�F�O�R�M�L�Y
�A�T �R�A�N�D�O�M �F�R�O�M �T�H�E �S�E�T �O�F �S�U�C�C�E�S�S�O�R�S�ˆ�I�S �C�O�M�P�L�E�T�E �B�U�T �E�X�T�R�E�M�E�L�Y �I�N�E�F�l�C�I�E�N�T�� �4�H�E�R�E�F�O�R�E�� �I�T
�S�E�E�M�S �R�E�A�S�O�N�A�B�L�E �T�O �T�R�Y �T�O �C�O�M�B�I�N�E �H�I�L�L �C�L�I�M�B�I�N�G �W�I�T�H �A �R�A�N�D�O�M �W�A�L�K �I�N �S�O�M�E �W�A�Y �T�H�A�T �Y�I�E�L�D�S
�B�O�T�H �E�F�l�C�I�E�N�C�Y �A�N�D �C�O�M�P�L�E�T�E�N�E�S�S���6�L�P�X�O�D�W�H�G �D�Q�Q�H�D�O�L�Q�J�I�S �S�U�C�H �A�N �A�L�G�O�R�I�T�H�M�� �)�N �M�E�T�A�L�L�U�R�G�Y��SIMULATED

ANNEALING

�D�Q�Q�H�D�O�L�Q�J�I�S �T�H�E �P�R�O�C�E�S�S �U�S�E�D �T�O �T�E�M�P�E�R �O�R �H�A�R�D�E�N �M�E�T�A�L�S �A�N�D �G�L�A�S�S �B�Y �H�E�A�T�I�N�G �T�H�E�M �T�O �A
�H�I�G�H �T�E�M�P�E�R�A�T�U�R�E �A�N�D �T�H�E�N �G�R�A�D�U�A�L�L�Y �C�O�O�L�I�N�G �T�H�E�M�� �T�H�U�S �A�L�L�O�W�I�N�G �T�H�E �M�A�T�E�R�I�A�L �T�O �R�E�A�C�H �A �L�O�W�

�E�N�E�R�G�Y �C�R�Y�S�T�A�L�L�I�N�E �S�T�A�T�E�� �4�O �E�X�P�L�A�I�N �S�I�M�U�L�A�T�E�D �A�N�N�E�A�L�I�N�G�� �W�E �S�W�I�T�C�H �O�U�R �P�O�I�N�T �O�F �V�I�E�W �F�R�O�M
�H�I�L�L �C�L�I�M�B�I�N�G �T�O�J�U�D�G�L�H�Q�W �G�H�V�F�H�Q�W���I���E���� �M�I�N�I�M�I�Z�I�N�G �C�O�S�T�	 �A�N�D �I�M�A�G�I�N�E �T�H�E �T�A�S�K �O�F �G�E�T�T�I�N�G �AGRADIENT DESCENT

�P�I�N�G�
�P�O�N�G �B�A�L�L �I�N�T�O �T�H�E �D�E�E�P�E�S�T �C�R�E�V�I�C�E �I�N �A �B�U�M�P�Y �S�U�R�F�A�C�E�� �)�F �W�E �J�U�S�T �L�E�T �T�H�E �B�A�L�L �R�O�L�L�� �I�T �W�I�L�L
�C�O�M�E �T�O �R�E�S�T �A�T �A �L�O�C�A�L �M�I�N�I�M�U�M�� �)�F �W�E �S�H�A�K�E �T�H�E �S�U�R�F�A�C�E�� �W�E �C�A�N �B�O�U�N�C�E �T�H�E �B�A�L�L �O�U�T �O�F �T�H�E
�L�O�C�A�L �M�I�N�I�M�U�M�� �4�H�E �T�R�I�C�K �I�S �T�O �S�H�A�K�E �J�U�S�T �H�A�R�D �E�N�O�U�G�H �T�O �B�O�U�N�C�E �T�H�E �B�A�L�L �O�U�T �O�F �L�O�C�A�L �M�I�N�

�I�M�A �B�U�T �N�O�T �H�A�R�D �E�N�O�U�G�H �T�O �D�I�S�L�O�D�G�E �I�T �F�R�O�M �T�H�E �G�L�O�B�A�L �M�I�N�I�M�U�M�� �4�H�E �S�I�M�U�L�A�T�E�D�
�A�N�N�E�A�L�I�N�G
�S�O�L�U�T�I�O�N �I�S �T�O �S�T�A�R�T �B�Y �S�H�A�K�I�N�G �H�A�R�D ���I���E���� �A�T �A �H�I�G�H �T�E�M�P�E�R�A�T�U�R�E�	 �A�N�D �T�H�E�N �G�R�A�D�U�A�L�L�Y �R�E�D�U�C�E �T�H�E
�I�N�T�E�N�S�I�T�Y �O�F �T�H�E �S�H�A�K�I�N�G ���I���E���� �L�O�W�E�R �T�H�E �T�E�M�P�E�R�A�T�U�R�E�	��

�4�H�E �I�N�N�E�R�M�O�S�T �L�O�O�P �O�F �T�H�E �S�I�M�U�L�A�T�E�D�
�A�N�N�E�A�L�I�N�G �A�L�G�O�R�I�T�H�M ���&�I�G�U�R�E �������	 �I�S �Q�U�I�T�E �S�I�M�I�L�A�R �T�O
�H�I�L�L �C�L�I�M�B�I�N�G�� �)�N�S�T�E�A�D �O�F �P�I�C�K�I�N�G �T�H�E�E�H�V�W�M�O�V�E�� �H�O�W�E�V�E�R�� �I�T �P�I�C�K�S �A�U�D�Q�G�R�P�M�O�V�E�� �)�F �T�H�E �M�O�V�E
�I�M�P�R�O�V�E�S �T�H�E �S�I�T�U�A�T�I�O�N�� �I�T �I�S �A�L�W�A�Y�S �A�C�C�E�P�T�E�D�� �/�T�H�E�R�W�I�S�E�� �T�H�E �A�L�G�O�R�I�T�H�M �A�C�C�E�P�T�S �T�H�E �M�O�V�E �W�I�T�H
�S�O�M�E �P�R�O�B�A�B�I�L�I�T�Y �L�E�S�S �T�H�A�N ���� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�E�C�R�E�A�S�E�S �E�X�P�O�N�E�N�T�I�A�L�L�Y �W�I�T�H �T�H�E �h�B�A�D�N�E�S�S�v �O�F
�T�H�E �M�O�V�E�ˆ�T�H�E �A�M�O�U�N�T� E �B�Y �W�H�I�C�H �T�H�E �E�V�A�L�U�A�T�I�O�N �I�S �W�O�R�S�E�N�E�D�� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �A�L�S�O �D�E�

�C�R�E�A�S�E�S �A�S �T�H�E �h�T�E�M�P�E�R�A�T�U�R�E�vT �G�O�E�S �D�O�W�N�� �h�B�A�D�v �M�O�V�E�S �A�R�E �M�O�R�E �L�I�K�E�L�Y �T�O �B�E �A�L�L�O�W�E�D �A�T �T�H�E
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4 �4�H�E�R�E �A�R�E �M�A�N�Y �V�A�R�I�A�N�T�S �O�F �T�H�I�S �S�E�L�E�C�T�I�O�N �R�U�L�E�� �4�H�E �M�E�T�H�O�D �O�F�F�X�O�O�L�Q�J�� �I�N �W�H�I�C�H �A�L�L �I�N�D�I�V�I�D�U�A�L�S �B�E�L�O�W �A �G�I�V�E�N
�T�H�R�E�S�H�O�L�D �A�R�E �D�I�S�C�A�R�D�E�D�� �C�A�N �B�E �S�H�O�W�N �T�O �C�O�N�V�E�R�G�E �F�A�S�T�E�R �T�H�A�N �T�H�E �R�A�N�D�O�M �V�E�R�S�I�O�N ���"�A�U�M�H�W �D�O���� ���������	��
5 �)�T �I�S �H�E�R�E �T�H�A�T �T�H�E �E�N�C�O�D�I�N�G �M�A�T�T�E�R�S�� �)�F �A �����
�B�I�T �E�N�C�O�D�I�N�G �I�S �U�S�E�D �I�N�S�T�E�A�D �O�F�� �D�I�G�I�T�S�� �T�H�E�N �T�H�E �C�R�O�S�S�O�V�E�R �P�O�I�N�T
�H�A�S �A ������ �C�H�A�N�C�E �O�F �B�E�I�N�G �I�N �T�H�E �M�I�D�D�L�E �O�F �A �D�I�G�I�T�� �W�H�I�C�H �R�E�S�U�L�T�S �I�N �A�N �E�S�S�E�N�T�I�A�L�L�Y �A�R�B�I�T�R�A�R�Y �M�U�T�A�T�I�O�N �O�F �T�H�A�T �D�I�G�I�T��



�3�E�C�T�I�O�N �������� �,�O�C�A�L �3�E�A�R�C�H �I�N �#�O�N�T�I�N�U�O�U�S �3�P�A�C�E�S ������

�I�X�Q�F�W�L�R�Q�' �%�.�%�4�)�#�
�!�,�'�/�2�)�4�(�-��population� � � &�)�4�.�%�3�3�
�&�. �	 �U�H�W�X�U�Q�V�A�N �I�N�D�I�V�I�D�U�A�L
�L�Q�S�X�W�V��population�� �A �S�E�T �O�F �I�N�D�I�V�I�D�U�A�L�S

�&�)�4�.�%�3�3�
�&�. �� �A �F�U�N�C�T�I�O�N �T�H�A�T �M�E�A�S�U�R�E�S �T�H�E �l�T�N�E�S�S �O�F �A�N �I�N�D�I�V�I�D�U�A�L

�U�H�S�H�D�W
new population � �E�M�P�T�Y �S�E�T
�I�R�Ui � � � ��W�R�3�)�:�%��population�	 �G�R

x � �2�!�.�$�/�- �
�3�%�,�%�#�4�)�/�.��population� � � &�)�4�.�%�3�3�
�&�. �	
y � �2�!�.�$�/�- �
�3�%�,�%�#�4�)�/�.��population� � � &�)�4�.�%�3�3�
�&�. �	
child � �2�%�0�2�/�$�5�#�%��x��y�	
�L�I���S�M�A�L�L �R�A�N�D�O�M�P�R�O�B�A�B�I�L�I�T�Y�	�W�K�H�Qchild � �- �5�4�!�4�%��child �	
�A�D�Dchild �T�Onew population

population � new population
�X�Q�W�L�O�S�O�M�E �I�N�D�I�V�I�D�U�A�L �I�S �l�T �E�N�O�U�G�H�� �O�R �E�N�O�U�G�H �T�I�M�E �H�A�S �E�L�A�P�S�E�D
�U�H�W�X�U�Q�T�H�E �B�E�S�T �I�N�D�I�V�I�D�U�A�L �I�Npopulation�� �A�C�C�O�R�D�I�N�G �T�O �&�)�4�.�%�3�3�
�&�.

�I�X�Q�F�W�L�R�Q�2�%�0�2�/�$�5�#�%��x��y�	 �U�H�W�X�U�Q�V�A�N �I�N�D�I�V�I�D�U�A�L
�L�Q�S�X�W�V��x��y�� �P�A�R�E�N�T �I�N�D�I�V�I�D�U�A�L�S

n � �, �%�.�'�4�(��x�	��c � �R�A�N�D�O�M �N�U�M�B�E�R �F�R�O�M �� �T�On
�U�H�W�X�U�Q�! �0�0�%�.�$���3�5�"�3�4�2�)�.�'��x� � � �� � c�	�� �3�5�"�3�4�2�)�.�'��y��c + 1 ��n�	�	

�)�L�J�X�U�H �������! �G�E�N�E�T�I�C �A�L�G�O�R�I�T�H�M�� �4�H�E �A�L�G�O�R�I�T�H�M �I�S �T�H�E �S�A�M�E �A�S �T�H�E �O�N�E �D�I�A�G�R�A�M�M�E�D �I�N
�&�I�G�U�R�E �������� �W�I�T�H �O�N�E �V�A�R�I�A�T�I�O�N�� �I�N �T�H�I�S �M�O�R�E �P�O�P�U�L�A�R �V�E�R�S�I�O�N�� �E�A�C�H �M�A�T�I�N�G �O�F �T�W�O �P�A�R�E�N�T�S
�P�R�O�D�U�C�E�S �O�N�L�Y �O�N�E �O�F�F�S�P�R�I�N�G�� �N�O�T �T�W�O��

�C�O�M�P�O�N�E�N�T �I�S �L�I�K�E�L�Y �T�O �B�E �G�O�O�D �I�N �A �V�A�R�I�E�T�Y �O�F �D�I�F�F�E�R�E�N�T �D�E�S�I�G�N�S�� �4�H�I�S �S�U�G�G�E�S�T�S �T�H�A�T �S�U�C�C�E�S�S�F�U�L
�U�S�E �O�F �G�E�N�E�T�I�C �A�L�G�O�R�I�T�H�M�S �R�E�Q�U�I�R�E�S �C�A�R�E�F�U�L �E�N�G�I�N�E�E�R�I�N�G �O�F �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N��

�)�N �P�R�A�C�T�I�C�E�� �G�E�N�E�T�I�C �A�L�G�O�R�I�T�H�M�S �H�A�V�E �H�A�D �A �W�I�D�E�S�P�R�E�A�D �I�M�P�A�C�T �O�N �O�P�T�I�M�I�Z�A�T�I�O�N �P�R�O�B�L�E�M�S��
�S�U�C�H �A�S �C�I�R�C�U�I�T �L�A�Y�O�U�T �A�N�D �J�O�B�
�S�H�O�P �S�C�H�E�D�U�L�I�N�G�� �!�T �P�R�E�S�E�N�T�� �I�T �I�S �N�O�T �C�L�E�A�R�W�H�E�T�H�E�R �T�H�E �A�P�P�E�A�L
�O�F �G�E�N�E�T�I�C �A�L�G�O�R�I�T�H�M�S �A�R�I�S�E�S �F�R�O�M �T�H�E�I�R �P�E�R�F�O�R�M�A�N�C�E �O�R �F�R�O�M �T�H�E�I�R �•�S�T�H�E�T�I�C�A�L�L�Y �P�L�E�A�S�I�N�G �O�R�I�G�I�N�S
�I�N �T�H�E �T�H�E�O�R�Y �O�F �E�V�O�L�U�T�I�O�N�� �-�U�C�H �W�O�R�K �R�E�M�A�I�N�S �T�O �B�E �D�O�N�E �T�O �I�D�E�N�T�I�F�Y �T�H�E �C�O�N�D�I�T�I�O�N�S �U�N�D�E�R
�W�H�I�C�H �G�E�N�E�T�I�C �A�L�G�O�R�I�T�H�M�S �P�E�R�F�O�R�M �W�E�L�L��

������ �,�/�#�!�, �3�%�!�2�#�( �)�.�#�/�.�4�)�.�5�/�5�3�3�0�!�#�%�3

�)�N �#�H�A�P�T�E�R ���� �W�E �E�X�P�L�A�I�N�E�D �T�H�E �D�I�S�T�I�N�C�T�I�O�N �B�E�T�W�E�E�N �D�I�S�C�R�E�T�E �A�N�D �C�O�N�T�I�N�U�O�U�S �E�N�V�I�R�O�N�M�E�N�T�S��
�P�O�I�N�T�I�N�G �O�U�T �T�H�A�T �M�O�S�T �R�E�A�L�
�W�O�R�L�D �E�N�V�I�R�O�N�M�E�N�T�S �A�R�E �C�O�N�T�I�N�U�O�U�S�� �9�E�T �N�O�N�E �O�F �T�H�E �A�L�G�O�R�I�T�H�M�S
�W�E �H�A�V�E �D�E�S�C�R�I�B�E�D ���E�X�C�E�P�T �F�O�R �l�R�S�T�
�C�H�O�I�C�E �H�I�L�L �C�L�I�M�B�I�N�G �A�N�D �S�I�M�U�L�A�T�E�D �A�N�N�E�A�L�I�N�G�	 �C�A�N �H�A�N�D�L�E
�C�O�N�T�I�N�U�O�U�S �S�T�A�T�E �A�N�D �A�C�T�I�O�N �S�P�A�C�E�S�� �B�E�C�A�U�S�E �T�H�E�Y �H�A�V�E �I�N�l�N�I�T�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R�S�� �4�H�I�S �S�E�C�T�I�O�N
�P�R�O�V�I�D�E�S �A�Y�H�U�\ �E�U�L�H�I�I�N�T�R�O�D�U�C�T�I�O�N �T�O �S�O�M�E �L�O�C�A�L �S�E�A�R�C�H �T�E�C�H�N�I�Q�U�E�S �F�O�R �l�N�D�I�N�G �O�P�T�I�M�A�L �S�O�L�U�

�T�I�O�N�S �I�N �C�O�N�T�I�N�U�O�U�S �S�P�A�C�E�S�� �4�H�E �L�I�T�E�R�A�T�U�R�E �O�N �T�H�I�S �T�O�P�I�C �I�S �V�A�S�T�� �M�A�N�Y �O�F �T�H�E �B�A�S�I�C �T�E�C�H�N�I�Q�U�E�S



������ �#�H�A�P�T�E�R ���� �"�E�Y�O�N�D �#�L�A�S�S�I�C�A�L �3�E�A�R�C�H

�%�6�/�,�5�4�)�/�. �!�.�$ �3�%�!�2�#�(

�4�H�E �T�H�E�O�R�Y �O�F�H�Y�R�O�X�W�L�R�Q�W�A�S �D�E�V�E�L�O�P�E�D �I�N �#�H�A�R�L�E�S �$�A�R�W�I�N���S�2�Q �W�K�H �2�U�L�J�L�Q �R�I
�6�S�H�F�L�H�V �E�\ �0�H�D�Q�V �R�I �1�D�W�X�U�D�O �6�H�O�H�F�W�L�R�Q�����������	 �A�N�D �I�N�D�E�P�E�N�D�E�N�T�L�Y �B�Y �!�L�F�R�E�D �2�U�S�S�E�L
�7�A�L�L�A�C�E �����������	�� �4�H�E �C�E�N�T�R�A�L �I�D�E�A �I�S �S�I�M�P�L�E�� �V�A�R�I�A�T�I�O�N�S �O�C�C�U�R �I�N �R�E�P�R�O�D�U�C�T�I�O�N �A�N�D
�W�I�L�L �B�E �P�R�E�S�E�R�V�E�D �I�N �S�U�C�C�E�S�S�I�V�E �G�E�N�E�R�A�T�I�O�N�S �A�P�P�R�O�X�I�M�A�T�E�L�Y �I�N �P�R�O�P�O�R�T�I�O�N�T�O �T�H�E�I�R
�E�F�F�E�C�T �O�N �R�E�P�R�O�D�U�C�T�I�V�E �l�T�N�E�S�S��

�$�A�R�W�I�N���S �T�H�E�O�R�Y �W�A�S �D�E�V�E�L�O�P�E�D �W�I�T�H �N�O �K�N�O�W�L�E�D�G�E �O�F �H�O�W �T�H�E �T�R�A�I�T�S �O�F �O�R�G�A�N�

�I�S�M�S �C�A�N �B�E �I�N�H�E�R�I�T�E�D �A�N�D �M�O�D�I�l�E�D�� �4�H�E �P�R�O�B�A�B�I�L�I�S�T�I�C �L�A�W�S �G�O�V�E�R�N�I�N�G �T�H�E�S�E�P�R�O�

�C�E�S�S�E�S �W�E�R�E �l�R�S�T �I�D�E�N�T�I�l�E�D �B�Y �'�R�E�G�O�R �-�E�N�D�E�L �����������	�� �A �M�O�N�K �W�H�O �E�X�P�E�R�I�M�E�N�T�E�D
�W�I�T�H �S�W�E�E�T �P�E�A�S�� �-�U�C�H �L�A�T�E�R�� �7�A�T�S�O�N �A�N�D �#�R�I�C�K �����������	 �I�D�E�N�T�I�l�E�D �T�H�E �S�T�R�U�C�T�U�R�E �O�F �T�H�E
�$�.�! �M�O�L�E�C�U�L�E �A�N�D �I�T�S �A�L�P�H�A�B�E�T�� �!�'�4�# ���A�D�E�N�I�N�E�� �G�U�A�N�I�N�E�� �T�H�Y�M�I�N�E�� �C�Y�T�O�S�I�N�E�	�� �)�N
�T�H�E �S�T�A�N�D�A�R�D �M�O�D�E�L�� �V�A�R�I�A�T�I�O�N �O�C�C�U�R�S �B�O�T�H �B�Y �P�O�I�N�T �M�U�T�A�T�I�O�N�S �I�N �T�H�E �L�E�T�T�E�R�S�E�Q�U�E�N�C�E
�A�N�D �B�Y �h�C�R�O�S�S�O�V�E�R�v ���I�N �W�H�I�C�H �T�H�E �$�.�! �O�F �A�N �O�F�F�S�P�R�I�N�G �I�S �G�E�N�E�R�A�T�E�D �B�Y �C�O�M�B�I�N�I�N�G
�L�O�N�G �S�E�C�T�I�O�N�S �O�F �$�.�! �F�R�O�M �E�A�C�H �P�A�R�E�N�T�	��

�4�H�E �A�N�A�L�O�G�Y �T�O �L�O�C�A�L �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �H�A�S �A�L�R�E�A�D�Y �B�E�E�N �D�E�S�C�R�I�B�E�D�� �T�H�E �P�R�I�N�C�I�

�P�A�L �D�I�F�F�E�R�E�N�C�E �B�E�T�W�E�E�N �S�T�O�C�H�A�S�T�I�C �B�E�A�M �S�E�A�R�C�H �A�N�D �E�V�O�L�U�T�I�O�N �I�S �T�H�E �U�S�E �O�F�V�H�[�X�D�O�R�E�

�P�R�O�D�U�C�T�I�O�N�� �W�H�E�R�E�I�N �S�U�C�C�E�S�S�O�R�S �A�R�E �G�E�N�E�R�A�T�E�D �F�R�O�M�P�X�O�W�L�S�O�H�O�R�G�A�N�I�S�M�S �R�A�T�H�E�R �T�H�A�N
�J�U�S�T �O�N�E�� �4�H�E �A�C�T�U�A�L �M�E�C�H�A�N�I�S�M�S �O�F �E�V�O�L�U�T�I�O�N �A�R�E�� �H�O�W�E�V�E�R�� �F�A�R �R�I�C�H�E�R �T�H�A�N�M�O�S�T
�G�E�N�E�T�I�C �A�L�G�O�R�I�T�H�M�S �A�L�L�O�W�� �&�O�R �E�X�A�M�P�L�E�� �M�U�T�A�T�I�O�N�S �C�A�N �I�N�V�O�L�V�E �R�E�V�E�R�S�A�L�S�� �D�U�P�L�I�C�A�

�T�I�O�N�S�� �A�N�D �M�O�V�E�M�E�N�T �O�F �L�A�R�G�E �C�H�U�N�K�S �O�F �$�.�!�� �S�O�M�E �V�I�R�U�S�E�S �B�O�R�R�O�W �$�.�! �F�R�O�M �O�N�E
�O�R�G�A�N�I�S�M �A�N�D �I�N�S�E�R�T �I�T �I�N �A�N�O�T�H�E�R�� �A�N�D �T�H�E�R�E �A�R�E �T�R�A�N�S�P�O�S�A�B�L�E �G�E�N�E�S �T�H�A�T �D�O �N�O�T�H�I�N�G
�B�U�T �C�O�P�Y �T�H�E�M�S�E�L�V�E�S �M�A�N�Y �T�H�O�U�S�A�N�D�S �O�F �T�I�M�E�S �W�I�T�H�I�N �T�H�E �G�E�N�O�M�E�� �4�H�E�R�E �A�R�E �E�V�E�N
�G�E�N�E�S �T�H�A�T �P�O�I�S�O�N �C�E�L�L�S �F�R�O�M �P�O�T�E�N�T�I�A�L �M�A�T�E�S �T�H�A�T �D�O �N�O�T �C�A�R�R�Y �T�H�E �G�E�N�E�� �T�H�E�R�E�B�Y �I�N�

�C�R�E�A�S�I�N�G �T�H�E�I�R �O�W�N �C�H�A�N�C�E�S �O�F �R�E�P�L�I�C�A�T�I�O�N�� �-�O�S�T �I�M�P�O�R�T�A�N�T �I�S �T�H�E �F�A�C�T �T�H�A�T �T�H�E�J�H�Q�H�V
�W�K�H�P�V�H�O�Y�H�V �H�Q�F�R�G�H �W�K�H �P�H�F�K�D�Q�L�V�P�V�W�H�E�R�E�B�Y �T�H�E �G�E�N�O�M�E �I�S �R�E�P�R�O�D�U�C�E�D �A�N�D �T�R�A�N�S�
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�C�A�L�L�E�D�H�P�S�L�U�L�F�D�O �J�U�D�G�L�H�Q�W�B�Y �E�V�A�L�U�A�T�I�N�G �T�H�EEMPIRICAL

GRADIENT

�R�E�S�P�O�N�S�E �T�O �S�M�A�L�L �I�N�C�R�E�M�E�N�T�S �A�N�D �D�E�C�R�E�M�E�N�T�S �I�N �E�A�C�H �C�O�O�R�D�I�N�A�T�E�� �%�M�P�I�R�I�C�A�L �G�R�A�D�I�E�N�T �S�E�A�R�C�H
�I�S �T�H�E �S�A�M�E �A�S �S�T�E�E�P�E�S�T�
�A�S�C�E�N�T �H�I�L�L �C�L�I�M�B�I�N�G �I�N �A �D�I�S�C�R�E�T�I�Z�E�D �V�E�R�S�I�O�N �O�F �T�H�E �S�T�A�T�E �S�P�A�C�E��

�(�I�D�D�E�N �B�E�N�E�A�T�H �T�H�E �P�H�R�A�S�E �h� �I�S �A �S�M�A�L�L �C�O�N�S�T�A�N�T�v �L�I�E�S �A �H�U�G�E �V�A�R�I�E�T�Y �O�F �M�E�T�H�O�D�S �F�O�R
�A�D�J�U�S�T�I�N�G� �� �4�H�E �B�A�S�I�C �P�R�O�B�L�E�M �I�S �T�H�A�T�� �I�F� �I�S �T�O�O �S�M�A�L�L�� �T�O�O �M�A�N�Y �S�T�E�P�S �A�R�E �N�E�E�D�E�D�� �I�F�
�I�S �T�O�O �L�A�R�G�E�� �T�H�E �S�E�A�R�C�H �C�O�U�L�D �O�V�E�R�S�H�O�O�T �T�H�E �M�A�X�I�M�U�M�� �4�H�E �T�E�C�H�N�I�Q�U�E �O�F�O�L�Q�H �V�H�D�U�F�K�T�R�I�E�S �T�OLINE SEARCH

�O�V�E�R�C�O�M�E �T�H�I�S �D�I�L�E�M�M�A �B�Y �E�X�T�E�N�D�I�N�G �T�H�E �C�U�R�R�E�N�T �G�R�A�D�I�E�N�T �D�I�R�E�C�T�I�O�N�ˆ�U�S�U�A�L�L�Y �B�Y �R�E�P�E�A�T�E�D�L�Y
�D�O�U�B�L�I�N�G� �ˆ�U�N�T�I�Lf �S�T�A�R�T�S �T�O �D�E�C�R�E�A�S�E �A�G�A�I�N�� �4�H�E �P�O�I�N�T �A�T �W�H�I�C�H �T�H�I�S �O�C�C�U�R�S �B�E�C�O�M�E�S �T�H�E �N�E�W
�C�U�R�R�E�N�T �S�T�A�T�E�� �4�H�E�R�E �A�R�E �S�E�V�E�R�A�L �S�C�H�O�O�L�S �O�F �T�H�O�U�G�H�T �A�B�O�U�T �H�O�W �T�H�E �N�E�W �D�I�R�E�C�T�I�O�N �S�H�O�U�L�D �B�E
�C�H�O�S�E�N �A�T �T�H�I�S �P�O�I�N�T��

�&�O�R �M�A�N�Y �P�R�O�B�L�E�M�S�� �T�H�E �M�O�S�T �E�F�F�E�C�T�I�V�E �A�L�G�O�R�I�T�H�M �I�S �T�H�E �V�E�N�E�R�A�B�L�E�1�H�Z�W�R�Q�±�5�D�S�K�V�R�QNEWTON…RAPHSON

�M�E�T�H�O�D�� �4�H�I�S �I�S �A �G�E�N�E�R�A�L �T�E�C�H�N�I�Q�U�E �F�O�R �l�N�D�I�N�G �R�O�O�T�S �O�F �F�U�N�C�T�I�O�N�S�ˆ�T�H�A�T �I�S�� �S�O�L�V�I�N�G �E�Q�U�A�T�I�O�N�S
�O�F �T�H�E �F�O�R�Mg(x) = 0 �� �)�T �W�O�R�K�S �B�Y �C�O�M�P�U�T�I�N�G �A �N�E�W �E�S�T�I�M�A�T�E �F�O�R �T�H�E �R�O�O�Tx �A�C�C�O�R�D�I�N�G �T�O
�.�E�W�T�O�N���S �F�O�R�M�U�L�A

x � x Š g(x) /g �(x) .

�4�O �l�N�D �A �M�A�X�I�M�U�M �O�R �M�I�N�I�M�U�M �O�Ff �� �W�E �N�E�E�D �T�O �l�N�D�[ �S�U�C�H �T�H�A�T �T�H�E�J�U�D�G�L�H�Q�W�I�S �Z�E�R�O ���I���E����
� f (�[) = ���	�� �4�H�U�S��g(x) �I�N �.�E�W�T�O�N���S �F�O�R�M�U�L�A �B�E�C�O�M�E�S� f (�[)�� �A�N�D �T�H�E �U�P�D�A�T�E �E�Q�U�A�T�I�O�N �C�A�N
�B�E �W�R�I�T�T�E�N �I�N �M�A�T�R�I�X�n�V�E�C�T�O�R �F�O�R�M �A�S

�[ � �[ Š �+Š 1
f (�[)� f (�[) ,

�W�H�E�R�E�+f (�[) �I�S �T�H�E�+�H�V�V�L�D�Q�M�A�T�R�I�X �O�F �S�E�C�O�N�D �D�E�R�I�V�A�T�I�V�E�S�� �W�H�O�S�E �E�L�E�M�E�N�T�SHij �A�R�E �G�I�V�E�NHESSIAN

�B�Y� 2f /�x i �x j �� �&�O�R �O�U�R �A�I�R�P�O�R�T �E�X�A�M�P�L�E�� �W�E �C�A�N �S�E�E �F�R�O�M �%�Q�U�A�T�I�O�N ���������	 �T�H�A�T�+f (�[) �I�S
�P�A�R�T�I�C�U�L�A�R�L�Y �S�I�M�P�L�E�� �T�H�E �O�F�F�
�D�I�A�G�O�N�A�L �E�L�E�M�E�N�T�S �A�R�E �Z�E�R�O �A�N�D �T�H�E �D�I�A�G�O�N�A�L�E�L�E�M�E�N�T�S �F�O�R �A�I�R�P�O�R�T
i �A�R�E �J�U�S�T �T�W�I�C�E �T�H�E �N�U�M�B�E�R �O�F �C�I�T�I�E�S �I�NCi �� �! �M�O�M�E�N�T���S �C�A�L�C�U�L�A�T�I�O�N �S�H�O�W�S �T�H�A�T �O�N�E �S�T�E�P �O�F
�T�H�E �U�P�D�A�T�E �M�O�V�E�S �A�I�R�P�O�R�Ti �D�I�R�E�C�T�L�Y �T�O �T�H�E �C�E�N�T�R�O�I�D �O�FCi �� �W�H�I�C�H �I�S �T�H�E �M�I�N�I�M�U�M �O�F �T�H�E �L�O�C�A�L
�E�X�P�R�E�S�S�I�O�N �F�O�Rf �F�R�O�M �%�Q�U�A�T�I�O�N ���������	���� �&�O�R �H�I�G�H�
�D�I�M�E�N�S�I�O�N�A�L �P�R�O�B�L�E�M�S�� �H�O�W�E�V�E�R�� �C�O�M�P�U�T�I�N�G
�T�H�En2 �E�N�T�R�I�E�S �O�F �T�H�E �(�E�S�S�I�A�N �A�N�D �I�N�V�E�R�T�I�N�G �I�T �M�A�Y �B�E �E�X�P�E�N�S�I�V�E�� �S�O �M�A�N�Y �A�P�P�R�O�X�I�M�A�T�E �V�E�R�S�I�O�N�S
�O�F �T�H�E �.�E�W�T�O�N�n�2�A�P�H�S�O�N �M�E�T�H�O�D �H�A�V�E �B�E�E�N �D�E�V�E�L�O�P�E�D��

�,�O�C�A�L �S�E�A�R�C�H �M�E�T�H�O�D�S �S�U�F�F�E�R �F�R�O�M �L�O�C�A�L �M�A�X�I�M�A�� �R�I�D�G�E�S�� �A�N�D �P�L�A�T�E�A�U�X �I�N �C�O�N�T�I�N�U�O�U�S
�S�T�A�T�E �S�P�A�C�E�S �J�U�S�T �A�S �M�U�C�H �A�S �I�N �D�I�S�C�R�E�T�E �S�P�A�C�E�S�� �2�A�N�D�O�M �R�E�S�T�A�R�T�S �A�N�D �S�I�M�U�L�A�T�E�D �A�N�N�E�A�L�I�N�G �C�A�N
�B�E �U�S�E�D �A�N�D �A�R�E �O�F�T�E�N �H�E�L�P�F�U�L�� �(�I�G�H�
�D�I�M�E�N�S�I�O�N�A�L �C�O�N�T�I�N�U�O�U�S �S�P�A�C�E�S �A�R�E�� �H�O�W�E�V�E�R�� �B�I�G �P�L�A�C�E�S
�I�N �W�H�I�C�H �I�T �I�S �E�A�S�Y �T�O �G�E�T �L�O�S�T��

�! �l�N�A�L �T�O�P�I�C �W�I�T�H �W�H�I�C�H �A �P�A�S�S�I�N�G �A�C�Q�U�A�I�N�T�A�N�C�E �I�S �U�S�E�F�U�L �I�S�F�R�Q�V�W�U�D�L�Q�H�G �R�S�W�L�P�L�]�D�W�L�R�Q��CONSTRAINED
OPTIMIZATION

�!�N �O�P�T�I�M�I�Z�A�T�I�O�N �P�R�O�B�L�E�M �I�S �C�O�N�S�T�R�A�I�N�E�D �I�F �S�O�L�U�T�I�O�N�S �M�U�S�T �S�A�T�I�S�F�Y �S�O�M�E �H�A�R�D �C�O�N�S�T�R�A�I�N�T�S �O�N �T�H�E
�V�A�L�U�E�S �O�F �T�H�E �V�A�R�I�A�B�L�E�S�� �&�O�R �E�X�A�M�P�L�E�� �I�N �O�U�R �A�I�R�P�O�R�T�
�S�I�T�I�N�G �P�R�O�B�L�E�M�� �W�E �M�I�G�H�T �C�O�N�S�T�R�A�I�N �S�I�T�E�S

7 �)�N �G�E�N�E�R�A�L�� �T�H�E �.�E�W�T�O�N�n�2�A�P�H�S�O�N �U�P�D�A�T�E �C�A�N �B�E �S�E�E�N �A�S �l�T�T�I�N�G �A �Q�U�A�D�R�A�T�I�C �S�U�R�F�A�C�E �T�Of �A�T�[ �A�N�D �T�H�E�N �M�O�V�I�N�G
�D�I�R�E�C�T�L�Y �T�O �T�H�E �M�I�N�I�M�U�M �O�F �T�H�A�T �S�U�R�F�A�C�E�ˆ�W�H�I�C�H �I�S �A�L�S�O �T�H�E �M�I�N�I�M�U�M �O�Ff �I�Ff �I�S �Q�U�A�D�R�A�T�I�C��



�3�E�C�T�I�O�N �������� �3�E�A�R�C�H�I�N�G �W�I�T�H �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �!�C�T�I�O�N�S������

�T�O �B�E �I�N�S�I�D�E �2�O�M�A�N�I�A �A�N�D �O�N �D�R�Y �L�A�N�D ���R�A�T�H�E�R �T�H�A�N �I�N �T�H�E �M�I�D�D�L�E �O�F �L�A�K�E�S�	�� �4�H�E�D�I�F�l�C�U�L�T�Y �O�F
�C�O�N�S�T�R�A�I�N�E�D �O�P�T�I�M�I�Z�A�T�I�O�N �P�R�O�B�L�E�M�S �D�E�P�E�N�D�S �O�N �T�H�E �N�A�T�U�R�E �O�F �T�H�E �C�O�N�S�T�R�A�I�N�T�S �A�N�D �T�H�E �O�B�J�E�C�T�I�V�E
�F�U�N�C�T�I�O�N�� �4�H�E �B�E�S�T�
�K�N�O�W�N �C�A�T�E�G�O�R�Y �I�S �T�H�A�T �O�F�O�L�Q�H�D�U �S�U�R�J�U�D�P�P�L�Q�J�P�R�O�B�L�E�M�S�� �I�N �W�H�I�C�H �C�O�N�
LINEAR

PROGRAMMING

�S�T�R�A�I�N�T�S �M�U�S�T �B�E �L�I�N�E�A�R �I�N�E�Q�U�A�L�I�T�I�E�S �F�O�R�M�I�N�G �A�F�R�Q�Y�H�[ �V�H�W�� �A�N�D �T�H�E �O�B�J�E�C�T�I�V�E �F�U�N�C�T�I�O�N �I�S �A�L�S�OCONVEX SET

�L�I�N�E�A�R�� �4�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �L�I�N�E�A�R �P�R�O�G�R�A�M�M�I�N�G �I�S �P�O�L�Y�N�O�M�I�A�L �I�N �T�H�E �N�U�M�B�E�R �O�F �V�A�R�I�A�B�L�E�S��
�,�I�N�E�A�R �P�R�O�G�R�A�M�M�I�N�G �I�S �P�R�O�B�A�B�L�Y �T�H�E �M�O�S�T �W�I�D�E�L�Y �S�T�U�D�I�E�D �A�N�D �B�R�O�A�D�L�Y �U�S�E�F�U�L�C�L�A�S�S �O�F

�O�P�T�I�M�I�Z�A�T�I�O�N �P�R�O�B�L�E�M�S�� �)�T �I�S �A �S�P�E�C�I�A�L �C�A�S�E �O�F �T�H�E �M�O�R�E �G�E�N�E�R�A�L �P�R�O�B�L�E�M �O�F�F�R�Q�Y�H�[ �R�S�W�L��
�P�L�]�D�W�L�R�Q�� �W�H�I�C�H �A�L�L�O�W�S �T�H�E �C�O�N�S�T�R�A�I�N�T �R�E�G�I�O�N �T�O �B�E �A�N�Y �C�O�N�V�E�X �R�E�G�I�O�N �A�N�D �T�H�E �O�B�J�E�C�T�I�V�E �T�OCONVEX

OPTIMIZATION

�B�E �A�N�Y �F�U�N�C�T�I�O�N �T�H�A�T �I�S �C�O�N�V�E�X �W�I�T�H�I�N �T�H�E �C�O�N�S�T�R�A�I�N�T �R�E�G�I�O�N�� �5�N�D�E�R �C�E�R�T�A�I�N�C�O�N�D�I�T�I�O�N�S�� �C�O�N�V�E�X
�O�P�T�I�M�I�Z�A�T�I�O�N �P�R�O�B�L�E�M�S �A�R�E �A�L�S�O �P�O�L�Y�N�O�M�I�A�L�L�Y �S�O�L�V�A�B�L�E �A�N�D �M�A�Y �B�E �F�E�A�S�I�B�L�E�I�N �P�R�A�C�T�I�C�E �W�I�T�H
�T�H�O�U�S�A�N�D�S �O�F �V�A�R�I�A�B�L�E�S�� �3�E�V�E�R�A�L �I�M�P�O�R�T�A�N�T �P�R�O�B�L�E�M�S �I�N �M�A�C�H�I�N�E �L�E�A�R�N�I�N�G �A�N�D �C�O�N�T�R�O�L �T�H�E�O�R�Y
�C�A�N �B�E �F�O�R�M�U�L�A�T�E�D �A�S �C�O�N�V�E�X �O�P�T�I�M�I�Z�A�T�I�O�N �P�R�O�B�L�E�M�S ���S�E�E �#�H�A�P�T�E�R �����	��

������ �3�%�!�2�#�(�)�.�' �7�)�4�(�. �/�.�$�%�4�%�2�-�)�.�)�3�4�)�#�! �#�4�)�/�.�3

�)�N �#�H�A�P�T�E�R ���� �W�E �A�S�S�U�M�E�D �T�H�A�T �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S �F�U�L�L�Y �O�B�S�E�R�V�A�B�L�E �A�N�D �D�E�T�E�R�M�I�N�I�S�T�I�C �A�N�D �T�H�A�T
�T�H�E �A�G�E�N�T �K�N�O�W�S �W�H�A�T �T�H�E �E�F�F�E�C�T�S �O�F �E�A�C�H �A�C�T�I�O�N �A�R�E�� �4�H�E�R�E�F�O�R�E�� �T�H�E �A�G�E�N�T �C�A�N �C�A�L�C�U�L�A�T�E �E�X�A�C�T�L�Y
�W�H�I�C�H �S�T�A�T�E �R�E�S�U�L�T�S �F�R�O�M �A�N�Y �S�E�Q�U�E�N�C�E �O�F �A�C�T�I�O�N�S �A�N�D �A�L�W�A�Y�S �K�N�O�W�S �W�H�I�C�H �S�T�A�T�E �I�T �I�S �I�N�� �)�T�S
�P�E�R�C�E�P�T�S �P�R�O�V�I�D�E �N�O �N�E�W �I�N�F�O�R�M�A�T�I�O�N �A�F�T�E�R �E�A�C�H �A�C�T�I�O�N�� �A�L�T�H�O�U�G�H �O�F �C�O�U�R�S�E �T�H�E�Y �T�E�L�L �T�H�E �A�G�E�N�T
�T�H�E �I�N�I�T�I�A�L �S�T�A�T�E��

�7�H�E�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S �E�I�T�H�E�R �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �O�R �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C ���O�R �B�O�T�H�	�� �P�E�R�

�C�E�P�T�S �B�E�C�O�M�E �U�S�E�F�U�L�� �)�N �A �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�� �E�V�E�R�Y �P�E�R�C�E�P�T �H�E�L�P�S �N�A�R�R�O�W �D�O�W�N
�T�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �S�T�A�T�E�S �T�H�E �A�G�E�N�T �M�I�G�H�T �B�E �I�N�� �T�H�U�S �M�A�K�I�N�G �I�T �E�A�S�I�E�R �F�O�R �T�H�E �A�G�E�N�T �T�O �A�C�H�I�E�V�E
�I�T�S �G�O�A�L�S�� �7�H�E�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C�� �P�E�R�C�E�P�T�S �T�E�L�L �T�H�E �A�G�E�N�T �W�H�I�C�H �O�F �T�H�E �P�O�S�

�S�I�B�L�E �O�U�T�C�O�M�E�S �O�F �I�T�S �A�C�T�I�O�N�S �H�A�S �A�C�T�U�A�L�L�Y �O�C�C�U�R�R�E�D�� �)�N �B�O�T�H �C�A�S�E�S�� �T�H�E �F�U�T�U�R�E �P�E�R�C�E�P�T�S �C�A�N�N�O�T
�B�E �D�E�T�E�R�M�I�N�E�D �I�N �A�D�V�A�N�C�E �A�N�D �T�H�E �A�G�E�N�T���S �F�U�T�U�R�E �A�C�T�I�O�N�S �W�I�L�L �D�E�P�E�N�D �O�N �T�H�O�S�E �F�U�T�U�R�E �P�E�R�C�E�P�T�S��
�3�O �T�H�E �S�O�L�U�T�I�O�N �T�O �A �P�R�O�B�L�E�M �I�S �N�O�T �A �S�E�Q�U�E�N�C�E �B�U�T �A�F�R�Q�W�L�Q�J�H�Q�F�\ �S�O�D�Q���A�L�S�O �K�N�O�W�N �A�S �A�V�W�U�D�W��CONTINGENCY PLAN

�H�J�\�	 �T�H�A�T �S�P�E�C�I�l�E�S �W�H�A�T �T�O �D�O �D�E�P�E�N�D�I�N�G �O�N �W�H�A�T �P�E�R�C�E�P�T�S �A�R�E �R�E�C�E�I�V�E�D�� �)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�ESTRATEGY

�E�X�A�M�I�N�E �T�H�E �C�A�S�E �O�F �N�O�N�D�E�T�E�R�M�I�N�I�S�M�� �D�E�F�E�R�R�I�N�G �P�A�R�T�I�A�L �O�B�S�E�R�V�A�B�I�L�I�T�Y �T�O �3�E�C�T�I�O�N ��������

���������� �7�K�H �H�U�U�D�W�L�F �Y�D�F�X�X�P �Z�R�U�O�G

�!�S �A�N �E�X�A�M�P�L�E�� �W�E �U�S�E �T�H�E �V�A�C�U�U�M �W�O�R�L�D�� �l�R�S�T �I�N�T�R�O�D�U�C�E�D �I�N �#�H�A�P�T�E�R �� �A�N�D �D�E�l�N�E�D �A�S �A
�S�E�A�R�C�H �P�R�O�B�L�E�M �I�N �3�E�C�T�I�O�N ������������ �2�E�C�A�L�L �T�H�A�T �T�H�E �S�T�A�T�E �S�P�A�C�E �H�A�S �E�I�G�H�T �S�T�A�T�E�S�� �A�S �S�H�O�W�N �I�N
�&�I�G�U�R�E �������� �4�H�E�R�E �A�R�E �T�H�R�E�E �A�C�T�I�O�N�S�ˆ�/�H�I�W���5�L�J�K�W� � � A� N� D�6�X�F�N�ˆ�A�N�D �T�H�E �G�O�A�L �I�S �T�O �C�L�E�A�N �U�P �A�L�L
�T�H�E �D�I�R�T ���S�T�A�T�E�S �� �A�N�D ���	�� �)�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S �O�B�S�E�R�V�A�B�L�E�� �D�E�T�E�R�M�I�N�I�S�T�I�C�� �A�N�D �C�O�M�P�L�E�T�E�L�Y
�K�N�O�W�N�� �T�H�E�N �T�H�E �P�R�O�B�L�E�M �I�S �T�R�I�V�I�A�L�L�Y �S�O�L�V�A�B�L�E �B�Y �A�N�Y �O�F �T�H�E �A�L�G�O�R�I�T�H�M�S �I�N �#�H�A�P�T�E�R �� �A�N�D �T�H�E
�S�O�L�U�T�I�O�N �I�S �A�N �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �I�S ���� �T�H�E�N �T�H�E �A�C�T�I�O�N �S�E�Q�U�E�N�C�E
�;�6�X�F�N���5�L�J�K�W���6�X�F�N�= �W�I�L�L �R�E�A�C�H �A �G�O�A�L �S�T�A�T�E�� ����

8 �! �S�E�T �O�F �P�O�I�N�T�SS �I�S �C�O�N�V�E�X �I�F �T�H�E �L�I�N�E �J�O�I�N�I�N�G �A�N�Y �T�W�O �P�O�I�N�T�S �I�NS �I�S �A�L�S�O �C�O�N�T�A�I�N�E�D �I�NS� � � !�F�R�Q�Y�H�[ �I�X�Q�F�W�L�R�Q�I�S
�O�N�E �F�O�R �W�H�I�C�H �T�H�E �S�P�A�C�E �h�A�B�O�V�E�v �I�T �F�O�R�M�S �A �C�O�N�V�E�X �S�E�T�� �B�Y �D�E�l�N�I�T�I�O�N�� �C�O�N�V�E�X �F�U�N�C�T�I�O�N�S �H�A�V�E �N�O �L�O�C�A�L ���A�S �O�P�P�O�S�E�D
�T�O �G�L�O�B�A�L�	 �M�I�N�I�M�A��
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�)�L�J�X�U�H �������4�H�E �E�I�G�H�T �P�O�S�S�I�B�L�E �S�T�A�T�E�S �O�F �T�H�E �V�A�C�U�U�M �W�O�R�L�D�� �S�T�A�T�E�S �� �A�N�D �� �A�R�E �G�O�A�L �S�T�A�T�E�S��

�.�O�W �S�U�P�P�O�S�E �T�H�A�T �W�E �I�N�T�R�O�D�U�C�E �N�O�N�D�E�T�E�R�M�I�N�I�S�M �I�N �T�H�E �F�O�R�M �O�F �A �P�O�W�E�R�F�U�L �B�U�T �E�R�R�A�T�I�C
�V�A�C�U�U�M �C�L�E�A�N�E�R�� �)�N �T�H�E�H�U�U�D�W�L�F �Y�D�F�X�X�P �Z�R�U�O�G� � � T� H� E�6�X�F�N�A�C�T�I�O�N �W�O�R�K�S �A�S �F�O�L�L�O�W�S��ERRATIC VACUUM

WORLD

€ �7�H�E�N �A�P�P�L�I�E�D �T�O �A �D�I�R�T�Y �S�Q�U�A�R�E �T�H�E �A�C�T�I�O�N �C�L�E�A�N�S �T�H�E �S�Q�U�A�R�E �A�N�D �S�O�M�E�T�I�M�E�S �C�L�E�A�N�S �U�P
�D�I�R�T �I�N �A�N �A�D�J�A�C�E�N�T �S�Q�U�A�R�E�� �T�O�O��

€ �7�H�E�N �A�P�P�L�I�E�D �T�O �A �C�L�E�A�N �S�Q�U�A�R�E �T�H�E �A�C�T�I�O�N �S�O�M�E�T�I�M�E�S �D�E�P�O�S�I�T�S �D�I�R�T �O�N �T�H�E �C�A�R�P�E�T����

�4�O �P�R�O�V�I�D�E �A �P�R�E�C�I�S�E �F�O�R�M�U�L�A�T�I�O�N �O�F �T�H�I�S �P�R�O�B�L�E�M�� �W�E �N�E�E�D �T�O �G�E�N�E�R�A�L�I�Z�E �T�H�E �N�O�T�I�O�N �O�F �A�W�U�D�Q��
�V�L�W�L�R�Q �P�R�G�H�O�F�R�O�M �#�H�A�P�T�E�R ���� �)�N�S�T�E�A�D �O�F �D�E�l�N�I�N�G �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �B�Y �A �2�%�3�5�,�4�F�U�N�C�T�I�O�N
�T�H�A�T �R�E�T�U�R�N�S �A �S�I�N�G�L�E �S�T�A�T�E�� �W�E �U�S�E �A �2�%�3�5�,�4�3�F�U�N�C�T�I�O�N �T�H�A�T �R�E�T�U�R�N�S �A�V�H�W�O�F �P�O�S�S�I�B�L�E �O�U�T�C�O�M�E
�S�T�A�T�E�S�� �&�O�R �E�X�A�M�P�L�E�� �I�N �T�H�E �E�R�R�A�T�I�C �V�A�C�U�U�M �W�O�R�L�D�� �T�H�E�6�X�F�N�A�C�T�I�O�N �I�N �S�T�A�T�E �� �L�E�A�D�S �T�O �A �S�T�A�T�E �I�N
�T�H�E �S�E�T{ 5, 7} �ˆ�T�H�E �D�I�R�T �I�N �T�H�E �R�I�G�H�T�
�H�A�N�D �S�Q�U�A�R�E �M�A�Y �O�R �M�A�Y �N�O�T �B�E �V�A�C�U�U�M�E�D �U�P��

�7�E �A�L�S�O �N�E�E�D �T�O �G�E�N�E�R�A�L�I�Z�E �T�H�E �N�O�T�I�O�N �O�F �A�V�R�O�X�W�L�R�Q�T�O �T�H�E �P�R�O�B�L�E�M�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E
�S�T�A�R�T �I�N �S�T�A�T�E ���� �T�H�E�R�E �I�S �N�O �S�I�N�G�L�E�V�H�T�X�H�Q�F�H�O�F �A�C�T�I�O�N�S �T�H�A�T �S�O�L�V�E�S �T�H�E �P�R�O�B�L�E�M�� �)�N�S�T�E�A�D�� �W�E
�N�E�E�D �A �C�O�N�T�I�N�G�E�N�C�Y �P�L�A�N �S�U�C�H �A�S �T�H�E �F�O�L�L�O�W�I�N�G��

[�6�X�F�N, �L�IState= 5 �W�K�H�Q[�5�L�J�K�W, �6�X�F�N] �H�O�V�H[ ]] . ���������	

�4�H�U�S�� �S�O�L�U�T�I�O�N�S �F�O�R �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �P�R�O�B�L�E�M�S �C�A�N �C�O�N�T�A�I�N �N�E�S�T�E�D�L�I�n�W�K�H�Q�n�H�O�V�H�S�T�A�T�E�M�E�N�T�S��
�T�H�I�S �M�E�A�N�S �T�H�A�T �T�H�E�Y �A�R�E�W�U�H�H�V�R�A�T�H�E�R �T�H�A�N �S�E�Q�U�E�N�C�E�S�� �4�H�I�S �A�L�L�O�W�S �T�H�E �S�E�L�E�C�T�I�O�N �O�F �A�C�T�I�O�N�S
�B�A�S�E�D �O�N �C�O�N�T�I�N�G�E�N�C�I�E�S �A�R�I�S�I�N�G �D�U�R�I�N�G �E�X�E�C�U�T�I�O�N�� �-�A�N�Y �P�R�O�B�L�E�M�S �I�N �T�H�E �R�E�A�L�� �P�H�Y�S�I�C�A�L �W�O�R�L�D
�A�R�E �C�O�N�T�I�N�G�E�N�C�Y �P�R�O�B�L�E�M�S �B�E�C�A�U�S�E �E�X�A�C�T �P�R�E�D�I�C�T�I�O�N �I�S �I�M�P�O�S�S�I�B�L�E�� �&�O�R �T�H�I�S �R�E�A�S�O�N�� �M�A�N�Y
�P�E�O�P�L�E �K�E�E�P �T�H�E�I�R �E�Y�E�S �O�P�E�N �W�H�I�L�E �W�A�L�K�I�N�G �A�R�O�U�N�D �O�R �D�R�I�V�I�N�G��

9 �7�E �A�S�S�U�M�E �T�H�A�T �M�O�S�T �R�E�A�D�E�R�S �F�A�C�E �S�I�M�I�L�A�R �P�R�O�B�L�E�M�S �A�N�D �C�A�N �S�Y�M�P�A�T�H�I�Z�E �W�I�T�H �O�U�R �A�G�E�N�T�� �7�E �A�P�O�L�O�G�I�Z�E �T�O
�O�W�N�E�R�S �O�F �M�O�D�E�R�N�� �E�F�l�C�I�E�N�T �H�O�M�E �A�P�P�L�I�A�N�C�E�S �W�H�O �C�A�N�N�O�T �T�A�K�E �A�D�V�A�N�T�A�G�E �O�F �T�H�I�S �P�E�D�A�G�O�G�I�C�A�L �D�E�V�I�C�E��



�3�E�C�T�I�O�N �������� �3�E�A�R�C�H�I�N�G �W�I�T�H �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �!�C�T�I�O�N�S������

���������� �!�.�$ �n�/�2 �V�H�D�U�F�K �W�U�H�H�V

�4�H�E �N�E�X�T �Q�U�E�S�T�I�O�N �I�S �H�O�W �T�O �l�N�D �C�O�N�T�I�N�G�E�N�T �S�O�L�U�T�I�O�N�S �T�O �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �P�R�O�B�L�E�M�S�� �!�S �I�N
�#�H�A�P�T�E�R ���� �W�E �B�E�G�I�N �B�Y �C�O�N�S�T�R�U�C�T�I�N�G �S�E�A�R�C�H �T�R�E�E�S�� �B�U�T �H�E�R�E �T�H�E �T�R�E�E�S �H�A�V�E �A �D�I�F�F�E�R�E�N�T �C�H�A�R�A�C�T�E�R��
�)�N �A �D�E�T�E�R�M�I�N�I�S�T�I�C �E�N�V�I�R�O�N�M�E�N�T�� �T�H�E �O�N�L�Y �B�R�A�N�C�H�I�N�G �I�S �I�N�T�R�O�D�U�C�E�D �B�Y �T�H�E �A�G�E�N�T���S �O�W�N �C�H�O�I�C�E�S
�I�N �E�A�C�H �S�T�A�T�E�� �7�E �C�A�L�L �T�H�E�S�E �N�O�D�E�S�2�5 �Q�R�G�H�V�� �)�N �T�H�E �V�A�C�U�U�M �W�O�R�L�D�� �F�O�R �E�X�A�M�P�L�E�� �A�T �A�N�/�2OR NODE

�N�O�D�E �T�H�E �A�G�E�N�T �C�H�O�O�S�E�S�/�H�I�W �R�U �5�L�J�K�W �R�U �6�X�F�N�� �)�N �A �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �E�N�V�I�R�O�N�M�E�N�T�� �B�R�A�N�C�H�I�N�G
�I�S �A�L�S�O �I�N�T�R�O�D�U�C�E�D �B�Y �T�H�E�H�Q�Y�L�U�R�Q�P�H�Q�W�¶�V�C�H�O�I�C�E �O�F �O�U�T�C�O�M�E �F�O�R �E�A�C�H �A�C�T�I�O�N�� �7�E �C�A�L�L �T�H�E�S�E
�N�O�D�E�S�$�1�' �Q�R�G�H�V�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E�6�X�F�N�A�C�T�I�O�N �I�N �S�T�A�T�E �� �L�E�A�D�S �T�O �A �S�T�A�T�E �I�N �T�H�E �S�E�T{ 5, 7} ��AND NODE

�S�O �T�H�E �A�G�E�N�T �W�O�U�L�D �N�E�E�D �T�O �l�N�D �A �P�L�A�N �F�O�R �S�T�A�T�E ���D�Q�G�F�O�R �S�T�A�T�E ���� �4�H�E�S�E �T�W�O �K�I�N�D�S �O�F �N�O�D�E�S
�A�L�T�E�R�N�A�T�E�� �L�E�A�D�I�N�G �T�O �A�N�!�.�$ �n�/�2 �W�U�H�H�A�S �I�L�L�U�S�T�R�A�T�E�D �I�N �&�I�G�U�R�E ����������AND…OR TREE

�! �S�O�L�U�T�I�O�N �F�O�R �A�N�!�.�$ �n�/�2 �S�E�A�R�C�H �P�R�O�B�L�E�M �I�S �A �S�U�B�T�R�E�E �T�H�A�T �����	 �H�A�S �A �G�O�A�L �N�O�D�E �A�T �E�V�E�R�Y
�L�E�A�F�� �����	 �S�P�E�C�I�l�E�S �O�N�E �A�C�T�I�O�N �A�T �E�A�C�H �O�F �I�T�S�/�2 �N�O�D�E�S�� �A�N�D �����	 �I�N�C�L�U�D�E�S �E�V�E�R�Y �O�U�T�C�O�M�E �B�R�A�N�C�H
�A�T �E�A�C�H �O�F �I�T�S�!�.�$ �N�O�D�E�S�� �4�H�E �S�O�L�U�T�I�O�N �I�S �S�H�O�W�N �I�N �B�O�L�D �L�I�N�E�S �I�N �T�H�E �l�G�U�R�E�� �I�T �C�O�R�R�E�S�P�O�N�D�S
�T�O �T�H�E �P�L�A�N �G�I�V�E�N �I�N �%�Q�U�A�T�I�O�N ���������	�� ���4�H�E �P�L�A�N �U�S�E�S �I�F�n�T�H�E�N�n�E�L�S�E �N�O�T�A�T�I�O�N �T�O �H�A�N�D�L�E �T�H�E�!�.�$

�B�R�A�N�C�H�E�S�� �B�U�T �W�H�E�N �T�H�E�R�E �A�R�E �M�O�R�E �T�H�A�N �T�W�O �B�R�A�N�C�H�E�S �A�T �A �N�O�D�E�� �I�T �M�I�G�H�T �B�E �B�E�T�T�E�R �T�O �U�S�E �A�F�D�V�H
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�)�L�J�X�U�H ���������4�H�E �l�R�S�T �T�W�O �L�E�V�E�L�S �O�F �T�H�E �S�E�A�R�C�H �T�R�E�E �F�O�R �T�H�E �E�R�R�A�T�I�C �V�A�C�U�U�M �W�O�R�L�D�� �3�T�A�T�E
�N�O�D�E�S �A�R�E�/�2 �N�O�D�E�S �W�H�E�R�E �S�O�M�E �A�C�T�I�O�N �M�U�S�T �B�E �C�H�O�S�E�N�� �!�T �T�H�E�!�.�$ �N�O�D�E�S�� �S�H�O�W�N �A�S �C�I�R�C�L�E�S��
�E�V�E�R�Y �O�U�T�C�O�M�E �M�U�S�T �B�E �H�A�N�D�L�E�D�� �A�S �I�N�D�I�C�A�T�E�D �B�Y �T�H�E �A�R�C �L�I�N�K�I�N�G �T�H�E �O�U�T�G�O�I�N�G�B�R�A�N�C�H�E�S�� �4�H�E
�S�O�L�U�T�I�O�N �F�O�U�N�D �I�S �S�H�O�W�N �I�N �B�O�L�D �L�I�N�E�S��



������ �#�H�A�P�T�E�R ���� �"�E�Y�O�N�D �#�L�A�S�S�I�C�A�L �3�E�A�R�C�H

�I�X�Q�F�W�L�R�Q�! �.�$�
�/�2�
�'�2�!�0�(�
�3�%�!�2�#�(��problem�	�U�H�W�X�U�Q�Va conditional plan, or failure
�/ �2�
�3�%�!�2�#�(��problem���)�.�)�4�)�!�,�
�3�4�!�4�%��problem��[ ]�	

�I�X�Q�F�W�L�R�Q�/ �2�
�3�%�!�2�#�(��state��problem��path�	�U�H�W�X�U�Q�Va conditional plan, or failure
�L�Iproblem���'�/�!�, �
�4�%�3�4��state�	�W�K�H�Q �U�H�W�X�U�Q�T�H�E �E�M�P�T�Y �P�L�A�N
�L�Istate �I�S �O�Npath �W�K�H�Q �U�H�W�X�U�Qfailure
�I�R�U �H�D�F�Kaction �L�Qproblem���!�#�4�)�/�.�3��state�	 �G�R

plan � �! �.�$�
�3�%�!�2�#�(���2�%�3�5�,�4�3��state��action�	��problem��[state | path]�	
�L�Iplan �= failure �W�K�H�Q �U�H�W�X�U�Q[action | plan]

�U�H�W�X�U�Qfailure

�I�X�Q�F�W�L�R�Q�! �.�$�
�3�%�!�2�#�(��states��problem��path�	�U�H�W�X�U�Q�Va conditional plan, or failure
�I�R�U �H�D�F�Ksi �L�Qstates �G�R

plani � �/ �2�
�3�%�!�2�#�(��si ��problem��path�	
�L�Iplani �� failure �W�K�H�Q �U�H�W�X�U�Qfailure

�U�H�W�X�U�Q[�L�Is1 �W�K�H�Qplan1 �H�O�V�H �L�Is2 �W�K�H�Qplan2 �H�O�V�H. . . �L�Isn Š 1 �W�K�H�Qplann Š 1 �H�O�V�Hplann ]

�)�L�J�X�U�H ���������!�N �A�L�G�O�R�I�T�H�M �F�O�R �S�E�A�R�C�H�I�N�G�!�.�$ �n�/�2 �G�R�A�P�H�S �G�E�N�E�R�A�T�E�D �B�Y �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C
�E�N�V�I�R�O�N�M�E�N�T�S�� �)�T �R�E�T�U�R�N�S �A �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N �T�H�A�T �R�E�A�C�H�E�S �A �G�O�A�L �S�T�A�T�E �I�N �A�L�L �C�I�R�C�U�M�S�T�A�N�C�E�S�� ���4�H�E
�N�O�T�A�T�I�O�N[x | l ] �R�E�F�E�R�S �T�O �T�H�E �L�I�S�T �F�O�R�M�E�D �B�Y �A�D�D�I�N�G �O�B�J�E�C�Tx �T�O �T�H�E �F�R�O�N�T �O�F �L�I�S�Tl ���	

�C�O�N�S�T�R�U�C�T���	 �-�O�D�I�F�Y�I�N�G �T�H�E �B�A�S�I�C �P�R�O�B�L�E�M�
�S�O�L�V�I�N�G �A�G�E�N�T �S�H�O�W�N �I�N �&�I�G�U�R�E ����� � � T� O � E� X� E� C� U� T� E � C� O� N� 

�T�I�N�G�E�N�T �S�O�L�U�T�I�O�N�S �O�F �T�H�I�S �K�I�N�D �I�S �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D�� �/�N�E �M�A�Y �A�L�S�O �C�O�N�S�I�D�E�R �A �S�O�M�E�W�H�A�T �D�I�F�F�E�R�E�N�T
�A�G�E�N�T �D�E�S�I�G�N�� �I�N �W�H�I�C�H �T�H�E �A�G�E�N�T �C�A�N �A�C�T�E�H�I�R�U�H�I�T �H�A�S �F�O�U�N�D �A �G�U�A�R�A�N�T�E�E�D �P�L�A�N �A�N�D �D�E�A�L�S �W�I�T�H
�S�O�M�E �C�O�N�T�I�N�G�E�N�C�I�E�S �O�N�L�Y �A�S �T�H�E�Y �A�R�I�S�E �D�U�R�I�N�G �E�X�E�C�U�T�I�O�N�� �4�H�I�S �T�Y�P�E �O�F�L�Q�W�H�U�O�H�D�Y�L�Q�J�O�F �S�E�A�R�C�HINTERLEAVING

�A�N�D �E�X�E�C�U�T�I�O�N �I�S �A�L�S�O �U�S�E�F�U�L �F�O�R �E�X�P�L�O�R�A�T�I�O�N �P�R�O�B�L�E�M�S ���S�E�E �3�E�C�T�I�O�N �������	 �A�N�D �F�O�R �G�A�M�E �P�L�A�Y�I�N�G
���S�E�E �#�H�A�P�T�E�R ���	��

�&�I�G�U�R�E �������� �G�I�V�E�S �A �R�E�C�U�R�S�I�V�E�� �D�E�P�T�H�
�l�R�S�T �A�L�G�O�R�I�T�H�M �F�O�R�!�.�$ �n�/�2 �G�R�A�P�H �S�E�A�R�C�H�� �/�N�E
�K�E�Y �A�S�P�E�C�T �O�F �T�H�E �A�L�G�O�R�I�T�H�M �I�S �T�H�E �W�A�Y �I�N �W�H�I�C�H �I�T �D�E�A�L�S �W�I�T�H �C�Y�C�L�E�S�� �W�H�I�C�H �O�F�T�E�N �A�R�I�S�E �I�N
�N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �P�R�O�B�L�E�M�S ���E���G���� �I�F �A�N �A�C�T�I�O�N �S�O�M�E�T�I�M�E�S �H�A�S �N�O �E�F�F�E�C�T �O�R �I�F �A�N �U�N�I�N�T�E�N�D�E�D
�E�F�F�E�C�T �C�A�N �B�E �C�O�R�R�E�C�T�E�D�	�� �)�F �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �I�S �I�D�E�N�T�I�C�A�L �T�O �A �S�T�A�T�E �O�N �T�H�E�P�A�T�H �F�R�O�M �T�H�E �R�O�O�T��
�T�H�E�N �I�T �R�E�T�U�R�N�S �W�I�T�H �F�A�I�L�U�R�E�� �4�H�I�S �D�O�E�S�N���T �M�E�A�N �T�H�A�T �T�H�E�R�E �I�S�Q�R�S�O�L�U�T�I�O�N �F�R�O�M �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E��
�I�T �S�I�M�P�L�Y �M�E�A�N�S �T�H�A�T �I�F �T�H�E�R�E�L�V�A �N�O�N�C�Y�C�L�I�C �S�O�L�U�T�I�O�N�� �I�T �M�U�S�T �B�E �R�E�A�C�H�A�B�L�E �F�R�O�M �T�H�E �E�A�R�L�I�E�R
�I�N�C�A�R�N�A�T�I�O�N �O�F �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�� �S�O �T�H�E �N�E�W �I�N�C�A�R�N�A�T�I�O�N �C�A�N �B�E �D�I�S�C�A�R�D�E�D���7�I�T�H �T�H�I�S �C�H�E�C�K�� �W�E
�E�N�S�U�R�E �T�H�A�T �T�H�E �A�L�G�O�R�I�T�H�M �T�E�R�M�I�N�A�T�E�S �I�N �E�V�E�R�Y �l�N�I�T�E �S�T�A�T�E �S�P�A�C�E�� �B�E�C�A�U�S�E �E�V�E�R�Y �P�A�T�H �M�U�S�T �R�E�A�C�H
�A �G�O�A�L�� �A �D�E�A�D �E�N�D�� �O�R �A �R�E�P�E�A�T�E�D �S�T�A�T�E�� �.�O�T�I�C�E �T�H�A�T �T�H�E �A�L�G�O�R�I�T�H�M �D�O�E�S �N�O�T �C�H�E�C�K �W�H�E�T�H�E�R �T�H�E
�C�U�R�R�E�N�T �S�T�A�T�E �I�S �A �R�E�P�E�T�I�T�I�O�N �O�F �A �S�T�A�T�E �O�N �S�O�M�E�R�W�K�H�U�P�A�T�H �F�R�O�M �T�H�E �R�O�O�T�� �W�H�I�C�H �I�S �I�M�P�O�R�T�A�N�T �F�O�R
�E�F�l�C�I�E�N�C�Y�� �%�X�E�R�C�I�S�E ������ �I�N�V�E�S�T�I�G�A�T�E�S �T�H�I�S �I�S�S�U�E��

�!�.�$ �n�/�2 �G�R�A�P�H�S �C�A�N �A�L�S�O �B�E �E�X�P�L�O�R�E�D �B�Y �B�R�E�A�D�T�H�
�l�R�S�T �O�R �B�E�S�T�
�l�R�S�T �M�E�T�H�O�D�S�� �4�H�E �C�O�N�C�E�P�T
�O�F �A �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N �M�U�S�T �B�E �M�O�D�I�l�E�D �T�O �E�S�T�I�M�A�T�E �T�H�E �C�O�S�T �O�F �A �C�O�N�T�I�N�G�E�N�T �S�O�L�U�T�I�O�N �R�A�T�H�E�R
�T�H�A�N �A �S�E�Q�U�E�N�C�E�� �B�U�T �T�H�E �N�O�T�I�O�N �O�F �A�D�M�I�S�S�I�B�I�L�I�T�Y �C�A�R�R�I�E�S �O�V�E�R �A�N�D �T�H�E�R�E �I�S �A�N �A�N�A�L�O�G �O�F �T�H�E �!�

�A�L�G�O�R�I�T�H�M �F�O�R �l�N�D�I�N�G �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N�S�� �0�O�I�N�T�E�R�S �A�R�E �G�I�V�E�N �I�N �T�H�E �B�I�B�L�I�O�G�R�A�P�H�I�C�A�L �N�O�T�E�S �A�T �T�H�E
�E�N�D �O�F �T�H�E �C�H�A�P�T�E�R��



�3�E�C�T�I�O�N �������� �3�E�A�R�C�H�I�N�G �W�I�T�H �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �!�C�T�I�O�N�S������
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�)�L�J�X�U�H ���������0�A�R�T �O�F �T�H�E �S�E�A�R�C�H �G�R�A�P�H �F�O�R �T�H�E �S�L�I�P�P�E�R�Y �V�A�C�U�U�M �W�O�R�L�D�� �W�H�E�R�E �W�E �H�A�V�E �S�H�O�W�N
���S�O�M�E�	 �C�Y�C�L�E�S �E�X�P�L�I�C�I�T�L�Y�� �!�L�L �S�O�L�U�T�I�O�N�S �F�O�R �T�H�I�S �P�R�O�B�L�E�M �A�R�E �C�Y�C�L�I�C �P�L�A�N�S�B�E�C�A�U�S�E �T�H�E�R�E �I�S �N�O
� W� A� Y � T� O � M� O� V� E � R� E� L� I� A� B� L� Y� �

���������� �7�U�\�� �W�U�\ �D�J�D�L�Q

�#�O�N�S�I�D�E�R �T�H�E �S�L�I�P�P�E�R�Y �V�A�C�U�U�M �W�O�R�L�D�� �W�H�I�C�H �I�S �I�D�E�N�T�I�C�A�L �T�O �T�H�E �O�R�D�I�N�A�R�Y ���N�O�N�
�E�R�R�A�T�I�C�	 �V�A�C�

�U�U�M �W�O�R�L�D �E�X�C�E�P�T �T�H�A�T �M�O�V�E�M�E�N�T �A�C�T�I�O�N�S �S�O�M�E�T�I�M�E�S �F�A�I�L�� �L�E�A�V�I�N�G �T�H�E �A�G�E�N�T �I�N �T�H�E �S�A�M�E �L�O�C�A�

�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �M�O�V�I�N�G�5�L�J�K�W�I�N �S�T�A�T�E �� �L�E�A�D�S �T�O �T�H�E �S�T�A�T�E �S�E�T{ 1, 2} �� �&�I�G�U�R�E �������� �S�H�O�W�S
�P�A�R�T �O�F �T�H�E �S�E�A�R�C�H �G�R�A�P�H�� �C�L�E�A�R�L�Y�� �T�H�E�R�E �A�R�E �N�O �L�O�N�G�E�R �A�N�Y �A�C�Y�C�L�I�C �S�O�L�U�T�I�O�N�S �F�R�O�M �S�T�A�T�E ���� �A�N�D
�! �.�$�
�/�2�
�' �2�!�0�(�
�3�%�!�2�#�(�W�O�U�L�D �R�E�T�U�R�N �W�I�T�H �F�A�I�L�U�R�E�� �4�H�E�R�E �I�S�� �H�O�W�E�V�E�R�� �A�F�\�F�O�L�F �V�R�O�X�W�L�R�Q��CYCLIC SOLUTION

� W� H� I� C� H � I� S � T� O � K� E� E� P � T� R� Y� I� N� GRight �U�N�T�I�L �I�T �W�O�R�K�S�� �7�E �C�A�N �E�X�P�R�E�S�S �T�H�I�S �S�O�L�U�T�I�O�N �B�Y �A�D�D�I�N�G �A�O�D�E�H�O�T�OLABEL

�D�E�N�O�T�E �S�O�M�E �P�O�R�T�I�O�N �O�F �T�H�E �P�L�A�N �A�N�D �U�S�I�N�G �T�H�A�T �L�A�B�E�L �L�A�T�E�R �I�N�S�T�E�A�D �O�F �R�E�P�E�A�T�I�N�G �T�H�E �P�L�A�N �I�T�S�E�L�F��
�4�H�U�S�� �O�U�R �C�Y�C�L�I�C �S�O�L�U�T�I�O�N �I�S

[�6�X�F�N, L 1 : Right , �L�IState= 5 �W�K�H�QL 1 �H�O�V�HSuck] .
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�T�O �P�L�A�N �F�O�R�� �4�H�I�S �I�S �T�R�U�E�H�Y�H�Q �L�I �W�K�H �H�Q�Y�L�U�R�Q�P�H�Q�W �L�V �Q�R�Q�G�H�W�H�U�P�L�Q�V�W�L�F��

�)�T �I�S �I�N�S�T�R�U�C�T�I�V�E �T�O �S�E�E �H�O�W �T�H�E �B�E�L�I�E�F�
�S�T�A�T�E �S�E�A�R�C�H �P�R�O�B�L�E�M �I�S �C�O�N�S�T�R�U�C�T�E�D�� �3�U�P�P�O�S�E
�T�H�E �U�N�D�E�R�L�Y�I�N�G �P�H�Y�S�I�C�A�L �P�R�O�B�L�E�MP �I�S �D�E�l�N�E�D �B�Y �!�#�4�)�/�.�3P � � � 2�%�3�5�,�4P � � � '�/�!�, �
�4�%�3�4P � � � A� N� D
�3�4�%�0�
�#�/�3�4P �� �4�H�E�N �W�E �C�A�N �D�E�l�N�E �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �S�E�N�S�O�R�L�E�S�S �P�R�O�B�L�E�M �A�S �F�O�L�L�O�W�S��

€ �%�H�O�L�H�I �V�W�D�W�H�V�� �4�H�E �E�N�T�I�R�E �B�E�L�I�E�F�
�S�T�A�T�E �S�P�A�C�E �C�O�N�T�A�I�N�S �E�V�E�R�Y �P�O�S�S�I�B�L�E �S�E�T �O�F �P�H�Y�S�I�C�A�L �S�T�A�T�E�S��
�)�FP �H�A�SN �S�T�A�T�E�S�� �T�H�E�N �T�H�E �S�E�N�S�O�R�L�E�S�S �P�R�O�B�L�E�M �H�A�S �U�P �T�O2N �S�T�A�T�E�S�� �A�L�T�H�O�U�G�H �M�A�N�Y �M�A�Y
�B�E �U�N�R�E�A�C�H�A�B�L�E �F�R�O�M �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E��

€ �,�Q�L�W�L�D�O �V�W�D�W�H�� �4�Y�P�I�C�A�L�L�Y �T�H�E �S�E�T �O�F �A�L�L �S�T�A�T�E�S �I�NP�� �A�L�T�H�O�U�G�H �I�N �S�O�M�E �C�A�S�E�S �T�H�E �A�G�E�N�T �W�I�L�L
�H�A�V�E �M�O�R�E �K�N�O�W�L�E�D�G�E �T�H�A�N �T�H�I�S��

€ �$�F�W�L�R�Q�V�� �4�H�I�S �I�S �S�L�I�G�H�T�L�Y �T�R�I�C�K�Y�� �3�U�P�P�O�S�E �T�H�E �A�G�E�N�T �I�S �I�N �B�E�L�I�E�F �S�T�A�T�Eb= { s1, s2} � � � B� U� T
�! �#�4�)�/�.�3P (s1) �= �! �#�4�)�/�.�3P (s2)�� �T�H�E�N �T�H�E �A�G�E�N�T �I�S �U�N�S�U�R�E �O�F �W�H�I�C�H �A�C�T�I�O�N�S �A�R�E �L�E�G�A�L��
�)�F �W�E �A�S�S�U�M�E �T�H�A�T �I�L�L�E�G�A�L �A�C�T�I�O�N�S �H�A�V�E �N�O �E�F�F�E�C�T �O�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �T�H�E�N �I�T�I�S �S�A�F�E �T�O
�T�A�K�E �T�H�E�X�Q�L�R�Q�O�F �A�L�L �T�H�E �A�C�T�I�O�N�S �I�N �A�N�Y �O�F �T�H�E �P�H�Y�S�I�C�A�L �S�T�A�T�E�S �I�N �T�H�E �C�U�R�R�E�N�T �B�E�L�I�E�F �S�T�A�T�Eb��

�! �#�4�)�/�.�3(b) =
�

s�b

�! �#�4�)�/�.�3P (s) .

�/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�F �A�N �I�L�L�E�G�A�L �A�C�T�I�O�N �M�I�G�H�T �B�E �T�H�E �E�N�D �O�F �T�H�E �W�O�R�L�D�� �I�T �I�S �S�A�F�E�R �T�O �A�L�L�O�W
�O�N�L�Y �T�H�E�L�Q�W�H�U�V�H�F�W�L�R�Q�� �T�H�A�T �I�S�� �T�H�E �S�E�T �O�F �A�C�T�I�O�N�S �L�E�G�A�L �I�N�D�O�O�T�H�E �S�T�A�T�E�S�� �&�O�R �T�H�E �V�A�C�U�U�M
�W�O�R�L�D�� �E�V�E�R�Y �S�T�A�T�E �H�A�S �T�H�E �S�A�M�E �L�E�G�A�L �A�C�T�I�O�N�S�� �S�O �B�O�T�H �M�E�T�H�O�D�S �G�I�V�E �T�H�E �S�A�M�E�R�E�S�U�L�T��

€ �7�U�D�Q�V�L�W�L�R�Q �P�R�G�H�O�� �4�H�E �A�G�E�N�T �D�O�E�S�N���T �K�N�O�W �W�H�I�C�H �S�T�A�T�E �I�N �T�H�E �B�E�L�I�E�F �S�T�A�T�E �I�S �T�H�E �R�I�G�H�T
�O�N�E�� �S�O �A�S �F�A�R �A�S �I�T �K�N�O�W�S�� �I�T �M�I�G�H�T �G�E�T �T�O �A�N�Y �O�F �T�H�E �S�T�A�T�E�S �R�E�S�U�L�T�I�N�G �F�R�O�M �A�P�P�L�Y�I�N�G �T�H�E
�A�C�T�I�O�N �T�O �O�N�E �O�F �T�H�E �P�H�Y�S�I�C�A�L �S�T�A�T�E�S �I�N �T�H�E �B�E�L�I�E�F �S�T�A�T�E�� �&�O�R �D�E�T�E�R�M�I�N�I�S�T�I�C�A�C�T�I�O�N�S�� �T�H�E �S�E�T
�O�F �S�T�A�T�E�S �T�H�A�T �M�I�G�H�T �B�E �R�E�A�C�H�E�D �I�S

b� = �2�%�3�5�,�4(b, a) = { s� : s� = �2�%�3�5�,�4P (s, a) �A�N�Ds � b} . ���������	

�7�I�T�H �D�E�T�E�R�M�I�N�I�S�T�I�C �A�C�T�I�O�N�S��b� �I�S �N�E�V�E�R �L�A�R�G�E�R �T�H�A�Nb�� �7�I�T�H �N�O�N�D�E�T�E�R�M�I�N�I�S�M�� �W�E �H�A�V�E

b� = �2�%�3�5�,�4(b, a) = { s� : s� � �2�%�3�5�,�4�3P (s, a) �A�N�Ds � b}

=
�

s�b

�2�%�3�5�,�4�3P (s, a) ,

�W�H�I�C�H �M�A�Y �B�E �L�A�R�G�E�R �T�H�A�Nb�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �4�H�E �P�R�O�C�E�S�S �O�F �G�E�N�E�R�A�T�I�N�G
�T�H�E �N�E�W �B�E�L�I�E�F �S�T�A�T�E �A�F�T�E�R �T�H�E �A�C�T�I�O�N �I�S �C�A�L�L�E�D �T�H�E�S�U�H�G�L�F�W�L�R�Q�S�T�E�P�� �T�H�E �N�O�T�A�T�I�O�Nb� =PREDICTION

�0�2�%�$�)�#�4P (b, a) �W�I�L�L �C�O�M�E �I�N �H�A�N�D�Y��
€ �*�R�D�O �W�H�V�W�� �4�H�E �A�G�E�N�T �W�A�N�T�S �A �P�L�A�N �T�H�A�T �I�S �S�U�R�E �T�O �W�O�R�K�� �W�H�I�C�H �M�E�A�N�S �T�H�A�T �A �B�E�L�I�E�F �S�T�A�T�E

�S�A�T�I�S�l�E�S �T�H�E �G�O�A�L �O�N�L�Y �I�F�D�O�O�T�H�E �P�H�Y�S�I�C�A�L �S�T�A�T�E�S �I�N �I�T �S�A�T�I�S�F�Y �'�/�!�, �
�4�%�3�4P �� �4�H�E �A�G�E�N�T
�M�A�Y�D�F�F�L�G�H�Q�W�D�O�O�\�A�C�H�I�E�V�E �T�H�E �G�O�A�L �E�A�R�L�I�E�R�� �B�U�T �I�T �W�O�N���T�N�Q�R�Z�T�H�A�T �I�T �H�A�S �D�O�N�E �S�O��

€ �3�D�W�K �F�R�V�W�� �4�H�I�S �I�S �A�L�S�O �T�R�I�C�K�Y�� �)�F �T�H�E �S�A�M�E �A�C�T�I�O�N �C�A�N �H�A�V�E �D�I�F�F�E�R�E�N�T �C�O�S�T�S �I�N �D�I�F�F�E�R�E�N�T
�S�T�A�T�E�S�� �T�H�E�N �T�H�E �C�O�S�T �O�F �T�A�K�I�N�G �A�N �A�C�T�I�O�N �I�N �A �G�I�V�E�N �B�E�L�I�E�F �S�T�A�T�E �C�O�U�L�D �B�E �O�N�E�O�F �S�E�V�E�R�A�L
�V�A�L�U�E�S�� ���4�H�I�S �G�I�V�E�S �R�I�S�E �T�O �A �N�E�W �C�L�A�S�S �O�F �P�R�O�B�L�E�M�S�� �W�H�I�C�H �W�E �E�X�P�L�O�R�E �I�N �%�X�E�R�C�I�S�E ���������	
�&�O�R �N�O�W �W�E �A�S�S�U�M�E �T�H�A�T �T�H�E �C�O�S�T �O�F �A�N �A�C�T�I�O�N �I�S �T�H�E �S�A�M�E �I�N �A�L�L �S�T�A�T�E�S �A�N�D �S�O �C�A�N�B�E
�T�R�A�N�S�F�E�R�R�E�D �D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �U�N�D�E�R�L�Y�I�N�G �P�H�Y�S�I�C�A�L �P�R�O�B�L�E�M��
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�)�L�J�X�U�H �����������A�	 �0�R�E�D�I�C�T�I�N�G �T�H�E �N�E�X�T �B�E�L�I�E�F �S�T�A�T�E �F�O�R �T�H�E �S�E�N�S�O�R�L�E�S�S �V�A�C�U�U�M �W�O�R�L�D �W�I�T�H �A
�D�E�T�E�R�M�I�N�I�S�T�I�C �A�C�T�I�O�N��Right �� ���B�	 �0�R�E�D�I�C�T�I�O�N �F�O�R �T�H�E �S�A�M�E �B�E�L�I�E�F �S�T�A�T�E �A�N�D �A�C�T�I�O�N �I�N �T�H�E �S�L�I�P�P�E�R�Y
�V�E�R�S�I�O�N �O�F �T�H�E �S�E�N�S�O�R�L�E�S�S �V�A�C�U�U�M �W�O�R�L�D��

�&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E �R�E�A�C�H�A�B�L�E �B�E�L�I�E�F�
�S�T�A�T�E �S�P�A�C�E �F�O�R �T�H�E �D�E�T�E�R�M�I�N�I�S�T�I�C�� �S�E�N�S�O�R�L�E�S�S �V�A�C�U�U�M
�W�O�R�L�D�� �4�H�E�R�E �A�R�E �O�N�L�Y ���� �R�E�A�C�H�A�B�L�E �B�E�L�I�E�F �S�T�A�T�E�S �O�U�T �O�F28 = 256 �P�O�S�S�I�B�L�E �B�E�L�I�E�F �S�T�A�T�E�S��

�4�H�E �P�R�E�C�E�D�I�N�G �D�E�l�N�I�T�I�O�N�S �E�N�A�B�L�E �T�H�E �A�U�T�O�M�A�T�I�C �C�O�N�S�T�R�U�C�T�I�O�N �O�F �T�H�E �B�E�L�I�E�F�
�S�T�A�T�E �P�R�O�B�L�E�M
�F�O�R�M�U�L�A�T�I�O�N �F�R�O�M �T�H�E �D�E�l�N�I�T�I�O�N �O�F �T�H�E �U�N�D�E�R�L�Y�I�N�G �P�H�Y�S�I�C�A�L �P�R�O�B�L�E�M�� �/�N�C�E �T�H�I�S �I�S �D�O�N�E�� �W�E
�C�A�N �A�P�P�L�Y �A�N�Y �O�F �T�H�E �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �O�F �#�H�A�P�T�E�R ���� �)�N �F�A�C�T�� �W�E �C�A�N �D�O �A �L�I�T�T�L� E � B� I� T � M� O� R� E
�T�H�A�N �T�H�A�T�� �)�N �h�O�R�D�I�N�A�R�Y�v �G�R�A�P�H �S�E�A�R�C�H�� �N�E�W�L�Y �G�E�N�E�R�A�T�E�D �S�T�A�T�E�S �A�R�E �T�E�S�T�E�D �T�O �S�E�E �I�F �T�H�E�Y �A�R�E
�I�D�E�N�T�I�C�A�L �T�O �E�X�I�S�T�I�N�G �S�T�A�T�E�S�� �4�H�I�S �W�O�R�K�S �F�O�R �B�E�L�I�E�F �S�T�A�T�E�S�� �T�O�O�� �F�O�R �E�X�A�M�P�L�E�� �I�N �&�I�G�U�R�E ���������� �T�H�E
�A�C�T�I�O�N �S�E�Q�U�E�N�C�E �;�6�X�F�N���/�H�I�W���6�X�F�N�= �S�T�A�R�T�I�N�G �A�T �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �R�E�A�C�H�E�S �T�H�E �S�A�M�E �B�E�L�I�E�F �S�T�A�T�E �A�S
�;�5�L�J�K�W���/�H�I�W���6�X�F�N�=�� �N�A�M�E�L�Y��{ 5, 7} �� �.�O�W�� �C�O�N�S�I�D�E�R �T�H�E �B�E�L�I�E�F �S�T�A�T�E �R�E�A�C�H�E�D �B�Y �;�/�H�I�W�=�� �N�A�M�E�L�Y��
{ 1, 3, 5, 7} �� �/�B�V�I�O�U�S�L�Y�� �T�H�I�S �I�S �N�O�T �I�D�E�N�T�I�C�A�L �T�O{ 5, 7} �� �B�U�T �I�T �I�S �A�V�X�S�H�U�V�H�W�� �)�T �I�S �E�A�S�Y �T�O �P�R�O�V�E
���%�X�E�R�C�I�S�E �������	 �T�H�A�T �I�F �A�N �A�C�T�I�O�N �S�E�Q�U�E�N�C�E �I�S �A �S�O�L�U�T�I�O�N �F�O�R �A �B�E�L�I�E�F �S�T�A�T�Eb�� �I�T �I�S �A�L�S�O �A �S�O�L�U�T�I�O�N �F�O�R
�A�N�Y �S�U�B�S�E�T �O�Fb�� �(�E�N�C�E�� �W�E �C�A�N �D�I�S�C�A�R�D �A �P�A�T�H �R�E�A�C�H�I�N�G{ 1, 3, 5, 7} �I�F{ 5, 7} �H�A�S �A�L�R�E�A�D�Y �B�E�E�N
�G�E�N�E�R�A�T�E�D�� �#�O�N�V�E�R�S�E�L�Y�� �I�F{ 1, 3, 5, 7} �H�A�S �A�L�R�E�A�D�Y �B�E�E�N �G�E�N�E�R�A�T�E�D �A�N�D �F�O�U�N�D �T�O �B�E �S�O�L�V�A�B�L�E��
�T�H�E�N �A�N�Y�V�X�E�V�H�W� � � S� U� C� H � A� S{ 5, 7} �� �I�S �G�U�A�R�A�N�T�E�E�D �T�O �B�E �S�O�L�V�A�B�L�E�� �4�H�I�S �E�X�T�R�A �L�E�V�E�L �O�F �P�R�U�N�I�N�G �M�A�Y
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�T�O �T�H�E �S�I�M�P�L�E �P�R�O�B�L�E�M�
�S�O�L�V�I�N�G �A�G�E�N�T �I�N �&�I�G�U�R�E �������� �T�H�E �A�G�E�N�T �F�O�R�M�U�L�A�T�E�S �A �P�R�O�B�L�E�M�� �C�A�L�L�S �A
�S�E�A�R�C�H �A�L�G�O�R�I�T�H�M ���S�U�C�H �A�S �!�.�$�
�/�2�
�' �2�!�0�(�
�3�%�!�2�#�(�	 �T�O �S�O�L�V�E �I�T�� �A�N�D �E�X�E�C�U�T�E�S �T�H�E �S�O�L�U�T�I�O�N��
�4�H�E�R�E �A�R�E �T�W�O �M�A�I�N �D�I�F�F�E�R�E�N�C�E�S�� �&�I�R�S�T�� �T�H�E �S�O�L�U�T�I�O�N �T�O �A �P�R�O�B�L�E�M �W�I�L�L �B�E �A �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N
�R�A�T�H�E�R �T�H�A�N �A �S�E�Q�U�E�N�C�E�� �I�F �T�H�E �l�R�S�T �S�T�E�P �I�S �A�N �I�F�n�T�H�E�N�n�E�L�S�E �E�X�P�R�E�S�S�I�O�N�� �T�H�E�A�G�E�N�T �W�I�L�L �N�E�E�D �T�O
�T�E�S�T �T�H�E �C�O�N�D�I�T�I�O�N �I�N �T�H�E �I�F�
�P�A�R�T �A�N�D �E�X�E�C�U�T�E �T�H�E �T�H�E�N�
�P�A�R�T �O�R �T�H�E �E�L�S�E�
�P�A�R�T �A�C�C�O�R�D�I�N�G�L�Y�� �3�E�C�O�N�D��
�T�H�E �A�G�E�N�T �W�I�L�L �N�E�E�D �T�O �M�A�I�N�T�A�I�N �I�T�S �B�E�L�I�E�F �S�T�A�T�E �A�S �I�T �P�E�R�F�O�R�M�S �A�C�T�I�O�N�S �A�N�D �R�E�C�E�I�V�E�S �P�E�R�C�E�P�T�S��
�4�H�I�S �P�R�O�C�E�S�S �R�E�S�E�M�B�L�E�S �T�H�E �P�R�E�D�I�C�T�I�O�N�n�O�B�S�E�R�V�A�T�I�O�N�n�U�P�D�A�T�E �P�R�O�C�E�S�S �I�N �%�Q�U�A�T�I�O�N ���������	 �B�U�T �I�S
�A�C�T�U�A�L�L�Y �S�I�M�P�L�E�R �B�E�C�A�U�S�E �T�H�E �P�E�R�C�E�P�T �I�S �G�I�V�E�N �B�Y �T�H�E �E�N�V�I�R�O�N�M�E�N�T �R�A�T�H�E�R �T�H�A�N �C�A�L�C�U�L�A�T�E�D �B�Y �T�H�E
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�)�L�J�X�U�H ���������4�W�O �P�R�E�D�I�C�T�I�O�N�n�U�P�D�A�T�E �C�Y�C�L�E�S �O�F �B�E�L�I�E�F�
�S�T�A�T�E �M�A�I�N�T�E�N�A�N�C�E �I�N �T�H�E �K�I�N�D�E�R�G�A�R�T�E�N
�V�A�C�U�U�M �W�O�R�L�D �W�I�T�H �L�O�C�A�L �S�E�N�S�I�N�G��

�A�G�E�N�T�� �'�I�V�E�N �A�N �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�Eb�� �A�N �A�C�T�I�O�Na�� �A�N�D �A �P�E�R�C�E�P�To�� �T�H�E �N�E�W �B�E�L�I�E�F �S�T�A�T�E �I�S��

b� = �5�0�$�!�4�%(�0�2�%�$�)�#�4(b, a), o) . ���������	

�&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E �B�E�L�I�E�F �S�T�A�T�E �B�E�I�N�G �M�A�I�N�T�A�I�N�E�D �I�N �T�H�E�N�L�Q�G�H�U�J�D�U�W�H�Q�V�A�C�U�U�M �W�O�R�L�D �W�I�T�H
�L�O�C�A�L �S�E�N�S�I�N�G�� �W�H�E�R�E�I�N �A�N�Y �S�Q�U�A�R�E �M�A�Y �B�E�C�O�M�E �D�I�R�T�Y �A�T �A�N�Y �T�I�M�E �U�N�L�E�S�S �T�H�E �A�G�E�N�T �I�S �A�C�T�I�V�E�L�Y
�C�L�E�A�N�I�N�G �I�T �A�T �T�H�A�T �M�O�M�E�N�T������

�)�N �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�S�ˆ�W�H�I�C�H �I�N�C�L�U�D�E �T�H�E �V�A�S�T �M�A�J�O�R�I�T�Y �O�F �R�E�A�L�
�W�O�R�L�D
�E�N�V�I�R�O�N�M�E�N�T�S�ˆ�M�A�I�N�T�A�I�N�I�N�G �O�N�E���S �B�E�L�I�E�F �S�T�A�T�E �I�S �A �C�O�R�E �F�U�N�C�T�I�O�N �O�F �A�N�Y �I�N�T�E�L�L�I�G�E�N�T �S�Y�S�T�E�M��
�4�H�I�S �F�U�N�C�T�I�O�N �G�O�E�S �U�N�D�E�R �V�A�R�I�O�U�S �N�A�M�E�S�� �I�N�C�L�U�D�I�N�G�P�R�Q�L�W�R�U�L�Q�J���¿�O�W�H�U�L�Q�J�A�N�D�V�W�D�W�H �H�V�W�L�P�D��MONITORING

FILTERING �W�L�R�Q�� �%�Q�U�A�T�I�O�N ���������	 �I�S �C�A�L�L�E�D �A�U�H�F�X�U�V�L�Y�H�S�T�A�T�E �E�S�T�I�M�A�T�O�R �B�E�C�A�U�S�E �I�T �C�O�M�P�U�T�E�S �T�H�E �N�E�W �B�E�L�I�E�F
STATE ESTIMATION

RECURSIVE

�S�T�A�T�E �F�R�O�M �T�H�E �P�R�E�V�I�O�U�S �O�N�E �R�A�T�H�E�R �T�H�A�N �B�Y �E�X�A�M�I�N�I�N�G �T�H�E �E�N�T�I�R�E �P�E�R�C�E�P�T �S�E�Q�U�E�N�C�E�� �)�F �T�H�E �A�G�E�N�T
�I�S �N�O�T �T�O �h�F�A�L�L �B�E�H�I�N�D���v �T�H�E �C�O�M�P�U�T�A�T�I�O�N �H�A�S �T�O �H�A�P�P�E�N �A�S �F�A�S�T �A�S �P�E�R�C�E�P�T�S �A�R�E �C�O�M�I�N�G �I�N�� �!�S
�T�H�E �E�N�V�I�R�O�N�M�E�N�T �B�E�C�O�M�E�S �M�O�R�E �C�O�M�P�L�E�X�� �T�H�E �E�X�A�C�T �U�P�D�A�T�E �C�O�M�P�U�T�A�T�I�O�N �B�E�C�O�M�E�S �I�N�F�E�A�S�I�B�L�E
�A�N�D �T�H�E �A�G�E�N�T �W�I�L�L �H�A�V�E �T�O �C�O�M�P�U�T�E �A�N �A�P�P�R�O�X�I�M�A�T�E �B�E�L�I�E�F �S�T�A�T�E�� �P�E�R�H�A�P�S �F�O�C�U�S�I�N�G �O�N �T�H�E �I�M�

�P�L�I�C�A�T�I�O�N�S �O�F �T�H�E �P�E�R�C�E�P�T �F�O�R �T�H�E �A�S�P�E�C�T�S �O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T �T�H�A�T �A�R�E �O�F �C�U�R�R�E�N�T �I�N�T�E�R�E�S�T�� �-�O�S�T
�W�O�R�K �O�N �T�H�I�S �P�R�O�B�L�E�M �H�A�S �B�E�E�N �D�O�N�E �F�O�R �S�T�O�C�H�A�S�T�I�C�� �C�O�N�T�I�N�U�O�U�S�
�S�T�A�T�E �E�N�V�I�R�O�N�M�E�N�T�S �W�I�T�H �T�H�E
�T�O�O�L�S �O�F �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y�� �A�S �E�X�P�L�A�I�N�E�D �I�N �#�H�A�P�T�E�R ������ �(�E�R�E �W�E �W�I�L�L �S�H�O�W �A�N �E�X�A�M�P�L�E �I�N �A
�D�I�S�C�R�E�T�E �E�N�V�I�R�O�N�M�E�N�T �W�I�T�H �D�E�T�R�M�I�N�I�S�T�I�C �S�E�N�S�O�R�S �A�N�D �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �A�C�T�I�O�N�S��

�4�H�E �E�X�A�M�P�L�E �C�O�N�C�E�R�N�S �A �R�O�B�O�T �W�I�T�H �T�H�E �T�A�S�K �O�F�O�R�F�D�O�L�]�D�W�L�R�Q�� �W�O�R�K�I�N�G �O�U�T �W�H�E�R�E �I�T �I�S��LOCALIZATION

�G�I�V�E�N �A �M�A�P �O�F �T�H�E �W�O�R�L�D �A�N�D �A �S�E�Q�U�E�N�C�E �O�F �P�E�R�C�E�P�T�S �A�N�D �A�C�T�I�O�N�S�� �/�U�R �R�O�B�O�T �I�S �P�L�A�C�E�D �I�N �T�H�E
�M�A�Z�E�
�L�I�K�E �E�N�V�I�R�O�N�M�E�N�T �O�F �&�I�G�U�R�E ���������� �4�H�E �R�O�B�O�T �I�S �E�Q�U�I�P�P�E�D �W�I�T�H �F�O�U�R �S�O�N�A�R �S�E�N�S�O�R�S �T�H�A�T
�T�E�L�L �W�H�E�T�H�E�R �T�H�E�R�E �I�S �A�N �O�B�S�T�A�C�L�E�ˆ�T�H�E �O�U�T�E�R �W�A�L�L �O�R �A �B�L�A�C�K �S�Q�U�A�R�E �I�N �T�H�E �l�G�U�R�E�ˆ�I�N �E�A�C�H �O�F
�T�H�E �F�O�U�R �C�O�M�P�A�S�S �D�I�R�E�C�T�I�O�N�S�� �7�E �A�S�S�U�M�E �T�H�A�T �T�H�E �S�E�N�S�O�R�S �G�I�V�E �P�E�R�F�E�C�T�L�Y �C�O�R�R�E�C�T �D�A�T�A�� �A�N�D �T�H�A�T
�T�H�E �R�O�B�O�T �H�A�S �A �C�O�R�R�E�C�T �M�A�P �O�F �T�H�E �E�N�V�I�O�R�N�M�E�N�T�� �"�U�T �U�N�F�O�R�T�U�N�A�T�E�L�Y �T�H�E �R�O�B�O�T���S �N�A�V�I�G�A�T�I�O�N�A�L
�S�Y�S�T�E�M �I�S �B�R�O�K�E�N�� �S�O �W�H�E�N �I�T �E�X�E�C�U�T�E�S �AMove �A�C�T�I�O�N�� �I�T �M�O�V�E�S �R�A�N�D�O�M�L�Y �T�O �O�N�E �O�F �T�H�E �A�D�J�A�C�E�N�T
�S�Q�U�A�R�E�S�� �4�H�E �R�O�B�O�T���S �T�A�S�K �I�S �T�O �D�E�T�E�R�M�I�N�E �I�T�S �C�U�R�R�E�N�T �L�O�C�A�T�I�O�N��

�3�U�P�P�O�S�E �T�H�E �R�O�B�O�T �H�A�S �J�U�S�T �B�E�E�N �S�W�I�T�C�H�E�D �O�N�� �S�O �I�T �D�O�E�S �N�O�T �K�N�O�W �W�H�E�R�E �I�T �I�S�� �4�H�U�S �I�T�S
�I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�Eb �C�O�N�S�I�S�T�S �O�F �T�H�E �S�E�T �O�F �A�L�L �L�O�C�A�T�I�O�N�S�� �4�H�E �T�H�E �R�O�B�O�T �R�E�C�E�I�V�E�S �T�H�E �P�E�R�C�E�P�T

12 �4�H�E �U�S�U�A�L �A�P�O�L�O�G�I�E�S �T�O �T�H�O�S�E �W�H�O �A�R�E �U�N�F�A�M�I�L�I�A�R �W�I�T�H �T�H�E �E�F�F�E�C�T �O�F �S�M�A�L�L �C�H�I�L�D�R�E�N �O�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T��



������ �#�H�A�P�T�E�R ���� �"�E�Y�O�N�D �#�L�A�S�S�I�C�A�L �3�E�A�R�C�H

���A�	 �0�O�S�S�I�B�L�E �L�O�C�A�T�I�O�N�S �O�F �R�O�B�O�T �A�F�T�E�RE1 = NSW

���B�	 �0�O�S�S�I�B�L�E �L�O�C�A�T�I�O�N�S �O�F �R�O�B�O�T �!�F�T�E�RE1 = NSW, E2 = NS

�)�L�J�X�U�H ���������0�O�S�S�I�B�L�E �P�O�S�I�T�I�O�N�S �O�F �T�H�E �R�O�B�O�T��	 �� ���A�	 �A�F�T�E�R �O�N�E �O�B�S�E�R�V�A�T�I�O�NE1 = NSW �A�N�D
���B�	 �A�F�T�E�R �A �S�E�C�O�N�D �O�B�S�E�R�V�A�T�I�O�NE2 = NS�� �7�H�E�N �S�E�N�S�O�R�S �A�R�E �N�O�I�S�E�L�E�S�S �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L
�I�S �A�C�C�U�R�A�T�E�� �T�H�E�R�E �A�R�E �N�O �O�T�H�E�R �P�O�S�S�I�B�L�E �L�O�C�A�T�I�O�N�S �F�O�R �T�H�E �R�O�B�O�T �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�I�S �S�E�Q�U�E�N�C�E
�O�F �T�W�O �O�B�S�E�R�V�A�T�I�O�N�S��

�1�6�:�� �M�E�A�N�I�N�G �T�H�E�R�E �A�R�E �O�B�S�T�A�C�L�E�S �T�O �T�H�E �N�O�R�T�H�� �W�E�S�T�� �A�N�D �S�O�U�T�H�� �A�N�D �D�O�E�S �A�N �U�P�D�A�T�E �U�S�I�N�G �T�H�E
�E�Q�U�A�T�I�O�Nbo = �5�0�$�!�4�%(b)�� �Y�I�E�L�D�I�N�G �T�H�E �� �L�O�C�A�T�I�O�N�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������A�	�� �9�O�U �C�A�N �I�N�S�P�E�C�T
�T�H�E �M�A�Z�E �T�O �S�E�E �T�H�A�T �T�H�O�S�E �A�R�E �T�H�E �O�N�L�Y �F�O�U�R �L�O�C�A�T�I�O�N�S �T�H�A�T �Y�I�E�L�D �T�H�E �P�E�R�C�E�P�TNWS��

�.�E�X�T �T�H�E �R�O�B�O�T �E�X�E�C�U�T�E�S �AMove �A�C�T�I�O�N�� �B�U�T �T�H�E �R�E�S�U�L�T �I�S �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C�� �4�H�E �N�E�W �B�E�

�L�I�E�F �S�T�A�T�E��ba = �0�2�%�$�)�#�4(bo, Move)�� �C�O�N�T�A�I�N�S �A�L�L �T�H�E �L�O�C�A�T�I�O�N�S �T�H�A�T �A�R�E �O�N�E �S�T�E�P �A�W�A�Y �F�R�O�M �T�H�E
�L�O�C�A�T�I�O�N�S �I�Nbo�� �7�H�E�N �T�H�E �S�E�C�O�N�D �P�E�R�C�E�P�T��NS�� �A�R�R�I�V�E�S�� �T�H�E �R�O�B�O�T �D�O�E�S �5�0�$�!�4�%(ba, NS) �A�N�D
�l�N�D�S �T�H�A�T �T�H�E �B�E�L�I�E�F �S�T�A�T�E �H�A�S �C�O�L�L�A�P�S�E�D �D�O�W�N �T�O �T�H�E �S�I�N�G�L�E �L�O�C�A�T�I�O�N �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	��
�4�H�A�T���S �T�H�E �O�N�L�Y �L�O�C�A�T�I�O�N �T�H�A�T �C�O�U�L�D �B�E �T�H�E �R�E�S�U�L�T �O�F
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�I�Sa1�� �B�E�C�A�U�S�E �I�T �L�E�A�D�S �T�O �T�H�E �S�T�A�T�E �W�I�T�H �T�H�E �H�I�G�H�E�S�T �M�I�N�I�M�A�X �V�A�L�U�E�� �A�N�D�-�)�. ���S �B�E�S�T �R�E�P�L�Y �I�Sb1��
�B�E�C�A�U�S�E �I�T �L�E�A�D�S �T�O �T�H�E �S�T�A�T�E �W�I�T�H �T�H�E �L�O�W�E�S�T �M�I�N�I�M�A�X �V�A�L�U�E��

�-�)�. �� �T�H�E�N�-�!�8 ���S�M�O�V�E�S �I�N �T�H�E �S�T�A�T�E�S �R�E�S�U�L�T�I�N�G �F�R�O�M �E�V�E�R�Y �P�O�S�S�I�B�L�E �R�E�S�P�O�N�S�E �B�Y�-�)�. �T�O�W�K�R�V�H
�M�O�V�E�S�� �A�N�D �S�O �O�N�� �4�H�I�S �I�S �E�X�A�C�T�L�Y �A�N�A�L�O�G�O�U�S �T�O �T�H�E�!�.�$ �n�/�2 �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M ���&�I�G�U�R�E ���������	
�W�I�T�H�-�!�8 �P�L�A�Y�I�N�G �T�H�E �R�O�L�E �O�F�/�2 �A�N�D�-�)�. �E�Q�U�I�V�A�L�E�N�T �T�O�!�.�$ �� �2�O�U�G�H�L�Y �S�P�E�A�K�I�N�G�� �A�N �O�P�T�I�M�A�L
�S�T�R�A�T�E�G�Y �L�E�A�D�S �T�O �O�U�T�C�O�M�E�S �A�T �L�E�A�S�T �A�S �G�O�O�D �A�S �A�N�Y �O�T�H�E�R �S�T�R�A�T�E�G�Y �W�H�E�N �O�N�E �I�S �P�L�A�Y�I�N�G �A�N
�I�N�F�A�L�L�I�B�L�E �O�P�P�O�N�E�N�T�� �7�E �B�E�G�I�N �B�Y �S�H�O�W�I�N�G �H�O�W �T�O �l�N�D �T�H�I�S �O�P�T�I�M�A�L �S�T�R�A�T�E�G�Y��

�%�V�E�N �A �S�I�M�P�L�E �G�A�M�E �L�I�K�E �T�I�C�
�T�A�C�
�T�O�E �I�S �T�O�O �C�O�M�P�L�E�X �F�O�R �U�S �T�O �D�R�A�W �T�H�E �E�N�T�I�R�E �G�A�M�E �T�R�E�E
�O�N �O�N�E �P�A�G�E�� �S�O �W�E �W�I�L�L �S�W�I�T�C�H �T�O �T�H�E �T�R�I�V�I�A�L �G�A�M�E �I�N �&�I�G�U�R�E �������� �4�H�E �P�O�S�S�I�B�L�E �M�O�V�E�S �F�O�R�-�!�8

�A�T �T�H�E �R�O�O�T �N�O�D�E �A�R�E �L�A�B�E�L�E�Da1��a2�� �A�N�Da3�� �4�H�E �P�O�S�S�I�B�L�E �R�E�P�L�I�E�S �T�Oa1 �F�O�R�-�)�. �A�R�Eb1��b2��
b3�� �A�N�D �S�O �O�N�� �4�H�I�S �P�A�R�T�I�C�U�L�A�R �G�A�M�E �E�N�D�S �A�F�T�E�R �O�N�E �M�O�V�E �E�A�C�H �B�Y�-�!�8 �A�N�D�-�)�. �� ���)�N �G�A�M�E
�P�A�R�L�A�N�C�E�� �W�E �S�A�Y �T�H�A�T �T�H�I�S �T�R�E�E �I�S �O�N�E �M�O�V�E �D�E�E�P�� �C�O�N�S�I�S�T�I�N�G �O�F �T�W�O �H�A�L�F�
�M�O�V�E�S�� �E�A�C�H �O�F �W�H�I�C�H
�I�S �C�A�L�L�E�D �A�S�O�\���	 �4�H�E �U�T�I�L�I�T�I�E�S �O�F �T�H�E �T�E�R�M�I�N�A�L �S�T�A�T�E�S �I�N �T�H�I�S �G�A�M�E �R�A�N�G�E �F�R�O�M �� �T�O ������PLY

�'�I�V�E�N �A �G�A�M�E �T�R�E�E�� �T�H�E �O�P�T�I�M�A�L �S�T�R�A�T�E�G�Y �C�A�N �B�E �D�E�T�E�R�M�I�N�E�D �F�R�O�M �T�H�E�P�L�Q�L�P�D�[ �Y�D�O�X�HMINIMAX VALUE

�O�F �E�A�C�H �N�O�D�E�� �W�H�I�C�H �W�E �W�R�I�T�E �A�S �-�)�.�)�-�!�8 (n)�� �4�H�E �M�I�N�I�M�A�X �V�A�L�U�E �O�F �A �N�O�D�E �I�S �T�H�E �U�T�I�L�I�T�Y
���F�O�R�-�!�8 �	 �O�F �B�E�I�N�G �I�N �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �S�T�A�T�E���D�V�V�X�P�L�Q�J �W�K�D�W �E�R�W�K �S�O�D�\�H�U�V �S�O�D�\ �R�S�W�L�P�D�O�O�\
�F�R�O�M �T�H�E�R�E �T�O �T�H�E �E�N�D �O�F �T�H�E �G�A�M�E�� �/�B�V�I�O�U�S�L�Y�� �T�H�E �M�I�N�I�M�A�X �V�A�L�U�E �O�F �A �T�E�R�M�I�N�A�L �S�T�A�T�E �I�S �J�U�S�T
�I�T�S �U�T�I�L�I�T�Y�� �&�U�R�T�H�E�R�M�O�R�E�� �G�I�V�E�N �A �C�H�O�I�C�E�� �-�!�8 �P�R�E�F�E�R�S �T�O �M�O�V�E �T�O �A �S�T�A�T�E �O�F �M�A�X�I�M�U�M �V�A�L�U�E��
�W�H�E�R�E�A�S �-�)�. �P�R�E�F�E�R�S �A �S�T�A�T�E �O�F �M�I�N�I�M�U�M �V�A�L�U�E�� �3�O �W�E �H�A�V�E �T�H�E �F�O�L�L�O�W�I�N�G��

�- �)�.�)�-�!�8 (s) =
8
<

:

�5�4�)�,�)�4�9(s) �I�F �4�%�2�-�)�.�!�,�
�4�%�3�4(s)
maxa2Actions (s) �- �)�.�)�-�!�8 (�2�%�3�5�,�4(s; a)) �I�F �0�,�!�9�%�2(s) = �-�!�8

mina2Actions (s) �- �)�.�)�-�!�8 (�2�%�3�5�,�4(s; a)) �I�F �0�,�!�9�%�2(s) = �-�)�.

�,�E�T �U�S �A�P�P�L�Y �T�H�E�S�E �D�E�l�N�I�T�I�O�N�S �T�O �T�H�E �G�A�M�E �T�R�E�E �I�N �&�I�G�U�R�E �������� �4�H�E �T�E�R�M�I�N�A�L �N�O�D�E�S �O�N �T�H�E �B�O�T�T�O�M
�L�E�V�E�L �G�E�T �T�H�E�I�R �U�T�I�L�I�T�Y �V�A�L�U�E�S �F�R�O�M �T�H�E �G�A�M�E���S �5�4�)�,�)�4�9�F�U�N�C�T�I�O�N�� �4�H�E �l�R�S�T�-�)�. �N�O�D�E�� �L�A�B�E�L�E�D
B �� �H�A�S �T�H�R�E�E �S�U�C�C�E�S�S�O�R �S�T�A�T�E�S �W�I�T�H �V�A�L�U�E�S ���� ������ �A�N�D ���� �S�O �I�T�S �M�I�N�I�M�A�X �V�A�L�U�E �I�S ���� �3�I�M�I�L�A�R�L�Y��
�T�H�E �O�T�H�E�R �T�W�O�-�)�. �N�O�D�E�S �H�A�V�E �M�I�N�I�M�A�X �V�A�L�U�E ���� �4�H�E �R�O�O�T �N�O�D�E �I�S �A�-�!�8 �N�O�D�E�� �I�T�S �S�U�C�C�E�S�S�O�R
�S�T�A�T�E�S �H�A�V�E �M�I�N�I�M�A�X �V�A�L�U�E�S ���� ���� �A�N�D ���� �S�O �I�T �H�A�S �A �M�I�N�I�M�A�X �V�A�L�U�E �O�F ���� �7�E �C�A�N �A�L�S�O �I�D�E�N�T�I�F�Y



�3�E�C�T�I�O�N �������� �/�P�T�I�M�A�L �$�E�C�I�S�I�O�N�S �I�N �'�A�M�E�S ������

�T�H�E�P�L�Q�L�P�D�[ �G�H�F�L�V�L�R�Q�A�T �T�H�E �R�O�O�T�� �A�C�T�I�O�Na1 �I�S �T�H�E �O�P�T�I�M�A�L �C�H�O�I�C�E �F�O�R�-�!�8 �B�E�C�A�U�S�E �I�T �L�E�A�D�S �T�OMINIMAX DECISION

�T�H�E �S�T�A�T�E �W�I�T�H �T�H�E �H�I�G�H�E�S�T �M�I�N�I�M�A�X �V�A�L�U�E��
�4�H�I�S �D�E�l�N�I�T�I�O�N �O�F �O�P�T�I�M�A�L �P�L�A�Y �F�O�R�-�!�8 �A�S�S�U�M�E�S �T�H�A�T�-�)�. �A�L�S�O �P�L�A�Y�S �O�P�T�I�M�A�L�L�Y�ˆ�I�T

�M�A�X�I�M�I�Z�E�S �T�H�E�Z�R�U�V�W���F�D�V�H�O�U�T�C�O�M�E �F�O�R�-�!�8 �� �7�H�A�T �I�F�-�)�. �D�O�E�S �N�O�T �P�L�A�Y �O�P�T�I�M�A�L�L�Y�� �4�H�E�N �I�T �I�S
�E�A�S�Y �T�O �S�H�O�W ���%�X�E�R�C�I�S�E �������	 �T�H�A�T�-�!�8 �W�I�L�L �D�O �E�V�E�N �B�E�T�T�E�R�� �/�T�H�E�R �S�T�R�A�T�E�G�I�E�S �A�G�A�I�N�S�T �S�U�B�O�P�T�I�M�A�L
�O�P�P�O�N�E�N�T�S �M�A�Y �D�O �B�E�T�T�E�R �T�H�A�N �T�H�E �M�I�N�I�M�A�X �S�T�R�A�T�E�G�Y�� �B�U�T �T�H�E�S�E �S�T�R�A�T�E�G�I�E�S �N�E�C�E�S�S�A�R�I�L�Y �D�O �W�O�R�S�E
�A�G�A�I�N�S�T �O�P�T�I�M�A�L �O�P�P�O�N�E�N�T�S��

���������� �7�K�H �P�L�Q�L�P�D�[ �D�O�J�R�U�L�W�K�P

�4�H�E�P�L�Q�L�P�D�[ �D�O�J�R�U�L�W�K�P���&�I�G�U�R�E �������	 �C�O�M�P�U�T�E�S �T�H�E �M�I�N�I�M�A�X �D�E�C�I�S�I�O�N �F�R�O�M �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E��MINIMAX ALGORITHM

�)�T �U�S�E�S �A �S�I�M�P�L�E �R�E�C�U�R�S�I�V�E �C�O�M�P�U�T�A�T�I�O�N �O�F �T�H�E �M�I�N�I�M�A�X �V�A�L�U�E�S �O�F �E�A�C�H �S�U�C�C�E�S�S�O�R �S�T�A�T�E�� �D�I�R�E�C�T�L�Y
�I�M�P�L�E�M�E�N�T�I�N�G �T�H�E �D�E�l�N�I�N�G �E�Q�U�A�T�I�O�N�S�� �4�H�E �R�E�C�U�R�S�I�O�N �P�R�O�C�E�E�D�S �A�L�L �T�H�E �W�A�Y �D�O�W�N �T�O �T�H�E �L�E�A�V�E�S
�O�F �T�H�E �T�R�E�E�� �A�N�D �T�H�E�N �T�H�E �M�I�N�I�M�A�X �V�A�L�U�E�S �A�R�E�E�D�F�N�H�G �X�S�T�H�R�O�U�G�H �T�H�E �T�R�E�E �A�S �T�H�E �R�E�C�U�R�S�I�O�N
�U�N�W�I�N�D�S�� �&�O�R �E�X�A�M�P�L�E�� �I�N �&�I�G�U�R�E �������� �T�H�E �A�L�G�O�R�I�T�H�M �l�R�S�T �R�E�C�U�R�S�E�S �D�O�W�N �T�O �T�H�E �T�H�R�E�E �B�O�T�T�O�M�

�L�E�F�T �N�O�D�E�S �A�N�D �U�S�E�S �T�H�E �5�4�)�,�)�4�9�F�U�N�C�T�I�O�N �O�N �T�H�E�M �T�O �D�I�S�C�O�V�E�R �T�H�A�T �T�H�E�I�R �V�A�L�U�E�S �A�R�E ���� ������ �A�N�D
���� �R�E�S�P�E�C�T�I�V�E�L�Y�� �4�H�E�N �I�T �T�A�K�E�S �T�H�E �M�I�N�I�M�U�M �O�F �T�H�E�S�E �V�A�L�U�E�S�� ���� �A�N�D �R�E�T�U�R�N�S �I�T �A�S �T�H�E �B�A�C�K�E�D�

�U�P �V�A�L�U�E �O�F �N�O�D�EB �� �! �S�I�M�I�L�A�R �P�R�O�C�E�S�S �G�I�V�E�S �T�H�E �B�A�C�K�E�D�
�U�P �V�A�L�U�E�S �O�F �� �F�O�RC �A�N�D �� �F�O�RD ��
�&�I�N�A�L�L�Y�� �W�E �T�A�K�E �T�H�E �M�A�X�I�M�U�M �O�F ���� ���� �A�N�D �� �T�O �G�E�T �T�H�E �B�A�C�K�E�D�
�U�P �V�A�L�U�E �O�F �� �F�O�R �T�H�E �R�O�O�T �N�O�D�E��

�4�H�E �M�I�N�I�M�A�X �A�L�G�O�R�I�T�H�M �P�E�R�F�O�R�M�S �A �C�O�M�P�L�E�T�E �D�E�P�T�H�
�l�R�S�T �E�X�P�L�O�R�A�T�I�O�N �O�F �T�H�E �G�A�M�E �T�R�E�E��
�)�F �T�H�E �M�A�X�I�M�U�M �D�E�P�T�H �O�F �T�H�E �T�R�E�E �I�Sm �A�N�D �T�H�E�R�E �A�R�Eb �L�E�G�A�L �M�O�V�E�S �A�T �E�A�C�H �P�O�I�N�T�� �T�H�E�N �T�H�E
�T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �M�I�N�I�M�A�X �A�L�G�O�R�I�T�H�M �I�SO(bm )�� �4�H�E �S�P�A�C�E �C�O�M�P�L�E�X�I�T�Y �I�SO(bm) �F�O�R �A�N
�A�L�G�O�R�I�T�H�M �T�H�A�T �G�E�N�E�R�A�T�E�S �A�L�L �A�C�T�I�O�N�S �A�T �O�N�C�E�� �O�RO(m) �F�O�R �A�N �A�L�G�O�R�I�T�H�M �T�H�A�T �G�E�N�E�R�A�T�E�S �A�C�T�I�O�N�S
�O�N�E �A�T �A �T�I�M�E ���S�E�E �P�A�G�E �����	�� �&�O�R �R�E�A�L �G�A�M�E�S�� �O�F �C�O�U�R�S�E�� �T�H�E �T�I�M�E �C�O�S�T �I�S �T�O�T�A�L�L�Y �I�M�P�R�A�C�T�I�C�A�L��
�B�U�T �T�H�I�S �A�L�G�O�R�I�T�H�M �S�E�R�V�E�S �A�S �T�H�E �B�A�S�I�S �F�O�R �T�H�E �M�A�T�H�E�M�A�T�I�C�A�L �A�N�A�L�Y�S�I�S �O�F �G�A�M�E�S �A�N�D �F�O�R �M�O�R�E
�P�R�A�C�T�I�C�A�L �A�L�G�O�R�I�T�H�M�S��

���������� �2�S�W�L�P�D�O �G�H�F�L�V�L�R�Q�V �L�Q �P�X�O�W�L�S�O�D�\�H�U �J�D�P�H�V

�-�A�N�Y �P�O�P�U�L�A�R �G�A�M�E�S �A�L�L�O�W �M�O�R�E �T�H�A�N �T�W�O �P�L�A�Y�E�R�S�� �,�E�T �U�S �E�X�A�M�I�N�E �H�O�W �T�O �E�X�T�E�N�D �T�H�E �M�I�N�I�M�A�X
�I�D�E�A �T�O �M�U�L�T�I�P�L�A�Y�E�R �G�A�M�E�S�� �4�H�I�S �I�S �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �F�R�O�M �T�H�E �T�E�C�H�N�I�C�A�L �V�I�E�W�P�O�I�N�T�� �B�U�T �R�A�I�S�E�S
�S�O�M�E �I�N�T�E�R�E�S�T�I�N�G �N�E�W �C�O�N�C�E�P�T�U�A�L �I�S�S�U�E�S��

�&�I�R�S�T�� �W�E �N�E�E�D �T�O �R�E�P�L�A�C�E �T�H�E �S�I�N�G�L�E �V�A�L�U�E �F�O�R �E�A�C�H �N�O�D�E �W�I�T�H �A�Y�H�F�W�R�U�O�F �V�A�L�U�E�S�� �&�O�R
�E�X�A�M�P�L�E�� �I�N �A �T�H�R�E�E�
�P�L�A�Y�E�R �G�A�M�E �W�I�T�H �P�L�A�Y�E�R�SA��B �� �A�N�DC�� �A �V�E�C�T�O�RhvA ; vB ; vC i �I�S �A�S�S�O�C�I�A�T�E�D
�W�I�T�H �E�A�C�H �N�O�D�E�� �&�O�R �T�E�R�M�I�N�A�L �S�T�A�T�E�S�� �T�H�I�S �V�E�C�T�O�R �G�I�V�E�S �T�H�E �U�T�I�L�I�T�Y �O�F �T�H�E �S�T�A�T�E �F�R�O�M �E�A�C�H �P�L�A�Y�E�R���S
�V�I�E�W�P�O�I�N�T�� ���)�N �T�W�O�
�P�L�A�Y�E�R�� �Z�E�R�O�
�S�U�M �G�A�M�E�S�� �T�H�E �T�W�O�
�E�L�E�M�E�N�T �V�E�C�T�O�R �C�A�N �B�E �R�E�D�U�C�E�D �T�O �A �S�I�N�G�L�E
�V�A�L�U�E �B�E�C�A�U�S�E �T�H�E �V�A�L�U�E�S �A�R�E �A�L�W�A�Y�S �O�P�P�O�S�I�T�E���	 �4�H�E �S�I�M�P�L�E�S�T �W�A�Y �T�O �I�M�P�L�E�M�E�N�T �T�H�I�S �I�S �T�O �H�A�V�E
�T�H�E �5�4�)�,�)�4�9�F�U�N�C�T�I�O�N �R�E�T�U�R�N �A �V�E�C�T�O�R �O�F �U�T�I�L�I�T�I�E�S��

�.�O�W �W�E �H�A�V�E �T�O �C�O�N�S�I�D�E�R �N�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S�� �#�O�N�S�I�D�E�R �T�H�E �N�O�D�E �M�A�R�K�E�DX �I�N �T�H�E �G�A�M�E
�T�R�E�E �S�H�O�W�N �I�N �&�I�G�U�R�E �������� �)�N �T�H�A�T �S�T�A�T�E�� �P�L�A�Y�E�RC �C�H�O�O�S�E�S �W�H�A�T �T�O �D�O�� �4�H�E �T�W�O �C�H�O�I�C�E�S �L�E�A�D
�T�O �T�E�R�M�I�N�A�L �S�T�A�T�E�S �W�I�T�H �U�T�I�L�I�T�Y �V�E�C�T�O�R�ShvA = 1 ; vB = 2 ; vC = 6 i �A�N�DhvA = 4 ; vB = 2 ; vC = 3 i ��
�3�I�N�C�E �� �I�S �B�I�G�G�E�R �T�H�A�N ����C �S�H�O�U�L�D �C�H�O�O�S�E �T�H�E �l�R�S�T �M�O�V�E�� �4�H�I�S �M�E�A�N�S �T�H�A�T �I�F �S�T�A�T�EX �I�S �R�E�A�C�H�E�D��
�S�U�B�S�E�Q�U�E�N�T �P�L�A�Y �W�I�L�L �L�E�A�D �T�O �A �T�E�R�M�I�N�A�L �S�T�A�T�E �W�I�T�H �U�T�I�L�I�T�I�E�ShvA = 1 ; vB = 2 ; vC = 6 i �� �(�E�N�C�E��
�T�H�E �B�A�C�K�E�D�
�U�P �V�A�L�U�E �O�FX �I�S �T�H�I�S �V�E�C�T�O�R�� �4�H�E �B�A�C�K�E�D�
�U�P �V�A�L�U�E �O�F �A �N�O�D�En �I�S �A�L�W�A�Y�S �T�H�E �U�T�I�L�I�T�Y



������ �#�H�A�P�T�E�R ���� �!�D�V�E�R�S�A�R�I�A�L �3�E�A�R�C�H

�I�X�Q�F�W�L�R�Q�- �)�.�)�-�! �8�
�$�%�#�)�3�)�/�.��state�	�U�H�W�X�U�Q�Van action
�U�H�W�X�U�Qarg maxa 2 �! �#�4�)�/�.�3(s) �- �)�.�
�6�!�,�5�%���2�%�3�5�,�4��state��a�	�	

�I�X�Q�F�W�L�R�Q�- �!�8 �
�6�!�,�5 �%��state�	�U�H�W�X�U�Q�Va utility value
�L�I�4�%�2�-�)�.�!�,�
�4�%�3�4��state�	�W�K�H�Q �U�H�W�X�U�Q�5�4�)�,�)�4�9��state�	
v  �1
�I�R�U �H�D�F�Ka �L�Q�! �#�4�)�/�.�3��state�	�G�R

v  �- �!�8 ��v�� �- �)�.�
�6�!�,�5�%���2�%�3�5�,�4��s��a�	�	�	
�U�H�W�X�U�Qv

�I�X�Q�F�W�L�R�Q�- �)�.�
�6�!�,�5 �%��state�	 �U�H�W�X�U�Q�Va utility value
�L�I�4�%�2�-�)�.�!�,�
�4�%�3�4��state�	�W�K�H�Q �U�H�W�X�U�Q�5�4�)�,�)�4�9��state�	
v  1
�I�R�U �H�D�F�Ka �L�Q�! �#�4�)�/�.�3��state�	�G�R

v  �- �)�.��v�� �- �!�8 �
�6�!�,�5�%���2�%�3�5�,�4��s��a�	�	�	
�U�H�W�X�U�Qv

�)�L�J�X�U�H �������!�N �A�L�G�O�R�I�T�H�M �F�O�R �C�A�L�C�U�L�A�T�I�N�G �M�I�N�I�M�A�X �D�E�C�I�S�I�O�N�S�� �)�T �R�E�T�U�R�N�S �T�H�E �A�C�T�I�O�N �C�O�R�R�E�

�S�P�O�N�D�I�N�G �T�O �T�H�E �B�E�S�T �P�O�S�S�I�B�L�E �M�O�V�E�� �T�H�A�T �I�S�� �T�H�E �M�O�V�E �T�H�A�T �L�E�A�D�S �T�O �T�H�E �O�U�T�C�O�M�E �W�I�T�H �T�H�E
�B�E�S�T �U�T�I�L�I�T�Y�� �U�N�D�E�R �T�H�E �A�S�S�U�M�P�T�I�O�N �T�H�A�T �T�H�E �O�P�P�O�N�E�N�T �P�L�A�Y�S �T�O �M�I�N�I�M�I�Z�E �U�T�I�L�I�T�Y�� �4�H�E �F�U�N�C�T�I�O�N�S
�- �!�8 �
�6�!�,�5�%�A�N�D �-�)�.�
�6�!�,�5�%�G�O �T�H�R�O�U�G�H �T�H�E �W�H�O�L�E �G�A�M�E �T�R�E�E�� �A�L�L �T�H�E �W�A�Y �T�O �T�H�E �L�E�A�V�E�S��
�T�O �D�E�T�E�R�M�I�N�E �T�H�E �B�A�C�K�E�D�
�U�P �V�A�L�U�E �O�F �A �S�T�A�T�E�� �4�H�E �N�O�T�A�T�I�O�Nargmaxa 2 S f (a) �C�O�M�P�U�T�E�S �T�H�E
�E�L�E�M�E�N�Ta �O�F �S�E�TS �T�H�A�T �H�A�S �T�H�E �M�A�X�I�M�U�M �V�A�L�U�E �O�Ff (a)��
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�)�L�J�X�U�H �������4�H�E �l�R�S�T �T�H�R�E�E �P�L�I�E�S �O�F �A �G�A�M�E �T�R�E�E �W�I�T�H �T�H�R�E�E �P�L�A�Y�E�R�S ��A��B ��C�	�� �%�A�C�H �N�O�D�E �I�S
�L�A�B�E�L�E�D �W�I�T�H �V�A�L�U�E�S �F�R�O�M �T�H�E �V�I�E�W�P�O�I�N�T �O�F �E�A�C�H �P�L�A�Y�E�R�� �4�H�E �B�E�S�T �M�O�V�E �I�S �M�A�R�K�E�D �A�T �T�H�E �R�O�O�T��

�V�E�C�T�O�R �O�F �T�H�E �S�U�C�C�E�S�S�O�R �S�T�A�T�E �W�I�T�H �T�H�E �H�I�G�H�E�S�T �V�A�L�U�E �F�O�R �T�H�E �P�L�A�Y�E�R�C�H�O�O�S�I�N�G �A�Tn�� �!�N�Y�O�N�E
�W�H�O �P�L�A�Y�S �M�U�L�T�I�P�L�A�Y�E�R �G�A�M�E�S�� �S�U�C�H �A�S �$�I�P�L�O�M�A�C�Y�� �Q�U�I�C�K�L�Y �B�E�C�O�M�E�S �A�W�A�R�E �T�H�A�T �M�U�C�H �M�O�R�E
�I�S �G�O�I�N�G �O�N �T�H�A�N �I�N �T�W�O�
�P�L�A�Y�E�R �G�A�M�E�S�� �-�U�L�T�I�P�L�A�Y�E�R �G�A�M�E�S �U�S�U�A�L�L�Y �I�N�V�O�L�V�E�D�O�O�L�D�Q�F�H�V�� �W�H�E�T�H�E�RALLIANCE

�F�O�R�M�A�L �O�R �I�N�F�O�R�M�A�L�� �A�M�O�N�G �T�H�E �P�L�A�Y�E�R�S�� �!�L�L�I�A�N�C�E�S �A�R�E �M�A�D�E �A�N�D �B�R�O�K�E�N �A�S �T�H�E �G�A�M�E �P�R�O�C�E�E�D�S��
�(�O�W �A�R�E �W�E �T�O �U�N�D�E�R�S�T�A�N�D �S�U�C�H �B�E�H�A�V�I�O�R�� �!�R�E �A�L�L�I�A�N�C�E�S �A �N�A�T�U�R�A�L �C�O�N�S�E�Q�U�E�N�C�E �O�F �O�P�T�I�M�A�L
�S�T�R�A�T�E�G�I�E�S �F�O�R �E�A�C�H �P�L�A�Y�E�R �I�N �A �M�U�L�T�I�P�L�A�Y�E�R �G�A�M�E�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�E�Y �C�A�N �B�E�� �&�O�R �E�X�A�M�P�L�E��



�3�E�C�T�I�O�N �������� �!�L�P�H�A�n�"�E�T�A �0�R�U�N�I�N�G ������

�S�U�P�P�O�S�EA �A�N�DB �A�R�E�I�N �W�E�A�K �P�O�S�I�T�I�O�N�S �A�N�DC �I�S �I�N �A �S�T�R�O�N�G�E�R �P�O�S�I�T�I�O�N�� �4�H�E�N �I�T �I�S �O�F�T�E�N
�O�P�T�I�M�A�L �F�O�R �B�O�T�HA �A�N�DB �T�O �A�T�T�A�C�KC �R�A�T�H�E�R �T�H�A�N �E�A�C�H �O�T�H�E�R�� �L�E�S�TC �D�E�S�T�R�O�Y �E�A�C�H �O�F �T�H�E�M
�I�N�D�I�V�I�D�U�A�L�L�Y�� �)�N �T�H�I�S �W�A�Y�� �C�O�L�L�A�B�O�R�A�T�I�O�N �E�M�E�R�G�E�S �F�R�O�M �P�U�R�E�L�Y �S�E�L�l�S�H �B�E�H�A�V�I�O�R�� �/�F �C�O�U�R�S�E��
�A�S �S�O�O�N �A�SC �W�E�A�K�E�N�S �U�N�D�E�R �T�H�E �J�O�I�N�T �O�N�S�L�A�U�G�H�T�� �T�H�E �A�L�L�I�A�N�C�E �L�O�S�E�S �I�T�S �V�A�L�U�E�� �A�N�D �E�I�T�H�E�RA
�O�RB �C�O�U�L�D �V�I�O�L�A�T�E �T�H�E �A�G�R�E�E�M�E�N�T�� �)�N �S�O�M�E �C�A�S�E�S�� �E�X�P�L�I�C�I�T �A�L�L�I�A�N�C�E�S �M�E�R�E�L�Y �M�A�K�E �C�O�N�C�R�E�T�E
�W�H�A�T �W�O�U�L�D �H�A�V�E �H�A�P�P�E�N�E�D �A�N�Y�W�A�Y�� �)�N �O�T�H�E�R �C�A�S�E�S�� �A �S�O�C�I�A�L �S�T�I�G�M�A �A�T�T�A�C�H�E�S �T�O �B�R�E�A�K�I�N�G �A�N
�A�L�L�I�A�N�C�E�� �S�O �P�L�A�Y�E�R�S �M�U�S�T �B�A�L�A�N�C�E �T�H�E �I�M�M�E�D�I�A�T�E �A�D�V�A�N�T�A�G�E �O�F �B�R�E�A�K�I�N�G �A�N �A�L�L�I�A�N�C�E �A�G�A�I�N�S�T �T�H�E
�L�O�N�G�
�T�E�R�M �D�I�S�A�D�V�A�N�T�A�G�E �O�F �B�E�I�N�G �P�E�R�C�E�I�V�E�D �A�S �U�N�T�R�U�S�T�W�O�R�T�H�Y�� �3�E�E �3�E�C�T�I�O�N �������� �F�O�R �M�O�R�E �O�N
�T�H�E�S�E �C�O�M�P�L�I�C�A�T�I�O�N�S��

�)�F �T�H�E �G�A�M�E �I�S �N�O�T �Z�E�R�O�
�S�U�M�� �T�H�E�N �C�O�L�L�A�B�O�R�A�T�I�O�N �C�A�N �A�L�S�O �O�C�C�U�R �W�I�T�H �J�U�S�T �T�W�O �P�L�A�Y�E�R�S��
�3�U�P�P�O�S�E�� �F�O�R �E�X�A�M�P�L�E�� �T�H�A�T �T�H�E�R�E �I�S �A �T�E�R�M�I�N�A�L �S�T�A�T�E �W�I�T�H �U�T�I�L�I�T�I�E�ShvA = 1000; vB = 1000i �A�N�D
�T�H�A�T �������� �I�S �T�H�E �H�I�G�H�E�S�T �P�O�S�S�I�B�L�E �U�T�I�L�I�T�Y �F�O�R �E�A�C�H �P�L�A�Y�E�R�� �4�H�E�N �T�H�E �O�P�T�I�M�A�L �S�T�R�A�T�E�G�Y �I�S �F�O�R �B�O�T�H
�P�L�A�Y�E�R�S �T�O �D�O �E�V�E�R�Y�T�H�I�N�G �P�O�S�S�I�B�L�E �T�O �R�E�A�C�H �T�H�I�S �S�T�A�T�E�ˆ�T�H�A�T �I�S�� �T�H�E �P�L�A�Y�E�R�S �W�I�L�L �A�U�T�O�M�A�T�I�C�A�L�L�Y
�C�O�O�P�E�R�A�T�E �T�O �A�C�H�I�E�V�E �A �M�U�T�U�A�L�L�Y �D�E�S�I�R�A�B�L�E �G�O�A�L��
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�4�H�E �P�R�O�B�L�E�M �W�I�T�H �M�I�N�I�M�A�X �S�E�A�R�C�H �I�S �T�H�A�T �T�H�E �N�U�M�B�E�R �O�F �G�A�M�E �S�T�A�T�E�S �I�T�H�A�S �T�O �E�X�A�M�I�N�E �I�S
�E�X�P�O�N�E�N�T�I�A�L �I�N �T�H�E �D�E�P�T�H �O�F �T�H�E �T�R�E�E�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �W�E �C�A�N���T �E�L�I�M�I�N�A�T�E �T�H�E �E�X�P�O�N�E�N�T�� �B�U�T �I�T
�T�U�R�N�S �O�U�T �W�E �C�A�N �E�F�F�E�C�T�I�V�E�L�Y �C�U�T �I�T �I�N �H�A�L�F�� �4�H�E �T�R�I�C�K �I�S �T�H�A�T �I�T �I�S �P�O�S�S�I�B�L�E �T�O �C�O�M�P�U�T�E �T�H�E �C�O�R�R�E�C�T
�M�I�N�I�M�A�X �D�E�C�I�S�I�O�N �W�I�T�H�O�U�T �L�O�O�K�I�N�G �A�T �E�V�E�R�Y �N�O�D�E �I�N �T�H�E �G�A�M�E �T�R�E�E�� �4�H�A�T �I�S�� �W�E �C�A�N �B�O�R�R�O�W �T�H�E
�I�D�E�A �O�F�S�U�X�Q�L�Q�J�F�R�O�M �#�H�A�P�T�E�R �� �T�O �E�L�I�M�I�N�A�T�E �L�A�R�G�E �P�A�R�T�S �O�F �T�H�E �T�R�E�E �F�R�O�M �C�O�N�S�I�D�E�R�A�T�I�O�N�� �4�H�E
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�M�I�N�I�M�A�X �T�R�E�E�� �I�T �R�E�T�U�R�N�S �T�H�E �S�A�M�E �M�O�V�E �A�S �M�I�N�I�M�A�X �W�O�U�L�D�� �B�U�T �P�R�U�N�E�S �A�W�A�Y �B�R�A�N�C�H�E�S �T�H�A�T
�C�A�N�N�O�T �P�O�S�S�I�B�L�Y �I�N�m�U�E�N�C�E �T�H�E �l�N�A�L �D�E�C�I�S�I�O�N��

�#�O�N�S�I�D�E�R �A�G�A�I�N �T�H�E �T�W�O�
�P�L�Y �G�A�M�E �T�R�E�E �F�R�O�M �&�I�G�U�R�E �������� �,�E�T���S �G�O �T�H�R�O�U�G�H �T�H�E �C�A�L�C�U�L�A�T�I�O�N
�O�F �T�H�E �O�P�T�I�M�A�L �D�E�C�I�S�I�O�N �O�N�C�E �M�O�R�E�� �T�H�I�S �T�I�M�E �P�A�Y�I�N�G �C�A�R�E�F�U�L �A�T�T�E�N�T�I�O�N �T�O �W�H�A�T �W�E �K�N�O�W �A�T
�E�A�C�H �P�O�I�N�T �I�N �T�H�E �P�R�O�C�E�S�S�� �4�H�E �S�T�E�P�S �A�R�E �E�X�P�L�A�I�N�E�D �I�N �&�I�G�U�R�E �������� �4�H�E �O�U�T�C�O�M�E �I�S �T�H�A�T �W�E �C�A�N
�I�D�E�N�T�I�F�Y �T�H�E �M�I�N�I�M�A�X �D�E�C�I�S�I�O�N �W�I�T�H�O�U�T �E�V�E�R �E�V�A�L�U�A�T�I�N�G �T�W�O �O�F �T�H�E �L�E�A�F �N�O�D�E�S��

�!�N�O�T�H�E�R �W�A�Y �T�O �L�O�O�K �A�T �T�H�I�S �I�S �A�S �A �S�I�M�P�L�I�l�C�A�T�I�O�N �O�F �T�H�E �F�O�R�M�U�L�A �F�O�R �-�)�.�)�-�!�8 �� �,�E�T �T�H�E
�T�W�O �U�N�E�V�A�L�U�A�T�E�D �S�U�C�C�E�S�S�O�R�S �O�F �N�O�D�EC �I�N �&�I�G�U�R�E ������ �H�A�V�E �V�A�L�U�E�Sx �A�N�Dy�� �4�H�E�N �T�H�E �V�A�L�U�E �O�F
�T�H�E �R�O�O�T �N�O�D�E �I�S �G�I�V�E�N �B�Y

�- �)�.�)�-�!�8 (root ) = max(min(3 ; 12; 8); min(2; x; y); min(14; 5; 2))

= max(3 ; min(2; x; y); 2)

= max(3 ; z;2) �W�H�E�R�Ez = min(2 ; x; y) � 2

= 3 :

�)�N �O�T�H�E�R �W�O�R�D�S�� �T�H�E �V�A�L�U�E �O�F �T�H�E �R�O�O�T �A�N�D �H�E�N�C�E �T�H�E �M�I�N�I�M�A�X �D�E�C�I�S�I�O�N �A�R�E�L�Q�G�H�S�H�Q�G�H�Q�W�O�F �T�H�E
�V�A�L�U�E�S �O�F �T�H�E �P�R�U�N�E�D �L�E�A�V�E�Sx �A�N�Dy��

�!�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G �C�A�N �B�E �A�P�P�L�I�E�D �T�O �T�R�E�E�S �O�F �A�N�Y �D�E�P�T�H�� �A�N�D �I�T �I�S �O�F�T�E�N �P�O�S�S�I�B�L�E �T�O
�P�R�U�N�E �E�N�T�I�R�E �S�U�B�T�R�E�E�S �R�A�T�H�E�R �T�H�A�N �J�U�S�T �L�E�A�V�E�S�� �4�H�E �G�E�N�E�R�A�L �P�R�I�N�C�I�P�L�E �I�S �T�H�I�S�� �C�O�N�S�I�D�E�R �A �N�O�D�En
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�)�L�J�X�U�H �������3�T�A�G�E�S �I�N �T�H�E �C�A�L�C�U�L�A�T�I�O�N �O�F �T�H�E �O�P�T�I�M�A�L �D�E�C�I�S�I�O�N �F�O�R �T�H�E �G�A�M�E �T�R�E�E �I�N �&�I�G�U�R�E ��������
�!�T �E�A�C�H �P�O�I�N�T�� �W�E �S�H�O�W �T�H�E �R�A�N�G�E �O�F �P�O�S�S�I�B�L�E �V�A�L�U�E�S �F�O�R �E�A�C�H �N�O�D�E�� ���A�	 �4�H�E �l�R�S�T �L�E�A�F �B�E�L�O�WB
�H�A�S �T�H�E �V�A�L�U�E ���� �(�E�N�C�E��B �� �W�H�I�C�H �I�S �A�-�)�. �N�O�D�E�� �H�A�S �A �V�A�L�U�E �O�F�D�W �P�R�V�W���� ���B�	 �4�H�E �S�E�C�O�N�D �L�E�A�F
�B�E�L�O�WB �H�A�S �A �V�A�L�U�E �O�F �������-�)�. �W�O�U�L�D �A�V�O�I�D �T�H�I�S �M�O�V�E�� �S�O �T�H�E �V�A�L�U�E �O�FB �I�S �S�T�I�L�L �A�T �M�O�S�T ����
���C�	 �4�H�E �T�H�I�R�D �L�E�A�F �B�E�L�O�WB �H�A�S �A �V�A�L�U�E �O�F ���� �W�E �H�A�V�E �S�E�E�N �A�L�LB ���S �S�U�C�C�E�S�S�O�R �S�T�A�T�E�S�� �S�O �T�H�E
�V�A�L�U�E �O�FB �I�S �E�X�A�C�T�L�Y ���� �.�O�W�� �W�E �C�A�N �I�N�F�E�R �T�H�A�T �T�H�E �V�A�L�U�E �O�F �T�H�E �R�O�O�T �I�S�D�W �O�H�D�V�W���� �B�E�C�A�U�S�E
�-�!�8 �H�A�S �A �C�H�O�I�C�E �W�O�R�T�H �� �A�T �T�H�E �R�O�O�T�� ���D�	 �4�H�E �l�R�S�T �L�E�A�F �B�E�L�O�WC �H�A�S �T�H�E �V�A�L�U�E ���� �(�E�N�C�E��
C�� �W�H�I�C�H �I�S �A�-�)�. �N�O�D�E�� �H�A�S �A �V�A�L�U�E �O�F�D�W �P�R�V�W���� �"�U�T �W�E �K�N�O�W �T�H�A�TB �I�S �W�O�R�T�H ���� �S�O�-�!�8

�W�O�U�L�D �N�E�V�E�R �C�H�O�O�S�EC�� �4�H�E�R�E�F�O�R�E�� �T�H�E�R�E �I�S �N�O �P�O�I�N�T �I�N �L�O�O�K�I�N�G �A�T �T�H�E �O�T�H�E�R �S�U�C�C�E�S�S�O�R �S�T�A�T�E�S
�O�FC�� �4�H�I�S �I�S �A�N �E�X�A�M�P�L�E �O�F �A�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G�� ���E�	 �4�H�E �l�R�S�T �L�E�A�F �B�E�L�O�WD �H�A�S �T�H�E �V�A�L�U�E ������
�S�OD �I�S �W�O�R�T�H�D�W �P�R�V�W������ �4�H�I�S �I�S �S�T�I�L�L �H�I�G�H�E�R �T�H�A�N�-�!�8 ���S �B�E�S�T �A�L�T�E�R�N�A�T�I�V�E ���I���E���� ���	�� �S�O �W�E �N�E�E�D
�T�O �K�E�E�P �E�X�P�L�O�R�I�N�GD���S �S�U�C�C�E�S�S�O�R �S�T�A�T�E�S�� �.�O�T�I�C�E �A�L�S�O �T�H�A�T �W�E �N�O�W �H�A�V�E �B�O�U�N�D�S �O�N �A�L�L �O�F �T�H�E
�S�U�C�C�E�S�S�O�R�S �O�F �T�H�E �R�O�O�T�� �S�O �T�H�E �R�O�O�T���S �V�A�L�U�E �I�S �A�L�S�O �A�T �M�O�S�T ������ ���F�	 �4�H�E �S�E�C�O�N�D �S�U�C�C�E�S�S�O�R �O�FD
�I�S �W�O�R�T�H ���� �S�O �A�G�A�I�N �W�E �N�E�E�D �T�O �K�E�E�P �E�X�P�L�O�R�I�N�G�� �4�H�E �T�H�I�R�D �S�U�C�C�E�S�S�O�R �I�S �W�O�R�T�H ���� �S�O �N�O�WD �I�S
�W�O�R�T�H �E�X�A�C�T�L�Y �����-�!�8 ���S �D�E�C�I�S�I�O�N �A�T �T�H�E �R�O�O�T �I�S �T�O �M�O�V�E �T�OB �� �G�I�V�I�N�G �A �V�A�L�U�E �O�F ����

�S�O�M�E�W�H�E�R�E �I�N �T�H�E �T�R�E�E ���S�E�E �&�I�G�U�R�E �������	�� �S�U�C�H �T�H�A�T �0�L�A�Y�E�R �H�A�S �A �C�H�O�I�C�E �O�F �M�O�V�I�N�G �T�O �T�H�A�T �N�O�D�E��
�)�F �0�L�A�Y�E�R �H�A�S �A �B�E�T�T�E�R �C�H�O�I�C�Em �E�I�T�H�E�R �A�T �T�H�E �P�A�R�E�N�T �N�O�D�E �O�Fn �O�R �A�T �A�N�Y �C�H�O�I�C�E �P�O�I�N�T �F�U�R�T�H�E�R �U�P��
�T�H�E�Nn �Z�L�O�O �Q�H�Y�H�U �E�H �U�H�D�F�K�H�G �L�Q �D�F�W�X�D�O �S�O�D�\���3�O �O�N�C�E �W�E �H�A�V�E �F�O�U�N�D �O�U�T �E�N�O�U�G�H �A�B�O�U�Tn ���B�Y
�E�X�A�M�I�N�I�N�G �S�O�M�E �O�F �I�T�S �D�E�S�C�E�N�D�A�N�T�S�	 �T�O �R�E�A�C�H �T�H�I�S �C�O�N�C�L�U�S�I�O�N�� �W�E �C�A�N �P�R�U�N�E �I�T��

�2�E�M�E�M�B�E�R �T�H�A�T �M�I�N�I�M�A�X �S�E�A�R�C�H �I�S �D�E�P�T�H�
�l�R�S�T�� �S�O �A�T �A�N�Y �O�N�E �T�I�M�E �W�E �J�U�S�T �H�A�V�E �T�O �C�O�N�

�S�I�D�E�R �T�H�E �N�O�D�E�S �A�L�O�N�G �A �S�I�N�G�L�E �P�A�T�H �I�N �T�H�E �T�R�E�E�� �!�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G �G�E�T�S �I�T�S �N�A�M�E �F�R�O�M �T�H�E
�F�O�L�L�O�W�I�N�G �T�W�O �P�A�R�A�M�E�T�E�R�S �T�H�A�T �D�E�S�C�R�I�B�E �B�O�U�N�D�S �O�N �T�H�E �B�A�C�K�E�D�
�U�P �V�A�L�U�E�S �T�H�A�T �A�P�P�E�A�R �A�N�Y�W�H�E�R�E
�A�L�O�N�G �T�H�E �P�A�T�H��
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�)�L�J�X�U�H �������4�H�E �G�E�N�E�R�A�L �C�A�S�E �F�O�R �A�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G�� �)�Fm �I�S �B�E�T�T�E�R �T�H�A�Nn �F�O�R �0�L�A�Y�E�R�� �W�E
�W�I�L�L �N�E�V�E�R �G�E�T �T�On �I�N �P�L�A�Y��

� = �T�H�E �V�A�L�U�E �O�F �T�H�E �B�E�S�T ���I���E���� �H�I�G�H�E�S�T�
�V�A�L�U�E�	 �C�H�O�I�C�E �W�E �H�A�V�E �F�O�U�N�D �S�O �F�A�R �A�T �A�N�Y �C�H�O�I�C�E �P�O�I�N�T
�A�L�O�N�G �T�H�E �P�A�T�H �F�O�R�-�!�8 ��

� = �T�H�E �V�A�L�U�E �O�F �T�H�E �B�E�S�T ���I���E���� �L�O�W�E�S�T�
�V�A�L�U�E�	 �C�H�O�I�C�E �W�E �H�A�V�E �F�O�U�N�D �S�O �F�A�R �A�T �A�N�Y �C�H�O�I�C�E �P�O�I�N�T
�A�L�O�N�G �T�H�E �P�A�T�H �F�O�R�-�)�. ��

�!�L�P�H�A�n�B�E�T�A �S�E�A�R�C�H �U�P�D�A�T�E�S �T�H�E �V�A�L�U�E�S �O�F� �A�N�D� �A�S �I�T �G�O�E�S �A�L�O�N�G �A�N�D �P�R�U�N�E�S �T�H�E �R�E�M�A�I�N�I�N�G
�B�R�A�N�C�H�E�S �A�T �A �N�O�D�E ���I���E���� �T�E�R�M�I�N�A�T�E�S �T�H�E �R�E�C�U�R�S�I�V�E �C�A�L�L�	 �A�S �S�O�O�N �A�S �T�H�E �V�A�L�U�E �O�F �T�H�E �C�U�R�R�E�N�T
�N�O�D�E �I�S �K�N�O�W�N �T�O �B�E �W�O�R�S�E �T�H�A�N �T�H�E �C�U�R�R�E�N�T� �O�R� �V�A�L�U�E �F�O�R�-�!�8 �O�R�-�)�. �� �R�E�S�P�E�C�T�I�V�E�L�Y�� �4�H�E
�C�O�M�P�L�E�T�E �A�L�G�O�R�I�T�H�M �I�S �G�I�V�E�N �I�N �&�I�G�U�R�E �������� �7�E �E�N�C�O�U�R�A�G�E �Y�O�U �T�O �T�R�A�C�E �I�T�S �B�E�H�A�V�I�O�R �W�H�E�N
�A�P�P�L�I�E�D �T�O �T�H�E �T�R�E�E �I�N �&�I�G�U�R�E ��������

���������� �0�R�Y�H �R�U�G�H�U�L�Q�J

�4�H�E �E�F�F�E�C�T�I�V�E�N�E�S�S �O�F �A�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G �I�S �H�I�G�H�L�Y �D�E�P�E�N�D�E�N�T �O�N �T�H�E �O�R�D�E�R �I�N �W�H�I�C�H �T�H�E �S�T�A�T�E�S
�A�R�E �E�X�A�M�I�N�E�D�� �&�O�R �E�X�A�M�P�L�E�� �I�N �&�I�G�U�R�E ���������E�	 �A�N�D ���F�	�� �W�E �C�O�U�L�D �N�O�T �P�R�U�N�E �A�N�Y �S�U�C�C�E�S�S�O�R�S �O�FD
�A�T �A�L�L �B�E�C�A�U�S�E �T�H�E �W�O�R�S�T �S�U�C�C�E�S�S�O�R�S ���F�R�O�M �T�H�E �P�O�I�N�T �O�F �V�I�E�W �O�F�-�)�. �	 �W�E�R�E �G�E�N�E�R�A�T�E�D �l�R�S�T�� �)�F
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�W�L�R�Q�T�O �S�T�A�T�E�S �I�N �T�H�E �S�E�A�R�C�H�� �E�F�F�E�C�T�I�V�E�L�Y �T�U�R�N�I�N�G �N�O�N�T�E�R�M�I�N�A�L �N�O�D�E�S �I�N�T�O �T�E�R�M�I�N�A�L �L�E�A�V�E�S�� �)�NEVALUATION

FUNCTION

�O�T�H�E�R �W�O�R�D�S�� �T�H�E �S�U�G�G�E�S�T�I�O�N �I�S �T�O �A�L�T�E�R �M�I�N�I�M�A�X �O�R �A�L�P�H�A�n�B�E�T�A �I�N �T�W�O �W�A�Y�S�� �R�E�P�L�A�C�E �T�H�E �U�T�I�L�I�T�Y
�F�U�N�C�T�I�O�N �B�Y �A �H�E�U�R�I�S�T�I�C �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �%�6�!�, �� �W�H�I�C�H �E�S�T�I�M�A�T�E�S �T�H�E �P�O�S�I�T�I�O�N���S �U�T�I�L�I�T�Y�� �A�N�D
�R�E�P�L�A�C�E �T�H�E �T�E�R�M�I�N�A�L �T�E�S�T �B�Y �A�F�X�W�R�I�I �W�H�V�W�T�H�A�T �D�E�C�I�D�E�S �W�H�E�N �T�O �A�P�P�L�Y �%�6�!�, �� �4�H�A�T �G�I�V�E�S �U�S �T�H�ECUTOFF TEST

�F�O�L�L�O�W�I�N�G �F�O�R �H�E�U�R�I�S�T�I�C �M�I�N�I�M�A�X �F�O�R �S�T�A�T�Es �A�N�D �M�A�X�I�M�U�M �D�E�P�T�Hd��

�(�
�- �)�.�)�-�!�8 (s; d) =
8
<

:

�%�6�!�, (s) �I�F �#�5�4�/�&�&�
�4�%�3�4(s; d)
maxa2Actions (s) �(�
�- �)�.�)�-�!�8 (�2�%�3�5�,�4(s; a); d + 1) �I�F �0�,�!�9�%�2(s) = �-�!�8

mina2Actions (s) �(�
�- �)�.�)�-�!�8 (�2�%�3�5�,�4(s; a); d + 1) �I�F �0�,�!�9�%�2(s) = �-�)�. ��

���������� �(�Y�D�O�X�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�V

�!�N �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �R�E�T�U�R�N�S �A�N�H�V�W�L�P�D�W�H�O�F �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �T�H�E �G�A�M�E �F�R�O�M �A �G�I�V�E�N
�P�O�S�I�T�I�O�N�� �J�U�S�T �A�S �T�H�E �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N�S �O�F �#�H�A�P�T�E�R �� �R�E�T�U�R�N �A�N �E�S�T�I�M�A�T�E �O�F �T�H�E �D�I�S�T�A�N�C�E �T�O
�T�H�E �G�O�A�L�� �4�H�E �I�D�E�A �O�F �A�N �E�S�T�I�M�A�T�O�R �W�A�S �N�O�T �N�E�W �W�H�E�N �3�H�A�N�N�O�N �P�R�O�P�O�S�E�D �I�T�� �&�O�R �C�E�N�T�U�R�I�E�S��
�C�H�E�S�S �P�L�A�Y�E�R�S ���A�N�D �A�l�C�I�O�N�A�D�O�S �O�F �O�T�H�E�R �G�A�M�E�S�	 �H�A�V�E �D�E�V�E�L�O�P�E�D �W�A�Y�S �O�F �J�U�D�G�I�N�G �T�H�E �V�A�L�U�E �O�F
�A �P�O�S�I�T�I�O�N �B�E�C�A�U�S�E �H�U�M�A�N�S �A�R�E �E�V�E�N �M�O�R�E �L�I�M�I�T�E�D �I�N �T�H�E �A�M�O�U�N�T �O�F �S�E�A�R�C�H �T�H�E�Y �C�A�N �D�O �T�H�A�N
�A�R�E �C�O�M�P�U�T�E�R �P�R�O�G�R�A�M�S�� �)�T �S�H�O�U�L�D �B�E �C�L�E�A�R �T�H�A�T �T�H�E �P�E�R�F�O�R�M�A�N�C�E �O�F �A �G�A�M�E�
�P�L�A�Y�I�N�G �P�R�O�G�R�A�M
�D�E�P�E�N�D�S �S�T�R�O�N�G�L�Y �O�N �T�H�E �Q�U�A�L�I�T�Y �O�F �I�T�S �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�� �!�N �I�N�A�C�C�U�R�A�T�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N
�W�I�L�L �G�U�I�D�E �A�N �A�G�E�N�T �T�O�W�A�R�D �P�O�S�I�T�I�O�N�S �T�H�A�T �T�U�R�N �O�U�T �T�O �B�E �L�O�S�T�� �(�O�W �E�X�A�C�T�L�Y �D�O �W�E �D�E�S�I�G�N �G�O�O�D
�E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�S��

�&�I�R�S�T�� �T�H�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �S�H�O�U�L�D �O�R�D�E�R �T�H�E�W�H�U�P�L�Q�D�O�S�T�A�T�E�S �I�N �T�H�E �S�A�M�E �W�A�Y �A�S �T�H�E
�T�R�U�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�� �S�T�A�T�E�S �T�H�A�T �A�R�E �W�I�N�S �M�U�S�T �E�V�A�L�U�A�T�E �B�E�T�T�E�R �T�H�A�N �D�R�A�W�S�� �W�H�I�C�H �I�N �T�U�R�N �M�U�S�T
�B�E �B�E�T�T�E�R �T�H�A�N �L�O�S�S�E�S�� �/�T�H�E�R�W�I�S�E�� �A�N �A�G�E�N�T �U�S�I�N�G �T�H�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �M�I�G�H�T �E�R�R �E�V�E�N �I�F �I�T
�C�A�N �S�E�E �A�H�E�A�D �A�L�L �T�H�E �W�A�Y �T�O �T�H�E �E�N�D �O�F �T�H�E �G�A�M�E�� �3�E�C�O�N�D�� �T�H�E �C�O�M�P�U�T�A�T�I�O�N �M�U�S�T �N�O�T �T�A�K�E
�T�O�O �L�O�N�G�� ���4�H�E �W�H�O�L�E �P�O�I�N�T �I�S �T�O �S�E�A�R�C�H �F�A�S�T�E�R���	 �4�H�I�R�D�� �F�O�R �N�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S�� �T�H�E �E�V�A�L�U�A�T�I�O�N
�F�U�N�C�T�I�O�N �S�H�O�U�L�D �B�E �S�T�R�O�N�G�L�Y �C�O�R�R�E�L�A�T�E�D �W�I�T�H �T�H�E �A�C�T�U�A�L �C�H�A�N�C�E�S �O�F �W�I�N�N�I�N�G��



������ �#�H�A�P�T�E�R ���� �!�D�V�E�R�S�A�R�I�A�L �3�E�A�R�C�H

�/�N�E �M�I�G�H�T �W�E�L�L �W�O�N�D�E�R �A�B�O�U�T �T�H�E �P�H�R�A�S�E �h�C�H�A�N�C�E�S �O�F �W�I�N�N�I�N�G���v �!�F�T�E�R�A�L�L�� �C�H�E�S�S �I�S �N�O�T �A
�G�A�M�E �O�F �C�H�A�N�C�E�� �W�E �K�N�O�W �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �W�I�T�H �C�E�R�T�A�I�N�T�Y�� �A�N�D �N�O �D�I�C�E �A�R�E �I�N�V�O�L�V�E�D�� �"�U�T �I�F �T�H�E
�S�E�A�R�C�H �M�U�S�T �B�E �C�U�T �O�F�F �A�T �N�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S�� �T�H�E�N �T�H�E �A�L�G�O�R�I�T�H�M �W�I�L�L �N�E�C�E�S�S�A�R�I�L�Y �B�E�X�Q�F�H�U�W�D�L�Q
�A�B�O�U�T �T�H�E �l�N�A�L �O�U�T�C�O�M�E�S �O�F �T�H�O�S�E �S�T�A�T�E�S�� �4�H�I�S �T�Y�P�E �O�F �U�N�C�E�R�T�A�I�N�T�Y �I�S �I�N�D�U�C�E�D �B�Y �C�O�M�P�U�T�A�T�I�O�N�A�L��
�R�A�T�H�E�R �T�H�A�N �I�N�F�O�R�M�A�T�I�O�N�A�L�� �L�I�M�I�T�A�T�I�O�N�S�� �'�I�V�E�N �T�H�E �L�I�M�I�T�E�D �A�M�O�U�N�T �O�F �C�O�M�P�U�T�A�T�I�O�N �T�H�A�T �T�H�E
�E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �I�S �A�L�L�O�W�E�D �T�O �D�O �F�O�R �A �G�I�V�E�N �S�T�A�T�E�� �T�H�E �B�E�S�T �I�T �C�A�N �D�O �I�S �M�A�K�E �A �G�U�E�S�S �A�B�O�U�T
�T�H�E �l�N�A�L �O�U�T�C�O�M�E��

�,�E�T �U�S �M�A�K�E �T�H�I�S �I�D�E�A �M�O�R�E �C�O�N�C�R�E�T�E�� �-�O�S�T �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�S �W�O�R�K �B�Y �C�A�L�C�U�L�A�T�I�N�G
�V�A�R�I�O�U�S�I�H�D�W�X�U�H�V�O�F �T�H�E �S�T�A�T�E�ˆ�F�O�R �E�X�A�M�P�L�E�� �I�N �C�H�E�S�S�� �W�E �W�O�U�L�D �H�A�V�E �F�E�A�T�U�R�E�S �F�O�R �T�H�E �N�U�M�B�E�R
�O�F �W�H�I�T�E �P�A�W�N�S�� �B�L�A�C�K �P�A�W�N�S�� �W�H�I�T�E �Q�U�E�E�N�S�� �B�L�A�C�K �Q�U�E�E�N�S�� �A�N�D �S�O �O�N�� �4�H�E �F�E�A�T�U�R�E�S�� �T�A�K�E�N
�T�O�G�E�T�H�E�R�� �D�E�l�N�E �V�A�R�I�O�U�S�F�D�W�H�J�R�U�L�H�V�O�R�H�T�X�L�Y�D�O�H�Q�F�H �F�O�D�V�V�H�V�O�F �S�T�A�T�E�S�� �T�H�E �S�T�A�T�E�S �I�N �E�A�C�H �C�A�T�E�G�O�R�Y
�H�A�V�E �T�H�E �S�A�M�E �V�A�L�U�E�S �F�O�R �A�L�L �T�H�E �F�E�A�T�U�R�E�S�� �&�O�R �E�X�A�M�P�L�E�� �O�N�E �C�A�T�E�G�O�R�Y �C�O�N�T�A�I�N�S �A�L�L �T�W�O�
�P�A�W�N
�V�S�� �O�N�E�
�P�A�W�N �E�N�D�G�A�M�E�S�� �!�N�Y �G�I�V�E�N �C�A�T�E�G�O�R�Y�� �G�E�N�E�R�A�L�L�Y �S�P�E�A�K�I�N�G�� �W�I�L�L �C�O�N�T�A�I�N �S�O�M�E �S�T�A�T�E�S
�T�H�A�T �L�E�A�D �T�O �W�I�N�S�� �S�O�M�E �T�H�A�T �L�E�A�D �T�O �D�R�A�W�S�� �A�N�D �S�O�M�E �T�H�A�T �L�E�A�D �T�O �L�O�S�S�E�S�� �4�H�E �E�V�A�L�U�A�T�I�O�N
�F�U�N�C�T�I�O�N �C�A�N�N�O�T �K�N�O�W �W�H�I�C�H �S�T�A�T�E�S �A�R�E �W�H�I�C�H�� �B�U�T �I�T �C�A�N �R�E�T�U�R�N �A �S�I�N�G�L�E �V�A�L�U�E �T�H�A�T �R�E�m�E�C�T�S �T�H�E
�S�U�R�S�R�U�W�L�R�Q�O�F �S�T�A�T�E�S �W�I�T�H �E�A�C�H �O�U�T�C�O�M�E�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �O�U�R �E�X�P�E�R�I�E�N�C�E �S�U�G�G�E�S�T�S �T�H�A�T
������ �O�F �T�H�E �S�T�A�T�E�S �E�N�C�O�U�N�T�E�R�E�D �I�N �T�H�E �T�W�O�
�P�A�W�N�S �V�S�� �O�N�E�
�P�A�W�N �C�A�T�E�G�O�R�Y �L�E�A�D �T�O �A �W�I�N ���U�T�I�L�I�T�Y
�����	�� ������ �T�O �A �L�O�S�S �����	�� �A�N�D ���� �T�O �A �D�R�A�W ���������	�� �4�H�E�N �A �R�E�A�S�O�N�A�B�L�E �E�V�A�L�U�A�T�I�O�N �F�O�R �S�T�A�T�E�S �I�N
�T�H�E �C�A�T�E�G�O�R�Y �I�S �T�H�E�H�[�S�H�F�W�H�G �Y�D�O�X�H�� (0:72 � +1) + (0 :20 � 0) + (0 :08 � 1=2) = 0 :76�� �)�NEXPECTED VALUE

�P�R�I�N�C�I�P�L�E�� �T�H�E �E�X�P�E�C�T�E�D �V�A�L�U�E �C�A�N �B�E �D�E�T�E�R�M�I�N�E�D �F�O�R �E�A�C�H �C�A�T�E�G�O�R�Y�� �R�E�S�U�L�T�I�N�G �I�N �A�N �E�V�A�L�U�A�T�I�O�N
�F�U�N�C�T�I�O�N �T�H�A�T �W�O�R�K�S �F�O�R �A�N�Y �S�T�A�T�E�� �!�S �W�I�T�H �T�E�R�M�I�N�A�L �S�T�A�T�E�S�� �T�H�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �N�E�E�D �N�O�T
�R�E�T�U�R�N �A�C�T�U�A�L �E�X�P�E�C�T�E�D �V�A�L�U�E�S �A�S �L�O�N�G �A�S �T�H�E�R�U�G�H�U�L�Q�J�O�F �T�H�E �S�T�A�T�E�S �I�S �T�H�E �S�A�M�E��

�)�N �P�R�A�C�T�I�C�E�� �T�H�I�S �K�I�N�D �O�F �A�N�A�L�Y�S�I�S �R�E�Q�U�I�R�E�S �T�O�O �M�A�N�Y �C�A�T�E�G�O�R�I�E�S �A�N�D �H�E�N�C�E �T�O�O �M�U�C�H
�E�X�P�E�R�I�E�N�C�E �T�O �E�S�T�I�M�A�T�E �A�L�L �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �W�I�N�N�I�N�G�� �)�N�S�T�E�A�D�� �M�O�S�T �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�S
�C�O�M�P�U�T�E �S�E�P�A�R�A�T�E �N�U�M�E�R�I�C�A�L �C�O�N�T�R�I�B�U�T�I�O�N�S �F�R�O�M �E�A�C�H �F�E�A�T�U�R�E �A�N�D �T�H�E�N�F�R�P�E�L�Q�H�T�H�E�M �T�O �l�N�D
�T�H�E �T�O�T�A�L �V�A�L�U�E�� �&�O�R �E�X�A�M�P�L�E�� �I�N�T�R�O�D�U�C�T�O�R�Y �C�H�E�S�S �B�O�O�K�S �G�I�V�E �A�N �A�P�P�R�O�X�I�M�A�T�E�P�D�W�H�U�L�D�O �Y�D�O�X�HMATERIAL VALUE

�F�O�R �E�A�C�H �P�I�E�C�E�� �E�A�C�H �P�A�W�N �I�S �W�O�R�T�H ���� �A �K�N�I�G�H�T �O�R �B�I�S�H�O�P �I�S �W�O�R�T�H ���� �A �R�O�O�K ���� �A�N�D �T�H�E �Q�U�E�E�N ����
�/�T�H�E�R �F�E�A�T�U�R�E�S �S�U�C�H �A�S �h�G�O�O�D �P�A�W�N �S�T�R�U�C�T�U�R�E�v �A�N�D �h�K�I�N�G �S�A�F�E�T�Y�v �M�I�G�H�T �B�E �W�O�R�T�H �H�A�L�F �A �P�A�W�N��
�S�A�Y�� �4�H�E�S�E �F�E�A�T�U�R�E �V�A�L�U�E�S �A�R�E �T�H�E�N �S�I�M�P�L�Y �A�D�D�E�D �U�P �T�O �O�B�T�A�I�N �T�H�E �E�V�A�L�U�A�T�I�O�N �O�F �T�H�E �P�O�S�I�T�I�O�N��
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�F�O�O�L�E�D �E�A�S�I�L�Y �B�Y �A�N �A�V�E�R�A�G�E �H�U�M�A�N �C�H�E�S�S �P�L�A�Y�E�R�� �W�H�O �C�A�N �O�C�C�A�S�I�O�N�A�L�L�Y �P�L�A�N �S�I�X �O�R �E�I�G�H�T �P�L�I�E�S
�A�H�E�A�D�� �7�I�T�H �A�L�P�H�A�n�B�E�T�A �S�E�A�R�C�H �W�E �G�E�T �T�O �A�B�O�U�T ���� �P�L�I�E�S�� �W�H�I�C�H �R�E�S�U�L�T�S �I�N �A�N �E�X�P�E�R�T �L�E�V�E�L �O�F
�P�L�A�Y�� �3�E�C�T�I�O�N ������ �D�E�S�C�R�I�B�E�S �A�D�D�I�T�I�O�N�A�L �P�R�U�N�I�N�G �T�E�C�H�N�I�Q�U�E�S �T�H�A�T �C�A�N �E�X�T�E�N�D �T�H�E �E�F�F�E�C�T�I�V�E �S�E�A�R�C�H
�D�E�P�T�H �T�O �R�O�U�G�H�L�Y ���� �P�L�I�E�S�� �4�O �R�E�A�C�H �G�R�A�N�D�M�A�S�T�E�R �S�T�A�T�U�S �W�E �W�O�U�L�D �N�E�E�D �A�N �E�X�T�E�N�S�I�V�E�L�Y �T�U�N�E�D
�E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �A�N�D �A �L�A�R�G�E �D�A�T�A�B�A�S�E �O�F �O�P�T�I�M�A�L �O�P�E�N�I�N�G �A�N�D �E�N�D�G�A�M�E �M�O�V�E�S��
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�3�O�M�E�H�O�W �I�T �S�E�E�M�S �L�I�K�E �O�V�E�R�K�I�L�L �F�O�R �A �C�H�E�S�S �P�R�O�G�R�A�M �T�O �S�T�A�R�T �A �G�A�M�E �B�Y �C�O�N�S�I�D�E�R�I�N�G �A �T�R�E�E �O�F �A
�B�I�L�L�I�O�N �G�A�M�E �S�T�A�T�E�S�� �O�N�L�Y �T�O �C�O�N�C�L�U�D�E �T�H�A�T �I�T �W�I�L�L �M�O�V�E �I�T�S �P�A�W�N �T�O �E���� �"�O�O�K�S �D�E�S�C�R�I�B�I�N�G �G�O�O�D
�P�L�A�Y �I�N �T�H�E �O�P�E�N�I�N�G �A�N�D �E�N�D�G�A�M�E �I�N �C�H�E�S�S �H�A�V�E �B�E�E�N �A�V�A�I�L�A�B�L�E �F�O�R �A�B�O�U�T �A �C�E�N�T�U�R�Y ���4�A�T�T�E�R�S�A�L�L��
���������	�� �)�T �I�S �N�O�T �S�U�R�P�R�I�S�I�N�G�� �T�H�E�R�E�F�O�R�E�� �T�H�A�T �M�A�N�Y �G�A�M�E�
�P�L�A�Y�I�N�G �P�R�O�G�R�A�M�S �U�S�E�W�D�E�O�H �O�R�R�N�X�S
�R�A�T�H�E�R �T�H�A�N �S�E�A�R�C�H �F�O�R �T�H�E �O�P�E�N�I�N�G �A�N�D �E�N�D�I�N�G �O�F �G�A�M�E�S��

�&�O�R �T�H�E �O�P�E�N�I�N�G�S�� �T�H�E �C�O�M�P�U�T�E�R �I�S �M�O�S�T�L�Y �R�E�L�Y�I�N�G �O�N �T�H�E �E�X�P�E�R�T�I�S�E �O�F �H�U�M�A�N�S�� �4�H�E �B�E�S�T
�A�D�V�I�C�E �O�F �H�U�M�A�N �E�X�P�E�R�T�S �O�N �H�O�W �T�O �P�L�A�Y �E�A�C�H �O�P�E�N�I�N�G �I�S �C�O�P�I�E�D �F�R�O�M �B�O�O�K�S �A�N�D �E�N�T�E�R�E�D �I�N�T�O
�T�A�B�L�E�S �F�O�R �T�H�E �C�O�M�P�U�T�E�R���S �U�S�E�� �(�O�W�E�V�E�R�� �C�O�M�P�U�T�E�R�S �C�A�N �A�L�S�O �G�A�T�H�E�R �S�T�A�T�I�S�T�I�C�S �F�R�O�M �A �D�A�T�A�B�A�S�E
�O�F �P�R�E�V�I�O�U�S�L�Y �P�L�A�Y�E�D �G�A�M�E�S �T�O �S�E�E �W�H�I�C�H �O�P�E�N�I�N�G �S�E�Q�U�E�N�C�E�S �M�O�S�T �O�F�T�E�N �L�E�A�D �T�O �A �W�I�N�� �)�N
�T�H�E �E�A�R�L�Y �M�O�V�E�S �T�H�E�R�E �A�R�E �F�E�W �C�H�O�I�C�E�S�� �A�N�D �T�H�U�S �M�U�C�H �E�X�P�E�R�T �C�O�M�M�E�N�T�A�R�Y �A�N�D �P�A�S�T �G�A�M�E�S �O�N
�W�H�I�C�H �T�O �D�R�A�W�� �5�S�U�A�L�L�Y �A�F�T�E�R �T�E�N �M�O�V�E�S �W�E �E�N�D �U�P �I�N �A �R�A�R�E�L�Y �S�E�E�N �P�O�S�I�T�I�O�N�� �A�N�D �T�H�E �P�R�O�G�R�A�M
�M�U�S�T �S�W�I�T�C�H �F�R�O�M �T�A�B�L�E �L�O�O�K�U�P �T�O �S�E�A�R�C�H��

�.�E�A�R �T�H�E �E�N�D �O�F �T�H�E �G�A�M�E �T�H�E�R�E �A�R�E �A�G�A�I�N �F�E�W�E�R �P�O�S�S�I�B�L�E �P�O�S�I�T�I�O�N�S�� �A�N�D �T�H�U�S �M�O�R�E �C�H�A�N�C�E
�T�O �D�O �L�O�O�K�U�P�� �"�U�T �H�E�R�E �I�T �I�S �T�H�E �C�O�M�P�U�T�E�R �T�H�A�T �H�A�S �T�H�E �E�X�P�E�R�T�I�S�E�� �C�O�M�P�U�T�E�R �A�N�A�L�Y�S�I�S �O�F
�E�N�D�G�A�M�E�S �G�O�E�S �F�A�R �B�E�Y�O�N�D �A�N�Y�T�H�I�N�G �A�C�H�I�E�V�E�D �B�Y �H�U�M�A�N�S�� �! �H�U�M�A�N �C�A�N �T�E�L�L �Y�O�U �T�H�E �G�E�N�

�E�R�A�L �S�T�R�A�T�E�G�Y �F�O�R �P�L�A�Y�I�N�G �A �K�I�N�G�
�A�N�D�
�R�O�O�K�
�V�E�R�S�U�S�
�K�I�N�G ���+�2�+�	 �E�N�D�G�A�M�E�� �R�E�D�U�C�E �T�H�E �O�P�P�O�S�I�N�G
�K�I�N�G���S �M�O�B�I�L�I�T�Y �B�Y �S�Q�U�E�E�Z�I�N�G �I�T �T�O�W�A�R�D �O�N�E �E�D�G�E �O�F �T�H�E �B�O�A�R�D�� �U�S�I�N�G �Y�O�U�R �K�I�N�G �T�O �P�R�E�V�E�N�T �T�H�E
�O�P�P�O�N�E�N�T �F�R�O�M �E�S�C�A�P�I�N�G �T�H�E �S�Q�U�E�E�Z�E�� �/�T�H�E�R �E�N�D�I�N�G�S�� �S�U�C�H �A�S �K�I�N�G�� �B�I�S�H�O�P�� �A�N�D �K�N�I�G�H�T �V�E�R�S�U�S
�K�I�N�G ���+�"�.�+�	�� �A�R�E �D�I�F�l�C�U�L�T �T�O �M�A�S�T�E�R �A�N�D �H�A�V�E �N�O �S�U�C�C�I�N�C�T �S�T�R�A�T�E�G�Y �D�E�S�C�R�I�P�T�I�O�N�� �! �C�O�M�P�U�T�E�R��
�O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �C�A�N �C�O�M�P�L�E�T�E�L�Y�V�R�O�Y�H�T�H�E �E�N�D�G�A�M�E �B�Y �P�R�O�D�U�C�I�N�G �A�S�R�O�L�F�\�� �W�H�I�C�H �I�S �A �M�A�P�
POLICY

�P�I�N�G �F�R�O�M �E�V�E�R�Y �P�O�S�S�I�B�L�E �S�T�A�T�E �T�O �T�H�E �B�E�S�T �M�O�V�E �I�N �T�H�A�T �S�T�A�T�E�� �4�H�E�N �W�E �C�A�N �J�U�S�T �L�O�O�K �U�P �T�H�E �B�E�S�T
�M�O�V�E �R�A�T�H�E�R �T�H�A�N �R�E�C�O�M�P�U�T�E �I�T �A�N�E�W�� �(�O�W �B�I�G �W�I�L�L �T�H�E �+�"�.�+ �L�O�O�K�U�P �T�A�B�L�E �B�E�� �)�T �T�U�R�N�S �O�U�T
�T�H�E�R�E �A�R�E ������ �W�A�Y�S �T�H�A�T �T�W�O �K�I�N�G�S �C�A�N �B�E �P�L�A�C�E�D �O�N �T�H�E �B�O�A�R�D �W�I�T�H�O�U�T �B�E�I�N�G �A�D�J�A�C�E�N�T�� �!�F�T�E�R
�T�H�E �K�I�N�G�S �A�R�E �P�L�A�C�E�D�� �T�H�E�R�E �A�R�E ���� �E�M�P�T�Y �S�Q�U�A�R�E�S �F�O�R �T�H�E �B�I�S�H�O�P�� ���� �F�O�R �T�H�E �K�N�I�G�H�T�� �A�N�D �T�W�O
�P�O�S�S�I�B�L�E �P�L�A�Y�E�R�S �T�O �M�O�V�E �N�E�X�T�� �S�O �T�H�E�R�E �A�R�E �J�U�S�T462� 62 � 61 � 2 = 3; 494; 568 �P�O�S�S�I�B�L�E
�P�O�S�I�T�I�O�N�S�� �3�O�M�E �O�F �T�H�E�S�E �A�R�E �C�H�E�C�K�M�A�T�E�S�� �M�A�R�K �T�H�E�M �A�S �S�U�C�H �I�N �A �T�A�B�L�E�� �4�H�E�N �D�O �A�U�H�W�U�R�J�U�D�G�HRETROGRADE

�M�I�N�I�M�A�X �S�E�A�R�C�H�� �R�E�V�E�R�S�E �T�H�E �R�U�L�E�S �O�F �C�H�E�S�S �T�O �D�O �U�N�M�O�V�E�S �R�A�T�H�E�R �T�H�A�N �M�O�V�E�S�� �!�N�Y �M�O�V�E �B�Y
�7�H�I�T�E �T�H�A�T�� �N�O �M�A�T�T�E�R �W�H�A�T �M�O�V�E �"�L�A�C�K �R�E�S�P�O�N�D�S �W�I�T�H�� �E�N�D�S �U�P �I�N �A �P�O�S�I�T�I�O�N �M�A�R�K�E�D �A�S �A �W�I�N��
�M�U�S�T �A�L�S�O �B�E �A �W�I�N�� �#�O�N�T�I�N�U�E �T�H�I�S �S�E�A�R�C�H �U�N�T�I�L �A�L�L ������������������ �P�O�S�I�T�I�O�N�S �A�R�E �R�E�S�O�L�V�E�D �A�S �W�I�N��
�L�O�S�S�� �O�R �D�R�A�W�� �A�N�D �Y�O�U �H�A�V�E �A�N �I�N�F�A�L�L�I�B�L�E �L�O�O�K�U�P �T�A�B�L�E �F�O�R �A�L�L �+�"�.�+ �E�N�D�G�A�M�E�S��

�5�S�I�N�G �T�H�I�S �T�E�C�H�N�I�Q�U�E �A�N�D �A�W�R�X�U �G�H �I�R�U�F�H�O�F �O�P�T�I�M�I�Z�A�T�I�O�N �T�R�I�C�K�S�� �+�E�N �4�H�O�M�P�S�O�N ������������
���������	 �A�N�D �,�E�W�I�S �3�T�I�L�L�E�R ������������ ���������	 �S�O�L�V�E�D �A�L�L �C�H�E�S�S �E�N�D�G�A�M�E�S �W�I�T�H �U�P �T�O �l�V�E �P�I�E�C�E�S �A�N�D
�S�O�M�E �W�I�T�H �S�I�X �P�I�E�C�E�S�� �M�A�K�I�N�G �T�H�E�M �A�V�A�I�L�A�B�L�E �O�N �T�H�E �)�N�T�E�R�N�E�T�� �3�T�I�L�L�E�R �D�I�S�C�O�V�E�R�E�D �O�N�E �C�A�S�E
�W�H�E�R�E �A �F�O�R�C�E�D �M�A�T�E �E�X�I�S�T�E�D �B�U�T �R�E�Q�U�I�R�E�D ������ �M�O�V�E�S�� �T�H�I�S �C�A�U�S�E�D �S�O�M�E �C�O�N�S�T�E�R�N�A�T�I�O�N �B�E�C�A�U�S�E
�T�H�E �R�U�L�E�S �O�F �C�H�E�S�S �R�E�Q�U�I�R�E �A �C�A�P�T�U�R�E �O�R �P�A�W�N �M�O�V�E �T�O �O�C�C�U�R �W�I�T�H�I�N ���� �M�O�V�E�S�� �,�A�T�E�R �W�O�R�K �B�Y
�-�A�R�C �"�O�U�R�Z�U�T�S�C�H�K�Y �A�N�D �9�A�K�O�V �+�O�N�O�V�A�L ���"�O�U�R�Z�U�T�S�C�H�K�Y�� ���������	 �S�O�L�V�E�D �A�L�L �P�A�W�N�L�E�S�S �S�I�X�
�P�I�E�C�E
�A�N�D �S�O�M�E �S�E�V�E�N�
�P�I�E�C�E �E�N�D�G�A�M�E�S�� �T�H�E�R�E �I�S �A �+�1�.�+�2�"�. �E�N�D�G�A�M�E �T�H�A�T �W�I�T�H �B�E�S�T �P�L�A�Y �R�E�Q�U�I�R�E�S
������ �M�O�V�E�S �U�N�T�I�L �A �C�A�P�T�U�R�E�� �W�H�I�C�H �T�H�E�N �L�E�A�D�S �T�O �A �M�A�T�E��

�)�F �W�E �C�O�U�L�D �E�X�T�E�N�D �T�H�E �C�H�E�S�S �E�N�D�G�A�M�E �T�A�B�L�E�S �F�R�O�M �� �P�I�E�C�E�S �T�O ������ �T�H�E�N �7�H�I�T�E �W�O�U�L�D
�K�N�O�W �O�N �T�H�E �O�P�E�N�I�N�G �M�O�V�E �W�H�E�T�H�E�R �I�T �W�O�U�L�D �B�E �A �W�I�N�� �L�O�S�S�� �O�R �D�R�A�W�� �4�H�I�S �H�A�S �N�O�T �H�A�P�P�E�N�E�D
�S�O �F�A�R �F�O�R �C�H�E�S�S�� �B�U�T �I�T �H�A�S �H�A�P�P�E�N�E�D �F�O�R �C�H�E�C�K�E�R�S�� �A�S �E�X�P�L�A�I�N�E�D �I�N �T�H�E �H�I�S�T�O�R�I�C�A�L �N�O�T�E�S �S�E�C�T�I�O�N��
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�)�N �R�E�A�L �L�I�F�E�� �M�A�N�Y �U�N�P�R�E�D�I�C�T�A�B�L�E �E�X�T�E�R�N�A�L �E�V�E�N�T�S �C�A�N �P�U�T �U�S �I�N�T�O �U�N�F�O�R�E�S�E�E�N �S�I�T�U�A�T�I�O�N�S�� �-�A�N�Y
�G�A�M�E�S �M�I�R�R�O�R �T�H�I�S �U�N�P�R�E�D�I�C�T�A�B�I�L�I�T�Y �B�Y �I�N�C�L�U�D�I�N�G �A �R�A�N�D�O�M �E�L�E�M�E�N�T�� �S�U�C�H �A�S �T�H�E �T�H�R�O�W�I�N�G �O�F
�D�I�C�E�� �7�E �C�A�L�L �T�H�E�S�E�V�W�R�F�K�D�V�W�L�F �J�D�P�H�V�� �"�A�C�K�G�A�M�M�O�N �I�S �A �T�Y�P�I�C�A�L �G�A�M�E �T�H�A�T �C�O�M�B�I�N�E�S �L�U�C�KSTOCHASTIC GAMES

�A�N�D �S�K�I�L�L�� �$�I�C�E �A�R�E �R�O�L�L�E�D �A�T �T�H�E �B�E�G�I�N�N�I�N�G �O�F �A �P�L�A�Y�E�R���S �T�U�R�N �T�O �D�E�T�E�R�M�I�N�E �T�H�E �L�E�G�A�L �M�O�V�E�S�� �)�N
�T�H�E �B�A�C�K�G�A�M�M�O�N �P�O�S�I�T�I�O�N �O�F �&�I�G�U�R�E ���������� �F�O�R �E�X�A�M�P�L�E�� �7�H�I�T�E �H�A�S �R�O�L�L�E�D �A ���n�� �A�N�D �H�A�S �F�O�U�R
�P�O�S�S�I�B�L�E �M�O�V�E�S��

1 2 3 4 5 6 7 8 9 10 11 12

24 23 22 21 20 19 18 17 16 15 14 13

0

25

�)�L�J�X�U�H ���������! �T�Y�P�I�C�A�L �B�A�C�K�G�A�M�M�O�N �P�O�S�I�T�I�O�N�� �4�H�E �G�O�A�L �O�F �T�H�E �G�A�M�E �I�S �T�O �M�O�V�E �A�L�L �O�N�E���S
�P�I�E�C�E�S �O�F�F �T�H�E �B�O�A�R�D�� �7�H�I�T�E �M�O�V�E�S �C�L�O�C�K�W�I�S�E �T�O�W�A�R�D ������ �A�N�D �"�L�A�C�K �M�O�V�E�S �C�O�U�N�T�E�R�C�L�O�C�K�W�I�S�E
�T�O�W�A�R�D ���� �! �P�I�E�C�E �C�A�N �M�O�V�E �T�O �A�N�Y �P�O�S�I�T�I�O�N �U�N�L�E�S�S �M�U�L�T�I�P�L�E �O�P�P�O�N�E�N�T �P�I�E�C�E�S �A�R�E �T�H�E�R�E�� �I�F �T�H�E�R�E
�I�S �O�N�E �O�P�P�O�N�E�N�T�� �I�T �I�S �C�A�P�T�U�R�E�D �A�N�D �M�U�S�T �S�T�A�R�T �O�V�E�R�� �)�N �T�H�E �P�O�S�I�T�I�O�N �S�H�O�W�N�� �7�H�I�T�E �H�A�S �R�O�L�L�E�D
���n�� �A�N�D �M�U�S�T �C�H�O�O�S�E �A�M�O�N�G �F�O�U�R �L�E�G�A�L �M�O�V�E�S�� �����n���������n�����	�� �����n�����������n�����	�� �����n�����������n�����	��
�A�N�D �����n�����������n�����	�� �W�H�E�R�E �T�H�E �N�O�T�A�T�I�O�N �����n�����������n�����	 �M�E�A�N�S �M�O�V�E �O�N�E �P�I�E�C�E �F�R�O�M �P�O�S�I�T�I�O�N ��
�T�O ������ �A�N�D �T�H�E�N �M�O�V�E �A �P�I�E�C�E �F�R�O�M ���� �T�O ������

�!�L�T�H�O�U�G�H �7�H�I�T�E �K�N�O�W�S �W�H�A�T �H�I�S �O�R �H�E�R �O�W�N �L�E�G�A�L �M�O�V�E�S �A�R�E�� �7�H�I�T�E �D�O�E�S�N�O�T �K�N�O�W �W�H�A�T
�"�L�A�C�K �I�S �G�O�I�N�G �T�O �R�O�L�L �A�N�D �T�H�U�S �D�O�E�S �N�O�T �K�N�O�W �W�H�A�T �"�L�A�C�K���S �L�E�G�A�L �M�O�V�E�S �W�I�L�L �B�E�� �4�H�A�T �M�E�A�N�S
�7�H�I�T�E �C�A�N�N�O�T �C�O�N�S�T�R�U�C�T �A �S�T�A�N�D�A�R�D �G�A�M�E �T�R�E�E �O�F �T�H�E �S�O�R�T �W�E �S�A�W �I�N �C�H�E�S�S �A�N�D �T�I�C�
�T�A�C�
�T�O�E�� �!
�G�A�M�E �T�R�E�E �I�N �B�A�C�K�G�A�M�M�O�N �M�U�S�T �I�N�C�L�U�D�E�F�K�D�Q�F�H �Q�R�G�H�V�I�N �A�D�D�I�T�I�O�N �T�O�-�!�8 �A�N�D�-�)�. �N�O�D�E�S��CHANCE NODES

�#�H�A�N�C�E �N�O�D�E�S �A�R�E �S�H�O�W�N �A�S �C�I�R�C�L�E�S �I�N �&�I�G�U�R�E ���������� �4�H�E �B�R�A�N�C�H�E�S �L�E�A�D�I�N�G �F�R�O�M �E�A�C�H �C�H�A�N�C�E
�N�O�D�E �D�E�N�O�T�E �T�H�E �P�O�S�S�I�B�L�E �D�I�C�E �R�O�L�L�S�� �E�A�C�H �B�R�A�N�C�H �I�S �L�A�B�E�L�E�D �W�I�T�H �T�H�E �R�O�L�L �A�N�D �I�T�S �P�R�O�B�A�B�I�L�I�T�Y��
�4�H�E�R�E �A�R�E ���� �W�A�Y�S �T�O �R�O�L�L �T�W�O �D�I�C�E�� �E�A�C�H �E�Q�U�A�L�L�Y �L�I�K�E�L�Y�� �B�U�T �B�E�C�A�U�S�E �A ���n�� �I�S �T�H�E �S�A�M�E �A�S �A ���n����
�T�H�E�R�E �A�R�E �O�N�L�Y ���� �D�I�S�T�I�N�C�T �R�O�L�L�S�� �4�H�E �S�I�X �D�O�U�B�L�E�S �����n�� �T�H�R�O�U�G�H ���n���	 �E�A�C�H �H�A�V�E �A �P�R�O�B�A�B�I�L�I�T�Y �O�F
���������� �S�O �W�E �S�A�YP(���n��) = 1 =36�� �4�H�E �O�T�H�E�R ���� �D�I�S�T�I�N�C�T �R�O�L�L�S �E�A�C�H �H�A�V�E �A �������� �P�R�O�B�A�B�I�L�I�T�Y��
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�)�L�J�X�U�H ���������3�C�H�E�M�A�T�I�C �G�A�M�E �T�R�E�E �F�O�R �A �B�A�C�K�G�A�M�M�O�N �P�O�S�I�T�I�O�N��

�4�H�E �N�E�X�T �S�T�E�P �I�S �T�O �U�N�D�E�R�S�T�A�N�D �H�O�W �T�O �M�A�K�E �C�O�R�R�E�C�T �D�E�C�I�S�I�O�N�S�� �/�B�V�I�O�U�S�L�Y�� �W�E �S�T�I�L�L �W�A�N�T
�T�O �P�I�C�K �T�H�E �M�O�V�E �T�H�A�T �L�E�A�D�S �T�O �T�H�E �B�E�S�T �P�O�S�I�T�I�O�N�� �(�O�W�E�V�E�R�� �P�O�S�I�T�I�O�N�S �D�O �N�O�T �H�A�V�E �D�E�l�N�I�T�E
�M�I�N�I�M�A�X �V�A�L�U�E�S�� �)�N�S�T�E�A�D�� �W�E �C�A�N �O�N�L�Y �C�A�L�C�U�L�A�T�E �T�H�E�H�[�S�H�F�W�H�G �Y�D�O�X�H�O�F �A �P�O�S�I�T�I�O�N�� �T�H�E �A�V�E�R�A�G�EEXPECTED VALUE

�O�V�E�R �A�L�L �P�O�S�S�I�B�L�E �O�U�T�C�O�M�E�S �O�F �T�H�E �C�H�A�N�C�E �N�O�D�E�S��
�4�H�I�S �L�E�A�D�S �U�S �T�O �G�E�N�E�R�A�L�I�Z�E �T�H�E�P�L�Q�L�P�D�[ �Y�D�O�X�H�F�O�R �D�E�T�E�R�M�I�N�I�S�T�I�C �G�A�M�E�S �T�O �A�N�H�[�S�H�F�W�L��

�P�L�Q�L�P�D�[ �Y�D�O�X�H�F�O�R �G�A�M�E�S �W�I�T�H �C�H�A�N�C�E �N�O�D�E�S�� �4�E�R�M�I�N�A�L �N�O�D�E�S �A�N�D�-�!�8 �A�N�D�-�)�. �N�O�D�E�S ���F�O�REXPECTIMINIMAX
VALUE

�W�H�I�C�H �T�H�E �D�I�C�E �R�O�L�L �I�S �K�N�O�W�N�	 �W�O�R�K �E�X�A�C�T�L�Y �T�H�E �S�A�M�E �W�A�Y �A�S �B�E�F�O�R�E�� �&�O�R �C�H�A�N�C�E �N�O�D�E�S �W�E
�C�O�M�P�U�T�E �T�H�E �E�X�P�E�C�T�E�D �V�A�L�U�E�� �W�H�I�C�H �I�S �T�H�E �S�U�M �O�F �T�H�E �V�A�L�U�E �O�V�E�R �A�L�L �O�U�T�C�O�M�E�S�� �W�E�I�G�H�T�E�D �B�Y
�T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �E�A�C�H �C�H�A�N�C�E �A�C�T�I�O�N��

�%�8�0�%�#�4�)�-�)�.�)�-�!�8(s) =
8
>><

>>:

�5�4�)�,�)�4�9(s) �I�F �4�%�2�-�)�.�!�,�
�4�%�3�4(s)
maxa �%�8�0�%�#�4�)�-�)�.�)�-�!�8(�2�%�3�5�,�4(s; a)) �I�F �0�,�!�9�%�2(s) = �-�!�8

mina �%�8�0�%�#�4�)�-�)�.�)�-�!�8(�2�%�3�5�,�4(s; a)) �I�F �0�,�!�9�%�2(s) = �-�)�.P
r P(r )�%�8�0�%�#�4�)�-�)�.�)�-�!�8(�2�%�3�5�,�4(s; r )) �I�F �0�,�!�9�%�2(s) = �#�(�!�.�#�%

�W�H�E�R�Er �R�E�P�R�E�S�E�N�T�S �A �P�O�S�S�I�B�L�E �D�I�C�E �R�O�L�L ���O�R �O�T�H�E�R �C�H�A�N�C�E �E�V�E�N�T�	 �A�N�D �2�%�3�5�,�4(s; r ) �I�S �T�H�E �S�A�M�E
�S�T�A�T�E �A�Ss�� �W�I�T�H �T�H�E �A�D�D�I�T�I�O�N�A�L �F�A�C�T �T�H�A�T �T�H�E �R�E�S�U�L�T �O�F �T�H�E �D�I�C�E �R�O�L�L �I�Sr ��

���������� �(�Y�D�O�X�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�V �I�R�U �J�D�P�H�V �R�I �F�K�D�Q�F�H

�!�S �W�I�T�H �M�I�N�I�M�A�X�� �T�H�E �O�B�V�I�O�U�S �A�P�P�R�O�X�I�M�A�T�I�O�N �T�O �M�A�K�E �W�I�T�H �E�X�P�E�C�T�I�M�I�N�I�M�A�X �I�S �T�O �C�U�T �T�H�E
�S�E�A�R�C�H �O�F�F �A�T �S�O�M�E �P�O�I�N�T �A�N�D �A�P�P�L�Y �A�N �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �T�O �E�A�C�H �L�E�A�F�� �/�N�E �M�I�G�H�T �T�H�I�N�K �T�H�A�T
�E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�S �F�O�R �G�A�M�E�S �S�U�C�H �A�S �B�A�C�K�G�A�M�M�O�N �S�H�O�U�L�D �B�E �J�U�S�T �L�I�K�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�S



�3�E�C�T�I�O�N �������� �3�T�O�C�H�A�S�T�I�C �'�A�M�E�S ������

�F�O�R �C�H�E�S�S�ˆ�T�H�E�Y �J�U�S�T �N�E�E�D �T�O �G�I�V�E �H�I�G�H�E�R �S�C�O�R�E�S �T�O �B�E�T�T�E�R �P�O�S�I�T�I�O�N�S�� �"�U�T �I�N �F�A�C�T�� �T�H�E �P�R�E�S�E�N�C�E �O�F
�C�H�A�N�C�E �N�O�D�E�S �M�E�A�N�S �T�H�A�T �O�N�E �H�A�S �T�O �B�E �M�O�R�E �C�A�R�E�F�U�L �A�B�O�U�T �W�H�A�T �T�H�E �E�V�A�L�U�A�T�I�O�N �V�A�L�U�E�S �M�E�A�N��
�&�I�G�U�R�E �������� �S�H�O�W�S �W�H�A�T �H�A�P�P�E�N�S�� �W�I�T�H �A�N �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �T�H�A�T �A�S�S�I�G�N�S �T�H�E �V�A�L�U�E�S �;���� ����
���� ���= �T�O �T�H�E �L�E�A�V�E�S�� �M�O�V�Ea1 �I�S �B�E�S�T�� �W�I�T�H �V�A�L�U�E�S �;���� ������ ������ �������=�� �M�O�V�Ea2 �I�S �B�E�S�T�� �(�E�N�C�E��
�T�H�E �P�R�O�G�R�A�M �B�E�H�A�V�E�S �T�O�T�A�L�L�Y �D�I�F�F�E�R�E�N�T�L�Y �I�F �W�E �M�A�K�E �A �C�H�A�N�G�E �I�N �T�H�E �S�C�A�L�E �O�F �S�O�M�E �E�V�A�L�U�A�T�I�O�N
�V�A�L�U�E�S�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �T�O �A�V�O�I�D �T�H�I�S �S�E�N�S�I�T�I�V�I�T�Y�� �T�H�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �M�U�S�T �B�E �A �P�O�S�I�T�I�V�E
�L�I�N�E�A�R �T�R�A�N�S�F�O�R�M�A�T�I�O�N �O�F �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �W�I�N�N�I�N�G �F�R�O�M �A �P�O�S�I�T�I�O�N ���O�R�� �M�O�R�E �G�E�N�E�R�A�L�L�Y�� �O�F �T�H�E
�E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �T�H�E �P�O�S�I�T�I�O�N�	�� �4�H�I�S �I�S �A�N �I�M�P�O�R�T�A�N�T �A�N�D �G�E�N�E�R�A�L �P�R�O�P�E�R�T�Y �O�F �S�I�T�U�A�T�I�O�N�S �I�N
�W�H�I�C�H �U�N�C�E�R�T�A�I�N�T�Y �I�S �I�N�V�O�L�V�E�D�� �A�N�D �W�E �D�I�S�C�U�S�S �I�T �F�U�R�T�H�E�R �I�N �#�H�A�P�T�E�R ������
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�)�L�J�X�U�H ���������!�N �O�R�D�E�R�
�P�R�E�S�E�R�V�I�N�G �T�R�A�N�S�F�O�R�M�A�T�I�O�N �O�N �L�E�A�F �V�A�L�U�E�S �C�H�A�N�G�E�S �T�H�E �B�E�S�T �M�O�V�E��

�)�F �T�H�E �P�R�O�G�R�A�M �K�N�E�W �I�N �A�D�V�A�N�C�E �A�L�L �T�H�E �D�I�C�E �R�O�L�L�S �T�H�A�T �W�O�U�L�D �O�C�C�U�R �F�O�R �T�H�E �R�E�S�T �O�F �T�H�E
�G�A�M�E�� �S�O�L�V�I�N�G �A �G�A�M�E �W�I�T�H �D�I�C�E �W�O�U�L�D �B�E �J�U�S�T �L�I�K�E �S�O�L�V�I�N�G �A �G�A�M�E �W�I�T�H�O�U�T �D�I�C�E�� �W�H�I�C�H �M�I�N�I�

�M�A�X �D�O�E�S �I�NO(bm ) �T�I�M�E�� �W�H�E�R�Eb�I�S �T�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �A�N�Dm �I�S �T�H�E �M�A�X�I�M�U�M �D�E�P�T�H �O�F �T�H�E
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�.�O�W�� �I�N �M�O�S�T �C�A�R�D �G�A�M�E�S�� �T�H�E �N�U�M�B�E�R �O�F �P�O�S�S�I�B�L�E �D�E�A�L�S �I�S �R�A�T�H�E�R �L�A�R�G�E�� �&�O�R �E�X�A�M�P�L�E��

�I�N �B�R�I�D�G�E �P�L�A�Y�� �E�A�C�H �P�L�A�Y�E�R �S�E�E�S �J�U�S�T �T�W�O �O�F �T�H�E �F�O�U�R �H�A�N�D�S�� �T�H�E�R�E �A�R�E �T�W�O �U�N�S�E�E�N �H�A�N�D�S �O�F ����
�C�A�R�D�S �E�A�C�H�� �S�O �T�H�E �N�U�M�B�E�R �O�F �D�E�A�L�S �I�S
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�D�I�F�l�C�U�L�T�� �S�O �S�O�L�V�I�N�G �T�E�N �M�I�L�L�I�O�N �I�S �O�U�T �O�F �T�H�E �Q�U�E�S�T�I�O�N�� �)�N�S�T�E�A�D�� �W�E �R�E�S�O�R�T �T�O �A �-�O�N�T�E �#�A�R�L�O



������ �#�H�A�P�T�E�R ���� �!�D�V�E�R�S�A�R�I�A�L �3�E�A�R�C�H

�A�P�P�R�O�X�I�M�A�T�I�O�N�� �I�N�S�T�E�A�D �O�F �A�D�D�I�N�G �U�P�D�O�O�T�H�E�D�E�A�L�S�� �W�E �T�A�K�E �A�U�D�Q�G�R�P �V�D�P�S�O�H�O�FN �D�E�A�L�S��
�W�H�E�R�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �D�E�A�Ls �A�P�P�E�A�R�I�N�G �I�N �T�H�E �S�A�M�P�L�E �I�S �P�R�O�P�O�R�T�I�O�N�A�L �T�OP(s)��
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���.�O�T�I�C�E �T�H�A�TP(s) �D�O�E�S �N�O�T �A�P�P�E�A�R �E�X�P�L�I�C�I�T�L�Y �I�N �T�H�E �S�U�M�M�A�T�I�O�N�� �B�E�C�A�U�S�E �T�H�E �S�A�M�P�L�E�S �A�R�E �A�L�

�R�E�A�D�Y �D�R�A�W�N �A�C�C�O�R�D�I�N�G �T�OP(s)���	 �!�SN �G�R�O�W�S �L�A�R�G�E�� �T�H�E �S�U�M �O�V�E�R �T�H�E �R�A�N�D�O�M �S�A�M�P�L�E �T�E�N�D�S
�T�O �T�H�E �E�X�A�C�T �V�A�L�U�E�� �B�U�T �E�V�E�N �F�O�R �F�A�I�R�L�Y �S�M�A�L�LN �ˆ�S�A�Y�� ������ �T�O �����������ˆ�T�H�E �M�E�T�H�O�D �G�I�V�E�S �A �G�O�O�D
�A�P�P�R�O�X�I�M�A�T�I�O�N�� �)�T �C�A�N �A�L�S�O �B�E �A�P�P�L�I�E�D �T�O �D�E�T�E�R�M�I�N�I�S�T�I�C �G�A�M�E�S �S�U�C�H �A�S �+�R�I�E�G�S�P�I�E�L�� �G�I�V�E�N �S�O�M�E
�R�E�A�S�O�N�A�B�L�E �E�S�T�I�M�A�T�E �O�FP(s)��

�&�O�R �G�A�M�E�S �L�I�K�E �W�H�I�S�T �A�N�D �H�E�A�R�T�S�� �W�H�E�R�E �T�H�E�R�E �I�S �N�O �B�I�D�D�I�N�G �O�R �B�E�T�T�I�N�G �P�H�A�S�E �B�E�F�O�R�E �P�L�A�Y
�C�O�M�M�E�N�C�E�S�� �E�A�C�H �D�E�A�L �W�I�L�L �B�E �E�Q�U�A�L�L�Y �L�I�K�E�L�Y �A�N�D �S�O �T�H�E �V�A�L�U�E�S �O�FP(s) �A�R�E �A�L�L �E�Q�U�A�L�� �&�O�R
�B�R�I�D�G�E�� �P�L�A�Y �I�S �P�R�E�C�E�D�E�D �B�Y �A �B�I�D�D�I�N�G �P�H�A�S�E �I�N �W�H�I�C�H �E�A�C�H �T�E�A�M �I�N�D�I�C�A�T�E�S �H�O�W �M�A�N�Y �T�R�I�C�K�S �I�T
�E�X�P�E�C�T�S �T�O �W�I�N�� �3�I�N�C�E �P�L�A�Y�E�R�S �B�I�D �B�A�S�E�D �O�N �T�H�E �C�A�R�D�S �T�H�E�Y �H�O�L�D�� �T�H�E �O�T�H�E�R �P�L�A�Y�E�R�S �L�E�A�R�N �M�O�R�E
�A�B�O�U�T �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �E�A�C�H �D�E�A�L�� �4�A�K�I�N�G �T�H�I�S �I�N�T�O �A�C�C�O�U�N�T �I�N �D�E�C�I�D�I�N�G �H�O�W �T�O �P�L�A�Y �T�H�E �H�A�N�D
�I�S �T�R�I�C�K�Y�� �F�O�R �T�H�E �R�E�A�S�O�N�S �M�E�N�T�I�O�N�E�D �I�N �O�U�R �D�E�S�C�R�I�P�T�I�O�N �O�F �+�R�I�E�G�S�P�I�E�L�� �P�L�A�Y�E�R�S �M�A�Y �B�I�D �I�N �S�U�C�H
�A �W�A�Y �A�S �T�O �M�I�N�I�M�I�Z�E �T�H�E �I�N�F�O�R�M�A�T�I�O�N �C�O�N�V�E�Y�E�D �T�O �T�H�E�I�R �O�P�P�O�N�E�N�T�S�� �%�V�E�N �S�O�� �T�H�E �A�P�P�R�O�A�C�H �I�S
�Q�U�I�T�E �E�F�F�E�C�T�I�V�E �F�O�R �B�R�I�D�G�E�� �A�S �W�E �S�H�O�W �I�N �3�E�C�T�I�O�N ��������

�4�H�E �S�T�R�A�T�E�G�Y �D�E�S�C�R�I�B�E�D �I�N �%�Q�U�A�T�I�O�N�S ������ �A�N�D ������ �I�S �S�O�M�E�T�I�M�E�S �C�A�L�L�E�D�D�Y�H�U�D�J�L�Q�J �R�Y�H�U
�F�O�D�L�U�Y�R�\�D�Q�F�H�B�E�C�A�U�S�E �I�T �A�S�S�U�M�E�S �T�H�A�T �T�H�E �G�A�M�E �W�I�L�L �B�E�C�O�M�E �O�B�S�E�R�V�A�B�L�E �T�O �B�O�T�H �P�L�A�Y�E�R�S �I�M�

�M�E�D�I�A�T�E�L�Y �A�F�T�E�R �T�H�E �l�R�S�T �M�O�V�E�� �$�E�S�P�I�T�E �I�T�S �I�N�T�U�I�T�I�V�E �A�P�P�E�A�L�� �T�H�E �S�T�R�A�T�E�G�Y �C�A�N �L�E�A�D �O�N�E �A�S�T�R�A�Y��
�#�O�N�S�I�D�E�R �T�H�E �F�O�L�L�O�W�I�N�G �S�T�O�R�Y��

�$�A�Y ���� �2�O�A�D�$ �L�E�A�D�S �T�O �A �H�E�A�P �O�F �G�O�L�D�� �2�O�A�D�%�L�E�A�D�S �T�O �A �F�O�R�K�� �4�A�K�E �T�H�E �L�E�F�T �F�O�R�K �A�N�D
�Y�O�U���L�L �l�N�D �A �B�I�G�G�E�R �H�E�A�P �O�F �G�O�L�D�� �B�U�T �T�A�K�E �T�H�E �R�I�G�H�T �F�O�R�K �A�N�D �Y�O�U���L�L �B�E �R�U�N �O�V�E�R �B�Y �A �B�U�S��
�$�A�Y ���� �2�O�A�D�$�L�E�A�D�S �T�O �A �H�E�A�P �O�F �G�O�L�D�� �2�O�A�D�%�L�E�A�D�S �T�O �A �F�O�R�K�� �4�A�K�E �T�H�E �R�I�G�H�T �F�O�R�K �A�N�D
�Y�O�U���L�L �l�N�D �A �B�I�G�G�E�R �H�E�A�P �O�F �G�O�L�D�� �B�U�T �T�A�K�E �T�H�E �L�E�F�T �F�O�R�K �A�N�D �Y�O�U���L�L �B�E �R�U�N �O�V�E�R �B�Y �A �B�U�S��
�$�A�Y ���� �2�O�A�D�$ �L�E�A�D�S �T�O �A �H�E�A�P �O�F �G�O�L�D�� �2�O�A�D�%�L�E�A�D�S �T�O �A �F�O�R�K�� �/�N�E �B�R�A�N�C�H �O�F �T�H�E
�F�O�R�K �L�E�A�D�S �T�O �A �B�I�G�G�E�R �H�E�A�P �O�F �G�O�L�D�� �B�U�T �T�A�K�E �T�H�E �W�R�O�N�G �F�O�R�K �A�N�D �Y�O�U���L�L �B�E �H�I�T �B�Y �A �B�U�S��
�5�N�F�O�R�T�U�N�A�T�E�L�Y �Y�O�U �D�O�N���T �K�N�O�W �W�H�I�C�H �F�O�R�K �I�S �W�H�I�C�H��

�!�V�E�R�A�G�I�N�G �O�V�E�R �C�L�A�I�R�V�O�Y�A�N�C�E �L�E�A�D�S �T�O �T�H�E �F�O�L�L�O�W�I�N�G �R�E�A�S�O�N�I�N�G�� �O�N �$�A�Y �����%�I�S �T�H�E �R�I�G�H�T �C�H�O�I�C�E��
�O�N �$�A�Y �����%�I�S �T�H�E �R�I�G�H�T �C�H�O�I�C�E�� �O�N �$�A�Y ���� �T�H�E �S�I�T�U�A�T�I�O�N �I�S �T�H�E �S�A�M�E �A�S �E�I�T�H�E�R �$�A�Y �� �O�R �$�A�Y ����
�S�O�%�M�U�S�T �S�T�I�L�L �B�E �T�H�E �R�I�G�H�T �C�H�O�I�C�E��

�.�O�W �W�E �C�A�N �S�E�E �H�O�W �A�V�E�R�A�G�I�N�G �O�V�E�R �C�L�A�I�R�V�O�Y�A�N�C�E �F�A�I�L�S�� �I�T �D�O�E�S �N�O�T �C�O�N�S�I�D�E�R �T�H�E�E�H�O�L�H�I
�V�W�D�W�H�T�H�A�T �T�H�E �A�G�E�N�T �W�I�L�L �B�E �I�N �A�F�T�E�R �A�C�T�I�N�G�� �! �B�E�L�I�E�F �S�T�A�T�E �O�F �T�O�T�A�L �I�G�N�O�R�A�N�C�E �I�S �N�O�T �D�E�S�I�R�A�B�L�E�� �E�S�

�P�E�C�I�A�L�L�Y �W�H�E�N �O�N�E �P�O�S�S�I�B�I�L�I�T�Y �I�S �C�E�R�T�A�I�N �D�E�A�T�H�� �"�E�C�A�U�S�E �I�T �A�S�S�U�M�E�S �T�H�A�T �E�V�E�R�Y �F�U�T�U�R�E �S�T�A�T�E �W�I�L�L
�A�U�T�O�M�A�T�I�C�A�L�L�Y �B�E �O�N�E �O�F �P�E�R�F�E�C�T �K�N�O�W�L�E�D�G�E�� �T�H�E �A�P�P�R�O�A�C�H �N�E�V�E�R �S�E�L�E�C�T�S �A�C�T�I�O�N�S �T�H�A�T�J�D�W�K�H�U �L�Q��
�I�R�U�P�D�W�L�R�Q���L�I�K�E �T�H�E �l�R�S�T �M�O�V�E �I�N �&�I�G�U�R�E ���������	�� �N�O�R �W�I�L�L �I�T �C�H�O�O�S�E �A�C�T�I�O�N�S �T�H�A�T �H�I�D�E �I�N�F�O�R�M�A�T�I�O�N
�F�R�O�M �T�H�E �O�P�P�O�N�E�N�T �O�R �P�R�O�V�I�D�E �I�N�F�O�R�M�A�T�I�O�N �T�O �A �P�A�R�T�N�E�R �B�E�C�A�U�S�E �I�T �A�S�S�U�M�E�S �T�H�A�T �T�H�E�Y �A�L�R�E�A�D�Y
�K�N�O�W �T�H�E �I�N�F�O�R�M�A�T�I�O�N�� �A�N�D �I�T �W�I�L�L �N�E�V�E�R�E�O�X�I�I�I�N �P�O�K�E�R���� �B�E�C�A�U�S�E �I�T �A�S�S�U�M�E�S �T�H�E �O�P�P�O�N�E�N�T �C�A�NBLUFF

�S�E�E �I�T�S �C�A�R�D�S�� �)�N �#�H�A�P�T�E�R ������ �W�E �S�H�O�W �H�O�W �T�O �C�O�N�S�T�R�U�C�T �A�L�G�O�R�I�T�H�M�S �T�H�A�T �D�O �A�L�L �T�H�E�S�E �T�H�I�N�G�S �B�Y
�V�I�R�T�U�E �O�F �S�O�L�V�I�N�G �T�H�E �T�R�U�E �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M��

4 �"�L�U�F�l�N�G�ˆ�B�E�T�T�I�N�G �A�S �I�F �O�N�E���S �H�A�N�D �I�S �G�O�O�D�� �E�V�E�N �W�H�E�N �I�T���S �N�O�T�ˆ�I�S �A �C�O�R�E �P�A�R�T �O�F �P�O�K�E�R �S�T�R�A�T�E�G�Y��
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�)�N ���������� �T�H�E �2�U�S�S�I�A�N �M�A�T�H�E�M�A�T�I�C�I�A�N �!�L�E�X�A�N�D�E�R �+�R�O�N�R�O�D �C�A�L�L�E�D �C�H�E�S�S �h�T�H�E�'�U�R�V�R�S�K�L�O�D�O�F �A�R�

�T�I�l�C�I�A�L �I�N�T�E�L�L�I�G�E�N�C�E���v �*�O�H�N �-�C�#�A�R�T�H�Y �D�I�S�A�G�R�E�E�S�� �W�H�E�R�E�A�S �G�E�N�E�T�I�C�I�S�T�S �U�S�E �F�R�U�I�T �m�I�E�S �T�O �M�A�K�E
�D�I�S�C�O�V�E�R�I�E�S �T�H�A�T �A�P�P�L�Y �T�O �B�I�O�L�O�G�Y �M�O�R�E �B�R�O�A�D�L�Y�� �!�) �H�A�S �U�S�E�D �C�H�E�S�S �T�O �D�O �T�H�E �E�Q�U�I�V�A�L�E�N�T �O�F
�B�R�E�E�D�I�N�G �V�E�R�Y �F�A�S�T �F�R�U�I�T �m�I�E�S�� �0�E�R�H�A�P�S �A �B�E�T�T�E�R �A�N�A�L�O�G�Y �I�S �T�H�A�T �C�H�E�S�S �I�S �T�O �!�) �A�S �'�R�A�N�D �0�R�I�X
�M�O�T�O�R �R�A�C�I�N�G �I�S �T�O �T�H�E �C�A�R �I�N�D�U�S�T�R�Y�� �S�T�A�T�E�
�O�F�
�T�H�E�
�A�R�T �G�A�M�E �P�R�O�G�R�A�M�S �A�R�E �B�L�I�N�D�I�N�G�L�Y �F�A�S�T�� �H�I�G�H�L�Y
�O�P�T�I�M�I�Z�E�D �M�A�C�H�I�N�E�S �T�H�A�T �I�N�C�O�R�P�O�R�A�T�E �T�H�E �L�A�T�E�S�T �E�N�G�I�N�E�E�R�I�N�G �A�D�V�A�N�C�E�S�� �B�U�T �T�H�E�Y �A�R�E�N���T �M�U�C�H
�U�S�E �F�O�R �D�O�I�N�G �T�H�E �S�H�O�P�P�I�N�G �O�R �D�R�I�V�I�N�G �O�F�F�
�R�O�A�D�� �.�O�N�E�T�H�E�L�E�S�S�� �R�A�C�I�N�G �A�N�D �G�A�M�E�
�P�L�A�Y�I�N�G �G�E�N�
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�W�I�T�H �E�X�A�C�T�L�Yn X ���S �A�N�D �N�OO���S�� �3�I�M�I�L�A�R�L�Y��On �I�S �T�H�E �N�U�M�B�E�R �O�F �R�O�W�S�� �C�O�L�U�M�N�S�� �O�R �D�I�A�G�O�N�A�L�S
�W�I�T�H �J�U�S�Tn O���S�� �4�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �A�S�S�I�G�N�S+1 �T�O �A�N�Y �P�O�S�I�T�I�O�N �W�I�T�HX 3 = 1 �A�N�D� 1 �T�O �A�N�Y
�P�O�S�I�T�I�O�N �W�I�T�HO3 = 1 �� �!�L�L �O�T�H�E�R �T�E�R�M�I�N�A�L �P�O�S�I�T�I�O�N�S �H�A�V�E �U�T�I�L�I�T�Y ���� �&�O�R �N�O�N�T�E�R�M�I�N�A�L �P�O�S�I�T�I�O�N�S��
�W�E �U�S�E �A �L�I�N�E�A�R �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �D�E�l�N�E�D �A�SEval(s) = 3 X 2(s)+ X 1(s)� (3O2(s)+ O1(s)) ��

�D�� �!�P�P�R�O�X�I�M�A�T�E�L�Y �H�O�W �M�A�N�Y �P�O�S�S�I�B�L�E �G�A�M�E�S �O�F �T�I�C�
�T�A�C�
�T�O�E �A�R�E �T�H�E�R�E��
�E�� �3�H�O�W �T�H�E �W�H�O�L�E �G�A�M�E �T�R�E�E �S�T�A�R�T�I�N�G �F�R�O�M �A�N �E�M�P�T�Y �B�O�A�R�D �D�O�W�N �T�O �D�E�P�T�H �� ���I���E���� �O�N�EX

�A�N�D �O�N�EO �O�N �T�H�E �B�O�A�R�D�	�� �T�A�K�I�N�G �S�Y�M�M�E�T�R�Y �I�N�T�O �A�C�C�O�U�N�T��
�F�� �-�A�R�K �O�N �Y�O�U�R �T�R�E�E �T�H�E �E�V�A�L�U�A�T�I�O�N�S �O�F �A�L�L �T�H�E �P�O�S�I�T�I�O�N�S �A�T �D�E�P�T�H ����
�G�� �5�S�I�N�G �T�H�E �M�I�N�I�M�A�X �A�L�G�O�R�I�T�H�M�� �M�A�R�K �O�N �Y�O�U�R �T�R�E�E �T�H�E �B�A�C�K�E�D�
�U�P �V�A�L�U�E�S �F�O�R �T�H�E �P�O�S�I�T�I�O�N�S

�A�T �D�E�P�T�H�S �� �A�N�D ���� �A�N�D �U�S�E �T�H�O�S�E �V�A�L�U�E�S �T�O �C�H�O�O�S�E �T�H�E �B�E�S�T �S�T�A�R�T�I�N�G �M�O�V�E��
�H�� �#�I�R�C�L�E �T�H�E �N�O�D�E�S �A�T �D�E�P�T�H �� �T�H�A�T �W�O�U�L�D�Q�R�W�B�E �E�V�A�L�U�A�T�E�D �I�F �A�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G �W�E�R�E

�A�P�P�L�I�E�D�� �A�S�S�U�M�I�N�G �T�H�E �N�O�D�E�S �A�R�E �G�E�N�E�R�A�T�E�D �I�N �T�H�E �O�P�T�I�M�A�L �O�R�D�E�R �F�O�R �A�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G��

�������� �#�O�N�S�I�D�E�R �T�H�E �F�A�M�I�L�Y �O�F �G�E�N�E�R�A�L�I�Z�E�D �T�I�C�
�T�A�C�
�T�O�E �G�A�M�E�S�� �D�E�l�N�E�D �A�S �F�O�L�L�O�W�S�� �%�A�C�H �P�A�R�T�I�C�

�U�L�A�R �G�A�M�E �I�S �S�P�E�C�I�l�E�D �B�Y �A �S�E�TS �O�F�V�T�X�D�U�H�V�A�N�D �A �C�O�L�L�E�C�T�I�O�NW �O�F�Z�L�Q�Q�L�Q�J �S�R�V�L�W�L�R�Q�V���%�A�C�H
�W�I�N�N�I�N�G �P�O�S�I�T�I�O�N �I�S �A �S�U�B�S�E�T �O�FS�� �&�O�R �E�X�A�M�P�L�E�� �I�N �S�T�A�N�D�A�R�D �T�I�C�
�T�A�C�
�T�O�E��S �I�S �A �S�E�T �O�F �� �S�Q�U�A�R�E�S
�A�N�DW �I�S �A �C�O�L�L�E�C�T�I�O�N �O�F �� �S�U�B�S�E�T�S �O�FW�� �T�H�E �T�H�R�E�E �R�O�W�S�� �T�H�E �T�H�R�E�E �C�O�L�U�M�N�S�� �A�N�D �T�H�E �T�W�O �D�I�A�G�

�O�N�A�L�S�� �)�N �O�T�H�E�R �R�E�S�P�E�C�T�S�� �T�H�E �G�A�M�E �I�S �I�D�E�N�T�I�C�A�L �T�O �S�T�A�N�D�A�R�D �T�I�C�
�T�A�C�
�T�O�E�� �3�T�A�R�T�I�N�G �F�R�O�M �A�N �E�M�P�T�Y
�B�O�A�R�D�� �P�L�A�Y�E�R�S �A�L�T�E�R�N�A�T�E �P�L�A�C�I�N�G �T�H�E�I�R �M�A�R�K�S �O�N �A�N �E�M�P�T�Y �S�Q�U�A�R�E�� �! �P�L�A�Y�E�R �W�H�O �M�A�R�K�S �E�V�E�R�Y
�S�Q�U�A�R�E �I�N �A �W�I�N�N�I�N�G �P�O�S�I�T�I�O�N �W�I�N�S �T�H�E �G�A�M�E�� �)�T �I�S �A �T�I�E �I�F �A�L�L �S�Q�U�A�R�E�S �A�R�E �M�A�R�K�E�D �A�N�D �N�E�I�T�H�E�R
�P�L�A�Y�E�R �H�A�S �W�O�N��

�D�� �,�E�TN = jSj�� �T�H�E �N�U�M�B�E�R �O�F �S�Q�U�A�R�E�S�� �'�I�V�E �A�N �U�P�P�E�R �B�O�U�N�D �O�N �T�H�E �N�U�M�B�E�R �O�F �N�O�D�E�S �I�N
�T�H�E �C�O�M�P�L�E�T�E �G�A�M�E �T�R�E�E �F�O�R �G�E�N�E�R�A�L�I�Z�E�D �T�I�C�
�T�A�C�
�T�O�E �A�S �A �F�U�N�C�T�I�O�N �O�FN ��

�E�� �'�I�V�E �A �L�O�W�E�R �B�O�U�N�D �O�N �T�H�E �S�I�Z�E �O�F �T�H�E �G�A�M�E �T�R�E�E �F�O�R �T�H�E �W�O�R�S�T �C�A�S�E�� �W�H�E�R�EW = f g ��
�F�� �0�R�O�P�O�S�E �A �P�L�A�U�S�I�B�L�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N �T�H�A�T �C�A�N �B�E �U�S�E�D �F�O�R �A�N�Y �I�N�S�T�A�N�C�E �O�F �G�E�N�E�R�A�L�I�Z�E�D

�T�I�C�
�T�A�C�
�T�O�E�� �4�H�E �F�U�N�C�T�I�O�N �M�A�Y �D�E�P�E�N�D �O�NS �A�N�DW��
�G�� �!�S�S�U�M�E �T�H�A�T �I�T �I�S �P�O�S�S�I�B�L�E �T�O �G�E�N�E�R�A�T�E �A �N�E�W �B�O�A�R�D �A�N�D �C�H�E�C�K �W�H�E�T�H�E�R �I�T �I�S �A �W�I�N�N�I�N�G

�P�O�S�I�T�I�O�N �I�N ������N �M�A�C�H�I�N�E �I�N�S�T�R�U�C�T�I�O�N�S �A�N�D �A�S�S�U�M�E �A �� �G�I�G�A�H�E�R�T�Z �P�R�O�C�E�S�S�O�R�� �)�G�N�O�R�E
�M�E�M�O�R�Y �L�I�M�I�T�A�T�I�O�N�S�� �5�S�I�N�G �Y�O�U�R �E�S�T�I�M�A�T�E �I�N ���A�	�� �R�O�U�G�H�L�Y �H�O�W �L�A�R�G�E �A �G�A�M�E �T�R�E�E �C�A�N �B�E
�C�O�M�P�L�E�T�E�L�Y �S�O�L�V�E�D �B�Y �A�L�P�H�A�n�B�E�T�A �I�N �A �S�E�C�O�N�D �O�F �#�0�5 �T�I�M�E�� �A �M�I�N�U�T�E�� �A�N �H�O�U�R��

�������� �$�E�V�E�L�O�P �A �G�E�N�E�R�A�L �G�A�M�E�
�P�L�A�Y�I�N�G �P�R�O�G�R�A�M�� �C�A�P�A�B�L�E �O�F �P�L�A�Y�I�N�G �A �V�A�R�I�E�T�Y �O�F �G�A�M�E�S��

�D�� �)�M�P�L�E�M�E�N�T �M�O�V�E �G�E�N�E�R�A�T�O�R�S �A�N�D �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�S �F�O�R �O�N�E �O�R �M�O�R�E �O�F �T�H�E �F�O�L�L�O�W�I�N�G
�G�A�M�E�S�� �+�A�L�A�H�� �/�T�H�E�L�L�O�� �C�H�E�C�K�E�R�S�� �A�N�D �C�H�E�S�S��

�E�� �#�O�N�S�T�R�U�C�T �A �G�E�N�E�R�A�L �A�L�P�H�A�n�B�E�T�A �G�A�M�E�
�P�L�A�Y�I�N�G �A�G�E�N�T��
�F�� �#�O�M�P�A�R�E �T�H�E �E�F�F�E�C�T �O�F �I�N�C�R�E�A�S�I�N�G �S�E�A�R�C�H �D�E�P�T�H�� �I�M�P�R�O�V�I�N�G �M�O�V�E �O�R�D�E�R�I�N�G�� �A�N�D �I�M�P�R�O�V�


�I�N�G �T�H�E �E�V�A�L�U�A�T�I�O�N �F�U�N�C�T�I�O�N�� �(�O�W �C�L�O�S�E �D�O�E�S �Y�O�U�R �E�F�F�E�C�T�I�V�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �C�O�M�E �T�O �T�H�E
�I�D�E�A�L �C�A�S�E �O�F �P�E�R�F�E�C�T �M�O�V�E �O�R�D�E�R�I�N�G��

�G�� �)�M�P�L�E�M�E�N�T �A �S�E�L�E�C�T�I�V�E �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�� �S�U�C�H �A�S �"�
 ���"�E�R�L�I�N�E�R�� ���������	�� �C�O�N�S�P�I�R�A�C�Y �N�U�M�B�E�R
�S�E�A�R�C�H ���-�C�!�L�L�E�S�T�E�R�� ���������	�� �O�R �-�'�3�3�
 ���2�U�S�S�E�L�L �A�N�D �7�E�F�A�L�D�� ���������	 �A�N�D �C�O�M�P�A�R�E �I�T�S
�P�E�R�F�O�R�M�A�N�C�E �T�O �!�
��



�%�X�E�R�C�I�S�E�S ������

�Q��

�Q��

�Q�M

�)�L�J�X�U�H ���������3�I�T�U�A�T�I�O�N �W�H�E�N �C�O�N�S�I�D�E�R�I�N�G �W�H�E�T�H�E�R �T�O �P�R�U�N�E �N�O�D�En j ��

�������� �$�E�S�C�R�I�B�E �H�O�W �T�H�E �M�I�N�I�M�A�X �A�N�D �A�L�P�H�A�n�B�E�T�A �A�L�G�O�R�I�T�H�M�S �C�H�A�N�G�E �F�O�R �T�W�O�
�P�L�A�Y�E�R�� �N�O�N�

�Z�E�R�O�
�S�U�M �G�A�M�E�S �I�N �W�H�I�C�H �E�A�C�H �P�L�A�Y�E�R �H�A�S �A �D�I�S�T�I�N�C�T �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �A�N�D �B�O�T�H �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S
�A�R�E �K�N�O�W�N �T�O �B�O�T�H �P�L�A�Y�E�R�S�� �)�F �T�H�E�R�E �A�R�E �N�O �C�O�N�S�T�R�A�I�N�T�S �O�N �T�H�E �T�W�O �T�E�R�M�I�N�A�L �U�T�I�L�I�T�I�E�S�� �I�S �I�T �P�O�S�S�I�B�L�E
�F�O�R �A�N�Y �N�O�D�E �T�O �B�E �P�R�U�N�E�D �B�Y �A�L�P�H�A�n�B�E�T�A�� �7�H�A�T �I�F �T�H�E �P�L�A�Y�E�R���S �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S �O�N �A�N�Y �S�T�A�T�E
�S�U�M �T�O �A �N�U�M�B�E�R �B�E�T�W�E�E�N �C�O�N�S�T�A�N�T�S� k �A�N�Dk�� �M�A�K�I�N�G �T�H�E �G�A�M�E �A�L�M�O�S�T �Z�E�R�O�
�S�U�M��

�������� �$�E�V�E�L�O�P �A �F�O�R�M�A�L �P�R�O�O�F �O�F �C�O�R�R�E�C�T�N�E�S�S �F�O�R �A�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G�� �4�O �D�O �T�H�I�S�� �C�O�N�S�I�D�E�R �T�H�E
�S�I�T�U�A�T�I�O�N �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �4�H�E �Q�U�E�S�T�I�O�N �I�S �W�H�E�T�H�E�R �T�O �P�R�U�N�E �N�O�D�En j �� �W�H�I�C�H �I�S �A �M�A�X�

�N�O�D�E �A�N�D �A �D�E�S�C�E�N�D�A�N�T �O�F �N�O�D�En1�� �4�H�E �B�A�S�I�C �I�D�E�A �I�S �T�O �P�R�U�N�E �I�T �I�F �A�N�D �O�N�L�Y �I�F �T�H�E �M�I�N�I�M�A�X
�V�A�L�U�E �O�Fn1 �C�A�N �B�E �S�H�O�W�N �T�O �B�E �I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �V�A�L�U�E �O�Fn j ��

�D�� �-�O�D�En1 �T�A�K�E�S �O�N �T�H�E �M�I�N�I�M�U�M �V�A�L�U�E �A�M�O�N�G �I�T�S �C�H�I�L�D�R�E�N��n1 = min( n2; n21; : : : ; n2b2 )��
�&�I�N�D �A �S�I�M�I�L�A�R �E�X�P�R�E�S�S�I�O�N �F�O�Rn2 �A�N�D �H�E�N�C�E �A�N �E�X�P�R�E�S�S�I�O�N �F�O�Rn1 �I�N �T�E�R�M�S �O�Fn j ��

�E�� �,�E�Tl i �B�E �T�H�E �M�I�N�I�M�U�M ���O�R �M�A�X�I�M�U�M�	 �V�A�L�U�E �O�F �T�H�E �N�O�D�E�S �T�O �T�H�E�O�H�I�W�O�F �N�O�D�En i �A�T �D�E�P�T�Hi ��
�W�H�O�S�E �M�I�N�I�M�A�X �V�A�L�U�E �I�S �A�L�R�E�A�D�Y �K�N�O�W�N�� �3�I�M�I�L�A�R�L�Y�� �L�E�Tr i �B�E �T�H�E �M�I�N�I�M�U�M ���O�R �M�A�X�I�M�U�M�	
�V�A�L�U�E �O�F �T�H�E �U�N�E�X�P�L�O�R�E�D �N�O�D�E�S �T�O �T�H�E �R�I�G�H�T �O�Fn i �A�T �D�E�P�T�Hi �� �2�E�W�R�I�T�E �Y�O�U�R �E�X�P�R�E�S�S�I�O�N �F�O�R
n1 �I�N �T�E�R�M�S �O�F �T�H�El i �A�N�Dr i �V�A�L�U�E�S��

�F�� �.�O�W �R�E�F�O�R�M�U�L�A�T�E �T�H�E �E�X�P�R�E�S�S�I�O�N �T�O �S�H�O�W �T�H�A�T �I�N �O�R�D�E�R �T�O �A�F�F�E�C�Tn1��n j �M�U�S�T �N�O�T �E�X�C�E�E�D
�A �C�E�R�T�A�I�N �B�O�U�N�D �D�E�R�I�V�E�D �F�R�O�M �T�H�El i �V�A�L�U�E�S��

�G�� �2�E�P�E�A�T �T�H�E �P�R�O�C�E�S�S �F�O�R �T�H�E �C�A�S�E �W�H�E�R�En j �I�S �A �M�I�N�
�N�O�D�E��

�������� �0�R�O�V�E �T�H�A�T �A�L�P�H�A�n�B�E�T�A �P�R�U�N�I�N�G �T�A�K�E�S �T�I�M�EO(2m=2) �W�I�T�H �O�P�T�I�M�A�L �M�O�V�E �O�R�D�E�R�I�N�G�� �W�H�E�R�E
m �I�S �T�H�E �M�A�X�I�M�U�M �D�E�P�T�H �O�F �T�H�E �G�A�M�E �T�R�E�E��

�������� �3�U�P�P�O�S�E �Y�O�U �H�A�V�E �A �C�H�E�S�S �P�R�O�G�R�A�M �T�H�A�T �C�A�N �E�V�A�L�U�A�T�E �� �M�I�L�L�I�O�N �N�O�D�E�S �P�E�R �S�E�C�O�N�D�� �$�E�

�C�I�D�E �O�N �A �C�O�M�P�A�C�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �A �G�A�M�E �S�T�A�T�E �F�O�R �S�T�O�R�A�G�E �I�N �A �T�R�A�N�S�P�O�S�I�T�I�O�N �T�A�B�L�E�� �!�B�O�U�T
�H�O�W �M�A�N�Y �E�N�T�R�I�E�S �C�A�N �Y�O�U �l�T �I�N �A ���
�G�I�G�A�B�Y�T�E �I�N�
�M�E�M�O�R�Y �T�A�B�L�E�� �7�I�L�L �T�H�A�T �B�E �E�N�O�U�G�H �F�O�R �T�H�E



������ �#�H�A�P�T�E�R ���� �!�D�V�E�R�S�A�R�I�A�L �3�E�A�R�C�H

0.5 0.50.5 0.5

2 2 1 2 0 2 -1 0

�)�L�J�X�U�H ���������4�H�E �C�O�M�P�L�E�T�E �G�A�M�E �T�R�E�E �F�O�R �A �T�R�I�V�I�A�L �G�A�M�E �W�I�T�H �C�H�A�N�C�E �N�O�D�E�S��

�T�H�R�E�E �M�I�N�U�T�E�S �O�F �S�E�A�R�C�H �A�L�L�O�C�A�T�E�D �F�O�R �O�N�E �M�O�V�E�� �(�O�W �M�A�N�Y �T�A�B�L�E �L�O�O�K�U�P�S �C�A�N �Y�O�U �D�O �I�N �T�H�E
�T�I�M�E �I�T �W�O�U�L�D �T�A�K�E �T�O �D�O �O�N�E �E�V�A�L�U�A�T�I�O�N�� �.�O�W �S�U�P�P�O�S�E �T�H�E �T�R�A�N�S�P�O�S�I�T�I�O�N �T�A�B�L�E �I�S �S�T�O�R�E�D �O�N
�D�I�S�K�� �!�B�O�U�T �H�O�W �M�A�N�Y �E�V�A�L�U�A�T�I�O�N�S �C�O�U�L�D �Y�O�U �D�O �I�N �T�H�E �T�I�M�E �I�T �T�A�K�E�S �T�O �D�O �O�N�E �D�I�S�K �S�E�E�K �W�I�T�H
�S�T�A�N�D�A�R�D �D�I�S�K �H�A�R�D�W�A�R�E��

�������� �4�H�I�S �Q�U�E�S�T�I�O�N �C�O�N�S�I�D�E�R�S �P�R�U�N�I�N�G �I�N �G�A�M�E�S �W�I�T�H �C�H�A�N�C�E �N�O�D�E�S�� �&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E
�C�O�M�P�L�E�T�E �G�A�M�E �T�R�E�E �F�O�R �A �T�R�I�V�I�A�L �G�A�M�E�� �!�S�S�U�M�E �T�H�A�T �T�H�E �L�E�A�F �N�O�D�E�S �A�R�E �T�O �B�E �E�V�A�L�U�A�T�E�D �I�N �L�E�F�T�

�T�O�
�R�I�G�H�T �O�R�D�E�R�� �A�N�D �T�H�A�T �B�E�F�O�R�E �A �L�E�A�F �N�O�D�E �I�S �E�V�A�L�U�A�T�E�D�� �W�E �K�N�O�W �N�O�T�H�I�N�G �A�B�O�U�T �I�T�S �V�A�L�U�E�ˆ�T�H�E
�R�A�N�G�E �O�F �P�O�S�S�I�B�L�E �V�A�L�U�E�S �I�S�1 �T�O1 ��

�D�� �#�O�P�Y �T�H�E �l�G�U�R�E�� �M�A�R�K �T�H�E �V�A�L�U�E �O�F �A�L�L �T�H�E �I�N�T�E�R�N�A�L �N�O�D�E�S�� �A�N�D �I�N�D�I�C�A�T�E �T�H�E �B�E�S�T �M�O�V�E �A�T
�T�H�E �R�O�O�T �W�I�T�H �A�N �A�R�R�O�W��

�E�� �'�I�V�E�N �T�H�E �V�A�L�U�E�S �O�F �T�H�E �l�R�S�T �S�I�X �L�E�A�V�E�S�� �D�O �W�E �N�E�E�D �T�O �E�V�A�L�U�A�T�E �T�H�E �S�E�V�E�N�T�H �A�N�D �E�I�G�H�T�H
�L�E�A�V�E�S�� �'�I�V�E�N �T�H�E �V�A�L�U�E�S �O�F �T�H�E �l�R�S�T �S�E�V�E�N �L�E�A�V�E�S�� �D�O �W�E �N�E�E�D �T�O �E�V�A�L�U�A�T�E �T�H�E �E�I�G�H�T�H
�L�E�A�F�� �%�X�P�L�A�I�N �Y�O�U�R �A�N�S�W�E�R�S��

�F�� �3�U�P�P�O�S�E �T�H�E �L�E�A�F �N�O�D�E �V�A�L�U�E�S �A�R�E �K�N�O�W�N �T�O �L�I�E �B�E�T�W�E�E�N �n�� �A�N�D �� �I�N�C�L�U�S�I�V�E�� �!�F�T�E�R �T�H�E
�l�R�S�T �T�W�O �L�E�A�V�E�S �A�R�E �E�V�A�L�U�A�T�E�D�� �W�H�A�T �I�S �T�H�E �V�A�L�U�E �R�A�N�G�E �F�O�R �T�H�E �L�E�F�T�
�H�A�N�D �C�H�A�N�C�E �N�O�D�E��

�G�� �#�I�R�C�L�E �A�L�L �T�H�E �L�E�A�V�E�S �T�H�A�T �N�E�E�D �N�O�T �B�E �E�V�A�L�U�A�T�E�D �U�N�D�E�R �T�H�E �A�S�S�U�M�P�T�I�O�N �I�N ���C�	��

�������� �)�M�P�L�E�M�E�N�T �T�H�E �E�X�P�E�C�T�I�M�I�N�I�M�A�X �A�L�G�O�R�I�T�H�M �A�N�D �T�H�E �
�
�A�L�P�H�A�n�B�E�T�A �A�L�G�O�R�I�T�H�M�� �W�H�I�C�H �I�S
�D�E�S�C�R�I�B�E�D �B�Y �"�A�L�L�A�R�D �����������	�� �F�O�R �P�R�U�N�I�N�G �G�A�M�E �T�R�E�E�S �W�I�T�H �C�H�A�N�C�E �N�O�D�E�S�� �4�R�Y �T�H�E�M �O�N �A �G�A�M�E
�S�U�C�H �A�S �B�A�C�K�G�A�M�M�O�N �A�N�D �M�E�A�S�U�R�E �T�H�E �P�R�U�N�I�N�G �E�F�F�E�C�T�I�V�E�N�E�S�S �O�F �
�
�A�L�P�H�A�n�B�E�T�A��

�������� �0�R�O�V�E �T�H�A�T �W�I�T�H �A �P�O�S�I�T�I�V�E �L�I�N�E�A�R �T�R�A�N�S�F�O�R�M�A�T�I�O�N �O�F �L�E�A�F �V�A�L�U�E�S ���I���E���� �T�R�A�N�S�F�O�R�M�I�N�G �A
�V�A�L�U�Ex �T�Oax + b �W�H�E�R�Ea > 0�	�� �T�H�E �C�H�O�I�C�E �O�F �M�O�V�E �R�E�M�A�I�N�S �U�N�C�H�A�N�G�E�D �I�N �A �G�A�M�E �T�R�E�E�� �E�V�E�N
�W�H�E�N �T�H�E�R�E �A�R�E �C�H�A�N�C�E �N�O�D�E�S��

�������� �#�O�N�S�I�D�E�R �T�H�E �F�O�L�L�O�W�I�N�G �P�R�O�C�E�D�U�R�E �F�O�R �C�H�O�O�S�I�N�G �M�O�V�E�S �I�N �G�A�M�E�S �W�I�T�H �C�H�A�N�C�E �N�O�D�E�S��

� �'�E�N�E�R�A�T�E �S�O�M�E �D�I�C�E�
�R�O�L�L �S�E�Q�U�E�N�C�E�S ���S�A�Y�� �����	 �D�O�W�N �T�O �A �S�U�I�T�A�B�L�E �D�E�P�T�H ���S�A�Y�� ���	��
� �7�I�T�H �K�N�O�W�N �D�I�C�E �R�O�L�L�S�� �T�H�E �G�A�M�E �T�R�E�E �B�E�C�O�M�E�S �D�E�T�E�R�M�I�N�I�S�T�I�C�� �&�O�R �E�A�C�H �D�I�C�E�
�R�O�L�L �S�E�


�Q�U�E�N�C�E�� �S�O�L�V�E �T�H�E �R�E�S�U�L�T�I�N�G �D�E�T�E�R�M�I�N�I�S�T�I�C �G�A�M�E �T�R�E�E �U�S�I�N�G �A�L�P�H�A�n�B�E�T�A��



�%�X�E�R�C�I�S�E�S ������

� �5�S�E �T�H�E �R�E�S�U�L�T�S �T�O �E�S�T�I�M�A�T�E �T�H�E �V�A�L�U�E �O�F �E�A�C�H �M�O�V�E �A�N�D �T�O �C�H�O�O�S�E �T�H�E �B�E�S�T��

�7�I�L�L�T�H�I�S �P�R�O�C�E�D�U�R�E �W�O�R�K �W�E�L�L�� �7�H�Y ���O�R �W�H�Y �N�O�T�	��

�������� �)�N �T�H�E �F�O�L�L�O�W�I�N�G�� �A �h�M�A�X�v �T�R�E�E �C�O�N�S�I�S�T�S �O�N�L�Y �O�F �M�A�X �N�O�D�E�S�� �W�H�E�R�E�A�S �A�N �h�E�X�P�E�C�T�I�M�A�X�v
�T�R�E�E �C�O�N�S�I�S�T�S �O�F �A �M�A�X �N�O�D�E �A�T �T�H�E �R�O�O�T �W�I�T�H �A�L�T�E�R�N�A�T�I�N�G �L�A�Y�E�R�S �O�F �C�H�A�N�C�E �A�N�D �M�A�X �N�O�D�E�S�� �!�T
�C�H�A�N�C�E �N�O�D�E�S�� �A�L�L �O�U�T�C�O�M�E �P�R�O�B�A�B�I�L�I�T�I�E�S �A�R�E �N�O�N�Z�E�R�O�� �4�H�E �G�O�A�L �I�S �T�O�¿�Q�G �W�K�H �Y�D�O�X�H �R�I �W�K�H �U�R�R�W
�W�I�T�H �A �B�O�U�N�D�E�D�
�D�E�P�T�H �S�E�A�R�C�H��

�D�� �!�S�S�U�M�I�N�G �T�H�A�T �L�E�A�F �V�A�L�U�E�S �A�R�E �l�N�I�T�E �B�U�T �U�N�B�O�U�N�D�E�D�� �I�S �P�R�U�N�I�N�G ���A�S �I�N �A�L�P�H�A�n�B�E�T�A�	 �E�V�E�R
�P�O�S�S�I�B�L�E �I�N �A �M�A�X �T�R�E�E�� �'�I�V�E �A�N �E�X�A�M�P�L�E�� �O�R �E�X�P�L�A�I�N �W�H�Y �N�O�T��

�E�� �)�S �P�R�U�N�I�N�G �E�V�E�R �P�O�S�S�I�B�L�E �I�N �A�N �E�X�P�E�C�T�I�M�A�X �T�R�E�E �U�N�D�E�R �T�H�E �S�A�M�E �C�O�N�D�I�T�I�O�N�S�� �'�I�V�E �A�N
�E�X�A�M�P�L�E�� �O�R �E�X�P�L�A�I�N �W�H�Y �N�O�T��

�F�� �)�F �L�E�A�F �V�A�L�U�E�S �A�R�E �C�O�N�S�T�R�A�I�N�E�D �T�O �B�E �I�N �T�H�E �R�A�N�G�E[0; 1]�� �I�S �P�R�U�N�I�N�G �E�V�E�R �P�O�S�S�I�B�L�E �I�N �A �M�A�X
�T�R�E�E�� �'�I�V�E �A�N �E�X�A�M�P�L�E�� �O�R �E�X�P�L�A�I�N �W�H�Y �N�O�T��

�G�� �)�F �L�E�A�F �V�A�L�U�E�S �A�R�E �C�O�N�S�T�R�A�I�N�E�D �T�O �B�E �I�N �T�H�E �R�A�N�G�E[0; 1]�� �I�S �P�R�U�N�I�N�G �E�V�E�R �P�O�S�S�I�B�L�E �I�N �A�N
�E�X�P�E�C�T�I�M�A�X �T�R�E�E�� �'�I�V�E �A�N �E�X�A�M�P�L�E ���Q�U�A�L�I�T�A�T�I�V�E�L�Y �D�I�F�F�E�R�E�N�T �F�R�O�M �Y�O�U�R �E�X�A�M�P�L�E �I�N ���E�	�� �I�F
�A�N�Y�	�� �O�R �E�X�P�L�A�I�N �W�H�Y �N�O�T��

�H�� �)�F �L�E�A�F �V�A�L�U�E�S �A�R�E �C�O�N�S�T�R�A�I�N�E�D �T�O �B�E �N�O�N�N�E�G�A�T�I�V�E�� �I�S �P�R�U�N�I�N�G �E�V�E�R �P�O�S�S�I�B�L�E �I�N �A �M�A�X �T�R�E�E��
�'�I�V�E �A�N �E�X�A�M�P�L�E�� �O�R �E�X�P�L�A�I�N �W�H�Y �N�O�T��

�I�� �)�F �L�E�A�F �V�A�L�U�E�S �A�R�E �C�O�N�S�T�R�A�I�N�E�D �T�O �B�E �N�O�N�N�E�G�A�T�I�V�E�� �I�S �P�R�U�N�I�N�G �E�V�E�R �P�O�S�S�I�B�L�E �I�N �A�N �E�X�P�E�C�T�I�

�M�A�X �T�R�E�E�� �'�I�V�E �A�N �E�X�A�M�P�L�E�� �O�R �E�X�P�L�A�I�N �W�H�Y �N�O�T��

�J�� �#�O�N�S�I�D�E�R �T�H�E �O�U�T�C�O�M�E�S �O�F �A �C�H�A�N�C�E �N�O�D�E �I�N �A�N �E�X�P�E�C�T�I�M�A�X �T�R�E�E�� �7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G
�E�V�A�L�U�A�T�I�O�N �O�R�D�E�R�S �I�S �M�O�S�T �L�I�K�E�L�Y �T�O �Y�I�E�L�D �P�R�U�N�I�N�G �O�P�P�O�R�T�U�N�I�T�I�E�S�� ���I�	 �,�O�W�E�S�T �P�R�O�B�A�B�I�L�I�T�Y
�l�R�S�T�� ���I�I�	 �(�I�G�H�E�S�T �P�R�O�B�A�B�I�L�I�T�Y �l�R�S�T�� ���I�I�I�	 �$�O�E�S�N���T �M�A�K�E �A�N�Y �D�I�F�F�E�R�E�N�C�E��

�������� �7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �A�R�E �T�R�U�E �A�N�D �W�H�I�C�H �A�R�E �F�A�L�S�E�� �'�I�V�E �B�R�I�E�F �E�X�P�L�A�N�A�T�I�O�N�S��

�D�� �)�N �A �F�U�L�L�Y �O�B�S�E�R�V�A�B�L�E�� �T�U�R�N�
�T�A�K�I�N�G�� �Z�E�R�O�
�S�U�M �G�A�M�E �B�E�T�W�E�E�N �T�W�O �P�E�R�F�E�C�T�L�Y �R�A�T�I�O�N�A�L �P�L�A�Y�

�E�R�S�� �I�T �D�O�E�S �N�O�T �H�E�L�P �T�H�E �l�R�S�T �P�L�A�Y�E�R �T�O �K�N�O�W �W�H�A�T �S�T�R�A�T�E�G�Y �T�H�E �S�E�C�O�N�D �P�L�A�Y�E�R �I�S �U�S�I�N�G�ˆ
�T�H�A�T �I�S�� �W�H�A�T �M�O�V�E �T�H�E �S�E�C�O�N�D �P�L�A�Y�E�R �W�I�L�L �M�A�K�E�� �G�I�V�E�N �T�H�E �l�R�S�T �P�L�A�Y�E�R���S �M�O�V�E��

�E�� �)�N �A �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E�� �T�U�R�N�
�T�A�K�I�N�G�� �Z�E�R�O�
�S�U�M �G�A�M�E �B�E�T�W�E�E�N �T�W�O �P�E�R�F�E�C�T�L�Y �R�A�T�I�O�N�A�L
�P�L�A�Y�E�R�S�� �I�T �D�O�E�S �N�O�T �H�E�L�P �T�H�E �l�R�S�T �P�L�A�Y�E�R �T�O �K�N�O�W �W�H�A�T �M�O�V�E �T�H�E �S�E�C�O�N�D �P�L�A�Y�E�R �W�I�L�L
�M�A�K�E�� �G�I�V�E�N �T�H�E �l�R�S�T �P�L�A�Y�E�R���S �M�O�V�E��

�F�� �! �P�E�R�F�E�C�T�L�Y �R�A�T�I�O�N�A�L �B�A�C�K�G�A�M�M�O�N �A�G�E�N�T �N�E�V�E�R �L�O�S�E�S��

�������� �#�O�N�S�I�D�E�R �C�A�R�E�F�U�L�L�Y �T�H�E �I�N�T�E�R�P�L�A�Y �O�F �C�H�A�N�C�E �E�V�E�N�T�S �A�N�D �P�A�R�T�I�A�L �I�N�F�O�R�M�A�T�I�O�N �I�N �E�A�C�H �O�F �T�H�E
�G�A�M�E�S �I�N �%�X�E�R�C�I�S�E ��������

�D�� �&�O�R �W�H�I�C�H �I�S �T�H�E �S�T�A�N�D�A�R�D �E�X�P�E�C�T�I�M�I�N�I�M�A�X �M�O�D�E�L �A�P�P�R�O�P�R�I�A�T�E�� �)�M�P�L�E�M�E�N�T �T�H�E �A�L�G�O�R�I�T�H�M
�A�N�D �R�U�N �I�T �I�N �Y�O�U�R �G�A�M�E�
�P�L�A�Y�I�N�G �A�G�E�N�T�� �W�I�T�H �A�P�P�R�O�P�R�I�A�T�E �M�O�D�I�l�C�A�T�I�O�N�S �T�O �T�H�E �G�A�M�E�

�P�L�A�Y�I�N�G �E�N�V�I�R�O�N�M�E�N�T��

�E�� �&�O�R �W�H�I�C�H �W�O�U�L�D �T�H�E �S�C�H�E�M�E �D�E�S�C�R�I�B�E�D �I�N �%�X�E�R�C�I�S�E �������� �B�E �A�P�P�R�O�P�R�I�A�T�E��
�F�� �$�I�S�C�U�S�S �H�O�W �Y�O�U �M�I�G�H�T �D�E�A�L �W�I�T�H �T�H�E �F�A�C�T �T�H�A�T �I�N �S�O�M�E �O�F �T�H�E �G�A�M�E�S�� �T�H�E �P�L�A�Y�E�R�S �D�O �N�O�T

�H�A�V�E �T�H�E �S�A�M�E �K�N�O�W�L�E�D�G�E �O�F �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E��
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�,�Q �Z�K�L�F�K �Z�H �V�H�H �K�R�Z �W�U�H�D�W�L�Q�J �V�W�D�W�H�V �D�V �P�R�U�H �W�K�D�Q �M�X�V�W �O�L�W�W�O�H �E�O�D�F�N �E�R�[�H�V �O�H�D�G�V �W�R �W�K�H
�L�Q�Y�H�Q�W�L�R�Q �R�I �D �U�D�Q�J�H �R�I �S�R�Z�H�U�I�X�O �Q�H�Z �V�H�D�U�F�K �P�H�W�K�R�G�V �D�Q�G �D �G�H�H�S�H�U �X�Q�G�H�U�V�W�D�Q�G�L�Q�J
�R�I �S�U�R�E�O�H�P �V�W�U�X�F�W�X�U�H �D�Q�G �F�R�P�S�O�H�[�L�W�\��

�#�H�A�P�T�E�R�S �� �A�N�D �� �E�X�P�L�O�R�E�D �T�H�E �I�D�E�A �T�H�A�T �P�R�O�B�L�E�M�S �C�A�N �B�E �S�O�L�V�E�D �B�Y �S�E�A�R�C�H�I�N�G �I�N �A �S�P�A�C�E �O�F
�V�W�D�W�H�V�� �4�H�E�S�E �S�T�A�T�E�S �C�A�N �B�E �E�V�A�L�U�A�T�E�D �B�Y �D�O�M�A�I�N�
�S�P�E�C�I�l�C �H�E�U�R�I�S�T�I�C�S �A�N�D �T�E�S�T�E�D �T�O �S�E�E �W�H�E�T�H�E�R
�T�H�E�Y �A�R�E �G�O�A�L �S�T�A�T�E�S�� �&�R�O�M �T�H�E �P�O�I�N�T �O�F �V�I�E�W �O�F �T�H�E �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�� �H�O�W�E�V�E�R�� �E�A�C�H �S�T�A�T�E �I�S
�A�T�O�M�I�C�� �O�R �I�N�D�I�V�I�S�I�B�L�E�ˆ�A �B�L�A�C�K �B�O�X �W�I�T�H �N�O �I�N�T�E�R�N�A�L �S�T�R�U�C�T�U�R�E��

�4�H�I�S �C�H�A�P�T�E�R �D�E�S�C�R�I�B�E�S �A �W�A�Y �T�O �S�O�L�V�E �A �W�I�D�E �V�A�R�I�E�T�Y �O�F �P�R�O�B�L�E�M�S �M�O�R�E �E�F�l�C�I�E�N�T�L�Y�� �7�E
�U�S�E �A�I�D�F�W�R�U�H�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�F�O�R �E�A�C�H �S�T�A�T�E�� �A �S�E�T �O�F �V�A�R�I�A�B�L�E�S�� �E�A�C�H �O�F �W�H�I�C�H �H�A�S �A �V�A�L�U�E��
�! �P�R�O�B�L�E�M �I�S �S�O�L�V�E�D �W�H�E�N �E�A�C�H �V�A�R�I�A�B�L�E �H�A�S �A �V�A�L�U�E �T�H�A�T �S�A�T�I�S�l�E�S �A�L�L �T�H�E �C�O�N�S�T�R�A�I�N�T�S �O�N �T�H�E
�V�A�R�I�A�B�L�E�� �! �P�R�O�B�L�E�M �D�E�S�C�R�I�B�E�D �T�H�I�S �W�A�Y �I�S �C�A�L�L�E�D �A�F�R�Q�V�W�U�D�L�Q�W �V�D�W�L�V�I�D�F�W�L�R�Q �S�U�R�E�O�H�P�� �O�R �#�3�0��

CONSTRAINT
SATISFACTION
PROBLEM

�#�3�0 �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �T�A�K�E �A�D�V�A�N�T�A�G�E �O�F �T�H�E �S�T�R�U�C�T�U�R�E �O�F �S�T�A�T�E�S �A�N�D �U�S�E�J�H�Q�H�U�D�O���S�X�U�S�R�V�H
�R�A�T�H�E�R �T�H�A�N�S�U�R�E�O�H�P���V�S�H�F�L�¿�F�H�E�U�R�I�S�T�I�C�S �T�O �E�N�A�B�L�E �T�H�E �S�O�L�U�T�I�O�N �O�F �C�O�M�P�L�E�X �P�R�O�B�L�E�M�S�� �4�H�E �M�A�I�N
�I�D�E�A �I�S �T�O �E�L�I�M�I�N�A�T�E �L�A�R�G�E �P�O�R�T�I�O�N�S �O�F �T�H�E �S�E�A�R�C�H �S�P�A�C�E �A�L�L �A�T �O�N�C�E �B�Y �I�D�E�N�T�I�F�Y�I�N�G �V�A�R�I�A�B�L�E���V�A�L�U�E
�C�O�M�B�I�N�A�T�I�O�N�S �T�H�A�T �V�I�O�L�A�T�E �T�H�E �C�O�N�S�T�R�A�I�N�T�S��
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�! �C�O�N�S�T�R�A�I�N�T �S�A�T�I�S�F�A�C�T�I�O�N �P�R�O�B�L�E�M �C�O�N�S�I�S�T�S �O�F �T�H�R�E�E �C�O�M�P�O�N�E�N�T�S��X; D; �A�N�DC��
X �I�S �A �S�E�T �O�F �V�A�R�I�A�B�L�E�S��f X 1; : : : ; X ng��
D �I�S �A �S�E�T �O�F �D�O�M�A�I�N�S��f D1; : : : ; Dn g�� �O�N�E �F�O�R �E�A�C�H �V�A�R�I�A�B�L�E��
C �I�S �A �S�E�T �O�F �C�O�N�S�T�R�A�I�N�T�S �T�H�A�T �S�P�E�C�I�F�Y �A�L�L�O�W�A�B�L�E �C�O�M�B�I�N�A�T�I�O�N�S �O�F �V�A�L�U�E�S��

�%�A�C�H �D�O�M�A�I�ND i �C�O�N�S�I�S�T�S �O�F �A �S�E�T �O�F �A�L�L�O�W�A�B�L�E �V�A�L�U�E�S��f v1; : : : ; vkg �F�O�R �V�A�R�I�A�B�L�EX i �� �%�A�C�H
�C�O�N�S�T�R�A�I�N�TCi �C�O�N�S�I�S�T�S �O�F �A �P�A�I�Rhscope; rel i �� �W�H�E�R�Escope�I�S �A �T�U�P�L�E �O�F �V�A�R�I�A�B�L�E�S �T�H�A�T �P�A�R�T�I�C�I�P�A�T�E
�I�N �T�H�E �C�O�N�S�T�R�A�I�N�T �A�N�Drel �I�S �A �R�E�L�A�T�I�O�N �T�H�A�T �D�E�l�N�E�S �T�H�E �V�A�L�U�E�S �T�H�A�T �T�H�O�S�E �V�A�R�I�A�B�L�E�S �C�A�N �T�A�K�E �O�N�� �!
�R�E�L�A�T�I�O�N �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �A�S �A�N �E�X�P�L�I�C�I�T �L�I�S�T �O�F �A�L�L �T�U�P�L�E�S �O�F �V�A�L�U�E�S �T�H�A�T �S�A�T�I�S�F�Y �T�H�E �C�O�N�S�T�R�A�I�N�T��
�O�R �A�S �A�N �A�B�S�T�R�A�C�T �R�E�L�A�T�I�O�N �T�H�A�T �S�U�P�P�O�R�T�S �T�W�O �O�P�E�R�A�T�I�O�N�S�� �T�E�S�T�I�N�G �I�F �A �T�U�P�L�E �I�S �A �M�E�M�B�E�R �O�F �T�H�E
�R�E�L�A�T�I�O�N �A�N�D �E�N�U�M�E�R�A�T�I�N�G �T�H�E �M�E�M�B�E�R�S �O�F �T�H�E �R�E�L�A�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �I�FX 1 �A�N�DX 2 �B�O�T�H �H�A�V�E

������



�3�E�C�T�I�O�N �������� �$�E�l�N�I�N�G �#�O�N�S�T�R�A�I�N�T �3�A�T�I�S�F�A�C�T�I�O�N �0�R�O�B�L�E�M�S������

�T�H�E �D�O�M�A�I�Nf �!���"g�� �T�H�E�N �T�H�E �C�O�N�S�T�R�A�I�N�T �S�A�Y�I�N�G �T�H�E �T�W�O �V�A�R�I�A�B�L�E�S �M�U�S�T �H�A�V�E �D�I�F�F�E�R�E�N�T �V�A�L�U�E�S
�C�A�N �B�E �W�R�I�T�T�E�N �A�Sh(X 1; X 2); [(A; B ); (B; A )]i �O�R �A�Sh(X 1; X 2); X 1 6=X 2i ��

�4�O �S�O�L�V�E �A �#�3�0�� �W�E �N�E�E�D �T�O �D�E�l�N�E �A �S�T�A�T�E �S�P�A�C�E �A�N�D �T�H�E �N�O�T�I�O�N �O�F �A �S�O�L�U�T�I�O�N�� �%�A�C�H
�S�T�A�T�E �I�N �A �#�3�0 �I�S �D�E�l�N�E�D �B�Y �A�N�D�V�V�L�J�Q�P�H�Q�W�O�F �V�A�L�U�E�S �T�O �S�O�M�E �O�R �A�L�L �O�F �T�H�E �V�A�R�I�A�B�L�E�S��f X i =ASSIGNMENT

vi ; X j = vj ; : : :g�� �!�N �A�S�S�I�G�N�M�E�N�T �T�H�A�T �D�O�E�S �N�O�T �V�I�O�L�A�T�E �A�N�Y �C�O�N�S�T�R�A�I�N�T�S �I�S �C�A�L�L�E�D �A�F�R�Q�V�L�V�W�H�Q�WCONSISTENT

�O�R �L�E�G�A�L �A�S�S�I�G�N�M�E�N�T�� �!�F�R�P�S�O�H�W�H �D�V�V�L�J�Q�P�H�Q�W�I�S �O�N�E �I�N �W�H�I�C�H �E�V�E�R�Y �V�A�R�I�A�B�L�E �I�S �A�S�S�I�G�N�E�D�� �A�N�DCOMPLETE
ASSIGNMENT

�A�V�R�O�X�W�L�R�Q�T�O �A �#�3�0 �I�S �A �C�O�N�S�I�S�T�E�N�T�� �C�O�M�P�L�E�T�E �A�S�S�I�G�N�M�E�N�T�� �!�S�D�U�W�L�D�O �D�V�V�L�J�Q�P�H�Q�W�I�S �O�N�E �T�H�A�TSOLUTION

PARTIAL
ASSIGNMENT �A�S�S�I�G�N�S �V�A�L�U�E�S �T�O �O�N�L�Y �S�O�M�E �O�F �T�H�E �V�A�R�I�A�B�L�E�S��

���������� �(�[�D�P�S�O�H �S�U�R�E�O�H�P�� �0�D�S �F�R�O�R�U�L�Q�J

�3�U�P�P�O�S�E �T�H�A�T�� �H�A�V�I�N�G �T�I�R�E�D �O�F �2�O�M�A�N�I�A�� �W�E �A�R�E �L�O�O�K�I�N�G �A�T �A �M�A�P �O�F �!�U�S�T�R�A�L�I�A �S�H�O�W�I�N�G �E�A�C�H
�O�F �I�T�S �S�T�A�T�E�S �A�N�D �T�E�R�R�I�T�O�R�I�E�S ���&�I�G�U�R�E ���������A�	�	�� �7�E �A�R�E �G�I�V�E�N �T�H�E �T�A�S�K �O�F �C�O�L�O�R�I�N�G �E�A�C�H �R�E�G�I�O�N
�E�I�T�H�E�R �R�E�D�� �G�R�E�E�N�� �O�R �B�L�U�E �I�N �S�U�C�H �A �W�A�Y �T�H�A�T �N�O �N�E�I�G�H�B�O�R�I�N�G �R�E�G�I�O�N�S �H�A�V�E �T�H�E �S�A�M�E �C�O�L�O�R�� �4�O
�F�O�R�M�U�L�A�T�E �T�H�I�S �A�S �A �#�3�0�� �W�E �D�E�l�N�E �T�H�E �V�A�R�I�A�B�L�E�S �T�O �B�E �T�H�E �R�E�G�I�O�N�S

X = f WA; NT ; Q; NSW ; V;SA; Tg :

�4�H�E �D�O�M�A�I�N �O�F �E�A�C�H �V�A�R�I�A�B�L�E �I�S �T�H�E �S�E�TD i = f red; green; blueg�� �4�H�E �C�O�N�S�T�R�A�I�N�T�S �R�E�Q�U�I�R�E
�N�E�I�G�H�B�O�R�I�N�G �R�E�G�I�O�N�S �T�O �H�A�V�E �D�I�S�T�I�N�C�T �C�O�L�O�R�S�� �3�I�N�C�E �T�H�E�R�E �A�R�E �N�I�N�E �P�L�A�C�E�S �W�H�E�R�E �R�E�G�I�O�N�S �B�O�R�D�E�R��
�T�H�E�R�E �A�R�E �N�I�N�E �C�O�N�S�T�R�A�I�N�T�S��

C = f SA 6=WA; SA 6=NT ; SA 6=Q; SA 6=NSW ; SA 6=V;
WA 6=NT ; NT 6=Q; Q 6=NSW ; NSW 6=Vg :

�(�E�R�E �W�E �A�R�E �U�S�I�N�G �A�B�B�R�E�V�I�A�T�I�O�N�S��SA 6=WA �I�S �A �S�H�O�R�T�C�U�T �F�O�Rh(SA; WA); SA 6=WAi �� �W�H�E�R�E
SA 6=WA �C�A�N �B�E �F�U�L�L�Y �E�N�U�M�E�R�A�T�E�D �I�N �T�U�R�N �A�S

f (red; green); (red; blue); (green; red); (green; blue); (blue; red); (blue; green)g :

�4�H�E�R�E �A�R�E �M�A�N�Y �P�O�S�S�I�B�L�E �S�O�L�U�T�I�O�N�S �T�O �T�H�I�S �P�R�O�B�L�E�M�� �S�U�C�H �A�S

f WA = red; NT = green; Q = red; NSW = green; V = red; SA = blue; T = red g:

�)�T �C�A�N �B�E �H�E�L�P�F�U�L �T�O �V�I�S�U�A�L�I�Z�E �A �#�3�0 �A�S �A�F�R�Q�V�W�U�D�L�Q�W �J�U�D�S�K�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������B�	�� �4�H�ECONSTRAINT GRAPH

�N�O�D�E�S �O�F �T�H�E �G�R�A�P�H �C�O�R�R�E�S�P�O�N�D �T�O �V�A�R�I�A�B�L�E�S �O�F �T�H�E �P�R�O�B�L�E�M�� �A�N�D �A �L�I�N�K �C�O�N�N�E�C�T�S �A�N�Y �T�W�O �V�A�R�I�

�A�B�L�E�S �T�H�A�T �P�A�R�T�I�C�I�P�A�T�E �I�N �A �C�O�N�S�T�R�A�I�N�T��

�7�H�Y �F�O�R�M�U�L�A�T�E �A �P�R�O�B�L�E�M �A�S �A �#�3�0�� �/�N�E �R�E�A�S�O�N �I�S �T�H�A�T �T�H�E �#�3�0�S �Y�I�E�L�D �A �N�A�T�U�R�A�L �R�E�P�

�R�E�S�E�N�T�A�T�I�O�N �F�O�R �A �W�I�D�E �V�A�R�I�E�T�Y �O�F �P�R�O�B�L�E�M�S�� �I�F �Y�O�U �A�L�R�E�A�D�Y �H�A�V�E �A �#�3�0�
�S�O�L�V�I�N�G �S�Y�S�T�E�M�� �I�T �I�S
�O�F�T�E�N �E�A�S�I�E�R �T�O �S�O�L�V�E �A �P�R�O�B�L�E�M �U�S�I�N�G �I�T �T�H�A�N �T�O �D�E�S�I�G�N �A �C�U�S�T�O�M �S�O�L�U�T�I�O�N �U�S�I�N�G �A�N�O�T�H�E�R �S�E�A�R�C�H
�T�E�C�H�N�I�Q�U�E�� �)�N �A�D�D�I�T�I�O�N�� �#�3�0 �S�O�L�V�E�R�S �C�A�N �B�E �F�A�S�T�E�R �T�H�A�N �S�T�A�T�E�
�S�P�A�C�E �S�E�A�R�C�H�E�R�S �B�E�C�A�U�S�E �T�H�E �#�3�0
�S�O�L�V�E�R �C�A�N �Q�U�I�C�K�L�Y �E�L�I�M�I�N�A�T�E �L�A�R�G�E �S�W�A�T�C�H�E�S �O�F �T�H�E �S�E�A�R�C�H �S�P�A�C�E�� �&�O�R �E�X�A�M�P�L�E�� �O�N�C�E �W�E �H�A�V�E
�C�H�O�S�E�Nf SA = blueg �I�N �T�H�E �!�U�S�T�R�A�L�I�A �P�R�O�B�L�E�M�� �W�E �C�A�N �C�O�N�C�L�U�D�E �T�H�A�T �N�O�N�E �O�F �T�H�E �l�V�E �N�E�I�G�H�B�O�R�

�I�N�G �V�A�R�I�A�B�L�E�S �C�A�N �T�A�K�E �O�N �T�H�E �V�A�L�U�Eblue�� �7�I�T�H�O�U�T �T�A�K�I�N�G �A�D�V�A�N�T�A�G�E �O�F �C�O�N�S�T�R�A�I�N�T �P�R�O�P�A�G�A�T�I�O�N��
�A �S�E�A�R�C�H �P�R�O�C�E�D�U�R�E �W�O�U�L�D �H�A�V�E �T�O �C�O�N�S�I�D�E�R35 = 243 �A�S�S�I�G�N�M�E�N�T�S �F�O�R �T�H�E �l�V�E �N�E�I�G�H�B�O�R�I�N�G
�V�A�R�I�A�B�L�E�S�� �W�I�T�H �C�O�N�S�T�R�A�I�N�T �P�R�O�P�A�G�A�T�I�O�N �W�E �N�E�V�E�R �H�A�V�E �T�O �C�O�N�S�I�D�E�Rblue �A�S �A �V�A�L�U�E�� �S�O �W�E �H�A�V�E
�O�N�L�Y25 = 32 �A�S�S�I�G�N�M�E�N�T�S �T�O �L�O�O�K �A�T�� �A �R�E�D�U�C�T�I�O�N �O�F ��������

�)�N �R�E�G�U�L�A�R �S�T�A�T�E�
�S�P�A�C�E �S�E�A�R�C�H �W�E �C�A�N �O�N�L�Y �A�S�K�� �I�S �T�H�I�S �S�P�E�C�I�l�C �S�T�A�T�E �A �G�O�A�L�� �.�O�� �7�H�A�T
�A�B�O�U�T �T�H�I�S �O�N�E�� �7�I�T�H �#�3�0�S�� �O�N�C�E �W�E �l�N�D �O�U�T �T�H�A�T �A �P�A�R�T�I�A�L �A�S�S�I�G�N�M�E�N�T �I�S �N�O�T �A �S�O�L�U�T�I�O�N�� �W�E �C�A�N



������ �#�H�A�P�T�E�R ���� �#�O�N�S�T�R�A�I�N�T �3�A�T�I�S�F�A�C�T�I�O�N �0�R�O�B�L�E�M�S

�7�E�S�T�E�R�N
�!�U�S�T�R�A�L�I�A
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�)�L�J�X�U�H ���������A�	 �4�H�E �P�R�I�N�C�I�P�A�L �S�T�A�T�E�S �A�N�D �T�E�R�R�I�T�O�R�I�E�S �O�F �!�U�S�T�R�A�L�I�A�� �#�O�L�O�R�I�N�G �T�H�I�S �M�A�P �C�A�N
�B�E �V�I�E�W�E�D �A�S �A �C�O�N�S�T�R�A�I�N�T �S�A�T�I�S�F�A�C�T�I�O�N �P�R�O�B�L�E�M ���#�3�0�	�� �4�H�E �G�O�A�L �I�S �T�O �A�S�S�I�G�N �C�O�L�O�R�S �T�O �E�A�C�H
�R�E�G�I�O�N �S�O �T�H�A�T �N�O �N�E�I�G�H�B�O�R�I�N�G �R�E�G�I�O�N�S �H�A�V�E �T�H�E �S�A�M�E �C�O�L�O�R�� ���B�	 �4�H�E �M�A�P�
�C�O�L�O�R�I�N�G �P�R�O�B�L�E�M
�R�E�P�R�E�S�E�N�T�E�D �A�S �A �C�O�N�S�T�R�A�I�N�T �G�R�A�P�H��

�I�M�M�E�D�I�A�T�E�L�Y �D�I�S�C�A�R�D �F�U�R�T�H�E�R �R�E�l�N�E�M�E�N�T�S �O�F �T�H�E �P�A�R�T�I�A�L �A�S�S�I�G�N�M�E�N�T�� �&�U�R�T�H�E�R�M�O�R�E�� �W�E �C�A�N �S�E�E
�Z�K�\�T�H�E �A�S�S�I�G�N�M�E�N�T �I�S �N�O�T �A �S�O�L�U�T�I�O�N�ˆ�W�E �S�E�E �W�H�I�C�H �V�A�R�I�A�B�L�E�S �V�I�O�L�A�T�E �A �C�O�N�S�T�R�A�I�N�T�ˆ�S�O �W�E �C�A�N
�F�O�C�U�S �A�T�T�E�N�T�I�O�N �O�N �T�H�E �V�A�R�I�A�B�L�E�S �T�H�A�T �M�A�T�T�E�R�� �!�S �A �R�E�S�U�L�T�� �M�A�N�Y �P�R�O�B�L�E�M�S �T�H�A�T �A�R�E �I�N�T�R�A�C�T�A�B�L�E
�F�O�R �R�E�G�U�L�A�R �S�T�A�T�E�
�S�P�A�C�E �S�E�A�R�C�H �C�A�N �B�E �S�O�L�V�E�D �Q�U�I�C�K�L�Y �W�H�E�N �F�O�R�M�U�L�A�T�E�D �A�S �A �#�3�0��

���������� �(�[�D�P�S�O�H �S�U�R�E�O�H�P�� �-�R�E���V�K�R�S �V�F�K�H�G�X�O�L�Q�J

�&�A�C�T�O�R�I�E�S �H�A�V�E �T�H�E �P�R�O�B�L�E�M �O�F �S�C�H�E�D�U�L�I�N�G �A �D�A�Y���S �W�O�R�T�H �O�F �J�O�B�S�� �S�U�B�J�E�C�T �T�O �V�A�R�I�O�U�S �C�O�N�S�T�R�A�I�N�T�S��
�)�N �P�R�A�C�T�I�C�E�� �M�A�N�Y �O�F �T�H�E�S�E �P�R�O�B�L�E�M�S �A�R�E �S�O�L�V�E�D �W�I�T�H �#�3�0 �T�E�C�H�N�I�Q�U�E�S�� �#�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F
�S�C�H�E�D�U�L�I�N�G �T�H�E �A�S�S�E�M�B�L�Y �O�F �A �C�A�R�� �4�H�E �W�H�O�L�E �J�O�B �I�S �C�O�M�P�O�S�E�D �O�F �T�A�S�K�S�� �A�N�D �W�E �C�A�N �M�O�D�E�L �E�A�C�H
�T�A�S�K �A�S �A �V�A�R�I�A�B�L�E�� �W�H�E�R�E �T�H�E �V�A�L�U�E �O�F �E�A�C�H �V�A�R�I�A�B�L�E �I�S �T�H�E �T�I�M�E �T�H�A�T �T�H�E �T�A�S�K �S�T�A�R�T�S�� �E�X�P�R�E�S�S�E�D
�A�S �A�N �I�N�T�E�G�E�R �N�U�M�B�E�R �O�F �M�I�N�U�T�E�S�� �#�O�N�S�T�R�A�I�N�T�S �C�A�N �A�S�S�E�R�T �T�H�A�T �O�N�E �T�A�S�K �M�U�S�T �O�C�C�U�R �B�E�F�O�R�E
�A�N�O�T�H�E�R�ˆ�F�O�R �E�X�A�M�P�L�E�� �A �W�H�E�E�L �M�U�S�T �B�E �I�N�S�T�A�L�L�E�D �B�E�F�O�R�E �T�H�E �H�U�B�C�A�P �I�S �P�U�T �O�N�ˆ�A�N�D �T�H�A�T �O�N�L�Y
�S�O �M�A�N�Y �T�A�S�K�S �C�A�N �G�O �O�N �A�T �O�N�C�E�� �#�O�N�S�T�R�A�I�N�T�S �C�A�N �A�L�S�O �S�P�E�C�I�F�Y �T�H�A�T �A �T�A�S�K �T�A�K�E�S �A �C�E�R�T�A�I�N
�A�M�O�U�N�T �O�F �T�I�M�E �T�O �C�O�M�P�L�E�T�E��

�7�E �C�O�N�S�I�D�E�R �A �S�M�A�L�L �P�A�R�T �O�F �T�H�E �C�A�R �A�S�S�E�M�B�L�Y�� �C�O�N�S�I�S�T�I�N�G �O�F ���� �T�A�S�K�S�� �I�N�S�T�A�L�L �A�X�L�E�S ���F�R�O�N�T
�A�N�D �B�A�C�K�	�� �A�F�l�X �A�L�L �F�O�U�R �W�H�E�E�L�S ���R�I�G�H�T �A�N�D �L�E�F�T�� �F�R�O�N�T �A�N�D �B�A�C�K�	�� �T�I�G�H�T�E�N �N�U�T�S �F�O�R �E�A�C�H �W�H�E�E�L��
�A�F�l�X �H�U�B�C�A�P�S�� �A�N�D �I�N�S�P�E�C�T �T�H�E �l�N�A�L �A�S�S�E�M�B�L�Y�� �7�E �C�A�N �R�E�P�R�E�S�E�N�T �T�H�E �T�A�S�K�S �W�I�T�H ���� �V�A�R�I�A�B�L�E�S��

X = f AxleF ; AxleB ; WheelRF ; WheelLF ; WheelRB ; WheelLB ; NutsRF ;
NutsLF ; NutsRB ; NutsLB ; CapRF ; CapLF ; CapRB ; CapLB ; Inspectg :

�4�H�E �V�A�L�U�E �O�F �E�A�C�H �V�A�R�I�A�B�L�E �I�S �T�H�E �T�I�M�E �T�H�A�T �T�H�E �T�A�S�K �S�T�A�R�T�S�� �.�E�X�T �W�E �R�E�P�R�E�S�E�N�T�S�U�H�F�H�G�H�Q�F�H
�F�R�Q�V�W�U�D�L�Q�W�V�B�E�T�W�E�E�N �I�N�D�I�V�I�D�U�A�L �T�A�S�K�S�� �7�H�E�N�E�V�E�R �A �T�A�S�KT1 �M�U�S�T �O�C�C�U�R �B�E�F�O�R�E �T�A�S�KT2�� �A�N�DPRECEDENCE

CONSTRAINTS

�T�A�S�KT1 �T�A�K�E�S �D�U�R�A�T�I�O�Nd1 �T�O �C�O�M�P�L�E�T�E�� �W�E �A�D�D �A�N �A�R�I�T�H�M�E�T�I�C �C�O�N�S�T�R�A�I�N�T �O�F �T�H�E �F�O�R�M

T1 + d1 � T2 :



�3�E�C�T�I�O�N �������� �$�E�l�N�I�N�G �#�O�N�S�T�R�A�I�N�T �3�A�T�I�S�F�A�C�T�I�O�N �0�R�O�B�L�E�M�S������

�)�N �O�U�R �E�X�A�M�P�L�E�� �T�H�E �A�X�L�E�S �H�A�V�E �T�O �B�E �I�N �P�L�A�C�E �B�E�F�O�R�E �T�H�E �W�H�E�E�L�S �A�R�E �P�U�T �O�N�� �A�N�D �I�T �T�A�K�E�S ����
�M�I�N�U�T�E�S �T�O �I�N�S�T�A�L�L �A�N �A�X�L�E�� �S�O �W�E �W�R�I�T�E

AxleF + 10 � WheelRF ; AxleF + 10 � WheelLF ;
AxleB + 10 � WheelRB ; AxleB + 10 � WheelLB :

�.�E�X�T �W�E �S�A�Y �T�H�A�T�� �F�O�R �E�A�C�H �W�H�E�E�L�� �W�E �M�U�S�T �A�F�l�X �T�H�E �W�H�E�E�L ���W�H�I�C�H �T�A�K�E�S �� �M�I�N�U�T�E�	�� �T�H�E�N �T�I�G�H�T�E�N
�T�H�E �N�U�T�S ���� �M�I�N�U�T�E�S�	�� �A�N�D �l�N�A�L�L�Y �A�T�T�A�C�H �T�H�E �H�U�B�C�A�P ���� �M�I�N�U�T�E�� �B�U�T �N�O�T �R�E�P�R�E�S�E�N�T�E�D �Y�E�T�	��

WheelRF + 1 � NutsRF ; NutsRF + 2 � CapRF ;
WheelLF + 1 � NutsLF ; NutsLF + 2 � CapLF ;
WheelRB + 1 � NutsRB ; NutsRB + 2 � CapRB ;
WheelLB + 1 � NutsLB ; NutsLB + 2 � CapLB :

�3�U�P�P�O�S�E �W�E �H�A�V�E �F�O�U�R �W�O�R�K�E�R�S �T�O �I�N�S�T�A�L�L �W�H�E�E�L�S�� �B�U�T �T�H�E�Y �H�A�V�E �T�O �S�H�A�R�E �O�N�E �T�O�O�L �T�H�A�T �H�E�L�P�S �P�U�T
�T�H�E �A�X�L�E �I�N �P�L�A�C�E�� �7�E �N�E�E�D �A�G�L�V�M�X�Q�F�W�L�Y�H �F�R�Q�V�W�U�D�L�Q�W�T�O �S�A�Y �T�H�A�TAxleF �A�N�DAxleB �M�U�S�T �N�O�TDISJUNCTIVE

CONSTRAINT

�O�V�E�R�L�A�P �I�N �T�I�M�E�� �E�I�T�H�E�R �O�N�E �C�O�M�E�S �l�R�S�T �O�R �T�H�E �O�T�H�E�R �D�O�E�S��

(AxleF + 10 � AxleB ) �R�U(AxleB + 10 � AxleF ) :

�4�H�I�S �L�O�O�K�S �L�I�K�E �A �M�O�R�E �C�O�M�P�L�I�C�A�T�E�D �C�O�N�S�T�R�A�I�N�T�� �C�O�M�B�I�N�I�N�G �A�R�I�T�H�M�E�T�I�C �A�N�D �L�O�G�I�C�� �"�U�T �I�T �S�T�I�L�L
�R�E�D�U�C�E�S �T�O �A �S�E�T �O�F �P�A�I�R�S �O�F �V�A�L�U�E�S �T�H�A�TAxleF �A�N�DAxleF �C�A�N �T�A�K�E �O�N��

�7�E �A�L�S�O �N�E�E�D �T�O �A�S�S�E�R�T �T�H�A�T �T�H�E �I�N�S�P�E�C�T�I�O�N �C�O�M�E�S �L�A�S�T �A�N�D �T�A�K�E�S �� �M�I�N�U�T�E�S�� �&�O�R �E�V�E�R�Y
�V�A�R�I�A�B�L�E �E�X�C�E�P�TInspect �W�E �A�D�D �A �C�O�N�S�T�R�A�I�N�T �O�F �T�H�E �F�O�R�MX + dX � Inspect�� �&�I�N�A�L�L�Y�� �S�U�P�P�O�S�E
�T�H�E�R�E �I�S �A �R�E�Q�U�I�R�E�M�E�N�T �T�O �G�E�T �T�H�E �W�H�O�L�E �A�S�S�E�M�B�L�Y �D�O�N�E �I�N ���� �M�I�N�U�T�E�S�� �7�E �C�A�N �A�C�H�I�E�V�E �T�H�A�T �B�Y
�L�I�M�I�T�I�N�G �T�H�E �D�O�M�A�I�N �O�F �A�L�L �V�A�R�I�A�B�L�E�S��

D i = f 1; 2; 3; : : : ; 27g :
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CONSISTENT

�A�Nn�
�A�R�Y �C�O�N�S�T�R�A�I�N�T �I�F �F�O�R �E�V�E�R�Y �V�A�L�U�Ev �I�N �T�H�E �D�O�M�A�I�N �O�FX i �T�H�E�R�E �E�X�I�S�T�S �A �T�U�P�L�E �O�F �V�A�L�U�E�S �T�H�A�T
�I�S �A �M�E�M�B�E�R �O�F �T�H�E �C�O�N�S�T�R�A�I�N�T�� �H�A�S �A�L�L �I�T�S �V�A�L�U�E�S �T�A�K�E�N �F�R�O�M �T�H�E �D�O�M�A�I�N�S �O�F �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G
�V�A�R�I�A�B�L�E�S�� �A�N�D �H�A�S �I�T�SX i �C�O�M�P�O�N�E�N�T �E�Q�U�A�L �T�Ov�� �&�O�R �E�X�A�M�P�L�E�� �I�F �A�L�L �V�A�R�I�A�B�L�E�S �H�A�V�E �T�H�E �D�O�

�M�A�I�Nf 0; 1; 2; 3g�� �T�H�E�N �T�O �M�A�K�E �T�H�E �V�A�R�I�A�B�L�EX �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �C�O�N�S�T�R�A�I�N�TX < Y < Z ��
�W�E �W�O�U�L�D �H�A�V�E �T�O �E�L�I�M�I�N�A�T�E �� �A�N�D �� �F�R�O�M �T�H�E �D�O�M�A�I�N �O�FX �B�E�C�A�U�S�E �T�H�E �C�O�N�S�T�R�A�I�N�T �C�A�N�N�O�T �B�E
�S�A�T�I�S�l�E�D �W�H�E�NX �I�S �� �O�R ����

���������� �3�D�W�K �F�R�Q�V�L�V�W�H�Q�F�\

�!�R�C �C�O�N�S�I�S�T�E�N�C�Y �C�A�N �G�O �A �L�O�N�G �W�A�Y �T�O�W�A�R�D �R�E�D�U�C�I�N�G �T�H�E �D�O�M�A�I�N�S �O�F �V�A�R�I�A�B�L�E�S�� �S�O�M�E�T�I�M�E�S
�l�N�D�I�N�G �A �S�O�L�U�T�I�O�N ���B�Y �R�E�D�U�C�I�N�G �E�V�E�R�Y �D�O�M�A�I�N �T�O �S�I�Z�E ���	 �A�N�D �S�O�M�E�T�I�M�E�S �l�N�D�I�N�G �T�H�A�T �T�H�E �#�3�0
�C�A�N�N�O�T �B�E �S�O�L�V�E�D ���B�Y �R�E�D�U�C�I�N�G �S�O�M�E �D�O�M�A�I�N �T�O �S�I�Z�E ���	�� �"�U�T �F�O�R �O�T�H�E�R �N�E�T�W�O�R�K�S�� �A�R�C �C�O�N�S�I�S�T�E�N�C�Y
�F�A�I�L�S �T�O �M�A�K�E �E�N�O�U�G�H �I�N�F�E�R�E�N�C�E�S�� �#�O�N�S�I�D�E�R �T�H�E �M�A�P�
�C�O�L�O�R�I�N�G �P�R�O�B�L�E�M �O�N �!�U�S�T�R�A�L�I�A�� �B�U�T �W�I�T�H
�O�N�L�Y �T�W�O �C�O�L�O�R�S �A�L�L�O�W�E�D�� �R�E�D �A�N�D �B�L�U�E�� �!�R�C �C�O�N�S�I�S�T�E�N�C�Y �C�A�N �D�O �N�O�T�H�I�N�G �B�E�C�A�U�S�E �E�V�E�R�Y �V�A�R�I�A�B�L�E
�I�S �A�L�R�E�A�D�Y �A�R�C �C�O�N�S�I�S�T�E�N�T�� �E�A�C�H �C�A�N �B�E �R�E�D �W�I�T�H �B�L�U�E �A�T �T�H�E �O�T�H�E�R �E�N�D �O�F �T�H�E �A�R�C ���O�R �V�I�C�E �V�E�R�S�A�	��
�"�U�T �C�L�E�A�R�L�Y �T�H�E�R�E �I�S �N�O �S�O�L�U�T�I�O�N �T�O �T�H�E �P�R�O�B�L�E�M�� �B�E�C�A�U�S�E �7�E�S�T�E�R�N �!�U�S�T�R�A�L�I�A�� �.�O�R�T�H�E�R�N �4�E�R�R�I�T�O�R�Y
�A�N�D �3�O�U�T�H �!�U�S�T�R�A�L�I�A �A�L�L �T�O�U�C�H �E�A�C�H �O�T�H�E�R�� �W�E �N�E�E�D �A�T �L�E�A�S�T �T�H�R�E�E �C�O�L�O�R�S �F�O�R �T�H�E�M �A�L�O�N�E��

�!�R�C �C�O�N�S�I�S�T�E�N�C�Y �T�I�G�H�T�E�N�S �D�O�W�N �T�H�E �D�O�M�A�I�N�S ���U�N�A�R�Y �C�O�N�S�T�R�A�I�N�T�S�	 �U�S�I�N�G �T�H�E �A�R�C�S ���B�I�N�A�R�Y
�C�O�N�S�T�R�A�I�N�T�S�	�� �4�O �M�A�K�E �P�R�O�G�R�E�S�S �O�N �P�R�O�B�L�E�M�S �L�I�K�E �M�A�P �C�O�L�O�R�I�N�G�� �W�E �N�E�E�D �A �S�T�R�O�N�G�E�R �N�O�T�I�O�N �O�F
�C�O�N�S�I�S�T�E�N�C�Y���3�D�W�K �F�R�Q�V�L�V�W�H�Q�F�\�T�I�G�H�T�E�N�S �T�H�E �B�I�N�A�R�Y �C�O�N�S�T�R�A�I�N�T�S �B�Y �U�S�I�N�G �I�M�P�L�I�C�I�T �C�O�N�S�T�R�A�I�N�T�SPATH CONSISTENCY

�T�H�A�T �A�R�E �I�N�F�E�R�R�E�D �B�Y �L�O�O�K�I�N�G �A�T �T�R�I�P�L�E�S �O�F �V�A�R�I�A�B�L�E�S��
�! �T�W�O�
�V�A�R�I�A�B�L�E �S�E�Tf X i ; X j g �I�S �P�A�T�H�
�C�O�N�S�I�S�T�E�N�T �W�I�T�H �R�E�S�P�E�C�T �T�O �A �T�H�I�R�D �V�A�R�I�A�B�L�EX m �I�F��

�F�O�R �E�V�E�R�Y �A�S�S�I�G�N�M�E�N�Tf X i = a; X j = bg�C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �C�O�N�S�T�R�A�I�N�T�S �O�Nf X i ; X j g�� �T�H�E�R�E �I�S
�A�N �A�S�S�I�G�N�M�E�N�T �T�OX m �T�H�A�T �S�A�T�I�S�l�E�S �T�H�E �C�O�N�S�T�R�A�I�N�T�S �O�Nf X i ; X m g �A�N�Df X m ; X j g�� �4�H�I�S �I�S �C�A�L�L�E�D
�P�A�T�H �C�O�N�S�I�S�T�E�N�C�Y �B�E�C�A�U�S�E �O�N�E �C�A�N �T�H�I�N�K �O�F �I�T �A�S �L�O�O�K�I�N�G �A�T �A �P�A�T�H �F�R�O�MX i �T�OX j �W�I�T�HX m �I�N
�T�H�E �M�I�D�D�L�E��

�,�E�T���S �S�E�E �H�O�W �P�A�T�H �C�O�N�S�I�S�T�E�N�C�Y �F�A�R�E�S �I�N �C�O�L�O�R�I�N�G �T�H�E �!�U�S�T�R�A�L�I�A �M�A�P �W�I�T�H �T�W�O �C�O�L�O�R�S�� �7�E
�W�I�L�L �M�A�K�E �T�H�E �S�E�Tf WA; SAg �P�A�T�H �C�O�N�S�I�S�T�E�N�T �W�I�T�H �R�E�S�P�E�C�T �T�ONT �� �7�E �S�T�A�R�T �B�Y �E�N�U�M�E�R�A�T�I�N�G �T�H�E
�C�O�N�S�I�S�T�E�N�T �A�S�S�I�G�N�M�E�N�T�S �T�O �T�H�E �S�E�T�� �)�N �T�H�I�S �C�A�S�E�� �T�H�E�R�E �A�R�E �O�N�L�Y �T�W�O��f WA = red; SA = blueg
�A�N�Df WA = blue; SA = redg�� �7�E �C�A�N �S�E�E �T�H�A�T �W�I�T�H �B�O�T�H �O�F �T�H�E�S�E �A�S�S�I�G�N�M�E�N�T�SNT �C�A�N �B�E
�N�E�I�T�H�E�Rred �N�O�Rblue ���B�E�C�A�U�S�E �I�T �W�O�U�L�D �C�O�N�m�I�C�T �W�I�T�H �E�I�T�H�E�RWA �O�RSA�	�� �"�E�C�A�U�S�E �T�H�E�R�E �I�S �N�O
�V�A�L�I�D �C�H�O�I�C�E �F�O�RNT �� �W�E �E�L�I�M�I�N�A�T�E �B�O�T�H �A�S�S�I�G�N�M�E�N�T�S�� �A�N�D �W�E �E�N�D �U�P �W�I�T�H �N�O �V�A�L�I�D �A�S�S�I�G�N�M�E�N�T�S
�F�O�Rf WA; SAg�� �4�H�E�R�E�F�O�R�E�� �W�E �K�N�O�W �T�H�A�T �T�H�E�R�E �C�A�N �B�E �N�O �S�O�L�U�T�I�O�N �T�O �T�H�I�S �P�R�O�B�L�E�M�� �4�H�E �0�#�
��
�A�L�G�O�R�I�T�H�M ���-�A�C�K�W�O�R�T�H�� ���������	 �A�C�H�I�E�V�E�S �P�A�T�H �C�O�N�S�I�S�T�E�N�C�Y �I�N �M�U�C�H �T�H�E �S�A�M�E �W�A�Y �T�H�A�T �!�#�
��
�A�C�H�I�E�V�E�S �A�R�C �C�O�N�S�I�S�T�E�N�C�Y�� �"�E�C�A�U�S�E �I�T �I�S �S�O �S�I�M�I�L�A�R�� �W�E �D�O �N�O�T �S�H�O�W �I�T �H�E�R�E��

1 �4�H�E �!�#�
�� �A�L�G�O�R�I�T�H�M ���-�O�H�R �A�N�D �(�E�N�D�E�R�S�O�N�� ���������	 �R�U�N�S �I�NO(cd2) �W�O�R�S�T�
�C�A�S�E �T�I�M�E �B�U�T �C�A�N �B�E �S�L�O�W�E�R �T�H�A�N �!�#�
��
�O�N �A�V�E�R�A�G�E �C�A�S�E�S�� �3�E�E �%�X�E�R�C�I�S�E ����������
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�3�T�R�O�N�G�E�R �F�O�R�M�S �O�F �P�R�O�P�A�G�A�T�I�O�N �C�A�N �B�E �D�E�l�N�E�D �W�I�T�H �T�H�E �N�O�T�I�O�N �O�Fk���F�R�Q�V�L�V�W�H�Q�F�\�� �! �#�3�0 �I�SK­CONSISTENCY

k�
�C�O�N�S�I�S�T�E�N�T �I�F�� �F�O�R �A�N�Y �S�E�T �O�Fk � 1 �V�A�R�I�A�B�L�E�S �A�N�D �F�O�R �A�N�Y �C�O�N�S�I�S�T�E�N�T �A�S�S�I�G�N�M�E�N�T �T�O �T�H�O�S�E
�V�A�R�I�A�B�L�E�S�� �A �C�O�N�S�I�S�T�E�N�T �V�A�L�U�E �C�A�N �A�L�W�A�Y�S �B�E �A�S�S�I�G�N�E�D �T�O �A�N�Yk�T�H �V�A�R�I�A�B�L�E�� ���
�C�O�N�S�I�S�T�E�N�C�Y �S�A�Y�S
�T�H�A�T�� �G�I�V�E�N �T�H�E �E�M�P�T�Y �S�E�T�� �W�E �C�A�N �M�A�K�E �A�N�Y �S�E�T �O�F �O�N�E �V�A�R�I�A�B�L�E �C�O�N�S�I�S�T�E�N�T�� �T�H�I�S �I�S �W�H�A�T �W�E
�C�A�L�L�E�D �N�O�D�E �C�O�N�S�I�S�T�E�N�C�Y�� ���
�C�O�N�S�I�S�T�E�N�C�Y �I�S �T�H�E �S�A�M�E �A�S �A�R�C �C�O�N�S�I�S�T�E�N�C�Y�� �&�O�R �B�I�N�A�R�Y �C�O�N�S�T�R�A�I�N�T
�N�E�T�W�O�R�K�S�� ���
�C�O�N�S�I�S�T�E�N�C�Y �I�S �T�H�E �S�A�M�E �A�S �P�A�T�H �C�O�N�S�I�S�T�E�N�C�Y��

�! �#�3�0 �I�S�V�W�U�R�Q�J�O�\k���F�R�Q�V�L�V�W�H�Q�W�I�F �I�T �I�Sk�
�C�O�N�S�I�S�T�E�N�T �A�N�D �I�S �A�L�S�O(k � 1)�
�C�O�N�S�I�S�T�E�N�T��STRONGLY
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(k � 2)�
�C�O�N�S�I�S�T�E�N�T��: : : �A�L�L �T�H�E �W�A�Y �D�O�W�N �T�O ���
�C�O�N�S�I�S�T�E�N�T�� �.�O�W �S�U�P�P�O�S�E �W�E �H�A�V�E �A �#�3�0 �W�I�T�H
n �N�O�D�E�S �A�N�D �M�A�K�E �I�T �S�T�R�O�N�G�L�Yn�
�C�O�N�S�I�S�T�E�N�T ���I���E���� �S�T�R�O�N�G�L�Yk�
�C�O�N�S�I�S�T�E�N�T �F�O�Rk = n�	�� �7�E �C�A�N
�T�H�E�N �S�O�L�V�E �T�H�E �P�R�O�B�L�E�M �A�S �F�O�L�L�O�W�S�� �&�I�R�S�T�� �W�E �C�H�O�O�S�E �A �C�O�N�S�I�S�T�E�N�T �V�A�L�U�E �F�O�RX 1�� �7�E �A�R�E �T�H�E�N
�G�U�A�R�A�N�T�E�E�D �T�O �B�E �A�B�L�E �T�O �C�H�O�O�S�E �A �V�A�L�U�E �F�O�RX 2 �B�E�C�A�U�S�E �T�H�E �G�R�A�P�H �I�S ���
�C�O�N�S�I�S�T�E�N�T�� �F�O�RX 3

�B�E�C�A�U�S�E �I�T �I�S ���
�C�O�N�S�I�S�T�E�N�T�� �A�N�D �S�O �O�N�� �&�O�R �E�A�C�H �V�A�R�I�A�B�L�EX i �� �W�E �N�E�E�D �O�N�L�Y �S�E�A�R�C�H �T�H�R�O�U�G�H �T�H�Ed
�V�A�L�U�E�S �I�N �T�H�E �D�O�M�A�I�N �T�O �l�N�D �A �V�A�L�U�E �C�O�N�S�I�S�T�E�N�T �W�I�T�HX 1; : : : ; X i � 1�� �7�E �A�R�E �G�U�A�R�A�N�T�E�E�D �T�O �l�N�D
�A �S�O�L�U�T�I�O�N �I�N �T�I�M�EO(n2d)�� �/�F �C�O�U�R�S�E�� �T�H�E�R�E �I�S �N�O �F�R�E�E �L�U�N�C�H�� �A�N�Y �A�L�G�O�R�I�T�H�M �F�O�R �E�S�T�A�B�L�I�S�H�I�N�G
n�
�C�O�N�S�I�S�T�E�N�C�Y �M�U�S�T �T�A�K�E �T�I�M�E �E�X�P�O�N�E�N�T�I�A�L �I�Nn �I�N �T�H�E �W�O�R�S�T �C�A�S�E�� �7�O�R�S�E��n�
�C�O�N�S�I�S�T�E�N�C�Y �A�L�S�O
�R�E�Q�U�I�R�E�S �S�P�A�C�E �T�H�A�T �I�S �E�X�P�O�N�E�N�T�I�A�L �I�Nn�� �4�H�E �M�E�M�O�R�Y �I�S�S�U�E �I�S �E�V�E�N �M�O�R�E �S�E�V�E�R�E �T�H�A�N �T�H�E �T�I�M�E��
�)�N �P�R�A�C�T�I�C�E�� �D�E�T�E�R�M�I�N�I�N�G �T�H�E �A�P�P�R�O�P�R�I�A�T�E �L�E�V�E�L �O�F �C�O�N�S�I�S�T�E�N�C�Y �C�H�E�C�K�I�N�G �I�S �M�O�S�T�L�Y �A�N �E�M�P�I�R�I�C�A�L
�S�C�I�E�N�C�E�� �)�T �C�A�N �B�E �S�A�I�D �P�R�A�C�T�I�T�I�O�N�E�R�S �C�O�M�M�O�N�L�Y �C�O�M�P�U�T�E ���
�C�O�N�S�I�S�T�E�N�C�Y �A�N�D �L�E�S�S �C�O�M�M�O�N�L�Y
���
�C�O�N�S�I�S�T�E�N�C�Y��

���������� �*�O�R�E�D�O �F�R�Q�V�W�U�D�L�Q�W�V

�2�E�M�E�M�B�E�R �T�H�A�T �A�J�O�R�E�D�O �F�R�Q�V�W�U�D�L�Q�W�I�S �O�N�E �I�N�V�O�L�V�I�N�G �A�N �A�R�B�I�T�R�A�R�Y �N�U�M�B�E�R �O�F �V�A�R�I�A�B�L�E�S ���B�U�T �N�O�T
�N�E�C�E�S�S�A�R�I�L�Y �A�L�L �V�A�R�I�A�B�L�E�S�	�� �'�L�O�B�A�L �C�O�N�S�T�R�A�I�N�T�S �O�C�C�U�R �F�R�E�Q�U�E�N�T�L�Y �I�N �R�E�A�L �P�R�O�B�L�E�M�S �A�N�D �C�A�N �B�E
�H�A�N�D�L�E�D �B�Y �S�P�E�C�I�A�L�
�P�U�R�P�O�S�E �A�L�G�O�R�I�T�H�M�S �T�H�A�T �A�R�E �M�O�R�E �E�F�l�C�I�E�N�T �T�H�A�N �T�H�E �G�E�N�E�R�A�L�
�P�U�R�P�O�S�E �M�E�T�H�

�O�D�S �D�E�S�C�R�I�B�E�D �S�O �F�A�R�� �&�O�R �E�X�A�M�P�L�E�� �T�H�EAlldi� �C�O�N�S�T�R�A�I�N�T �S�A�Y�S �T�H�A�T �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S �I�N�V�O�L�V�E�D
�M�U�S�T �H�A�V�E �D�I�S�T�I�N�C�T �V�A�L�U�E�S ���A�S �I�N �T�H�E �C�R�Y�P�T�A�R�I�T�H�M�E�T�I�C �P�R�O�B�L�E�M �A�B�O�V�E �A�N�D �3�U�D�O�K�U �P�U�Z�Z�L�E�S �B�E�

�L�O�W�	�� �/�N�E �S�I�M�P�L�E �F�O�R�M �O�F �I�N�C�O�N�S�I�S�T�E�N�C�Y �D�E�T�E�C�T�I�O�N �F�O�RAlldi� �C�O�N�S�T�R�A�I�N�T�S �W�O�R�K�S �A�S �F�O�L�L�O�W�S��
�I�Fm �V�A�R�I�A�B�L�E�S �A�R�E �I�N�V�O�L�V�E�D �I�N �T�H�E �C�O�N�S�T�R�A�I�N�T�� �A�N�D �I�F �T�H�E�Y �H�A�V�En �P�O�S�S�I�B�L�E �D�I�S�T�I�N�C�T �V�A�L�U�E�S �A�L�T�O�

�G�E�T�H�E�R�� �A�N�Dm > n �� �T�H�E�N �T�H�E �C�O�N�S�T�R�A�I�N�T �C�A�N�N�O�T �B�E �S�A�T�I�S�l�E�D��

�4�H�I�S �L�E�A�D�S �T�O �T�H�E �F�O�L�L�O�W�I�N�G �S�I�M�P�L�E �A�L�G�O�R�I�T�H�M�� �&�I�R�S�T�� �R�E�M�O�V�E �A�N�Y �V�A�R�I�A�B�L�E �I�N �T�H�E �C�O�N�

�S�T�R�A�I�N�T �T�H�A�T �H�A�S �A �S�I�N�G�L�E�T�O�N �D�O�M�A�I�N�� �A�N�D �D�E�L�E�T�E �T�H�A�T �V�A�R�I�A�B�L�E���S �V�A�L�U�E �F�R�O�M �T�H�E �D�O�M�A�I�N�S �O�F �T�H�E
�R�E�M�A�I�N�I�N�G �V�A�R�I�A�B�L�E�S�� �2�E�P�E�A�T �A�S �L�O�N�G �A�S �T�H�E�R�E �A�R�E �S�I�N�G�L�E�T�O�N �V�A�R�I�A�B�L�E�S�� �)�F �A�T �A�N�Y �P�O�I�N�T �A�N �E�M�P�T�Y
�D�O�M�A�I�N �I�S �P�R�O�D�U�C�E�D �O�R �T�H�E�R�E �A�R�E �M�O�R�E �V�A�R�I�A�B�L�E�S �T�H�A�N �D�O�M�A�I�N �V�A�L�U�E�S �L�E�F�T�� �T�H�E�N �A�N �I�N�C�O�N�S�I�S�T�E�N�C�Y
�H�A�S �B�E�E�N �D�E�T�E�C�T�E�D��

�4�H�I�S �M�E�T�H�O�D �C�A�N �D�E�T�E�C�T �T�H�E �I�N�C�O�N�S�I�S�T�E�N�C�Y �I�N �T�H�E �A�S�S�I�G�N�M�E�N�Tf WA = red; NSW = redg
�F�O�R �&�I�G�U�R�E �������� �.�O�T�I�C�E �T�H�A�T �T�H�E �V�A�R�I�A�B�L�E�SSA��NT �� �A�N�DQ �A�R�E �E�F�F�E�C�T�I�V�E�L�Y �C�O�N�N�E�C�T�E�D �B�Y �A�N
Alldi� �C�O�N�S�T�R�A�I�N�T �B�E�C�A�U�S�E �E�A�C�H �P�A�I�R �M�U�S�T �H�A�V�E �T�W�O �D�I�F�F�E�R�E�N�T �C�O�L�O�R�S�� �!�F�T�E�R �A�P�P�L�Y�I�N�G �!�#�
��
�W�I�T�H �T�H�E �P�A�R�T�I�A�L �A�S�S�I�G�N�M�E�N�T�� �T�H�E �D�O�M�A�I�N �O�F �E�A�C�H �V�A�R�I�A�B�L�E �I�S �R�E�D�U�C�E�D �T�Of green; blueg�� �4�H�A�T
�I�S�� �W�E �H�A�V�E �T�H�R�E�E �V�A�R�I�A�B�L�E�S �A�N�D �O�N�L�Y �T�W�O �C�O�L�O�R�S�� �S�O �T�H�EAlldi� �C�O�N�S�T�R�A�I�N�T �I�S �V�I�O�L�A�T�E�D�� �4�H�U�S��
�A �S�I�M�P�L�E �C�O�N�S�I�S�T�E�N�C�Y �P�R�O�C�E�D�U�R�E �F�O�R �A �H�I�G�H�E�R�
�O�R�D�E�R �C�O�N�S�T�R�A�I�N�T �I�S �S�O�M�E�T�I�M�E�S �M�O�R�E �E�F�F�E�C�T�I�V�E
�T�H�A�N �A�P�P�L�Y�I�N�G �A�R�C �C�O�N�S�I�S�T�E�N�C�Y �T�O �A�N �E�Q�U�I�V�A�L�E�N�T �S�E�T �O�F �B�I�N�A�R�Y �C�O�N�S�T�R�A�I�N�T�S�� �4�H�E�R�E �A�R�E �M�O�R�E



������ �#�H�A�P�T�E�R ���� �#�O�N�S�T�R�A�I�N�T �3�A�T�I�S�F�A�C�T�I�O�N �0�R�O�B�L�E�M�S

�C�O�M�P�L�E�X �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S �F�O�RAlldi � ���S�E�E �V�A�N �(�O�E�V�E �A�N�D �+�A�T�R�I�E�L�� ���������	 �T�H�A�T �P�R�O�P�A�G�A�T�E
�M�O�R�E �C�O�N�S�T�R�A�I�N�T�S �B�U�T �A�R�E �M�O�R�E �C�O�M�P�U�T�A�T�I�O�N�A�L�L�Y �E�X�P�E�N�S�I�V�E �T�O �R�U�N��

�!�N�O�T�H�E�R �I�M�P�O�R�T�A�N�T �H�I�G�H�E�R�
�O�R�D�E�R �C�O�N�S�T�R�A�I�N�T �I�S �T�H�E�U�H�V�R�X�U�F�H �F�R�Q�V�W�U�D�L�Q�W�� �S�O�M�E�T�I�M�E�S �C�A�L�L�E�DRESOURCE
CONSTRAINT

�T�H�Eatmost �C�O�N�S�T�R�A�I�N�T�� �&�O�R �E�X�A�M�P�L�E�� �I�N �A �S�C�H�E�D�U�L�I�N�G �P�R�O�B�L�E�M�� �L�E�TP1; : : : ; P4 �D�E�N�O�T�E �T�H�E
�N�U�M�B�E�R�S �O�F �P�E�R�S�O�N�N�E�L �A�S�S�I�G�N�E�D �T�O �E�A�C�H �O�F �F�O�U�R �T�A�S�K�S�� �4�H�E �C�O�N�S�T�R�A�I�N�T �T�H�A�T �N�O �M�O�R�E �T�H�A�N ����
�P�E�R�S�O�N�N�E�L �A�R�E �A�S�S�I�G�N�E�D �I�N �T�O�T�A�L �I�S �W�R�I�T�T�E�N �A�SAtmost (10; P1; P2; P3; P4)�� �7�E �C�A�N �D�E�T�E�C�T �A�N
�I�N�C�O�N�S�I�S�T�E�N�C�Y �S�I�M�P�L�Y �B�Y �C�H�E�C�K�I�N�G �T�H�E �S�U�M �O�F �T�H�E �M�I�N�I�M�U�M �V�A�L�U�E�S �O�F �T�H�E �C�U�R�R�E�N�T �D�O�M�A�I�N�S��
�F�O�R �E�X�A�M�P�L�E�� �I�F �E�A�C�H �V�A�R�I�A�B�L�E �H�A�S �T�H�E �D�O�M�A�I�Nf 3; 4; 5; 6g�� �T�H�EAtmost �C�O�N�S�T�R�A�I�N�T �C�A�N�N�O�T �B�E
�S�A�T�I�S�l�E�D�� �7�E �C�A�N �A�L�S�O �E�N�F�O�R�C�E �C�O�N�S�I�S�T�E�N�C�Y �B�Y �D�E�L�E�T�I�N�G �T�H�E �M�A�X�I�M�U�M �V�A�L�U�E �O�F �A�N�Y �D�O�M�A�I�N �I�F �I�T
�I�S �N�O�T �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �M�I�N�I�M�U�M �V�A�L�U�E�S �O�F �T�H�E �O�T�H�E�R �D�O�M�A�I�N�S�� �4�H�U�S�� �I�F �E�A�C�H �V�A�R�I�A�B�L�E �I�N �O�U�R
�E�X�A�M�P�L�E �H�A�S �T�H�E �D�O�M�A�I�Nf 2; 3; 4; 5; 6g�� �T�H�E �V�A�L�U�E�S �� �A�N�D �� �C�A�N �B�E �D�E�L�E�T�E�D �F�R�O�M �E�A�C�H �D�O�M�A�I�N��

�&�O�R �L�A�R�G�E �R�E�S�O�U�R�C�E�
�L�I�M�I�T�E�D �P�R�O�B�L�E�M�S �W�I�T�H �I�N�T�E�G�E�R �V�A�L�U�E�S�ˆ�S�U�C�H �A�S �L�O�G�I�S�T�I�C�A�L �P�R�O�B�L�E�M�S
�I�N�V�O�L�V�I�N�G �M�O�V�I�N�G �T�H�O�U�S�A�N�D�S �O�F �P�E�O�P�L�E �I�N �H�U�N�D�R�E�D�S �O�F �V�E�H�I�C�L�E�S�ˆ�I�T �I�S �U�S�U�A�L�L�Y �N�O�T �P�O�S�S�I�B�L�E �T�O
�R�E�P�R�E�S�E�N�T �T�H�E �D�O�M�A�I�N �O�F �E�A�C�H �V�A�R�I�A�B�L�E �A�S �A �L�A�R�G�E �S�E�T �O�F �I�N�T�E�G�E�R�S �A�N�D �G�R�A�D�U�A�L�L�Y �R�E�D�U�C�E �T�H�A�T �S�E�T �B�Y
�C�O�N�S�I�S�T�E�N�C�Y�
�C�H�E�C�K�I�N�G �M�E�T�H�O�D�S�� �)�N�S�T�E�A�D�� �D�O�M�A�I�N�S �A�R�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �U�P�P�E�R �A�N�D �L�O�W�E�R �B�O�U�N�D�S
�A�N�D �A�R�E �M�A�N�A�G�E�D �B�Y�E�R�X�Q�G�V �S�U�R�S�D�J�D�W�L�R�Q�� �&�O�R �E�X�A�M�P�L�E�� �I�N �A�N �A�I�R�L�I�N�E�
�S�C�H�E�D�U�L�I�N�G �P�R�O�B�L�E�M��BOUNDS

PROPAGATION

�L�E�T���S �S�U�P�P�O�S�E �T�H�E�R�E �A�R�E �T�W�O �m�I�G�H�T�S��F1 �A�N�DF2�� �F�O�R �W�H�I�C�H �T�H�E �P�L�A�N�E�S �H�A�V�E �C�A�P�A�C�I�T�I�E�S ������ �A�N�D
�������� �R�E�S�P�E�C�T�I�V�E�L�Y�� �4�H�E �I�N�I�T�I�A�L �D�O�M�A�I�N�S �F�O�R �T�H�E �N�U�M�B�E�R�S �O�F �P�A�S�S�E�N�G�E�R�S �O�N �E�A�C�H �m�I�G�H�T �A�R�E �T�H�E�N

D1 = [0 ; 165] �A�N�DD2 = [0 ; 385]:

�.�O�W �S�U�P�P�O�S�E �W�E �H�A�V�E �T�H�E �A�D�D�I�T�I�O�N�A�L �C�O�N�S�T�R�A�I�N�T �T�H�A�T �T�H�E �T�W�O �m�I�G�H�T�S �T�O�G�E�T�H�E�R �M�U�S�T �C�A�R�R�Y ������
�P�E�O�P�L�E��F1 + F2 = 420�� �0�R�O�P�A�G�A�T�I�N�G �B�O�U�N�D�S �C�O�N�S�T�R�A�I�N�T�S�� �W�E �R�E�D�U�C�E �T�H�E �D�O�M�A�I�N�S �T�O

D1 = [35; 165] �A�N�DD2 = [255; 385]:

�7�E �S�A�Y �T�H�A�T �A �#�3�0 �I�S�E�R�X�Q�G�V �F�R�Q�V�L�V�W�H�Q�W�I�F �F�O�R �E�V�E�R�Y �V�A�R�I�A�B�L�EX �� �A�N�D �F�O�R �B�O�T�H �T�H�E �L�O�W�E�R�
BOUNDS
CONSISTENT

�B�O�U�N�D �A�N�D �U�P�P�E�R�
�B�O�U�N�D �V�A�L�U�E�S �O�FX �� �T�H�E�R�E �E�X�I�S�T�S �S�O�M�E �V�A�L�U�E �O�FY �T�H�A�T �S�A�T�I�S�l�E�S �T�H�E �C�O�N�S�T�R�A�I�N�T
�B�E�T�W�E�E�NX �A�N�DY �F�O�R �E�V�E�R�Y �V�A�R�I�A�B�L�EY �� �4�H�I�S �K�I�N�D �O�F �B�O�U�N�D�S �P�R�O�P�A�G�A�T�I�O�N �I�S �W�I�D�E�L�Y �U�S�E�D �I�N
�P�R�A�C�T�I�C�A�L �C�O�N�S�T�R�A�I�N�T �P�R�O�B�L�E�M�S��

���������� �6�X�G�R�N�X �H�[�D�P�S�O�H

�4�H�E �P�O�P�U�L�A�R�6�X�G�R�N�X�P�U�Z�Z�L�E �H�A�S �I�N�T�R�O�D�U�C�E�D �M�I�L�L�I�O�N�S �O�F �P�E�O�P�L�E �T�O �C�O�N�S�T�R�A�I�N�T �S�A�T�I�S�F�A�C�T�I�O�N �P�R�O�B�
SUDOKU

�L�E�M�S�� �A�L�T�H�O�U�G�H �T�H�E�Y �M�A�Y �N�O�T �R�E�C�O�G�N�I�Z�E �I�T�� �! �3�U�D�O�K�U �B�O�A�R�D �C�O�N�S�I�S�T�S �O�F ���� �S�Q�U�A�R�E�S�� �S�O�M�E �O�F
�W�H�I�C�H �A�R�E �I�N�I�T�I�A�L�L�Y �l�L�L�E�D �W�I�T�H �D�I�G�I�T�S �F�R�O�M �� �T�O ���� �4�H�E �P�U�Z�Z�L�E �I�S �T�O �l�L�L �I�N �A�L�L �T�H�E �R�E�M�A�I�N�I�N�G
�S�Q�U�A�R�E�S �S�U�C�H �T�H�A�T �N�O �D�I�G�I�T �A�P�P�E�A�R�S �T�W�I�C�E �I�N �A�N�Y �R�O�W�� �C�O�L�U�M�N�� �O�R3� 3 �B�O�X ���S�E�E �&�I�G�U�R�E �������	�� �!
�R�O�W�� �C�O�L�U�M�N�� �O�R �B�O�X �I�S �C�A�L�L�E�D �A�X�Q�L�W��

�4�H�E �3�U�D�O�K�U �P�U�Z�Z�L�E�S �T�H�A�T �A�R�E �P�R�I�N�T�E�D �I�N �N�E�W�S�P�A�P�E�R�S �A�N�D �P�U�Z�Z�L�E �B�O�O�K�S �H�A�V�E �T�H�E �P�R�O�P�E�R�T�Y
�T�H�A�T �T�H�E�R�E �I�S �E�X�A�C�T�L�Y �O�N�E �S�O�L�U�T�I�O�N�� �!�L�T�H�O�U�G�H �S�O�M�E �C�A�N �B�E �T�R�I�C�K�Y �T�O �S�O�L�V�E �B�Y �H�A�N�D�� �T�A�K�I�N�G �T�E�N�S
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�T�H�E �W�E�I�G�H�T �O�F �E�A�C�H �C�O�N�S�T�R�A�I�N�T �T�H�A�T �I�S �V�I�O�L�A�T�E�D �B�Y �T�H�E �C�U�R�R�E�N�T �A�S�S�I�G�N�M�E�N�T�� �4�H�I�S �H�A�S �T�W�O �B�E�N�E�l�T�S��
�I�T �A�D�D�S �T�O�P�O�G�R�A�P�H�Y �T�O �P�L�A�T�E�A�U�X�� �M�A�K�I�N�G �S�U�R�E �T�H�A�T �I�T �I�S �P�O�S�S�I�B�L�E �T�O �I�M�P�R�O�V�E �F�R�O�M �T�H�E �C�U�R�R�E�N�T
�S�T�A�T�E�� �A�N�D �I�T �A�L�S�O�� �O�V�E�R �T�I�M�E�� �A�D�D�S �W�E�I�G�H�T �T�O �T�H�E �C�O�N�S�T�R�A�I�N�T�S �T�H�A�T �A�R�E �P�R�O�V�I�N�G �D�I�F�l�C�U�L�T �T�O �S�O�L�V�E��

�!�N�O�T�H�E�R �A�D�V�A�N�T�A�G�E �O�F �L�O�C�A�L �S�E�A�R�C�H �I�S �T�H�A�T �I�T �C�A�N �B�E �U�S�E�D �I�N �A�N �O�N�L�I�N�E �S�E�T�T�I�N�G �W�H�E�N �T�H�E
�P�R�O�B�L�E�M �C�H�A�N�G�E�S�� �4�H�I�S �I�S �P�A�R�T�I�C�U�L�A�R�L�Y �I�M�P�O�R�T�A�N�T �I�N �S�C�H�E�D�U�L�I�N�G �P�R�O�B�L�E�M�S�� �! �W�E�E�K���S �A�I�R�L�I�N�E
�S�C�H�E�D�U�L�E �M�A�Y �I�N�V�O�L�V�E �T�H�O�U�S�A�N�D�S �O�F �m�I�G�H�T�S �A�N�D �T�E�N�S �O�F �T�H�O�U�S�A�N�D�S �O�F �P�E�R�S�O�N�N�E�L �A�S�S�I�G�N�M�E�N�T�S��
�B�U�T �B�A�D �W�E�A�T�H�E�R �A�T �O�N�E �A�I�R�P�O�R�T �C�A�N �R�E�N�D�E�R �T�H�E �S�C�H�E�D�U�L�E �I�N�F�E�A�S�I�B�L�E�� �7�E �W�O�U�L�D �L�I�K�E �T�O �R�E�P�A�I�R �T�H�E
�S�C�H�E�D�U�L�E �W�I�T�H �A �M�I�N�I�M�U�M �N�U�M�B�E�R �O�F �C�H�A�N�G�E�S�� �4�H�I�S �C�A�N �B�E �E�A�S�I�L�Y �D�O�N�E �W�I�T�H �A �L�O�C�A�L �S�E�A�R�C�H
�A�L�G�O�R�I�T�H�M �S�T�A�R�T�I�N�G �F�R�O�M �T�H�E �C�U�R�R�E�N�T �S�C�H�E�D�U�L�E�� �! �B�A�C�K�T�R�A�C�K�I�N�G �S�E�A�R�C�H �W�I�T�H �T�H�E �N�E�W �S�E�T �O�F
�C�O�N�S�T�R�A�I�N�T�S �U�S�U�A�L�L�Y �R�E�Q�U�I�R�E�S �M�U�C�H �M�O�R�E �T�I�M�E �A�N�D �M�I�G�H�T �l�N�D �A �S�O�L�U�T�I�O�N �W�I�T�H �M�A�N�Y �C�H�A�N�G�E�S
�F�R�O�M �T�H�E �C�U�R�R�E�N�T �S�C�H�E�D�U�L�E��
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�)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �E�X�A�M�I�N�E �W�A�Y�S �I�N �W�H�I�C�H �T�H�E�V�W�U�X�F�W�X�U�H�O�F �T�H�E �P�R�O�B�L�E�M�� �A�S �R�E�P�R�E�S�E�N�T�E�D �B�Y
�T�H�E �C�O�N�S�T�R�A�I�N�T �G�R�A�P�H�� �C�A�N �B�E �U�S�E�D �T�O �l�N�D �S�O�L�U�T�I�O�N�S �Q�U�I�C�K�L�Y�� �-�O�S�T �O�F �T�H�E �A�P�P�R�O�A�C�H�E�S �H�E�R�E �A�L�S�O
�A�P�P�L�Y �T�O �O�T�H�E�R �P�R�O�B�L�E�M�S �B�E�S�I�D�E�S �#�3�0�S�� �S�U�C�H �A�S �P�R�O�B�A�B�I�L�I�S�T�I�C �R�E�A�S�O�N�I�N�G�� �!�F�T�E�R �A�L�L�� �T�H�E �O�N�L�Y �W�A�Y
�W�E �C�A�N �P�O�S�S�I�B�L�Y �H�O�P�E �T�O �D�E�A�L �W�I�T�H �T�H�E �R�E�A�L �W�O�R�L�D �I�S �T�O �D�E�C�O�M�P�O�S�E �I�T �I�N�T�O �M�A�N�Y �S�U�B�P�R�O�B�L�E�M�S��
�,�O�O�K�I�N�G �A�G�A�I�N �A�T �T�H�E �C�O�N�S�T�R�A�I�N�T �G�R�A�P�H �F�O�R �!�U�S�T�R�A�L�I�A ���&�I�G�U�R�E ���������B�	�� �R�E�P�E�A�T�E�D �A�S �&�I�G�U�R�E �����������A�	�	��
�O�N�E �F�A�C�T �S�T�A�N�D�S �O�U�T�� �4�A�S�M�A�N�I�A �I�S �N�O�T �C�O�N�N�E�C�T�E�D �T�O �T�H�E �M�A�I�N�L�A�N�D���� �)�N�T�U�I�T�I�V�E�L�Y�� �I�T �I�S �O�B�V�I�O�U�S �T�H�A�T
�C�O�L�O�R�I�N�G �4�A�S�M�A�N�I�A �A�N�D �C�O�L�O�R�I�N�G �T�H�E �M�A�I�N�L�A�N�D �A�R�E�L�Q�G�H�S�H�Q�G�H�Q�W �V�X�E�S�U�R�E�O�H�P�V�ˆ�A�N�Y �S�O�L�U�T�I�O�NINDEPENDENT

SUBPROBLEMS

�F�O�R �T�H�E �M�A�I�N�L�A�N�D �C�O�M�B�I�N�E�D �W�I�T�H �A�N�Y �S�O�L�U�T�I�O�N �F�O�R �4�A�S�M�A�N�I�A �Y�I�E�L�D�S �A �S�O�L�U�T�I�O�N �F�O�R �T�H�E �W�H�O�L�E
�M�A�P�� �)�N�D�E�P�E�N�D�E�N�C�E �C�A�N �B�E �A�S�C�E�R�T�A�I�N�E�D �S�I�M�P�L�Y �B�Y �l�N�D�I�N�G�F�R�Q�Q�H�F�W�H�G �F�R�P�S�R�Q�H�Q�W�V�O�F �T�H�ECONNECTED

COMPONENT

�C�O�N�S�T�R�A�I�N�T �G�R�A�P�H�� �%�A�C�H �C�O�M�P�O�N�E�N�T �C�O�R�R�E�S�P�O�N�D�S �T�O �A �S�U�B�P�R�O�B�L�E�MCSPi �� �)�F �A�S�S�I�G�N�M�E�N�TSi �I�S
�A �S�O�L�U�T�I�O�N �O�FCSPi �� �T�H�E�N

S
i Si �I�S �A �S�O�L�U�T�I�O�N �O�F

S
i CSPi �� �7�H�Y �I�S �T�H�I�S �I�M�P�O�R�T�A�N�T�� �#�O�N�S�I�D�E�R

�T�H�E �F�O�L�L�O�W�I�N�G�� �S�U�P�P�O�S�E �E�A�C�HCSPi �H�A�Sc �V�A�R�I�A�B�L�E�S �F�R�O�M �T�H�E �T�O�T�A�L �O�Fn �V�A�R�I�A�B�L�E�S�� �W�H�E�R�Ec �I�S
�A �C�O�N�S�T�A�N�T�� �4�H�E�N �T�H�E�R�E �A�R�En=c �S�U�B�P�R�O�B�L�E�M�S�� �E�A�C�H �O�F �W�H�I�C�H �T�A�K�E�S �A�T �M�O�S�Tdc �W�O�R�K �T�O �S�O�L�V�E��

3 �! �C�A�R�E�F�U�L �C�A�R�T�O�G�R�A�P�H�E�R �O�R �P�A�T�R�I�O�T�I�C �4�A�S�M�A�N�I�A�N �M�I�G�H�T �O�B�J�E�C�T �T�H�A�T �4�A�S�M�A�N�I�A �S�H�O�U�L�D �N�O�T �B�E �C�O�L�O�R�E�D �T�H�E �S�A�M�E �A�S
�I�T�S �N�E�A�R�E�S�T �M�A�I�N�L�A�N�D �N�E�I�G�H�B�O�R�� �T�O �A�V�O�I�D �T�H�E �I�M�P�R�E�S�S�I�O�N �T�H�A�T �I�T�P�L�J�K�W�B�E �P�A�R�T �O�F �T�H�A�T �S�T�A�T�E��



�3�E�C�T�I�O�N �������� �4�H�E �3�T�R�U�C�T�U�R�E �O�F �0�R�O�B�L�E�M�S ������

�W�H�E�R�Ed �I�S �T�H�E �S�I�Z�E �O�F �T�H�E �D�O�M�A�I�N�� �(�E�N�C�E�� �T�H�E �T�O�T�A�L �W�O�R�K �I�SO(dcn=c)�� �W�H�I�C�H �I�S�O�L�Q�H�D�U�I�Nn��
�W�I�T�H�O�U�T �T�H�E �D�E�C�O�M�P�O�S�I�T�I�O�N�� �T�H�E �T�O�T�A�L �W�O�R�K �I�SO(dn )�� �W�H�I�C�H �I�S �E�X�P�O�N�E�N�T�I�A�L �I�Nn�� �,�E�T���S �M�A�K�E
�T�H�I�S �M�O�R�E �C�O�N�C�R�E�T�E�� �D�I�V�I�D�I�N�G �A �"�O�O�L�E�A�N �#�3�0 �W�I�T�H ���� �V�A�R�I�A�B�L�E�S �I�N�T�O �F�O�U�R �S�U�B�P�R�O�B�L�E�M�S �R�E�D�U�C�E�S
�T�H�E �W�O�R�S�T�
�C�A�S�E �S�O�L�U�T�I�O�N �T�I�M�E �F�R�O�M �T�H�E �L�I�F�E�T�I�M�E �O�F �T�H�E �U�N�I�V�E�R�S�E �D�O�W�N �T�O �L�E�S�S �T�H�A�N �A �S�E�C�O�N�D��

�#�O�M�P�L�E�T�E�L�Y �I�N�D�E�P�E�N�D�E�N�T �S�U�B�P�R�O�B�L�E�M�S �A�R�E �D�E�L�I�C�I�O�U�S�� �T�H�E�N�� �B�U�T �R�A�R�E�� �&�O�R�T�U�N�A�T�E�L�Y�� �S�O�M�E
�O�T�H�E�R �G�R�A�P�H �S�T�R�U�C�T�U�R�E�S �A�R�E �A�L�S�O �E�A�S�Y �T�O �S�O�L�V�E�� �&�O�R �E�X�A�M�P�L�E�� �A �C�O�N�S�T�R�A�I�N�T �G�R�A�P�H �I�S �A�W�U�H�H�W�H�E�N
�A�N�Y �T�W�O �V�A�R�I�A�B�L�E�S �A�R�E �C�O�N�N�E�C�T�E�D �B�Y �O�N�L�Y �O�N�E �P�A�T�H�� �7�E �S�H�O�W �T�H�A�T�D�Q�\ �W�U�H�H���V�W�U�X�F�W�X�U�H�G �&�6�3 �F�D�Q
�E�H �V�R�O�Y�H�G �L�Q �W�L�P�H �O�L�Q�H�D�U �L�Q �W�K�H �Q�X�P�E�H�U �R�I �Y�D�U�L�D�E�O�H�V���� �4�H�E �K�E�Y �I�S �A �N�E�W �N�O�T�I�O�N �O�F �C�O�N�S�I�S�T�E�N�C�Y��
�C�A�L�L�E�D�G�L�U�H�F�W�H�G �D�U�F �F�R�Q�V�L�V�W�H�Q�F�\�O�R �$�!�#�� �! �#�3�0 �I�S �D�E�l�N�E�D �T�O �B�E �D�I�R�E�C�T�E�D �A�R�C�
�C�O�N�S�I�S�T�E�N�T �U�N�D�E�RDIRECTED ARC

CONSISTENCY

�A�N �O�R�D�E�R�I�N�G �O�F �V�A�R�I�A�B�L�E�SX 1; X 2; : : : ; X n �I�F �A�N�D �O�N�L�Y �I�F �E�V�E�R�YX i �I�S �A�R�C�
�C�O�N�S�I�S�T�E�N�T �W�I�T�H �E�A�C�H
X j �F�O�Rj > i ��

�4�O �S�O�L�V�E �A �T�R�E�E�
�S�T�R�U�C�T�U�R�E�D �#�3�0�� �l�R�S�T �P�I�C�K �A�N�Y �V�A�R�I�A�B�L�E �T�O �B�E �T�H�E �R�O�O�T �O�F �T�H�E �T�R�E�E�� �A�N�D
�C�H�O�O�S�E �A�N �O�R�D�E�R�I�N�G �O�F �T�H�E �V�A�R�I�A�B�L�E�S �S�U�C�H �T�H�A�T �E�A�C�H �V�A�R�I�A�B�L�E �A�P�P�E�A�R�S �A�F�T�E�R �I�T�S �P�A�R�E�N�T �I�N �T�H�E �T�R�E�E��
�3�U�C�H �A�N �O�R�D�E�R�I�N�G �I�S �C�A�L�L�E�D �A�W�R�S�R�O�R�J�L�F�D�O �V�R�U�W�� �&�I�G�U�R�E �����������A�	 �S�H�O�W�S �A �S�A�M�P�L�E �T�R�E�E �A�N�D ���B�	TOPOLOGICAL SORT

�S�H�O�W�S �O�N�E �P�O�S�S�I�B�L�E �O�R�D�E�R�I�N�G�� �!�N�Y �T�R�E�E �W�I�T�Hn �N�O�D�E�S �H�A�Sn � 1 �A�R�C�S�� �S�O �W�E �C�A�N �M�A�K�E �T�H�I�S �G�R�A�P�H
�D�I�R�E�C�T�E�D �A�R�C�
�C�O�N�S�I�S�T�E�N�T �I�NO(n) �S�T�E�P�S�� �E�A�C�H �O�F �W�H�I�C�H �M�U�S�T �C�O�M�P�A�R�E �U�P �T�Od �P�O�S�S�I�B�L�E �D�O�M�A�I�N
�V�A�L�U�E�S �F�O�R �T�W�O �V�A�R�I�A�B�L�E�S�� �F�O�R �A �T�O�T�A�L �T�I�M�E �O�FO(nd2)�� �/�N�C�E �W�E �H�A�V�E �A �D�I�R�E�C�T�E�D �A�R�C�
�C�O�N�S�I�S�T�E�N�T
�G�R�A�P�H�� �W�E �C�A�N �J�U�S�T �M�A�R�C�H �D�O�W�N �T�H�E �L�I�S�T �O�F �V�A�R�I�A�B�L�E�S �A�N�D �C�H�O�O�S�E �A�N�Y �R�E�M�A�I�N�I�N�G �V�A�L�U�E�� �3�I�N�C�E
�E�A�C�H �L�I�N�K �F�R�O�M �A �P�A�R�E�N�T �T�O �I�T�S �C�H�I�L�D �I�S �A�R�C �C�O�N�S�I�S�T�E�N�T�� �W�E �K�N�O�W �T�H�A�T �F�O�R �A�N�Y �V�A�L�U�E �W�E �C�H�O�O�S�E �F�O�R
�T�H�E �P�A�R�E�N�T�� �T�H�E�R�E �W�I�L�L �B�E �A �V�A�L�I�D �V�A�L�U�E �L�E�F�T �T�O �C�H�O�O�S�E �F�O�R �T�H�E �C�H�I�L�D�� �4�H�A�T �M�E�A�N�S �W�E �W�O�N���T �H�A�V�E
�T�O �B�A�C�K�T�R�A�C�K�� �W�E �C�A�N �M�O�V�E �L�I�N�E�A�R�L�Y �T�H�R�O�U�G�H �T�H�E �V�A�R�I�A�B�L�E�S�� �4�H�E �C�O�M�P�L�E�T�E �A�L�G�O�R�I�T�H�M �I�S �S�H�O�W�N
�I�N �&�I�G�U�R�E ����������
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�)�L�J�X�U�H �����������A�	 �4�H�E �C�O�N�S�T�R�A�I�N�T �G�R�A�P�H �O�F �A �T�R�E�E�
�S�T�R�U�C�T�U�R�E�D �#�3�0�� ���B�	 �! �L�I�N�E�A�R �O�R�D�E�R�I�N�G �O�F �T�H�E
�V�A�R�I�A�B�L�E�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �T�R�E�E �W�I�T�HA �A�S �T�H�E �R�O�O�T�� �4�H�I�S �I�S �K�N�O�W�N �A�S �A�W�R�S�R�O�R�J�L�F�D�O �V�R�U�W�O�F
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�C�O�M�P�L�I�C�A�T�E�D �W�I�T�H �H�I�G�H�E�R�
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���A�S �O�P�P�O�S�E�D �T�O �M�A�P �C�O�L�O�R�I�N�G�	�� �T�H�E �V�A�L�U�E �C�H�O�S�E�N �F�O�RSA �C�O�U�L�D �B�E �T�H�E �W�R�O�N�G �O�N�E�� �S�O �W�E �W�O�U�L�D
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�A�F�T�E�R �R�E�M�O�V�A�L �O�FS��S �I�S �C�A�L�L�E�D �A�F�\�F�O�H �F�X�W�V�H�W��CYCLE CUTSET

���� �&�O�R �E�A�C�H �P�O�S�S�I�B�L�E �A�S�S�I�G�N�M�E�N�T �T�O �T�H�E �V�A�R�I�A�B�L�E�S �I�NS �T�H�A�T �S�A�T�I�S�l�E�S �A�L�L �C�O�N�S�T�R�A�I�N�T�S �O�NS��

���A�	 �R�E�M�O�V�E �F�R�O�M �T�H�E �D�O�M�A�I�N�S �O�F �T�H�E �R�E�M�A�I�N�I�N�G �V�A�R�I�A�B�L�E�S �A�N�Y �V�A�L�U�E�S �T�H�A�T �A�R�E �I�N�C�O�N�S�I�S�

�T�E�N�T �W�I�T�H �T�H�E �A�S�S�I�G�N�M�E�N�T �F�O�RS�� �A�N�D

���B�	 �)�F �T�H�E �R�E�M�A�I�N�I�N�G �#�3�0 �H�A�S �A �S�O�L�U�T�I�O�N�� �R�E�T�U�R�N �I�T �T�O�G�E�T�H�E�R �W�I�T�H �T�H�E �A�S�S�I�G�N�M�E�N�T �F�O�RS��

�)�F �T�H�E �C�Y�C�L�E �C�U�T�S�E�T �H�A�S �S�I�Z�Ec�� �T�H�E�N �T�H�E �T�O�T�A�L �R�U�N �T�I�M�E �I�SO(dc � (n � c)d2)�� �W�E �H�A�V�E �T�O �T�R�Y �E�A�C�H
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�T�O �B�E �O�F�F�E�R�E�D�� �A�N�D �A �L�I�S�T �O�F �P�O�S�S�I�B�L�E �T�I�M�E �S�L�O�T�S �F�O�R �C�L�A�S�S�E�S�� �%�A�C�H �P�R�O�F�E�S�S�O�R �H�A�S �A �S�E�T �O�F
�C�L�A�S�S�E�S �T�H�A�T �H�E �O�R �S�H�E �C�A�N �T�E�A�C�H��

�F�� �(�A�M�I�L�T�O�N�I�A�N �T�O�U�R�� �G�I�V�E�N �A �N�E�T�W�O�R�K �O�F �C�I�T�I�E�S �C�O�N�N�E�C�T�E�D �B�Y �R�O�A�D�S�� �C�H�O�O�S�E �A�N �O�R�D�E�R �T�O �V�I�S�I�T
�A�L�L �C�I�T�I�E�S �I�N �A �C�O�U�N�T�R�Y �W�I�T�H�O�U�T �R�E�P�E�A�T�I�N�G �A�N�Y��

������ �3�O�L�V�E �T�H�E �C�R�Y�P�T�A�R�I�T�H�M�E�T�I�C �P�R�O�B�L�E�M �I�N �&�I�G�U�R�E ������ �B�Y �H�A�N�D�� �U�S�I�N�G �T�H�E �S�T�R�A�T�E�G�Y �O�F �B�A�C�K�

�T�R�A�C�K�I�N�G �W�I�T�H �F�O�R�W�A�R�D �C�H�E�C�K�I�N�G �A�N�D �T�H�E �-�2�6 �A�N�D �L�E�A�S�T�
�C�O�N�S�T�R�A�I�N�I�N�G�
�V�A�L�U�E �H�E�U�R�I�S�T�I�C�S��

������ �3�H�O�W �H�O�W �A �S�I�N�G�L�E �T�E�R�N�A�R�Y �C�O�N�S�T�R�A�I�N�T �S�U�C�H �A�S �hA + B = C�v �C�A�N �B�E �T�U�R�N�E�D �I�N�T�O �T�H�R�E�E
�B�I�N�A�R�Y �C�O�N�S�T�R�A�I�N�T�S �B�Y �U�S�I�N�G �A�N �A�U�X�I�L�I�A�R�Y �V�A�R�I�A�B�L�E�� �9�O�U �M�A�Y �A�S�S�U�M�E �l�N�I�T�E �D�O�M�A�I�N�S�� ���+�L�Q�W��
�#�O�N�S�I�D�E�R �A �N�E�W �V�A�R�I�A�B�L�E �T�H�A�T �T�A�K�E�S �O�N �V�A�L�U�E�S �T�H�A�T �A�R�E �P�A�I�R�S �O�F �O�T�H�E�R �V�A�L�U�E�S�� �A�N�D �C�O�N�S�I�D�E�R
�C�O�N�S�T�R�A�I�N�T�S �S�U�C�H �A�S �hX �I�S �T�H�E �l�R�S�T �E�L�E�M�E�N�T �O�F �T�H�E �P�A�I�RY ���v�	 �.�E�X�T�� �S�H�O�W �H�O�W �C�O�N�S�T�R�A�I�N�T�S �W�I�T�H
�M�O�R�E �T�H�A�N �T�H�R�E�E �V�A�R�I�A�B�L�E�S �C�A�N �B�E �T�R�E�A�T�E�D �S�I�M�I�L�A�R�L�Y�� �&�I�N�A�L�L�Y�� �S�H�O�W �H�O�W �U�N�A�R�Y �C�O�N�S�T�R�A�I�N�T�S �C�A�N �B�E
�E�L�I�M�I�N�A�T�E�D �B�Y �A�L�T�E�R�I�N�G �T�H�E �D�O�M�A�I�N�S �O�F �V�A�R�I�A�B�L�E�S�� �4�H�I�S �C�O�M�P�L�E�T�E�S �T�H�E �D�E�M�O�N�S�T�R�A�T�I�O�N �T�H�A�T �A�N�Y
�#�3�0 �C�A�N �B�E �T�R�A�N�S�F�O�R�M�E�D �I�N�T�O �A �#�3�0 �W�I�T�H �O�N�L�Y �B�I�N�A�R�Y �C�O�N�S�T�R�A�I�N�T�S��

������ �#�O�N�S�I�D�E�R �T�H�E �F�O�L�L�O�W�I�N�G �L�O�G�I�C �P�U�Z�Z�L�E�� �)�N �l�V�E �H�O�U�S�E�S�� �E�A�C�H �W�I�T�H �A �D�I�F�F�E�R�E�N�T �C�O�L�O�R�� �L�I�V�E �l�V�E
�P�E�R�S�O�N�S �O�F �D�I�F�F�E�R�E�N�T �N�A�T�I�O�N�A�L�I�T�I�E�S�� �E�A�C�H �O�F �W�H�O�M �P�R�E�F�E�R�S �A �D�I�F�F�E�R�E�N�T �B�R�A�N�D �O�F �C�A�N�D�Y�� �A �D�I�F�F�E�R�E�N�T
�D�R�I�N�K�� �A�N�D �A �D�I�F�F�E�R�E�N�T �P�E�T�� �'�I�V�E�N �T�H�E �F�O�L�L�O�W�I�N�G �F�A�C�T�S�� �T�H�E �Q�U�E�S�T�I�O�N�S �T�O �A�N�S�W�E�R �A�R�E �h�7�H�E�R�E �D�O�E�S
�T�H�E �Z�E�B�R�A �L�I�V�E�� �A�N�D �I�N �W�H�I�C�H �H�O�U�S�E �D�O �T�H�E�Y �D�R�I�N�K �W�A�T�E�R���v

�4�H�E �%�N�G�L�I�S�H�M�A�N �L�I�V�E�S �I�N �T�H�E �R�E�D �H�O�U�S�E��
�4�H�E �3�P�A�N�I�A�R�D �O�W�N�S �T�H�E �D�O�G��
�4�H�E �.�O�R�W�E�G�I�A�N �L�I�V�E�S �I�N �T�H�E �l�R�S�T �H�O�U�S�E �O�N �T�H�E �L�E�F�T��
�4�H�E �G�R�E�E�N �H�O�U�S�E �I�S �I�M�M�E�D�I�A�T�E�L�Y �T�O �T�H�E �R�I�G�H�T �O�F �T�H�E �I�V�O�R�Y �H�O�U�S�E��
�4�H�E �M�A�N �W�H�O �E�A�T�S �(�E�R�S�H�E�Y �B�A�R�S �L�I�V�E�S �I�N �T�H�E �H�O�U�S�E �N�E�X�T �T�O �T�H�E �M�A�N �W�I�T�H �T�H�E �F�O�X��
�+�I�T �+�A�T�S �A�R�E �E�A�T�E�N �I�N �T�H�E �Y�E�L�L�O�W �H�O�U�S�E��
�4�H�E �.�O�R�W�E�G�I�A�N �L�I�V�E�S �N�E�X�T �T�O �T�H�E �B�L�U�E �H�O�U�S�E��

5 �'�I�N�S�B�E�R�G�H�W �D�O�������������	 �D�I�S�C�U�S�S �S�E�V�E�R�A�L �M�E�T�H�O�D�S �F�O�R �C�O�N�S�T�R�U�C�T�I�N�G �C�R�O�S�S�W�O�R�D �P�U�Z�Z�L�E�S�� �,�I�T�T�M�A�N�H�W �D�O�������������	 �T�A�C�K�L�E
�T�H�E �H�A�R�D�E�R �P�R�O�B�L�E�M �O�F �S�O�L�V�I�N�G �T�H�E�M��



������ �#�H�A�P�T�E�R ���� �#�O�N�S�T�R�A�I�N�T �3�A�T�I�S�F�A�C�T�I�O�N �0�R�O�B�L�E�M�S

�4�H�E �3�M�A�R�T�I�E�S �E�A�T�E�R �O�W�N�S �S�N�A�I�L�S��
�4�H�E �3�N�I�C�K�E�R�S �E�A�T�E�R �D�R�I�N�K�S �O�R�A�N�G�E �J�U�I�C�E��
�4�H�E �5�K�R�A�I�N�I�A�N �D�R�I�N�K�S �T�E�A��
�4�H�E �*�A�P�A�N�E�S�E �E�A�T�S �-�I�L�K�Y �7�A�Y�S��
�+�I�T �+�A�T�S �A�R�E �E�A�T�E�N �I�N �A �H�O�U�S�E �N�E�X�T �T�O �T�H�E �H�O�U�S�E �W�H�E�R�E �T�H�E �H�O�R�S�E �I�S �K�E�P�T��
�#�O�F�F�E�E �I�S �D�R�U�N�K �I�N �T�H�E �G�R�E�E�N �H�O�U�S�E��
�-�I�L�K �I�S �D�R�U�N�K �I�N �T�H�E �M�I�D�D�L�E �H�O�U�S�E��

�$�I�S�C�U�S�S �D�I�F�F�E�R�E�N�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �O�F �T�H�I�S �P�R�O�B�L�E�M �A�S �A �#�3�0�� �7�H�Y �W�O�U�L�D �O�N�E �P�R�E�F�E�R �O�N�E �R�E�P�R�E�

�S�E�N�T�A�T�I�O�N �O�V�E�R �A�N�O�T�H�E�R��

������ �#�O�N�S�I�D�E�R �T�H�E �G�R�A�P�H �W�I�T�H �� �N�O�D�E�SA1��A2��A3��A4��H ��T ��F1��F2�� A i �I�S �C�O�N�N�E�C�T�E�D �T�O
A i +1 �F�O�R �A�L�Li �� �E�A�C�HA i �I�S �C�O�N�N�E�C�T�E�D �T�OH ��H �I�S �C�O�N�N�E�C�T�E�D �T�OT�� �A�N�DT �I�S �C�O�N�N�E�C�T�E�D �T�O �E�A�C�H
Fi �� �&�I�N�D �A ���
�C�O�L�O�R�I�N�G �O�F �T�H�I�S �G�R�A�P�H �B�Y �H�A�N�D �U�S�I�N�G �T�H�E �F�O�L�L�O�W�I�N�G �S�T�R�A�T�E�G�Y�� �B�A�C�K�T�R�A�C�K�I�N�G �W�I�T�H
�C�O�N�m�I�C�T�
�D�I�R�E�C�T�E�D �B�A�C�K�J�U�M�P�I�N�G�� �T�H�E �V�A�R�I�A�B�L�E �O�R�D�E�RA1��H ��A4�� F1�� A2�� F2�� A3�� T �� �A�N�D �T�H�E
�V�A�L�U�E �O�R�D�E�RR��G��B ��

������ �%�X�P�L�A�I�N �W�H�Y �I�T �I�S �A �G�O�O�D �H�E�U�R�I�S�T�I�C �T�O �C�H�O�O�S�E �T�H�E �V�A�R�I�A�B�L�E �T�H�A�T �I�S�P�R�V�W�C�O�N�S�T�R�A�I�N�E�D �B�U�T �T�H�E
�V�A�L�U�E �T�H�A�T �I�S�O�H�D�V�W�C�O�N�S�T�R�A�I�N�I�N�G �I�N �A �#�3�0 �S�E�A�R�C�H��

������ �'�E�N�E�R�A�T�E �R�A�N�D�O�M �I�N�S�T�A�N�C�E�S �O�F �M�A�P�
�C�O�L�O�R�I�N�G �P�R�O�B�L�E�M�S �A�S �F�O�L�L�O�W�S�� �S�C�A�T�T�E�Rn �P�O�I�N�T�S �O�N
�T�H�E �U�N�I�T �S�Q�U�A�R�E�� �S�E�L�E�C�T �A �P�O�I�N�TX �A�T �R�A�N�D�O�M�� �C�O�N�N�E�C�TX �B�Y �A �S�T�R�A�I�G�H�T �L�I�N�E �T�O �T�H�E �N�E�A�R�E�S�T �P�O�I�N�T
Y �S�U�C�H �T�H�A�TX �I�S �N�O�T �A�L�R�E�A�D�Y �C�O�N�N�E�C�T�E�D �T�OY �A�N�D �T�H�E �L�I�N�E �C�R�O�S�S�E�S �N�O �O�T�H�E�R �L�I�N�E�� �R�E�P�E�A�T �T�H�E
�P�R�E�V�I�O�U�S �S�T�E�P �U�N�T�I�L �N�O �M�O�R�E �C�O�N�N�E�C�T�I�O�N�S �A�R�E �P�O�S�S�I�B�L�E�� �4�H�E �P�O�I�N�T�S �R�E�P�R�E�S�E�N�T �R�E�G�I�O�N�S �O�N �T�H�E
�M�A�P �A�N�D �T�H�E �L�I�N�E�S �C�O�N�N�E�C�T �N�E�I�G�H�B�O�R�S�� �.�O�W �T�R�Y �T�O �l�N�Dk�
�C�O�L�O�R�I�N�G�S �O�F �E�A�C�H �M�A�P�� �F�O�R �B�O�T�H
k = 3 �A�N�Dk = 4 �� �U�S�I�N�G �M�I�N�
�C�O�N�m�I�C�T�S�� �B�A�C�K�T�R�A�C�K�I�N�G�� �B�A�C�K�T�R�A�C�K�I�N�G �W�I�T�H �F�O�R�W�A�R�D �C�H�E�C�K�I�N�G�� �A�N�D
�B�A�C�K�T�R�A�C�K�I�N�G �W�I�T�H �-�!�#�� �#�O�N�S�T�R�U�C�T �A �T�A�B�L�E �O�F �A�V�E�R�A�G�E �R�U�N �T�I�M�E�S �F�O�R �E�A�C�H �A�L�G�O�R�I�T�H�M �F�O�R �V�A�L�U�E�S
�O�Fn �U�P �T�O �T�H�E �L�A�R�G�E�S�T �Y�O�U �C�A�N �M�A�N�A�G�E�� �#�O�M�M�E�N�T �O�N �Y�O�U�R �R�E�S�U�L�T�S��

�������� �5�S�E �T�H�E �!�#�
�� �A�L�G�O�R�I�T�H�M �T�O �S�H�O�W �T�H�A�T �A�R�C �C�O�N�S�I�S�T�E�N�C�Y �C�A�N �D�E�T�E�C�T �T�H�E �I�N�C�O�N�S�I�S�T�E�N�C�Y �O�F
�T�H�E �P�A�R�T�I�A�L �A�S�S�I�G�N�M�E�N�Tf WA = red; V = blueg �F�O�R �T�H�E �P�R�O�B�L�E�M �S�H�O�W�N �I�N �&�I�G�U�R�E ��������

�������� �7�H�A�T �I�S �T�H�E �W�O�R�S�T�
�C�A�S�E �C�O�M�P�L�E�X�I�T�Y �O�F �R�U�N�N�I�N�G �!�#�
�� �O�N �A �T�R�E�E�
�S�T�R�U�C�T�U�R�E�D �#�3�0��

�������� �!�#�
�� �P�U�T�S �B�A�C�K �O�N �T�H�E �Q�U�E�U�E�H�Y�H�U�\�A�R�C ��X k ; X i �	 �W�H�E�N�E�V�E�R�D�Q�\�V�A�L�U�E �I�S �D�E�L�E�T�E�D �F�R�O�M
�T�H�E �D�O�M�A�I�N �O�FX i �� �E�V�E�N �I�F �E�A�C�H �V�A�L�U�E �O�FX k �I�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �S�E�V�E�R�A�L �R�E�M�A�I�N�I�N�G �V�A�L�U�E�S �O�FX i ��
�3�U�P�P�O�S�E �T�H�A�T�� �F�O�R �E�V�E�R�Y �A�R�C ��X k ; X i �	�� �W�E �K�E�E�P �T�R�A�C�K �O�F �T�H�E �N�U�M�B�E�R �O�F �R�E�M�A�I�N�I�N�G �V�A�L�U�E�S �O�FX i

�T�H�A�T �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �E�A�C�H �V�A�L�U�E �O�FX k �� �%�X�P�L�A�I�N �H�O�W �T�O �U�P�D�A�T�E �T�H�E�S�E �N�U�M�B�E�R�S �E�F�l�C�I�E�N�T�L�Y
�A�N�D �H�E�N�C�E �S�H�O�W �T�H�A�T �A�R�C �C�O�N�S�I�S�T�E�N�C�Y �C�A�N �B�E �E�N�F�O�R�C�E�D �I�N �T�O�T�A�L �T�I�M�EO(n2d2)��

�������� �4�H�E �4�2�%�%�
�#�3�0�
�3�/�,�6�%�2���&�I�G�U�R�E ���������	 �M�A�K�E�S �A�R�C�S �C�O�N�S�I�S�T�E�N�T �S�T�A�R�T�I�N�G �A�T �T�H�E �L�E�A�V�E�S �A�N�D
�W�O�R�K�I�N�G �B�A�C�K�W�A�R�D�S �T�O�W�A�R�D�S �T�H�E �R�O�O�T�� �7�H�Y �D�O�E�S �I�T �D�O �T�H�A�T�� �7�H�A�T �W�O�U�L�D �H�A�P�P�E�N �I�F �I�T �W�E�N�T �I�N
�T�H�E �O�P�P�O�S�I�T�E �D�I�R�E�C�T�I�O�N��

�������� �7�E �I�N�T�R�O�D�U�C�E�D �3�U�D�O�K�U �A�S �A �#�3�0 �T�O �B�E �S�O�L�V�E�D �B�Y �S�E�A�R�C�H �O�V�E�R �P�A�R�T�I�A�L �A�S�S�I�G�N�M�E�N�T�S �B�E�
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�P�E�N �T�O �B�E �I�M�M�U�T�A�B�L�E�ˆ�I�N �W�H�I�C�H �C�A�S�E�� �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �F�O�R �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S �C�O�M�P�L�E�T�E�L�Y



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

PIT

1 2 3 4

1

2

3

4

START

Stench
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PIT
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Breeze 

Breeze 
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�)�L�J�X�U�H �������! �T�Y�P�I�C�A�L �W�U�M�P�U�S �W�O�R�L�D�� �4�H�E �A�G�E�N�T �I�S �I�N �T�H�E �B�O�T�T�O�M �L�E�F�T �C�O�R�N�E�R�� �F�A�C�I�N�G �R�I�G�H�T��

�K�N�O�W�N�� �O�R �W�E �C�O�U�L�D �S�A�Y �T�H�A�T �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �I�T�S�E�L�F �I�S �U�N�K�N�O�W�N �B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �D�O�E�S�N���T
�K�N�O�W �W�H�I�C�H�)�R�U�Z�D�U�G�A�C�T�I�O�N�S �A�R�E �F�A�T�A�L�ˆ�I�N �W�H�I�C�H �C�A�S�E�� �D�I�S�C�O�V�E�R�I�N�G �T�H�E �L�O�C�A�T�I�O�N�S �O�F �P�I�T�S �A�N�D
�W�U�M�P�U�S �C�O�M�P�L�E�T�E�S �T�H�E �A�G�E�N�T���S �K�N�O�W�L�E�D�G�E �O�F �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L��

�&�O�R �A�N �A�G�E�N�T �I�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �T�H�E �M�A�I�N �C�H�A�L�L�E�N�G�E �I�S �I�T�S �I�N�I�T�I�A�L �I�G�N�O�R�A�N�C�E �O�F �T�H�E �C�O�N�

�l�G�U�R�A�T�I�O�N �O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �O�V�E�R�C�O�M�I�N�G �T�H�I�S �I�G�N�O�R�A�N�C�E �S�E�E�M�S �T�O �R�E�Q�U�I�R�E �L�O�G�I�C�A�L �R�E�A�S�O�N�I�N�G��
�)�N �M�O�S�T �I�N�S�T�A�N�C�E�S �O�F �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �I�T �I�S �P�O�S�S�I�B�L�E �F�O�R �T�H�E �A�G�E�N�T �T�O �R�E�T�R�I�E�V�E �T�H�E �G�O�L�D �S�A�F�E�L�Y��
�/�C�C�A�S�I�O�N�A�L�L�Y�� �T�H�E �A�G�E�N�T �M�U�S�T �C�H�O�O�S�E �B�E�T�W�E�E�N �G�O�I�N�G �H�O�M�E �E�M�P�T�Y�
�H�A�N�D�E�D �A�N�D �R�I�S�K�I�N�G �D�E�A�T�H �T�O
�l�N�D �T�H�E �G�O�L�D�� �!�B�O�U�T ������ �O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T�S �A�R�E �U�T�T�E�R�L�Y �U�N�F�A�I�R�� �B�E�C�A�U�S�E �T�H�E �G�O�L�D �I�S �I�N �A �P�I�T
�O�R �S�U�R�R�O�U�N�D�E�D �B�Y �P�I�T�S��

�,�E�T �U�S �W�A�T�C�H �A �K�N�O�W�L�E�D�G�E�
�B�A�S�E�D �W�U�M�P�U�S �A�G�E�N�T �E�X�P�L�O�R�I�N�G �T�H�E �E�N�V�I�R�O�N�M�E�N�T �S�H�O�W�N �I�N
�&�I�G�U�R�E �������� �7�E �U�S�E �A�N �I�N�F�O�R�M�A�L �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �L�A�N�G�U�A�G�E �C�O�N�S�I�S�T�I�N�G �O�F �W�R�I�T�I�N�G
�D�O�W�N �S�Y�M�B�O�L�S �I�N �A �G�R�I�D ���A�S �I�N �&�I�G�U�R�E�S ������ �A�N�D �������	��

�4�H�E �A�G�E�N�T���S �I�N�I�T�I�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�S �T�H�E �R�U�L�E�S �O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �A�S �D�E�S�C�R�I�B�E�D
�P�R�E�V�I�O�U�S�L�Y�� �I�N �P�A�R�T�I�C�U�L�A�R�� �I�T �K�N�O�W�S �T�H�A�T �I�T �I�S �I�N �;�������= �A�N�D �T�H�A�T �;�������= �I�S �A �S�A�F�E �S�Q�U�A�R�E�� �W�E �D�E�N�O�T�E
�T�H�A�T �W�I�T�H �A�N �h�!�v �A�N�D �h�/�+���v �R�E�S�P�E�C�T�I�V�E�L�Y�� �I�N �S�Q�U�A�R�E �;�������=��

�4�H�E �l�R�S�T �P�E�R�C�E�P�T �I�S[None; None; None; None; None]�� �F�R�O�M �W�H�I�C�H �T�H�E �A�G�E�N�T �C�A�N �C�O�N�

�C�L�U�D�E �T�H�A�T �I�T�S �N�E�I�G�H�B�O�R�I�N�G �S�Q�U�A�R�E�S�� �;�������= �A�N�D �;�������=�� �A�R�E �F�R�E�E �O�F �D�A�N�G�E�R�S�ˆ�T�H�E�Y �A�R�E �/�+�� �&�I�G�

�U�R�E ���������A�	 �S�H�O�W�S �T�H�E �A�G�E�N�T���S �S�T�A�T�E �O�F �K�N�O�W�L�E�D�G�E �A�T �T�H�I�S �P�O�I�N�T��

�! �C�A�U�T�I�O�U�S �A�G�E�N�T �W�I�L�L �M�O�V�E �O�N�L�Y �I�N�T�O �A �S�Q�U�A�R�E �T�H�A�T �I�T �K�N�O�W�S �T�O �B�E �/�+�� �,�E�T �U�S �S�U�P�P�O�S�E
�T�H�E �A�G�E�N�T �D�E�C�I�D�E�S �T�O �M�O�V�E �F�O�R�W�A�R�D �T�O �;�������=�� �4�H�E �A�G�E�N�T �P�E�R�C�E�I�V�E�S �A �B�R�E�E�Z�E ���D�E�N�O�T�E�D �B�Y �h�"�v�	 �I�N
�;�������=�� �S�O �T�H�E�R�E �M�U�S�T �B�E �A �P�I�T �I�N �A �N�E�I�G�H�B�O�R�I�N�G �S�Q�U�A�R�E�� �4�H�E �P�I�T �C�A�N�N�O�T �B�E �I�N �;�������=�� �B�Y �T�H�E �R�U�L�E�S �O�F
�T�H�E �G�A�M�E�� �S�O �T�H�E�R�E �M�U�S�T �B�E �A �P�I�T �I�N �;�������= �O�R �;�������= �O�R �B�O�T�H�� �4�H�E �N�O�T�A�T�I�O�N �h�0���v �I�N �&�I�G�U�R�E ���������B�	
�I�N�D�I�C�A�T�E�S �A �P�O�S�S�I�B�L�E �P�I�T �I�N �T�H�O�S�E �S�Q�U�A�R�E�S�� �!�T �T�H�I�S �P�O�I�N�T�� �T�H�E�R�E �I�S �O�N�L�Y �O�N�E �K�N�O�W�N �S�Q�U�A�R�E �T�H�A�T �I�S
�/�+ �A�N�D �T�H�A�T �H�A�S �N�O�T �Y�E�T �B�E�E�N �V�I�S�I�T�E�D�� �3�O �T�H�E �P�R�U�D�E�N�T �A�G�E�N�T �W�I�L�L �T�U�R�N �A�R�O�U�N�D�� �G�O �B�A�C�K �T�O �;�������=��
�A�N�D �T�H�E�N �P�R�O�C�E�E�D �T�O �;�������=��

�4�H�E �A�G�E�N�T �P�E�R�C�E�I�V�E�S �A �S�T�E�N�C�H �I�N �;�������=�� �R�E�S�U�L�T�I�N�G �I�N �T�H�E �S�T�A�T�E �O�F �K�N�O�W�L�E�D�G�E �S�H�O�W�N �I�N
�&�I�G�U�R�E ���������A�	�� �4�H�E �S�T�E�N�C�H �I�N �;�������= �M�E�A�N�S �T�H�A�T �T�H�E�R�E �M�U�S�T �B�E �A �W�U�M�P�U�S �N�E�A�R�B�Y�� �"�U�T �T�H�E



�3�E�C�T�I�O�N �������� �4�H�E �7�U�M�P�U�S �7�O�R�L�D ������

�$
�%
�*

�3
�6

�:

 = Agent
 = Breeze
 = Glitter, Gold

 = Pit
 = Stench

 = Wumpus

�2�.  = Safe square

�9  = Visited

�$

�2�.

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4

�2�.�2�.
�%

�3�"

�3�"�$

�2�. �2�.

�2�.

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4

�9

���A�	 ���B�	

�)�L�J�X�U�H �������4�H�E �l�R�S�T �S�T�E�P �T�A�K�E�N �B�Y �T�H�E �A�G�E�N�T �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� ���A�	 �4�H�E �I�N�I�T�I�A�L �S�I�T�

�U�A�T�I�O�N�� �A�F�T�E�R �P�E�R�C�E�P�T[None; None; None; None; None]�� ���B�	 �!�F�T�E�R �O�N�E �M�O�V�E�� �W�I�T�H �P�E�R�C�E�P�T
[None; Breeze; None; None; None]��

�%�% �3��

�$

�2�. �2�.

�2�.

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4

�9

�2�.

�:��

�9
�3��

�$

�2�. �2�.

�2�.

 1,1  2,1  3,1  4,1

 1,2  2,2  3,2  4,2

 1,3  2,3  3,3  4,3

 1,4  2,4  3,4  4,4
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�2�.

�:��

�9

�9 �9

�%
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���B�	���A�	

�6

�$
�%
�*

�3
�6

�:

 = Agent
 = Breeze
 = Glitter, Gold

 = Pit
 = Stench

 = Wumpus

�2�.  = Safe square

�9  = Visited

�)�L�J�X�U�H �������4�W�O �L�A�T�E�R �S�T�A�G�E�S �I�N �T�H�E �P�R�O�G�R�E�S�S �O�F �T�H�E �A�G�E�N�T�� ���A�	 �!�F�T�E�R �T�H�E �T�H�I�R�D �M�O�V�E��
�W�I�T�H �P�E�R�C�E�P�T[Stench; None; None; None; None]�� ���B�	 �!�F�T�E�R �T�H�E �l�F�T�H �M�O�V�E�� �W�I�T�H �P�E�R�C�E�P�T
[Stench; Breeze; Glitter ; None; None]��

�W�U�M�P�U�S �C�A�N�N�O�T �B�E �I�N �;�������=�� �B�Y �T�H�E �R�U�L�E�S �O�F �T�H�E �G�A�M�E�� �A�N�D �I�T �C�A�N�N�O�T �B�E �I�N �;�������= ���O�R �T�H�E �A�G�E�N�T
�W�O�U�L�D �H�A�V�E �D�E�T�E�C�T�E�D �A �S�T�E�N�C�H �W�H�E�N �I�T �W�A�S �I�N �;�������=�	�� �4�H�E�R�E�F�O�R�E�� �T�H�E �A�G�E�N�T �C�A�N �I�N�F�E�R �T�H�A�T �T�H�E
�W�U�M�P�U�S �I�S �I�N �;�������=�� �4�H�E �N�O�T�A�T�I�O�N �7�� �I�N�D�I�C�A�T�E�S �T�H�I�S �I�N�F�E�R�E�N�C�E�� �-�O�R�E�O�V�E�R�� �T�H�E �L�A�C�K �O�F �A �B�R�E�E�Z�E
�I�N �;�������= �I�M�P�L�I�E�S �T�H�A�T �T�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=�� �9�E�T �T�H�E �A�G�E�N�T �H�A�S �A�L�R�E�A�D�Y �I�N�F�E�R�R�E�D �T�H�A�T �T�H�E�R�E �M�U�S�T
�B�E �A �P�I�T �I�N �E�I�T�H�E�R �;�������= �O�R �;�������=�� �S�O �T�H�I�S �M�E�A�N�S �I�T �M�U�S�T �B�E �I�N �;�������=�� �4�H�I�S �I�S �A �F�A�I�R�L�Y �D�I�F�l�C�U�L�T
�I�N�F�E�R�E�N�C�E�� �B�E�C�A�U�S�E �I�T �C�O�M�B�I�N�E�S �K�N�O�W�L�E�D�G�E �G�A�I�N�E�D �A�T �D�I�F�F�E�R�E�N�T �T�I�M�E�S �I�N �D�I�F�F�E�R�E�N�T �P�L�A�C�E�S �A�N�D
�R�E�L�I�E�S �O�N �T�H�E �L�A�C�K �O�F �A �P�E�R�C�E�P�T �T�O �M�A�K�E �O�N�E �C�R�U�C�I�A�L �S�T�E�P��



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�4�H�E �A�G�E�N�T �H�A�S �N�O�W �P�R�O�V�E�D �T�O �I�T�S�E�L�F �T�H�A�T �T�H�E�R�E �I�S �N�E�I�T�H�E�R �A �P�I�T �N�O�R �A �W�U�M�P�U�S �I�N �;�������=�� �S�O �I�T
�I�S �/�+ �T�O �M�O�V�E �T�H�E�R�E�� �7�E �D�O �N�O�T �S�H�O�W �T�H�E �A�G�E�N�T���S �S�T�A�T�E �O�F �K�N�O�W�L�E�D�G�E �A�T �;�������=�� �W�E �J�U�S�T �A�S�S�U�M�E
�T�H�A�T �T�H�E �A�G�E�N�T �T�U�R�N�S �A�N�D �M�O�V�E�S �T�O �;�������=�� �G�I�V�I�N�G �U�S �&�I�G�U�R�E ���������B�	�� �)�N �;�������=�� �T�H�E �A�G�E�N�T �D�E�T�E�C�T�S �A
�G�L�I�T�T�E�R�� �S�O �I�T �S�H�O�U�L�D �G�R�A�B �T�H�E �G�O�L�D �A�N�D �T�H�E�N �R�E�T�U�R�N �H�O�M�E��

�.�O�T�E �T�H�A�T �I�N �E�A�C�H �C�A�S�E �F�O�R �W�H�I�C�H �T�H�E �A�G�E�N�T �D�R�A�W�S �A �C�O�N�C�L�U�S�I�O�N �F�R�O�M �T�H�E �A�V�A�I�L�A�B�L�E �I�N�

�F�O�R�M�A�T�I�O�N�� �T�H�A�T �C�O�N�C�L�U�S�I�O�N �I�S�J�X�D�U�D�Q�W�H�H�G�T�O �B�E �C�O�R�R�E�C�T �I�F �T�H�E �A�V�A�I�L�A�B�L�E �I�N�F�O�R�M�A�T�I�O�N �I�S �C�O�R�R�E�C�T��
�4�H�I�S �I�S �A �F�U�N�D�A�M�E�N�T�A�L �P�R�O�P�E�R�T�Y �O�F �L�O�G�I�C�A�L �R�E�A�S�O�N�I�N�G�� �)�N �T�H�E �R�E�S�T �O�F �T�H�I�S �C�H�A�P�T�E�R�� �W�E �D�E�S�C�R�I�B�E
�H�O�W �T�O �B�U�I�L�D �L�O�G�I�C�A�L �A�G�E�N�T�S �T�H�A�T �C�A�N �R�E�P�R�E�S�E�N�T �I�N�F�O�R�M�A�T�I�O�N �A�N�D �D�R�A�W �C�O�N�C�L�U�S�I�O�N�S �S�U�C�H �A�S �T�H�O�S�E
�D�E�S�C�R�I�B�E�D �I�N �T�H�E �P�R�E�C�E�D�I�N�G �P�A�R�A�G�R�A�P�H�S��

������ �,�/�'�)�#

�4�H�I�S �S�E�C�T�I�O�N �S�U�M�M�A�R�I�Z�E�S �T�H�E �F�U�N�D�A�M�E�N�T�A�L �C�O�N�C�E�P�T�S �O�F �L�O�G�I�C�A�L �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�N�D �R�E�A�S�O�N�I�N�G��
�4�H�E�S�E �B�E�A�U�T�I�F�U�L �I�D�E�A�S �A�R�E �I�N�D�E�P�E�N�D�E�N�T �O�F �A�N�Y �O�F �L�O�G�I�C���S �P�A�R�T�I�C�U�L�A�R �F�O�R�M�S�� �7�E �T�H�E�R�E�F�O�R�E �P�O�S�T�

�P�O�N�E �T�H�E �T�E�C�H�N�I�C�A�L �D�E�T�A�I�L�S �O�F �T�H�O�S�E �F�O�R�M�S �U�N�T�I�L �T�H�E �N�E�X�T �S�E�C�T�I�O�N�� �U�S�I�N�G �I�N�S�T�E�A�D �T�H�E �F�A�M�I�L�I�A�R
�E�X�A�M�P�L�E �O�F �O�R�D�I�N�A�R�Y �A�R�I�T�H�M�E�T�I�C��

�)�N �3�E�C�T�I�O�N �������� �W�E �S�A�I�D �T�H�A�T �K�N�O�W�L�E�D�G�E �B�A�S�E�S �C�O�N�S�I�S�T �O�F �S�E�N�T�E�N�C�E�S�� �4�H�E�S�E �S�E�N�T�E�N�C�E�S
�A�R�E �E�X�P�R�E�S�S�E�D �A�C�C�O�R�D�I�N�G �T�O �T�H�E�V�\�Q�W�D�[�O�F �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �L�A�N�G�U�A�G�E�� �W�H�I�C�H �S�P�E�C�I�l�E�S �A�L�L �T�H�ESYNTAX

�S�E�N�T�E�N�C�E�S �T�H�A�T �A�R�E �W�E�L�L �F�O�R�M�E�D�� �4�H�E �N�O�T�I�O�N �O�F �S�Y�N�T�A�X �I�S �C�L�E�A�R �E�N�O�U�G�H �I�N �O�R�D�I�N�A�R�Y �A�R�I�T�H�M�E�T�I�C��
�hx + y = 4 �v �I�S �A �W�E�L�L�
�F�O�R�M�E�D �S�E�N�T�E�N�C�E�� �W�H�E�R�E�A�S �hx4y+ = �v �I�S �N�O�T��

�! �L�O�G�I�C �M�U�S�T �A�L�S�O �D�E�l�N�E �T�H�E�V�H�P�D�Q�W�L�F�V�O�R �M�E�A�N�I�N�G �O�F �S�E�N�T�E�N�C�E�S�� �4�H�E �S�E�M�A�N�T�I�C�S �D�E�l�N�E�SSEMANTICS

�T�H�E�W�U�X�W�K�O�F �E�A�C�H �S�E�N�T�E�N�C�E �W�I�T�H �R�E�S�P�E�C�T �T�O �E�A�C�H�S�R�V�V�L�E�O�H �Z�R�U�O�G�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �S�E�M�A�N�T�I�C�STRUTH

POSSIBLE WORLD �F�O�R �A�R�I�T�H�M�E�T�I�C �S�P�E�C�I�l�E�S �T�H�A�T �T�H�E �S�E�N�T�E�N�C�E �hx + y = 4 �v �I�S �T�R�U�E �I�N �A �W�O�R�L�D �W�H�E�R�Ex �I�S �� �A�N�Dy
�I�S ���� �B�U�T �F�A�L�S�E �I�N �A �W�O�R�L�D �W�H�E�R�Ex �I�S �� �A�N�Dy �I�S ���� �)�N �S�T�A�N�D�A�R�D �L�O�G�I�C�S�� �E�V�E�R�Y �S�E�N�T�E�N�C�E �M�U�S�T �B�E
�E�I�T�H�E�R �T�R�U�E �O�R �F�A�L�S�E �I�N �E�A�C�H �P�O�S�S�I�B�L�E �W�O�R�L�D�ˆ�T�H�E�R�E �I�S �N�O �h�I�N �B�E�T�W�E�E�N���v��

�7�H�E�N �W�E �N�E�E�D �T�O �B�E �P�R�E�C�I�S�E�� �W�E �U�S�E �T�H�E �T�E�R�M�P�R�G�H�O�I�N �P�L�A�C�E �O�F �h�P�O�S�S�I�B�L�E �W�O�R�L�D���vMODEL

�7�H�E�R�E�A�S �P�O�S�S�I�B�L�E �W�O�R�L�D�S �M�I�G�H�T �B�E �T�H�O�U�G�H�T �O�F �A�S ���P�O�T�E�N�T�I�A�L�L�Y�	 �R�E�A�L �E�N�V�I�R�O�N�M�E�N�T�S �T�H�A�T �T�H�E �A�G�E�N�T
�M�I�G�H�T �O�R �M�I�G�H�T �N�O�T �B�E �I�N�� �M�O�D�E�L�S �A�R�E �M�A�T�H�E�M�A�T�I�C�A�L �A�B�S�T�R�A�C�T�I�O�N�S�� �E�A�C�H �O�F �W�H�I�C�H �S�I�M�P�L�Y �l�X�E�S
�T�H�E �T�R�U�T�H �O�R �F�A�L�S�E�H�O�O�D �O�F �E�V�E�R�Y �R�E�L�E�V�A�N�T �S�E�N�T�E�N�C�E�� �)�N�F�O�R�M�A�L�L�Y�� �W�E �M�A�Y �T�H�I�N�K �O�F �A �P�O�S�S�I�B�L�E �W�O�R�L�D
�A�S�� �F�O�R �E�X�A�M�P�L�E�� �H�A�V�I�N�Gx �M�E�N �A�N�Dy �W�O�M�E�N �S�I�T�T�I�N�G �A�T �A �T�A�B�L�E �P�L�A�Y�I�N�G �B�R�I�D�G�E�� �A�N�D �T�H�E �S�E�N�T�E�N�C�E
x + y = 4 �I�S �T�R�U�E �W�H�E�N �T�H�E�R�E �A�R�E �F�O�U�R �P�E�O�P�L�E �I�N �T�O�T�A�L�� �&�O�R�M�A�L�L�Y�� �T�H�E �P�O�S�S�I�B�L�E �M�O�D�E�L�S �A�R�E �J�U�S�T
�A�L�L �P�O�S�S�I�B�L�E �A�S�S�I�G�N�M�E�N�T�S �O�F �R�E�A�L �N�U�M�B�E�R�S �T�O �T�H�E �V�A�R�I�A�B�L�E�Sx �A�N�Dy�� �%�A�C�H �S�U�C�H �A�S�S�I�G�N�M�E�N�T �l�X�E�S
�T�H�E �T�R�U�T�H �O�F �A�N�Y �S�E�N�T�E�N�C�E �O�F �A�R�I�T�H�M�E�T�I�C �W�H�O�S�E �V�A�R�I�A�B�L�E�S �A�R�Ex �A�N�Dy�� �)�F �A �S�E�N�T�E�N�C�E� �I�S �T�R�U�E �I�N
�M�O�D�E�Lm�� �W�E �S�A�Y �T�H�A�Tm �V�D�W�L�V�¿�H�V� �O�R �S�O�M�E�T�I�M�E�Sm �L�V �D �P�R�G�H�O �R�I� �� �7�E �U�S�E �T�H�E �N�O�T�A�T�I�O�NSATISFACTION

M (� ) �T�O �M�E�A�N �T�H�E �S�E�T �O�F �A�L�L �M�O�D�E�L�S �O�F� ��
�.�O�W �T�H�A�T �W�E �H�A�V�E �A �N�O�T�I�O�N �O�F �T�R�U�T�H�� �W�E �A�R�E �R�E�A�D�Y �T�O �T�A�L�K �A�B�O�U�T �L�O�G�I�C�A�L �R�E�A�S�O�N�I�N�G�� �4�H�I�S

�I�N�V�O�L�V�E�S �T�H�E �R�E�L�A�T�I�O�N �O�F �L�O�G�I�C�A�L�H�Q�W�D�L�O�P�H�Q�W�B�E�T�W�E�E�N �S�E�N�T�E�N�C�E�S�ˆ�T�H�E �I�D�E�A �T�H�A�T �A �S�E�N�T�E�N�C�E�I�R�O��ENTAILMENT

�O�R�Z�V �O�R�J�L�F�D�O�O�\�F�R�O�M �A�N�O�T�H�E�R �S�E�N�T�E�N�C�E�� �)�N �M�A�T�H�E�M�A�T�I�C�A�L �N�O�T�A�T�I�O�N�� �W�E �W�R�I�T�E

� j= �

1 �)�X�]�]�\�O�R�J�L�F�� �D�I�S�C�U�S�S�E�D �I�N �#�H�A�P�T�E�R ������ �A�L�L�O�W�S �F�O�R �D�E�G�R�E�E�S �O�F �T�R�U�T�H��
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�)�L�J�X�U�H �������0�O�S�S�I�B�L�E �M�O�D�E�L�S �F�O�R �T�H�E �P�R�E�S�E�N�C�E �O�F �P�I�T�S �I�N �S�Q�U�A�R�E�S �;�������=�� �;�������=�� �A�N�D �;�������=�� �4�H�E
�+�" �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �T�H�E �O�B�S�E�R�V�A�T�I�O�N�S �O�F �N�O�T�H�I�N�G �I�N �;�������= �A�N�D �A �B�R�E�E�Z�E �I�N �;�������= �I�S �S�H�O�W�N �B�Y
�T�H�E �S�O�L�I�D �L�I�N�E�� ���A�	 �$�O�T�T�E�D �L�I�N�E �S�H�O�W�S �M�O�D�E�L�S �O�F� 1 ���N�O �P�I�T �I�N �;�������=�	�� ���B�	 �$�O�T�T�E�D �L�I�N�E �S�H�O�W�S
�M�O�D�E�L�S �O�F� 2 ���N�O �P�I�T �I�N �;�������=�	��

�T�O �M�E�A�N �T�H�A�T �T�H�E �S�E�N�T�E�N�C�E� �E�N�T�A�I�L�S �T�H�E �S�E�N�T�E�N�C�E� �� �4�H�E �F�O�R�M�A�L �D�E�l�N�I�T�I�O�N �O�F �E�N�T�A�I�L�M�E�N�T �I�S �T�H�I�S��
� j= � �I�F �A�N�D �O�N�L�Y �I�F�� �I�N �E�V�E�R�Y �M�O�D�E�L �I�N �W�H�I�C�H� �I�S �T�R�U�E��� �I�S �A�L�S�O �T�R�U�E�� �5�S�I�N�G �T�H�E �N�O�T�A�T�I�O�N �J�U�S�T
�I�N�T�R�O�D�U�C�E�D�� �W�E �C�A�N �W�R�I�T�E

� j= � �I�F �A�N�D �O�N�L�Y �I�FM (� ) � M (� ) :

���.�O�T�E �T�H�E �D�I�R�E�C�T�I�O�N �O�F �T�H�E� �H�E�R�E�� �I�F� j= � �� �T�H�E�N� �I�S �A�V�W�U�R�Q�J�H�U�A�S�S�E�R�T�I�O�N �T�H�A�N� �� �I�T �R�U�L�E�S �O�U�T
�P�R�U�H�P�O�S�S�I�B�L�E �W�O�R�L�D�S���	 �4�H�E �R�E�L�A�T�I�O�N �O�F �E�N�T�A�I�L�M�E�N�T �I�S �F�A�M�I�L�I�A�R �F�R�O�M �A�R�I�T�H�M�E�T�I�C�� �W�E �A�R�E �H�A�P�P�Y
�W�I�T�H �T�H�E �I�D�E�A �T�H�A�T �T�H�E �S�E�N�T�E�N�C�Ex = 0 �E�N�T�A�I�L�S �T�H�E �S�E�N�T�E�N�C�Exy = 0 �� �/�B�V�I�O�U�S�L�Y�� �I�N �A�N�Y �M�O�D�E�L
�W�H�E�R�Ex �I�S �Z�E�R�O�� �I�T �I�S �T�H�E �C�A�S�E �T�H�A�Txy �I�S �Z�E�R�O ���R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �V�A�L�U�E �O�Fy�	��

�7�E �C�A�N �A�P�P�L�Y �T�H�E �S�A�M�E �K�I�N�D �O�F �A�N�A�L�Y�S�I�S �T�O �T�H�E �W�U�M�P�U�S�
�W�O�R�L�D �R�E�A�S�O�N�I�N�G �E�X�A�M�P�L�E �G�I�V�E�N
�I�N �T�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N�� �#�O�N�S�I�D�E�R �T�H�E �S�I�T�U�A�T�I�O�N �I�N �&�I�G�U�R�E ���������B�	�� �T�H�E �A�G�E�N�T �H�A�S �D�E�T�E�C�T�E�D
�N�O�T�H�I�N�G �I�N �;�������= �A�N�D �A �B�R�E�E�Z�E �I�N �;�������=�� �4�H�E�S�E �P�E�R�C�E�P�T�S�� �C�O�M�B�I�N�E�D �W�I�T�H �T�H�E �A�G�E�N�T���S �K�N�O�W�L�E�D�G�E
�O�F �T�H�E �R�U�L�E�S �O�F �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �C�O�N�S�T�I�T�U�T�E �T�H�E �+�"�� �4�H�E �A�G�E�N�T �I�S �I�N�T�E�R�E�S�T�E�D ���A�M�O�N�G �O�T�H�E�R
�T�H�I�N�G�S�	 �I�N �W�H�E�T�H�E�R �T�H�E �A�D�J�A�C�E�N�T �S�Q�U�A�R�E�S �;�������=�� �;�������=�� �A�N�D �;�������= �C�O�N�T�A�I�N �P�I�T�S�� �%�A�C�H �O�F �T�H�E �T�H�R�E�E
�S�Q�U�A�R�E�S �M�I�G�H�T �O�R �M�I�G�H�T �N�O�T �C�O�N�T�A�I�N �A �P�I�T�� �S�O ���F�O�R �T�H�E �P�U�R�P�O�S�E�S �O�F �T�H�I�S �E�X�A�M�P�L�E�	 �T�H�E�R�E �A�R�E23 = 8
�P�O�S�S�I�B�L�E �M�O�D�E�L�S�� �4�H�E�S�E �E�I�G�H�T �M�O�D�E�L�S �A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E ����������

�4�H�E �+�" �C�A�N �B�E �T�H�O�U�G�H�T �O�F �A�S �A �S�E�T �O�F �S�E�N�T�E�N�C�E�S �O�R �A�S �A �S�I�N�G�L�E �S�E�N�T�E�N�C�E �T�H�A�T �A�S�S�E�R�T�S �A�L�L
�T�H�E �I�N�D�I�V�I�D�U�A�L �S�E�N�T�E�N�C�E�S�� �4�H�E �+�" �I�S �F�A�L�S�E �I�N �M�O�D�E�L�S �T�H�A�T �C�O�N�T�R�A�D�I�C�T �W�H�A�T �T�H�E �A�G�E�N�T �K�N�O�W�S�ˆ
�F�O�R �E�X�A�M�P�L�E�� �T�H�E �+�" �I�S �F�A�L�S�E �I�N �A�N�Y �M�O�D�E�L �I�N �W�H�I�C�H �;�������= �C�O�N�T�A�I�N�S �A �P�I�T�� �B�E�C�A�U�S�E �T�H�E�R�E �I�S
�N�O �B�R�E�E�Z�E �I�N �;�������=�� �4�H�E�R�E �A�R�E �I�N �F�A�C�T �J�U�S�T �T�H�R�E�E �M�O�D�E�L�S �I�N �W�H�I�C�H �T�H�E �+�" �I�S �T�R�U�E�� �A�N�D �T�H�E�S�E �A�R�E

2 �!�L�T�H�O�U�G�H �T�H�E �l�G�U�R�E �S�H�O�W�S �T�H�E �M�O�D�E�L�S �A�S �P�A�R�T�I�A�L �W�U�M�P�U�S �W�O�R�L�D�S�� �T�H�E�Y �A�R�E �R�E�A�L�L�Y �N�O�T�H�I�N�G �M�O�R�E �T�H�A�N �A�S�S�I�G�N�M�E�N�T�S
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SYMBOL

�B�E �T�R�U�E �O�R �F�A�L�S�E�� �7�E �U�S�E �S�Y�M�B�O�L�S �T�H�A�T �S�T�A�R�T �W�I�T�H �A�N �U�P�P�E�R�C�A�S�E �L�E�T�T�E�R �A�N�D �M�A�Y �C�O�N�T�A�I�N �O�T�H�E�R
�L�E�T�T�E�R�S �O�R �S�U�B�S�C�R�I�P�T�S�� �F�O�R �E�X�A�M�P�L�E��P ��Q��R��W1;3 �A�N�DNorth �� �4�H�E �N�A�M�E�S �A�R�E �A�R�B�I�T�R�A�R�Y �B�U�T
�A�R�E �O�F�T�E�N �C�H�O�S�E�N �T�O �H�A�V�E �S�O�M�E �M�N�E�M�O�N�I�C �V�A�L�U�E�ˆ�W�E �U�S�EW1;3 �T�O �S�T�A�N�D �F�O�R �T�H�E �P�R�O�P�O�S�I�T�I�O�N
�T�H�A�T �T�H�E �W�U�M�P�U�S �I�S �I�N �;�������=�� ���2�E�M�E�M�B�E�R �T�H�A�T �S�Y�M�B�O�L�S �S�U�C�H �A�SW1;3 �A�R�E�D�W�R�P�L�F�� �I���E����W �� ����
�A�N�D �� �A�R�E �N�O�T �M�E�A�N�I�N�G�F�U�L �P�A�R�T�S �O�F �T�H�E �S�Y�M�B�O�L���	 �4�H�E�R�E �A�R�E �T�W�O �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S �W�I�T�H �l�X�E�D
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CONNECTIVES

: ���N�O�T�	�� �! �S�E�N�T�E�N�C�E �S�U�C�H �A�S: W1;3 �I�S �C�A�L�L�E�D �T�H�E�Q�H�J�D�W�L�R�Q�O�FW1;3�� �! �O�L�W�H�U�D�O�I�S �E�I�T�H�E�R �A�NNEGATION

LITERAL �A�T�O�M�I�C �S�E�N�T�E�N�C�E ���A�S�R�V�L�W�L�Y�H �O�L�W�H�U�D�O�	 �O�R �A �N�E�G�A�T�E�D �A�T�O�M�I�C �S�E�N�T�E�N�C�E ���A�Q�H�J�D�W�L�Y�H �O�L�W�H�U�D�O�	��
^ ���A�N�D�	�� �! �S�E�N�T�E�N�C�E �W�H�O�S�E �M�A�I�N �C�O�N�N�E�C�T�I�V�E �I�S^ �� �S�U�C�H �A�SW1;3 ^ P3;1�� �I�S �C�A�L�L�E�D �A�F�R�Q��

�M�X�Q�F�W�L�R�Q�� �I�T�S �P�A�R�T�S �A�R�E �T�H�E�F�R�Q�M�X�Q�F�W�V�� ���4�H�E^ �L�O�O�K�S �L�I�K�E �A�N �h�!�v �F�O�R �h�!�N�D���v�	CONJUNCTION

_ ���O�R�	�� �! �S�E�N�T�E�N�C�E �U�S�I�N�G_�� �S�U�C�H �A�S(W1;3 ^ P3;1) _ W2;2�� �I�S �A�G�L�V�M�X�Q�F�W�L�R�Q�O�F �T�H�E�G�L�V�M�X�Q�F�W�VDISJUNCTION

(W1;3 ^ P3;1) �A�N�DW2;2�� ���(�I�S�T�O�R�I�C�A�L�L�Y�� �T�H�E_ �C�O�M�E�S �F�R�O�M �T�H�E �,�A�T�I�N �h�V�E�L���v �W�H�I�C�H �M�E�A�N�S
�h�O�R���v �&�O�R �M�O�S�T �P�E�O�P�L�E�� �I�T �I�S �E�A�S�I�E�R �T�O �R�E�M�E�M�B�E�R_ �A�S �A�N �U�P�S�I�D�E�
�D�O�W�N^ ���	

) ���I�M�P�L�I�E�S�	�� �! �S�E�N�T�E�N�C�E �S�U�C�H �A�S(W1;3 ^ P3;1) ) : W2;2 �I�S �C�A�L�L�E�D �A�N�L�P�S�O�L�F�D�W�L�R�Q���O�R �C�O�N�
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�&�I�G�U�R�E ������ �G�I�V�E�S �A �F�O�R�M�A�L �G�R�A�M�M�A�R �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �S�E�E �P�A�G�E�������� �I�F �Y�O�U �A�R�E �N�O�T
�F�A�M�I�L�I�A�R �W�I�T�H �T�H�E �"�.�& �N�O�T�A�T�I�O�N�� �4�H�E �"�.�& �G�R�A�M�M�A�R �B�Y �I�T�S�E�L�F �I�S �A�M�B�I�G�U�O�U�S�� �A �S�E�N�T�E�N�C�E �W�I�T�H
�S�E�V�E�R�A�L �O�P�E�R�A�T�O�R�S �C�A�N �B�E �P�A�R�S�E�D �B�Y �T�H�E �G�R�A�M�M�A�R �I�N �M�U�L�T�I�P�L�E �W�A�Y�S�� �4�O �E�L�I�M�I�N�A�T�E �T�H�E �A�M�B�I�G�U�I�T�Y
�W�E �D�E�l�N�E �A �P�R�E�C�E�D�E�N�C�E �F�O�R �E�A�C�H �O�P�E�R�A�T�O�R�� �4�H�E �h�N�O�T�v �O�P�E�R�A�T�O�R ��: �	 �H�A�S �T�H�E �H�I�G�H�E�S�T �P�R�E�C�E�D�E�N�C�E��
�W�H�I�C�H �M�E�A�N�S �T�H�A�T �I�N �T�H�E �S�E�N�T�E�N�C�E: A ^ B �T�H�E: �B�I�N�D�S �M�O�S�T �T�I�G�H�T�L�Y�� �G�I�V�I�N�G �U�S �T�H�E �E�Q�U�I�V�A�L�E�N�T
�O�F(: A) ^ B �R�A�T�H�E�R �T�H�A�N: (A ^ B )�� ���4�H�E �N�O�T�A�T�I�O�N �F�O�R �O�R�D�I�N�A�R�Y �A�R�I�T�H�M�E�T�I�C �I�S �T�H�E �S�A�M�E��� 2+ 4
�I�S ���� �N�O�T �n�����	 �7�H�E�N �I�N �D�O�U�B�T�� �U�S�E �P�A�R�E�N�T�H�E�S�E�S �T�O �M�A�K�E �S�U�R�E �O�F �T�H�E �R�I�G�H�T �I�N�T�E�R�P�R�E�T�A�T�I�O�N�� �3�Q�U�A�R�E
�B�R�A�C�K�E�T�S �M�E�A�N �T�H�E �S�A�M�E �T�H�I�N�G �A�S �P�A�R�E�N�T�H�E�S�E�S�� �T�H�E �C�H�O�I�C�E �O�F �S�Q�U�A�R�E �B�R�A�C�K�E�T�S �O�R �P�A�R�E�N�T�H�E�S�E�S �I�S
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�L�E�A�V�I�N�G �T�H�E �M�U�T�A�B�L�E �A�S�P�E�C�T�S �F�O�R �A �L�A�T�E�R �S�E�C�T�I�O�N�� �&�O�R �N�O�W�� �W�E �N�E�E�D �T�H�E �F�O�L�L�O�W�I�N�G �S�Y�M�B�O�L�S �F�O�R
�E�A�C�H[x; y] �L�O�C�A�T�I�O�N��

7 �,�A�T�I�N�H�A�S �A �S�E�P�A�R�A�T�E �W�O�R�D���D�X�W�� �F�O�R �E�X�C�L�U�S�I�V�E �O�R��



�3�E�C�T�I�O�N �������� �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C�� �! �6�E�R�Y �3�I�M�P�L�E �,�O�G�I�C ������

Px;y �I�S �T�R�U�E �I�F �T�H�E�R�E �I�S �A �P�I�T �I�N[x; y]��
Wx;y �I�S �T�R�U�E �I�F �T�H�E�R�E �I�S �A �W�U�M�P�U�S �I�N[x; y]�� �D�E�A�D �O�R �A�L�I�V�E��
Bx;y �I�S �T�R�U�E �I�F �T�H�E �A�G�E�N�T �P�E�R�C�E�I�V�E�S �A �B�R�E�E�Z�E �I�N[x; y]��
Sx;y �I�S �T�R�U�E �I�F �T�H�E �A�G�E�N�T �P�E�R�C�E�I�V�E�S �A �S�T�E�N�C�H �I�N[x; y]��

�4�H�E �S�E�N�T�E�N�C�E�S �W�E �W�R�I�T�E �W�I�L�L �S�U�F�l�C�E �T�O �D�E�R�I�V�E: P1;2 ���T�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=�	�� �A�S �W�A�S �D�O�N�E
�I�N�F�O�R�M�A�L�L�Y �I�N �3�E�C�T�I�O�N �������� �7�E �L�A�B�E�L �E�A�C�H �S�E�N�T�E�N�C�ERi �S�O �T�H�A�T �W�E �C�A�N �R�E�F�E�R �T�O �T�H�E�M��

� �4�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=��

R1 : : P1;1 :

� �! �S�Q�U�A�R�E �I�S �B�R�E�E�Z�Y �I�F �A�N�D �O�N�L�Y �I�F �T�H�E�R�E �I�S �A �P�I�T �I�N �A �N�E�I�G�H�B�O�R�I�N�G �S�Q�U�A�R�E�� �4�H�I�S �H�A�S �T�O �B�E
�S�T�A�T�E�D �F�O�R �E�A�C�H �S�Q�U�A�R�E�� �F�O�R �N�O�W�� �W�E �I�N�C�L�U�D�E �J�U�S�T �T�H�E �R�E�L�E�V�A�N�T �S�Q�U�A�R�E�S��

R2 : B1;1 , (P1;2 _ P2;1) :

R3 : B2;1 , (P1;1 _ P2;2 _ P3;1) :

� �4�H�E �P�R�E�C�E�D�I�N�G �S�E�N�T�E�N�C�E�S �A�R�E �T�R�U�E �I�N �A�L�L �W�U�M�P�U�S �W�O�R�L�D�S�� �.�O�W �W�E �I�N�C�L�U�D�E �T�H�E �B�R�E�E�Z�E
�P�E�R�C�E�P�T�S �F�O�R �T�H�E �l�R�S�T �T�W�O �S�Q�U�A�R�E�S �V�I�S�I�T�E�D �I�N �T�H�E �S�P�E�C�I�l�C �W�O�R�L�D �T�H�E �A�G�E�N�T �I�S �I�N�� �L�E�A�D�I�N�G �U�P
�T�O �T�H�E �S�I�T�U�A�T�I�O�N �I�N �&�I�G�U�R�E ���������B�	��

R4 : : B1;1 :
R5 : B2;1 :

���������� �$ �V�L�P�S�O�H �L�Q�I�H�U�H�Q�F�H �S�U�R�F�H�G�X�U�H

�/�U�R �G�O�A�L �N�O�W �I�S �T�O �D�E�C�I�D�E �W�H�E�T�H�E�RKB j= � �F�O�R �S�O�M�E �S�E�N�T�E�N�C�E� �� �&�O�R �E�X�A�M�P�L�E�� �I�S: P1;2

�E�N�T�A�I�L�E�D �B�Y �O�U�RKB �� �/�U�R �l�R�S�T �A�L�G�O�R�I�T�H�M �F�O�R �I�N�F�E�R�E�N�C�E �I�S �A �M�O�D�E�L�
�C�H�E�C�K�I�N�G �A�P�P�R�O�A�C�H �T�H�A�T �I�S �A
�D�I�R�E�C�T �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F �T�H�E �D�E�l�N�I�T�I�O�N �O�F �E�N�T�A�I�L�M�E�N�T�� �E�N�U�M�E�R�A�T�E �T�H�E �M�O�D�E�L�S�� �A�N�D �C�H�E�C�K �T�H�A�T
� �I�S �T�R�U�E �I�N �E�V�E�R�Y �M�O�D�E�L �I�N �W�H�I�C�HKB �I�S �T�R�U�E�� �-�O�D�E�L�S �A�R�E �A�S�S�I�G�N�M�E�N�T�S �O�Ftrue �O�Rfalse �T�O
�E�V�E�R�Y �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�� �2�E�T�U�R�N�I�N�G �T�O �O�U�R �W�U�M�P�U�S�
�W�O�R�L�D �E�X�A�M�P�L�E�� �T�H�E �R�E�L�E�V�A�N�T �P�R�O�P�O�S�I�

�T�I�O�N �S�Y�M�B�O�L�S �A�R�EB1;1��B2;1��P1;1��P1;2��P2;1��P2;2�� �A�N�DP3;1�� �7�I�T�H �S�E�V�E�N �S�Y�M�B�O�L�S�� �T�H�E�R�E �A�R�E
27 = 128 �P�O�S�S�I�B�L�E �M�O�D�E�L�S�� �I�N �T�H�R�E�E �O�F �T�H�E�S�E��KB �I�S �T�R�U�E ���&�I�G�U�R�E �������	�� �)�N �T�H�O�S�E �T�H�R�E�E �M�O�D�E�L�S��
: P1;2 �I�S �T�R�U�E�� �H�E�N�C�E �T�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D��P2;2 �I�S �T�R�U�E �I�N �T�W�O �O�F �T�H�E �T�H�R�E�E
�M�O�D�E�L�S �A�N�D �F�A�L�S�E �I�N �O�N�E�� �S�O �W�E �C�A�N�N�O�T �Y�E�T �T�E�L�L �W�H�E�T�H�E�R �T�H�E�R�E �I�S �A �P�I�T �I�N �;�������=��

�&�I�G�U�R�E ������ �R�E�P�R�O�D�U�C�E�S �I�N �A �M�O�R�E �P�R�E�C�I�S�E �F�O�R�M �T�H�E �R�E�A�S�O�N�I�N�G �I�L�L�U�S�T�R�A�T�E�D �I�N �&�I�G�U�R�E �������� �!
�G�E�N�E�R�A�L �A�L�G�O�R�I�T�H�M �F�O�R �D�E�C�I�D�I�N�G �E�N�T�A�I�L�M�E�N�T �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �,�I�K�E
�T�H�E �"�!�#�+�4�2�!�#�+�)�.�'�
�3�%�!�2�#�(�A�L�G�O�R�I�T�H�M �O�N �P�A�G�E �������� �4�4�
�%�.�4�!�)�,�3�� �P�E�R�F�O�R�M�S �A �R�E�C�U�R�S�I�V�E
�E�N�U�M�E�R�A�T�I�O�N �O�F �A �l�N�I�T�E �S�P�A�C�E �O�F �A�S�S�I�G�N�M�E�N�T�S �T�O �S�Y�M�B�O�L�S�� �4�H�E �A�L�G�O�R�I�T�H�M �I�S�V�R�X�Q�G�B�E�C�A�U�S�E �I�T
�I�M�P�L�E�M�E�N�T�S �D�I�R�E�C�T�L�Y �T�H�E �D�E�l�N�I�T�I�O�N �O�F �E�N�T�A�I�L�M�E�N�T�� �A�N�D�F�R�P�S�O�H�W�H�B�E�C�A�U�S�E �I�T �W�O�R�K�S �F�O�R �A�N�YKB
�A�N�D� �A�N�D �A�L�W�A�Y�S �T�E�R�M�I�N�A�T�E�S�ˆ�T�H�E�R�E �A�R�E �O�N�L�Y �l�N�I�T�E�L�Y �M�A�N�Y �M�O�D�E�L�S �T�O �E�X�A�M�I�N�E��

�/�F �C�O�U�R�S�E�� �h�l�N�I�T�E�L�Y �M�A�N�Y�v �I�S �N�O�T �A�L�W�A�Y�S �T�H�E �S�A�M�E �A�S �h�F�E�W���v �)�FKB �A�N�D� �C�O�N�T�A�I�Nn
�S�Y�M�B�O�L�S �I�N �A�L�L�� �T�H�E�N �T�H�E�R�E �A�R�E2n �M�O�D�E�L�S�� �4�H�U�S�� �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �A�L�G�O�R�I�T�H�M �I�S
O(2n )�� ���4�H�E �S�P�A�C�E �C�O�M�P�L�E�X�I�T�Y �I�S �O�N�L�YO(n) �B�E�C�A�U�S�E �T�H�E �E�N�U�M�E�R�A�T�I�O�N �I�S �D�E�P�T�H�
�l�R�S�T���	 �,�A�T�E�R �I�N
�T�H�I�S �C�H�A�P�T�E�R �W�E �S�H�O�W �A�L�G�O�R�I�T�H�M�S �T�H�A�T �A�R�E �M�U�C�H �M�O�R�E �E�F�l�C�I�E�N�T �I�N �M�A�N�Y �C�A�S�E�S�� �5�N�F�O�R�T�U�N�A�T�E�L�Y��
�P�R�O�P�O�S�I�T�I�O�N�A�L �E�N�T�A�I�L�M�E�N�T �I�S �C�O�
�.�0�
�C�O�M�P�L�E�T�E ���I���E���� �P�R�O�B�A�B�L�Y �N�O �E�A�S�I�E�R �T�H�A�N �.�0�
�C�O�M�P�L�E�T�E�ˆ�S�E�E
�!�P�P�E�N�D�I�X �!�	�� �S�O�H�Y�H�U�\ �N�Q�R�Z�Q �L�Q�I�H�U�H�Q�F�H �D�O�J�R�U�L�W�K�P �I�R�U �S�U�R�S�R�V�L�W�L�R�Q�D�O �O�R�J�L�F �K�D�V �D �Z�R�U�V�W���F�D�V�H
�F�R�P�S�O�H�[�L�W�\ �W�K�D�W �L�V �H�[�S�R�Q�H�Q�W�L�D�O �L�Q �W�K�H �V�L�]�H �R�I �W�K�H �L�Q�S�X�W��
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�)�L�J�X�U�H �������! �T�R�U�T�H �T�A�B�L�E �C�O�N�S�T�R�U�C�T�E�D �F�O�R �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �G�I�V�E�N �I�N �T�H�E �T�E�X�T���.�%�I�S �T�R�U�E
�I�FR1 �T�H�R�O�U�G�HR5 �A�R�E �T�R�U�E�� �W�H�I�C�H �O�C�C�U�R�S �I�N �J�U�S�T �� �O�F �T�H�E ������ �R�O�W�S ���T�H�E �O�N�E�S �U�N�D�E�R�L�I�N�E�D �I�N �T�H�E
�R�I�G�H�T�
�H�A�N�D �C�O�L�U�M�N�	�� �)�N �A�L�L �� �R�O�W�S��P1;2 �I�S �F�A�L�S�E�� �S�O �T�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D��
�T�H�E�R�E �M�I�G�H�T ���O�R �M�I�G�H�T �N�O�T�	 �B�E �A �P�I�T �I�N �;�������=��

�I�X�Q�F�W�L�R�Q�4�4�
�%�.�4�!�)�,�3����KB ��� �	 �U�H�W�X�U�Q�Vtrue �O�Rfalse
�L�Q�S�X�W�V��KB �� �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �A �S�E�N�T�E�N�C�E �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C

� �� �T�H�E �Q�U�E�R�Y�� �A �S�E�N�T�E�N�C�E �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C

symbols �A �L�I�S�T �O�F �T�H�E �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S �I�NKB �A�N�D�
�U�H�W�X�U�Q�4�4�
�#�(�%�#�+�
�! �,�, ��KB ��� ��symbols��f g �	

�I�X�Q�F�W�L�R�Q�4�4�
�#�(�%�#�+�
�! �,�, ��KB ��� ��symbols��model�	 �U�H�W�X�U�Q�Vtrue �O�Rfalse
�L�I�%�-�0�4�9����symbols�	 �W�K�H�Q

�L�I�0�,�
�4�2�5�%����KB ��model�	�W�K�H�Q �U�H�W�X�U�Q�0�,�
�4�2�5�%����� ��model�	
�H�O�V�H �U�H�W�X�U�Qtrue �����Z�K�H�Q �.�% �L�V �I�D�O�V�H�� �D�O�Z�D�\�V �U�H�W�X�U�Q �W�U�X�H

�H�O�V�H �G�R
P  �&�)�2�3�4��symbols�	
rest  �2�%�3�4��symbols�	
�U�H�W�X�U�Q���4�4�
�#�(�%�#�+�
�! �,�, ��KB ��� ��rest��model [ f P = trueg�	

�D�Q�G
�4�4�
�#�(�%�#�+�
�! �,�, ��KB ��� ��rest��model [ f P = false g�	�	

�)�L�J�X�U�H ���������! �T�R�U�T�H�
�T�A�B�L�E �E�N�U�M�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �D�E�C�I�D�I�N�G �P�R�O�P�O�S�I�T�I�O�N�A�L �E�N�T�A�I�L�M�E�N�T��
���4�4 �S�T�A�N�D�S �F�O�R �T�R�U�T�H �T�A�B�L�E���	 �0�,�
�4�2�5�%�� �R�E�T�U�R�N�S�W�U�X�H�I�F �A �S�E�N�T�E�N�C�E �H�O�L�D�S �W�I�T�H�I�N �A �M�O�D�E�L�� �4�H�E
�V�A�R�I�A�B�L�E�P�R�G�H�O�R�E�P�R�E�S�E�N�T�S �A �P�A�R�T�I�A�L �M�O�D�E�L�ˆ�A�N �A�S�S�I�G�N�M�E�N�T �T�O �S�O�M�E �O�F �T�H�E �S�Y�M�B�O�L�S�� �4�H�E �K�E�Y�

�W�O�R�D �h�D�Q�G�v �I�S �U�S�E�D �H�E�R�E �A�S �A �L�O�G�I�C�A�L �O�P�E�R�A�T�I�O�N �O�N �I�T�S �T�W�O �A�R�G�U�M�E�N�T�S�� �R�E�T�U�R�N�I�N�Gtrue �O�Rfalse��



�3�E�C�T�I�O�N �������� �0�R�O�P�O�S�I�T�I�O�N�A�L �4�H�E�O�R�E�M �0�R�O�V�I�N�G ������

(� ^ � ) � (� ^ � ) �C�O�M�M�U�T�A�T�I�V�I�T�Y �O�F^
(� _ � ) � (� _ � ) �C�O�M�M�U�T�A�T�I�V�I�T�Y �O�F_

(( � ^ � ) ^ 
 ) � (� ^ (� ^ 
 )) �A�S�S�O�C�I�A�T�I�V�I�T�Y �O�F^
(( � _ � ) _ 
 ) � (� _ (� _ 
 )) �A�S�S�O�C�I�A�T�I�V�I�T�Y �O�F_

: (: � ) � � �D�O�U�B�L�E�
�N�E�G�A�T�I�O�N �E�L�I�M�I�N�A�T�I�O�N
(� ) � ) � (: � ) : � ) �C�O�N�T�R�A�P�O�S�I�T�I�O�N
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�E�N�U�M�E�R�A�T�I�N�G �M�O�D�E�L�S��
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�3�E�C�T�I�O�N �������� �0�R�O�P�O�S�I�T�I�O�N�A�L �4�H�E�O�R�E�M �0�R�O�V�I�N�G ������

�.�O�T �A�L�L �I�N�F�E�R�E�N�C�E �R�U�L�E�S �W�O�R�K �I�N �B�O�T�H �D�I�R�E�C�T�I�O�N�S �L�I�K�E �T�H�I�S�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N�N�O�T �R�U�N �-�O�D�U�S
�0�O�N�E�N�S �I�N �T�H�E �O�P�P�O�S�I�T�E �D�I�R�E�C�T�I�O�N �T�O �O�B�T�A�I�N� ) � �A�N�D� �F�R�O�M� ��

�,�E�T �U�S �S�E�E �H�O�W �T�H�E�S�E �I�N�F�E�R�E�N�C�E �R�U�L�E�S �A�N�D �E�Q�U�I�V�A�L�E�N�C�E�S �C�A�N �B�E �U�S�E�D �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D��
�7�E �S�T�A�R�T �W�I�T�H �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�I�N�GR1 �T�H�R�O�U�G�HR5 �A�N�D �S�H�O�W �H�O�W �T�O �P�R�O�V�E: P1;2��
�T�H�A�T �I�S�� �T�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=�� �&�I�R�S�T�� �W�E �A�P�P�L�Y �B�I�C�O�N�D�I�T�I�O�N�A�L �E�L�I�M�I�N�A�T�I�O�N �T�OR2 �T�O �O�B�T�A�I�N

R6 : (B1;1 ) (P1;2 _ P2;1)) ^ ((P1;2 _ P2;1) ) B1;1) :

�4�H�E�N �W�E �A�P�P�L�Y �!�N�D�
�%�L�I�M�I�N�A�T�I�O�N �T�OR6 �T�O �O�B�T�A�I�N

R7 : ((P1;2 _ P2;1) ) B1;1) :

�,�O�G�I�C�A�L �E�Q�U�I�V�A�L�E�N�C�E �F�O�R �C�O�N�T�R�A�P�O�S�I�T�I�V�E�S �G�I�V�E�S

R8 : (: B1;1 ) : (P1;2 _ P2;1)) :

�.�O�W �W�E �C�A�N �A�P�P�L�Y �-�O�D�U�S �0�O�N�E�N�S �W�I�T�HR8 �A�N�D �T�H�E �P�E�R�C�E�P�TR4 ���I���E����: B1;1�	�� �T�O �O�B�T�A�I�N

R9 : : (P1;2 _ P2;1) :

�&�I�N�A�L�L�Y�� �W�E �A�P�P�L�Y �$�E �-�O�R�G�A�N���S �R�U�L�E�� �G�I�V�I�N�G �T�H�E �C�O�N�C�L�U�S�I�O�N

R10 : : P1;2 ^ : P2;1 :

�4�H�A�T �I�S�� �N�E�I�T�H�E�R �;�������= �N�O�R �;�������= �C�O�N�T�A�I�N�S �A �P�I�T��
�7�E �F�O�U�N�D �T�H�I�S �P�R�O�O�F �B�Y �H�A�N�D�� �B�U�T �W�E �C�A�N �A�P�P�L�Y �A�N�Y �O�F �T�H�E �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �I�N �#�H�A�P�T�E�R ��

�T�O �l�N�D �A �S�E�Q�U�E�N�C�E �O�F �S�T�E�P�S �T�H�A�T �C�O�N�S�T�I�T�U�T�E�S �A �P�R�O�O�F�� �7�E �J�U�S�T �N�E�E�D �T�O �D�E�l�N�E �A �P�R�O�O�F �P�R�O�B�L�E�M �A�S
�F�O�L�L�O�W�S��

� �)�.�)�4�)�!�, �3�4�!�4�%�� �T�H�E �I�N�I�T�I�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E��
� �! �#�4�)�/�.�3�� �T�H�E �S�E�T �O�F �A�C�T�I�O�N�S �C�O�N�S�I�S�T�S �O�F �A�L�L �T�H�E �I�N�F�E�R�E�N�C�E �R�U�L�E�S �A�P�P�L�I�E�D �T�O �A�L�L �T�H�E �S�E�N�


�T�E�N�C�E�S �T�H�A�T �M�A�T�C�H �T�H�E �T�O�P �H�A�L�F �O�F �T�H�E �I�N�F�E�R�E�N�C�E �R�U�L�E��
� �2�%�3�5�,�4�� �T�H�E �R�E�S�U�L�T �O�F �A�N �A�C�T�I�O�N �I�S �T�O �A�D�D �T�H�E �S�E�N�T�E�N�C�E �I�N �T�H�E �B�O�T�T�O�M �H�A�L�F �O�F �T�H�E �I�N�F�E�R�E�N�C�E

�R�U�L�E��
� �' �/�!�, �� �T�H�E �G�O�A�L �I�S �A �S�T�A�T�E �T�H�A�T �C�O�N�T�A�I�N�S �T�H�E �S�E�N�T�E�N�C�E �W�E �A�R�E �T�R�Y�I�N�G �T�O �P�R�O�V�E��

�4�H�U�S�� �S�E�A�R�C�H�I�N�G �F�O�R �P�R�O�O�F�S �I�S �A�N �A�L�T�E�R�N�A�T�I�V�E �T�O �E�N�U�M�E�R�A�T�I�N�G �M�O�D�E�L�S�� �)�N �M�A�N�Y �P�R�A�C�T�I�C�A�L �C�A�S�E�S
�¿�Q�G�L�Q�J �D �S�U�R�R�I �F�D�Q �E�H �P�R�U�H �H�I�¿�F�L�H�Q�W �E�H�F�D�X�V�H �W�K�H �S�U�R�R�I �F�D�Q �L�J�Q�R�U�H �L�U�U�H�O�H�Y�D�Q�W �S�U�R�S�R�V�L�W�L�R�Q�V�� �Q�R
�P�D�W�W�H�U �K�R�Z �P�D�Q�\ �R�I �W�K�H�P �W�K�H�U�H �D�U�H���&�O�R �E�X�A�M�P�L�E�� �T�H�E �P�R�O�O�F �G�I�V�E�N �E�A�R�L�I�E�R �L�E�A�D�I�N�G �T�O: P1;2 ^
: P2;1 �D�O�E�S �N�O�T �M�E�N�T�I�O�N �T�H�E �P�R�O�P�O�S�I�T�I�O�N�SB2;1�� P1;1�� P2;2�� �O�RP3;1�� �4�H�E�Y �C�A�N �B�E �I�G�N�O�R�E�D
�B�E�C�A�U�S�E �T�H�E �G�O�A�L �P�R�O�P�O�S�I�T�I�O�N��P1;2�� �A�P�P�E�A�R�S �O�N�L�Y �I�N �S�E�N�T�E�N�C�ER2�� �T�H�E �O�T�H�E�R �P�R�O�P�O�S�I�T�I�O�N�S �I�NR2

�A�P�P�E�A�R �O�N�L�Y �I�NR4 �A�N�DR2�� �S�OR1��R3�� �A�N�DR5 �H�A�V�E �N�O �B�E�A�R�I�N�G �O�N �T�H�E �P�R�O�O�F�� �4�H�E �S�A�M�E �W�O�U�L�D
�H�O�L�D �E�V�E�N �I�F �W�E �A�D�D�E�D �A �M�I�L�L�I�O�N �M�O�R�E �S�E�N�T�E�N�C�E�S �T�O �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �T�H�E �S�I�M�P�L�E �T�R�U�T�H�
�T�A�B�L�E
�A�L�G�O�R�I�T�H�M�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �W�O�U�L�D �B�E �O�V�E�R�W�H�E�L�M�E�D �B�Y �T�H�E �E�X�P�O�N�E�N�T�I�A�L �E�X�P�L�O�S�I�O�N �O�F �M�O�D�E�L�S��

�/�N�E �l�N�A�L �P�R�O�P�E�R�T�Y �O�F �L�O�G�I�C�A�L �S�Y�S�T�E�M�S �I�S�P�R�Q�R�W�R�Q�L�F�L�W�\�� �W�H�I�C�H �S�A�Y�S �T�H�A�T �T�H�E �S�E�T �O�F �E�N�
MONOTONICITY

�T�A�I�L�E�D �S�E�N�T�E�N�C�E�S �C�A�N �O�N�L�Y�L�Q�F�U�H�D�V�H�A�S �I�N�F�O�R�M�A�T�I�O�N �I�S �A�D�D�E�D �T�O �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E���� �&�O�R �A�N�Y
�S�E�N�T�E�N�C�E�S� �A�N�D� ��

�I�F KB j= � �T�H�E�NKB ^ � j= � :

8 �1�R�Q�P�R�Q�R�W�R�Q�L�F�L�O�G�I�C�S�� �W�H�I�C�H �V�I�O�L�A�T�E �T�H�E �M�O�N�O�T�O�N�I�C�I�T�Y �P�R�O�P�E�R�T�Y�� �C�A�P�T�U�R�E �A �C�O�M�M�O�N �P�R�O�P�E�R�T�Y �O�F �H�U�M�A�N �R�E�A�

�S�O�N�I�N�G�� �C�H�A�N�G�I�N�G �O�N�E���S �M�I�N�D�� �4�H�E�Y �A�R�E �D�I�S�C�U�S�S�E�D �I�N �3�E�C�T�I�O�N ����������



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�S �T�H�E �A�D�D�I�T�I�O�N�A�L �A�S�S�E�R�T�I�O�N� �S�T�A�T�I�N�G �T�H�A�T �T�H�E�R�E
�A�R�E �E�X�A�C�T�L�Y �E�I�G�H�T �P�I�T�S �I�N �T�H�E �W�O�R�L�D�� �4�H�I�S �K�N�O�W�L�E�D�G�E �M�I�G�H�T �H�E�L�P �T�H�E �A�G�E�N�T �D�R�A�W�D�G�G�L�W�L�R�Q�D�O�C�O�N�

�C�L�U�S�I�O�N�S�� �B�U�T �I�T �C�A�N�N�O�T �I�N�V�A�L�I�D�A�T�E �A�N�Y �C�O�N�C�L�U�S�I�O�N� �A�L�R�E�A�D�Y �I�N�F�E�R�R�E�D�ˆ�S�U�C�H �A�S �T�H�E �C�O�N�C�L�U�S�I�O�N
�T�H�A�T �T�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=�� �-�O�N�O�T�O�N�I�C�I�T�Y �M�E�A�N�S �T�H�A�T �I�N�F�E�R�E�N�C�E �R�U�L�E�S �C�A�N �B�E �A�P�P�L�I�E�D �W�H�E�N�E�V�E�R
�S�U�I�T�A�B�L�E �P�R�E�M�I�S�E�S �A�R�E �F�O�U�N�D �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�ˆ�T�H�E �C�O�N�C�L�U�S�I�O�N �O�F �T�H�E �R�U�L�E �M�U�S�T �F�O�L�L�O�W
�U�H�J�D�U�G�O�H�V�V �R�I �Z�K�D�W �H�O�V�H �L�V �L�Q �W�K�H �N�Q�R�Z�O�H�G�J�H �E�D�V�H��

���������� �3�U�R�R�I �E�\ �U�H�V�R�O�X�W�L�R�Q

�7�E �H�A�V�E �A�R�G�U�E�D �T�H�A�T �T�H�E �I�N�F�E�R�E�N�C�E �R�U�L�E�S �C�O�V�E�R�E�D �S�O �F�A�R �A�R�E�V�R�X�Q�G�� �B�U�T �W�E �H�A�V�E �N�O�T �D�I�S�C�U�S�S�E�D
�T�H�E �Q�U�E�S�T�I�O�N �O�F�F�R�P�S�O�H�W�H�Q�H�V�V�F�O�R �T�H�E �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S �T�H�A�T �U�S�E �T�H�E�M�� �3�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S
�S�U�C�H �A�S �I�T�E�R�A�T�I�V�E �D�E�E�P�E�N�I�N�G �S�E�A�R�C�H ���P�A�G�E �����	 �A�R�E �C�O�M�P�L�E�T�E �I�N �T�H�E �S�E�N�S�E �T�H�A�T �T�H�E�Y �W�I�L�L �l�N�D
�A�N�Y �R�E�A�C�H�A�B�L�E �G�O�A�L�� �B�U�T �I�F �T�H�E �A�V�A�I�L�A�B�L�E �I�N�F�E�R�E�N�C�E �R�U�L�E�S �A�R�E �I�N�A�D�E�Q�U�A�T�E�� �T�H�E�N �T�H�E �G�O�A�L �I�S �N�O�T
�R�E�A�C�H�A�B�L�E�ˆ�N�O �P�R�O�O�F �E�X�I�S�T�S �T�H�A�T �U�S�E�S �O�N�L�Y �T�H�O�S�E �I�N�F�E�R�E�N�C�E �R�U�L�E�S�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �R�E�M�O�V�E�D
�T�H�E �B�I�C�O�N�D�I�T�I�O�N�A�L �E�L�I�M�I�N�A�T�I�O�N �R�U�L�E�� �T�H�E �P�R�O�O�F �I�N �T�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N �W�O�U�L�D �N�O�T �G�O �T�H�R�O�U�G�H��
�4�H�E �C�U�R�R�E�N�T �S�E�C�T�I�O�N �I�N�T�R�O�D�U�C�E�S �A �S�I�N�G�L�E �I�N�F�E�R�E�N�C�E �R�U�L�E���U�H�V�R�O�X�W�L�R�Q�� �T�H�A�T �Y�I�E�L�D�S �A �C�O�M�P�L�E�T�E
�I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M �W�H�E�N �C�O�U�P�L�E�D �W�I�T�H �A�N�Y �C�O�M�P�L�E�T�E �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M��

�7�E �B�E�G�I�N �B�Y �U�S�I�N�G �A �S�I�M�P�L�E �V�E�R�S�I�O�N �O�F �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �,�E�T �U�S
�C�O�N�S�I�D�E�R �T�H�E �S�T�E�P�S �L�E�A�D�I�N�G �U�P �T�O �&�I�G�U�R�E ���������A�	�� �T�H�E �A�G�E�N�T �R�E�T�U�R�N�S �F�R�O�M �;�������= �T�O �;�������= �A�N�D �T�H�E�N
�G�O�E�S �T�O �;�������=�� �W�H�E�R�E �I�T �P�E�R�C�E�I�V�E�S �A �S�T�E�N�C�H�� �B�U�T �N�O �B�R�E�E�Z�E�� �7�E �A�D�D �T�H�E �F�O�L�L�O�W�I�N�G �F�A�C�T�S �T�O �T�H�E
�K�N�O�W�L�E�D�G�E �B�A�S�E��

R11 : : B1;2 :
R12 : B1;2 , (P1;1 _ P2;2 _ P1;3) :

�"�Y �T�H�E �S�A�M�E �P�R�O�C�E�S�S �T�H�A�T �L�E�D �T�OR10 �E�A�R�L�I�E�R�� �W�E �C�A�N �N�O�W �D�E�R�I�V�E �T�H�E �A�B�S�E�N�C�E �O�F �P�I�T�S �I�N �;�������=
�A�N�D �;�������= ���R�E�M�E�M�B�E�R �T�H�A�T �;�������= �I�S �A�L�R�E�A�D�Y �K�N�O�W�N �T�O �B�E �P�I�T�L�E�S�S�	��

R13 : : P2;2 :
R14 : : P1;3 :

�7�E �C�A�N �A�L�S�O �A�P�P�L�Y �B�I�C�O�N�D�I�T�I�O�N�A�L �E�L�I�M�I�N�A�T�I�O�N �T�OR3�� �F�O�L�L�O�W�E�D �B�Y �-�O�D�U�S �0�O�N�E�N�S �W�I�T�HR5�� �T�O
�O�B�T�A�I�N �T�H�E �F�A�C�T �T�H�A�T �T�H�E�R�E �I�S �A �P�I�T �I�N �;�������=�� �;�������=�� �O�R �;�������=��

R15 : P1;1 _ P2;2 _ P3;1 :

�.�O�W �C�O�M�E�S �T�H�E �l�R�S�T �A�P�P�L�I�C�A�T�I�O�N �O�F �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E�� �T�H�E �L�I�T�E�R�A�L: P2;2 �I�NR13 �U�H�V�R�O�Y�H�V �Z�L�W�K
�T�H�E �L�I�T�E�R�A�LP2;2 �I�NR15 �T�O �G�I�V�E �T�H�E�U�H�V�R�O�Y�H�Q�WRESOLVENT

R16 : P1;1 _ P3;1 :

�)�N �%�N�G�L�I�S�H�� �I�F �T�H�E�R�E���S �A �P�I�T �I�N �O�N�E �O�F �;�������=�� �;�������=�� �A�N�D �;�������= �A�N�D �I�T���S �N�O�T �I�N �;�������=�� �T�H�E�N �I�T���S �I�N �;�������=
�O�R �;�������=�� �3�I�M�I�L�A�R�L�Y�� �T�H�E �L�I�T�E�R�A�L: P1;1 �I�NR1 �R�E�S�O�L�V�E�S �W�I�T�H �T�H�E �L�I�T�E�R�A�LP1;1 �I�NR16 �T�O �G�I�V�E

R17 : P3;1 :

�)�N �%�N�G�L�I�S�H�� �I�F �T�H�E�R�E���S �A �P�I�T �I�N �;�������= �O�R �;�������= �A�N�D �I�T���S �N�O�T �I�N �;�������=�� �T�H�E�N �I�T���S �I�N �;�������=�� �4�H�E�S�E �L�A�S�T
�T�W�O �I�N�F�E�R�E�N�C�E �S�T�E�P�S �A�R�E �E�X�A�M�P�L�E�S �O�F �T�H�E�X�Q�L�W �U�H�V�R�O�X�W�L�R�Q�I�N�F�E�R�E�N�C�E �R�U�L�E��UNIT RESOLUTION

`1 _ � � � _ `k ; m
`1 _ � � � _ ` i � 1 _ ` i +1 _ � � � _ `k

;

�W�H�E�R�E �E�A�C�H` �I�S �A �L�I�T�E�R�A�L �A�N�D` i �A�N�Dm �A�R�E�F�R�P�S�O�H�P�H�Q�W�D�U�\ �O�L�W�H�U�D�O�V���I���E���� �O�N�E �I�S �T�H�E �N�E�G�A�T�I�O�NCOMPLEMENTARY
LITERALS



�3�E�C�T�I�O�N �������� �0�R�O�P�O�S�I�T�I�O�N�A�L �4�H�E�O�R�E�M �0�R�O�V�I�N�G ������

�O�F �T�H�E �O�T�H�E�R�	�� �4�H�U�S�� �T�H�E �U�N�I�T �R�E�S�O�L�U�T�I�O�N �R�U�L�E �T�A�K�E�S �A�F�O�D�X�V�H�ˆ�A �D�I�S�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S�ˆ�A�N�D �ACLAUSE

�L�I�T�E�R�A�L �A�N�D �P�R�O�D�U�C�E�S �A �N�E�W �C�L�A�U�S�E�� �.�O�T�E �T�H�A�T �A �S�I�N�G�L�E �L�I�T�E�R�A�L �C�A�N �B�E �V�I�E�W�E�D �A�S �A �D�I�S�J�U�N�C�T�I�O�N �O�F
�O�N�E �L�I�T�E�R�A�L�� �A�L�S�O �K�N�O�W�N �A�S �A�X�Q�L�W �F�O�D�X�V�H��UNIT CLAUSE

�4�H�E �U�N�I�T �R�E�S�O�L�U�T�I�O�N �R�U�L�E �C�A�N �B�E �G�E�N�E�R�A�L�I�Z�E�D �T�O �T�H�E �F�U�L�L�U�H�V�R�O�X�W�L�R�Q�R�U�L�E��RESOLUTION

`1 _ � � � _ `k ; m1 _ � � � _ mn

`1 _ � � � _ ` i � 1 _ ` i +1 _ � � � _ `k _ m1 _ � � � _ mj � 1 _ mj +1 _ � � � _ mn
;

�W�H�E�R�E` i �A�N�Dmj �A�R�E �C�O�M�P�L�E�M�E�N�T�A�R�Y �L�I�T�E�R�A�L�S�� �4�H�I�S �S�A�Y�S �T�H�A�T �R�E�S�O�L�U�T�I�O�N �T�A�K�E�S �T�W�O �C�L�A�U�S�E�S �A�N�D
�P�R�O�D�U�C�E�S �A �N�E�W �C�L�A�U�S�E �C�O�N�T�A�I�N�I�N�G �A�L�L �T�H�E �L�I�T�E�R�A�L�S �O�F �T�H�E �T�W�O �O�R�I�G�I�N�A�L �C�L�A�U�S�E�S�H�[�F�H�S�W�T�H�E �T�W�O
�C�O�M�P�L�E�M�E�N�T�A�R�Y �L�I�T�E�R�A�L�S�� �&�O�R �E�X�A�M�P�L�E�� �W�E �H�A�V�E

P1;1 _ P3;1; : P1;1 _ : P2;2

P3;1 _ : P2;2
:

�4�H�E�R�E �I�S �O�N�E �M�O�R�E �T�E�C�H�N�I�C�A�L �A�S�P�E�C�T �O�F �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E�� �T�H�E �R�E�S�U�L�T�I�N�G �C�L�A�U�S�E �S�H�O�U�L�D �C�O�N�T�A�I�N
�O�N�L�Y �O�N�E �C�O�P�Y �O�F �E�A�C�H �L�I�T�E�R�A�L���� �4�H�E �R�E�M�O�V�A�L �O�F �M�U�L�T�I�P�L�E �C�O�P�I�E�S �O�F �L�I�T�E�R�A�L�S �I�S �C�A�L�L�E�D�I�D�F�W�R�U�L�Q�J��FACTORING

�&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �R�E�S�O�L�V�E(A _ B ) �W�I�T�H(A _ : B )�� �W�E �O�B�T�A�I�N(A _ A)�� �W�H�I�C�H �I�S �R�E�D�U�C�E�D �T�O
�J�U�S�TA��

�4�H�E�V�R�X�Q�G�Q�H�V�V�O�F �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E �C�A�N �B�E �S�E�E�N �E�A�S�I�L�Y �B�Y �C�O�N�S�I�D�E�R�I�N�G �T�H�E �L�I�T�E�R�A�L` i �T�H�A�T
�I�S �C�O�M�P�L�E�M�E�N�T�A�R�Y �T�O �L�I�T�E�R�A�Lmj �I�N �T�H�E �O�T�H�E�R �C�L�A�U�S�E�� �)�F` i �I�S �T�R�U�E�� �T�H�E�Nmj �I�S �F�A�L�S�E�� �A�N�D �H�E�N�C�E
m1 _ � � � _ mj � 1 _ mj +1 _ � � � _ mn �M�U�S�T �B�E �T�R�U�E�� �B�E�C�A�U�S�Em1 _ � � � _ mn �I�S �G�I�V�E�N�� �)�F` i �I�S
�F�A�L�S�E�� �T�H�E�N`1 _ � � � _ ` i � 1 _ ` i +1 _ � � � _ `k �M�U�S�T �B�E �T�R�U�E �B�E�C�A�U�S�E`1 _ � � � _ `k �I�S �G�I�V�E�N�� �.�O�W
` i �I�S �E�I�T�H�E�R �T�R�U�E �O�R �F�A�L�S�E�� �S�O �O�N�E �O�R �O�T�H�E�R �O�F �T�H�E�S�E �C�O�N�C�L�U�S�I�O�N�S �H�O�L�D�S�ˆ�E�X�A�C�T�L�Y �A�S �T�H�E �R�E�S�O�L�U�T�I�O�N
�R�U�L�E �S�T�A�T�E�S��

�7�H�A�T �I�S �M�O�R�E �S�U�R�P�R�I�S�I�N�G �A�B�O�U�T �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E �I�S �T�H�A�T �I�T �F�O�R�M�S �T�H�E �B�A�S�I�S �F�O�R �A �F�A�M�I�L�Y
�O�F�F�R�P�S�O�H�W�H�I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E�S���$ �U�H�V�R�O�X�W�L�R�Q���E�D�V�H�G �W�K�H�R�U�H�P �S�U�R�Y�H�U �F�D�Q�� �I�R�U �D�Q�\ �V�H�Q�W�H�Q�F�H�V
� �D�Q�G� �L�Q �S�U�R�S�R�V�L�W�L�R�Q�D�O �O�R�J�L�F�� �G�H�F�L�G�H �Z�K�H�W�K�H�U� j= � �� �4�H�E�N�E�X�T �T�W�O �S�U�B�S�E�C�T�I�O�N�S �E�X�P�L�A�I�N
�H�O�W �R�E�S�O�L�U�T�I�O�N �A�C�C�O�M�P�L�I�S�H�E�S �T�H�I�S��

�&�R�Q�M�X�Q�F�W�L�Y�H �Q�R�U�P�D�O �I�R�U�P

�4�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E �A�P�P�L�I�E�S �O�N�L�Y �T�O �C�L�A�U�S�E�S ���T�H�A�T �I�S�� �D�I�S�J�U�N�C�T�I�O�N�S �O�F �L�I�T�E�R�A�L�S�	�� �S�O �I�T �W�O�U�L�D �S�E�E�M
�T�O �B�E �R�E�L�E�V�A�N�T �O�N�L�Y �T�O �K�N�O�W�L�E�D�G�E �B�A�S�E�S �A�N�D �Q�U�E�R�I�E�S �C�O�N�S�I�S�T�I�N�G �O�F �C�L�A�U�S�E�S�� �(�O�W�� �T�H�E�N�� �C�A�N
�I�T �L�E�A�D �T�O �A �C�O�M�P�L�E�T�E �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E �F�O�R �A�L�L �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �4�H�E �A�N�S�W�E�R �I�S �T�H�A�T
�H�Y�H�U�\ �V�H�Q�W�H�Q�F�H �R�I �S�U�R�S�R�V�L�W�L�R�Q�D�O �O�R�J�L�F �L�V �O�R�J�L�F�D�O�O�\ �H�T�X�L�Y�D�O�H�Q�W �W�R �D �F�R�Q�M�X�Q�F�W�L�R�Q �R�I �F�O�D�X�V�H�V���!
�S�E�N�T�E�N�C�E �E�X�P�R�E�S�S�E�D �A�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �C�L�A�U�S�E�S �I�S �S�A�I�D �T�O �B�E �I�N�F�R�Q�M�X�Q�F�W�L�Y�H �Q�R�U�P�D�O �I�R�U�P�O�RCONJUNCTIVE

NORMAL FORM

�&�1�)���S�E�E �&�I�G�U�R�E ���������	�� �7�E �N�O�W �D�E�S�C�R�I�B�E �A �P�R�O�C�E�D�U�R�E �F�O�R �C�O�N�V�E�R�T�I�N�G �T�O �#�.�&�� �7�E �I�L�L�U�S�T�R�A�T�E
�T�H�E �P�R�O�C�E�D�U�R�E �B�Y �C�O�N�V�E�R�T�I�N�G �T�H�E �S�E�N�T�E�N�C�EB1;1 , (P1;2 _ P2;1) �I�N�T�O �#�.�&�� �4�H�E �S�T�E�P�S �A�R�E �A�S
�F�O�L�L�O�W�S��

���� �%�L�I�M�I�N�A�T�E, �� �R�E�P�L�A�C�I�N�G� , � �W�I�T�H(� ) � ) ^ (� ) � )��

(B1;1 ) (P1;2 _ P2;1)) ^ ((P1;2 _ P2;1) ) B1;1) :

���� �%�L�I�M�I�N�A�T�E) �� �R�E�P�L�A�C�I�N�G� ) � �W�I�T�H: � _ � ��

(: B1;1 _ P1;2 _ P2;1) ^ (: (P1;2 _ P2;1) _ B1;1) :

9 �)�F �A �C�L�A�U�S�E �I�S �V�I�E�W�E�D �A�S �A�V�H�W�O�F �L�I�T�E�R�A�L�S�� �T�H�E�N �T�H�I�S �R�E�S�T�R�I�C�T�I�O�N �I�S �A�U�T�O�M�A�T�I�C�A�L�L�Y �R�E�S�P�E�C�T�E�D�� �5�S�I�N�G �S�E�T �N�O�T�A�T�I�O�N �F�O�R
�C�L�A�U�S�E�S �M�A�K�E�S �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E �M�U�C�H �C�L�E�A�N�E�R�� �A�T �T�H�E �C�O�S�T �O�F �I�N�T�R�O�D�U�C�I�N�G �A�D�D�I�T�I�O�N�A�L �N�O�T�A�T�I�O�N��



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

���� �#�.�& �R�E�Q�U�I�R�E�S: �T�O �A�P�P�E�A�R �O�N�L�Y �I�N �L�I�T�E�R�A�L�S�� �S�O �W�E �h�M�O�V�E: �I�N�W�A�R�D�S�v �B�Y �R�E�P�E�A�T�E�D �A�P�P�L�I�

�C�A�T�I�O�N �O�F �T�H�E �F�O�L�L�O�W�I�N�G �E�Q�U�I�V�A�L�E�N�C�E�S �F�R�O�M �&�I�G�U�R�E ����������

: (: � ) � � ���D�O�U�B�L�E�
�N�E�G�A�T�I�O�N �E�L�I�M�I�N�A�T�I�O�N�	
: (� ^ � ) � (: � _ : � ) ���$�E �-�O�R�G�A�N�	
: (� _ � ) � (: � ^ : � ) ���$�E �-�O�R�G�A�N�	

�)�N �T�H�E �E�X�A�M�P�L�E�� �W�E �R�E�Q�U�I�R�E �J�U�S�T �O�N�E �A�P�P�L�I�C�A�T�I�O�N �O�F �T�H�E �L�A�S�T �R�U�L�E��

(: B1;1 _ P1;2 _ P2;1) ^ (( : P1;2 ^ : P2;1) _ B1;1) :

���� �.�O�W �W�E �H�A�V�E �A �S�E�N�T�E�N�C�E �C�O�N�T�A�I�N�I�N�G �N�E�S�T�E�D^ �A�N�D_ �O�P�E�R�A�T�O�R�S �A�P�P�L�I�E�D �T�O �L�I�T�E�R�A�L�S�� �7�E
�A�P�P�L�Y �T�H�E �D�I�S�T�R�I�B�U�T�I�V�I�T�Y �L�A�W �F�R�O�M �&�I�G�U�R�E ���������� �D�I�S�T�R�I�B�U�T�I�N�G_ �O�V�E�R^ �W�H�E�R�E�V�E�R �P�O�S�S�I�B�L�E��

(: B1;1 _ P1;2 _ P2;1) ^ (: P1;2 _ B1;1) ^ (: P2;1 _ B1;1) :

�4�H�E �O�R�I�G�I�N�A�L �S�E�N�T�E�N�C�E �I�S �N�O�W �I�N �#�.�&�� �A�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �T�H�R�E�E �C�L�A�U�S�E�S�� �)�T �I�S �M�U�C�H �H�A�R�D�E�R �T�O
�R�E�A�D�� �B�U�T �I�T �C�A�N �B�E �U�S�E�D �A�S �I�N�P�U�T �T�O �A �R�E�S�O�L�U�T�I�O�N �P�R�O�C�E�D�U�R�E��
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�S�P�E�C�I�l�C �Q�U�E�S�T�I�O�N�S �S�U�C�H �A�S �h�7�H�A�T �S�H�A�L�L �) �D�O �N�O�W���v �A�N�D �h�7�H�E�R�E �A�R�E �M�Y �K�E�Y�S���v �/�F�T�E�N�� �T�H�E �C�O�S�T
�O�F �B�A�C�K�W�A�R�D �C�H�A�I�N�I�N�G �I�S�P�X�F�K �O�H�V�V�T�H�A�N �L�I�N�E�A�R �I�N �T�H�E �S�I�Z�E �O�F �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �B�E�C�A�U�S�E �T�H�E
�P�R�O�C�E�S�S �T�O�U�C�H�E�S �O�N�L�Y �R�E�L�E�V�A�N�T �F�A�C�T�S��
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�)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �D�E�S�C�R�I�B�E �T�W�O �F�A�M�I�L�I�E�S �O�F �E�F�l�C�I�E�N�T �A�L�G�O�R�I�T�H�M�S �F�O�R �G�E�N�E�R�A�L �P�R�O�P�O�S�I�T�I�O�N�A�L
�I�N�F�E�R�E�N�C�E �B�A�S�E�D �O�N �M�O�D�E�L �C�H�E�C�K�I�N�G�� �/�N�E �A�P�P�R�O�A�C�H �B�A�S�E�D �O�N �B�A�C�K�T�R�A�C�K�I�N�G �S�E�A�R�C�H�� �A�N�D �O�N�E
�O�N �L�O�C�A�L �H�I�L�L�
�C�L�I�M�B�I�N�G �S�E�A�R�C�H�� �4�H�E�S�E �A�L�G�O�R�I�T�H�M�S �A�R�E �P�A�R�T �O�F �T�H�E �h�T�E�C�H�N�O�L�O�G�Y�v �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L
�L�O�G�I�C�� �4�H�I�S �S�E�C�T�I�O�N �C�A�N �B�E �S�K�I�M�M�E�D �O�N �A �l�R�S�T �R�E�A�D�I�N�G �O�F �T�H�E �C�H�A�P�T�E�R��



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�4�H�E �A�L�G�O�R�I�T�H�M�S �W�E �D�E�S�C�R�I�B�E �A�R�E �F�O�R �C�H�E�C�K�I�N�G �S�A�T�I�S�l�A�B�I�L�I�T�Y�� �T�H�E �3�!�4 �P�R�O�B�L�E�M�� ���!�S �N�O�T�E�D
�E�A�R�L�I�E�R�� �T�E�S�T�I�N�G �E�N�T�A�I�L�M�E�N�T��� j= � �� �C�A�N �B�E �D�O�N�E �B�Y �T�E�S�T�I�N�G�X�Q�S�A�T�I�S�l�A�B�I�L�I�T�Y �O�F� ^ : � ���	 �7�E
�H�A�V�E �A�L�R�E�A�D�Y �N�O�T�E�D �T�H�E �C�O�N�N�E�C�T�I�O�N �B�E�T�W�E�E�N �l�N�D�I�N�G �A �S�A�T�I�S�F�Y�I�N�G �M�O�D�E�L �F�O�R �A �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E
�A�N�D �l�N�D�I�N�G �A �S�O�L�U�T�I�O�N �F�O�R �A �C�O�N�S�T�R�A�I�N�T �S�A�T�I�S�F�A�C�T�I�O�N �P�R�O�B�L�E�M�� �S�O �I�T �I�S �P�E�R�H�A�P�S �N�O�T �S�U�R�P�R�I�S�I�N�G �T�H�A�T
�T�H�E �T�W�O �F�A�M�I�L�I�E�S �O�F �A�L�G�O�R�I�T�H�M�S �C�L�O�S�E�L�Y �R�E�S�E�M�B�L�E �T�H�E �B�A�C�K�T�R�A�C�K�I�N�G �A�L�G�O�R�I�T�H�M�S �O�F �3�E�C�T�I�O�N ������
�A�N�D �T�H�E �L�O�C�A�L �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �O�F �3�E�C�T�I�O�N �������� �4�H�E�Y �A�R�E�� �H�O�W�E�V�E�R�� �E�X�T�R�E�M�E�L�Y �I�M�P�O�R�T�A�N�T �I�N
�T�H�E�I�R �O�W�N �R�I�G�H�T �B�E�C�A�U�S�E �S�O �M�A�N�Y �C�O�M�B�I�N�A�T�O�R�I�A�L �P�R�O�B�L�E�M�S �I�N �C�O�M�P�U�T�E�R �S�C�I�E�N�C�E �C�A�N �B�E �R�E�D�U�C�E�D
�T�O �C�H�E�C�K�I�N�G �T�H�E �S�A�T�I�S�l�A�B�I�L�I�T�Y �O�F �A �P�R�O�P�O�S�I�T�I�O�N�A�L �S�E�N�T�E�N�C�E�� �!�N�Y �I�M�P�R�O�V�E�M�E�N�T �I�N �S�A�T�I�S�l�A�B�I�L�I�T�Y
�A�L�G�O�R�I�T�H�M�S �H�A�S �H�U�G�E �C�O�N�S�E�Q�U�E�N�C�E�S �F�O�R �O�U�R �A�B�I�L�I�T�Y �T�O �H�A�N�D�L�E �C�O�M�P�L�E�X�I�T�Y �I�N �G�E�N�E�R�A�L��

���������� �$ �F�R�P�S�O�H�W�H �E�D�F�N�W�U�D�F�N�L�Q�J �D�O�J�R�U�L�W�K�P

�4�H�E �l�R�S�T �A�L�G�O�R�I�T�H�M �W�E �C�O�N�S�I�D�E�R �I�S �O�F�T�E�N �C�A�L�L�E�D �T�H�E�'�D�Y�L�V�±�3�X�W�Q�D�P �D�O�J�R�U�L�W�K�P�� �A�F�T�E�R �T�H�E �S�E�M�
DAVIS–PUTNAM
ALGORITHM

�I�N�A�L �P�A�P�E�R �B�Y �-�A�R�T�I�N �$�A�V�I�S �A�N�D �(�I�L�A�R�Y �0�U�T�N�A�M �����������	�� �4�H�E �A�L�G�O�R�I�T�H�M �I�S �I�N �F�A�C�T �T�H�E �V�E�R�S�I�O�N
�D�E�S�C�R�I�B�E�D �B�Y �$�A�V�I�S�� �,�O�G�E�M�A�N�N�� �A�N�D �,�O�V�E�L�A�N�D �����������	�� �S�O �W�E �W�I�L�L �C�A�L�L �I�T �$�0�,�, �A�F�T�E�R �T�H�E �I�N�I�

�T�I�A�L�S �O�F �A�L�L �F�O�U�R �A�U�T�H�O�R�S�� �$�0�,�, �T�A�K�E�S �A�S �I�N�P�U�T �A �S�E�N�T�E�N�C�E �I�N �C�O�N�J�U�N�C�T�I�V�E �N�O�R�M�A�L �F�O�R�M�ˆ�A �S�E�T
�O�F �C�L�A�U�S�E�S�� �,�I�K�E �"�!�#�+�4�2�!�#�+�)�.�'�
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� �(�D�U�O�\ �W�H�U�P�L�Q�D�W�L�R�Q�� �4�H�E �A�L�G�O�R�I�T�H�M �D�E�T�E�C�T�S �W�H�E�T�H�E�R �T�H�E �S�E�N�T�E�N�C�E �M�U�S�T �B�E �T�R�U�E �O�R �F�A�L�S�E��
�E�V�E�N �W�I�T�H �A �P�A�R�T�I�A�L�L�Y �C�O�M�P�L�E�T�E�D �M�O�D�E�L�� �! �C�L�A�U�S�E �I�S �T�R�U�E �I�F�D�Q�\�L�I�T�E�R�A�L �I�S �T�R�U�E�� �E�V�E�N �I�F
�T�H�E �O�T�H�E�R �L�I�T�E�R�A�L�S �D�O �N�O�T �Y�E�T �H�A�V�E �T�R�U�T�H �V�A�L�U�E�S�� �H�E�N�C�E�� �T�H�E �S�E�N�T�E�N�C�E �A�S �A �W�H�O�L�E �C�O�U�L�D �B�E
�J�U�D�G�E�D �T�R�U�E �E�V�E�N �B�E�F�O�R�E �T�H�E �M�O�D�E�L �I�S �C�O�M�P�L�E�T�E�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �S�E�N�T�E�N�C�E(A _ B ) ^
(A _ C) �I�S �T�R�U�E �I�FA �I�S �T�R�U�E�� �R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �V�A�L�U�E�S �O�FB �A�N�DC�� �3�I�M�I�L�A�R�L�Y�� �A �S�E�N�T�E�N�C�E
�I�S �F�A�L�S�E �I�F�D�Q�\�C�L�A�U�S�E �I�S �F�A�L�S�E�� �W�H�I�C�H �O�C�C�U�R�S �W�H�E�N �E�A�C�H �O�F �I�T�S �L�I�T�E�R�A�L�S �I�S �F�A�L�S�E�� �!�G�A�I�N�� �T�H�I�S
�C�A�N �O�C�C�U�R �L�O�N�G �B�E�F�O�R�E �T�H�E �M�O�D�E�L �I�S �C�O�M�P�L�E�T�E�� �%�A�R�L�Y �T�E�R�M�I�N�A�T�I�O�N �A�V�O�I�D�S �E�X�A�M�I�N�A�T�I�O�N �O�F
�E�N�T�I�R�E �S�U�B�T�R�E�E�S �I�N �T�H�E �S�E�A�R�C�H �S�P�A�C�E��

� �3�X�U�H �V�\�P�E�R�O �K�H�X�U�L�V�W�L�F�� �! �S�X�U�H �V�\�P�E�R�O�I�S �A �S�Y�M�B�O�L �T�H�A�T �A�L�W�A�Y�S �A�P�P�E�A�R�S �W�I�T�H �T�H�E �S�A�M�EPURE SYMBOL

�h�S�I�G�N�v �I�N �A�L�L �C�L�A�U�S�E�S�� �&�O�R �E�X�A�M�P�L�E�� �I�N �T�H�E �T�H�R�E�E �C�L�A�U�S�E�S(A _ : B )��(: B _ : C)�� �A�N�D
(C _ A)�� �T�H�E �S�Y�M�B�O�LA �I�S �P�U�R�E �B�E�C�A�U�S�E �O�N�L�Y �T�H�E �P�O�S�I�T�I�V�E �L�I�T�E�R�A�L �A�P�P�E�A�R�S��B �I�S �P�U�R�E
�B�E�C�A�U�S�E �O�N�L�Y �T�H�E �N�E�G�A�T�I�V�E �L�I�T�E�R�A�L �A�P�P�E�A�R�S�� �A�N�DC �I�S �I�M�P�U�R�E�� �)�T �I�S �E�A�S�Y �T�O �S�E�E �T�H�A�T �I�F
�A �S�E�N�T�E�N�C�E �H�A�S �A �M�O�D�E�L�� �T�H�E�N �I�T �H�A�S �A �M�O�D�E�L �W�I�T�H �T�H�E �P�U�R�E �S�Y�M�B�O�L�S �A�S�S�I�G�N�E�D �S�O �A�S �T�O
�M�A�K�E �T�H�E�I�R �L�I�T�E�R�A�L�Strue�� �B�E�C�A�U�S�E �D�O�I�N�G �S�O �C�A�N �N�E�V�E�R �M�A�K�E �A �C�L�A�U�S�E �F�A�L�S�E�� �.�O�T�E �T�H�A�T�� �I�N
�D�E�T�E�R�M�I�N�I�N�G �T�H�E �P�U�R�I�T�Y �O�F �A �S�Y�M�B�O�L�� �T�H�E �A�L�G�O�R�I�T�H�M �C�A�N �I�G�N�O�R�E �C�L�A�U�S�E�S �T�H�A�T �A�R�E �A�L�R�E�A�D�Y
�K�N�O�W�N �T�O �B�E �T�R�U�E �I�N �T�H�E �M�O�D�E�L �C�O�N�S�T�R�U�C�T�E�D �S�O �F�A�R�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �M�O�D�E�L �C�O�N�T�A�I�N�S
B = false�� �T�H�E�N �T�H�E �C�L�A�U�S�E(: B _ : C) �I�S �A�L�R�E�A�D�Y �T�R�U�E�� �A�N�D �I�N �T�H�E �R�E�M�A�I�N�I�N�G �C�L�A�U�S�E�SC
�A�P�P�E�A�R�S �O�N�L�Y �A�S �A �P�O�S�I�T�I�V�E �L�I�T�E�R�A�L�� �T�H�E�R�E�F�O�R�EC �B�E�C�O�M�E�S �P�U�R�E��

� �8�Q�L�W �F�O�D�X�V�H �K�H�X�U�L�V�W�L�F�� �! �X�Q�L�W �F�O�D�X�V�H�W�A�S �D�E�l�N�E�D �E�A�R�L�I�E�R �A�S �A �C�L�A�U�S�E �W�I�T�H �J�U�S�T �O�N�E �L�I�T�

�E�R�A�L�� �)�N �T�H�E �C�O�N�T�E�X�T �O�F �$�0�,�,�� �I�T �A�L�S�O �M�E�A�N�S �C�L�A�U�S�E�S �I�N �W�H�I�C�H �A�L�L �L�I�T�E�R�A�L�S �B�U�T �O�N�E �A�R�E
�A�L�R�E�A�D�Y �A�S�S�I�G�N�E�Dfalse �B�Y �T�H�E �M�O�D�E�L�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �M�O�D�E�L �C�O�N�T�A�I�N�SB = true��
�T�H�E�N(: B _ : C) �S�I�M�P�L�I�l�E�S �T�O: C�� �W�H�I�C�H �I�S �A �U�N�I�T �C�L�A�U�S�E�� �/�B�V�I�O�U�S�L�Y�� �F�O�R �T�H�I�S �C�L�A�U�S�E
�T�O �B�E �T�R�U�E��C �M�U�S�T �B�E �S�E�T �T�Ofalse�� �4�H�E �U�N�I�T �C�L�A�U�S�E �H�E�U�R�I�S�T�I�C �A�S�S�I�G�N�S �A�L�L �S�U�C�H �S�Y�M�B�O�L�S
�B�E�F�O�R�E �B�R�A�N�C�H�I�N�G �O�N �T�H�E �R�E�M�A�I�N�D�E�R�� �/�N�E �I�M�P�O�R�T�A�N�T �C�O�N�S�E�Q�U�E�N�C�E �O�F �T�H�E �H�E�U�R�I�S�T�I�C �I�S �T�H�A�T
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�L�Q�S�X�W�V��s�� �A �S�E�N�T�E�N�C�E �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C

clauses �T�H�E �S�E�T �O�F �C�L�A�U�S�E�S �I�N �T�H�E �#�.�& �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�Fs
symbols �A �L�I�S�T �O�F �T�H�E �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S �I�Ns
�U�H�W�X�U�Q�$�0�,�,��clauses��symbols��f g �	

�I�X�Q�F�W�L�R�Q�$�0�,�,��clauses��symbols��model�	�U�H�W�X�U�Q�Vtrue �O�Rfalse

�L�I�E�V�E�R�Y �C�L�A�U�S�E �I�Nclauses�I�S �T�R�U�E �I�Nmodel �W�K�H�Q �U�H�W�X�U�Qtrue
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�&�I�G�U�R�E �����������A�	 �P�L�O�T�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �F�O�RCNF3(m; 50)�� �T�H�A�T �I�S�� �S�E�N�T�E�N�C�E�S �W�I�T�H ���� �V�A�R�I�A�B�L�E�S
�A�N�D �� �L�I�T�E�R�A�L�S �P�E�R �C�L�A�U�S�E�� �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �C�L�A�U�S�E���S�Y�M�B�O�L �R�A�T�I�O��m=n�� �!�S �W�E �E�X�P�E�C�T�� �F�O�R
�S�M�A�L�Lm=n �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �S�A�T�I�S�l�A�B�I�L�I�T�Y �I�S �C�L�O�S�E �T�O ���� �A�N�D �A�T �L�A�R�G�Em=n �T�H�E �P�R�O�B�A�B�I�L�I�T�Y
�I�S �C�L�O�S�E �T�O ���� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�R�O�P�S �F�A�I�R�L�Y �S�H�A�R�P�L�Y �A�R�O�U�N�Dm=n = 4 :3�� �%�M�P�I�R�I�C�A�L�L�Y�� �W�E �l�N�D
�T�H�A�T �T�H�E �h�C�L�I�F�F�v �S�T�A�Y�S �I�N �R�O�U�G�H�L�Y �T�H�E �S�A�M�E �P�L�A�C�E ���F�O�Rk = 3 �	 �A�N�D �G�E�T�S �S�H�A�R�P�E�R �A�N�D �S�H�A�R�P�E�R �A�Sn
�I�N�C�R�E�A�S�E�S�� �4�H�E�O�R�E�T�I�C�A�L�L�Y�� �T�H�E�V�D�W�L�V�¿�D�E�L�O�L�W�\ �W�K�U�H�V�K�R�O�G �F�R�Q�M�H�F�W�X�U�H�S�A�Y�S �T�H�A�T �F�O�R �E�V�E�R�Yk � 3��

SATISFIABILITY
THRESHOLD
CONJECTURE

�T�H�E�R�E �I�S �A �T�H�R�E�S�H�O�L�D �R�A�T�I�Or k �S�U�C�H �T�H�A�T�� �A�Sn �G�O�E�S �T�O �I�N�l�N�I�T�Y�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�TCNFk(n; rn )
�I�S �S�A�T�I�S�l�A�B�L�E �B�E�C�O�M�E�S �� �F�O�R �A�L�L �V�A�L�U�E�S �O�Fr �B�E�L�O�W �T�H�E �T�H�R�E�S�H�O�L�D�� �A�N�D �� �F�O�R �A�L�L �V�A�L�U�E�S �A�B�O�V�E��
�4�H�E �C�O�N�J�E�C�T�U�R�E �R�E�M�A�I�N�S �U�N�P�R�O�V�E�N��
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�#�L�A�U�S�E���S�Y�M�B�O�L �R�A�T�I�O�P���Q

�$�0�,�,
�7�A�L�K�3�!�4

���A�	 ���B�	

�)�L�J�X�U�H �����������A�	 �'�R�A�P�H �S�H�O�W�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A �R�A�N�D�O�M ���
�#�.�& �S�E�N�T�E�N�C�E �W�I�T�Hn = 50
�S�Y�M�B�O�L�S �I�S �S�A�T�I�S�l�A�B�L�E�� �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �C�L�A�U�S�E���S�Y�M�B�O�L �R�A�T�I�Om=n�� ���B�	 �'�R�A�P�H �O�F �T�H�E �M�E�D�I�A�N
�R�U�N �T�I�M�E ���M�E�A�S�U�R�E�D �I�N �N�U�M�B�E�R �O�F �R�E�C�U�R�S�I�V�E �C�A�L�L�S �T�O �$�0�,�,�� �A �G�O�O�D �P�R�O�X�Y�	 �O�N �R�A�N�D�O�M ���
�#�.�&
�S�E�N�T�E�N�C�E�S�� �4�H�E �M�O�S�T �D�I�F�l�C�U�L�T �P�R�O�B�L�E�M�S �H�A�V�E �A �C�L�A�U�S�E���S�Y�M�B�O�L �R�A�T�I�O �O�F �A�B�O�U�T ��������

�.�O�W �T�H�A�T �W�E �H�A�V�E �A �G�O�O�D �I�D�E�A �W�H�E�R�E �T�H�E �S�A�T�I�S�l�A�B�L�E �A�N�D �U�N�S�A�T�I�S�l�A�B�L�E �P�R�O�B�L�E�M�S �A�R�E�� �T�H�E
�N�E�X�T �Q�U�E�S�T�I�O�N �I�S�� �W�H�E�R�E �A�R�E �T�H�E �H�A�R�D �P�R�O�B�L�E�M�S�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�E�Y �A�R�E �A�L�S�O �O�F�T�E�N �A�T �T�H�E
�T�H�R�E�S�H�O�L�D �V�A�L�U�E�� �&�I�G�U�R�E �����������B�	 �S�H�O�W�S �T�H�A�T �����
�S�Y�M�B�O�L �P�R�O�B�L�E�M�S �A�T �T�H�E �T�H�R�E�S�H�O�L�D �V�A�L�U�E �O�F ������
�A�R�E �A�B�O�U�T ���� �T�I�M�E�S �M�O�R�E �D�I�F�l�C�U�L�T �T�O �S�O�L�V�E �T�H�A�N �T�H�O�S�E �A�T �A �R�A�T�I�O �O�F �������� �4�H�E �U�N�D�E�R�C�O�N�S�T�R�A�I�N�E�D
�P�R�O�B�L�E�M�S �A�R�E �E�A�S�I�E�S�T �T�O �S�O�L�V�E ���B�E�C�A�U�S�E �I�T �I�S �S�O �E�A�S�Y �T�O �G�U�E�S�S �A �S�O�L�U�T�I�O�N�	�� �T�H�E �O�V�E�R�C�O�N�S�T�R�A�I�N�E�D
�P�R�O�B�L�E�M�S �A�R�E �N�O�T �A�S �E�A�S�Y �A�S �T�H�E �U�N�D�E�R�C�O�N�S�T�R�A�I�N�E�D�� �B�U�T �S�T�I�L�L �A�R�E �M�U�C�H �E�A�S�I�E�R �T�H�A�N �T�H�E �O�N�E�S �R�I�G�H�T
�A�T �T�H�E �T�H�R�E�S�H�O�L�D��



�3�E�C�T�I�O�N �������� �!�G�E�N�T�S �"�A�S�E�D �O�N �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C ������

������ �!�'�%�.�4�3�" �!�3�%�$�/�. �0�2�/�0�/�3�)�4�)�/�.�!�,�, �/�'�)�#

�)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �B�R�I�N�G �T�O�G�E�T�H�E�R �W�H�A�T �W�E �H�A�V�E �L�E�A�R�N�E�D �S�O �F�A�R �I�N �O�R�D�E�R �T�O �C�O�N�S�T�R�U�C�T �W�U�M�P�U�S
�W�O�R�L�D �A�G�E�N�T�S �T�H�A�T �U�S�E �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �4�H�E �l�R�S�T �S�T�E�P �I�S �T�O �E�N�A�B�L�E �T�H�E �A�G�E�N�T �T�O �D�E�D�U�C�E�� �T�O �T�H�E
�E�X�T�E�N�T �P�O�S�S�I�B�L�E�� �T�H�E �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D �G�I�V�E�N �I�T�S �P�E�R�C�E�P�T �H�I�S�T�O�R�Y�� �4�H�I�S �R�E�Q�U�I�R�E�S �W�R�I�T�I�N�G �D�O�W�N �A
�C�O�M�P�L�E�T�E �L�O�G�I�C�A�L �M�O�D�E�L �O�F �T�H�E �E�F�F�E�C�T�S �O�F �A�C�T�I�O�N�S�� �7�E �A�L�S�O �S�H�O�W �H�O�W �T�H�E �A�G�E�N�T �C�A�N �K�E�E�P �T�R�A�C�K �O�F
�T�H�E �W�O�R�L�D �E�F�l�C�I�E�N�T�L�Y �W�I�T�H�O�U�T �G�O�I�N�G �B�A�C�K �I�N�T�O �T�H�E �P�E�R�C�E�P�T �H�I�S�T�O�R�Y �F�O�R �E�A�C�H �I�N�F�E�R�E�N�C�E�� �&�I�N�A�L�L�Y��
�W�E �S�H�O�W �H�O�W �T�H�E �A�G�E�N�T �C�A�N �U�S�E �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E �T�O �C�O�N�S�T�R�U�C�T �P�L�A�N�S �T�H�A�T �A�R�E �G�U�A�R�A�N�T�E�E�D �T�O
�A�C�H�I�E�V�E �I�T�S �G�O�A�L�S��

���������� �7�K�H �F�X�U�U�H�Q�W �V�W�D�W�H �R�I �W�K�H �Z�R�U�O�G

�!�S �S�T�A�T�E�D �A�T �T�H�E �B�E�G�I�N�N�I�N�G �O�F �T�H�E �C�H�A�P�T�E�R�� �A �L�O�G�I�C�A�L �A�G�E�N�T �O�P�E�R�A�T�E�S �B�Y �D�E�D�U�C�I�N�G �W�H�A�T �T�O �D�O
�F�R�O�M �A �K�N�O�W�L�E�D�G�E �B�A�S�E �O�F �S�E�N�T�E�N�C�E�S �A�B�O�U�T �T�H�E �W�O�R�L�D�� �4�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �I�S �C�O�M�P�O�S�E�D �O�F
�A�X�I�O�M�S�ˆ�G�E�N�E�R�A�L �K�N�O�W�L�E�D�G�E �A�B�O�U�T �H�O�W �T�H�E �W�O�R�L�D �W�O�R�K�S�ˆ�A�N�D �P�E�R�C�E�P�T �S�E�N�T�E�N�C�E�S �O�B�T�A�I�N�E�D
�F�R�O�M �T�H�E �A�G�E�N�T���S �E�X�P�E�R�I�E�N�C�E �I�N �A �P�A�R�T�I�C�U�L�A�R �W�O�R�L�D�� �)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �F�O�C�U�S �O�N �T�H�E �P�R�O�B�L�E�M �O�F
�D�E�D�U�C�I�N�G �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �O�F �T�H�E �W�U�M�P�U�S �W�O�R�L�D�ˆ�W�H�E�R�E �A�M �)�� �I�S �T�H�A�T �S�Q�U�A�R�E �S�A�F�E�� �A�N�D �S�O �O�N��

�7�E �B�E�G�A�N �C�O�L�L�E�C�T�I�N�G �A�X�I�O�M�S �I�N �3�E�C�T�I�O�N ������������ �4�H�E �A�G�E�N�T �K�N�O�W�S �T�H�A�T �T�H�E �S�T�A�R�T�I�N�G �S�Q�U�A�R�E
�C�O�N�T�A�I�N�S �N�O �P�I�T ��: P1;1�	 �A�N�D �N�O �W�U�M�P�U�S ��: W1;1�	�� �&�U�R�T�H�E�R�M�O�R�E�� �F�O�R �E�A�C�H �S�Q�U�A�R�E�� �I�T �K�N�O�W�S �T�H�A�T
�T�H�E �S�Q�U�A�R�E �I�S �B�R�E�E�Z�Y �I�F �A�N�D �O�N�L�Y �I�F �A �N�E�I�G�H�B�O�R�I�N�G �S�Q�U�A�R�E �H�A�S �A �P�I�T�� �A�N�D �A �S�Q�U�A�R�E �I�S �S�M�E�L�L�Y �I�F �A�N�D
�O�N�L�Y �I�F �A �N�E�I�G�H�B�O�R�I�N�G �S�Q�U�A�R�E �H�A�S �A �W�U�M�P�U�S�� �4�H�U�S�� �W�E �I�N�C�L�U�D�E �A �L�A�R�G�E �C�O�L�L�E�C�T�I�O�N �O�F �S�E�N�T�E�N�C�E�S
�O�F �T�H�E �F�O�L�L�O�W�I�N�G �F�O�R�M��

B1;1 , (P1;2 _ P2;1)
S1;1 , (W1;2 _ W2;1)
� � �

�4�H�E �A�G�E�N�T �A�L�S�O �K�N�O�W�S �T�H�A�T �T�H�E�R�E �I�S �E�X�A�C�T�L�Y �O�N�E �W�U�M�P�U�S�� �4�H�I�S �I�S �E�X�P�R�E�S�S�E�D �I�N �T�W�O �P�A�R�T�S�� �&�I�R�S�T��
�W�E �H�A�V�E �T�O �S�A�Y �T�H�A�T �T�H�E�R�E �I�S�D�W �O�H�D�V�W �R�Q�H�W�U�M�P�U�S��

W1;1 _ W1;2 _ � � � _ W4;3 _ W4;4 :

�4�H�E�N�� �W�E �H�A�V�E �T�O �S�A�Y �T�H�A�T �T�H�E�R�E �I�S�D�W �P�R�V�W �R�Q�H�W�U�M�P�U�S�� �&�O�R �E�A�C�H �P�A�I�R �O�F �L�O�C�A�T�I�O�N�S�� �W�E �A�D�D �A
�S�E�N�T�E�N�C�E �S�A�Y�I�N�G �T�H�A�T �A�T �L�E�A�S�T �O�N�E �O�F �T�H�E�M �M�U�S�T �B�E �W�U�M�P�U�S�
�F�R�E�E��

: W1;1 _ : W1;2

: W1;1 _ : W1;3

� � �
: W4;3 _ : W4;4 :

�3�O �F�A�R�� �S�O �G�O�O�D�� �.�O�W �L�E�T���S �C�O�N�S�I�D�E�R �T�H�E �A�G�E�N�T���S �P�E�R�C�E�P�T�S�� �)�F �T�H�E�R�E �I�S �C�U�R�R�E�N�T�L�Y �A �S�T�E�N�C�H�� �O�N�E
�M�I�G�H�T �S�U�P�P�O�S�E �T�H�A�T �A �P�R�O�P�O�S�I�T�I�O�NStench�S�H�O�U�L�D �B�E �A�D�D�E�D �T�O �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �4�H�I�S �I�S �N�O�T
�Q�U�I�T�E �R�I�G�H�T�� �H�O�W�E�V�E�R�� �I�F �T�H�E�R�E �W�A�S �N�O �S�T�E�N�C�H �A�T �T�H�E �P�R�E�V�I�O�U�S �T�I�M�E �S�T�E�P�� �T�H�E�N: Stench�W�O�U�L�D �A�L�

�R�E�A�D�Y �B�E �A�S�S�E�R�T�E�D�� �A�N�D �T�H�E �N�E�W �A�S�S�E�R�T�I�O�N �W�O�U�L�D �S�I�M�P�L�Y �R�E�S�U�L�T �I�N �A �C�O�N�T�R�A�D�I�C�T�I�O�N�� �4�H�E �P�R�O�B�L�E�M
�I�S �S�O�L�V�E�D �W�H�E�N �W�E �R�E�A�L�I�Z�E �T�H�A�T �A �P�E�R�C�E�P�T �A�S�S�E�R�T�S �S�O�M�E�T�H�I�N�G�R�Q�O�\ �D�E�R�X�W �W�K�H �F�X�U�U�H�Q�W �W�L�P�H�� �4�H�U�S��
�I�F �T�H�E �T�I�M�E �S�T�E�P ���A�S �S�U�P�P�L�I�E�D �T�O �-�!�+�%�
�0�%�2�#�%�0�4�
�3�%�.�4�%�.�#�%�I�N �&�I�G�U�R�E �������	 �I�S ���� �T�H�E�N �W�E �A�D�D



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

Stench4 �T�O �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �R�A�T�H�E�R �T�H�A�NStench�ˆ�N�E�A�T�L�Y �A�V�O�I�D�I�N�G �A�N�Y �C�O�N�T�R�A�D�I�C�T�I�O�N �W�I�T�H
: Stench3�� �4�H�E �S�A�M�E �G�O�E�S �F�O�R �T�H�E �B�R�E�E�Z�E�� �B�U�M�P�� �G�L�I�T�T�E�R�� �A�N�D �S�C�R�E�A�M �P�E�R�C�E�P�T�S��

�4�H�E �I�D�E�A �O�F �A�S�S�O�C�I�A�T�I�N�G �P�R�O�P�O�S�I�T�I�O�N�S �W�I�T�H �T�I�M�E �S�T�E�P�S �E�X�T�E�N�D�S �T�O �A�N�Y �A�S�P�E�C�T �O�F �T�H�E �W�O�R�L�D
�T�H�A�T �C�H�A�N�G�E�S �O�V�E�R �T�I�M�E�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �I�N�I�T�I�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �I�N�C�L�U�D�E�SL 0

1;1�ˆ�T�H�E �A�G�E�N�T �I�S �I�N
�S�Q�U�A�R�E[1; 1] �A�T �T�I�M�E ���ˆ�A�S �W�E�L�L �A�SFacingEast0��HaveArrow0�� �A�N�DWumpusAlive0�� �7�E �U�S�E
�T�H�E �W�O�R�D�À�X�H�Q�W���F�R�O�M �T�H�E �,�A�T�I�N�À�X�H�Q�V�� �m�O�W�I�N�G�	 �T�O �R�E�F�E�R �A�N �A�S�P�E�C�T �O�F �T�H�E �W�O�R�L�D �T�H�A�T �C�H�A�N�G�E�S��FLUENT

�h�&�L�U�E�N�T�v �I�S �A �S�Y�N�O�N�Y�M �F�O�R �h�S�T�A�T�E �V�A�R�I�A�B�L�E���v �I�N �T�H�E �S�E�N�S�E �D�E�S�C�R�I�B�E�D �I�N �T�H�E �D�I�S�C�U�S�S�I�O�N �O�F �F�A�C�T�O�R�E�D
�R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �I�N �3�E�C�T�I�O�N ���������� �O�N �P�A�G�E ������ �3�Y�M�B�O�L�S �A�S�S�O�C�I�A�T�E�D �W�I�T�H �P�E�R�M�A�N�E�N�T �A�S�P�E�C�T�S �O�F
�T�H�E �W�O�R�L�D �D�O �N�O�T �N�E�E�D �A �T�I�M�E �S�U�P�E�R�S�C�R�I�P�T �A�N�D �A�R�E �S�O�M�E�T�I�M�E�S �C�A�L�L�E�D�D�W�H�P�S�R�U�D�O �Y�D�U�L�D�E�O�H�V��ATEMPORAL
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�7�E �C�A�N �C�O�N�N�E�C�T �S�T�E�N�C�H �A�N�D �B�R�E�E�Z�E �P�E�R�C�E�P�T�S �D�I�R�E�C�T�L�Y �T�O �T�H�E �P�R�O�P�E�R�T�I�E�S �O�F �T�H�E �S�Q�U�A�R�E�S
�W�H�E�R�E �T�H�E�Y �A�R�E �E�X�P�E�R�I�E�N�C�E�D �T�H�R�O�U�G�H �T�H�E �L�O�C�A�T�I�O�N �m�U�E�N�T �A�S �F�O�L�L�O�W�S������ �&�O�R �A�N�Y �T�I�M�E �S�T�E�Pt �A�N�D
�A�N�Y �S�Q�U�A�R�E[x; y]�� �W�E �A�S�S�E�R�T

L t
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L t
x;y ) (Stencht , Sx;y ) :

�.�O�W�� �O�F �C�O�U�R�S�E�� �W�E �N�E�E�D �A�X�I�O�M�S �T�H�A�T �A�L�L�O�W �T�H�E �A�G�E�N�T �T�O �K�E�E�P �T�R�A�C�K �O�F �m�U�E�N�T�S �S�U�C�H �A�SL t
x;y ��

�4�H�E�S�E �m�U�E�N�T�S �C�H�A�N�G�E �A�S �T�H�E �R�E�S�U�L�T �O�F �A�C�T�I�O�N�S �T�A�K�E�N �B�Y �T�H�E �A�G�E�N�T�� �S�O�� �I�N �T�H�E �T�E�R�M�I�N�O�L�O�G�Y �O�F
�#�H�A�P�T�E�R ���� �W�E �N�E�E�D �T�O �W�R�I�T�E �D�O�W�N �T�H�E�W�U�D�Q�V�L�W�L�R�Q �P�R�G�H�O�O�F �T�H�E �W�U�M�P�U�S �W�O�R�L�D �A�S �A �S�E�T �O�F
�L�O�G�I�C�A�L �S�E�N�T�E�N�C�E�S��

�&�I�R�S�T�� �W�E �N�E�E�D �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S �F�O�R �T�H�E �O�C�C�U�R�R�E�N�C�E�S �O�F �A�C�T�I�O�N�S�� �!�S �W�I�T�H �P�E�R�C�E�P�T�S��
�T�H�E�S�E �S�Y�M�B�O�L�S �A�R�E �I�N�D�E�X�E�D �B�Y �T�I�M�E�� �T�H�U�S��Forward 0 �M�E�A�N�S �T�H�A�T �T�H�E �A�G�E�N�T �E�X�E�C�U�T�E�S �T�H�E�)�R�U�Z�D�U�G
�A�C�T�I�O�N �A�T �T�I�M�E ���� �"�Y �C�O�N�V�E�N�T�I�O�N�� �T�H�E �P�E�R�C�E�P�T �F�O�R �A �G�I�V�E�N �T�I�M�E �S�T�E�P �H�A�P�P�E�N�S �l�R�S�T�� �F�O�L�L�O�W�E�D �B�Y
�T�H�E �A�C�T�I�O�N �F�O�R �T�H�A�T �T�I�M�E �S�T�E�P�� �F�O�L�L�O�W�E�D �B�Y �A �T�R�A�N�S�I�T�I�O�N �T�O �T�H�E �N�E�X�T �T�I�M�E �S�T�E�P��

�4�O �D�E�S�C�R�I�B�E �H�O�W �T�H�E �W�O�R�L�D �C�H�A�N�G�E�S�� �W�E �C�A�N �T�R�Y �W�R�I�T�I�N�G�H�I�I�H�F�W �D�[�L�R�P�V�T�H�A�T �S�P�E�C�I�F�Y �T�H�EEFFECT AXIOM

�O�U�T�C�O�M�E �O�F �A�N �A�C�T�I�O�N �A�T �T�H�E �N�E�X�T �T�I�M�E �S�T�E�P�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �A�G�E�N�T �I�S �A�T �L�O�C�A�T�I�O�N[1; 1] �F�A�C�I�N�G
�E�A�S�T �A�T �T�I�M�E �� �A�N�D �G�O�E�SForward �� �T�H�E �R�E�S�U�L�T �I�S �T�H�A�T �T�H�E �A�G�E�N�T �I�S �I�N �S�Q�U�A�R�E[2; 1] �A�N�D �N�O �L�O�N�G�E�R
�I�S �I�N[1; 1]��
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1;1 ^ FacingEast0 ^ Forward 0 ) (L 1
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�7�E �W�O�U�L�D �N�E�E�D �O�N�E �S�U�C�H �S�E�N�T�E�N�C�E �F�O�R �E�A�C�H �P�O�S�S�I�B�L�E �T�I�M�E �S�T�E�P�� �F�O�R �E�A�C�H �O�F �T�H�E ���� �S�Q�U�A�R�E�S��
�A�N�D �E�A�C�H �O�F �T�H�E �F�O�U�R �O�R�I�E�N�T�A�T�I�O�N�S�� �7�E �W�O�U�L�D �A�L�S�O �N�E�E�D �S�I�M�I�L�A�R �S�E�N�T�E�N�C�E�S �F�O�R �T�H�E �O�T�H�E�R �A�C�T�I�O�N�S��
�*�U�D�E���6�K�R�R�W���&�O�L�P�E���7�X�U�Q�/�H�I�W�� �A�N�D�7�X�U�Q�5�L�J�K�W��

�,�E�T �U�S �S�U�P�P�O�S�E �T�H�A�T �T�H�E �A�G�E�N�T �D�O�E�S �D�E�C�I�D�E �T�O �M�O�V�E�)�R�U�Z�D�U�G�A�T �T�I�M�E �� �A�N�D �A�S�S�E�R�T�S �T�H�I�S
�F�A�C�T �I�N�T�O �I�T�S �K�N�O�W�L�E�D�G�E �B�A�S�E�� �'�I�V�E�N �T�H�E �E�F�F�E�C�T �A�X�I�O�M �I�N �%�Q�U�A�T�I�O�N ���������	�� �C�O�M�B�I�N�E�D �W�I�T�H �T�H�E
�I�N�I�T�I�A�L �A�S�S�E�R�T�I�O�N�S �A�B�O�U�T �T�H�E �S�T�A�T�E �A�T �T�I�M�E ���� �T�H�E �A�G�E�N�T �C�A�N �N�O�W �D�E�D�U�C�E �T�H�A�T �I�T �I�S �I�N[2; 1]�� �4�H�A�T
�I�S�� �!�3�+(KB ; L 1

2;1) = true�� �3�O �F�A�R�� �S�O �G�O�O�D�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �T�H�E �N�E�W�S �E�L�S�E�W�H�E�R�E �I�S �L�E�S�S �G�O�O�D��
�I�F �W�E �!�3�+(KB ; HaveArrow1)�� �T�H�E �A�N�S�W�E�R �I�Sfalse�� �T�H�A�T �I�S�� �T�H�E �A�G�E�N�T �C�A�N�N�O�T �P�R�O�V�E �I�T �S�T�I�L�L
�H�A�S �T�H�E �A�R�R�O�W�� �N�O�R �C�A�N �I�T �P�R�O�V�E �I�T�G�R�H�V�Q�¶�W�H�A�V�E �I�T�� �4�H�E �I�N�F�O�R�M�A�T�I�O�N �H�A�S �B�E�E�N �L�O�S�T �B�E�C�A�U�S�E �T�H�E
�E�F�F�E�C�T �A�X�I�O�M �F�A�I�L�S �T�O �S�T�A�T�E �W�H�A�T �R�E�M�A�I�N�S�X�Q�F�K�D�Q�J�H�G�A�S �T�H�E �R�E�S�U�L�T �O�F �A�N �A�C�T�I�O�N�� �4�H�E �N�E�E�D �T�O �D�O
�T�H�I�S �G�I�V�E�S �R�I�S�E �T�O �T�H�E�I�U�D�P�H �S�U�R�E�O�H�P������ �/�N�E �P�O�S�S�I�B�L�E �S�O�L�U�T�I�O�N �T�O �T�H�E �F�R�A�M�E �P�R�O�B�L�E�M �W�O�U�L�DFRAME PROBLEM

10 �3�E�C�T�I�O�N ���������� �C�O�N�V�E�N�I�E�N�T�L�Y �G�L�O�S�S�E�D �O�V�E�R �T�H�I�S �R�E�Q�U�I�R�E�M�E�N�T��
11 �4�H�E �N�A�M�E �h�F�R�A�M�E �P�R�O�B�L�E�M�v �C�O�M�E�S �F�R�O�M �h�F�R�A�M�E �O�F �R�E�F�E�R�E�N�C�E�v �I�N �P�H�Y�S�I�C�S�ˆ�T�H�E �A�S�S�U�M�E�D �S�T�A�T�I�O�N�A�R�Y �B�A�C�K�G�R�O�U�N�D
�W�I�T�H �R�E�S�P�E�C�T �T�O �W�H�I�C�H �M�O�T�I�O�N �I�S �M�E�A�S�U�R�E�D�� �)�T �A�L�S�O �H�A�S �A�N �A�N�A�L�O�G�Y �T�O �T�H�E �F�R�A�M�E�S �O�F �A �M�O�V�I�E�� �I�N �W�H�I�C�H �N�O�R�M�A�L�L�Y
�M�O�S�T �O�F �T�H�E �B�A�C�K�G�R�O�U�N�D �S�T�A�Y�S �C�O�N�S�T�A�N�T �W�H�I�L�E �C�H�A�N�G�E�S �O�C�C�U�R �I�N �T�H�E �F�O�R�E�G�R�O�U�N�D��



�3�E�C�T�I�O�N �������� �!�G�E�N�T�S �"�A�S�E�D �O�N �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C ������

�B�E �T�O �A�D�D�I�U�D�P�H �D�[�L�R�P�V�E�X�P�L�I�C�I�T�L�Y �A�S�S�E�R�T�I�N�G �A�L�L �T�H�E �P�R�O�P�O�S�I�T�I�O�N�S �T�H�A�T �R�E�M�A�I�N �T�H�E �S�A�M�E�� �&�O�RFRAME AXIOM

�E�X�A�M�P�L�E�� �F�O�R �E�A�C�H �T�I�M�Et �W�E �W�O�U�L�D �H�A�V�E

Forward t ) (HaveArrow t , HaveArrow t+1 )
Forward t ) (WumpusAlivet , WumpusAlivet+1 )
� � �

�W�H�E�R�E �W�E �E�X�P�L�I�C�I�T�L�Y �M�E�N�T�I�O�N �E�V�E�R�Y �P�R�O�P�O�S�I�T�I�O�N �T�H�A�T �S�T�A�Y�S �U�N�C�H�A�N�G�E�D �F�R�O�M �T�I�M�Et �T�O �T�I�M�E
t + 1 �U�N�D�E�R �T�H�E �A�C�T�I�O�NForward �� �!�L�T�H�O�U�G�H �T�H�E �A�G�E�N�T �N�O�W �K�N�O�W�S �T�H�A�T �I�T �S�T�I�L�L �H�A�S �T�H�E �A�R�R�O�W
�A�F�T�E�R �M�O�V�I�N�G �F�O�R�W�A�R�D �A�N�D �T�H�A�T �T�H�E �W�U�M�P�U�S �H�A�S�N���T �D�I�E�D �O�R �C�O�M�E �B�A�C�K �T�O �L�I�F�E�� �T�H�E �P�R�O�L�I�F�E�R�A�T�I�O�N
�O�F �F�R�A�M�E �A�X�I�O�M�S �S�E�E�M�S �R�E�M�A�R�K�A�B�L�Y �I�N�E�F�l�C�I�E�N�T�� �)�N �A �W�O�R�L�D �W�I�T�Hm �D�I�F�F�E�R�E�N�T �A�C�T�I�O�N�S �A�N�Dn
�m�U�E�N�T�S�� �T�H�E �S�E�T �O�F �F�R�A�M�E �A�X�I�O�M�S �W�I�L�L �B�E �O�F �S�I�Z�EO(mn)�� �4�H�I�S �S�P�E�C�I�l�C �M�A�N�I�F�E�S�T�A�T�I�O�N �O�F �T�H�E
�F�R�A�M�E �P�R�O�B�L�E�M �I�S �S�O�M�E�T�I�M�E�S �C�A�L�L�E�D �T�H�E�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�D�O �I�U�D�P�H �S�U�R�E�O�H�P�� �(�I�S�T�O�R�I�C�A�L�L�Y�� �T�H�EREPRESENTATIONAL
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�P�R�O�B�L�E�M �W�A�S �A �S�I�G�N�I�l�C�A�N�T �O�N�E �F�O�R �!�) �R�E�S�E�A�R�C�H�E�R�S�� �W�E �E�X�P�L�O�R�E �I�T �F�U�R�T�H�E�R �I�N �T�H�E �N�O�T�E�S �A�T �T�H�E �E�N�D
�O�F �T�H�E �C�H�A�P�T�E�R��

�4�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�A�L �F�R�A�M�E �P�R�O�B�L�E�M �I�S �S�I�G�N�I�l�C�A�N�T �B�E�C�A�U�S�E �T�H�E �R�E�A�L �W�O�R�L�D �H�A�S �V�E�R�Y �M�A�N�Y
�m�U�E�N�T�S�� �T�O �P�U�T �I�T �M�I�L�D�L�Y�� �&�O�R�T�U�N�A�T�E�L�Y �F�O�R �U�S �H�U�M�A�N�S�� �E�A�C�H �A�C�T�I�O�N �T�Y�P�I�C�A�L�L�Y �C�H�A�N�G�E�S �N�O �M�O�R�E
�T�H�A�N �S�O�M�E �S�M�A�L�L �N�U�M�B�E�Rk �O�F �T�H�O�S�E �m�U�E�N�T�S�ˆ�T�H�E �W�O�R�L�D �E�X�H�I�B�I�T�S�O�R�F�D�O�L�W�\�� �3�O�L�V�I�N�G �T�H�E �R�E�P�R�E�
LOCALITY

�S�E�N�T�A�T�I�O�N�A�L �F�R�A�M�E �P�R�O�B�L�E�M �R�E�Q�U�I�R�E�S �D�E�l�N�I�N�G �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �W�I�T�H �A �S�E�T �O�F �A�X�I�O�M�S �O�F �S�I�Z�E
O(mk) �R�A�T�H�E�R �T�H�A�N �S�I�Z�EO(mn)�� �4�H�E�R�E �I�S �A�L�S�O �A�N�L�Q�I�H�U�H�Q�W�L�D�O �I�U�D�P�H �S�U�R�E�O�H�P�� �T�H�E �P�R�O�B�L�E�MINFERENTIAL FRAME

PROBLEM

�O�F �P�R�O�J�E�C�T�I�N�G �F�O�R�W�A�R�D �T�H�E �R�E�S�U�L�T�S �O�F �At �S�T�E�P �P�L�A�N �O�F �A�C�T�I�O�N �I�N �T�I�M�EO(kt) �R�A�T�H�E�R �T�H�A�NO(nt )��
�4�H�E �S�O�L�U�T�I�O�N �T�O �T�H�E �P�R�O�B�L�E�M �I�N�V�O�L�V�E�S �C�H�A�N�G�I�N�G �O�N�E���S �F�O�C�U�S �F�R�O�M �W�R�I�T�I�N�G �A�X�I�O�M�S �A�B�O�U�T

�D�F�W�L�R�Q�V�T�O �W�R�I�T�I�N�G �A�X�I�O�M�S �A�B�O�U�T�À�X�H�Q�W�V�� �4�H�U�S�� �F�O�R �E�A�C�H �m�U�E�N�TF �� �W�E �W�I�L�L �H�A�V�E �A�N �A�X�I�O�M �T�H�A�T
�D�E�l�N�E�S �T�H�E �T�R�U�T�H �V�A�L�U�E �O�FF t+1 �I�N �T�E�R�M�S �O�F �m�U�E�N�T�S ���I�N�C�L�U�D�I�N�GF �I�T�S�E�L�F�	 �A�T �T�I�M�Et �A�N�D �T�H�E �A�C�T�I�O�N�S
�T�H�A�T �M�A�Y �H�A�V�E �O�C�C�U�R�R�E�D �A�T �T�I�M�Et�� �.�O�W�� �T�H�E �T�R�U�T�H �V�A�L�U�E �O�FF t+1 �C�A�N �B�E �S�E�T �I�N �O�N�E �O�F �T�W�O �W�A�Y�S��
�E�I�T�H�E�R �T�H�E �A�C�T�I�O�N �A�T �T�I�M�Et �C�A�U�S�E�SF �T�O �B�E �T�R�U�E �A�Tt + 1 �� �O�RF �W�A�S �A�L�R�E�A�D�Y �T�R�U�E �A�T �T�I�M�Et �A�N�D �T�H�E
�A�C�T�I�O�N �A�T �T�I�M�Et �D�O�E�S �N�O�T �C�A�U�S�E �I�T �T�O �B�E �F�A�L�S�E�� �!�N �A�X�I�O�M �O�F �T�H�I�S �F�O�R�M �I�S �C�A�L�L�E�D �A�V�X�F�F�H�V�V�R�U���V�W�D�W�H
�D�[�L�R�P�A�N�D �H�A�S �T�H�I�S �S�C�H�E�M�A��SUCCESSOR­STATE

AXIOM

F t+1 , ActionCausesFt _ (F t ^ : ActionCausesNotFt ) :

�/�N�E �O�F �T�H�E �S�I�M�P�L�E�S�T �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S �I�S �T�H�E �O�N�E �F�O�RHaveArrow�� �"�E�C�A�U�S�E �T�H�E�R�E �I�S �N�O
�A�C�T�I�O�N �F�O�R �R�E�L�O�A�D�I�N�G�� �T�H�EActionCausesFt �P�A�R�T �G�O�E�S �A�W�A�Y �A�N�D �W�E �A�R�E �L�E�F�T �W�I�T�H

HaveArrow t+1 , (HaveArrow t ^ : Shoott ) : ���������	

�&�O�R �T�H�E �A�G�E�N�T���S �L�O�C�A�T�I�O�N�� �T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S �A�R�E �M�O�R�E �E�L�A�B�O�R�A�T�E�� �&�O�R �E�X�A�M�P�L�E��L t+1
1;1

�I�S �T�R�U�E �I�F �E�I�T�H�E�R ���A�	 �T�H�E �A�G�E�N�T �M�O�V�E�D�)�R�U�Z�D�U�G�F�R�O�M[1; 2] �W�H�E�N �F�A�C�I�N�G �S�O�U�T�H�� �O�R �F�R�O�M[2; 1]
�W�H�E�N �F�A�C�I�N�G �W�E�S�T�� �O�R ���B�	L t

1;1 �W�A�S �A�L�R�E�A�D�Y �T�R�U�E �A�N�D �T�H�E �A�C�T�I�O�N �D�I�D �N�O�T �C�A�U�S�E �M�O�V�E�M�E�N�T ���E�I�T�H�E�R
�B�E�C�A�U�S�E �T�H�E �A�C�T�I�O�N �W�A�S �N�O�TForward �O�R �B�E�C�A�U�S�E �T�H�E �A�C�T�I�O�N �B�U�M�P�E�D �I�N�T�O �A �W�A�L�L�	�� �7�R�I�T�T�E�N �O�U�T
�I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �T�H�I�S �B�E�C�O�M�E�S

L t+1
1;1 , (L t

1;1 ^ (: Forward t _ Bumpt+1 ))

_ (L t
1;2 ^ (Southt ^ Forward t )) ���������	

_ (L t
2;1 ^ (Westt ^ Forward t )) :

�%�X�E�R�C�I�S�E �������� �A�S�K�S �Y�O�U �T�O �W�R�I�T�E �O�U�T �A�X�I�O�M�S �F�O�R �T�H�E �R�E�M�A�I�N�I�N�G �W�U�M�P�U�S �W�O�R�L�D �m�U�E�N�T�S��



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�'�I�V�E�N �A �C�O�M�P�L�E�T�E �S�E�T �O�F �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S �A�N�D �T�H�E �O�T�H�E�R �A�X�I�O�M�S �L�I�S�T�E�D �A�T �T�H�E �B�E�G�I�N�

�N�I�N�G �O�F �T�H�I�S �S�E�C�T�I�O�N�� �T�H�E �A�G�E�N�T �W�I�L�L �B�E �A�B�L�E �T�O �!�3�+�A�N�D �A�N�S�W�E�R �A�N�Y �A�N�S�W�E�R�A�B�L�E �Q�U�E�S�T�I�O�N �A�B�O�U�T
�T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D�� �&�O�R �E�X�A�M�P�L�E�� �I�N �3�E�C�T�I�O�N ������ �T�H�E �I�N�I�T�I�A�L �S�E�Q�U�E�N�C�E �O�F �P�E�R�C�E�P�T�S �A�N�D
�A�C�T�I�O�N�S �I�S

: Stench0 ^ : Breeze0 ^ : Glitter 0 ^ : Bump0 ^ : Scream0 ; Forward 0

: Stench1 ^ Breeze1 ^ : Glitter 1 ^ : Bump1 ^ : Scream1 ; TurnRight 1

: Stench2 ^ Breeze2 ^ : Glitter 2 ^ : Bump2 ^ : Scream2 ; TurnRight 2

: Stench3 ^ Breeze3 ^ : Glitter 3 ^ : Bump3 ^ : Scream3 ; Forward 3

: Stench4 ^ : Breeze4 ^ : Glitter 4 ^ : Bump4 ^ : Scream4 ; TurnRight 4

: Stench5 ^ : Breeze5 ^ : Glitter 5 ^ : Bump5 ^ : Scream5 ; Forward 5

Stench6 ^ : Breeze6 ^ : Glitter 6 ^ : Bump6 ^ : Scream6

�!�T �T�H�I�S �P�O�I�N�T�� �W�E �H�A�V�E �!�3�+(KB ; L 6
1;2) = true�� �S�O �T�H�E �A�G�E�N�T �K�N�O�W�S �W�H�E�R�E �I�T �I�S�� �-�O�R�E�O�V�E�R��

�! �3�+(KB ; W1;3) = true �A�N�D �!�3�+(KB ; P3;1) = true�� �S�O �T�H�E �A�G�E�N�T �H�A�S �F�O�U�N�D �T�H�E �W�U�M�P�U�S �A�N�D
�O�N�E �O�F �T�H�E �P�I�T�S�� �4�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �Q�U�E�S�T�I�O�N �F�O�R �T�H�E �A�G�E�N�T �I�S �W�H�E�T�H�E�R �A �S�Q�U�A�R�E �I�S �/�+ �T�O �M�O�V�E
�I�N�T�O�� �T�H�A�T �I�S�� �T�H�E �S�Q�U�A�R�E �C�O�N�T�A�I�N�S �N�O �P�I�T �N�O�R �L�I�V�E �W�U�M�P�U�S�� �)�T���S �C�O�N�V�E�N�I�E�N�T �T�O �A�D�D �A�X�I�O�M�S �F�O�R
�T�H�I�S�� �H�A�V�I�N�G �T�H�E �F�O�R�M

OK t
x;y , : Px;y ^ : (Wx;y ^ WumpusAlivet ) :

�&�I�N�A�L�L�Y�� �!�3�+(KB ; OK 6
2;2) = true �� �S�O �T�H�E �S�Q�U�A�R�E[2; 2] �I�S �/�+ �T�O �M�O�V�E �I�N�T�O�� �)�N �F�A�C�T�� �G�I�V�E�N �A

�S�O�U�N�D �A�N�D �C�O�M�P�L�E�T�E �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M �S�U�C�H �A�S �$�0�,�,�� �T�H�E �A�G�E�N�T �C�A�N �A�N�S�W�E�R �A�N�Y �A�N�S�W�E�R�A�B�L�E
�Q�U�E�S�T�I�O�N �A�B�O�U�T �W�H�I�C�H �S�Q�U�A�R�E�S �A�R�E �/�+�ˆ�A�N�D �C�A�N �D�O �S�O �I�N �J�U�S�T �A �F�E�W �M�I�L�L�I�S�E�C�O�N�D�S �F�O�R �S�M�A�L�L�
�T�O�

�M�E�D�I�U�M �W�U�M�P�U�S �W�O�R�L�D�S��

�3�O�L�V�I�N�G �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�A�L �A�N�D �I�N�F�E�R�E�N�T�I�A�L �F�R�A�M�E �P�R�O�B�L�E�M�S �I�S �A �B�I�G �S�T�E�P �F�O�R�W�A�R�D�� �B�U�T
�A �P�E�R�N�I�C�I�O�U�S �P�R�O�B�L�E�M �R�E�M�A�I�N�S�� �W�E �N�E�E�D �T�O �C�O�N�l�R�M �T�H�A�T�D�O�O�T�H�E �N�E�C�E�S�S�A�R�Y �P�R�E�C�O�N�D�I�T�I�O�N�S �O�F �A�N
�A�C�T�I�O�N �H�O�L�D �F�O�R �I�T �T�O �H�A�V�E �I�T�S �I�N�T�E�N�D�E�D �E�F�F�E�C�T�� �7�E �S�A�I�D �T�H�A�T �T�H�EForward �A�C�T�I�O�N �M�O�V�E�S �T�H�E �A�G�E�N�T
�A�H�E�A�D �U�N�L�E�S�S �T�H�E�R�E �I�S �A �W�A�L�L �I�N �T�H�E �W�A�Y�� �B�U�T �T�H�E�R�E �A�R�E �M�A�N�Y �O�T�H�E�R �U�N�U�S�U�A�L �E�X�C�E�P�T�I�O�N�S �T�H�A�T �C�O�U�L�D
�C�A�U�S�E �T�H�E �A�C�T�I�O�N �T�O �F�A�I�L�� �T�H�E �A�G�E�N�T �M�I�G�H�T �T�R�I�P �A�N�D �F�A�L�L�� �B�E �S�T�R�I�C�K�E�N �W�I�T�H �A �H�E�A�R�T �A�T�T�A�C�K�� �B�E �C�A�R�R�I�E�D
�A�W�A�Y �B�Y �G�I�A�N�T �B�A�T�S�� �E�T�C�� �3�P�E�C�I�F�Y�I�N�G �A�L�L �T�H�E�S�E �E�X�C�E�P�T�I�O�N�S �I�S �C�A�L�L�E�D �T�H�E�T�X�D�O�L�¿�F�D�W�L�R�Q �S�U�R�E�O�H�P��QUALIFICATION

PROBLEM

�4�H�E�R�E �I�S �N�O �C�O�M�P�L�E�T�E �S�O�L�U�T�I�O�N �W�I�T�H�I�N �L�O�G�I�C�� �S�Y�S�T�E�M �D�E�S�I�G�N�E�R�S �H�A�V�E �T�O �U�S�E �G�O�O�D �J�U�D�G�M�E�N�T �I�N
�D�E�C�I�D�I�N�G �H�O�W �D�E�T�A�I�L�E�D �T�H�E�Y �W�A�N�T �T�O �B�E �I�N �S�P�E�C�I�F�Y�I�N�G �T�H�E�I�R �M�O�D�E�L�� �A�N�D �W�H�A�T �D�E�T�A�I�L�S �T�H�E�Y �W�A�N�T
�T�O �L�E�A�V�E �O�U�T�� �7�E �W�I�L�L �S�E�E �I�N �#�H�A�P�T�E�R ���� �T�H�A�T �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �A�L�L�O�W�S �U�S �T�O �S�U�M�M�A�R�I�Z�E �A�L�L �T�H�E
�E�X�C�E�P�T�I�O�N�S �W�I�T�H�O�U�T �E�X�P�L�I�C�I�T�L�Y �N�A�M�I�N�G �T�H�E�M��

���������� �$ �K�\�E�U�L�G �D�J�H�Q�W

�4�H�E �A�B�I�L�I�T�Y �T�O �D�E�D�U�C�E �V�A�R�I�O�U�S �A�S�P�E�C�T�S �O�F �T�H�E �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D �C�A�N �B�E �C�O�M�B�I�N�E�D �F�A�I�R�L�Y �S�T�R�A�I�G�H�T�

�F�O�R�W�A�R�D�L�Y �W�I�T�H �C�O�N�D�I�T�I�O�N�n�A�C�T�I�O�N �R�U�L�E�S �A�N�D �W�I�T�H �P�R�O�B�L�E�M�
�S�O�L�V�I�N�G �A�L�G�O�R�I�T�H�M�S �F�R�O�M �#�H�A�P�T�E�R�S ��
�A�N�D �� �T�O �P�R�O�D�U�C�E �A�K�\�E�U�L�G �D�J�H�Q�W�F�O�R �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �&�I�G�U�R�E �������� �S�H�O�W�S �O�N�E �P�O�S�S�I�B�L�E �W�A�YHYBRID AGENT

�T�O �D�O �T�H�I�S�� �4�H�E �A�G�E�N�T �P�R�O�G�R�A�M �M�A�I�N�T�A�I�N�S �A�N�D �U�P�D�A�T�E�S �A �K�N�O�W�L�E�D�G�E �B�A�S�E �A�S �W�E�L�L �A�S �A �C�U�R�R�E�N�T
�P�L�A�N�� �4�H�E �I�N�I�T�I�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�S �T�H�E�D�W�H�P�S�R�U�D�O�A�X�I�O�M�S�ˆ�T�H�O�S�E �T�H�A�T �D�O�N���T �D�E�P�E�N�D
�O�Nt�� �S�U�C�H �A�S �T�H�E �A�X�I�O�M �R�E�L�A�T�I�N�G �T�H�E �B�R�E�E�Z�I�N�E�S�S �O�F �S�Q�U�A�R�E�S �T�O �T�H�E �P�R�E�S�E�N�C�E �O�F �P�I�T�S�� �!�T �E�A�C�H
�T�I�M�E �S�T�E�P�� �T�H�E �N�E�W �P�E�R�C�E�P�T �S�E�N�T�E�N�C�E �I�S �A�D�D�E�D �A�L�O�N�G �W�I�T�H �A�L�L �T�H�E �A�X�I�O�M�S �T�H�A�T �D�E�P�E�N�D �O�Nt�� �S�U�C�H



�3�E�C�T�I�O�N �������� �!�G�E�N�T�S �"�A�S�E�D �O�N �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C ������

�A�S �T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S�� ���4�H�E �N�E�X�T �S�E�C�T�I�O�N �E�X�P�L�A�I�N�S �W�H�Y �T�H�E�A�G�E�N�T �D�O�E�S�N���T �N�E�E�D �A�X�I�O�M�S
�F�O�R�I�X�W�X�U�H�T�I�M�E �S�T�E�P�S���	 �4�H�E�N�� �T�H�E �A�G�E�N�T �U�S�E�S �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E�� �B�Y �!�3�+�I�N�G �Q�U�E�S�T�I�O�N�S �O�F �T�H�E
�K�N�O�W�L�E�D�G�E �B�A�S�E�� �T�O �W�O�R�K �O�U�T �W�H�I�C�H �S�Q�U�A�R�E�S �A�R�E �S�A�F�E �A�N�D �W�H�I�C�H �H�A�V�E �Y�E�T �T�O �B�E �V�I�S�I�T�E�D��

�4�H�E �M�A�I�N �B�O�D�Y �O�F �T�H�E �A�G�E�N�T �P�R�O�G�R�A�M �C�O�N�S�T�R�U�C�T�S �A �P�L�A�N �B�A�S�E�D �O�N �A �D�E�C�R�E�A�S�I�N�G �P�R�I�O�R�I�T�Y �O�F
�G�O�A�L�S�� �&�I�R�S�T�� �I�F �T�H�E�R�E �I�S �A �G�L�I�T�T�E�R�� �T�H�E �P�R�O�G�R�A�M �C�O�N�S�T�R�U�C�T�S �A �P�L�A�N �T�O �G�R�A�B �T�H�E �G�O�L�D�� �F�O�L�L�O�W �A �R�O�U�T�E
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�E�X�P�O�N�E�N�T�I�A�L �I�N �T�H�E �N�U�M�B�E�R �O�F �S�Y�M�B�O�L�S��

�/�N�E �V�E�R�Y �C�O�M�M�O�N �A�N�D �N�A�T�U�R�A�L �S�C�H�E�M�E �F�O�R�D�S�S�U�R�[�L�P�D�W�H�S�T�A�T�E �E�S�T�I�M�A�T�I�O�N �I�S �T�O �R�E�P�R�E�S�E�N�T
�B�E�L�I�E�F �S�T�A�T�E�S �A�S �C�O�N�J�U�N�C�T�I�O�N�S �O�F �L�I�T�E�R�A�L�S�� �T�H�A�T �I�S�� ���
�#�.�& �F�O�R�M�U�L�A�S�� �4�O �D�O �T�H�I�S�� �T�H�E �A�G�E�N�T �P�R�O�G�R�A�M
�S�I�M�P�L�Y �T�R�I�E�S �T�O �P�R�O�V�EX t �A�N�D: X t �F�O�R �E�A�C�H �S�Y�M�B�O�LX t ���A�S �W�E�L�L �A�S �E�A�C�H �A�T�E�M�P�O�R�A�L �S�Y�M�B�O�L
�W�H�O�S�E �T�R�U�T�H �V�A�L�U�E �I�S �N�O�T �Y�E�T �K�N�O�W�N�	�� �G�I�V�E�N �T�H�E �B�E�L�I�E�F �S�T�A�T�E �A�Tt � 1�� �4�H�E �C�O�N�J�U�N�C�T�I�O�N �O�F



�3�E�C�T�I�O�N �������� �!�G�E�N�T�S �"�A�S�E�D �O�N �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C ������

�)�L�J�X�U�H ���������$�E�P�I�C�T�I�O�N �O�F �A ���
�#�.�& �B�E�L�I�E�F �S�T�A�T�E ���B�O�L�D �O�U�T�L�I�N�E�	 �A�S �A �S�I�M�P�L�Y �R�E�P�R�E�S�E�N�T�A�B�L�E��
�C�O�N�S�E�R�V�A�T�I�V�E �A�P�P�R�O�X�I�M�A�T�I�O�N �T�O �T�H�E �E�X�A�C�T ���W�I�G�G�L�Y�	 �B�E�L�I�E�F �S�T�A�T�E ���S�H�A�D�E�D �R�E�G�I�O�N �W�I�T�H �D�A�S�H�E�D
�O�U�T�L�I�N�E�	�� �%�A�C�H �P�O�S�S�I�B�L�E �W�O�R�L�D �I�S �S�H�O�W�N �A�S �A �C�I�R�C�L�E�� �T�H�E �S�H�A�D�E�D �O�N�E�S �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �A�L�L �T�H�E
�P�E�R�C�E�P�T�S��

�P�R�O�V�A�B�L�E �L�I�T�E�R�A�L�S �B�E�C�O�M�E�S �T�H�E �N�E�W �B�E�L�I�E�F �S�T�A�T�E�� �A�N�D �T�H�E �P�R�E�V�I�O�U�S �B�E�L�I�E�F �S�T�A�T�E �I�S �D�I�S�C�A�R�D�E�D��
�)�T �I�S �I�M�P�O�R�T�A�N�T �T�O �U�N�D�E�R�S�T�A�N�D �T�H�A�T �T�H�I�S �S�C�H�E�M�E �M�A�Y �L�O�S�E �S�O�M�E �I�N�F�O�R�M�A�T�I�O�N �A�S �T�I�M�E �G�O�E�S

�A�L�O�N�G�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �S�E�N�T�E�N�C�E �I�N �%�Q�U�A�T�I�O�N ���������	 �W�E�R�E �T�H�E �T�R�U�E �B�E�L�I�E�F �S�T�A�T�E�� �T�H�E�N �N�E�I�T�H�E�R
P3;1 �N�O�RP2;2 �W�O�U�L�D �B�E �P�R�O�V�A�B�L�E �I�N�D�I�V�I�D�U�A�L�L�Y �A�N�D �N�E�I�T�H�E�R �W�O�U�L�D �A�P�P�E�A�R �I�N �T�H�E ���
�#�.�& �B�E�L�I�E�F
�S�T�A�T�E�� ���%�X�E�R�C�I�S�E �������� �E�X�P�L�O�R�E�S �O�N�E �P�O�S�S�I�B�L�E �S�O�L�U�T�I�O�N �T�O �T�H�I�S �P�R�O�B�L�E�M���	 �/�N �T�H�E �O�T�H�E�R �H�A�N�D��
�B�E�C�A�U�S�E �E�V�E�R�Y �L�I�T�E�R�A�L �I�N �T�H�E ���
�#�.�& �B�E�L�I�E�F �S�T�A�T�E �I�S �P�R�O�V�E�D �F�R�O�M �T�H�E �P�R�E�V�I�O�U�S �B�E�L�I�E�F �S�T�A�T�E�� �A�N�D
�T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E �I�S �A �T�R�U�E �A�S�S�E�R�T�I�O�N�� �W�E �K�N�O�W �T�H�A�T �E�N�T�I�R�E ���
�#�.�& �B�E�L�I�E�F �S�T�A�T�E �M�U�S�T �B�E
�T�R�U�E�� �4�H�U�S���W�K�H �V�H�W �R�I �S�R�V�V�L�E�O�H �V�W�D�W�H�V �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �����&�1�) �E�H�O�L�H�I �V�W�D�W�H �L�Q�F�O�X�G�H�V �D�O�O �V�W�D�W�H�V
�W�K�D�W �D�U�H �L�Q �I�D�F�W �S�R�V�V�L�E�O�H �J�L�Y�H�Q �W�K�H �I�X�O�O �S�H�U�F�H�S�W �K�L�V�W�R�U�\���!�S �I�L�L�U�S�T�R�A�T�E�D �I�N �&�I�G�U�R�E ���������� �T�H�E ���

�#�.�& �B�E�L�I�E�F �S�T�A�T�E �A�C�T�S �A�S �A �S�I�M�P�L�E �O�U�T�E�R �E�N�V�E�L�O�P�E�� �O�R�F�R�Q�V�H�U�Y�D�W�L�Y�H �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �A�R�O�U�N�D �T�H�ECONSERVATIVE

APPROXIMATION

�E�X�A�C�T �B�E�L�I�E�F �S�T�A�T�E�� �7�E �S�E�E �T�H�I�S �I�D�E�A �O�F �C�O�N�S�E�R�V�A�T�I�V�E �A�P�P�R�O�X�I�M�A�T�I�O�N�S �T�O �C�O�M�P�L�I�C�A�T�E�D �S�E�T�S �A�S �A
�R�E�C�U�R�R�I�N�G �T�H�E�M�E �I�N �M�A�N�Y �A�R�E�A�S �O�F �!�)��

���������� �0�D�N�L�Q�J �S�O�D�Q�V �E�\ �S�U�R�S�R�V�L�W�L�R�Q�D�O �L�Q�I�H�U�H�Q�F�H

�4�H�E �A�G�E�N�T �I�N �&�I�G�U�R�E �������� �U�S�E�S �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E �T�O �D�E�T�E�R�M�I�N�E �W�H�I�C�H �S�Q�U�A�R�E�S �A�R�E �S�A�F�E�� �B�U�T �U�S�E�S
�!� �S�E�A�R�C�H �T�O �M�A�K�E �P�L�A�N�S�� �)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �S�H�O�W �H�O�W �T�O �M�A�K�E �P�L�A�N�S �B�Y �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E��
�4�H�E �B�A�S�I�C �I�D�E�A �I�S �V�E�R�Y �S�I�M�P�L�E��

���� �#�O�N�S�T�R�U�C�T �A �S�E�N�T�E�N�C�E �T�H�A�T �I�N�C�L�U�D�E�S

���A�	Init 0�� �A �C�O�L�L�E�C�T�I�O�N �O�F �A�S�S�E�R�T�I�O�N�S �A�B�O�U�T �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E��
���B�	Transition 1; : : : ; Transition t �� �T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S �F�O�R �A�L�L �P�O�S�S�I�B�L�E �A�C�T�I�O�N�S

�A�T �E�A�C�H �T�I�M�E �U�P �T�O �S�O�M�E �M�A�X�I�M�U�M �T�I�M�Et��
���C�	 �T�H�E �A�S�S�E�R�T�I�O�N �T�H�A�T �T�H�E �G�O�A�L �I�S �A�C�H�I�E�V�E�D �A�T �T�I�M�Et��HaveGoldt ^ ClimbedOutt ��



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

���� �0�R�E�S�E�N�T �T�H�E �W�H�O�L�E �S�E�N�T�E�N�C�E �T�O �A �3�!�4 �S�O�L�V�E�R�� �)�F �T�H�E �S�O�L�V�E�R �l�N�D�S �A �S�A�T�I�S�F�Y�I�N�G �M�O�D�E�L�� �T�H�E�N
�T�H�E �G�O�A�L �I�S �A�C�H�I�E�V�A�B�L�E�� �I�F �T�H�E �S�E�N�T�E�N�C�E �I�S �U�N�S�A�T�I�S�l�A�B�L�E�� �T�H�E�N �T�H�E �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M �I�S
�I�M�P�O�S�S�I�B�L�E��

���� �!�S�S�U�M�I�N�G �A �M�O�D�E�L �I�S �F�O�U�N�D�� �E�X�T�R�A�C�T �F�R�O�M �T�H�E �M�O�D�E�L �T�H�O�S�E �V�A�R�I�A�B�L�E�S �T�H�A�T �R�E�P�R�E�S�E�N�T �A�C�

�T�I�O�N�S �A�N�D �A�R�E �A�S�S�I�G�N�E�Dtrue�� �4�O�G�E�T�H�E�R �T�H�E�Y �R�E�P�R�E�S�E�N�T �A �P�L�A�N �T�O �A�C�H�I�E�V�E �T�H�E �G�O�A�L�S��

�! �P�R�O�P�O�S�I�T�I�O�N�A�L �P�L�A�N�N�I�N�G �P�R�O�C�E�D�U�R�E�� �3�!�4�0�,�!�. �� �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �)�T �I�M�P�L�E�M�E�N�T�S �T�H�E
�B�A�S�I�C �I�D�E�A �J�U�S�T �G�I�V�E�N�� �W�I�T�H �O�N�E �T�W�I�S�T�� �"�E�C�A�U�S�E �T�H�E �A�G�E�N�T �D�O�E�S �N�O�T �K�N�O�W �H�O�W �M�A�N�Y �S�T�E�P�S �I�T
�W�I�L�L �T�A�K�E �T�O �R�E�A�C�H �T�H�E �G�O�A�L�� �T�H�E �A�L�G�O�R�I�T�H�M �T�R�I�E�S �E�A�C�H �P�O�S�S�I�B�L�E �N�U�M�B�E�R �O�F �S�T�E�P�St�� �U�P �T�O �S�O�M�E
�M�A�X�I�M�U�M �C�O�N�C�E�I�V�A�B�L�E �P�L�A�N �L�E�N�G�T�HTmax �� �)�N �T�H�I�S �W�A�Y�� �I�T �I�S �G�U�A�R�A�N�T�E�E�D �T�O �l�N�D �T�H�E �S�H�O�R�T�E�S�T �P�L�A�N
�I�F �O�N�E �E�X�I�S�T�S�� �"�E�C�A�U�S�E �O�F �T�H�E �W�A�Y �3�!�4�0�,�!�. �S�E�A�R�C�H�E�S �F�O�R �A �S�O�L�U�T�I�O�N�� �T�H�I�S �A�P�P�R�O�A�C�H �C�A�N�N�O�T
�B�E �U�S�E�D �I�N �A �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�� �3�!�4�0�,�!�. �W�O�U�L�D �J�U�S�T �S�E�T �T�H�E �U�N�O�B�S�E�R�V�A�B�L�E
�V�A�R�I�A�B�L�E�S �T�O �T�H�E �V�A�L�U�E�S �I�T �N�E�E�D�S �T�O �C�R�E�A�T�E �A �S�O�L�U�T�I�O�N��

�I�X�Q�F�W�L�R�Q�3�!�4�0�,�!�. ��init ; transition ; goal��T max �	 �U�H�W�X�U�Q�V�S�O�L�U�T�I�O�N �O�R �F�A�I�L�U�R�E
�L�Q�S�X�W�V��init ; transition ; goal�� �C�O�N�S�T�I�T�U�T�E �A �D�E�S�C�R�I�P�T�I�O�N �O�F �T�H�E �P�R�O�B�L�E�M

T max �� �A�N �U�P�P�E�R �L�I�M�I�T �F�O�R �P�L�A�N �L�E�N�G�T�H

�I�R�Ut �� �� �W�RT max �G�R
cnf  �4�2�!�.�3�,�!�4�%�
�4�/ �
�3�!�4��init ; transition ; goal��t �	
model  �3�!�4�
�3�/�,�6�%�2��cnf �	
�L�Imodel �I�S �N�O�T �N�U�L�L�W�K�H�Q

�U�H�W�X�U�Q�%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. ��model�	
�U�H�W�X�U�Qfailure

�)�L�J�X�U�H ���������4�H�E �3�!�4�0�,�!�. �A�L�G�O�R�I�T�H�M�� �4�H�E �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M �I�S �T�R�A�N�S�L�A�T�E�D �I�N�T�O �A �#�.�&
�S�E�N�T�E�N�C�E �I�N �W�H�I�C�H �T�H�E �G�O�A�L �I�S �A�S�S�E�R�T�E�D �T�O �H�O�L�D �A�T �A �l�X�E�D �T�I�M�E �S�T�E�Pt �A�N�D �A�X�I�O�M�S �A�R�E �I�N�C�L�U�D�E�D
�F�O�R �E�A�C�H �T�I�M�E �S�T�E�P �U�P �T�Ot�� �)�F �T�H�E �S�A�T�I�S�l�A�B�I�L�I�T�Y �A�L�G�O�R�I�T�H�M �l�N�D�S �A �M�O�D�E�L�� �T�H�E�N �A �P�L�A�N �I�S �E�X�T�R�A�C�T�E�D
�B�Y �L�O�O�K�I�N�G �A�T �T�H�O�S�E �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S �T�H�A�T �R�E�F�E�R �T�O �A�C�T�I�O�N�S �A�N�D �A�R�E �A�S�S�I�G�N�E�Dtrue �I�N �T�H�E
�M�O�D�E�L�� �)�F �N�O �M�O�D�E�L �E�X�I�S�T�S�� �T�H�E�N �T�H�E �P�R�O�C�E�S�S �I�S �R�E�P�E�A�T�E�D �W�I�T�H �T�H�E �G�O�A�L �M�O�V�E�D �O�N�E �S�T�E�P �L�A�T�E�R��

�4�H�E �K�E�Y �S�T�E�P �I�N �U�S�I�N�G �3�!�4�0�,�!�. �I�S �T�H�E �C�O�N�S�T�R�U�C�T�I�O�N �O�F �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �)�T �M�I�G�H�T
�S�E�E�M�� �O�N �C�A�S�U�A�L �I�N�S�P�E�C�T�I�O�N�� �T�H�A�T �T�H�E �W�U�M�P�U�S �W�O�R�L�D �A�X�I�O�M�S �I�N �3�E�C�T�I�O�N ���������� �S�U�F�l�C�E �F�O�R �S�T�E�P�S
�����A�	 �A�N�D �����B�	 �A�B�O�V�E�� �4�H�E�R�E �I�S�� �H�O�W�E�V�E�R�� �A �S�I�G�N�I�l�C�A�N�T �D�I�F�F�E�R�E�N�C�E �B�E�T�W�E�E�N �T�H�E �R�E�Q�U�I�R�E�M�E�N�T�S �F�O�R
�E�N�T�A�I�L�M�E�N�T ���A�S �T�E�S�T�E�D �B�Y �!�3�+�	 �A�N�D �T�H�O�S�E �F�O�R �S�A�T�I�S�l�A�B�I�L�I�T�Y�� �#�O�N�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �A�G�E�N�T���S
�L�O�C�A�T�I�O�N�� �I�N�I�T�I�A�L�L�Y[1; 1]�� �A�N�D �S�U�P�P�O�S�E �T�H�E �A�G�E�N�T���S �U�N�A�M�B�I�T�I�O�U�S �G�O�A�L �I�S �T�O �B�E �I�N[2; 1] �A�T �T�I�M�E ����
�4�H�E �I�N�I�T�I�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�SL 0

1;1 �A�N�D �T�H�E �G�O�A�L �I�SL 1
2;1�� �5�S�I�N�G �!�3�+�� �W�E �C�A�N �P�R�O�V�EL 1

2;1

�I�F�)�R�U�Z�D�U�G0 �I�S �A�S�S�E�R�T�E�D�� �A�N�D�� �R�E�A�S�S�U�R�I�N�G�L�Y�� �W�E �C�A�N�N�O�T �P�R�O�V�EL 1
2;1 �I�F�� �S�A�Y���6�K�R�R�W0 �I�S �A�S�S�E�R�T�E�D

�I�N�S�T�E�A�D�� �.�O�W�� �3�!�4�0�,�!�. �W�I�L�L �l�N�D �T�H�E �P�L�A�N[�)�R�U�Z�D�U�G0]�� �S�O �F�A�R�� �S�O �G�O�O�D�� �5�N�F�O�R�T�U�N�A�T�E�L�Y��
�3�!�4�0�,�!�. �A�L�S�O �l�N�D�S �T�H�E �P�L�A�N[�6�K�R�R�W0]�� �(�O�W �C�O�U�L�D �T�H�I�S �B�E�� �4�O �l�N�D �O�U�T�� �W�E �I�N�S�P�E�C�T �T�H�E �M�O�D�E�L
�T�H�A�T �3�!�4�0�,�!�. �C�O�N�S�T�R�U�C�T�S�� �I�T �I�N�C�L�U�D�E�S �T�H�E �A�S�S�I�G�N�M�E�N�TL 0

2;1�� �T�H�A�T �I�S�� �T�H�E �A�G�E�N�T �C�A�N �B�E �I�N[2; 1]
�A�T �T�I�M�E �� �B�Y �B�E�I�N�G �T�H�E�R�E �A�T �T�I�M�E �� �A�N�D �S�H�O�O�T�I�N�G�� �/�N�E �M�I�G�H�T �A�S�K�� �h�$�I�D�N���T �W�E �S�A�Y �T�H�E �A�G�E�N�T �I�S �I�N
[1; 1] �A�T �T�I�M�E �����v �9�E�S�� �W�E �D�I�D�� �B�U�T �W�E �D�I�D�N���T �T�E�L�L �T�H�E �A�G�E�N�T �T�H�A�T �I�T �C�A�N���T �B�E �I�N �T�W�O �P�L�A�C�E�S �A�T �O�N�C�E��
�&�O�R �E�N�T�A�I�L�M�E�N�T��L 0

2;1 �I�S �U�N�K�N�O�W�N �A�N�D �C�A�N�N�O�T�� �T�H�E�R�E�F�O�R�E�� �B�E �U�S�E�D �I�N �A �P�R�O�O�F�� �F�O�R �S�A�T�I�S�l�A�B�I�L�I�T�Y��



�3�E�C�T�I�O�N �������� �!�G�E�N�T�S �"�A�S�E�D �O�N �0�R�O�P�O�S�I�T�I�O�N�A�L �,�O�G�I�C ������

�O�N �T�H�E �O�T�H�E�R �H�A�N�D��L 0
2;1 �I�S �U�N�K�N�O�W�N �A�N�D �C�A�N�� �T�H�E�R�E�F�O�R�E�� �B�E �S�E�T �T�O �W�H�A�T�E�V�E�R �V�A�L�U�E �H�E�L�P�S �T�O

�M�A�K�E �T�H�E �G�O�A�L �T�R�U�E�� �&�O�R �T�H�I�S �R�E�A�S�O�N�� �3�!�4�0�,�!�. �I�S �A �G�O�O�D �D�E�B�U�G�G�I�N�G �T�O�O�L �F�O�R �K�N�O�W�L�E�D�G�E �B�A�S�E�S
�B�E�C�A�U�S�E �I�T �R�E�V�E�A�L�S �P�L�A�C�E�S �W�H�E�R�E �K�N�O�W�L�E�D�G�E �I�S �M�I�S�S�I�N�G�� �)�N �T�H�I�S �P�A�R�T�I�C�U�L�A�R �C�A�S�E�� �W�E �C�A�N �l�X �T�H�E
�K�N�O�W�L�E�D�G�E �B�A�S�E �B�Y �A�S�S�E�R�T�I�N�G �T�H�A�T�� �A�T �E�A�C�H �T�I�M�E �S�T�E�P�� �T�H�E �A�G�E�N�T �I�S �I�N �E�X�A�C�T�L�Y �O�N�E �L�O�C�A�T�I�O�N�� �U�S�I�N�G
�A �C�O�L�L�E�C�T�I�O�N �O�F �S�E�N�T�E�N�C�E�S �S�I�M�I�L�A�R �T�O �T�H�O�S�E �U�S�E�D �T�O �A�S�S�E�R�T �T�H�E �E�X�I�S�T�E�N�C�E �O�F �E�X�A�C�T�L�Y �O�N�E �W�U�M�P�U�S��
�!�L�T�E�R�N�A�T�I�V�E�L�Y�� �W�E �C�A�N �A�S�S�E�R�T: L 0

x;y �F�O�R �A�L�L �L�O�C�A�T�I�O�N�S �O�T�H�E�R �T�H�A�N[1; 1]�� �T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M
�F�O�R �L�O�C�A�T�I�O�N �T�A�K�E�S �C�A�R�E �O�F �S�U�B�S�E�Q�U�E�N�T �T�I�M�E �S�T�E�P�S�� �4�H�E �S�A�M�E �l�X�E�S �A�L�S�O �W�O�R�K �T�O �M�A�K�E �S�U�R�E �T�H�E
�A�G�E�N�T �H�A�S �O�N�L�Y �O�N�E �O�R�I�E�N�T�A�T�I�O�N��

�3�!�4�0�,�!�. �H�A�S �M�O�R�E �S�U�R�P�R�I�S�E�S �I�N �S�T�O�R�E�� �H�O�W�E�V�E�R�� �4�H�E �l�R�S�T �I�S �T�H�A�T �I�T �l�N�D�S �M�O�D�E�L�S �W�I�T�H
�I�M�P�O�S�S�I�B�L�E �A�C�T�I�O�N�S�� �S�U�C�H �A�S �S�H�O�O�T�I�N�G �W�I�T�H �N�O �A�R�R�O�W�� �4�O �U�N�D�E�R�S�T�A�N�D �W�H�Y�� �W�E �N�E�E�D �T�O �L�O�O�K �M�O�R�E
�C�A�R�E�F�U�L�L�Y �A�T �W�H�A�T �T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S ���S�U�C�H �A�S �%�Q�U�A�T�I�O�N ���������	�	 �S�A�Y �A�B�O�U�T �A�C�T�I�O�N�S �W�H�O�S�E
�P�R�E�C�O�N�D�I�T�I�O�N�S �A�R�E �N�O�T �S�A�T�I�S�l�E�D�� �4�H�E �A�X�I�O�M�S�G�R�P�R�E�D�I�C�T �C�O�R�R�E�C�T�L�Y �T�H�A�T �N�O�T�H�I�N�G �W�I�L�L �H�A�P�P�E�N �W�H�E�N
�S�U�C�H �A�N �A�C�T�I�O�N �I�S �E�X�E�C�U�T�E�D ���S�E�E �%�X�E�R�C�I�S�E �����������	�� �B�U�T �T�H�E�Y �D�O�Q�R�W�S�A�Y �T�H�A�T �T�H�E �A�C�T�I�O�N �C�A�N�N�O�T �B�E
�E�X�E�C�U�T�E�D�� �4�O �A�V�O�I�D �G�E�N�E�R�A�T�I�N�G �P�L�A�N�S �W�I�T�H �I�L�L�E�G�A�L �A�C�T�I�O�N�S�� �W�E �M�U�S�T �A�D�D�S�U�H�F�R�Q�G�L�W�L�R�Q �D�[�L�R�P�VPRECONDITION

AXIOMS

�S�T�A�T�I�N�G �T�H�A�T �A�N �A�C�T�I�O�N �O�C�C�U�R�R�E�N�C�E �R�E�Q�U�I�R�E�S �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �T�O �B�E �S�A�T�I�S�l�E�D������ �&�O�R �E�X�A�M�P�L�E�� �W�E
�N�E�E�D �T�O �S�A�Y�� �F�O�R �E�A�C�H �T�I�M�Et�� �T�H�A�T

Shoott ) HaveArrow t :

�4�H�I�S �E�N�S�U�R�E�S �T�H�A�T �I�F �A �P�L�A�N �S�E�L�E�C�T�S �T�H�E�6�K�R�R�W�A�C�T�I�O�N �A�T �A�N�Y �T�I�M�E�� �I�T �M�U�S�T �B�E �T�H�E �C�A�S�E �T�H�A�T �T�H�E
�A�G�E�N�T �H�A�S �A�N �A�R�R�O�W �A�T �T�H�A�T �T�I�M�E��

�3�!�4�0�,�!�. ���S �S�E�C�O�N�D �S�U�R�P�R�I�S�E �I�S �T�H�E �C�R�E�A�T�I�O�N �O�F �P�L�A�N�S �W�I�T�H �M�U�L�T�I�P�L�E �S�I�M�U�L�T�A�N�E�O�U�S �A�C�T�I�O�N�S��
�&�O�R �E�X�A�M�P�L�E�� �I�T �M�A�Y �C�O�M�E �U�P �W�I�T�H �A �M�O�D�E�L �I�N �W�H�I�C�H �B�O�T�HForward 0 �A�N�DShoot0 �A�R�E �T�R�U�E��
�W�H�I�C�H �I�S �N�O�T �A�L�L�O�W�E�D�� �4�O �E�L�I�M�I�N�A�T�E �T�H�I�S �P�R�O�B�L�E�M�� �W�E �I�N�T�R�O�D�U�C�E�D�F�W�L�R�Q �H�[�F�O�X�V�L�R�Q �D�[�L�R�P�V�� �F�O�RACTION EXCLUSION

AXIOM

�E�V�E�R�Y �P�A�I�R �O�F �A�C�T�I�O�N�SA t
i �A�N�DA t

j �W�E �A�D�D �T�H�E �A�X�I�O�M

: A t
i _ : A t

j :

�)�T �M�I�G�H�T �B�E �P�O�I�N�T�E�D �O�U�T �T�H�A�T �W�A�L�K�I�N�G �F�O�R�W�A�R�D �A�N�D �S�H�O�O�T�I�N�G �A�T �T�H�E �S�A�M�E �T�I�M�E �I�S �N�O�T �S�O �H�A�R�D �T�O
�D�O�� �W�H�E�R�E�A�S�� �S�A�Y�� �S�H�O�O�T�I�N�G �A�N�D �G�R�A�B�B�I�N�G �A�T �T�H�E �S�A�M�E �T�I�M�E �I�S �R�A�T�H�E�R �I�M�P�R�A�C�T�I�C�A�L�� �"�Y �I�M�P�O�S�I�N�G
�A�C�T�I�O�N �E�X�C�L�U�S�I�O�N �A�X�I�O�M�S �O�N�L�Y �O�N �P�A�I�R�S �O�F �A�C�T�I�O�N�S �T�H�A�T �R�E�A�L�L�Y �D�O �I�N�T�E�R�F�E�R�E �W�I�T�H �E�A�C�H �O�T�H�E�R�� �W�E
�C�A�N �A�L�L�O�W �F�O�R �P�L�A�N�S �T�H�A�T �I�N�C�L�U�D�E �M�U�L�T�I�P�L�E �S�I�M�U�L�T�A�N�E�O�U�S �A�C�T�I�O�N�S�ˆ�A�N�D �B�E�C�A�U�S�E �3�!�4�0�,�!�. �l�N�D�S
�T�H�E �S�H�O�R�T�E�S�T �L�E�G�A�L �P�L�A�N�� �W�E �C�A�N �B�E �S�U�R�E �T�H�A�T �I�T �W�I�L�L �T�A�K�E �A�D�V�A�N�T�A�G�E �O�F �T�H�I�S �C�A�P�A�B�I�L�I�T�Y��

�4�O �S�U�M�M�A�R�I�Z�E�� �3�!�4�0�,�!�. �l�N�D�S �M�O�D�E�L�S �F�O�R �A �S�E�N�T�E�N�C�E �C�O�N�T�A�I�N�I�N�G �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E�� �T�H�E
�G�O�A�L�� �T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S�� �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N �A�X�I�O�M�S�� �A�N�D �T�H�E �A�C�T�I�O�N �E�X�C�L�U�S�I�O�N �A�X�I�O�M�S��
�)�T �C�A�N �B�E �S�H�O�W�N �T�H�A�T �T�H�I�S �C�O�L�L�E�C�T�I�O�N �O�F �A�X�I�O�M�S �I�S �S�U�F�l�C�I�E�N�T�� �I�N �T�H�E �S�E�N�S�E �T�H�A�T �T�H�E�R�E �A�R�E �N�O
�L�O�N�G�E�R �A�N�Y �S�P�U�R�I�O�U�S �h�S�O�L�U�T�I�O�N�S���v �!�N�Y �M�O�D�E�L �S�A�T�I�S�F�Y�I�N�G �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �S�E�N�T�E�N�C�E �W�I�L�L �B�E �A
�V�A�L�I�D �P�L�A�N �F�O�R �T�H�E �O�R�I�G�I�N�A�L �P�R�O�B�L�E�M�� �-�O�D�E�R�N �3�!�4�
�S�O�L�V�I�N�G �T�E�C�H�N�O�L�O�G�Y �M�A�K�E�S �T�H�E �A�P�P�R�O�A�C�H
�Q�U�I�T�E �P�R�A�C�T�I�C�A�L�� �&�O�R �E�X�A�M�P�L�E�� �A �$�0�,�,�
�S�T�Y�L�E �S�O�L�V�E�R �H�A�S �N�O �D�I�F�l�C�U�L�T�Y �I�N �G�E�N�E�R�A�T�I�N�G �T�H�E �����
�S�T�E�P
�S�O�L�U�T�I�O�N �F�O�R �T�H�E �W�U�M�P�U�S �W�O�R�L�D �I�N�S�T�A�N�C�E �S�H�O�W�N �I�N �&�I�G�U�R�E ��������

�4�H�I�S �S�E�C�T�I�O�N �H�A�S �D�E�S�C�R�I�B�E�D �A �D�E�C�L�A�R�A�T�I�V�E �A�P�P�R�O�A�C�H �T�O �A�G�E�N�T �C�O�N�S�T�R�U�C�T�I�O�N�� �T�H�E �A�G�E�N�T �W�O�R�K�S
�B�Y �A �C�O�M�B�I�N�A�T�I�O�N �O�F �A�S�S�E�R�T�I�N�G �S�E�N�T�E�N�C�E�S �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �A�N�D �P�E�R�F�O�R�M�I�N�G �L�O�G�I�C�A�L �I�N�F�E�R�

�E�N�C�E�� �4�H�I�S �A�P�P�R�O�A�C�H �H�A�S �S�O�M�E �W�E�A�K�N�E�S�S�E�S �H�I�D�D�E�N �I�N �P�H�R�A�S�E�S �S�U�C�H �A�S �h�F�O�R �E�A�C�H �T�I�M�Et�v �A�N�D

13 �.�O�T�I�C�E �T�H�A�T �T�H�E �A�D�D�I�T�I�O�N �O�F �P�R�E�C�O�N�D�I�T�I�O�N �A�X�I�O�M�S �M�E�A�N�S �T�H�A�T �W�E �N�E�E�D �N�O�T �I�N�C�L�U�D�E �P�R�E�C�O�N�D�I�T�I�O�N�S �F�O�R �A�C�T�I�O�N�S �I�N
�T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S��



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�h�F�O�R �E�A�C�H �S�Q�U�A�R�E[x; y]���v �&�O�R �A�N�Y �P�R�A�C�T�I�C�A�L �A�G�E�N�T�� �T�H�E�S�E �P�H�R�A�S�E�S �H�A�V�E �T�O �B�E �I�M�P�L�E�M�E�N�T�E�D �B�Y
�C�O�D�E �T�H�A�T �G�E�N�E�R�A�T�E�S �I�N�S�T�A�N�C�E�S �O�F �T�H�E �G�E�N�E�R�A�L �S�E�N�T�E�N�C�E �S�C�H�E�M�A �A�U�T�O�M�A�T�I�C�A�L�L�Y �F�O�R �I�N�S�E�R�T�I�O�N �I�N�T�O
�T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �&�O�R �A �W�U�M�P�U�S �W�O�R�L�D �O�F �R�E�A�S�O�N�A�B�L�E �S�I�Z�E�ˆ�O�N�E �C�O�M�P�A�R�A�B�L�E �T�O �A �S�M�A�L�L�I�S�H
�C�O�M�P�U�T�E�R �G�A�M�E�ˆ�W�E �M�I�G�H�T �N�E�E�D �A100� 100 �B�O�A�R�D �A�N�D �������� �T�I�M�E �S�T�E�P�S�� �L�E�A�D�I�N�G �T�O �K�N�O�W�L�

�E�D�G�E �B�A�S�E�S �W�I�T�H �T�E�N�S �O�R �H�U�N�D�R�E�D�S �O�F �M�I�L�L�I�O�N�S �O�F �S�E�N�T�E�N�C�E�S�� �.�O�T �O�N�L�Y �D�O�E�S �T�H�I�S �B�E�C�O�M�E �R�A�T�H�E�R
�I�M�P�R�A�C�T�I�C�A�L�� �B�U�T �I�T �A�L�S�O �I�L�L�U�S�T�R�A�T�E�S �A �D�E�E�P�E�R �P�R�O�B�L�E�M�� �W�E �K�N�O�W �S�O�M�E�T�H�I�N�G �A�B�O�U�T �T�H�E �W�U�M�

�P�U�S �W�O�R�L�D�ˆ�N�A�M�E�L�Y�� �T�H�A�T �T�H�E �h�P�H�Y�S�I�C�S�v �W�O�R�K�S �T�H�E �S�A�M�E �W�A�Y �A�C�R�O�S�S �A�L�L �S�Q�U�A�R�E�S �A�N�D �A�L�L �T�I�M�E
�S�T�E�P�S�ˆ�T�H�A�T �W�E �C�A�N�N�O�T �E�X�P�R�E�S�S �D�I�R�E�C�T�L�Y �I�N �T�H�E �L�A�N�G�U�A�G�E �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �4�O �S�O�L�V�E �T�H�I�S
�P�R�O�B�L�E�M�� �W�E �N�E�E�D �A �M�O�R�E �E�X�P�R�E�S�S�I�V�E �L�A�N�G�U�A�G�E�� �O�N�E �I�N �W�H�I�C�H �P�H�R�A�S�E�S �L�I�K�E �h�F�O�R �E�A�C�H �T�I�M�Et�v
�A�N�D �h�F�O�R �E�A�C�H �S�Q�U�A�R�E[x; y]�v �C�A�N �B�E �W�R�I�T�T�E�N �I�N �A �N�A�T�U�R�A�L �W�A�Y�� �&�I�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �D�E�S�C�R�I�B�E�D �I�N
�#�H�A�P�T�E�R ���� �I�S �S�U�C�H �A �L�A�N�G�U�A�G�E�� �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �A �W�U�M�P�U�S �W�O�R�L�D �O�F �A�N�Y �S�I�Z�E �A�N�D �D�U�R�A�T�I�O�N
�C�A�N �B�E �D�E�S�C�R�I�B�E�D �I�N �A�B�O�U�T �T�E�N �S�E�N�T�E�N�C�E�S �R�A�T�H�E�R �T�H�A�N �T�E�N �M�I�L�L�I�O�N �O�R �T�E�N �T�R�I�L�L�I�O�N��

������ �3�5�-�-�!�2�9

�7�E �H�A�V�E �I�N�T�R�O�D�U�C�E�D �K�N�O�W�L�E�D�G�E�
�B�A�S�E�D �A�G�E�N�T�S �A�N�D �H�A�V�E �S�H�O�W�N �H�O�W �T�O �D�E�l�N�E �A �L�O�G�I�C �W�I�T�H
�W�H�I�C�H �S�U�C�H �A�G�E�N�T�S �C�A�N �R�E�A�S�O�N �A�B�O�U�T �T�H�E �W�O�R�L�D�� �4�H�E �M�A�I�N �P�O�I�N�T�S �A�R�E �A�S �F�O�L�L�O�W�S��

� �)�N�T�E�L�L�I�G�E�N�T �A�G�E�N�T�S �N�E�E�D �K�N�O�W�L�E�D�G�E �A�B�O�U�T �T�H�E �W�O�R�L�D �I�N �O�R�D�E�R �T�O �R�E�A�C�H �G�O�O�D �D�E�C�I�S�I�O�N�S��
� �+�N�O�W�L�E�D�G�E �I�S �C�O�N�T�A�I�N�E�D �I�N �A�G�E�N�T�S �I�N �T�H�E �F�O�R�M �O�F�V�H�Q�W�H�Q�F�H�V�I�N �A�N�Q�R�Z�O�H�G�J�H �U�H�S�U�H�V�H�Q��

�W�D�W�L�R�Q �O�D�Q�J�X�D�J�H�T�H�A�T �A�R�E �S�T�O�R�E�D �I�N �A�N�Q�R�Z�O�H�G�J�H �E�D�V�H��
� �! �K�N�O�W�L�E�D�G�E�
�B�A�S�E�D �A�G�E�N�T �I�S �C�O�M�P�O�S�E�D �O�F �A �K�N�O�W�L�E�D�G�E �B�A�S�E �A�N�D �A�N �I�N�F�E�R�E�N�C�E �M�E�C�H�A�


�N�I�S�M�� �)�T �O�P�E�R�A�T�E�S �B�Y �S�T�O�R�I�N�G �S�E�N�T�E�N�C�E�S �A�B�O�U�T �T�H�E �W�O�R�L�D �I�N �I�T�S �K�N�O�W�L�E�D�G�E �B�A�S�E�� �U�S�I�N�G �T�H�E
�I�N�F�E�R�E�N�C�E �M�E�C�H�A�N�I�S�M �T�O �I�N�F�E�R �N�E�W �S�E�N�T�E�N�C�E�S�� �A�N�D �U�S�I�N�G �T�H�E�S�E �S�E�N�T�E�N�C�E�S �T�O �D�E�C�I�D�E �W�H�A�T
�A�C�T�I�O�N �T�O �T�A�K�E��

� �! �R�E�P�R�E�S�E�N�T�A�T�I�O�N �L�A�N�G�U�A�G�E �I�S �D�E�l�N�E�D �B�Y �I�T�S�V�\�Q�W�D�[�� �W�H�I�C�H �S�P�E�C�I�l�E�S �T�H�E �S�T�R�U�C�T�U�R�E �O�F
�S�E�N�T�E�N�C�E�S�� �A�N�D �I�T�S�V�H�P�D�Q�W�L�F�V�� �W�H�I�C�H �D�E�l�N�E�S �T�H�E�W�U�X�W�K�O�F �E�A�C�H �S�E�N�T�E�N�C�E �I�N �E�A�C�H�S�R�V�V�L�E�O�H
�Z�R�U�O�G�O�R�P�R�G�H�O��

� �4�H�E �R�E�L�A�T�I�O�N�S�H�I�P �O�F�H�Q�W�D�L�O�P�H�Q�W�B�E�T�W�E�E�N �S�E�N�T�E�N�C�E�S �I�S �C�R�U�C�I�A�L �T�O �O�U�R �U�N�D�E�R�S�T�A�N�D�I�N�G �O�F
�R�E�A�S�O�N�I�N�G�� �! �S�E�N�T�E�N�C�E� �E�N�T�A�I�L�S �A�N�O�T�H�E�R �S�E�N�T�E�N�C�E� �I�F� �I�S �T�R�U�E �I�N �A�L�L �W�O�R�L�D�S �W�H�E�R�E
� �I�S �T�R�U�E�� �%�Q�U�I�V�A�L�E�N�T �D�E�l�N�I�T�I�O�N�S �I�N�C�L�U�D�E �T�H�E�Y�D�O�L�G�L�W�\�O�F �T�H�E �S�E�N�T�E�N�C�E� ) � �A�N�D �T�H�E
�X�Q�V�D�W�L�V�¿�D�E�L�O�L�W�\�O�F �T�H�E �S�E�N�T�E�N�C�E� ^ : � ��

� �)�N�F�E�R�E�N�C�E �I�S �T�H�E �P�R�O�C�E�S�S �O�F �D�E�R�I�V�I�N�G �N�E�W �S�E�N�T�E�N�C�E�S �F�R�O�M �O�L�D �O�N�E�S���6�R�X�Q�G�I�N�F�E�R�E�N�C�E �A�L�G�O�

�R�I�T�H�M�S �D�E�R�I�V�E�R�Q�O�\�S�E�N�T�E�N�C�E�S �T�H�A�T �A�R�E �E�N�T�A�I�L�E�D���F�R�P�S�O�H�W�H�A�L�G�O�R�I�T�H�M�S �D�E�R�I�V�E�D�O�O�S�E�N�T�E�N�C�E�S
�T�H�A�T �A�R�E �E�N�T�A�I�L�E�D��

� �3�U�R�S�R�V�L�W�L�R�Q�D�O �O�R�J�L�F�I�S �A �S�I�M�P�L�E �L�A�N�G�U�A�G�E �C�O�N�S�I�S�T�I�N�G �O�F�S�U�R�S�R�V�L�W�L�R�Q �V�\�P�E�R�O�V�A�N�D�O�R�J�L�F�D�O
�F�R�Q�Q�H�F�W�L�Y�H�V�� �)�T �C�A�N �H�A�N�D�L�E �P�R�O�P�O�S�I�T�I�O�N�S �T�H�A�T �A�R�E �K�N�O�W�N �T�R�U�E�� �K�N�O�W�N �F�A�L�S�E�� �O�R �C�O�M�P�L�E�T�E�L�Y
�U�N�K�N�O�W�N��

� �4�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �M�O�D�E�L�S�� �G�I�V�E�N �A �l�X�E�D �P�R�O�P�O�S�I�T�I�O�N�A�L �V�O�C�A�B�U�L�A�R�Y�� �I�S �l�N�I�T�E�� �S�O �E�N�

�T�A�I�L�M�E�N�T �C�A�N �B�E �C�H�E�C�K�E�D �B�Y �E�N�U�M�E�R�A�T�I�N�G �M�O�D�E�L�S�� �%�F�l�C�I�E�N�T�P�R�G�H�O���F�K�H�F�N�L�Q�J�I�N�F�E�R�E�N�C�E
�A�L�G�O�R�I�T�H�M�S �F�O�R �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �I�N�C�L�U�D�E �B�A�C�K�T�R�A�C�K�I�N�G �A�N�D �L�O�C�A�L �S�E�A�R�C�H �M�E�T�H�O�D�S �A�N�D
�C�A�N �O�F�T�E�N �S�O�L�V�E �L�A�R�G�E �P�R�O�B�L�E�M�S �Q�U�I�C�K�L�Y��



�"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S ������

� �,�Q�I�H�U�H�Q�F�H �U�X�O�H�V�A�R�E �P�A�T�T�E�R�N�S �O�F �S�O�U�N�D �I�N�F�E�R�E�N�C�E �T�H�A�T �C�A�N �B�E �U�S�E�D �T�O �l�N�D �P�R�O�O�F�S�� �4�H�E
�U�H�V�R�O�X�W�L�R�Q�R�U�L�E �Y�I�E�L�D�S �A �C�O�M�P�L�E�T�E �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M �F�O�R �K�N�O�W�L�E�D�G�E �B�A�S�E�S �T�H�A�T �A�R�E
�E�X�P�R�E�S�S�E�D �I�N�F�R�Q�M�X�Q�F�W�L�Y�H �Q�R�U�P�D�O �I�R�U�P�� �)�R�U�Z�D�U�G �F�K�D�L�Q�L�Q�J�A�N�D�E�D�F�N�Z�D�U�G �F�K�D�L�Q�L�Q�J
�A�R�E �V�E�R�Y �N�A�T�U�R�A�L �R�E�A�S�O�N�I�N�G �A�L�G�O�R�I�T�H�M�S �F�O�R �K�N�O�W�L�E�D�G�E �B�A�S�E�S �I�N�+�R�U�Q �I�R�U�P��

� �/�R�F�D�O �V�H�D�U�F�K�M�E�T�H�O�D�S �S�U�C�H �A�S �7�!�,�+ �3�!�4 �C�A�N �B�E �U�S�E�D �T�O �l�N�D �S�O�L�U�T�I�O�N�S�� �3�U�C�H �A�L�G�O�

�R�I�T�H�M�S �A�R�E �S�O�U�N�D �B�U�T �N�O�T �C�O�M�P�L�E�T�E��

� �,�O�G�I�C�A�L�V�W�D�W�H �H�V�W�L�P�D�W�L�R�Q�I�N�V�O�L�V�E�S �M�A�I�N�T�A�I�N�I�N�G �A �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E �T�H�A�T �D�E�S�C�R�I�B�E�S �T�H�E �S�E�T
�O�F �P�O�S�S�I�B�L�E �S�T�A�T�E�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �O�B�S�E�R�V�A�T�I�O�N �H�I�S�T�O�R�Y�� �%�A�C�H �U�P�D�A�T�E �S�T�E�P �R�E�Q�U�I�R�E�S
�I�N�F�E�R�E�N�C�E �U�S�I�N�G �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �W�H�I�C�H �I�S �B�U�I�L�T �F�R�O�M�V�X�F�F�H�V�V�R�U��
�V�W�D�W�H �D�[�L�R�P�V�T�H�A�T �S�P�E�C�I�F�Y �H�O�W �E�A�C�H�À�X�H�Q�W�C�H�A�N�G�E�S��

� �$�E�C�I�S�I�O�N�S �W�I�T�H�I�N �A �L�O�G�I�C�A�L �A�G�E�N�T �C�A�N �B�E �M�A�D�E �B�Y �3�!�4 �S�O�L�V�I�N�G�� �l�N�D�I�N�G �P�O�S�S�I�B�L�E �M�O�D�E�L�S
�S�P�E�C�I�F�Y�I�N�G �F�U�T�U�R�E �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�S �T�H�A�T �R�E�A�C�H �T�H�E �G�O�A�L�� �4�H�I�S �A�P�P�R�O�A�C�H �W�O�R�K�S �O�N�L�Y �F�O�R
�F�U�L�L�Y �O�B�S�E�R�V�A�B�L�E �O�R �S�E�N�S�O�R�L�E�S�S �E�N�V�I�R�O�N�M�E�N�T�S��

� �0�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �D�O�E�S �N�O�T �S�C�A�L�E �T�O �E�N�V�I�R�O�N�M�E�N�T�S �O�F �U�N�B�O�U�N�D�E�D �S�I�Z�E �B�E�C�A�U�S�E �I�T �L�A�C�K�S
�T�H�E �E�X�P�R�E�S�S�I�V�E �P�O�W�E�R �T�O �D�E�A�L �C�O�N�C�I�S�E�L�Y �W�I�T�H �T�I�M�E�� �S�P�A�C�E�� �A�N�D �U�N�I�V�E�R�S�A�L �P�A�T�T�E�R�N�S �O�F �R�E�L�A�

�T�I�O�N�S�H�I�P�S �A�M�O�N�G �O�B�J�E�C�T�S��

�" �)�"�,�)�/�'�2�!�0�(�)�#�!�, �!�.�$ �( �)�3�4�/�2�)�#�!�, �. �/�4�%�3

�*�O�H�N �-�C�#�A�R�T�H�Y���S �P�A�P�E�R �h�0�R�O�G�R�A�M�S �W�I�T�H �#�O�M�M�O�N �3�E�N�S�E�v ���-�C�#�A�R�T�H�Y�� ���������� ���������	 �P�R�O�M�U�L�

�G�A�T�E�D �T�H�E �N�O�T�I�O�N �O�F �A�G�E�N�T�S �T�H�A�T �U�S�E �L�O�G�I�C�A�L �R�E�A�S�O�N�I�N�G �T�O �M�E�D�I�A�T�E �B�E�T�W�E�E�N �P�E�R�C�E�P�T�S �A�N�D �A�C�T�I�O�N�S��
�)�T �A�L�S�O �R�A�I�S�E�D �T�H�E �m�A�G �O�F �D�E�C�L�A�R�A�T�I�V�I�S�M�� �P�O�I�N�T�I�N�G �O�U�T �T�H�A�T �T�E�L�L�I�N�G �A�N �A�G�E�N�T �W�H�A�T �I�T �N�E�E�D�S �T�O �K�N�O�W
�I�S �A�N �E�L�E�G�A�N�T �W�A�Y �T�O �B�U�I�L�D �S�O�F�T�W�A�R�E�� �!�L�L�E�N �.�E�W�E�L�L���S �����������	 �A�R�T�I�C�L�E �h�4�H�E �+�N�O�W�L�E�D�G�E �,�E�V�E�L�v
�M�A�K�E�S �T�H�E �C�A�S�E �T�H�A�T �R�A�T�I�O�N�A�L �A�G�E�N�T�S �C�A�N �B�E �D�E�S�C�R�I�B�E�D �A�N�D �A�N�A�L�Y�Z�E�D �A�T �A�N �A�B�S�T�R�A�C�T �L�E�V�E�L �D�E�l�N�E�D
�B�Y �T�H�E �K�N�O�W�L�E�D�G�E �T�H�E�Y �P�O�S�S�E�S�S �R�A�T�H�E�R �T�H�A�N �T�H�E �P�R�O�G�R�A�M�S �T�H�E�Y �R�U�N�� �4�H�E �D�E�C�L�A�R�A�T�I�V�E �A�N�D �P�R�O�C�E�

�D�U�R�A�L �A�P�P�R�O�A�C�H�E�S �T�O �!�) �A�R�E �A�N�A�L�Y�Z�E�D �I�N �D�E�P�T�H �B�Y �"�O�D�E�N �����������	�� �4�H�E �D�E�B�A�T�E �W�A�S �R�E�V�I�V�E�D �B�Y��
�A�M�O�N�G �O�T�H�E�R�S�� �"�R�O�O�K�S �����������	 �A�N�D �.�I�L�S�S�O�N �����������	�� �A�N�D �C�O�N�T�I�N�U�E�S �T�O �T�H�I�S �D�A�Y ���3�H�A�P�A�R�A�U�H�W �D�O����
���������	�� �-�E�A�N�W�H�I�L�E�� �T�H�E �D�E�C�L�A�R�A�T�I�V�E �A�P�P�R�O�A�C�H �H�A�S �S�P�R�E�A�D �I�N�T�O �O�T�H�E�R �A�R�E�A�S �O�F �C�O�M�P�U�T�E�R �S�C�I�E�N�C�E
�S�U�C�H �A�S �N�E�T�W�O�R�K�I�N�G ���,�O�O�H�W �D�O���� ���������	��

�,�O�G�I�C �I�T�S�E�L�F �H�A�D �I�T�S �O�R�I�G�I�N�S �I�N �A�N�C�I�E�N�T �'�R�E�E�K �P�H�I�L�O�S�O�P�H�Y �A�N�D �M�A�T�H�E�M�A�T�I�C�S�� �6�A�R�I�O�U�S �L�O�G�

�I�C�A�L �P�R�I�N�C�I�P�L�E�S�ˆ�P�R�I�N�C�I�P�L�E�S �C�O�N�N�E�C�T�I�N�G �T�H�E �S�Y�N�T�A�C�T�I�C �S�T�R�U�C�T�U�R�E �O�F �S�E�N�T�E�N�C�E�S �W�I�T�H �T�H�E�I�R �T�R�U�T�H
�A�N�D �F�A�L�S�I�T�Y�� �W�I�T�H �T�H�E�I�R �M�E�A�N�I�N�G�� �O�R �W�I�T�H �T�H�E �V�A�L�I�D�I�T�Y �O�F �A�R�G�U�M�E�N�T�S �I�N �W�H�I�C�H �T�H�E�Y �l�G�U�R�E�ˆ�A�R�E
�S�C�A�T�T�E�R�E�D �I�N �T�H�E �W�O�R�K�S �O�F �0�L�A�T�O�� �4�H�E �l�R�S�T �K�N�O�W�N �S�Y�S�T�E�M�A�T�I�C �S�T�U�D�Y �O�F �L�O�G�I�C �W�A�S �C�A�R�R�I�E�D �O�U�T
�B�Y �!�R�I�S�T�O�T�L�E�� �W�H�O�S�E �W�O�R�K �W�A�S �A�S�S�E�M�B�L�E�D �B�Y �H�I�S �S�T�U�D�E�N�T�S �A�F�T�E�R �H�I�S �D�E�A�T�H �I�N �������" ���#�� �A�S �A
�T�R�E�A�T�I�S�E �C�A�L�L�E�D �T�H�E�2�U�J�D�Q�R�Q�� �!�R�I�S�T�O�T�L�E���S�V�\�O�O�R�J�L�V�P�V�W�E�R�E �W�H�A�T �W�E �W�O�U�L�D �N�O�W �C�A�L�L �I�N�F�E�R�E�N�C�ESYLLOGISM

�R�U�L�E�S�� �!�L�T�H�O�U�G�H �T�H�E �S�Y�L�L�O�G�I�S�M�S �I�N�C�L�U�D�E�D �E�L�E�M�E�N�T�S �O�F �B�O�T�H �P�R�O�P�O�S�I�T�I�O�N�A�L �A�N�D �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��
�T�H�E �S�Y�S�T�E�M �A�S �A �W�H�O�L�E �L�A�C�K�E�D �T�H�E �C�O�M�P�O�S�I�T�I�O�N�A�L �P�R�O�P�E�R�T�I�E�S �R�E�Q�U�I�R�E�D �T�O �H�A�N�D�L�E �S�E�N�T�E�N�C�E�S �O�F
�A�R�B�I�T�R�A�R�Y �C�O�M�P�L�E�X�I�T�Y��

�4�H�E �C�L�O�S�E�L�Y �R�E�L�A�T�E�D �-�E�G�A�R�I�A�N �A�N�D �3�T�O�I�C �S�C�H�O�O�L�S ���O�R�I�G�I�N�A�T�I�N�G �I�N �T�H�E �l�F�T�H �C�E�N�T�U�R�Y�" ���#��
�A�N�D �C�O�N�T�I�N�U�I�N�G �F�O�R �S�E�V�E�R�A�L �C�E�N�T�U�R�I�E�S �T�H�E�R�E�A�F�T�E�R�	 �B�E�G�A�N �T�H�E �S�Y�S�T�E�M�A�T�I�C �S�T�U�D�Y �O�F �T�H�E �B�A�S�I�C �L�O�G�I�C�A�L
�C�O�N�N�E�C�T�I�V�E�S�� �4�H�E �U�S�E �O�F �T�R�U�T�H �T�A�B�L�E�S �F�O�R �D�E�l�N�I�N�G �C�O�N�N�E�C�T�I�V�E�S �I�S �D�U�E �T�O �0�H�I�L�O �O�F �-�E�G�A�R�A�� �4�H�E



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�3�T�O�I�C�S �T�O�O�K �l�V�E �B�A�S�I�C �I�N�F�E�R�E�N�C�E �R�U�L�E�S �A�S �V�A�L�I�D �W�I�T�H�O�U�T �P�R�O�O�F�� �I�N�C�L�U�D�I�N�G �T�H�E �R�U�L�E �W�E �N�O�W �C�A�L�L
�-�O�D�U�S �0�O�N�E�N�S�� �4�H�E�Y �D�E�R�I�V�E�D �A �N�U�M�B�E�R �O�F �O�T�H�E�R �R�U�L�E�S �F�R�O�M �T�H�E�S�E �l�V�E�� �U�S�I�N�G�� �A�M�O�N�G �O�T�H�E�R
�P�R�I�N�C�I�P�L�E�S�� �T�H�E �D�E�D�U�C�T�I�O�N �T�H�E�O�R�E�M ���P�A�G�E �������	 �A�N�D �W�E�R�E �M�U�C�H �C�L�E�A�R�E�R �A�B�O�U�T �T�H�E �N�O�T�I�O�N �O�F
�P�R�O�O�F �T�H�A�N �W�A�S �!�R�I�S�T�O�T�L�E�� �! �G�O�O�D �A�C�C�O�U�N�T �O�F �T�H�E �H�I�S�T�O�R�Y �O�F �-�E�G�A�R�I�A�N �A�N�D �3�T�O�I�C �L�O�G�I�C �I�S �G�I�V�E�N
�B�Y �"�E�N�S�O�N �-�A�T�E�S �����������	��

�4�H�E �I�D�E�A �O�F �R�E�D�U�C�I�N�G �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E �T�O �A �P�U�R�E�L�Y �M�E�C�H�A�N�I�C�A�L �P�R�O�C�E�S�S �A�P�P�L�I�E�D �T�O �A �F�O�R�

�M�A�L �L�A�N�G�U�A�G�E �I�S �D�U�E �T�O �7�I�L�H�E�L�M �,�E�I�B�N�I�Z �����������n���������	�� �A�L�T�H�O�U�G�H �H�E �H�A�D �L�I�M�I�T�E�D �S�U�C�C�E�S�S �I�N �I�M�

�P�L�E�M�E�N�T�I�N�G �T�H�E �I�D�E�A�S�� �'�E�O�R�G�E �"�O�O�L�E �����������	 �I�N�T�R�O�D�U�C�E�D �T�H�E �l�R�S�T �C�O�M�P�R�E�H�E�N�S�I�V�E �A�N�D �W�O�R�K�A�B�L�E
�S�Y�S�T�E�M �O�F �F�O�R�M�A�L �L�O�G�I�C �I�N �H�I�S �B�O�O�K�7�K�H �0�D�W�K�H�P�D�W�L�F�D�O �$�Q�D�O�\�V�L�V �R�I �/�R�J�L�F�� �"�O�O�L�E���S �L�O�G�I�C �W�A�S
�C�L�O�S�E�L�Y �M�O�D�E�L�E�D �O�N �T�H�E �O�R�D�I�N�A�R�Y �A�L�G�E�B�R�A �O�F �R�E�A�L �N�U�M�B�E�R�S �A�N�D �U�S�E�D �S�U�B�S�T�I�T�U�T�I�O�N �O�F �L�O�G�I�C�A�L�L�Y
�E�Q�U�I�V�A�L�E�N�T �E�X�P�R�E�S�S�I�O�N�S �A�S �I�T�S �P�R�I�M�A�R�Y �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�� �!�L�T�H�O�U�G�H �"�O�O�L�E���S �S�Y�S�T�E�M �S�T�I�L�L �F�E�L�L
�S�H�O�R�T �O�F �F�U�L�L �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �I�T �W�A�S �C�L�O�S�E �E�N�O�U�G�H �T�H�A�T �O�T�H�E�R �M�A�T�H�E�M�A�T�I�C�I�A�N�S �C�O�U�L�D �Q�U�I�C�K�L�Y
�l�L�L �I�N �T�H�E �G�A�P�S�� �3�C�H�R�‚�O�D�E�R �����������	 �D�E�S�C�R�I�B�E�D �C�O�N�J�U�N�C�T�I�V�E �N�O�R�M�A�L �F�O�R�M�� �W�H�I�L�E �(�O�R�N �F�O�R�M �W�A�S
�I�N�T�R�O�D�U�C�E�D �M�U�C�H �L�A�T�E�R �B�Y �!�L�F�R�E�D �(�O�R�N �����������	�� �4�H�E �l�R�S�T �C�O�M�P�R�E�H�E�N�S�I�V�E �E�X�P�O�S�I�T�I�O�N �O�F �M�O�D�E�R�N
�P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C ���A�N�D �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�	 �I�S �F�O�U�N�D �I�N �'�O�T�T�L�O�B �&�R�E�G�E���S �����������	�%�H�J�U�L�I�I�V�F�K�U�L�I�W
���h�#�O�N�C�E�P�T �7�R�I�T�I�N�G�v �O�R �h�#�O�N�C�E�P�T�U�A�L �.�O�T�A�T�I�O�N�v�	��

�4�H�E �l�R�S�T �M�E�C�H�A�N�I�C�A�L �D�E�V�I�C�E �T�O �C�A�R�R�Y �O�U�T �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E�S �W�A�S �C�O�N�S�T�R�U�C�T�E�D �B�Y �T�H�E �T�H�I�R�D
�%�A�R�L �O�F �3�T�A�N�H�O�P�E �����������n���������	�� �4�H�E �3�T�A�N�H�O�P�E �$�E�M�O�N�S�T�R�A�T�O�R �C�O�U�L�D �H�A�N�D�L�E �S�Y�L�L�O�G�I�S�M�S �A�N�D
�C�E�R�T�A�I�N �I�N�F�E�R�E�N�C�E�S �I�N �T�H�E �T�H�E�O�R�Y �O�F �P�R�O�B�A�B�I�L�I�T�Y�� �7�I�L�L�I�A�M �3�T�A�N�L�E�Y �*�E�V�O�N�S�� �O�N�E �O�F �T�H�O�S�E �W�H�O
�I�M�P�R�O�V�E�D �U�P�O�N �A�N�D �E�X�T�E�N�D�E�D �"�O�O�L�E���S �W�O�R�K�� �C�O�N�S�T�R�U�C�T�E�D �H�I�S �h�L�O�G�I�C�A�L �P�I�A�N�O�v �I�N �������� �T�O �P�E�R�

�F�O�R�M �I�N�F�E�R�E�N�C�E�S �I�N �"�O�O�L�E�A�N �L�O�G�I�C�� �!�N �E�N�T�E�R�T�A�I�N�I�N�G �A�N�D �I�N�S�T�R�U�C�T�I�V�E �H�I�S�T�O�R�Y �O�F �T�H�E�S�E �A�N�D �O�T�H�E�R
�E�A�R�L�Y �M�E�C�H�A�N�I�C�A�L �D�E�V�I�C�E�S �F�O�R �R�E�A�S�O�N�I�N�G �I�S �G�I�V�E�N �B�Y �-�A�R�T�I�N �'�A�R�D�N�E�R �����������	�� �4�H�E �l�R�S�T �P�U�B�

�L�I�S�H�E�D �C�O�M�P�U�T�E�R �P�R�O�G�R�A�M �F�O�R �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E �W�A�S �T�H�E �,�O�G�I�C �4�H�E�O�R�I�S�T �O�F �.�E�W�E�L�L�� �3�H�A�W��
�A�N�D �3�I�M�O�N �����������	�� �4�H�I�S �P�R�O�G�R�A�M �W�A�S �I�N�T�E�N�D�E�D �T�O �M�O�D�E�L �H�U�M�A�N �T�H�O�U�G�H�T �P�R�O�C�E�S�S�E�S�� �-�A�R�

�T�I�N �$�A�V�I�S �����������	 �H�A�D �A�C�T�U�A�L�L�Y �D�E�S�I�G�N�E�D �A �P�R�O�G�R�A�M �T�H�A�T �C�A�M�E �U�P �W�I�T�H �A �P�R�O�O�F �I�N ���������� �B�U�T �T�H�E
�,�O�G�I�C �4�H�E�O�R�I�S�T���S �R�E�S�U�L�T�S �W�E�R�E �P�U�B�L�I�S�H�E�D �S�L�I�G�H�T�L�Y �E�A�R�L�I�E�R��

�4�R�U�T�H �T�A�B�L�E�S �A�S �A �M�E�T�H�O�D �O�F �T�E�S�T�I�N�G �V�A�L�I�D�I�T�Y �O�R �U�N�S�A�T�I�S�l�A�B�I�L�I�T�Y �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �W�E�R�E
�I�N�T�R�O�D�U�C�E�D �I�N�D�E�P�E�N�D�E�N�T�L�Y �B�Y �%�M�I�L �0�O�S�T �����������	 �A�N�D �,�U�D�W�I�G �7�I�T�T�G�E�N�S�T�E�I�N �����������	�� �)�N �T�H�E ���������S��
�A �G�R�E�A�T �D�E�A�L �O�F �P�R�O�G�R�E�S�S �W�A�S �M�A�D�E �O�N �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�S �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �)�N �P�A�R�T�I�C�U�L�A�R��
�' �‚�O�D�E�L �����������	 �S�H�O�W�E�D �T�H�A�T �A �C�O�M�P�L�E�T�E �P�R�O�C�E�D�U�R�E �F�O�R �I�N�F�E�R�E�N�C�E �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �C�O�U�L�D �B�E
�O�B�T�A�I�N�E�D �V�I�A �A �R�E�D�U�C�T�I�O�N �T�O �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �U�S�I�N�G �(�E�R�B�R�A�N�D���S �T�H�E�O�R�E�M ���(�E�R�B�R�A�N�D�� ���������	��
�7�E �T�A�K�E �U�P �T�H�I�S �H�I�S�T�O�R�Y �A�G�A�I�N �I�N �#�H�A�P�T�E�R ���� �T�H�E �I�M�P�O�R�T�A�N�T �P�O�I�N�T �H�E�R�E �I�S �T�H�A�T �T�H�E �D�E�V�E�L�O�P�M�E�N�T
�O�F �E�F�l�C�I�E�N�T �P�R�O�P�O�S�I�T�I�O�N�A�L �A�L�G�O�R�I�T�H�M�S �I�N �T�H�E ���������S �W�A�S �M�O�T�I�V�A�T�E�D �L�A�R�G�E�L�Y �B�Y �T�H�E �I�N�T�E�R�E�S�T �O�F
�M�A�T�H�E�M�A�T�I�C�I�A�N�S �I�N �A�N �E�F�F�E�C�T�I�V�E �T�H�E�O�R�E�M �P�R�O�V�E�R �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �4�H�E �$�A�V�I�S�n�0�U�T�N�A�M �A�L�G�O�

�R�I�T�H�M ���$�A�V�I�S �A�N�D �0�U�T�N�A�M�� ���������	 �W�A�S �T�H�E �l�R�S�T �E�F�F�E�C�T�I�V�E �A�L�G�O�R�I�T�H�M �F�O�R �P�R�O�P�O�S�I�T�I�O�N�A�L �R�E�S�O�L�U�T�I�O�N
�B�U�T �W�A�S �I�N �M�O�S�T �C�A�S�E�S �M�U�C�H �L�E�S�S �E�F�l�C�I�E�N�T �T�H�A�N �T�H�E �$�0�,�, �B�A�C�K�T�R�A�C�K�I�N�G �A�L�G�O�R�I�T�H�M �I�N�T�R�O�D�U�C�E�D
�T�W�O �Y�E�A�R�S �L�A�T�E�R �����������	�� �4�H�E �F�U�L�L �R�E�S�O�L�U�T�I�O�N �R�U�L�E �A�N�D �A �P�R�O�O�F �O�F �I�T�S �C�O�M�P�L�E�T�E�N�E�S�S �A�P�P�E�A�R�E�D �I�N �A
�S�E�M�I�N�A�L �P�A�P�E�R �B�Y �*�� �!�� �2�O�B�I�N�S�O�N �����������	�� �W�H�I�C�H �A�L�S�O �S�H�O�W�E�D �H�O�W �T�O �D�O �l�R�S�T�
�O�R�D�E�R �R�E�A�S�O�N�I�N�G
�W�I�T�H�O�U�T �R�E�S�O�R�T �T�O �P�R�O�P�O�S�I�T�I�O�N�A�L �T�E�C�H�N�I�Q�U�E�S��

�3�T�E�P�H�E�N �#�O�O�K �����������	 �S�H�O�W�E�D �T�H�A�T �D�E�C�I�D�I�N�G �S�A�T�I�S�l�A�B�I�L�I�T�Y �O�F �A �S�E�N�T�E�N�C�E �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L
�L�O�G�I�C ���T�H�E �3�!�4 �P�R�O�B�L�E�M�	 �I�S �.�0�
�C�O�M�P�L�E�T�E�� �3�I�N�C�E �D�E�C�I�D�I�N�G �E�N�T�A�I�L�M�E�N�T �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �D�E�C�I�D�

�I�N�G �U�N�S�A�T�I�S�l�A�B�I�L�I�T�Y�� �I�T �I�S �C�O�
�.�0�
�C�O�M�P�L�E�T�E�� �-�A�N�Y �S�U�B�S�E�T�S �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �A�R�E �K�N�O�W�N �F�O�R
�W�H�I�C�H �T�H�E �S�A�T�I�S�l�A�B�I�L�I�T�Y �P�R�O�B�L�E�M �I�S �P�O�L�Y�N�O�M�I�A�L�L�Y �S�O�L�V�A�B�L�E�� �(�O�R�N �C�L�A�U�S�E�S �A�R�E �O�N�E �S�U�C�H �S�U�B�S�E�T��



�"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S ������

�4�H�E �L�I�N�E�A�R�
�T�I�M�E �F�O�R�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M �F�O�R �(�O�R�N �C�L�A�U�S�E�S �I�S �D�U�E �T�O �$�O�W�L�I�N�G �A�N�D �'�A�L�L�I�E�R
�����������	�� �W�H�O �D�E�S�C�R�I�B�E �T�H�E�I�R �A�L�G�O�R�I�T�H�M �A�S �A �D�A�T�A�m�O�W �P�R�O�C�E�S�S �S�I�M�I�L�A�R �T�O �T�H�E �P�R�O�P�A�G�A�T�I�O�N �O�F �S�I�G�

�N�A�L�S �I�N �A �C�I�R�C�U�I�T��

�%�A�R�L�Y �T�H�E�O�R�E�T�I�C�A�L �I�N�V�E�S�T�I�G�A�T�I�O�N�S �S�H�O�W�E�D �T�H�A�T �$�0�,�, �H�A�S �P�O�L�Y�N�O�M�I�A�L �A�V�E�R�A�G�E�
�C�A�S�E �C�O�M�

�P�L�E�X�I�T�Y �F�O�R �C�E�R�T�A�I�N �N�A�T�U�R�A�L �D�I�S�T�R�I�B�U�T�I�O�N�S �O�F �P�R�O�B�L�E�M�S�� �4�H�I�S �P�O�T�E�N�T�I�A�L�L�Y �E�X�C�I�T�I�N�G �F�A�C�T �B�E�C�A�M�E
�L�E�S�S �E�X�C�I�T�I�N�G �W�H�E�N �&�R�A�N�C�O �A�N�D �0�A�U�L�L �����������	 �S�H�O�W�E�D �T�H�A�T �T�H�E �S�A�M�E �P�R�O�B�L�E�M�S �C�O�U�L�D �B�E �S�O�L�V�E�D
�I�N �C�O�N�S�T�A�N�T �T�I�M�E �S�I�M�P�L�Y �B�Y �G�U�E�S�S�I�N�G �R�A�N�D�O�M �A�S�S�I�G�N�M�E�N�T�S�� �4�H�E �R�A�N�D�O�M�
�G�E�N�E�R�A�T�I�O�N �M�E�T�H�O�D
�D�E�S�C�R�I�B�E�D �I�N �T�H�E �C�H�A�P�T�E�R �P�R�O�D�U�C�E�S �M�U�C�H �H�A�R�D�E�R �P�R�O�B�L�E�M�S�� �-�O�T�I�V�A�T�E�D �B�Y �T�H�E �E�M�P�I�R�I�C�A�L �S�U�C�C�E�S�S
�O�F �L�O�C�A�L �S�E�A�R�C�H �O�N �T�H�E�S�E �P�R�O�B�L�E�M�S�� �+�O�U�T�S�O�U�P�I�A�S �A�N�D �0�A�P�A�D�I�M�I�T�R�I�O�U �����������	 �S�H�O�W�E�D �T�H�A�T �A �S�I�M�

�P�L�E �H�I�L�L�
�C�L�I�M�B�I�N�G �A�L�G�O�R�I�T�H�M �C�A�N �S�O�L�V�E�D�O�P�R�V�W �D�O�O�S�A�T�I�S�l�A�B�I�L�I�T�Y �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�S �V�E�R�Y �Q�U�I�C�K�L�Y��
�S�U�G�G�E�S�T�I�N�G �T�H�A�T �H�A�R�D �P�R�O�B�L�E�M�S �A�R�E �R�A�R�E�� �-�O�R�E�O�V�E�R�� �3�C�H�‚�O�N�I�N�G �����������	 �E�X�H�I�B�I�T�E�D �A �R�A�N�D�O�M�I�Z�E�D
�H�I�L�L�
�C�L�I�M�B�I�N�G �A�L�G�O�R�I�T�H�M �W�H�O�S�E�Z�R�U�V�W���F�D�V�H�E�X�P�E�C�T�E�D �R�U�N �T�I�M�E �O�N ���
�3�!�4 �P�R�O�B�L�E�M�S ���T�H�A�T �I�S�� �S�A�T�

�I�S�l�A�B�I�L�I�T�Y �O�F ���
�#�.�& �S�E�N�T�E�N�C�E�S�	 �I�SO(1:333n )�ˆ�S�T�I�L�L �E�X�P�O�N�E�N�T�I�A�L�� �B�U�T �S�U�B�S�T�A�N�T�I�A�L�L�Y �F�A�S�T�E�R �T�H�A�N
�P�R�E�V�I�O�U�S �W�O�R�S�T�
�C�A�S�E �B�O�U�N�D�S�� �4�H�E �C�U�R�R�E�N�T �R�E�C�O�R�D �I�SO(1:324n ) ���)�W�A�M�A �A�N�D �4�A�M�A�K�I�� ���������	��
�!�C�H�L�I�O�P�T�A�S�H�W �D�O�������������	 �A�N�D �!�L�E�K�H�N�O�V�I�C�H�H�W �D�O�������������	 �E�X�H�I�B�I�T �F�A�M�I�L�I�E�S �O�F ���
�3�!�4 �I�N�S�T�A�N�C�E�S
�F�O�R �W�H�I�C�H �A�L�L �K�N�O�W�N �$�0�,�,�
�L�I�K�E �A�L�G�O�R�I�T�H�M�S �R�E�Q�U�I�R�E �E�X�P�O�N�E�N�T�I�A�L �R�U�N�N�I�N�G �T�I�M�E��

�/�N �T�H�E �P�R�A�C�T�I�C�A�L �S�I�D�E�� �E�F�l�C�I�E�N�C�Y �G�A�I�N�S �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �S�O�L�V�E�R�S �H�A�V�E �B�E�E�N �M�A�R�K�E�D�� �'�I�V�E�N
�T�E�N �M�I�N�U�T�E�S �O�F �C�O�M�P�U�T�I�N�G �T�I�M�E�� �T�H�E �O�R�I�G�I�N�A�L �$�0�,�, �A�L�G�O�R�I�T�H�M �I�N �������� �C�O�U�L�D �O�N�L�Y �S�O�L�V�E �P�R�O�B�

�L�E�M�S �W�I�T�H �N�O �M�O�R�E �T�H�A�N ���� �O�R ���� �V�A�R�I�A�B�L�E�S�� �"�Y �������� �T�H�E �3�!�4�: �S�O�L�V�E�R ���,�I �A�N�D �!�N�B�U�L�A�G�A�N��
���������	 �C�O�U�L�D �H�A�N�D�L�E ���������� �V�A�R�I�A�B�L�E�S�� �T�H�A�N�K�S �T�O �O�P�T�I�M�I�Z�E�D �D�A�T�A �S�T�R�U�C�T�U�R�E�S �F�O�R �I�N�D�E�X�I�N�G �V�A�R�I�

�A�B�L�E�S�� �4�W�O �C�R�U�C�I�A�L �C�O�N�T�R�I�B�U�T�I�O�N�S �W�E�R�E �T�H�E�Z�D�W�F�K�H�G �O�L�W�H�U�D�O�I�N�D�E�X�I�N�G �T�E�C�H�N�I�Q�U�E �O�F �:�H�A�N�G �A�N�D
�3�T�I�C�K�E�L �����������	�� �W�H�I�C�H �M�A�K�E�S �U�N�I�T �P�R�O�P�A�G�A�T�I�O�N �V�E�R�Y �E�F�l�C�I�E�N�T�� �A�N�D �T�H�E �I�N�T�R�O�D�U�C�T�I�O�N �O�F �C�L�A�U�S�E
���I���E���� �C�O�N�S�T�R�A�I�N�T�	 �L�E�A�R�N�I�N�G �T�E�C�H�N�I�Q�U�E�S �F�R�O�M �T�H�E �#�3�0 �C�O�M�M�U�N�I�T�Y �B�Y �"�A�Y�A�R�D�O �A�N�D �3�C�H�R�A�G �����������	��
�5�S�I�N�G �T�H�E�S�E �I�D�E�A�S�� �A�N�D �S�P�U�R�R�E�D �B�Y �T�H�E �P�R�O�S�P�E�C�T �O�F �S�O�L�V�I�N�G �I�N�D�U�S�T�R�I�A�L�
�S�C�A�L�E �C�I�R�C�U�I�T �V�E�R�I�l�C�A�T�I�O�N
�P�R�O�B�L�E�M�S�� �-�O�S�K�E�W�I�C�Z�H�W �D�O�������������	 �D�E�V�E�L�O�P�E�D �T�H�E �#�(�!�&�&�S�O�L�V�E�R�� �W�H�I�C�H �C�O�U�L�D �H�A�N�D�L�E �P�R�O�B�

�L�E�M�S �W�I�T�H �M�I�L�L�I�O�N�S �O�F �V�A�R�I�A�B�L�E�S�� �"�E�G�I�N�N�I�N�G �I�N ���������� �3�!�4 �C�O�M�P�E�T�I�T�I�O�N�S �H�A�V�E �B�E�E�N �H�E�L�D �R�E�G�

�U�L�A�R�L�Y�� �M�O�S�T �O�F �T�H�E �W�I�N�N�I�N�G �E�N�T�R�I�E�S �H�A�V�E �E�I�T�H�E�R �B�E�E�N �D�E�S�C�E�N�D�A�N�T�S �O�F �#�(�!�&�&�O�R �H�A�V�E �U�S�E�D �T�H�E
�S�A�M�E �G�E�N�E�R�A�L �A�P�P�R�O�A�C�H�� �2�3�!�4 ���0�I�P�A�T�S�R�I�S�A�W�A�T �A�N�D �$�A�R�W�I�C�H�E�� ���������	�� �T�H�E �������� �W�I�N�N�E�R�� �F�A�L�L�S �I�N
�T�H�E �L�A�T�T�E�R �C�A�T�E�G�O�R�Y�� �!�L�S�O �N�O�T�E�W�O�R�T�H�Y �I�S �-�)�.�)�3�!�4 ���%�E�N �A�N�D �3�‚�O�R�E�N�S�S�O�N�� ���������	�� �A�N �O�P�E�N�
�S�O�U�R�C�E
�I�M�P�L�E�M�E�N�T�A�T�I�O�N �A�V�A�I�L�A�B�L�E �A�T�I�U�U�Q�������N�J�O�J�T�B�U���T�F�T�H�A�T �I�S �D�E�S�I�G�N�E�D �T�O �B�E �E�A�S�I�L�Y �M�O�D�I�l�E�D
�A�N�D �I�M�P�R�O�V�E�D�� �4�H�E �C�U�R�R�E�N�T �L�A�N�D�S�C�A�P�E �O�F �S�O�L�V�E�R�S �I�S �S�U�R�V�E�Y�E�D �B�Y �'�O�M�E�S�H�W �D�O�������������	��

�,�O�C�A�L �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �F�O�R �S�A�T�I�S�l�A�B�I�L�I�T�Y �W�E�R�E �T�R�I�E�D �B�Y �V�A�R�I�O�U�S �A�U�T�H�O�R�S �T�H�R�O�U�G�H�O�U�T �T�H�E
���������S�� �A�L�L �O�F �T�H�E �A�L�G�O�R�I�T�H�M�S �W�E�R�E �B�A�S�E�D �O�N �T�H�E �I�D�E�A �O�F �M�I�N�I�M�I�Z�I�N�G �T�H�E �N�U�M�B�E�R �O�F �U�N�S�A�T�I�S�l�E�D
�C�L�A�U�S�E�S ���(�A�N�S�E�N �A�N�D �*�A�U�M�A�R�D�� ���������	�� �! �P�A�R�T�I�C�U�L�A�R�L�Y �E�F�F�E�C�T�I�V�E �A�L�G�O�R�I�T�H�M �W�A�S �D�E�V�E�L�O�P�E�D �B�Y
�'�U �����������	 �A�N�D �I�N�D�E�P�E�N�D�E�N�T�L�Y �B�Y �3�E�L�M�A�N�H�W �D�O�������������	�� �W�H�O �C�A�L�L�E�D �I�T �'�3�!�4 �A�N�D �S�H�O�W�E�D �T�H�A�T
�I�T �W�A�S �C�A�P�A�B�L�E �O�F �S�O�L�V�I�N�G �A �W�I�D�E �R�A�N�G�E �O�F �V�E�R�Y �H�A�R�D �P�R�O�B�L�E�M�S �V�E�R�Y �Q�U�I�C�K�L�Y�� �4�H�E �7�!�,�+ �3�!�4
�A�L�G�O�R�I�T�H�M �D�E�S�C�R�I�B�E�D �I�N �T�H�E �C�H�A�P�T�E�R �I�S �D�U�E �T�O �3�E�L�M�A�N�H�W �D�O�������������	��

�4�H�E �h�P�H�A�S�E �T�R�A�N�S�I�T�I�O�N�v �I�N �S�A�T�I�S�l�A�B�I�L�I�T�Y �O�F �R�A�N�D�O�Mk�
�3�!�4 �P�R�O�B�L�E�M�S �W�A�S �l�R�S�T �O�B�S�E�R�V�E�D
�B�Y �3�I�M�O�N �A�N�D �$�U�B�O�I�S �����������	 �A�N�D �H�A�S �G�I�V�E�N �R�I�S�E �T�O �A �G�R�E�A�T �D�E�A�L �O�F �T�H�E�O�R�E�T�I�C�A�L �A�N�D �E�M�P�I�R�I�C�A�L
�R�E�S�E�A�R�C�H�ˆ�D�U�E�� �I�N �P�A�R�T�� �T�O �T�H�E �O�B�V�I�O�U�S �C�O�N�N�E�C�T�I�O�N �T�O �P�H�A�S�E �T�R�A�N�S�I�T�I�O�N �P�H�E�N�O�M�E�N�A �I�N �S�T�A�T�I�S�T�I�C�A�L
�P�H�Y�S�I�C�S�� �#�H�E�E�S�E�M�A�N�H�W �D�O�������������	 �O�B�S�E�R�V�E�D �P�H�A�S�E �T�R�A�N�S�I�T�I�O�N�S �I�N �S�E�V�E�R�A�L �#�3�0�S �A�N�D �C�O�N�J�E�C�T�U�R�E
�T�H�A�T �A�L�L �.�0�
�H�A�R�D �P�R�O�B�L�E�M�S �H�A�V�E �A �P�H�A�S�E �T�R�A�N�S�I�T�I�O�N�� �#�R�A�W�F�O�R�D �A�N�D �!�U�T�O�N �����������	 �L�O�C�A�T�E�D �T�H�E
���
�3�!�4 �T�R�A�N�S�I�T�I�O�N �A�T �A �C�L�A�U�S�E���V�A�R�I�A�B�L�E �R�A�T�I�O �O�F �A�R�O�U�N�D ���������� �N�O�T�I�N�G �T�H�A�T �T�H�I�S �C�O�I�N�C�I�D�E�S �W�I�T�H �A



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�S�H�A�R�P �P�E�A�K �I�N �T�H�E �R�U�N �T�I�M�E �O�F �T�H�E�I�R �3�!�4 �S�O�L�V�E�R�� �#�O�O�K �A�N�D �-�I�T�C�H�E�L�L �����������	 �P�R�O�V�I�D�E �A�N �E�X�C�E�L�L�E�N�T
�S�U�M�M�A�R�Y �O�F �T�H�E �E�A�R�L�Y �L�I�T�E�R�A�T�U�R�E �O�N �T�H�E �P�R�O�B�L�E�M��

�4�H�E �C�U�R�R�E�N�T �S�T�A�T�E �O�F �T�H�E�O�R�E�T�I�C�A�L �U�N�D�E�R�S�T�A�N�D�I�N�G �I�S �S�U�M�M�A�R�I�Z�E�D �B�Y �!�C�H�L�I�O�P�T�A�S �����������	��
�4�H�E�V�D�W�L�V�¿�D�E�L�O�L�W�\ �W�K�U�H�V�K�R�O�G �F�R�Q�M�H�F�W�X�U�H�S�T�A�T�E�S �T�H�A�T�� �F�O�R �E�A�C�Hk�� �T�H�E�R�E �I�S �A �S�H�A�R�P �S�A�T�I�S�l�A�B�I�L�I�T�Y

SATISFIABILITY
THRESHOLD
CONJECTURE

�T�H�R�E�S�H�O�L�Dr k �� �S�U�C�H �T�H�A�T �A�S �T�H�E �N�U�M�B�E�R �O�F �V�A�R�I�A�B�L�E�Sn ! 1 �� �I�N�S�T�A�N�C�E�S �B�E�L�O�W �T�H�E �T�H�R�E�S�H�O�L�D �A�R�E
�V�D�W�L�V�¿�D�E�O�H�W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ���� �W�H�I�L�E �T�H�O�S�E �A�B�O�V�E �T�H�E �T�H�R�E�S�H�O�L�D �A�R�E�X�Q�V�D�W�L�V�¿�D�E�O�H�W�I�T�H �P�R�O�B�A�

�B�I�L�I�T�Y ���� �4�H�E �C�O�N�J�E�C�T�U�R�E �W�A�S �N�O�T �Q�U�I�T�E �P�R�O�V�E�D �B�Y �&�R�I�E�D�G�U�T �����������	�� �A �S�H�A�R�P �T�H�R�E�S�H�O�L�D �E�X�I�S�T�S �B�U�T
�I�T�S �L�O�C�A�T�I�O�N �M�I�G�H�T �D�E�P�E�N�D �O�Nn �E�V�E�N �A�Sn ! 1 �� �$�E�S�P�I�T�E �S�I�G�N�I�l�C�A�N�T �P�R�O�G�R�E�S�S �I�N �A�S�Y�M�P�T�O�T�I�C
�A�N�A�L�Y�S�I�S �O�F �T�H�E �T�H�R�E�S�H�O�L�D �L�O�C�A�T�I�O�N �F�O�R �L�A�R�G�Ek ���!�C�H�L�I�O�P�T�A�S �A�N�D �0�E�R�E�S�� ���������� �!�C�H�L�I�O�P�T�A�S�H�W �D�O����
���������	�� �A�L�L �T�H�A�T �C�A�N �B�E �P�R�O�V�E�D �F�O�Rk = 3 �I�S �T�H�A�T �I�T �L�I�E�S �I�N �T�H�E �R�A�N�G�E �;�������������������=�� �#�U�R�R�E�N�T �T�H�E�O�R�Y
�S�U�G�G�E�S�T�S �T�H�A�T �A �P�E�A�K �I�N �T�H�E �R�U�N �T�I�M�E �O�F �A �3�!�4 �S�O�L�V�E�R �I�S �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �R�E�L�A�T�E�D �T�O �T�H�E �S�A�T�I�S�l�A�

�B�I�L�I�T�Y �T�H�R�E�S�H�O�L�D�� �B�U�T �I�N�S�T�E�A�D �T�O �A �P�H�A�S�E �T�R�A�N�S�I�T�I�O�N �I�N �T�H�E �S�O�L�U�T�I�O�N �D�I�S�T�R�I�B�U�T�I�O�N �A�N�D �S�T�R�U�C�T�U�R�E �O�F
�3�!�4 �I�N�S�T�A�N�C�E�S�� �%�M�P�I�R�I�C�A�L �R�E�S�U�L�T�S �D�U�E �T�O �#�O�A�R�F�A�H�W �D�O�������������	 �S�U�P�P�O�R�T �T�H�I�S �V�I�E�W�� �)�N �F�A�C�T�� �A�L�

�G�O�R�I�T�H�M�S �S�U�C�H �A�S�V�X�U�Y�H�\ �S�U�R�S�D�J�D�W�L�R�Q���0�A�R�I�S�I �A�N�D �:�E�C�C�H�I�N�A�� ���������� �-�A�N�E�V�A�H�W �D�O���� ���������	 �T�A�K�ESURVEY

PROPAGATION

�A�D�V�A�N�T�A�G�E �O�F �S�P�E�C�I�A�L �P�R�O�P�E�R�T�I�E�S �O�F �R�A�N�D�O�M �3�!�4 �I�N�S�T�A�N�C�E�S �N�E�A�R �T�H�E �S�A�T�I�S�l�A�B�I�L�I�T�Y �T�H�R�E�S�H�O�L�D �A�N�D
�G�R�E�A�T�L�Y �O�U�T�P�E�R�F�O�R�M �G�E�N�E�R�A�L �3�!�4 �S�O�L�V�E�R�S �O�N �S�U�C�H �I�N�S�T�A�N�C�E�S��

�4�H�E �B�E�S�T �S�O�U�R�C�E�S �F�O�R �I�N�F�O�R�M�A�T�I�O�N �O�N �S�A�T�I�S�l�A�B�I�L�I�T�Y�� �B�O�T�H �T�H�E�O�R�E�T�I�C�A�L �A�N�D �P�R�A�C�T�I�C�A�L�� �A�R�E �T�H�E
�+�D�Q�G�E�R�R�N �R�I �6�D�W�L�V�¿�D�E�L�O�L�W�\���"�I�E�R�E�H�W �D�O���� ���������	 �A�N�D �T�H�E �R�E�G�U�L�A�R�,�Q�W�H�U�Q�D�W�L�R�Q�D�O �&�R�Q�I�H�U�H�Q�F�H�V �R�Q
�7�K�H�R�U�\ �D�Q�G �$�S�S�O�L�F�D�W�L�R�Q�V �R�I �6�D�W�L�V�¿�D�E�L�O�L�W�\ �7�H�V�W�L�Q�J�� �K�N�O�W�N �A�S �3�!�4��

�4�H�E �I�D�E�A �O�F �B�U�I�L�D�I�N�G �A�G�E�N�T�S �W�I�T�H �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �C�A�N �B�E �T�R�A�C�E�D �B�A�C�K �T�O �T�H�E �S�E�M�I�N�A�L
�P�A�P�E�R �O�F �-�C�#�U�L�L�O�C�H �A�N�D �0�I�T�T�S �����������	�� �W�H�I�C�H �I�N�I�T�I�A�T�E�D �T�H�E �l�E�L�D �O�F �N�E�U�R�A�L �N�E�T�W�O�R�K�S�� �#�O�N�

�T�R�A�R�Y �T�O �P�O�P�U�L�A�R �S�U�P�P�O�S�I�T�I�O�N�� �T�H�E �P�A�P�E�R �W�A�S �C�O�N�C�E�R�N�E�D �W�I�T�H �T�H�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F �A �"�O�O�L�E�A�N
�C�I�R�C�U�I�T�
�B�A�S�E�D �A�G�E�N�T �D�E�S�I�G�N �I�N �T�H�E �B�R�A�I�N�� �#�I�R�C�U�I�T�
�B�A�S�E�D �A�G�E�N�T�S�� �W�H�I�C�H �P�E�R�F�O�R�M �C�O�M�P�U�T�A�T�I�O�N �B�Y
�P�R�O�P�A�G�A�T�I�N�G �S�I�G�N�A�L�S �I�N �H�A�R�D�W�A�R�E �C�I�R�C�U�I�T�S �R�A�T�H�E�R �T�H�A�N �R�U�N�N�I�N�G �A�L�G�O�R�I�T�H�M�S �I�N �G�E�N�E�R�A�L�
�P�U�R�P�O�S�E
�C�O�M�P�U�T�E�R�S�� �H�A�V�E �R�E�C�E�I�V�E�D �L�I�T�T�L�E �A�T�T�E�N�T�I�O�N �I�N �!�)�� �H�O�W�E�V�E�R�� �4�H�E �M�O�S�T �N�O�T�A�B�L�E �E�X�C�E�P�T�I�O�N �I�S �T�H�E
�W�O�R�K �O�F �3�T�A�N �2�O�S�E�N�S�C�H�E�I�N ���2�O�S�E�N�S�C�H�E�I�N�� ���������� �+�A�E�L�B�L�I�N�G �A�N�D �2�O�S�E�N�S�C�H�E�I�N�� ���������	�� �W�H�O �D�E�

�V�E�L�O�P�E�D �W�A�Y�S �T�O �C�O�M�P�I�L�E �C�I�R�C�U�I�T�
�B�A�S�E�D �A�G�E�N�T�S �F�R�O�M �D�E�C�L�A�R�A�T�I�V�E �D�E�S�C�R�I�P�T�I�O�N�S �O�F �T�H�E �T�A�S�K �E�N�V�I�

�R�O�N�M�E�N�T�� ���2�O�S�E�N�S�C�H�E�I�N���S �A�P�P�R�O�A�C�H �I�S �D�E�S�C�R�I�B�E�D �A�T �S�O�M�E �L�E�N�G�T�H �I�N �T�H�E �S�E�C�O�N�D �E�D�I�T�I�O�N �O�F �T�H�I�S
�B�O�O�K���	 �4�H�E �W�O�R�K �O�F �2�O�D �"�R�O�O�K�S ������������ ���������	 �D�E�M�O�N�S�T�R�A�T�E�S �T�H�E �E�F�F�E�C�T�I�V�E�N�E�S�S �O�F �C�I�R�C�U�I�T�
�B�A�S�E�D
�D�E�S�I�G�N�S �F�O�R �C�O�N�T�R�O�L�L�I�N�G �R�O�B�O�T�S�ˆ�A �T�O�P�I�C �W�E �T�A�K�E �U�P �I�N �#�H�A�P�T�E�R ������ �"�R�O�O�K�S �����������	 �A�R�G�U�E�S
�T�H�A�T �C�I�R�C�U�I�T�
�B�A�S�E�D �D�E�S�I�G�N�S �A�R�E�D�O�O�T�H�A�T �I�S �N�E�E�D�E�D �F�O�R �!�)�ˆ�T�H�A�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�N�D �R�E�A�S�O�N�I�N�G
�A�R�E �C�U�M�B�E�R�S�O�M�E�� �E�X�P�E�N�S�I�V�E�� �A�N�D �U�N�N�E�C�E�S�S�A�R�Y�� �)�N �O�U�R �V�I�E�W�� �N�E�I�T�H�E�R �A�P�P�R�O�A�C�H �I�S �S�U�F�l�C�I�E�N�T �B�Y
�I�T�S�E�L�F�� �7�I�L�L�I�A�M�S�H�W �D�O�������������	 �S�H�O�W �H�O�W �A �H�Y�B�R�I�D �A�G�E�N�T �D�E�S�I�G�N �N�O�T �T�O�O �D�I�F�F�E�R�E�N�T �F�R�O�M �O�U�R
�W�U�M�P�U�S �A�G�E�N�T �H�A�S �B�E�E�N �U�S�E�D �T�O �C�O�N�T�R�O�L �.�!�3�! �S�P�A�C�E�C�R�A�F�T�� �P�L�A�N�N�I�N�G �S�E�Q�U�E�N�C�E�S �O�F �A�C�T�I�O�N�S �A�N�D
�D�I�A�G�N�O�S�I�N�G �A�N�D �R�E�C�O�V�E�R�I�N�G �F�R�O�M �F�A�U�L�T�S��

�4�H�E �G�E�N�E�R�A�L �P�R�O�B�L�E�M �O�F �K�E�E�P�I�N�G �T�R�A�C�K �O�F �A �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T �W�A�S �I�N�T�R�O�

�D�U�C�E�D �F�O�R �S�T�A�T�E�
�B�A�S�E�D �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �I�N �#�H�A�P�T�E�R ���� �)�T�S �I�N�S�T�A�N�T�I�A�T�I�O�N �F�O�R �P�R�O�P�O�S�I�T�I�O�N�A�L �R�E�P�R�E�

�S�E�N�T�A�T�I�O�N�S �W�A�S �S�T�U�D�I�E�D �B�Y �!�M�I�R �A�N�D �2�U�S�S�E�L�L �����������	�� �W�H�O �I�D�E�N�T�I�l�E�D �S�E�V�E�R�A�L �C�L�A�S�S�E�S �O�F �E�N�V�I�

�R�O�N�M�E�N�T�S �T�H�A�T �A�D�M�I�T �E�F�l�C�I�E�N�T �S�T�A�T�E�
�E�S�T�I�M�A�T�I�O�N �A�L�G�O�R�I�T�H�M�S �A�N�D �S�H�O�W�E�D �T�H�A�T �F�O�R �S�E�V�E�R�A�L �O�T�H�E�R
�C�L�A�S�S�E�S �T�H�E �P�R�O�B�L�E�M �I�S �I�N�T�R�A�C�T�A�B�L�E�� �4�H�E�W�H�P�S�R�U�D�O���S�U�R�M�H�F�W�L�R�Q�P�R�O�B�L�E�M�� �W�H�I�C�H �I�N�V�O�L�V�E�S �D�E�T�E�R�
TEMPORAL­

PROJECTION

�M�I�N�I�N�G �W�H�A�T �P�R�O�P�O�S�I�T�I�O�N�S �H�O�L�D �T�R�U�E �A�F�T�E�R �A�N �A�C�T�I�O�N �S�E�Q�U�E�N�C�E �I�S �E�X�E�C�U�T�E�D�� �C�A�N �B�E �S�E�E�N �A�S �A
�S�P�E�C�I�A�L �C�A�S�E �O�F �S�T�A�T�E �E�S�T�I�M�A�T�I�O�N �W�I�T�H �E�M�P�T�Y �P�E�R�C�E�P�T�S�� �-�A�N�Y �A�U�T�H�O�R�S �H�A�V�E �S�T�U�D�I�E�D �T�H�I�S �P�R�O�B�L�E�M
�B�E�C�A�U�S�E �O�F �I�T�S �I�M�P�O�R�T�A�N�C�E �I�N �P�L�A�N�N�I�N�G�� �S�O�M�E �I�M�P�O�R�T�A�N�T �H�A�R�D�N�E�S�S �R�E�S�U�L�T�S �W�E�R�E �E�S�T�A�B�L�I�S�H�E�D �B�Y



�%�X�E�R�C�I�S�E�S ������

�,�I�B�E�R�A�T�O�R�E �����������	�� �4�H�E �I�D�E�A �O�F �R�E�P�R�E�S�E�N�T�I�N�G �A �B�E�L�I�E�F �S�T�A�T�E �W�I�T�H �P�R�O�P�O�S�I�T�I�O�N�S �C�A�N �B�E �T�R�A�C�E�D �T�O
�7�I�T�T�G�E�N�S�T�E�I�N �����������	��

�,�O�G�I�C�A�L �S�T�A�T�E �E�S�T�I�M�A�T�I�O�N�� �O�F �C�O�U�R�S�E�� �R�E�Q�U�I�R�E�S �A �L�O�G�I�C�A�L �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �E�F�F�E�C�T�S �O�F
�A�C�T�I�O�N�S�ˆ�A �K�E�Y �P�R�O�B�L�E�M �I�N �!�) �S�I�N�C�E �T�H�E �L�A�T�E ���������S�� �4�H�E �D�O�M�I�N�A�N�T �P�R�O�P�O�S�A�L �H�A�S �B�E�E�N �T�H�E�V�L�W��
�X�D�W�L�R�Q �F�D�O�F�X�O�X�V�F�O�R�M�A�L�I�S�M ���-�C�#�A�R�T�H�Y�� ���������	�� �W�H�I�C�H �I�S �C�O�U�C�H�E�D �W�I�T�H�I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �7�E
�D�I�S�C�U�S�S �S�I�T�U�A�T�I�O�N �C�A�L�C�U�L�U�S�� �A�N�D �V�A�R�I�O�U�S �E�X�T�E�N�S�I�O�N�S �A�N�D �A�L�T�E�R�N�A�T�I�V�E�S�� �I�N �#�H�A�P�T�E�R�S ���� �A�N�D ������ �4�H�E
�A�P�P�R�O�A�C�H �T�A�K�E�N �I�N �T�H�I�S �C�H�A�P�T�E�R�ˆ�U�S�I�N�G �T�E�M�P�O�R�A�L �I�N�D�I�C�E�S �O�N �P�R�O�P�O�S�I�T�I�O�N�A�L �V�A�R�I�A�B�L�E�S�ˆ�I�S �M�O�R�E
�R�E�S�T�R�I�C�T�I�V�E �B�U�T �H�A�S �T�H�E �B�E�N�E�l�T �O�F �S�I�M�P�L�I�C�I�T�Y�� �4�H�E �G�E�N�E�R�A�L �A�P�P�R�O�A�C�H �E�M�B�O�D�I�E�D �I�N �T�H�E �3�!�4�0�,�!�.
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�O�R�D�E�R �L�O�G�I�C�� �A�N�D �I�T �S�P�U�R�R�E�D �A �G�R�E�A�T
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�4�H�E �W�U�M�P�U�S �W�O�R�L�D �W�A�S �I�N�V�E�N�T�E�D �B�Y �'�R�E�G�O�R�Y �9�O�B �����������	�� �)�R�O�N�I�C�A�L�L�Y�� �9�O�B �D�E�V�E�L�O�P�E�D �I�T
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� 2 = �h�4�H�E�R�E �I�S �N�O �P�I�T �I�N �;�������=���v
� 3 = �h�4�H�E�R�E �I�S �A �W�U�M�P�U�S �I�N �;�������=���v
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�4�2�5�%�� �A�L�G�O�R�I�T�H�M �S�O �T�H�A�T �I�T �C�A�N �S�O�M�E�T�I�M�E�S �J�U�D�G�E �T�R�U�T�H �F�R�O�M �P�A�R�T�I�A�L
�M�O�D�E�L�S�� �W�H�I�L�E �R�E�T�A�I�N�I�N�G �I�T�S �R�E�C�U�R�S�I�V�E �S�T�R�U�C�T�U�R�E �A�N�D �L�I�N�E�A�R �R�U�N �T�I�M�E�� �'�I�V�E �T�H�R�E�E �E�X�A�M�P�L�E�S
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�D�� False j= True ��
�E�� True j= False��
�F�� (A ^ B ) j= ( A , B )��
�G�� A , B j= A _ B ��
�H�� A , B j= : A _ B ��
�I�� (A _ B ) ^ (: C _ : D _ E) j= ( A _ B _ C) ^ (B ^ C ^ D ) E)��
�J�� (A _ B ) ^ (: C _ : D _ E) j= ( A _ B ) ^ (: D _ E)��
�K�� (A _ B ) ^ : (A ) B ) �I�S �S�A�T�I�S�l�A�B�L�E��
�L�� (A ^ B ) ) C j= ( A ) C) _ (B ) C)��
�M�� (C _ (: A ^ : B )) � ((A ) C) ^ (B ) C)) ��
�N�� (A , B ) ^ (: A _ B ) �I�S �S�A�T�I�S�l�A�B�L�E��
�O�� (A , B ) , C �H�A�S �T�H�E �S�A�M�E �N�U�M�B�E�R �O�F �M�O�D�E�L�S �A�S(A , B ) �F�O�R �A�N�Y �l�X�E�D �S�E�T �O�F
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�F�� �#�O�N�S�T�R�U�C�T �A �S�I�M�P�L�E �A�L�G�O�R�I�T�H�M �T�H�A�T �T�A�K�E�S �A�S �I�N�P�U�T �A �S�E�N�T�E�N�C�E �I�N �$�.�& �A�N�D �R�E�T�U�R�N�S �A �S�A�T�I�S�

�F�Y�I�N�G �A�S�S�I�G�N�M�E�N�T �I�F �O�N�E �E�X�I�S�T�S�� �O�R �R�E�P�O�R�T�S �T�H�A�T �N�O �S�A�T�I�S�F�Y�I�N�G �A�S�S�I�G�N�M�E�N�T �E�X�I�S�T�S��

�G�� �!�P�P�L�Y �T�H�E �A�L�G�O�R�I�T�H�M�S �I�N ���B�	 �A�N�D ���C�	 �T�O �T�H�E �F�O�L�L�O�W�I�N�G �S�E�T �O�F �S�E�N�T�E�N�C�E�S��
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�H�� �3�I�N�C�E �T�H�E �A�L�G�O�R�I�T�H�M �I�N ���B�	 �I�S �V�E�R�Y �S�I�M�I�L�A�R �T�O �T�H�E �A�L�G�O�R�I�T�H�M �F�O�R �C�O�N�V�E�R�S�I�O�N �T�O �#�.�&�� �A�N�D
�S�I�N�C�E �T�H�E �A�L�G�O�R�I�T�H�M �I�N ���C�	 �I�S �M�U�C�H �S�I�M�P�L�E�R �T�H�A�N �A�N�Y �A�L�G�O�R�I�T�H�M �F�O�R �S�O�L�V�I�N�G �A �S�E�T �O�F �S�E�N�

�T�E�N�C�E�S �I�N �#�.�&�� �W�H�Y �I�S �T�H�I�S �T�E�C�H�N�I�Q�U�E �N�O�T �U�S�E�D �I�N �A�U�T�O�M�A�T�E�D �R�E�A�S�O�N�I�N�G��
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�3����E ) D ��
�3����B ^ F ) : C��
�3����E ) C��
�3����C ) F ��
�3����C ) B

�'�I�V�E �A �T�R�A�C�E �O�F �T�H�E �E�X�E�C�U�T�I�O�N �O�F �$�0�,�, �O�N �T�H�E �C�O�N�J�U�N�C�T�I�O�N �O�F �T�H�E�S�E �C�L�A�U�S�E�S��

�������� �)�S �A �R�A�N�D�O�M�L�Y �G�E�N�E�R�A�T�E�D ���
�#�.�& �S�E�N�T�E�N�C�E �W�I�T�Hn �S�Y�M�B�O�L�S �A�N�Dm �C�L�A�U�S�E�S �M�O�R�E �O�R �L�E�S�S
�L�I�K�E�L�Y �T�O �B�E �S�O�L�V�A�B�L�E �T�H�A�N �A �R�A�N�D�O�M�L�Y �G�E�N�E�R�A�T�E�D ���
�#�.�& �S�E�N�T�E�N�C�E �W�I�T�Hn �S�Y�M�B�O�L�S �A�N�Dm
�C�L�A�U�S�E�S�� �%�X�P�L�A�I�N��

�������� �-�I�N�E�S�W�E�E�P�E�R�� �T�H�E �W�E�L�L�
�K�N�O�W�N �C�O�M�P�U�T�E�R �G�A�M�E�� �I�S �C�L�O�S�E�L�Y �R�E�L�A�T�E�D �T�O �T�H�E �W�U�M�P�U�S �W�O�R�L�D��
�! �M�I�N�E�S�W�E�E�P�E�R �W�O�R�L�D �I�S �A �R�E�C�T�A�N�G�U�L�A�R �G�R�I�D �O�FN �S�Q�U�A�R�E�S �W�I�T�HM �I�N�V�I�S�I�B�L�E �M�I�N�E�S �S�C�A�T�T�E�R�E�D
�A�M�O�N�G �T�H�E�M�� �!�N�Y �S�Q�U�A�R�E �M�A�Y �B�E �P�R�O�B�E�D �B�Y �T�H�E �A�G�E�N�T�� �I�N�S�T�A�N�T �D�E�A�T�H �F�O�L�L�O�W�S �I�F �A �M�I�N�E �I�S
�P�R�O�B�E�D�� �-�I�N�E�S�W�E�E�P�E�R �I�N�D�I�C�A�T�E�S �T�H�E �P�R�E�S�E�N�C�E �O�F �M�I�N�E�S �B�Y �R�E�V�E�A�L�I�N�G�� �I�N �E�A�C�H �P�R�O�B�E�D �S�Q�U�A�R�E��
�T�H�E�Q�X�P�E�H�U�O�F �M�I�N�E�S �T�H�A�T �A�R�E �D�I�R�E�C�T�L�Y �O�R �D�I�A�G�O�N�A�L�L�Y �A�D�J�A�C�E�N�T�� �4�H�E �G�O�A�L �I�S �T�O �P�R�O�B�E �E�V�E�R�Y
�U�N�M�I�N�E�D �S�Q�U�A�R�E��



������ �#�H�A�P�T�E�R ���� �,�O�G�I�C�A�L �!�G�E�N�T�S

�D�� �,�E�TX i;j �B�E �T�R�U�E �I�F�F �S�Q�U�A�R�E[i; j ] �C�O�N�T�A�I�N�S �A �M�I�N�E�� �7�R�I�T�E �D�O�W�N �T�H�E �A�S�S�E�R�T�I�O�N �T�H�A�T �E�X�A�C�T�L�Y
�T�W�O �M�I�N�E�S �A�R�E �A�D�J�A�C�E�N�T �T�O �;�������= �A�S �A �S�E�N�T�E�N�C�E �I�N�V�O�L�V�I�N�G �S�O�M�E �L�O�G�I�C�A�L �C�O�M�B�I�N�A�T�I�O�N �O�F
X i;j �P�R�O�P�O�S�I�T�I�O�N�S��

�E�� �'�E�N�E�R�A�L�I�Z�E �Y�O�U�R �A�S�S�E�R�T�I�O�N �F�R�O�M ���A�	 �B�Y �E�X�P�L�A�I�N�I�N�G �H�O�W �T�O �C�O�N�S�T�R�U�C�T �A �#�.�& �S�E�N�T�E�N�C�E
�A�S�S�E�R�T�I�N�G �T�H�A�Tk �O�Fn �N�E�I�G�H�B�O�R�S �C�O�N�T�A�I�N �M�I�N�E�S��

�F�� �%�X�P�L�A�I�N �P�R�E�C�I�S�E�L�Y �H�O�W �A�N �A�G�E�N�T �C�A�N �U�S�E �$�0�,�, �T�O �P�R�O�V�E �T�H�A�T �A �G�I�V�E�N �S�Q�U�A�R�E �D�O�E�S ���O�R
�D�O�E�S �N�O�T�	 �C�O�N�T�A�I�N �A �M�I�N�E�� �I�G�N�O�R�I�N�G �T�H�E �G�L�O�B�A�L �C�O�N�S�T�R�A�I�N�T �T�H�A�T �T�H�E�R�E �A�R�E �E�X�A�C�T�L�YM �M�I�N�E�S
�I�N �A�L�L��

�G�� �3�U�P�P�O�S�E �T�H�A�T �T�H�E �G�L�O�B�A�L �C�O�N�S�T�R�A�I�N�T �I�S �C�O�N�S�T�R�U�C�T�E�D �F�R�O�M �Y�O�U�R �M�E�T�H�O�D �F�R�O�M �P�A�R�T ���B�	�� �(�O�W
�D�O�E�S �T�H�E �N�U�M�B�E�R �O�F �C�L�A�U�S�E�S �D�E�P�E�N�D �O�NM �A�N�DN �� �3�U�G�G�E�S�T �A �W�A�Y �T�O �M�O�D�I�F�Y �$�0�,�, �S�O
�T�H�A�T �T�H�E �G�L�O�B�A�L �C�O�N�S�T�R�A�I�N�T �D�O�E�S �N�O�T �N�E�E�D �T�O �B�E �R�E�P�R�E�S�E�N�T�E�D �E�X�P�L�I�C�I�T�L�Y��

�H�� �!�R�E �A�N�Y �C�O�N�C�L�U�S�I�O�N�S �D�E�R�I�V�E�D �B�Y �T�H�E �M�E�T�H�O�D �I�N �P�A�R�T ���C�	 �I�N�V�A�L�I�D�A�T�E�D �W�H�E�N �T�H�E �G�L�O�B�A�L
�C�O�N�S�T�R�A�I�N�T �I�S �T�A�K�E�N �I�N�T�O �A�C�C�O�U�N�T��

�I�� �'�I�V�E �E�X�A�M�P�L�E�S �O�F �C�O�N�l�G�U�R�A�T�I�O�N�S �O�F �P�R�O�B�E �V�A�L�U�E�S �T�H�A�T �I�N�D�U�C�E�O�R�Q�J���U�D�Q�J�H �G�H�S�H�Q�G�H�Q�F�L�H�V
�S�U�C�H �T�H�A�T �T�H�E �C�O�N�T�E�N�T�S �O�F �A �G�I�V�E�N �U�N�P�R�O�B�E�D �S�Q�U�A�R�E �W�O�U�L�D �G�I�V�E �I�N�F�O�R�M�A�T�I�O�N �A�B�O�U�T �T�H�E
�C�O�N�T�E�N�T�S �O�F �A �F�A�R�
�D�I�S�T�A�N�T �S�Q�U�A�R�E�� ���+�L�Q�W�� �C�O�N�S�I�D�E�R �A�NN � 1 �B�O�A�R�D���	

�������� �(�O�W �L�O�N�G �D�O�E�S �I�T �T�A�K�E �T�O �P�R�O�V�EKB j= � �U�S�I�N�G �$�0�,�, �W�H�E�N� �I�S �A �L�I�T�E�R�A�L�D�O�U�H�D�G�\
�F�R�Q�W�D�L�Q�H�G �L�QKB �� �%�X�P�L�A�I�N��

�������� �4�R�A�C�E �T�H�E �B�E�H�A�V�I�O�R �O�F �$�0�,�, �O�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �I�N �&�I�G�U�R�E �������� �W�H�E�N �T�R�Y�I�N�G �T�O
�P�R�O�V�EQ�� �A�N�D �C�O�M�P�A�R�E �T�H�I�S �B�E�H�A�V�I�O�R �W�I�T�H �T�H�A�T �O�F �T�H�E �F�O�R�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M��

�������� �$�I�S�C�U�S�S �W�H�A�T �I�S �M�E�A�N�T �B�Y�R�S�W�L�P�D�O�B�E�H�A�V�I�O�R �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �3�H�O�W �T�H�A�T �T�H�E
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�7�5�-�0�5�3�
�!�'�%�.�4 �I�S �N�O�T �O�P�T�I�M�A�L�� �A�N�D �S�U�G�G�E�S�T �W�A�Y�S �T�O �I�M�P�R�O�V�E �I�T��

�������� �3�U�P�P�O�S�E �A�N �A�G�E�N�T �I�N�H�A�B�I�T�S �A �W�O�R�L�D �W�I�T�H �T�W�O �S�T�A�T�E�S��S �A�N�D: S�� �A�N�D �C�A�N �D�O �E�X�A�C�T�L�Y �O�N�E
�O�F �T�W�O �A�C�T�I�O�N�S��a �A�N�Db�� �!�C�T�I�O�Na �D�O�E�S �N�O�T�H�I�N�G �A�N�D �A�C�T�I�O�Nb �m�I�P�S �F�R�O�M �O�N�E �S�T�A�T�E �T�O �T�H�E �O�T�H�E�R��
�,�E�TSt �B�E �T�H�E �P�R�O�P�O�S�I�T�I�O�N �T�H�A�T �T�H�E �A�G�E�N�T �I�S �I�N �S�T�A�T�ES �A�T �T�I�M�Et�� �A�N�D �L�E�Tat �B�E �T�H�E �P�R�O�P�O�S�I�T�I�O�N
�T�H�A�T �T�H�E �A�G�E�N�T �D�O�E�S �A�C�T�I�O�Na �A�T �T�I�M�Et ���S�I�M�I�L�A�R�L�Y �F�O�Rbt �	��

�D�� �7�R�I�T�E �A �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M �F�O�RSt+1 ��
�E�� �#�O�N�V�E�R�T �T�H�E �S�E�N�T�E�N�C�E �I�N ���A�	 �I�N�T�O �#�.�&��
�F�� �3�H�O�W �A �R�E�S�O�L�U�T�I�O�N �R�E�F�U�T�A�T�I�O�N �P�R�O�O�F �T�H�A�T �I�F �T�H�E �A�G�E�N�T �I�S �I�N: S �A�T �T�I�M�Et �A�N�D �D�O�E�Sa�� �I�T �W�I�L�L

�S�T�I�L�L �B�E �I�N: S �A�T �T�I�M�Et + 1 ��

�������� �3�E�C�T�I�O�N ���������� �P�R�O�V�I�D�E�S �S�O�M�E �O�F �T�H�E �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S �R�E�Q�U�I�R�E�D �F�O�R �T�H�E �W�U�M�P�U�S
�W�O�R�L�D�� �7�R�I�T�E �D�O�W�N �A�X�I�O�M�S �F�O�R �A�L�L �R�E�M�A�I�N�I�N�G �m�U�E�N�T �S�Y�M�B�O�L�S��
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�7�5�-�0�5�3�
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�#�.�& �L�O�G�I�C�A�L �S�T�A�T�E �E�S�T�I�M�A�T�I�O�N
�M�E�T�H�O�D �D�E�S�C�R�I�B�E�D �O�N �P�A�G�E �������� �7�E �N�O�T�E�D �O�N �T�H�A�T �P�A�G�E �T�H�A�T �S�U�C�H �A�N �A�G�E�N�T �W�I�L�L �N�O�T �B�E �A�B�L�E
�T�O �A�C�Q�U�I�R�E�� �M�A�I�N�T�A�I�N�� �A�N�D �U�S�E �M�O�R�E �C�O�M�P�L�E�X �B�E�L�I�E�F�S �S�U�C�H �A�S �T�H�E �D�I�S�J�U�N�C�T�I�O�NP3;1 _ P2;2�� �3�U�G�

�G�E�S�T �A �M�E�T�H�O�D �F�O�R �O�V�E�R�C�O�M�I�N�G �T�H�I�S �P�R�O�B�L�E�M �B�Y �D�E�l�N�I�N�G �A�D�D�I�T�I�O�N�A�L �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S�� �A�N�D
�T�R�Y �I�T �O�U�T �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �$�O�E�S �I�T �I�M�P�R�O�V�E �T�H�E �P�E�R�F�O�R�M�A�N�C�E �O�F �T�H�E �A�G�E�N�T��
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�,�Q �Z�K�L�F�K �Z�H �Q�R�W�L�F�H �W�K�D�W �W�K�H �Z�R�U�O�G �L�V �E�O�H�V�V�H�G �Z�L�W�K �P�D�Q�\ �R�E�M�H�F�W�V�� �V�R�P�H �R�I �Z�K�L�F�K �D�U�H
�U�H�O�D�W�H�G �W�R �R�W�K�H�U �R�E�M�H�F�W�V�� �D�Q�G �L�Q �Z�K�L�F�K �Z�H �H�Q�G�H�D�Y�R�U �W�R �U�H�D�V�R�Q �D�E�R�X�W �W�K�H�P��

�)�N �#�H�A�P�T�E�R ���� �W�E �S�H�O�W�E�D �H�O�W �A �K�N�O�W�L�E�D�G�E�
�B�A�S�E�D �A�G�E�N�T �C�O�U�L�D �R�E�P�R�E�S�E�N�T �T�H�E �W�O�R�L�D �I�N �W�H�I�C�H �I�T
�O�P�E�R�A�T�E�S �A�N�D �D�E�D�U�C�E �W�H�A�T �A�C�T�I�O�N�S �T�O �T�A�K�E�� �7�E �U�S�E�D �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �A�S �O�U�R �R�E�P�R�E�S�E�N�T�A�T�I�O�N
�L�A�N�G�U�A�G�E �B�E�C�A�U�S�E �I�T �S�U�F�l�C�E�D �T�O �I�L�L�U�S�T�R�A�T�E �T�H�E �B�A�S�I�C �C�O�N�C�E�P�T�S �O�F �L�O�G�I�C �A�N�D �K�N�O�W�L�E�D�G�E�
�B�A�S�E�D
�A�G�E�N�T�S�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �I�S �T�O�O �P�U�N�Y �A �L�A�N�G�U�A�G�E �T�O �R�E�P�R�E�S�E�N�T �K�N�O�W�L�E�D�G�E
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�H�U�M�A�N �B�R�A�I�N�� �5�N�T�I�L �R�E�C�E�N�T�L�Y �T�H�E �A�N�S�W�E�R �W�A�S �h�N�O���v �B�U�T �N�O�W �I�T �I�S �h�M�A�Y�B�E���v �-�I�T�C�H�E�L�L�H�W �D�O��
�����������	 �P�U�T �S�U�B�J�E�C�T�S �I�N �A�N �F�-�2�) ���F�U�N�C�T�I�O�N�A�L �M�A�G�N�E�T�I�C �R�E�S�O�N�A�N�C�E �I�M�A�G�I�N�G�	 �M�A�C�H�I�N�E�� �S�H�O�W�E�D
�T�H�E�M �W�O�R�D�S �S�U�C�H �A�S �h�C�E�L�E�R�Y���v �A�N�D �I�M�A�G�E�D �T�H�E�I�R �B�R�A�I�N�S�� �4�H�E �R�E�S�E�A�R�C�H�E�R�S �W�E�R�E �T�H�E�N �A�B�L�E �T�O �T�R�A�I�N
�A �C�O�M�P�U�T�E�R �P�R�O�G�R�A�M �T�O �P�R�E�D�I�C�T�� �F�R�O�M �A �B�R�A�I�N �I�M�A�G�E�� �W�H�A�T �W�O�R�D �T�H�E �S�U�B�J�E�C�T �H�A�D �B�E�E�N �P�R�E�S�E�N�T�E�D
�W�I�T�H�� �'�I�V�E�N �T�W�O �C�H�O�I�C�E�S ���E���G���� �h�C�E�L�E�R�Y�v �O�R �h�A�I�R�P�L�A�N�E�v�	�� �T�H�E �S�Y�S�T�E�M �P�R�E�D�I�C�T�S �C�O�R�R�E�C�T�L�Y ������ �O�F
�T�H�E �T�I�M�E�� �4�H�E �S�Y�S�T�E�M �C�A�N �E�V�E�N �P�R�E�D�I�C�T �A�T �A�B�O�V�E�
�C�H�A�N�C�E �L�E�V�E�L�S �F�O�R �W�O�R�D�S �I�T �H�A�S �N�E�V�E�R �S�E�E�N
�A�N �F�-�2�) �I�M�A�G�E �O�F �B�E�F�O�R�E ���B�Y �C�O�N�S�I�D�E�R�I�N�G �T�H�E �I�M�A�G�E�S �O�F �R�E�L�A�T�E�D �W�O�R�D�S�	 �A�N�D �F�O�R �P�E�O�P�L�E �I�T �H�A�S
�N�E�V�E�R �S�E�E�N �B�E�F�O�R�E ���P�R�O�V�I�N�G �T�H�A�T �F�-�2�) �R�E�V�E�A�L�S �S�O�M�E �L�E�V�E�L �O�F �C�O�M�M�O�N �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�C�R�O�S�S
�P�E�O�P�L�E�	�� �4�H�I�S �T�Y�P�E �O�F �W�O�R�K �I�S �S�T�I�L�L �I�N �I�T�S �I�N�F�A�N�C�Y�� �B�U�T �F�-�2�) ���A�N�D �O�T�H�E�R �I�M�A�G�I�N�G �T�E�C�H�N�O�L�O�G�Y
�S�U�C�H �A�S �I�N�T�R�A�C�R�A�N�I�A�L �E�L�E�C�T�R�O�P�H�Y�S�I�O�L�O�G�Y ���3�A�H�I�N�H�W �D�O���� ���������	�	 �P�R�O�M�I�S�E�S �T�O �G�I�V�E �U�S �M�U�C�H �M�O�R�E
�C�O�N�C�R�E�T�E �I�D�E�A�S �O�F �W�H�A�T �H�U�M�A�N �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �A�R�E �L�I�K�E��

�&�R�O�M �T�H�E �V�I�E�W�P�O�I�N�T �O�F �F�O�R�M�A�L �L�O�G�I�C�� �R�E�P�R�E�S�E�N�T�I�N�G �T�H�E �S�A�M�E �K�N�O�W�L�E�D�G�E �I�N �T�W�O �D�I�F�F�E�R�E�N�T
�W�A�Y�S �M�A�K�E�S �A�B�S�O�L�U�T�E�L�Y �N�O �D�I�F�F�E�R�E�N�C�E�� �T�H�E �S�A�M�E �F�A�C�T�S �W�I�L�L �B�E �D�E�R�I�V�A�B�L�E �F�R�O�M �E�I�T�H�E�R �R�E�P�R�E�S�E�N�

�T�A�T�I�O�N�� �)�N �P�R�A�C�T�I�C�E�� �H�O�W�E�V�E�R�� �O�N�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �M�I�G�H�T �R�E�Q�U�I�R�E �F�E�W�E�R �S�T�E�P�S �T�O �D�E�R�I�V�E �A �C�O�N�C�L�U�

�S�I�O�N�� �M�E�A�N�I�N�G �T�H�A�T �A �R�E�A�S�O�N�E�R �W�I�T�H �L�I�M�I�T�E�D �R�E�S�O�U�R�C�E�S �C�O�U�L�D �G�E�T �T�O �T�H�E �C�O�N�C�L�U�S�I�O�N �U�S�I�N�G �O�N�E
�R�E�P�R�E�S�E�N�T�A�T�I�O�N �B�U�T �N�O�T �T�H�E �O�T�H�E�R�� �&�O�R�Q�R�Q�G�H�G�X�F�W�L�Y�H�T�A�S�K�S �S�U�C�H �A�S �L�E�A�R�N�I�N�G �F�R�O�M �E�X�P�E�R�I�E�N�C�E��
�O�U�T�C�O�M�E�S �A�R�E�Q�H�F�H�V�V�D�U�L�O�\�D�E�P�E�N�D�E�N�T �O�N �T�H�E �F�O�R�M �O�F �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �U�S�E�D�� �7�E �S�H�O�W �I�N
�#�H�A�P�T�E�R ���� �T�H�A�T �W�H�E�N �A �L�E�A�R�N�I�N�G �P�R�O�G�R�A�M �C�O�N�S�I�D�E�R�S �T�W�O �P�O�S�S�I�B�L�E �T�H�E�O�R�I�E�S �O�F �T�H�E �W�O�R�L�D�� �B�O�T�H
�O�F �W�H�I�C�H �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �A�L�L �T�H�E �D�A�T�A�� �T�H�E �M�O�S�T �C�O�M�M�O�N �W�A�Y �O�F �B�R�E�A�K�I�N�G �T�H�E �T�I�E �I�S �T�O �C�H�O�O�S�E
�T�H�E �M�O�S�T �S�U�C�C�I�N�C�T �T�H�E�O�R�Y�ˆ�A�N�D �T�H�A�T �D�E�P�E�N�D�S �O�N �T�H�E �L�A�N�G�U�A�G�E �U�S�E�D �T�O �R�E�P�R�E�S�E�N�T �T�H�E�O�R�I�E�S�� �4�H�U�S��
�T�H�E �I�N�m�U�E�N�C�E �O�F �L�A�N�G�U�A�G�E �O�N �T�H�O�U�G�H�T �I�S �U�N�A�V�O�I�D�A�B�L�E �F�O�R �A�N�Y �A�G�E�N�T �T�H�A�T �D�O�E�S �L�E�A�R�N�I�N�G��

���������� �&�R�P�E�L�Q�L�Q�J �W�K�H �E�H�V�W �R�I �I�R�U�P�D�O �D�Q�G �Q�D�W�X�U�D�O �O�D�Q�J�X�D�J�H�V

�7�E �C�A�N �A�D�O�P�T �T�H�E �F�O�U�N�D�A�T�I�O�N �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�ˆ�A �D�E�C�L�A�R�A�T�I�V�E�� �C�O�M�P�O�S�I�T�I�O�N�A�L �S�E�M�A�N�T�I�C�S
�T�H�A�T �I�S �C�O�N�T�E�X�T�
�I�N�D�E�P�E�N�D�E�N�T �A�N�D �U�N�A�M�B�I�G�U�O�U�S�ˆ�A�N�D �B�U�I�L�D �A �M�O�R�E �E�X�P�R�E�S�S�I�V�E �L�O�G�I�C �O�N �T�H�A�T
�F�O�U�N�D�A�T�I�O�N�� �B�O�R�R�O�W�I�N�G �R�E�P�R�E�S�E�N�T�A�T�I�O�N�A�L �I�D�E�A�S �F�R�O�M �N�A�T�U�R�A�L �L�A�N�G�U�A�G�E �W�H�I�L�E �A�V�O�I�D�I�N�G �I�T�S �D�R�A�W�

�B�A�C�K�S�� �7�H�E�N �W�E �L�O�O�K �A�T �T�H�E �S�Y�N�T�A�X �O�F �N�A�T�U�R�A�L �L�A�N�G�U�A�G�E�� �T�H�E �M�O�S�T �O�B�V�I�O�U�S �E�L�E�M�E�N�T�S �A�R�E �N�O�U�N�S
�A�N�D �N�O�U�N �P�H�R�A�S�E�S �T�H�A�T �R�E�F�E�R �T�O�R�E�M�H�F�W�V���S�Q�U�A�R�E�S�� �P�I�T�S�� �W�U�M�P�U�S�E�S�	 �A�N�D �V�E�R�B�S �A�N�D �V�E�R�B �P�H�R�A�S�E�SOBJECT

�T�H�A�T �R�E�F�E�R �T�O�U�H�O�D�W�L�R�Q�V�A�M�O�N�G �O�B�J�E�C�T�S ���I�S �B�R�E�E�Z�Y�� �I�S �A�D�J�A�C�E�N�T �T�O�� �S�H�O�O�T�S�	�� �3�O�M�E �O�F �T�H�E�S�E �R�E�L�A�
RELATION

�T�I�O�N�S �A�R�E�I�X�Q�F�W�L�R�Q�V�ˆ�R�E�L�A�T�I�O�N�S �I�N �W�H�I�C�H �T�H�E�R�E �I�S �O�N�L�Y �O�N�E �h�V�A�L�U�E�v �F�O�R �A �G�I�V�E�N �h�I�N�P�U�T���v �)�T �I�SFUNCTION

�E�A�S�Y �T�O �S�T�A�R�T �L�I�S�T�I�N�G �E�X�A�M�P�L�E�S �O�F �O�B�J�E�C�T�S�� �R�E�L�A�T�I�O�N�S�� �A�N�D �F�U�N�C�T�I�O�N�S��

� �/�B�J�E�C�T�S�� �P�E�O�P�L�E�� �H�O�U�S�E�S�� �N�U�M�B�E�R�S�� �T�H�E�O�R�I�E�S�� �2�O�N�A�L�D �-�C�$�O�N�A�L�D�� �C�O�L�O�R�S�� �B�A�S�E�B�A�L�L �G�A�M�E�S��
�W�A�R�S�� �C�E�N�T�U�R�I�E�S: : :

� �2�E�L�A�T�I�O�N�S�� �T�H�E�S�E �C�A�N �B�E �U�N�A�R�Y �R�E�L�A�T�I�O�N�S �O�R�S�U�R�S�H�U�W�L�H�V�S�U�C�H �A�S �R�E�D�� �R�O�U�N�D�� �B�O�G�U�S�� �P�R�I�M�E��PROPERTY

�M�U�L�T�I�S�T�O�R�I�E�D: : :�� �O�R �M�O�R�E �G�E�N�E�R�A�Ln�
�A�R�Y �R�E�L�A�T�I�O�N�S �S�U�C�H �A�S �B�R�O�T�H�E�R �O�F�� �B�I�G�G�E�R �T�H�A�N�� �I�N�S�I�D�E��
�P�A�R�T �O�F�� �H�A�S �C�O�L�O�R�� �O�C�C�U�R�R�E�D �A�F�T�E�R�� �O�W�N�S�� �C�O�M�E�S �B�E�T�W�E�E�N��: : :

� �&�U�N�C�T�I�O�N�S�� �F�A�T�H�E�R �O�F�� �B�E�S�T �F�R�I�E�N�D�� �T�H�I�R�D �I�N�N�I�N�G �O�F�� �O�N�E �M�O�R�E �T�H�A�N�� �B�E�G�I�N�N�I�N�G �O�F: : :

�)�N�D�E�E�D�� �A�L�M�O�S�T �A�N�Y �A�S�S�E�R�T�I�O�N �C�A�N �B�E �T�H�O�U�G�H�T �O�F �A�S �R�E�F�E�R�R�I�N�G �T�O �O�B�J�E�C�T�S �A�N�D �P�R�O�P�E�R�T�I�E�S �O�R �R�E�L�A�

�T�I�O�N�S�� �3�O�M�E �E�X�A�M�P�L�E�S �F�O�L�L�O�W��



�3�E�C�T�I�O�N �������� �2�E�P�R�E�S�E�N�T�A�T�I�O�N �2�E�V�I�S�I�T�E�D ������

� �h�/�N�E �P�L�U�S �T�W�O �E�Q�U�A�L�S �T�H�R�E�E���v
�/�B�J�E�C�T�S�� �O�N�E�� �T�W�O�� �T�H�R�E�E�� �O�N�E �P�L�U�S �T�W�O�� �2�E�L�A�T�I�O�N�� �E�Q�U�A�L�S�� �&�U�N�C�T�I�O�N�� �P�L�U�S�� ���h�/�N�E �P�L�U�S
�T�W�O�v �I�S �A �N�A�M�E �F�O�R �T�H�E �O�B�J�E�C�T �T�H�A�T �I�S �O�B�T�A�I�N�E�D �B�Y �A�P�P�L�Y�I�N�G �T�H�E �F�U�N�C�T�I�O�N �h�P�L�U�S�v �T�O �T�H�E
�O�B�J�E�C�T�S �h�O�N�E�v �A�N�D �h�T�W�O���v �h�4�H�R�E�E�v �I�S �A�N�O�T�H�E�R �N�A�M�E �F�O�R �T�H�I�S �O�B�J�E�C�T���	

� �h�3�Q�U�A�R�E�S �N�E�I�G�H�B�O�R�I�N�G �T�H�E �W�U�M�P�U�S �A�R�E �S�M�E�L�L�Y���v
�/�B�J�E�C�T�S�� �W�U�M�P�U�S�� �S�Q�U�A�R�E�S�� �0�R�O�P�E�R�T�Y�� �S�M�E�L�L�Y�� �2�E�L�A�T�I�O�N�� �N�E�I�G�H�B�O�R�I�N�G��

� �h�%�V�I�L �+�I�N�G �*�O�H�N �R�U�L�E�D �%�N�G�L�A�N�D �I�N �����������v
�/�B�J�E�C�T�S�� �*�O�H�N�� �%�N�G�L�A�N�D�� ���������� �2�E�L�A�T�I�O�N�� �R�U�L�E�D�� �0�R�O�P�E�R�T�I�E�S�� �E�V�I�L�� �K�I�N�G��

�4�H�E �L�A�N�G�U�A�G�E �O�F�¿�U�V�W���R�U�G�H�U �O�R�J�L�F�� �W�H�O�S�E �S�Y�N�T�A�X �A�N�D �S�E�M�A�N�T�I�C�S �W�E �D�E�l�N�E �I�N �T�H�E �N�E�X�T �S�E�C�T�I�O�N��
�I�S �B�U�I�L�T �A�R�O�U�N�D �O�B�J�E�C�T�S �A�N�D �R�E�L�A�T�I�O�N�S�� �)�T �H�A�S �B�E�E�N �S�O �I�M�P�O�R�T�A�N�T �T�O �M�A�T�H�E�M�A�T�I�C�S�� �P�H�I�L�O�S�O�P�H�Y�� �A�N�D
�A�R�T�I�l�C�I�A�L �I�N�T�E�L�L�I�G�E�N�C�E �P�R�E�C�I�S�E�L�Y �B�E�C�A�U�S�E �T�H�O�S�E �l�E�L�D�S�ˆ�A�N�D �I�N�D�E�E�D�� �M�U�C�H �O�F �E�V�E�R�Y�D�A�Y �H�U�M�A�N
�E�X�I�S�T�E�N�C�E�ˆ�C�A�N �B�E �U�S�E�F�U�L�L�Y �T�H�O�U�G�H�T �O�F �A�S �D�E�A�L�I�N�G �W�I�T�H �O�B�J�E�C�T�S �A�N�D �T�H�E �R�E�L�A�T�I�O�N�S �A�M�O�N�G �T�H�E�M��
�&�I�R�S�T�
�O�R�D�E�R �L�O�G�I�C �C�A�N �A�L�S�O �E�X�P�R�E�S�S �F�A�C�T�S �A�B�O�U�T�V�R�P�H�O�R�D�O�O�O�F �T�H�E �O�B�J�E�C�T�S �I�N �T�H�E �U�N�I�V�E�R�S�E�� �4�H�I�S
�E�N�A�B�L�E�S �O�N�E �T�O �R�E�P�R�E�S�E�N�T �G�E�N�E�R�A�L �L�A�W�S �O�R �R�U�L�E�S�� �S�U�C�H �A�S �T�H�E �S�T�A�T�E�M�E�N�T �h�3�Q�U�A�R�E�S �N�E�I�G�H�B�O�R�I�N�G
�T�H�E �W�U�M�P�U�S �A�R�E �S�M�E�L�L�Y���v

�4�H�E �P�R�I�M�A�R�Y �D�I�F�F�E�R�E�N�C�E �B�E�T�W�E�E�N �P�R�O�P�O�S�I�T�I�O�N�A�L �A�N�D �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �L�I�E�S �I�N �T�H�E�R�Q�W�R�O�R�J�L��
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�I�N �T�H�E�M�� �4�H�E�G�R�P�D�L�Q�O�F �A �M�O�D�E�L �I�S �T�H�E �S�E�T �O�F �O�B�J�E�C�T�S �O�R�G�R�P�D�L�Q �H�O�H�P�H�Q�W�V�I�T �C�O�N�T�A�I�N�S�� �4�H�E �D�O�
DOMAIN

DOMAIN ELEMENTS �M�A�I�N �I�S �R�E�Q�U�I�R�E�D �T�O �B�E�Q�R�Q�H�P�S�W�\�ˆ�E�V�E�R�Y �P�O�S�S�I�B�L�E �W�O�R�L�D �M�U�S�T �C�O�N�T�A�I�N �A�T �L�E�A�S�T �O�N�E �O�B�J�E�C�T�� ���3�E�E
�%�X�E�R�C�I�S�E ������ �F�O�R �A �D�I�S�C�U�S�S�I�O�N �O�F �E�M�P�T�Y �W�O�R�L�D�S���	 �-�A�T�H�E�M�A�T�I�C�A�L�L�Y �S�P�E�A�K�I�N�G�� �I�T �D�O�E�S�N���T �M�A�T�T�E�R
�Z�K�D�W�T�H�E�S�E �O�B�J�E�C�T�S �A�R�E�ˆ�A�L�L �T�H�A�T �M�A�T�T�E�R�S �I�S�K�R�Z �P�D�Q�\�T�H�E�R�E �A�R�E �I�N �E�A�C�H �P�A�R�T�I�C�U�L�A�R �M�O�D�E�L�ˆ�B�U�T
�F�O�R �P�E�D�A�G�O�G�I�C�A�L �P�U�R�P�O�S�E�S �W�E���L�L �U�S�E �A �C�O�N�C�R�E�T�E �E�X�A�M�P�L�E�� �&�I�G�U�R�E ������ �S�H�O�W�S �A �M�O�D�E�L �W�I�T�H �l�V�E

3 �)�T �I�S �I�M�P�O�R�T�A�N�T �N�O�T �T�O �C�O�N�F�U�S�E �T�H�E �D�E�G�R�E�E �O�F �B�E�L�I�E�F �I�N �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �W�I�T�H �T�H�E �D�E�G�R�E�E �O�F �T�R�U�T�H �I�N �F�U�Z�Z�Y �L�O�G�I�C��
�)�N�D�E�E�D�� �S�O�M�E �F�U�Z�Z�Y �S�Y�S�T�E�M�S �A�L�L�O�W �U�N�C�E�R�T�A�I�N�T�Y ���D�E�G�R�E�E �O�F �B�E�L�I�E�F�	 �A�B�O�U�T �D�E�G�R�E�E�S �O�F �T�R�U�T�H��



�3�E�C�T�I�O�N �������� �3�Y�N�T�A�X �A�N�D �3�E�M�A�N�T�I�C�S �O�F �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C������

�O�B�J�E�C�T�S�� �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T�� �+�I�N�G �O�F �%�N�G�L�A�N�D �F�R�O�M �������� �T�O �����������H�I�S �Y�O�U�N�G�E�R �B�R�O�T�H�E�R�� �T�H�E
�E�V�I�L �+�I�N�G �*�O�H�N�� �W�H�O �R�U�L�E�D �F�R�O�M �������� �T�O ���������� �T�H�E �L�E�F�T �L�E�G�S �O�F �2�I�C�H�A�R�D �A�N�D �*�O�H�N�� �A�N�D �A �C�R�O�W�N��

�4�H�E �O�B�J�E�C�T�S �I�N �T�H�E �M�O�D�E�L �M�A�Y �B�E�U�H�O�D�W�H�G�I�N �V�A�R�I�O�U�S �W�A�Y�S�� �)�N �T�H�E �l�G�U�R�E�� �2�I�C�H�A�R�D �A�N�D
�*�O�H�N �A�R�E �B�R�O�T�H�E�R�S�� �&�O�R�M�A�L�L�Y �S�P�E�A�K�I�N�G�� �A �R�E�L�A�T�I�O�N �I�S �J�U�S�T �T�H�E �S�E�T �O�F�W�X�S�O�H�V�O�F �O�B�J�E�C�T�S �T�H�A�T �A�R�ETUPLE

�R�E�L�A�T�E�D�� ���! �T�U�P�L�E �I�S �A �C�O�L�L�E�C�T�I�O�N �O�F �O�B�J�E�C�T�S �A�R�R�A�N�G�E�D �I�N �A �l�X�E�D �O�R�D�E�R �A�N�D �I�S �W�R�I�T�T�E�N �W�I�T�H �A�N�G�L�E
�B�R�A�C�K�E�T�S �S�U�R�R�O�U�N�D�I�N�G �T�H�E �O�B�J�E�C�T�S���	 �4�H�U�S�� �T�H�E �B�R�O�T�H�E�R�H�O�O�D �R�E�L�A�T�I�O�N �I�N �T�H�I�S �M�O�D�E�L �I�S �T�H�E �S�E�T

f h�2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T; �+�I�N�G �*�O�H�Ni ; h�+�I�N�G �*�O�H�N; �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�Ti g : ���������	

���(�E�R�E �W�E �H�A�V�E �N�A�M�E�D �T�H�E �O�B�J�E�C�T�S �I�N �%�N�G�L�I�S�H�� �B�U�T �Y�O�U �M�A�Y�� �I�F �Y�O�U �W�I�S�H�� �M�E�N�T�A�L�L�Y �S�U�B�S�T�I�T�U�T�E �T�H�E
�P�I�C�T�U�R�E�S �F�O�R �T�H�E �N�A�M�E�S���	 �4�H�E �C�R�O�W�N �I�S �O�N �+�I�N�G �*�O�H�N���S �H�E�A�D�� �S�O �T�H�E �h�O�N �H�E�A�D�v �R�E�L�A�T�I�O�N �C�O�N�T�A�I�N�S
�J�U�S�T �O�N�E �T�U�P�L�E��h�T�H�E �C�R�O�W�N; �+�I�N�G �*�O�H�Ni �� �4�H�E �h�B�R�O�T�H�E�R�v �A�N�D �h�O�N �H�E�A�D�v �R�E�L�A�T�I�O�N�S �A�R�E �B�I�N�A�R�Y
�R�E�L�A�T�I�O�N�S�ˆ�T�H�A�T �I�S�� �T�H�E�Y �R�E�L�A�T�E �P�A�I�R�S �O�F �O�B�J�E�C�T�S�� �4�H�E �M�O�D�E�L �A�L�S�O �C�O�N�T�A�I�N�S �U�N�A�R�Y �R�E�L�A�T�I�O�N�S�� �O�R
�P�R�O�P�E�R�T�I�E�S�� �T�H�E �h�P�E�R�S�O�N�v �P�R�O�P�E�R�T�Y �I�S �T�R�U�E �O�F �B�O�T�H �2�I�C�H�A�R�D �A�N�D �*�O�H�N�� �T�H�E �h�K�I�N�G�v �P�R�O�P�E�R�T�Y �I�S �T�R�U�E
�O�N�L�Y �O�F �*�O�H�N ���P�R�E�S�U�M�A�B�L�Y �B�E�C�A�U�S�E �2�I�C�H�A�R�D �I�S �D�E�A�D �A�T �T�H�I�S �P�O�I�N�T�	�� �A�N�D �T�H�E �h�C�R�O�W�N�v �P�R�O�P�E�R�T�Y �I�S
�T�R�U�E �O�N�L�Y �O�F �T�H�E �C�R�O�W�N��

�#�E�R�T�A�I�N �K�I�N�D�S �O�F �R�E�L�A�T�I�O�N�S�H�I�P�S �A�R�E �B�E�S�T �C�O�N�S�I�D�E�R�E�D �A�S �F�U�N�C�T�I�O�N�S�� �I�N �T�H�A�T �A �G�I�V�E�N �O�B�J�E�C�T
�M�U�S�T �B�E �R�E�L�A�T�E�D �T�O �E�X�A�C�T�L�Y �O�N�E �O�B�J�E�C�T �I�N �T�H�I�S �W�A�Y�� �&�O�R �E�X�A�M�P�L�E�� �E�A�C�H �P�E�R�S�O�N �H�A�S �O�N�E �L�E�F�T �L�E�G��
�S�O �T�H�E �M�O�D�E�L �H�A�S �A �U�N�A�R�Y �h�L�E�F�T �L�E�G�v �F�U�N�C�T�I�O�N �T�H�A�T �I�N�C�L�U�D�E�S �T�H�E �F�O�L�L�O�W�I�N�G �M�A�P�P�I�N�G�S��

h�2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�Ti ! �2�I�C�H�A�R�D���S �L�E�F�T �L�E�G
h�+�I�N�G �*�O�H�Ni ! �*�O�H�N���S �L�E�F�T �L�E�G:

���������	

�3�T�R�I�C�T�L�Y �S�P�E�A�K�I�N�G�� �M�O�D�E�L�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �R�E�Q�U�I�R�E�W�R�W�D�O �I�X�Q�F�W�L�R�Q�V�� �T�H�A�T �I�S�� �T�H�E�R�E �M�U�S�T �B�E �ATOTAL FUNCTIONS

�V�A�L�U�E �F�O�R �E�V�E�R�Y �I�N�P�U�T �T�U�P�L�E�� �4�H�U�S�� �T�H�E �C�R�O�W�N �M�U�S�T �H�A�V�E �A �L�E�F�T �L�E�G �A�N�D �S�O �M�U�S�T �E�A�C�H �O�F �T�H�E �L�E�F�T
�L�E�G�S�� �4�H�E�R�E �I�S �A �T�E�C�H�N�I�C�A�L �S�O�L�U�T�I�O�N �T�O �T�H�I�S �A�W�K�W�A�R�D �P�R�O�B�L�E�M �I�N�V�O�L�V�I�N�G �A�N �A�D�D�I�T�I�O�N�A�L �h�I�N�V�I�S�I�B�L�E�v

�2 �*
��

�L�E�F�T �L�E�G

�O�N�H�E�A�D�B�R�O�T�H�E�R

�B�R�O�T�H�E�R

�P�E�R�S�O�N �P�E�R�S�O�N
�K�I�N�G

�C�R�O�W�N

�L�E�F�T �L�E�G

�)�L�J�X�U�H �������! �M�O�D�E�L �C�O�N�T�A�I�N�I�N�G �l�V�E �O�B�J�E�C�T�S�� �T�W�O �B�I�N�A�R�Y �R�E�L�A�T�I�O�N�S�� �T�H�R�E�E �U�N�A�R�Y �R�E�L�A�T�I�O�N�S
���I�N�D�I�C�A�T�E�D �B�Y �L�A�B�E�L�S �O�N �T�H�E �O�B�J�E�C�T�S�	�� �A�N�D �O�N�E �U�N�A�R�Y �F�U�N�C�T�I�O�N�� �L�E�F�T�
�L�E�G��



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�O�B�J�E�C�T �T�H�A�T �I�S �T�H�E �L�E�F�T �L�E�G �O�F �E�V�E�R�Y�T�H�I�N�G �T�H�A�T �H�A�S �N�O �L�E�F�T �L�E�G�� �I�N�C�L�U�D�I�N�G �I�T�S�E�L�F�� �&�O�R�T�U�N�A�T�E�L�Y�� �A�S
�L�O�N�G �A�S �O�N�E �M�A�K�E�S �N�O �A�S�S�E�R�T�I�O�N�S �A�B�O�U�T �T�H�E �L�E�F�T �L�E�G�S �O�F �T�H�I�N�G�S �T�H�A�T �H�A�V�E �N�O �L�E�F�T �L�E�G�S�� �T�H�E�S�E
�T�E�C�H�N�I�C�A�L�I�T�I�E�S �A�R�E �O�F �N�O �I�M�P�O�R�T��

�3�O �F�A�R�� �W�E �H�A�V�E �D�E�S�C�R�I�B�E�D �T�H�E �E�L�E�M�E�N�T�S �T�H�A�T �P�O�P�U�L�A�T�E �M�O�D�E�L�S �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �4�H�E
�O�T�H�E�R �E�S�S�E�N�T�I�A�L �P�A�R�T �O�F �A �M�O�D�E�L �I�S �T�H�E �L�I�N�K �B�E�T�W�E�E�N �T�H�O�S�E �E�L�E�M�E�N�T�S �A�N�D �T�H�E �V�O�C�A�B�U�L�A�R�Y �O�F �T�H�E
�L�O�G�I�C�A�L �S�E�N�T�E�N�C�E�S�� �W�H�I�C�H �W�E �E�X�P�L�A�I�N �N�E�X�T��

���������� �6�\�P�E�R�O�V �D�Q�G �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�V

�7�E �T�U�R�N �N�O�W �T�O �T�H�E �S�Y�N�T�A�X �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �4�H�E �I�M�P�A�T�I�E�N�T �R�E�A�D�E�R �C�A�N �O�B�T�A�I�N �A �C�O�M�P�L�E�T�E
�D�E�S�C�R�I�P�T�I�O�N �F�R�O�M �T�H�E �F�O�R�M�A�L �G�R�A�M�M�A�R �I�N �&�I�G�U�R�E ��������

�4�H�E �B�A�S�I�C �S�Y�N�T�A�C�T�I�C �E�L�E�M�E�N�T�S �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �A�R�E �T�H�E �S�Y�M�B�O�L�S �T�H�A�T �S�T�A�N�D �F�O�R �O�B�J�E�C�T�S��
�R�E�L�A�T�I�O�N�S�� �A�N�D �F�U�N�C�T�I�O�N�S�� �4�H�E �S�Y�M�B�O�L�S�� �T�H�E�R�E�F�O�R�E�� �C�O�M�E �I�N �T�H�R�E�E �K�I�N�D�S���F�R�Q�V�W�D�Q�W �V�\�P�E�R�O�V��CONSTANT SYMBOL

�W�H�I�C�H �S�T�A�N�D �F�O�R �O�B�J�E�C�T�S���S�U�H�G�L�F�D�W�H �V�\�P�E�R�O�V�� �W�H�I�C�H �S�T�A�N�D �F�O�R �R�E�L�A�T�I�O�N�S�� �A�N�D�I�X�Q�F�W�L�R�Q �V�\�P��PREDICATE SYMBOL

�E�R�O�V�� �W�H�I�C�H �S�T�A�N�D �F�O�R �F�U�N�C�T�I�O�N�S�� �7�E �A�D�O�P�T �T�H�E �C�O�N�V�E�N�T�I�O�N �T�H�A�T �T�H�E�S�E �S�Y�M�B�O�L�S �W�I�L�L �B�E�G�I�N �W�I�T�HFUNCTION SYMBOL

�U�P�P�E�R�C�A�S�E �L�E�T�T�E�R�S�� �&�O�R �E�X�A�M�P�L�E�� �W�E �M�I�G�H�T �U�S�E �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�SRichard �A�N�DJohn�� �T�H�E
�P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L�SBrother ��OnHead��Person��King �� �A�N�DCrown�� �A�N�D �T�H�E �F�U�N�C�T�I�O�N �S�Y�M�B�O�L
LeftLeg�� �!�S �W�I�T�H �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S�� �T�H�E �C�H�O�I�C�E �O�F �N�A�M�E�S �I�S �E�N�T�I�R�E�L�Y �U�P �T�O �T�H�E �U�S�E�R�� �%�A�C�H
�P�R�E�D�I�C�A�T�E �A�N�D �F�U�N�C�T�I�O�N �S�Y�M�B�O�L �C�O�M�E�S �W�I�T�H �A�N�D�U�L�W�\�T�H�A�T �l�X�E�S �T�H�E �N�U�M�B�E�R �O�F �A�R�G�U�M�E�N�T�S��ARITY

�!�S �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �E�V�E�R�Y �M�O�D�E�L �M�U�S�T �P�R�O�V�I�D�E �T�H�E �I�N�F�O�R�M�A�T�I�O�N �R�E�Q�U�I�R�E�D �T�O �D�E�T�E�R�

�M�I�N�E �I�F �A�N�Y �G�I�V�E�N �S�E�N�T�E�N�C�E �I�S �T�R�U�E �O�R �F�A�L�S�E�� �4�H�U�S�� �I�N �A�D�D�I�T�I�O�N �T�O �I�T�S �O�B�J�E�C�T�S�� �R�E�L�A�T�I�O�N�S�� �A�N�D
�F�U�N�C�T�I�O�N�S�� �E�A�C�H �M�O�D�E�L �I�N�C�L�U�D�E�S �A�N�L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�T�H�A�T �S�P�E�C�I�l�E�S �E�X�A�C�T�L�Y �W�H�I�C�H �O�B�J�E�C�T�S�� �R�E�L�A�
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�4�H�E �F�O�R�M�A�L �S�E�M�A�N�T�I�C�S �O�F �T�E�R�M�S �I�S �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D�� �#�O�N�S�I�D�E�R �A �T�E�R�Mf (t1; : : : ; tn )�� �4�H�E
�F�U�N�C�T�I�O�N �S�Y�M�B�O�Lf �R�E�F�E�R�S �T�O �S�O�M�E �F�U�N�C�T�I�O�N �I�N �T�H�E �M�O�D�E�L ���C�A�L�L �I�TF �	�� �T�H�E �A�R�G�U�M�E�N�T �T�E�R�M�S �R�E�F�E�R
�T�O �O�B�J�E�C�T�S �I�N �T�H�E �D�O�M�A�I�N ���C�A�L�L �T�H�E�Md1; : : : ; dn �	�� �A�N�D �T�H�E �T�E�R�M �A�S �A �W�H�O�L�E �R�E�F�E�R�S �T�O �T�H�E �O�B�J�E�C�T
�T�H�A�T �I�S �T�H�E �V�A�L�U�E �O�F �T�H�E �F�U�N�C�T�I�O�NF �A�P�P�L�I�E�D �T�Od1; : : : ; dn �� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �T�H�ELeftLeg
�F�U�N�C�T�I�O�N �S�Y�M�B�O�L �R�E�F�E�R�S �T�O �T�H�E �F�U�N�C�T�I�O�N �S�H�O�W�N �I�N �%�Q�U�A�T�I�O�N ���������	 �A�N�DJohn �R�E�F�E�R�S �T�O �+�I�N�G �*�O�H�N��
�T�H�E�NLeftLeg(John) �R�E�F�E�R�S �T�O �+�I�N�G �*�O�H�N���S �L�E�F�T �L�E�G�� �)�N �T�H�I�S �W�A�Y�� �T�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N �l�X�E�S �T�H�E
�R�E�F�E�R�E�N�T �O�F �E�V�E�R�Y �T�E�R�M��

���������� �$�W�R�P�L�F �V�H�Q�W�H�Q�F�H�V

�.�O�W �T�H�A�T �W�E �H�A�V�E �B�O�T�H �T�E�R�M�S �F�O�R �R�E�F�E�R�R�I�N�G �T�O �O�B�J�E�C�T�S �A�N�D �P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L�S �F�O�R �R�E�F�E�R�R�I�N�G �T�O
�R�E�L�A�T�I�O�N�S�� �W�E �C�A�N �P�U�T �T�H�E�M �T�O�G�E�T�H�E�R �T�O �M�A�K�E�D�W�R�P�L�F �V�H�Q�W�H�Q�F�H�V�T�H�A�T �S�T�A�T�E �F�A�C�T�S�� �!�N�D�W�R�P�L�F

5 � ���H�[�S�U�H�V�V�L�R�Q�V�P�R�O�V�I�D�E �A �U�S�E�F�U�L �N�O�T�A�T�I�O�N �I�N �W�H�I�C�H �N�E�W �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S �A�R�E �C�O�N�S�T�R�U�C�T�E�D �h�O�N �T�H�E �m�Y���v �&�O�R
�E�X�A�M�P�L�E�� �T�H�E �F�U�N�C�T�I�O�N �T�H�A�T �S�Q�U�A�R�E�S �I�T�S �A�R�G�U�M�E�N�T �C�A�N �B�E �W�R�I�T�T�E�N �A�S(�x x � x) �A�N�D �C�A�N �B�E �A�P�P�L�I�E�D �T�O �A�R�G�U�M�E�N�T�S
�J�U�S�T �L�I�K�E �A�N�Y �O�T�H�E�R �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�� �!� �
�E�X�P�R�E�S�S�I�O�N �C�A�N �A�L�S�O �B�E �D�E�l�N�E�D �A�N�D �U�S�E�D �A�S �A �P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L�� ���3�E�E
�#�H�A�P�T�E�R �������	 �4�H�E�M�B�N�C�E�B�O�P�E�R�A�T�O�R �I�N �,�I�S�P �P�L�A�Y�S �E�X�A�C�T�L�Y �T�H�E �S�A�M�E �R�O�L�E�� �.�O�T�I�C�E �T�H�A�T �T�H�E �U�S�E �O�F� �I�N �T�H�I�S �W�A�Y �D�O�E�S
�Q�R�W�I�N�C�R�E�A�S�E �T�H�E �F�O�R�M�A�L �E�X�P�R�E�S�S�I�V�E �P�O�W�E�R �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �B�E�C�A�U�S�E �A�N�Y �S�E�N�T�E�N�C�E �T�H�A�T �I�N�C�L�U�D�E�S �A� �
�E�X�P�R�E�S�S�I�O�N
�C�A�N �B�E �R�E�W�R�I�T�T�E�N �B�Y �h�P�L�U�G�G�I�N�G �I�N�v �I�T�S �A�R�G�U�M�E�N�T�S �T�O �Y�I�E�L�D �A�N �E�Q�U�I�V�A�L�E�N�T �S�E�N�T�E�N�C�E��



�3�E�C�T�I�O�N �������� �3�Y�N�T�A�X �A�N�D �3�E�M�A�N�T�I�C�S �O�F �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C������

�V�H�Q�W�H�Q�F�H���O�R�D�W�R�P�F�O�R �S�H�O�R�T�	 �I�S �F�O�R�M�E�D �F�R�O�M �A �P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L �O�P�T�I�O�N�A�L�L�Y �F�O�L�L�O�W�E�D �B�Y �AATOMIC SENTENCE

ATOM �P�A�R�E�N�T�H�E�S�I�Z�E�D �L�I�S�T �O�F �T�E�R�M�S�� �S�U�C�H �A�S

Brother (Richard ; John):

�4�H�I�S �S�T�A�T�E�S�� �U�N�D�E�R �T�H�E �I�N�T�E�N�D�E�D �I�N�T�E�R�P�R�E�T�A�T�I�O�N �G�I�V�E�N �E�A�R�L�I�E�R�� �T�H�A�T �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �T�H�E
�B�R�O�T�H�E�R �O�F �+�I�N�G �*�O�H�N���� �!�T�O�M�I�C �S�E�N�T�E�N�C�E�S �C�A�N �H�A�V�E �C�O�M�P�L�E�X �T�E�R�M�S �A�S �A�R�G�U�M�E�N�T�S�� �4�H�U�S��

Married (Father (Richard); Mother (John))

�S�T�A�T�E�S �T�H�A�T �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T���S �F�A�T�H�E�R �I�S �M�A�R�R�I�E�D �T�O �+�I�N�G �*�O�H�N���S �M�O�T�H�E�R ���A�G�A�I�N�� �U�N�D�E�R �A
�S�U�I�T�A�B�L�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N�	��

�$�Q �D�W�R�P�L�F �V�H�Q�W�H�Q�F�H �L�V�W�U�X�H�L�Q �D �J�L�Y�H�Q �P�R�G�H�O �L�I �W�K�H �U�H�O�D�W�L�R�Q �U�H�I�H�U�U�H�G �W�R �E�\ �W�K�H �S�U�H�G�L�F�D�W�H
�V�\�P�E�R�O �K�R�O�G�V �D�P�R�Q�J �W�K�H �R�E�M�H�F�W�V �U�H�I�H�U�U�H�G �W�R �E�\ �W�K�H �D�U�J�X�P�H�Q�W�V��

���������� �&�R�P�S�O�H�[ �V�H�Q�W�H�Q�F�H�V

�7�E �C�A�N �U�S�E�O�R�J�L�F�D�O �F�R�Q�Q�H�F�W�L�Y�H�V�T�O �C�O�N�S�T�R�U�C�T �M�O�R�E �C�O�M�P�L�E�X �S�E�N�T�E�N�C�E�S�� �W�I�T�H �T�H�E �S�A�M�E �S�Y�N�T�A�X
�A�N�D �S�E�M�A�N�T�I�C�S �A�S �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �C�A�L�C�U�L�U�S�� �(�E�R�E �A�R�E �F�O�U�R �S�E�N�T�E�N�C�E�S �T�H�A�T �A�R�E �T�R�U�E �I�N �T�H�E �M�O�D�E�L
�O�F �&�I�G�U�R�E ������ �U�N�D�E�R �O�U�R �I�N�T�E�N�D�E�D �I�N�T�E�R�P�R�E�T�A�T�I�O�N��

: Brother (LeftLeg(Richard); John)
Brother (Richard ; John) ^ Brother (John; Richard)
King (Richard ) _ King (John)
: King (Richard) ) King (John) :

���������� �4�X�D�Q�W�L�¿�H�U�V

�/�N�C�E �W�E �H�A�V�E �A �L�O�G�I�C �T�H�A�T �A�L�L�O�W�S �O�B�J�E�C�T�S�� �I�T �I�S �O�N�L�Y �N�A�T�U�R�A�L �T�O �W�A�N�T �T�O �E�X�P�R�E�S�S �P�R�O�P�E�R�T�I�E�S �O�F
�E�N�T�I�R�E �C�O�L�L�E�C�T�I�O�N�S �O�F �O�B�J�E�C�T�S�� �I�N�S�T�E�A�D �O�F �E�N�U�M�E�R�A�T�I�N�G �T�H�E �O�B�J�E�C�T�S �B�Y �N�A�M�E���4�X�D�Q�W�L�¿�H�U�V�L�E�T �U�SQUANTIFIER

�D�O �T�H�I�S�� �&�I�R�S�T�
�O�R�D�E�R �L�O�G�I�C �C�O�N�T�A�I�N�S �T�W�O �S�T�A�N�D�A�R�D �Q�U�A�N�T�I�l�E�R�S�� �C�A�L�L�E�D�X�Q�L�Y�H�U�V�D�O�A�N�D�H�[�L�V�W�H�Q�W�L�D�O��

�8�Q�L�Y�H�U�V�D�O �T�X�D�Q�W�L�¿�F�D�W�L�R�Q ��8��

�2�E�C�A�L�L �T�H�E �D�I�F�l�C�U�L�T�Y �W�E �H�A�D �I�N �#�H�A�P�T�E�R �� �W�I�T�H �T�H�E �E�X�P�R�E�S�S�I�O�N �O�F �G�E�N�E�R�A�L �R�U�L�E�S �I�N �P�R�O�P�O�S�I�

�T�I�O�N�A�L �L�O�G�I�C�� �2�U�L�E�S �S�U�C�H �A�S �h�3�Q�U�A�R�E�S �N�E�I�G�H�B�O�R�I�N�G �T�H�E �W�U�M�P�U�S �A�R�E �S�M�E�L�L�Y�v �A�N�D �h�!�L�L �K�I�N�G�S
�A�R�E �P�E�R�S�O�N�S�v �A�R�E �T�H�E �B�R�E�A�D �A�N�D �B�U�T�T�E�R �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �7�E �D�E�A�L �W�I�T�H �T�H�E �l�R�S�T �O�F �T�H�E�S�E �I�N
�3�E�C�T�I�O�N �������� �4�H�E �S�E�C�O�N�D �R�U�L�E�� �h�!�L�L �K�I�N�G�S �A�R�E �P�E�R�S�O�N�S���v �I�S �W�R�I�T�T�E�N �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �A�S

8 x King (x) ) Person(x) :

8 �I�S �U�S�U�A�L�L�Y �P�R�O�N�O�U�N�C�E�D �h�&�O�R �A�L�L: : :�v�� ���2�E�M�E�M�B�E�R �T�H�A�T �T�H�E �U�P�S�I�D�E�
�D�O�W�N �! �S�T�A�N�D�S �F�O�R �h�A�L�L���v�	
�4�H�U�S�� �T�H�E �S�E�N�T�E�N�C�E �S�A�Y�S�� �h�&�O�R �A�L�Lx�� �I�Fx �I�S �A �K�I�N�G�� �T�H�E�Nx �I�S �A �P�E�R�S�O�N���v �4�H�E �S�Y�M�B�O�Lx �I�S �C�A�L�L�E�D
�A�Y�D�U�L�D�E�O�H�� �"�Y �C�O�N�V�E�N�T�I�O�N�� �V�A�R�I�A�B�L�E�S �A�R�E �L�O�W�E�R�C�A�S�E �L�E�T�T�E�R�S�� �! �V�A�R�I�A�B�L�E �I�S �A �T�E�R�M �A�L�L �B�Y �I�T�S�E�L�F��VARIABLE

�A�N�D �A�S �S�U�C�H �C�A�N �A�L�S�O �S�E�R�V�E �A�S �T�H�E �A�R�G�U�M�E�N�T �O�F �A �F�U�N�C�T�I�O�N�ˆ�F�O�R �E�X�A�M�P�L�E��LeftLeg(x) �� �! �T�E�R�M
�W�I�T�H �N�O �V�A�R�I�A�B�L�E�S �I�S �C�A�L�L�E�D �A�J�U�R�X�Q�G �W�H�U�P��GROUND TERM

�)�N�T�U�I�T�I�V�E�L�Y�� �T�H�E �S�E�N�T�E�N�C�E8 x P �� �W�H�E�R�EP �I�S �A�N�Y �L�O�G�I�C�A�L �E�X�P�R�E�S�S�I�O�N�� �S�A�Y�S �T�H�A�TP �I�S �T�R�U�E
�F�O�R �E�V�E�R�Y �O�B�J�E�C�Tx�� �-�O�R�E �P�R�E�C�I�S�E�L�Y��8 x P �I�S �T�R�U�E �I�N �A �G�I�V�E�N �M�O�D�E�L �I�FP �I�S �T�R�U�E �I�N �A�L�L �P�O�S�S�I�B�L�E
�H�[�W�H�Q�G�H�G �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�V�C�O�N�S�T�R�U�C�T�E�D �F�R�O�M �T�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N �G�I�V�E�N �I�N �T�H�E �M�O�D�E�L�� �W�H�E�R�E �E�A�C�HEXTENDED

INTERPRETATION

6 �7�E �U�S�U�A�L�L�Y �F�O�L�L�O�W �T�H�E �A�R�G�U�M�E�N�T�
�O�R�D�E�R�I�N�G �C�O�N�V�E�N�T�I�O�N �T�H�A�TP(x; y ) �I�S �R�E�A�D �A�S �hx �I�S �AP �O�Fy���v



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�E�X�T�E�N�D�E�D �I�N�T�E�R�P�R�E�T�A�T�I�O�N �S�P�E�C�I�l�E�S �A �D�O�M�A�I�N �E�L�E�M�E�N�T �T�O �W�H�I�C�Hx �R�E�F�E�R�S��
�4�H�I�S �S�O�U�N�D�S �C�O�M�P�L�I�C�A�T�E�D�� �B�U�T �I�T �I�S �R�E�A�L�L�Y �J�U�S�T �A �C�A�R�E�F�U�L �W�A�Y �O�F �S�T�A�T�I�N�G �T�H�E �I�N�T�U�I�T�I�V�E �M�E�A�N�


�I�N�G �O�F �U�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�C�A�T�I�O�N�� �#�O�N�S�I�D�E�R �T�H�E �M�O�D�E�L �S�H�O�W�N �I�N �&�I�G�U�R�E ������ �A�N�D �T�H�E �I�N�T�E�N�D�E�D
�I�N�T�E�R�P�R�E�T�A�T�I�O�N �T�H�A�T �G�O�E�S �W�I�T�H �I�T�� �7�E �C�A�N �E�X�T�E�N�D �T�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N �I�N �l�V�E �W�A�Y�S��

x ! �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T��
x ! �+�I�N�G �*�O�H�N��
x ! �2�I�C�H�A�R�D���S �L�E�F�T �L�E�G��
x ! �*�O�H�N���S �L�E�F�T �L�E�G��
x ! �T�H�E �C�R�O�W�N��

�4�H�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E8 x King (x) ) Person(x) �I�S �T�R�U�E �I�N �T�H�E �O�R�I�G�I�N�A�L �M�O�D�E�L
�I�F �T�H�E �S�E�N�T�E�N�C�EKing (x) ) Person(x) �I�S �T�R�U�E �U�N�D�E�R �E�A�C�H �O�F �T�H�E �l�V�E �E�X�T�E�N�D�E�D �I�N�T�E�R�P�R�E�T�A�

�T�I�O�N�S�� �4�H�A�T �I�S�� �T�H�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �A�S�S�E�R�T�I�N�G �T�H�E �F�O�L�L�O�W�I�N�G �l�V�E
�S�E�N�T�E�N�C�E�S��

�2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �A �K�I�N�G) �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �A �P�E�R�S�O�N��
�+�I�N�G �*�O�H�N �I�S �A �K�I�N�G) �+�I�N�G �*�O�H�N �I�S �A �P�E�R�S�O�N��
�2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �A �K�I�N�G) �2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �A �P�E�R�S�O�N��
�*�O�H�N���S �L�E�F�T �L�E�G �I�S �A �K�I�N�G) �*�O�H�N���S �L�E�F�T �L�E�G �I�S �A �P�E�R�S�O�N��
�4�H�E �C�R�O�W�N �I�S �A �K�I�N�G) �T�H�E �C�R�O�W�N �I�S �A �P�E�R�S�O�N��

�,�E�T �U�S �L�O�O�K �C�A�R�E�F�U�L�L�Y �A�T �T�H�I�S �S�E�T �O�F �A�S�S�E�R�T�I�O�N�S�� �3�I�N�C�E�� �I�N �O�U�R �M�O�D�E�L�� �+�I�N�G �*�O�H�N �I�S �T�H�E �O�N�L�Y
�K�I�N�G�� �T�H�E �S�E�C�O�N�D �S�E�N�T�E�N�C�E �A�S�S�E�R�T�S �T�H�A�T �H�E �I�S �A �P�E�R�S�O�N�� �A�S �W�E �W�O�U�L�D �H�O�P�E�� �"�U�T �W�H�A�T �A�B�O�U�T
�T�H�E �O�T�H�E�R �F�O�U�R �S�E�N�T�E�N�C�E�S�� �W�H�I�C�H �A�P�P�E�A�R �T�O �M�A�K�E �C�L�A�I�M�S �A�B�O�U�T �L�E�G�S �A�N�D �C�R�O�W�N�S�� �)�S �T�H�A�T �P�A�R�T
�O�F �T�H�E �M�E�A�N�I�N�G �O�F �h�!�L�L �K�I�N�G�S �A�R�E �P�E�R�S�O�N�S�v�� �)�N �F�A�C�T�� �T�H�E �O�T�H�E�R �F�O�U�R �A�S�S�E�R�T�I�O�N�S �A�R�E �T�R�U�E �I�N �T�H�E
�M�O�D�E�L�� �B�U�T �M�A�K�E �N�O �C�L�A�I�M �W�H�A�T�S�O�E�V�E�R �A�B�O�U�T �T�H�E �P�E�R�S�O�N�H�O�O�D �Q�U�A�L�I�l�C�A�T�I�O�N�S �O�F �L�E�G�S�� �C�R�O�W�N�S��
�O�R �I�N�D�E�E�D �2�I�C�H�A�R�D�� �4�H�I�S �I�S �B�E�C�A�U�S�E �N�O�N�E �O�F �T�H�E�S�E �O�B�J�E�C�T�S �I�S �A �K�I�N�G�� �,�O�O�K�I�N�G �A�T �T�H�E �T�R�U�T�H �T�A�B�L�E
�F�O�R) ���&�I�G�U�R�E ������ �O�N �P�A�G�E �������	�� �W�E �S�E�E �T�H�A�T �T�H�E �I�M�P�L�I�C�A�T�I�O�N �I�S �T�R�U�E �W�H�E�N�E�V�E�R �I�T�S �P�R�E�M�I�S�E �I�S
�F�A�L�S�E�ˆ�U�H�J�D�U�G�O�H�V�V�O�F �T�H�E �T�R�U�T�H �O�F �T�H�E �C�O�N�C�L�U�S�I�O�N�� �4�H�U�S�� �B�Y �A�S�S�E�R�T�I�N�G �T�H�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D
�S�E�N�T�E�N�C�E�� �W�H�I�C�H �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �A�S�S�E�R�T�I�N�G �A �W�H�O�L�E �L�I�S�T �O�F �I�N�D�I�V�I�D�U�A�L �I�M�P�L�I�C�A�T�I�O�N�S�� �W�E �E�N�D
�U�P �A�S�S�E�R�T�I�N�G �T�H�E �C�O�N�C�L�U�S�I�O�N �O�F �T�H�E �R�U�L�E �J�U�S�T �F�O�R �T�H�O�S�E �O�B�J�E�C�T�S �F�O�R �W�H�O�M �T�H�E �P�R�E�M�I�S�E �I�S �T�R�U�E
�A�N�D �S�A�Y�I�N�G �N�O�T�H�I�N�G �A�T �A�L�L �A�B�O�U�T �T�H�O�S�E �I�N�D�I�V�I�D�U�A�L�S �F�O�R �W�H�O�M �T�H�E �P�R�E�M�I�S�E �I�S �F�A�L�S�E�� �4�H�U�S�� �T�H�E
�T�R�U�T�H�
�T�A�B�L�E �D�E�l�N�I�T�I�O�N �O�F) �T�U�R�N�S �O�U�T �T�O �B�E �P�E�R�F�E�C�T �F�O�R �W�R�I�T�I�N�G �G�E�N�E�R�A�L �R�U�L�E�S �W�I�T�H �U�N�I�V�E�R�S�A�L
�Q�U�A�N�T�I�l�E�R�S��

�! �C�O�M�M�O�N �M�I�S�T�A�K�E�� �M�A�D�E �F�R�E�Q�U�E�N�T�L�Y �E�V�E�N �B�Y �D�I�L�I�G�E�N�T �R�E�A�D�E�R�S �W�H�O �H�A�V�E �R�E�A�D �T�H�I�S �P�A�R�A�

�G�R�A�P�H �S�E�V�E�R�A�L �T�I�M�E�S�� �I�S �T�O �U�S�E �C�O�N�J�U�N�C�T�I�O�N �I�N�S�T�E�A�D �O�F �I�M�P�L�I�C�A�T�I�O�N�� �4�H�E �S�E�N�T�E�N�C�E

8 x King (x) ^ Person(x)

�W�O�U�L�D �B�E �E�Q�U�I�V�A�L�E�N�T �T�O �A�S�S�E�R�T�I�N�G

�2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �A �K�I�N�G^ �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �A �P�E�R�S�O�N��
�+�I�N�G �*�O�H�N �I�S �A �K�I�N�G^ �+�I�N�G �*�O�H�N �I�S �A �P�E�R�S�O�N��
�2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �A �K�I�N�G^ �2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �A �P�E�R�S�O�N��

�A�N�D �S�O �O�N�� �/�B�V�I�O�U�S�L�Y�� �T�H�I�S �D�O�E�S �N�O�T �C�A�P�T�U�R�E �W�H�A�T �W�E �W�A�N�T��



�3�E�C�T�I�O�N �������� �3�Y�N�T�A�X �A�N�D �3�E�M�A�N�T�I�C�S �O�F �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C������

�(�[�L�V�W�H�Q�W�L�D�O �T�X�D�Q�W�L�¿�F�D�W�L�R�Q ��9��

�5�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�C�A�T�I�O�N �M�A�K�E�S �S�T�A�T�E�M�E�N�T�S �A�B�O�U�T �E�V�E�R�Y �O�B�J�E�C�T�� �3�I�M�I�L�A�R�L�Y�� �W�E �C�A�N �M�A�K�E �A �S�T�A�T�E�

�M�E�N�T �A�B�O�U�T�V�R�P�H�O�B�J�E�C�T �I�N �T�H�E �U�N�I�V�E�R�S�E �W�I�T�H�O�U�T �N�A�M�I�N�G �I�T�� �B�Y �U�S�I�N�G �A�N �E�X�I�S�T�E�N�T�I�A�L �Q�U�A�N�T�I�l�E�R��
�4�O �S�A�Y�� �F�O�R �E�X�A�M�P�L�E�� �T�H�A�T �+�I�N�G �*�O�H�N �H�A�S �A �C�R�O�W�N �O�N �H�I�S �H�E�A�D�� �W�E �W�R�I�T�E

9 x Crown(x) ^ OnHead(x; John) :

9x �I�S �P�R�O�N�O�U�N�C�E�D �h�4�H�E�R�E �E�X�I�S�T�S �A�Nx �S�U�C�H �T�H�A�T: : :�v �O�R �h�&�O�R �S�O�M�Ex : : :�v��
�)�N�T�U�I�T�I�V�E�L�Y�� �T�H�E �S�E�N�T�E�N�C�E9 x P �S�A�Y�S �T�H�A�TP �I�S �T�R�U�E �F�O�R �A�T �L�E�A�S�T �O�N�E �O�B�J�E�C�Tx�� �-�O�R�E

�P�R�E�C�I�S�E�L�Y��9 x P �I�S �T�R�U�E �I�N �A �G�I�V�E�N �M�O�D�E�L �I�FP �I�S �T�R�U�E �I�N�D�W �O�H�D�V�W �R�Q�H�E�X�T�E�N�D�E�D �I�N�T�E�R�P�R�E�T�A�T�I�O�N
�T�H�A�T �A�S�S�I�G�N�Sx �T�O �A �D�O�M�A�I�N �E�L�E�M�E�N�T�� �4�H�A�T �I�S�� �A�T �L�E�A�S�T �O�N�E �O�F �T�H�E �F�O�L�L�O�W�I�N�G �I�S �T�R�U�E��

�2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �A �C�R�O�W�N^ �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �O�N �*�O�H�N���S �H�E�A�D��
�+�I�N�G �*�O�H�N �I�S �A �C�R�O�W�N^ �+�I�N�G �*�O�H�N �I�S �O�N �*�O�H�N���S �H�E�A�D��
�2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �A �C�R�O�W�N^ �2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �O�N �*�O�H�N���S �H�E�A�D��
�*�O�H�N���S �L�E�F�T �L�E�G �I�S �A �C�R�O�W�N^ �*�O�H�N���S �L�E�F�T �L�E�G �I�S �O�N �*�O�H�N���S �H�E�A�D��
�4�H�E �C�R�O�W�N �I�S �A �C�R�O�W�N^ �T�H�E �C�R�O�W�N �I�S �O�N �*�O�H�N���S �H�E�A�D��

�4�H�E �l�F�T�H �A�S�S�E�R�T�I�O�N �I�S �T�R�U�E �I�N �T�H�E �M�O�D�E�L�� �S�O �T�H�E �O�R�I�G�I�N�A�L �E�X�I�S�T�E�N�T�I�A�L�L�Y �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E �I�S
�T�R�U�E �I�N �T�H�E �M�O�D�E�L�� �.�O�T�I�C�E �T�H�A�T�� �B�Y �O�U�R �D�E�l�N�I�T�I�O�N�� �T�H�E �S�E�N�T�E�N�C�E �W�O�U�L�D �A�L�S�O �B�E �T�R�U�E �I�N �A �M�O�D�E�L
�I�N �W�H�I�C�H �+�I�N�G �*�O�H�N �W�A�S �W�E�A�R�I�N�G �T�W�O �C�R�O�W�N�S�� �4�H�I�S �I�S �E�N�T�I�R�E�L�Y �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �O�R�I�G�I�N�A�L
�S�E�N�T�E�N�C�E �h�+�I�N�G �*�O�H�N �H�A�S �A �C�R�O�W�N �O�N �H�I�S �H�E�A�D���v��

�*�U�S�T �A�S) �A�P�P�E�A�R�S �T�O �B�E �T�H�E �N�A�T�U�R�A�L �C�O�N�N�E�C�T�I�V�E �T�O �U�S�E �W�I�T�H8��^ �I�S �T�H�E �N�A�T�U�R�A�L �C�O�N�N�E�C�T�I�V�E
�T�O �U�S�E �W�I�T�H9�� �5�S�I�N�G^ �A�S �T�H�E �M�A�I�N �C�O�N�N�E�C�T�I�V�E �W�I�T�H8 �L�E�D �T�O �A�N �O�V�E�R�L�Y �S�T�R�O�N�G �S�T�A�T�E�M�E�N�T �I�N
�T�H�E �E�X�A�M�P�L�E �I�N �T�H�E �P�R�E�V�I�O�U�S �S�E�C�T�I�O�N�� �U�S�I�N�G) �W�I�T�H9 �U�S�U�A�L�L�Y �L�E�A�D�S �T�O �A �V�E�R�Y �W�E�A�K �S�T�A�T�E�M�E�N�T��
�I�N�D�E�E�D�� �#�O�N�S�I�D�E�R �T�H�E �F�O�L�L�O�W�I�N�G �S�E�N�T�E�N�C�E��

9 x Crown(x) ) OnHead(x; John) :

�/�N �T�H�E �S�U�R�F�A�C�E�� �T�H�I�S �M�I�G�H�T �L�O�O�K �L�I�K�E �A �R�E�A�S�O�N�A�B�L�E �R�E�N�D�I�T�I�O�N �O�F �O�U�R �S�E�N�T�E�N�C�E�� �!�P�P�L�Y�I�N�G �T�H�E
�S�E�M�A�N�T�I�C�S�� �W�E �S�E�E �T�H�A�T �T�H�E �S�E�N�T�E�N�C�E �S�A�Y�S �T�H�A�T �A�T �L�E�A�S�T �O�N�E �O�F �T�H�E �F�O�L�L�O�W�I�N�G �A�S�S�E�R�T�I�O�N�S �I�S �T�R�U�E��

�2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �A �C�R�O�W�N) �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �O�N �*�O�H�N���S �H�E�A�D��
�+�I�N�G �*�O�H�N �I�S �A �C�R�O�W�N) �+�I�N�G �*�O�H�N �I�S �O�N �*�O�H�N���S �H�E�A�D��
�2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �A �C�R�O�W�N) �2�I�C�H�A�R�D���S �L�E�F�T �L�E�G �I�S �O�N �*�O�H�N���S �H�E�A�D��

�A�N�D �S�O �O�N�� �.�O�W �A�N �I�M�P�L�I�C�A�T�I�O�N �I�S �T�R�U�E �I�F �B�O�T�H �P�R�E�M�I�S�E �A�N�D �C�O�N�C�L�U�S�I�O�N �A�R�E �T�R�U�E���R�U �L�I �L�W�V �S�U�H�P�L�V�H
�L�V �I�D�O�V�H�� �3�O �I�F �2�I�C�H�A�R�D �T�H�E �,�I�O�N�H�E�A�R�T �I�S �N�O�T �A �C�R�O�W�N�� �T�H�E�N �T�H�E �l�R�S�T �A�S�S�E�R�T�I�O�N �I�S �T�R�U�E �A�N�D �T�H�E
�E�X�I�S�T�E�N�T�I�A�L �I�S �S�A�T�I�S�l�E�D�� �3�O�� �A�N �E�X�I�S�T�E�N�T�I�A�L�L�Y �Q�U�A�N�T�I�l�E�D �I�M�P�L�I�C�A�T�I�O�N �S�E�N�T�E�N�C�E �I�S �T�R�U�E �W�H�E�N�E�V�E�R
�D�Q�\�O�B�J�E�C�T �F�A�I�L�S �T�O �S�A�T�I�S�F�Y �T�H�E �P�R�E�M�I�S�E�� �H�E�N�C�E �S�U�C�H �S�E�N�T�E�N�C�E�S �R�E�A�L�L�Y �D�O �N�O�T �S�A�Y �M�U�C�H �A�T �A�L�L��

�1�H�V�W�H�G �T�X�D�Q�W�L�¿�H�U�V

�7�E �W�I�L�L �O�F�T�E�N �W�A�N�T �T�O �E�X�P�R�E�S�S �M�O�R�E �C�O�M�P�L�E�X �S�E�N�T�E�N�C�E�S �U�S�I�N�G �M�U�L�T�I�P�L�E �Q�U�A�N�T�I�l�E�R�S�� �4�H�E �S�I�M�

�P�L�E�S�T �C�A�S�E �I�S �W�H�E�R�E �T�H�E �Q�U�A�N�T�I�l�E�R�S �A�R�E �O�F �T�H�E �S�A�M�E �T�Y�P�E�� �&�O�R �E�X�A�M�P�L�E�� �h�"�R�O�T�H�E�R�S �A�R�E �S�I�B�L�I�N�G�S�v
�C�A�N �B�E �W�R�I�T�T�E�N �A�S

8 x 8 y Brother (x; y) ) Sibling(x; y) :

7 �4�H�E�R�E�I�S �A �V�A�R�I�A�N�T �O�F �T�H�E �E�X�I�S�T�E�N�T�I�A�L �Q�U�A�N�T�I�l�E�R�� �U�S�U�A�L�L�Y �W�R�I�T�T�E�N91 �O�R9!�� �T�H�A�T �M�E�A�N�S �h�4�H�E�R�E �E�X�I�S�T�S �E�X�A�C�T�L�Y �O�N�E���v
�4�H�E �S�A�M�E �M�E�A�N�I�N�G �C�A�N �B�E �E�X�P�R�E�S�S�E�D �U�S�I�N�G �E�Q�U�A�L�I�T�Y �S�T�A�T�E�M�E�N�T�S��



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�#�O�N�S�E�C�U�T�I�V�E �Q�U�A�N�T�I�l�E�R�S �O�F �T�H�E �S�A�M�E �T�Y�P�E �C�A�N �B�E �W�R�I�T�T�E�N �A�S �O�N�E �Q�U�A�N�T�I�l�E�R �W�I�T�H �S�E�V�E�R�A�L �V�A�R�I�

�A�B�L�E�S�� �&�O�R �E�X�A�M�P�L�E�� �T�O �S�A�Y �T�H�A�T �S�I�B�L�I�N�G�H�O�O�D �I�S �A �S�Y�M�M�E�T�R�I�C �R�E�L�A�T�I�O�N�S�H�I�P�� �W�E �C�A�N �W�R�I�T�E

8 x; y Sibling(x; y) , Sibling(y; x) :

�)�N �O�T�H�E�R �C�A�S�E�S �W�E �W�I�L�L �H�A�V�E �M�I�X�T�U�R�E�S�� �h�%�V�E�R�Y�B�O�D�Y �L�O�V�E�S �S�O�M�E�B�O�D�Y�v �M�E�A�N�S �T�H�A�T �F�O�R �E�V�E�R�Y
�P�E�R�S�O�N�� �T�H�E�R�E �I�S �S�O�M�E�O�N�E �T�H�A�T �P�E�R�S�O�N �L�O�V�E�S��

8 x 9 y Loves(x; y) :

�/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �T�O �S�A�Y �h�4�H�E�R�E �I�S �S�O�M�E�O�N�E �W�H�O �I�S �L�O�V�E�D �B�Y �E�V�E�R�Y�O�N�E���v �W�E �W�R�I�T�E

9 y 8 x Loves(x; y) :

�4�H�E �O�R�D�E�R �O�F �Q�U�A�N�T�I�l�C�A�T�I�O�N �I�S �T�H�E�R�E�F�O�R�E �V�E�R�Y �I�M�P�O�R�T�A�N�T�� �)�T �B�E�C�O�M�E�S �C�L�E�A�R�E�R �I�F �W�E �I�N�S�E�R�T �P�A�R�E�N�

�T�H�E�S�E�S��8 x (9 y Loves(x; y)) �S�A�Y�S �T�H�A�T�H�Y�H�U�\�R�Q�H�H�A�S �A �P�A�R�T�I�C�U�L�A�R �P�R�O�P�E�R�T�Y�� �N�A�M�E�L�Y�� �T�H�E �P�R�O�P�

�E�R�T�Y �T�H�A�T �T�H�E�Y �L�O�V�E �S�O�M�E�O�N�E�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D��9 y (8 x Loves(x; y)) �S�A�Y�S �T�H�A�T�V�R�P�H�R�Q�H�I�N
�T�H�E �W�O�R�L�D �H�A�S �A �P�A�R�T�I�C�U�L�A�R �P�R�O�P�E�R�T�Y�� �N�A�M�E�L�Y �T�H�E �P�R�O�P�E�R�T�Y �O�F �B�E�I�N�G �L�O�V�E�D �B�Y �E�V�E�R�Y�B�O�D�Y��

�3�O�M�E �C�O�N�F�U�S�I�O�N �C�A�N �A�R�I�S�E �W�H�E�N �T�W�O �Q�U�A�N�T�I�l�E�R�S �A�R�E �U�S�E�D �W�I�T�H �T�H�E �S�A�M�E �V�A�R�I�A�B�L�E �N�A�M�E��
�#�O�N�S�I�D�E�R �T�H�E �S�E�N�T�E�N�C�E

8 x (Crown(x) _ (9 x Brother (Richard ; x))) :

�(�E�R�E �T�H�Ex �I�NBrother (Richard ; x) �I�S�H�[�L�V�W�H�Q�W�L�D�O�O�\�Q�U�A�N�T�I�l�E�D�� �4�H�E �R�U�L�E �I�S �T�H�A�T �T�H�E �V�A�R�I�A�B�L�E
�B�E�L�O�N�G�S �T�O �T�H�E �I�N�N�E�R�M�O�S�T �Q�U�A�N�T�I�l�E�R �T�H�A�T �M�E�N�T�I�O�N�S �I�T�� �T�H�E�N �I�T �W�I�L�L �N�O�T �B�E �S�U�B�J�E�C�T �T�O �A�N�Y �O�T�H�E�R
�Q�U�A�N�T�I�l�C�A�T�I�O�N�� �!�N�O�T�H�E�R �W�A�Y �T�O �T�H�I�N�K �O�F �I�T �I�S �T�H�I�S��9 x Brother (Richard ; x) �I�S �A �S�E�N�T�E�N�C�E
�A�B�O�U�T �2�I�C�H�A�R�D ���T�H�A�T �H�E �H�A�S �A �B�R�O�T�H�E�R�	�� �N�O�T �A�B�O�U�Tx�� �S�O �P�U�T�T�I�N�G �A8 x �O�U�T�S�I�D�E �I�T �H�A�S �N�O �E�F�F�E�C�T�� �)�T
�C�O�U�L�D �E�Q�U�A�L�L�Y �W�E�L�L �H�A�V�E �B�E�E�N �W�R�I�T�T�E�N9 z Brother (Richard ; z)�� �"�E�C�A�U�S�E �T�H�I�S �C�A�N �B�E �A �S�O�U�R�C�E
�O�F �C�O�N�F�U�S�I�O�N�� �W�E �W�I�L�L �A�L�W�A�Y�S �U�S�E �D�I�F�F�E�R�E�N�T �V�A�R�I�A�B�L�E �N�A�M�E�S �W�I�T�H �N�E�S�T�E�D �Q�U�A�N�T�I�l�E�R�S��

�&�R�Q�Q�H�F�W�L�R�Q�V �E�H�W�Z�H�H�Q8 �D�Q�G9

�4�H�E �T�W�O �Q�U�A�N�T�I�l�E�R�S �A�R�E �A�C�T�U�A�L�L�Y �I�N�T�I�M�A�T�E�L�Y �C�O�N�N�E�C�T�E�D �W�I�T�H �E�A�C�H �O�T�H�E�R�� �T�H�R�O�U�G�H �N�E�G�A�T�I�O�N�� �!�S�

�S�E�R�T�I�N�G �T�H�A�T �E�V�E�R�Y�O�N�E �D�I�S�L�I�K�E�S �P�A�R�S�N�I�P�S �I�S �T�H�E �S�A�M�E �A�S �A�S�S�E�R�T�I�N�G �T�H�E�R�E �D�O�E�S �N�O�T �E�X�I�S�T �S�O�M�E�O�N�E
�W�H�O �L�I�K�E�S �T�H�E�M�� �A�N�D �V�I�C�E �V�E�R�S�A��

8 x : Likes(x; Parsnips) �I�S �E�Q�U�I�V�A�L�E�N�T �T�O:9 x Likes(x; Parsnips) :

�7�E �C�A�N �G�O �O�N�E �S�T�E�P �F�U�R�T�H�E�R�� �h�%�V�E�R�Y�O�N�E �L�I�K�E�S �I�C�E �C�R�E�A�M�v �M�E�A�N�S �T�H�A�T �T�H�E�R�E �I�S �N�O �O�N�E �W�H�O �D�O�E�S
�N�O�T �L�I�K�E �I�C�E �C�R�E�A�M��

8 x Likes(x; IceCream) �I�S �E�Q�U�I�V�A�L�E�N�T �T�O:9 x : Likes(x; IceCream) :

�"�E�C�A�U�S�E8 �I�S �R�E�A�L�L�Y �A �C�O�N�J�U�N�C�T�I�O�N �O�V�E�R �T�H�E �U�N�I�V�E�R�S�E �O�F �O�B�J�E�C�T�S �A�N�D9 �I�S �A �D�I�S�J�U�N�C�T�I�O�N�� �I�T �S�H�O�U�L�D
�N�O�T �B�E �S�U�R�P�R�I�S�I�N�G �T�H�A�T �T�H�E�Y �O�B�E�Y �$�E �-�O�R�G�A�N���S �R�U�L�E�S�� �4�H�E �$�E �-�O�R�G�A�N �R�U�L�E�S �F�O�R �Q�U�A�N�T�I�l�E�D �A�N�D
�U�N�Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E�S �A�R�E �A�S �F�O�L�L�O�W�S��

8 x : P � :9 x P : (P _ Q) � : P ^ : Q
:8 x P � 9 x : P : (P ^ Q) � : P _ : Q
8 x P � :9 x : P P ^ Q � : (: P _ : Q)
9 x P � :8 x : P P _ Q � : (: P ^ : Q) :

�4�H�U�S�� �W�E �D�O �N�O�T �R�E�A�L�L�Y �N�E�E�D �B�O�T�H8 �A�N�D9�� �J�U�S�T �A�S �W�E �D�O �N�O�T �R�E�A�L�L�Y �N�E�E�D �B�O�T�H^ �A�N�D_�� �3�T�I�L�L��
�R�E�A�D�A�B�I�L�I�T�Y �I�S �M�O�R�E �I�M�P�O�R�T�A�N�T �T�H�A�N �P�A�R�S�I�M�O�N�Y�� �S�O �W�E �W�I�L�L �K�E�E�P �B�O�T�H �O�F �T�H�E �Q�U�A�N�T�I�l�E�R�S��



�3�E�C�T�I�O�N �������� �3�Y�N�T�A�X �A�N�D �3�E�M�A�N�T�I�C�S �O�F �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C������

���������� �(�T�X�D�O�L�W�\

�&�I�R�S�T�
�O�R�D�E�R �L�O�G�I�C �I�N�C�L�U�D�E�S �O�N�E �M�O�R�E �W�A�Y �T�O �M�A�K�E �A�T�O�M�I�C �S�E�N�T�E�N�C�E�S�� �O�T�H�E�R �T�H�A�N �U�S�I�N�G �A �P�R�E�D�I�

�C�A�T�E �A�N�D �T�E�R�M�S �A�S �D�E�S�C�R�I�B�E�D �E�A�R�L�I�E�R�� �7�E �C�A�N �U�S�E �T�H�E�H�T�X�D�O�L�W�\ �V�\�P�E�R�O�T�O �S�I�G�N�I�F�Y �T�H�A�T �T�W�O �T�E�R�M�SEQUALITY SYMBOL

�R�E�F�E�R �T�O �T�H�E �S�A�M�E �O�B�J�E�C�T�� �&�O�R �E�X�A�M�P�L�E��

Father (John) = Henry

�S�A�Y�S �T�H�A�T �T�H�E �O�B�J�E�C�T �R�E�F�E�R�R�E�D �T�O �B�YFather (John) �A�N�D �T�H�E �O�B�J�E�C�T �R�E�F�E�R�R�E�D �T�O �B�YHenry �A�R�E �T�H�E
�S�A�M�E�� �"�E�C�A�U�S�E �A�N �I�N�T�E�R�P�R�E�T�A�T�I�O�N �l�X�E�S �T�H�E �R�E�F�E�R�E�N�T �O�F �A�N�Y �T�E�R�M�� �D�E�T�E�R�M�I�N�I�N�G �T�H�E �T�R�U�T�H �O�F �A�N
�E�Q�U�A�L�I�T�Y �S�E�N�T�E�N�C�E �I�S �S�I�M�P�L�Y �A �M�A�T�T�E�R �O�F �S�E�E�I�N�G �T�H�A�T �T�H�E �R�E�F�E�R�E�N�T�S �O�F �T�H�E �T�W�O �T�E�R�M�S �A�R�E �T�H�E �S�A�M�E
�O�B�J�E�C�T��

�4�H�E �E�Q�U�A�L�I�T�Y �S�Y�M�B�O�L �C�A�N �B�E �U�S�E�D �T�O �S�T�A�T�E �F�A�C�T�S �A�B�O�U�T �A �G�I�V�E�N �F�U�N�C�T�I�O�N�� �A�S �W�E �J�U�S�T �D�I�D �F�O�R
�T�H�EFather �S�Y�M�B�O�L�� �)�T �C�A�N �A�L�S�O �B�E �U�S�E�D �W�I�T�H �N�E�G�A�T�I�O�N �T�O �I�N�S�I�S�T �T�H�A�T �T�W�O �T�E�R�M�S �A�R�E �N�O�T �T�H�E �S�A�M�E
�O�B�J�E�C�T�� �4�O �S�A�Y �T�H�A�T �2�I�C�H�A�R�D �H�A�S �A�T �L�E�A�S�T �T�W�O �B�R�O�T�H�E�R�S�� �W�E �W�O�U�L�D �W�R�I�T�E

9 x; y Brother (x; Richard ) ^ Brother (y; Richard ) ^ : (x = y) :

�4�H�E �S�E�N�T�E�N�C�E

9 x; y Brother (x; Richard ) ^ Brother (y; Richard )

�D�O�E�S �N�O�T �H�A�V�E �T�H�E �I�N�T�E�N�D�E�D �M�E�A�N�I�N�G�� �)�N �P�A�R�T�I�C�U�L�A�R�� �I�T �I�S �T�R�U�E �I�N �T�H�E �M�O�D�E�L �O�F �&�I�G�U�R�E �������� �W�H�E�R�E
�2�I�C�H�A�R�D �H�A�S �O�N�L�Y �O�N�E �B�R�O�T�H�E�R�� �4�O �S�E�E �T�H�I�S�� �C�O�N�S�I�D�E�R �T�H�E �E�X�T�E�N�D�E�D �I�N�T�E�R�P�R�E�T�A�T�I�O�N �I�N �W�H�I�C�H �B�O�T�H
x �A�N�Dy �A�R�E �A�S�S�I�G�N�E�D �T�O �+�I�N�G �*�O�H�N�� �4�H�E �A�D�D�I�T�I�O�N �O�F: (x = y) �R�U�L�E�S �O�U�T �S�U�C�H �M�O�D�E�L�S�� �4�H�E
�N�O�T�A�T�I�O�Nx 6=y �I�S �S�O�M�E�T�I�M�E�S �U�S�E�D �A�S �A�N �A�B�B�R�E�V�I�A�T�I�O�N �F�O�R: (x = y)��

���������� �$�Q �D�O�W�H�U�Q�D�W�L�Y�H �V�H�P�D�Q�W�L�F�V�"

�#�O�N�T�I�N�U�I�N�G �T�H�E �E�X�A�M�P�L�E �F�R�O�M �T�H�E �P�R�E�V�I�O�U�S �S�E�C�T�I�O�N�� �S�U�P�P�O�S�E �T�H�A�T �W�E �B�E�L�I�E�V�E �T�H�A�T �2�I�C�H�A�R�D �H�A�S
�T�W�O �B�R�O�T�H�E�R�S�� �*�O�H�N �A�N�D �'�E�O�F�F�R�E�Y���� �#�A�N �W�E �C�A�P�T�U�R�E �T�H�I�S �S�T�A�T�E �O�F �A�F�F�A�I�R�S �B�Y �A�S�S�E�R�T�I�N�G

Brother (John; Richard ) ^ Brother (Geo�rey ; Richard) ? ���������	

�.�O�T �Q�U�I�T�E�� �&�I�R�S�T�� �T�H�I�S �A�S�S�E�R�T�I�O�N �I�S �T�R�U�E �I�N �A �M�O�D�E�L �W�H�E�R�E �2�I�C�H�A�R�D �H�A�S �O�N�L�Y �O�N�E �B�R�O�T�H�E�R�ˆ
�W�E �N�E�E�D �T�O �A�D�DJohn 6=Geo�rey �� �3�E�C�O�N�D�� �T�H�E �S�E�N�T�E�N�C�E �D�O�E�S�N���T �R�U�L�E �O�U�T �M�O�D�E�L�S �I�N �W�H�I�C�H
�2�I�C�H�A�R�D �H�A�S �M�A�N�Y �M�O�R�E �B�R�O�T�H�E�R�S �B�E�S�I�D�E�S �*�O�H�N �A�N�D �'�E�O�F�F�R�E�Y�� �4�H�U�S�� �T�H�E �C�O�R�R�E�C�T �T�R�A�N�S�L�A�T�I�O�N �O�F
�h�2�I�C�H�A�R�D���S �B�R�O�T�H�E�R�S �A�R�E �*�O�H�N �A�N�D �'�E�O�F�F�R�E�Y�v �I�S �A�S �F�O�L�L�O�W�S��

Brother (John; Richard ) ^ Brother (Geo�rey ; Richard) ^ John 6=Geo�rey
^ 8 x Brother (x; Richard ) ) (x = John _ x = Geo�rey ) :

�&�O�R �M�A�N�Y �P�U�R�P�O�S�E�S�� �T�H�I�S �S�E�E�M�S �M�U�C�H �M�O�R�E �C�U�M�B�E�R�S�O�M�E �T�H�A�N �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �N�A�T�U�R�A�L�

�L�A�N�G�U�A�G�E �E�X�P�R�E�S�S�I�O�N�� �!�S �A �C�O�N�S�E�Q�U�E�N�C�E�� �H�U�M�A�N�S �M�A�Y �M�A�K�E �M�I�S�T�A�K�E�S �I�N �T�R�A�N�S�L�A�T�I�N�G �T�H�E�I�R
�K�N�O�W�L�E�D�G�E �I�N�T�O �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �R�E�S�U�L�T�I�N�G �I�N �U�N�I�N�T�U�I�T�I�V�E �B�E�H�A�V�I�O�R�S �F�R�O�M �L�O�G�I�C�A�L �R�E�A�S�O�N�I�N�G
�S�Y�S�T�E�M�S �T�H�A�T �U�S�E �T�H�E �K�N�O�W�L�E�D�G�E�� �#�A�N �W�E �D�E�V�I�S�E �A �S�E�M�A�N�T�I�C�S �T�H�A�T �A�L�L�O�W�S �A �M�O�R�E �S�T�R�A�I�G�H�T�F�O�R�

�W�A�R�D �L�O�G�I�C�A�L �E�X�P�R�E�S�S�I�O�N��

�/�N�E �P�R�O�P�O�S�A�L �T�H�A�T �I�S �V�E�R�Y �P�O�P�U�L�A�R �I�N �D�A�T�A�B�A�S�E �S�Y�S�T�E�M�S �W�O�R�K�S �A�S �F�O�L�L�O�W�S�� �&�I�R�S�T�� �W�E �I�N�S�I�S�T
�T�H�A�T �E�V�E�R�Y �C�O�N�S�T�A�N�T �S�Y�M�B�O�L �R�E�F�E�R �T�O �A �D�I�S�T�I�N�C�T �O�B�J�E�C�T�ˆ�T�H�E �S�O�
�C�A�L�L�E�D�X�Q�L�T�X�H���Q�D�P�H�V �D�V�V�X�P�S��
�W�L�R�Q�� �3�E�C�O�N�D�� �W�E �A�S�S�U�M�E �T�H�A�T �A�T�O�M�I�C �S�E�N�T�E�N�C�E�S �N�O�T �K�N�O�W�N �T�O �B�E �T�R�U�E �A�R�E �I�N �F�A�C�T �F�A�L�S�E�ˆ�T�H�EUNIQUE­NAMES

ASSUMPTION

�F�O�R�V�H�G���Z�R�U�O�G �D�V�V�X�P�S�W�L�R�Q�� �&�I�N�A�L�L�Y�� �W�E �I�N�V�O�K�E�G�R�P�D�L�Q �F�O�R�V�X�U�H�� �M�E�A�N�I�N�G �T�H�A�T �E�A�C�H �M�O�D�E�LCLOSED­WORLD
ASSUMPTION

DOMAIN CLOSURE 8 �!�C�T�U�A�L�L�Y �H�E �H�A�D �F�O�U�R�� �T�H�E �O�T�H�E�R�S �B�E�I�N�G �7�I�L�L�I�A�M �A�N�D �(�E�N�R�Y��



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C
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�)�L�J�X�U�H �������3�O�M�E �M�E�M�B�E�R�S �O�F �T�H�E �S�E�T �O�F �A�L�L �M�O�D�E�L�S �F�O�R �A �L�A�N�G�U�A�G�E �W�I�T�H �T�W�O �C�O�N�S�T�A�N�T �S�Y�M�

�B�O�L�S��R �A�N�DJ �� �A�N�D �O�N�E �B�I�N�A�R�Y �R�E�L�A�T�I�O�N �S�Y�M�B�O�L�� �U�N�D�E�R �D�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S�� �4�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N
�O�F �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �I�S �l�X�E�D�� �A�N�D �T�H�E�R�E �I�S �A �D�I�S�T�I�N�C�T �O�B�J�E�C�T �F�O�R �E�A�C�H �C�O�N�S�T�A�N�T �S�Y�M�B�O�L��

�C�O�N�T�A�I�N�S �N�O �M�O�R�E �D�O�M�A�I�N �E�L�E�M�E�N�T�S �T�H�A�N �T�H�O�S�E �N�A�M�E�D �B�Y �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S�� �5�N�D�E�R �T�H�E
�R�E�S�U�L�T�I�N�G �S�E�M�A�N�T�I�C�S�� �W�H�I�C�H �W�E �C�A�L�L�G�D�W�D�E�D�V�H �V�H�P�D�Q�W�L�F�V�T�O �D�I�S�T�I�N�G�U�I�S�H �I�T �F�R�O�M �T�H�E �S�T�A�N�D�A�R�DDATABASE

SEMANTICS

�S�E�M�A�N�T�I�C�S �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �T�H�E �S�E�N�T�E�N�C�E �%�Q�U�A�T�I�O�N ���������	 �D�O�E�S �I�N�D�E�E�D �S�T�A�T�E �T�H�A�T �2�I�C�H�A�R�D���S
�T�W�O �B�R�O�T�H�E�R�S �A�R�E �*�O�H�N �A�N�D �'�E�O�F�F�R�E�Y�� �$�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S �I�S �A�L�S�O �U�S�E�D �I�N �L�O�G�I�C �P�R�O�G�R�A�M�M�I�N�G
�S�Y�S�T�E�M�S�� �A�S �E�X�P�L�A�I�N�E�D �I�N �3�E�C�T�I�O�N ������������

�)�T �I�S �I�N�S�T�R�U�C�T�I�V�E �T�O �C�O�N�S�I�D�E�R �T�H�E �S�E�T �O�F �A�L�L �P�O�S�S�I�B�L�E �M�O�D�E�L�S �U�N�D�E�R �D�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S �F�O�R
�T�H�E �S�A�M�E �C�A�S�E �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������� �&�I�G�U�R�E ������ �S�H�O�W�S �S�O�M�E �O�F �T�H�E �M�O�D�E�L�S�� �R�A�N�G�I�N�G �F�R�O�M
�T�H�E �M�O�D�E�L �W�I�T�H �N�O �T�U�P�L�E�S �S�A�T�I�S�F�Y�I�N�G �T�H�E �R�E�L�A�T�I�O�N �T�O �T�H�E �M�O�D�E�L �W�I�T�H �A�L�L �T�U�P�L�E�S �S�A�T�I�S�F�Y�I�N�G �T�H�E
�R�E�L�A�T�I�O�N�� �7�I�T�H �T�W�O �O�B�J�E�C�T�S�� �T�H�E�R�E �A�R�E �F�O�U�R �P�O�S�S�I�B�L�E �T�W�O�
�E�L�E�M�E�N�T �T�U�P�L�E�S�� �S�O �T�H�E�R�E �A�R�E24 = 16
�D�I�F�F�E�R�E�N�T �S�U�B�S�E�T�S �O�F �T�U�P�L�E�S �T�H�A�T �C�A�N �S�A�T�I�S�F�Y �T�H�E �R�E�L�A�T�I�O�N�� �4�H�U�S�� �T�H�E�R�E �A�R�E ���� �P�O�S�S�I�B�L�E �M�O�D�E�L�S �I�N
�A�L�L�ˆ�A �L�O�T �F�E�W�E�R �T�H�A�N �T�H�E �I�N�l�N�I�T�E�L�Y �M�A�N�Y �M�O�D�E�L�S �F�O�R �T�H�E �S�T�A�N�D�A�R�D �l�R�S�T�
�O�R�D�E�R �S�E�M�A�N�T�I�C�S�� �/�N �T�H�E
�O�T�H�E�R �H�A�N�D�� �T�H�E �D�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S �R�E�Q�U�I�R�E�S �D�E�l�N�I�T�E �K�N�O�W�L�E�D�G�E �O�F �W�H�A�T �T�H�E �W�O�R�L�D �C�O�N�T�A�I�N�S��

�4�H�I�S �E�X�A�M�P�L�E �B�R�I�N�G�S �U�P �A�N �I�M�P�O�R�T�A�N�T �P�O�I�N�T�� �T�H�E�R�E �I�S �N�O �O�N�E �h�C�O�R�R�E�C�T�v �S�E�M�A�N�T�I�C�S �F�O�R
�L�O�G�I�C�� �4�H�E �U�S�E�F�U�L�N�E�S�S �O�F �A�N�Y �P�R�O�P�O�S�E�D �S�E�M�A�N�T�I�C�S �D�E�P�E�N�D�S �O�N �H�O�W �C�O�N�C�I�S�E �A�N�D �I�N�T�U�I�T�I�V�E �I�T
�M�A�K�E�S �T�H�E �E�X�P�R�E�S�S�I�O�N �O�F �T�H�E �K�I�N�D�S �O�F �K�N�O�W�L�E�D�G�E �W�E �W�A�N�T �T�O �W�R�I�T�E �D�O�W�N�� �A�N�D �O�N �H�O�W �E�A�S�Y
�A�N�D �N�A�T�U�R�A�L �I�T �I�S �T�O �D�E�V�E�L�O�P �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �R�U�L�E�S �O�F �I�N�F�E�R�E�N�C�E�� �$�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S �I�S �M�O�S�T
�U�S�E�F�U�L �W�H�E�N �W�E �A�R�E �C�E�R�T�A�I�N �A�B�O�U�T �T�H�E �I�D�E�N�T�I�T�Y �O�F �A�L�L �T�H�E �O�B�J�E�C�T�S �D�E�S�C�R�I�B�E�D �I�N �T�H�E �K�N�O�W�L�E�D�G�E
�B�A�S�E �A�N�D �W�H�E�N �W�E �H�A�V�E �A�L�L �T�H�E �F�A�C�T�S �A�T �H�A�N�D�� �I�N �O�T�H�E�R �C�A�S�E�S�� �I�T �I�S �Q�U�I�T�E �A�W�K�W�A�R�D�� �&�O�R �T�H�E �R�E�S�T
�O�F �T�H�I�S �C�H�A�P�T�E�R�� �W�E �A�S�S�U�M�E �T�H�E �S�T�A�N�D�A�R�D �S�E�M�A�N�T�I�C�S �W�H�I�L�E �N�O�T�I�N�G �I�N�S�T�A�N�C�E�S �I�N �W�H�I�C�H �T�H�I�S �C�H�O�I�C�E
�L�E�A�D�S �T�O �C�U�M�B�E�R�S�O�M�E �E�X�P�R�E�S�S�I�O�N�S��

������ �5�3�)�.�' �&�)�2�3�4�
�/ �2�$�%�2�, �/�'�)�#

�.�O�W �T�H�A�T �W�E �H�A�V�E �D�E�l�N�E�D �A�N �E�X�P�R�E�S�S�I�V�E �L�O�G�I�C�A�L �L�A�N�G�U�A�G�E�� �I�T �I�S �T�I�M�E �T�O �L�E�A�R�N �H�O�W �T�O �U�S�E �I�T�� �4�H�E
�B�E�S�T �W�A�Y �T�O �D�O �T�H�I�S �I�S �T�H�R�O�U�G�H �E�X�A�M�P�L�E�S�� �7�E �H�A�V�E �S�E�E�N �S�O�M�E �S�I�M�P�L�E �S�E�N�T�E�N�C�E�S �I�L�L�U�S�T�R�A�T�I�N�G �T�H�E
�V�A�R�I�O�U�S �A�S�P�E�C�T�S �O�F �L�O�G�I�C�A�L �S�Y�N�T�A�X�� �I�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �P�R�O�V�I�D�E �M�O�R�E �S�Y�S�T�E�M�A�T�I�C �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S
�O�F �S�O�M�E �S�I�M�P�L�E�G�R�P�D�L�Q�V�� �)�N �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �A �D�O�M�A�I�N �I�S �J�U�S�T �S�O�M�E �P�A�R�T �O�F �T�H�EDOMAIN

�W�O�R�L�D �A�B�O�U�T �W�H�I�C�H �W�E �W�I�S�H �T�O �E�X�P�R�E�S�S �S�O�M�E �K�N�O�W�L�E�D�G�E��
�7�E �B�E�G�I�N �W�I�T�H �A �B�R�I�E�F �D�E�S�C�R�I�P�T�I�O�N �O�F �T�H�E �4�%�,�,���!�3�+�I�N�T�E�R�F�A�C�E �F�O�R �l�R�S�T�
�O�R�D�E�R �K�N�O�W�L�E�D�G�E

�B�A�S�E�S�� �4�H�E�N �W�E �L�O�O�K �A�T �T�H�E �D�O�M�A�I�N�S �O�F �F�A�M�I�L�Y �R�E�L�A�T�I�O�N�S�H�I�P�S�� �N�U�M�B�E�R�S�� �S�E�T�S�� �A�N�D �L�I�S�T�S�� �A�N�D �A�T



�3�E�C�T�I�O�N �������� �5�S�I�N�G �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C ������

�T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �4�H�E �N�E�X�T �S�E�C�T�I�O�N �C�O�N�T�A�I�N�S �A �M�O�R�E �S�U�B�S�T�A�N�T�I�A�L �E�X�A�M�P�L�E ���E�L�E�C�T�R�O�N�I�C �C�I�R�C�U�I�T�S�	
�A�N�D �#�H�A�P�T�E�R ���� �C�O�V�E�R�S �E�V�E�R�Y�T�H�I�N�G �I�N �T�H�E �U�N�I�V�E�R�S�E��

���������� �$�V�V�H�U�W�L�R�Q�V �D�Q�G �T�X�H�U�L�H�V �L�Q �¿�U�V�W���R�U�G�H�U �O�R�J�L�F

�3�E�N�T�E�N�C�E�S �A�R�E �A�D�D�E�D �T�O �A �K�N�O�W�L�E�D�G�E �B�A�S�E �U�S�I�N�G �4�%�,�,�� �E�X�A�C�T�L�Y �A�S �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �3�U�C�H
�S�E�N�T�E�N�C�E�S �A�R�E �C�A�L�L�E�D�D�V�V�H�U�W�L�R�Q�V�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �A�S�S�E�R�T �T�H�A�T �*�O�H�N �I�S �A �K�I�N�G�� �2�I�C�H�A�R�D �I�S �AASSERTION

�P�E�R�S�O�N�� �A�N�D �A�L�L �K�I�N�G�S �A�R�E �P�E�R�S�O�N�S��

�4�%�,�,(KB ; King (John)) :
�4�%�,�,(KB ; Person(Richard)) :
�4�%�,�,(KB ; 8 x King (x) ) Person(x)) :

�7�E �C�A�N �A�S�K �Q�U�E�S�T�I�O�N�S �O�F �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �U�S�I�N�G �!�3�+�� �&�O�R �E�X�A�M�P�L�E��

�! �3�+(KB ; King (John))

�R�E�T�U�R�N�Strue�� �1�U�E�S�T�I�O�N�S �A�S�K�E�D �W�I�T�H �!�3�+�A�R�E �C�A�L�L�E�D�T�X�H�U�L�H�V�O�R�J�R�D�O�V�� �'�E�N�E�R�A�L�L�Y �S�P�E�A�K�I�N�G�� �A�N�YQUERY

GOAL �Q�U�E�R�Y �T�H�A�T �I�S �L�O�G�I�C�A�L�L�Y �E�N�T�A�I�L�E�D �B�Y �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �S�H�O�U�L�D �B�E �A�N�S�W�E�R�E�D �A�F�l�R�M�A�T�I�V�E�L�Y�� �&�O�R
�E�X�A�M�P�L�E�� �G�I�V�E�N �T�H�E �T�W�O �P�R�E�C�E�D�I�N�G �A�S�S�E�R�T�I�O�N�S�� �T�H�E �Q�U�E�R�Y

�! �3�+(KB ; Person(John))

�S�H�O�U�L�D �A�L�S�O �R�E�T�U�R�Ntrue�� �7�E �C�A�N �A�S�K �Q�U�A�N�T�I�l�E�D �Q�U�E�R�I�E�S�� �S�U�C�H �A�S

�! �3�+(KB ; 9 x Person(x)) :

�4�H�E �A�N�S�W�E�R �I�Strue�� �B�U�T �T�H�I�S �I�S �P�E�R�H�A�P�S �N�O�T �A�S �H�E�L�P�F�U�L �A�S �W�E �W�O�U�L�D �L�I�K�E�� �)�T �I�S �R�A�T�H�E�R �L�I�K�E
�A�N�S�W�E�R�I�N�G �h�#�A�N �Y�O�U �T�E�L�L �M�E �T�H�E �T�I�M�E���v �W�I�T�H �h�9�E�S���v �)�F �W�E �W�A�N�T �T�O �K�N�O�W �W�H�A�T �V�A�L�U�E �O�Fx
�M�A�K�E�S �T�H�E �S�E�N�T�E�N�C�E �T�R�U�E�� �W�E �W�I�L�L �N�E�E�D �A �D�I�F�F�E�R�E�N�T �F�U�N�C�T�I�O�N�� �!�3�+�6�!�2�3�� �W�H�I�C�H �W�E �C�A�L�L �W�I�T�H

�! �3�+�6�!�2�3(KB ; Person(x))

�A�N�D �W�H�I�C�H �Y�I�E�L�D�S �A �S�T�R�E�A�M �O�F �A�N�S�W�E�R�S�� �)�N �T�H�I�S �C�A�S�E �T�H�E�R�E �W�I�L�L �B�E �T�W�O �A�N�S�W�E�R�S��f x=Johng �A�N�D
f x=Richardg�� �3�U�C�H �A�N �A�N�S�W�E�R �I�S �C�A�L�L�E�D �A�V�X�E�V�W�L�W�X�W�L�R�Q�O�R�E�L�Q�G�L�Q�J �O�L�V�W�� �!�3�+�6�!�2�3 �I�S �U�S�U�A�L�L�YSUBSTITUTION

BINDING LIST �R�E�S�E�R�V�E�D �F�O�R �K�N�O�W�L�E�D�G�E �B�A�S�E�S �C�O�N�S�I�S�T�I�N�G �S�O�L�E�L�Y �O�F �(�O�R�N �C�L�A�U�S�E�S�� �B�E�C�A�U�S�E �I�N �S�U�C�H �K�N�O�W�L�E�D�G�E
�B�A�S�E�S �E�V�E�R�Y �W�A�Y �O�F �M�A�K�I�N�G �T�H�E �Q�U�E�R�Y �T�R�U�E �W�I�L�L �B�I�N�D �T�H�E �V�A�R�I�A�B�L�E�S �T�O �S�P�E�C�I�l�C �V�A�L�U�E�S�� �4�H�A�T �I�S
�N�O�T �T�H�E �C�A�S�E �W�I�T�H �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �I�FKB �H�A�S �B�E�E�N �T�O�L�DKing (John) _ King (Richard )�� �T�H�E�N
�T�H�E�R�E �I�S �N�O �B�I�N�D�I�N�G �T�Ox �F�O�R �T�H�E �Q�U�E�R�Y9 x King (x) �� �E�V�E�N �T�H�O�U�G�H �T�H�E �Q�U�E�R�Y �I�S �T�R�U�E��

���������� �7�K�H �N�L�Q�V�K�L�S �G�R�P�D�L�Q

�4�H�E �l�R�S�T �E�X�A�M�P�L�E �W�E �C�O�N�S�I�D�E�R �I�S �T�H�E �D�O�M�A�I�N �O�F �F�A�M�I�L�Y �R�E�L�A�T�I�O�N�S�H�I�P�S�� �O�R �K�I�N�S�H�I�P�� �4�H�I�S �D�O�M�A�I�N
�I�N�C�L�U�D�E�S �F�A�C�T�S �S�U�C�H �A�S �h�%�L�I�Z�A�B�E�T�H �I�S �T�H�E �M�O�T�H�E�R �O�F �#�H�A�R�L�E�S�v �A�N�D �h�#�H�A�R�L�E�S �I�S �T�H�E �F�A�T�H�E�R �O�F
�7�I�L�L�I�A�M�v �A�N�D �R�U�L�E�S �S�U�C�H �A�S �h�/�N�E���S �G�R�A�N�D�M�O�T�H�E�R �I�S �T�H�E �M�O�T�H�E�R �O�F �O�N�E���S �P�A�R�E�N�T���v

�#�L�E�A�R�L�Y�� �T�H�E �O�B�J�E�C�T�S �I�N �O�U�R �D�O�M�A�I�N �A�R�E �P�E�O�P�L�E�� �7�E �H�A�V�E �T�W�O �U�N�A�R�Y �P�R�E�D�I�C�A�T�E�S��Male �A�N�D
Female�� �+�I�N�S�H�I�P �R�E�L�A�T�I�O�N�S�ˆ�P�A�R�E�N�T�H�O�O�D�� �B�R�O�T�H�E�R�H�O�O�D�� �M�A�R�R�I�A�G�E�� �A�N�D �S�O �O�N�ˆ�A�R�E �R�E�P�R�E�S�E�N�T�E�D
�B�Y �B�I�N�A�R�Y �P�R�E�D�I�C�A�T�E�S��Parent ��Sibling��Brother ��Sister��Child ��Daughter��Son��Spouse��
Wife ��Husband��Grandparent ��Grandchild ��Cousin��Aunt �� �A�N�DUncle�� �7�E �U�S�E �F�U�N�C�T�I�O�N�S
�F�O�RMother �A�N�DFather �� �B�E�C�A�U�S�E �E�V�E�R�Y �P�E�R�S�O�N �H�A�S �E�X�A�C�T�L�Y �O�N�E �O�F �E�A�C�H �O�F �T�H�E�S�E ���A�T �L�E�A�S�T
�A�C�C�O�R�D�I�N�G �T�O �N�A�T�U�R�E���S �D�E�S�I�G�N�	��



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�7�E �C�A�N �G�O �T�H�R�O�U�G�H �E�A�C�H �F�U�N�C�T�I�O�N �A�N�D �P�R�E�D�I�C�A�T�E�� �W�R�I�T�I�N�G �D�O�W�N �W�H�A�T �W�E�K�N�O�W �I�N �T�E�R�M�S
�O�F �T�H�E �O�T�H�E�R �S�Y�M�B�O�L�S�� �&�O�R �E�X�A�M�P�L�E�� �O�N�E���S �M�O�T�H�E�R �I�S �O�N�E���S �F�E�M�A�L�E �P�A�R�E�N�T��

8 m; c Mother (c) = m , Female(m) ^ Parent (m; c) :

�/�N�E���S �H�U�S�B�A�N�D �I�S �O�N�E���S �M�A�L�E �S�P�O�U�S�E��

8 w; h Husband(h; w) , Male(h) ^ Spouse(h; w) :

�-�A�L�E �A�N�D �F�E�M�A�L�E �A�R�E �D�I�S�J�O�I�N�T �C�A�T�E�G�O�R�I�E�S��

8 x Male(x) , : Female(x) :

�0�A�R�E�N�T �A�N�D �C�H�I�L�D �A�R�E �I�N�V�E�R�S�E �R�E�L�A�T�I�O�N�S��

8 p; c Parent (p; c) , Child (c; p) :

�! �G�R�A�N�D�P�A�R�E�N�T �I�S �A �P�A�R�E�N�T �O�F �O�N�E���S �P�A�R�E�N�T��

8 g; c Grandparent(g; c) , 9 p Parent (g; p) ^ Parent (p; c) :

�! �S�I�B�L�I�N�G �I�S �A�N�O�T�H�E�R �C�H�I�L�D �O�F �O�N�E���S �P�A�R�E�N�T�S��

8 x; y Sibling(x; y) , x 6=y ^ 9 p Parent (p; x) ^ Parent (p; y) :

�7�E �C�O�U�L�D �G�O �O�N �F�O�R �S�E�V�E�R�A�L �M�O�R�E �P�A�G�E�S �L�I�K�E �T�H�I�S�� �A�N�D �%�X�E�R�C�I�S�E �������� �A�S�K�S �Y�O�U �T�O �D�O �J�U�S�T �T�H�A�T��
�%�A�C�H �O�F �T�H�E�S�E �S�E�N�T�E�N�C�E�S �C�A�N �B�E �V�I�E�W�E�D �A�S �A�N�D�[�L�R�P�O�F �T�H�E �K�I�N�S�H�I�P �D�O�M�A�I�N�� �A�S �E�X�P�L�A�I�N�E�D

�I�N �3�E�C�T�I�O�N �������� �!�X�I�O�M�S �A�R�E �C�O�M�M�O�N�L�Y �A�S�S�O�C�I�A�T�E�D �W�I�T�H �P�U�R�E�L�Y �M�A�T�H�E�M�A�T�I�C�A�L �D�O�M�A�I�N�S�ˆ�W�E
�W�I�L�L �S�E�E �S�O�M�E �A�X�I�O�M�S �F�O�R �N�U�M�B�E�R�S �S�H�O�R�T�L�Y�ˆ�B�U�T �T�H�E�Y �A�R�E �N�E�E�D�E�D �I�N �A�L�L �D�O�M�A�I�N�S�� �4�H�E�Y �P�R�O�V�I�D�E
�T�H�E �B�A�S�I�C �F�A�C�T�U�A�L �I�N�F�O�R�M�A�T�I�O�N �F�R�O�M �W�H�I�C�H �U�S�E�F�U�L �C�O�N�C�L�U�S�I�O�N�S �C�A�N �B�E �D�E�R�I�V�E�D�� �/�U�R �K�I�N�S�H�I�P
�A�X�I�O�M�S �A�R�E �A�L�S�O�G�H�¿�Q�L�W�L�R�Q�V�� �T�H�E�Y �H�A�V�E �T�H�E �F�O�R�M8 x; y P (x; y) , : : :�� �4�H�E �A�X�I�O�M�S �D�E�l�N�EDEFINITION

�T�H�EMother �F�U�N�C�T�I�O�N �A�N�D �T�H�EHusband��Male��Parent ��Grandparent �� �A�N�DSibling �P�R�E�D�I�C�A�T�E�S
�I�N �T�E�R�M�S �O�F �O�T�H�E�R �P�R�E�D�I�C�A�T�E�S�� �/�U�R �D�E�l�N�I�T�I�O�N�S �h�B�O�T�T�O�M �O�U�T�v �A�T �A �B�A�S�I�C �S�E�T �O�F �P�R�E�D�I�C�A�T�E�S ��Child ��
Spouse�� �A�N�DFemale�	 �I�N �T�E�R�M�S �O�F �W�H�I�C�H �T�H�E �O�T�H�E�R�S �A�R�E �U�L�T�I�M�A�T�E�L�Y �D�E�l�N�E�D�� �4�H�I�S �I�S �A �N�A�T�U�R�A�L
�W�A�Y �I�N �W�H�I�C�H �T�O �B�U�I�L�D �U�P �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �A �D�O�M�A�I�N�� �A�N�D �I�T �I�S �A�N�A�L�O�G�O�U�S �T�O �T�H�E �W�A�Y �I�N
�W�H�I�C�H �S�O�F�T�W�A�R�E �P�A�C�K�A�G�E�S �A�R�E �B�U�I�L�T �U�P �B�Y �S�U�C�C�E�S�S�I�V�E �D�E�l�N�I�T�I�O�N�S �O�F �S�U�B�R�O�U�T�I�N�E�S �F�R�O�M �P�R�I�M�I�T�I�V�E
�L�I�B�R�A�R�Y �F�U�N�C�T�I�O�N�S�� �.�O�T�I�C�E �T�H�A�T �T�H�E�R�E �I�S �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �A �U�N�I�Q�U�E �S�E�T �O�F �P�R�I�M�I�T�I�V�E �P�R�E�D�I�C�A�T�E�S��
�W�E �C�O�U�L�D �E�Q�U�A�L�L�Y �W�E�L�L �H�A�V�E �U�S�E�DParent ��Spouse�� �A�N�DMale�� �)�N �S�O�M�E �D�O�M�A�I�N�S�� �A�S �W�E �S�H�O�W��
�T�H�E�R�E �I�S �N�O �C�L�E�A�R�L�Y �I�D�E�N�T�I�l�A�B�L�E �B�A�S�I�C �S�E�T��

�.�O�T �A�L�L �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E�S �A�B�O�U�T �A �D�O�M�A�I�N �A�R�E �A�X�I�O�M�S�� �3�O�M�E �A�R�E�W�K�H�R�U�H�P�V�ˆ�T�H�A�T �I�S�� �T�H�E�YTHEOREM

�A�R�E �E�N�T�A�I�L�E�D �B�Y �T�H�E �A�X�I�O�M�S�� �&�O�R �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R �T�H�E �A�S�S�E�R�T�I�O�N �T�H�A�T �S�I�B�L�I�N�G�H�O�O�D �I�S �S�Y�M�M�E�T�R�I�C��

8 x; y Sibling(x; y) , Sibling(y; x) :

�)�S �T�H�I�S �A�N �A�X�I�O�M �O�R �A �T�H�E�O�R�E�M�� �)�N �F�A�C�T�� �I�T �I�S �A �T�H�E�O�R�E�M �T�H�A�T �F�O�L�L�O�W�S �L�O�G�I�C�A�L�L�Y �F�R�O�M �T�H�E �A�X�I�O�M
�T�H�A�T �D�E�l�N�E�S �S�I�B�L�I�N�G�H�O�O�D�� �)�F �W�E �!�3�+�T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �T�H�I�S �S�E�N�T�E�N�C�E�� �I�T �S�H�O�U�L�D �R�E�T�U�R�Ntrue��

�&�R�O�M �A �P�U�R�E�L�Y �L�O�G�I�C�A�L �P�O�I�N�T �O�F �V�I�E�W�� �A �K�N�O�W�L�E�D�G�E �B�A�S�E �N�E�E�D �C�O�N�T�A�I�N �O�N�L�Y �A�X�I�O�M�S �A�N�D
�N�O �T�H�E�O�R�E�M�S�� �B�E�C�A�U�S�E �T�H�E �T�H�E�O�R�E�M�S �D�O �N�O�T �I�N�C�R�E�A�S�E �T�H�E �S�E�T �O�F �C�O�N�C�L�U�S�I�O�N�S �T�H�A�T �F�O�L�L�O�W �F�R�O�M
�T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �&�R�O�M �A �P�R�A�C�T�I�C�A�L �P�O�I�N�T �O�F �V�I�E�W�� �T�H�E�O�R�E�M�S �A�R�E �E�S�S�E�N�T�I�A�L �T�O �R�E�D�U�C�E �T�H�E
�C�O�M�P�U�T�A�T�I�O�N�A�L �C�O�S�T �O�F �D�E�R�I�V�I�N�G �N�E�W �S�E�N�T�E�N�C�E�S�� �7�I�T�H�O�U�T �T�H�E�M�� �A �R�E�A�S�O�N�I�N�G �S�Y�S�T�E�M �H�A�S �T�O �S�T�A�R�T
�F�R�O�M �l�R�S�T �P�R�I�N�C�I�P�L�E�S �E�V�E�R�Y �T�I�M�E�� �R�A�T�H�E�R �L�I�K�E �A �P�H�Y�S�I�C�I�S�T �H�A�V�I�N�G �T�O �R�E�D�E�R�I�V�E �T�H�E �R�U�L�E�S �O�F �C�A�L�C�U�L�U�S
�F�O�R �E�V�E�R�Y �N�E�W �P�R�O�B�L�E�M��



�3�E�C�T�I�O�N �������� �5�S�I�N�G �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C ������

�.�O�T �A�L�L �A�X�I�O�M�S �A�R�E �D�E�l�N�I�T�I�O�N�S�� �3�O�M�E �P�R�O�V�I�D�E �M�O�R�E �G�E�N�E�R�A�L �I�N�F�O�R�M�A�T�I�O�N �A�B�O�U�T �C�E�R�T�A�I�N
�P�R�E�D�I�C�A�T�E�S �W�I�T�H�O�U�T �C�O�N�S�T�I�T�U�T�I�N�G �A �D�E�l�N�I�T�I�O�N�� �)�N�D�E�E�D�� �S�O�M�E �P�R�E�D�I�C�A�T�E�S �H�A�V�E �N�O �C�O�M�P�L�E�T�E �D�E�l�

�N�I�T�I�O�N �B�E�C�A�U�S�E �W�E �D�O �N�O�T �K�N�O�W �E�N�O�U�G�H �T�O �C�H�A�R�A�C�T�E�R�I�Z�E �T�H�E�M �F�U�L�L�Y�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E�R�E �I�S �N�O
�O�B�V�I�O�U�S �D�E�l�N�I�T�I�V�E �W�A�Y �T�O �C�O�M�P�L�E�T�E �T�H�E �S�E�N�T�E�N�C�E

8 x Person(x) , : : :

�&�O�R�T�U�N�A�T�E�L�Y�� �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �A�L�L�O�W�S �U�S �T�O �M�A�K�E �U�S�E �O�F �T�H�EPerson �P�R�E�D�I�C�A�T�E �W�I�T�H�O�U�T �C�O�M�

�P�L�E�T�E�L�Y �D�E�l�N�I�N�G �I�T�� �)�N�S�T�E�A�D�� �W�E �C�A�N �W�R�I�T�E �P�A�R�T�I�A�L �S�P�E�C�I�l�C�A�T�I�O�N�S �O�F �P�R�O�P�E�R�T�I�E�S �T�H�A�T �E�V�E�R�Y �P�E�R�S�O�N
�H�A�S �A�N�D �P�R�O�P�E�R�T�I�E�S �T�H�A�T �M�A�K�E �S�O�M�E�T�H�I�N�G �A �P�E�R�S�O�N��

8 x Person(x) ) : : :
8 x : : : ) Person(x) :

�!�X�I�O�M�S �C�A�N �A�L�S�O �B�E �h�J�U�S�T �P�L�A�I�N �F�A�C�T�S���v �S�U�C�H �A�SMale(Jim ) �A�N�DSpouse(Jim ; Laura )��
�3�U�C�H �F�A�C�T�S �F�O�R�M �T�H�E �D�E�S�C�R�I�P�T�I�O�N�S �O�F �S�P�E�C�I�l�C �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�S�� �E�N�A�B�L�I�N�G �S�P�E�C�I�l�C �Q�U�E�S�T�I�O�N�S
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�W�E �A�D�DJim 6=George�A�S �S�U�G�G�E�S�T�E�D �I�N �3�E�C�T�I�O�N ������������ �4�H�I�S �I�S �A �S�I�G�N �T�H�A�T �A�N �A�X�I�O�M �I�S �M�I�S�S�I�N�G��
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�A �T�I�N�Y �K�E�R�N�E�L �O�F �A�X�I�O�M�S�� �7�E �D�E�S�C�R�I�B�E �H�E�R�E �T�H�E �T�H�E�O�R�Y �O�F�Q�D�W�X�U�D�O �Q�X�P�E�H�U�V�O�R �N�O�N�
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�I�N�T�E�G�E�R�S�� �7�E �N�E�E�D �A �P�R�E�D�I�C�A�T�ENatNum �T�H�A�T �W�I�L�L �B�E �T�R�U�E �O�F �N�A�T�U�R�A�L �N�U�M�B�E�R�S�� �W�E �N�E�E�D �O�N�E
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�D�E�l�N�E �N�A�T�U�R�A�L �N�U�M�B�E�R�S �A�N�D �A�D�D�I�T�I�O�N���� �.�A�T�U�R�A�L �N�U�M�B�E�R�S �A�R�E �D�E�l�N�E�D �R�E�C�U�R�S�I�V�E�L�Y��
NatNum(0) :
8 n NatNum(n) ) NatNum(S(n)) :

�4�H�A�T �I�S�� �� �I�S �A �N�A�T�U�R�A�L �N�U�M�B�E�R�� �A�N�D �F�O�R �E�V�E�R�Y �O�B�J�E�C�Tn�� �I�Fn �I�S �A �N�A�T�U�R�A�L �N�U�M�B�E�R�� �T�H�E�NS(n) �I�S
�A �N�A�T�U�R�A�L �N�U�M�B�E�R�� �3�O �T�H�E �N�A�T�U�R�A�L �N�U�M�B�E�R�S �A�R�E0��S(0)��S(S(0)) �� �A�N�D �S�O �O�N�� ���!�F�T�E�R �R�E�A�D�I�N�G
�3�E�C�T�I�O�N ������������ �Y�O�U �W�I�L�L �N�O�T�I�C�E �T�H�A�T �T�H�E�S�E �A�X�I�O�M�S �A�L�L�O�W �F�O�R �O�T�H�E�R �N�A�T�U�R�A�L �N�U�M�B�E�R�S �B�E�S�I�D�E�S �T�H�E
�U�S�U�A�L �O�N�E�S�� �S�E�E �%�X�E�R�C�I�S�E �����������	 �7�E �A�L�S�O �N�E�E�D �A�X�I�O�M�S �T�O �C�O�N�S�T�R�A�I�N �T�H�E �S�U�C�C�E�S�S�O�R �F�U�N�C�T�I�O�N��

8 n 0 6=S(n) :
8 m; n m 6=n ) S(m) 6=S(n) :

�.�O�W �W�E �C�A�N �D�E�l�N�E �A�D�D�I�T�I�O�N �I�N �T�E�R�M�S �O�F �T�H�E �S�U�C�C�E�S�S�O�R �F�U�N�C�T�I�O�N��
8 m NatNum(m) ) + (0 ; m) = m :
8 m; n NatNum(m) ^ NatNum(n) ) + ( S(m); n) = S(+( m; n)) :
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�O�F �I�N�l�X �N�O�T�A�T�I�O�N�� �7�E �C�A�N �A�L�S�O �W�R�I�T�ES(n) �A�Sn + 1 �� �S�O �T�H�E �S�E�C�O�N�D �A�X�I�O�M �B�E�C�O�M�E�S

8 m; n NatNum(m) ^ NatNum(n) ) (m + 1) + n = ( m + n) + 1 :

�4�H�I�S �A�X�I�O�M �R�E�D�U�C�E�S �A�D�D�I�T�I�O�N �T�O �R�E�P�E�A�T�E�D �A�P�P�L�I�C�A�T�I�O�N �O�F �T�H�E �S�U�C�C�E�S�S�O�R �F�U�N�C�T�I�O�N��
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�7�E �W�I�L�L �U�S�E �T�H�E �N�O�R�M�A�L �V�O�C�A�B�U�L�A�R�Y �O�F �S�E�T �T�H�E�O�R�Y �A�S �S�Y�N�T�A�C�T�I�C �S�U�G�A�R�� �4�H�E �E�M�P�T�Y �S�E�T �I�S �A
�C�O�N�S�T�A�N�T �W�R�I�T�T�E�N �A�Sf g �� �4�H�E�R�E �I�S �O�N�E �U�N�A�R�Y �P�R�E�D�I�C�A�T�E��Set�� �W�H�I�C�H �I�S �T�R�U�E �O�F �S�E�T�S�� �4�H�E �B�I�N�A�R�Y
�P�R�E�D�I�C�A�T�E�S �A�R�Ex 2 s ��x �I�S �A �M�E�M�B�E�R �O�F �S�E�Ts�	 �A�N�Ds1 � s2 ���S�E�Ts1 �I�S �A �S�U�B�S�E�T�� �N�O�T �N�E�C�E�S�S�A�R�I�L�Y
�P�R�O�P�E�R�� �O�F �S�E�Ts2�	�� �4�H�E �B�I�N�A�R�Y �F�U�N�C�T�I�O�N�S �A�R�Es1 \ s2 ���T�H�E �I�N�T�E�R�S�E�C�T�I�O�N �O�F �T�W�O �S�E�T�S�	��s1 [ s2

���T�H�E �U�N�I�O�N �O�F �T�W�O �S�E�T�S�	�� �A�N�Df xjsg ���T�H�E �S�E�T �R�E�S�U�L�T�I�N�G �F�R�O�M �A�D�J�O�I�N�I�N�G �E�L�E�M�E�N�Tx �T�O �S�E�Ts�	�� �/�N�E
�P�O�S�S�I�B�L�E �S�E�T �O�F �A�X�I�O�M�S �I�S �A�S �F�O�L�L�O�W�S��

���� �4�H�E �O�N�L�Y �S�E�T�S �A�R�E �T�H�E �E�M�P�T�Y �S�E�T �A�N�D �T�H�O�S�E �M�A�D�E �B�Y �A�D�J�O�I�N�I�N�G �S�O�M�E�T�H�I�N�G �T�O �A �S�E�T��

8 s Set(s) , (s= f g ) _ (9 x; s2 Set(s2) ^ s= f xjs2g) :

���� �4�H�E �E�M�P�T�Y �S�E�T �H�A�S �N�O �E�L�E�M�E�N�T�S �A�D�J�O�I�N�E�D �I�N�T�O �I�T�� �)�N �O�T�H�E�R �W�O�R�D�S�� �T�H�E�R�E �I�S �N�O �W�A�Y �T�O
�D�E�C�O�M�P�O�S�Ef g �I�N�T�O �A �S�M�A�L�L�E�R �S�E�T �A�N�D �A�N �E�L�E�M�E�N�T��

:9 x; s f xj sg= f g :

���� �!�D�J�O�I�N�I�N�G �A�N �E�L�E�M�E�N�T �A�L�R�E�A�D�Y �I�N �T�H�E �S�E�T �H�A�S �N�O �E�F�F�E�C�T��

8 x; s x 2 s , s= f xjsg :

���� �4�H�E �O�N�L�Y �M�E�M�B�E�R�S �O�F �A �S�E�T �A�R�E �T�H�E �E�L�E�M�E�N�T�S �T�H�A�T �W�E�R�E �A�D�J�O�I�N�E�D �I�N�T�O �I�T�� �7�E �E�X�P�R�E�S�S
�T�H�I�S �R�E�C�U�R�S�I�V�E�L�Y�� �S�A�Y�I�N�G �T�H�A�Tx �I�S �A �M�E�M�B�E�R �O�Fs �I�F �A�N�D �O�N�L�Y �I�Fs �I�S �E�Q�U�A�L �T�O �S�O�M�E �S�E�Ts2

�A�D�J�O�I�N�E�D �W�I�T�H �S�O�M�E �E�L�E�M�E�N�Ty�� �W�H�E�R�E �E�I�T�H�E�Ry �I�S �T�H�E �S�A�M�E �A�Sx �O�Rx �I�S �A �M�E�M�B�E�R �O�Fs2��

8 x; s x 2 s , 9 y; s2 (s= f yjs2g ^ (x = y _ x 2 s2)) :

���� �! �S�E�T �I�S �A �S�U�B�S�E�T �O�F �A�N�O�T�H�E�R �S�E�T �I�F �A�N�D �O�N�L�Y �I�F �A�L�L �O�F �T�H�E �l�R�S�T �S�E�T���S �M�E�M�B�E�R�S �A�R�E �M�E�M�B�E�R�S
�O�F �T�H�E �S�E�C�O�N�D �S�E�T��

8 s1; s2 s1 � s2 , (8 x x 2 s1 ) x 2 s2) :

���� �4�W�O �S�E�T�S �A�R�E �E�Q�U�A�L �I�F �A�N�D �O�N�L�Y �I�F �E�A�C�H �I�S �A �S�U�B�S�E�T �O�F �T�H�E �O�T�H�E�R��

8 s1; s2 (s1 = s2) , (s1 � s2 ^ s2 � s1) :



�3�E�C�T�I�O�N �������� �5�S�I�N�G �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C ������

���� �!�N �O�B�J�E�C�T �I�S �I�N �T�H�E �I�N�T�E�R�S�E�C�T�I�O�N �O�F �T�W�O �S�E�T�S �I�F �A�N�D �O�N�L�Y �I�F �I�T �I�S �A �M�E�M�B�E�R �O�F �B�O�T�H �S�E�T�S��

8 x; s1; s2 x 2 (s1 \ s2) , (x 2 s1 ^ x 2 s2) :

���� �!�N �O�B�J�E�C�T �I�S �I�N �T�H�E �U�N�I�O�N �O�F �T�W�O �S�E�T�S �I�F �A�N�D �O�N�L�Y �I�F �I�T �I�S �A �M�E�M�B�E�R �O�F �E�I�T�H�E�R �S�E�T��

8 x; s1; s2 x 2 (s1 [ s2) , (x 2 s1 _ x 2 s2) :

�/�L�V�W�V�A�R�E �S�I�M�I�L�A�R �T�O �S�E�T�S�� �4�H�E �D�I�F�F�E�R�E�N�C�E�S �A�R�E �T�H�A�T �L�I�S�T�S �A�R�E �O�R�D�E�R�E�D �A�N�D �T�H�E �S�A�M�E �E�L�E�M�E�N�T �C�A�NLIST

�A�P�P�E�A�R �M�O�R�E �T�H�A�N �O�N�C�E �I�N �A �L�I�S�T�� �7�E �C�A�N �U�S�E �T�H�E �V�O�C�A�B�U�L�A�R�Y �O�F �,�I�S�P �F�O�R �L�I�S�T�S��Nil �I�S �T�H�E �C�O�N�S�T�A�N�T
�L�I�S�T �W�I�T�H �N�O �E�L�E�M�E�N�T�S��Cons��Append��First �� �A�N�DRest �A�R�E �F�U�N�C�T�I�O�N�S�� �A�N�DFind �I�S �T�H�E �P�R�E�D�

�I�C�A�T�E �T�H�A�T �D�O�E�S �F�O�R �L�I�S�T�S �W�H�A�TMember �D�O�E�S �F�O�R �S�E�T�S��List ? �I�S �A �P�R�E�D�I�C�A�T�E �T�H�A�T �I�S �T�R�U�E �O�N�L�Y �O�F
�L�I�S�T�S�� �!�S �W�I�T�H �S�E�T�S�� �I�T �I�S �C�O�M�M�O�N �T�O �U�S�E �S�Y�N�T�A�C�T�I�C �S�U�G�A�R �I�N �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E�S �I�N�V�O�L�V�I�N�G �L�I�S�T�S�� �4�H�E
�E�M�P�T�Y �L�I�S�T �I�S[ ]�� �4�H�E �T�E�R�MCons(x; y)�� �W�H�E�R�Ey �I�S �A �N�O�N�E�M�P�T�Y �L�I�S�T�� �I�S �W�R�I�T�T�E�N[xjy]�� �4�H�E �T�E�R�M
Cons(x; Nil ) ���I���E���� �T�H�E �L�I�S�T �C�O�N�T�A�I�N�I�N�G �T�H�E �E�L�E�M�E�N�Tx�	 �I�S �W�R�I�T�T�E�N �A�S[x]�� �! �L�I�S�T �O�F �S�E�V�E�R�A�L �E�L�E�

�M�E�N�T�S�� �S�U�C�H �A�S[A; B; C ]�� �C�O�R�R�E�S�P�O�N�D�S �T�O �T�H�E �N�E�S�T�E�D �T�E�R�MCons(A; Cons(B; Cons(C; Nil ))) ��
�%�X�E�R�C�I�S�E �������� �A�S�K�S �Y�O�U �T�O �W�R�I�T�E �O�U�T �T�H�E �A�X�I�O�M�S �F�O�R �L�I�S�T�S��

���������� �7�K�H �Z�X�P�S�X�V �Z�R�U�O�G

�3�O�M�E �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �A�X�I�O�M�S �F�O�R �T�H�E �W�U�M�P�U�S �W�O�R�L�D �W�E�R�E �G�I�V�E�N �I�N �#�H�A�P�T�E�R ���� �4�H�E �l�R�S�T�

�O�R�D�E�R �A�X�I�O�M�S �I�N �T�H�I�S �S�E�C�T�I�O�N �A�R�E �M�U�C�H �M�O�R�E �C�O�N�C�I�S�E�� �C�A�P�T�U�R�I�N�G �I�N �A �N�A�T�U�R�A�L �W�A�Y �E�X�A�C�T�L�Y �W�H�A�T
�W�E �W�A�N�T �T�O �S�A�Y��

�2�E�C�A�L�L �T�H�A�T �T�H�E �W�U�M�P�U�S �A�G�E�N�T �R�E�C�E�I�V�E�S �A �P�E�R�C�E�P�T �V�E�C�T�O�R �W�I�T�H �l�V�E �E�L�E�M�E�N�T�S�� �4�H�E �C�O�R�R�E�

�S�P�O�N�D�I�N�G �l�R�S�T�
�O�R�D�E�R �S�E�N�T�E�N�C�E �S�T�O�R�E�D �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �M�U�S�T �I�N�C�L�U�D�E �B�O�T�H �T�H�E �P�E�R�C�E�P�T �A�N�D
�T�H�E �T�I�M�E �A�T �W�H�I�C�H �I�T �O�C�C�U�R�R�E�D�� �O�T�H�E�R�W�I�S�E�� �T�H�E �A�G�E�N�T �W�I�L�L �G�E�T �C�O�N�F�U�S�E�D �A�B�O�U�T �W�H�E�N �I�T �S�A�W �W�H�A�T��
�7�E �U�S�E �I�N�T�E�G�E�R�S �F�O�R �T�I�M�E �S�T�E�P�S�� �! �T�Y�P�I�C�A�L �P�E�R�C�E�P�T �S�E�N�T�E�N�C�E �W�O�U�L�D �B�E

Percept([Stench; Breeze; Glitter ; None; None]; 5) :

�(�E�R�E��Percept �I�S �A �B�I�N�A�R�Y �P�R�E�D�I�C�A�T�E�� �A�N�DStench�A�N�D �S�O �O�N �A�R�E �C�O�N�S�T�A�N�T�S �P�L�A�C�E�D �I�N �A �L�I�S�T�� �4�H�E
�A�C�T�I�O�N�S �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �L�O�G�I�C�A�L �T�E�R�M�S��

Turn (Right); Turn (Left ); Forward ; Shoot; Grab; Climb :

�4�O �D�E�T�E�R�M�I�N�E �W�H�I�C�H �I�S �B�E�S�T�� �T�H�E �A�G�E�N�T �P�R�O�G�R�A�M �E�X�E�C�U�T�E�S �T�H�E �Q�U�E�R�Y

�! �3�+�6�!�2�3(9 a BestAction (a;5)) ;

�W�H�I�C�H �R�E�T�U�R�N�S �A �B�I�N�D�I�N�G �L�I�S�T �S�U�C�H �A�Sf a=Grabg�� �4�H�E �A�G�E�N�T �P�R�O�G�R�A�M �C�A�N �T�H�E�N �R�E�T�U�R�NGrab �A�S
�T�H�E �A�C�T�I�O�N �T�O �T�A�K�E�� �4�H�E �R�A�W �P�E�R�C�E�P�T �D�A�T�A �I�M�P�L�I�E�S �C�E�R�T�A�I�N �F�A�C�T�S �A�B�O�U�T �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�� �&�O�R
�E�X�A�M�P�L�E��

8 t; s; g; m; c Percept([s;Breeze; g; m; c]; t) ) Breeze(t) ;
8 t; s; b; m; c Percept([s; b;Glitter ; m; c]; t) ) Glitter (t) ;

�A�N�D �S�O �O�N�� �4�H�E�S�E �R�U�L�E�S �E�X�H�I�B�I�T �A �T�R�I�V�I�A�L �F�O�R�M �O�F �T�H�E �R�E�A�S�O�N�I�N�G �P�R�O�C�E�S�S �C�A�L�L�E�D�S�H�U�F�H�S�W�L�R�Q�� �W�H�I�C�H
�W�E �S�T�U�D�Y �I�N �D�E�P�T�H �I�N �#�H�A�P�T�E�R ������ �.�O�T�I�C�E �T�H�E �Q�U�A�N�T�I�l�C�A�T�I�O�N �O�V�E�R �T�I�M�Et�� �)�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C��
�W�E �W�O�U�L�D �N�E�E�D �C�O�P�I�E�S �O�F �E�A�C�H �S�E�N�T�E�N�C�E �F�O�R �E�A�C�H �T�I�M�E �S�T�E�P��

�3�I�M�P�L�E �h�R�E�m�E�X�v �B�E�H�A�V�I�O�R �C�A�N �A�L�S�O �B�E �I�M�P�L�E�M�E�N�T�E�D �B�Y �Q�U�A�N�T�I�l�E�D �I�M�P�L�I�C�A�T�I�O�N �S�E�N�T�E�N�C�E�S��
�&�O�R �E�X�A�M�P�L�E�� �W�E �H�A�V�E

8 t Glitter (t) ) BestAction (Grab; t) :



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�'�I�V�E�N �T�H�E �P�E�R�C�E�P�T �A�N�D �R�U�L�E�S �F�R�O�M �T�H�E �P�R�E�C�E�D�I�N�G �P�A�R�A�G�R�A�P�H�S�� �T�H�I�S �W�O�U�L�D �Y�I�E�L�D �T�H�E �D�E�S�I�R�E�D �C�O�N�

�C�L�U�S�I�O�NBestAction (Grab; 5)�ˆ�T�H�A�T �I�S��Grab �I�S �T�H�E �R�I�G�H�T �T�H�I�N�G �T�O �D�O��

�7�E �H�A�V�E �R�E�P�R�E�S�E�N�T�E�D �T�H�E �A�G�E�N�T���S �I�N�P�U�T�S �A�N�D �O�U�T�P�U�T�S�� �N�O�W �I�T �I�S �T�I�M�E �T�O �R�E�P�R�E�S�E�N�T �T�H�E
�E�N�V�I�R�O�N�M�E�N�T �I�T�S�E�L�F�� �,�E�T �U�S �B�E�G�I�N �W�I�T�H �O�B�J�E�C�T�S�� �/�B�V�I�O�U�S �C�A�N�D�I�D�A�T�E�S �A�R�E �S�Q�U�A�R�E�S�� �P�I�T�S�� �A�N�D �T�H�E
�W�U�M�P�U�S�� �7�E �C�O�U�L�D �N�A�M�E �E�A�C�H �S�Q�U�A�R�E�ˆSquare1;2 �A�N�D �S�O �O�N�ˆ�B�U�T �T�H�E�N �T�H�E �F�A�C�T �T�H�A�TSquare1;2

�A�N�DSquare1;3 �A�R�E �A�D�J�A�C�E�N�T �W�O�U�L�D �H�A�V�E �T�O �B�E �A�N �h�E�X�T�R�A�v �F�A�C�T�� �A�N�D �W�E �W�O�U�L�D �N�E�E�D �O�N�E �S�U�C�H
�F�A�C�T �F�O�R �E�A�C�H �P�A�I�R �O�F �S�Q�U�A�R�E�S�� �)�T �I�S �B�E�T�T�E�R �T�O �U�S�E �A �C�O�M�P�L�E�X �T�E�R�M �I�N �W�H�I�C�H �T�H�E �R�O�W �A�N�D �C�O�L�U�M�N
�A�P�P�E�A�R �A�S �I�N�T�E�G�E�R�S�� �F�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �S�I�M�P�L�Y �U�S�E �T�H�E �L�I�S�T �T�E�R�M[1; 2]�� �!�D�J�A�C�E�N�C�Y �O�F �A�N�Y �T�W�O
�S�Q�U�A�R�E�S �C�A�N �B�E �D�E�l�N�E�D �A�S

8 x; y; a; b Adjacent([x; y]; [a; b]) ,
(x = a ^ (y = b� 1 _ y = b+ 1)) _ (y = b^ (x = a � 1 _ x = a + 1)) :

�7�E �C�O�U�L�D �N�A�M�E �E�A�C�H �P�I�T�� �B�U�T �T�H�I�S �W�O�U�L�D �B�E �I�N�A�P�P�R�O�P�R�I�A�T�E �F�O�R �A �D�I�F�F�E�R�E�N�T �R�E�A�S�O�N�� �T�H�E�R�E �I�S �N�O
�R�E�A�S�O�N �T�O �D�I�S�T�I�N�G�U�I�S�H �A�M�O�N�G �P�I�T�S������ �)�T �I�S �S�I�M�P�L�E�R �T�O �U�S�E �A �U�N�A�R�Y �P�R�E�D�I�C�A�T�EPit �T�H�A�T �I�S �T�R�U�E �O�F
�S�Q�U�A�R�E�S �C�O�N�T�A�I�N�I�N�G �P�I�T�S�� �&�I�N�A�L�L�Y�� �S�I�N�C�E �T�H�E�R�E �I�S �E�X�A�C�T�L�Y �O�N�E �W�U�M�P�U�S�� �A �C�O�N�S�T�A�N�TWumpus �I�S
�J�U�S�T �A�S �G�O�O�D �A�S �A �U�N�A�R�Y �P�R�E�D�I�C�A�T�E ���A�N�D �P�E�R�H�A�P�S �M�O�R�E �D�I�G�N�I�l�E�D �F�R�O�M �T�H�E �W�U�M�P�U�S���S �V�I�E�W�P�O�I�N�T�	��

�4�H�E �A�G�E�N�T���S �L�O�C�A�T�I�O�N �C�H�A�N�G�E�S �O�V�E�R �T�I�M�E�� �S�O �W�E �W�R�I�T�EAt (Agent; s; t) �T�O �M�E�A�N �T�H�A�T �T�H�E
�A�G�E�N�T �I�S �A�T �S�Q�U�A�R�Es �A�T �T�I�M�Et�� �7�E �C�A�N �l�X �T�H�E �W�U�M�P�U�S���S �L�O�C�A�T�I�O�N �W�I�T�H8t At (Wumpus; [2; 2]; t)��
�7�E �C�A�N �T�H�E�N �S�A�Y �T�H�A�T �O�B�J�E�C�T�S �C�A�N �O�N�L�Y �B�E �A�T �O�N�E �L�O�C�A�T�I�O�N �A�T �A �T�I�M�E��

8 x; s1; s2; t At (x; s1; t) ^ At (x; s2; t) ) s1 = s2 :

�'�I�V�E�N �I�T�S �C�U�R�R�E�N�T �L�O�C�A�T�I�O�N�� �T�H�E �A�G�E�N�T �C�A�N �I�N�F�E�R �P�R�O�P�E�R�T�I�E�S �O�F �T�H�E �S�Q�U�A�R�E �F�R�O�M �P�R�O�P�E�R�T�I�E�S �O�F �I�T�S
�C�U�R�R�E�N�T �P�E�R�C�E�P�T�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �A�G�E�N�T �I�S �A�T �A �S�Q�U�A�R�E �A�N�D �P�E�R�C�E�I�V�E�S �A �B�R�E�E�Z�E�� �T�H�E�N �T�H�A�T
�S�Q�U�A�R�E �I�S �B�R�E�E�Z�Y��

8 s; t At (Agent; s; t) ^ Breeze(t) ) Breezy(s) :

�)�T �I�S �U�S�E�F�U�L �T�O �K�N�O�W �T�H�A�T �A�V�T�X�D�U�H�I�S �B�R�E�E�Z�Y �B�E�C�A�U�S�E �W�E �K�N�O�W �T�H�A�T �T�H�E �P�I�T�S �C�A�N�N�O�T �M�O�V�E �A�B�O�U�T��
�.�O�T�I�C�E �T�H�A�TBreezy �H�A�S �N�O �T�I�M�E �A�R�G�U�M�E�N�T��

�(�A�V�I�N�G �D�I�S�C�O�V�E�R�E�D �W�H�I�C�H �P�L�A�C�E�S �A�R�E �B�R�E�E�Z�Y ���O�R �S�M�E�L�L�Y�	 �A�N�D�� �V�E�R�Y �I�M�P�O�R�T�A�N�T���Q�R�W�B�R�E�E�Z�Y
���O�R�Q�R�W�S�M�E�L�L�Y�	�� �T�H�E �A�G�E�N�T �C�A�N �D�E�D�U�C�E �W�H�E�R�E �T�H�E �P�I�T�S �A�R�E ���A�N�D �W�H�E�R�E �T�H�E �W�U�M�P�U�S �I�S�	�� �7�H�E�R�E�A�S
�P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �N�E�C�E�S�S�I�T�A�T�E�S �A �S�E�P�A�R�A�T�E �A�X�I�O�M �F�O�R �E�A�C�H �S�Q�U�A�R�E ���S�E�ER2 �A�N�DR3 �O�N �P�A�G�E �������	
�A�N�D �W�O�U�L�D �N�E�E�D �A �D�I�F�F�E�R�E�N�T �S�E�T �O�F �A�X�I�O�M�S �F�O�R �E�A�C�H �G�E�O�G�R�A�P�H�I�C�A�L �L�A�Y�O�U�T �O�F �T�H�E �W�O�R�L�D�� �l�R�S�T�
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�B�I�T �F�U�L�L �A�D�D�E�R�� �4�H�E �l�R�S�T �T�W�O �I�N�P�U�T�S
�A�R�E �T�H�E �T�W�O �B�I�T�S �T�O �B�E �A�D�D�E�D�� �A�N�D �T�H�E �T�H�I�R�D �I�N�P�U�T �I�S �A �C�A�R�R�Y �B�I�T�� �4�H�E �l�R�S�T �O�U�T�P�U�T �I�S �T�H�E �S�U�M�� �A�N�D
�T�H�E �S�E�C�O�N�D �O�U�T�P�U�T �I�S �A �C�A�R�R�Y �B�I�T �F�O�R �T�H�E �N�E�X�T �A�D�D�E�R�� �4�H�E �C�I�R�C�U�I�T �C�O�N�T�A�I�N�S �T�W�O �8�/�2 �G�A�T�E�S�� �T�W�O
�!�.�$ �G�A�T�E�S�� �A�N�D �O�N�E �/�2 �G�A�T�E��



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�S�I�G�N�A�L �O�N �T�H�E �O�U�T�P�U�T �T�E�R�M�I�N�A�L �T�H�A�T �m�O�W�S �A�L�O�N�G �A�N�O�T�H�E�R �W�I�R�E�� �4�O �D�E�T�E�R�M�I�N�E �W�H�A�T �T�H�E�S�E �S�I�G�N�A�L�S
�W�I�L�L �B�E�� �W�E �N�E�E�D �T�O �K�N�O�W �H�O�W �T�H�E �G�A�T�E�S �T�R�A�N�S�F�O�R�M �T�H�E�I�R �I�N�P�U�T �S�I�G�N�A�L�S�� �4�H�E�R�E �A�R�E �F�O�U�R �T�Y�P�E�S
�O�F �G�A�T�E�S�� �!�.�$�� �/�2�� �A�N�D �8�/�2 �G�A�T�E�S �H�A�V�E �T�W�O �I�N�P�U�T �T�E�R�M�I�N�A�L�S�� �A�N�D �.�/�4 �G�A�T�E�S �H�A�V�E �O�N�E�� �!�L�L
�G�A�T�E�S �H�A�V�E �O�N�E �O�U�T�P�U�T �T�E�R�M�I�N�A�L�� �#�I�R�C�U�I�T�S�� �L�I�K�E �G�A�T�E�S�� �H�A�V�E �I�N�P�U�T �A�N�D �O�U�T�P�U�T �T�E�R�M�I�N�A�L�S��

�4�O �R�E�A�S�O�N �A�B�O�U�T �F�U�N�C�T�I�O�N�A�L�I�T�Y �A�N�D �C�O�N�N�E�C�T�I�V�I�T�Y�� �W�E �D�O �N�O�T �N�E�E�D �T�O �T�A�L�K �A�B�O�U�T �T�H�E �W�I�R�E�S
�T�H�E�M�S�E�L�V�E�S�� �T�H�E �P�A�T�H�S �T�H�E�Y �T�A�K�E�� �O�R �T�H�E �J�U�N�C�T�I�O�N�S �W�H�E�R�E �T�H�E�Y �C�O�M�E �T�O�G�E�T�H�E�R�� �!�L�L �T�H�A�T �M�A�T�T�E�R�S
�I�S �T�H�E �C�O�N�N�E�C�T�I�O�N�S �B�E�T�W�E�E�N �T�E�R�M�I�N�A�L�S�ˆ�W�E �C�A�N �S�A�Y �T�H�A�T �O�N�E �O�U�T�P�U�T �T�E�R�M�I�N�A�L �I�S �C�O�N�N�E�C�T�E�D �T�O
�A�N�O�T�H�E�R �I�N�P�U�T �T�E�R�M�I�N�A�L �W�I�T�H�O�U�T �H�A�V�I�N�G �T�O �S�A�Y �W�H�A�T �A�C�T�U�A�L�L�Y �C�O�N�N�E�C�T�S �T�H�E�M�� �/�T�H�E�R �F�A�C�T�O�R�S �S�U�C�H
�A�S �T�H�E �S�I�Z�E�� �S�H�A�P�E�� �C�O�L�O�R�� �O�R �C�O�S�T �O�F �T�H�E �V�A�R�I�O�U�S �C�O�M�P�O�N�E�N�T�S �A�R�E �I�R�R�E�L�E�V�A�N�T �T�O �O�U�R �A�N�A�L�Y�S�I�S��

�)�F �O�U�R �P�U�R�P�O�S�E �W�E�R�E �S�O�M�E�T�H�I�N�G �O�T�H�E�R �T�H�A�N �V�E�R�I�F�Y�I�N�G �D�E�S�I�G�N�S �A�T �T�H�E �G�A�T�E �L�E�V�E�L�� �T�H�E �O�N�T�O�L�

�O�G�Y �W�O�U�L�D �B�E �D�I�F�F�E�R�E�N�T�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �W�E�R�E �I�N�T�E�R�E�S�T�E�D �I�N �D�E�B�U�G�G�I�N�G �F�A�U�L�T�Y �C�I�R�C�U�I�T�S�� �T�H�E�N
�I�T �W�O�U�L�D �P�R�O�B�A�B�L�Y �B�E �A �G�O�O�D �I�D�E�A �T�O �I�N�C�L�U�D�E �T�H�E �W�I�R�E�S �I�N �T�H�E �O�N�T�O�L�O�G�Y�� �B�E�C�A�U�S�E �A �F�A�U�L�T�Y �W�I�R�E
�C�A�N �C�O�R�R�U�P�T �T�H�E �S�I�G�N�A�L �m�O�W�I�N�G �A�L�O�N�G �I�T�� �&�O�R �R�E�S�O�L�V�I�N�G �T�I�M�I�N�G �F�A�U�L�T�S�� �W�E �W�O�U�L�D �N�E�E�D �T�O �I�N�C�L�U�D�E
�G�A�T�E �D�E�L�A�Y�S�� �)�F �W�E �W�E�R�E �I�N�T�E�R�E�S�T�E�D �I�N �D�E�S�I�G�N�I�N�G �A �P�R�O�D�U�C�T �T�H�A�T �W�O�U�L�D �B�E �P�R�O�l�T�A�B�L�E�� �T�H�E�N �T�H�E
�C�O�S�T �O�F �T�H�E �C�I�R�C�U�I�T �A�N�D �I�T�S �S�P�E�E�D �R�E�L�A�T�I�V�E �T�O �O�T�H�E�R �P�R�O�D�U�C�T�S �O�N �T�H�E �M�A�R�K�E�T �W�O�U�L�D �B�E �I�M�P�O�R�T�A�N�T��

�'�H�F�L�G�H �R�Q �D �Y�R�F�D�E�X�O�D�U�\

�7�E �N�O�W �K�N�O�W �T�H�A�T �W�E �W�A�N�T �T�O �T�A�L�K �A�B�O�U�T �C�I�R�C�U�I�T�S�� �T�E�R�M�I�N�A�L�S�� �S�I�G�N�A�L�S�� �A�N�D �G�A�T�E�S�� �4�H�E �N�E�X�T �S�T�E�P
�I�S �T�O �C�H�O�O�S�E �F�U�N�C�T�I�O�N�S�� �P�R�E�D�I�C�A�T�E�S�� �A�N�D �C�O�N�S�T�A�N�T�S �T�O �R�E�P�R�E�S�E�N�T �T�H�E�M�� �&�I�R�S�T�� �W�E �N�E�E�D �T�O �B�E �A�B�L�E
�T�O �D�I�S�T�I�N�G�U�I�S�H �G�A�T�E�S �F�R�O�M �E�A�C�H �O�T�H�E�R �A�N�D �F�R�O�M �O�T�H�E�R �O�B�J�E�C�T�S�� �%�A�C�H �G�A�T�E �I�S �R�E�P�R�E�S�E�N�T�E�D �A�S �A�N
�O�B�J�E�C�T �N�A�M�E�D �B�Y �A �C�O�N�S�T�A�N�T�� �A�B�O�U�T �W�H�I�C�H �W�E �A�S�S�E�R�T �T�H�A�T �I�T �I�S �A �G�A�T�E �W�I�T�H�� �S�A�Y��Gate(X 1)�� �4�H�E
�B�E�H�A�V�I�O�R �O�F �E�A�C�H �G�A�T�E �I�S �D�E�T�E�R�M�I�N�E�D �B�Y �I�T�S �T�Y�P�E�� �O�N�E �O�F �T�H�E �C�O�N�S�T�A�N�T�SAND; OR ��XOR �� �O�R
NOT �� �"�E�C�A�U�S�E �A �G�A�T�E �H�A�S �E�X�A�C�T�L�Y �O�N�E �T�Y�P�E�� �A �F�U�N�C�T�I�O�N �I�S �A�P�P�R�O�P�R�I�A�T�E��Type(X 1) = XOR��
�#�I�R�C�U�I�T�S�� �L�I�K�E �G�A�T�E�S�� �A�R�E �I�D�E�N�T�I�l�E�D �B�Y �A �P�R�E�D�I�C�A�T�E��Circuit (C1)��

�.�E�X�T �W�E �C�O�N�S�I�D�E�R �T�E�R�M�I�N�A�L�S�� �W�H�I�C�H �A�R�E �I�D�E�N�T�I�l�E�D �B�Y �T�H�E �P�R�E�D�I�C�A�T�ETerminal (x) �� �! �G�A�T�E
�O�R �C�I�R�C�U�I�T �C�A�N �H�A�V�E �O�N�E �O�R �M�O�R�E �I�N�P�U�T �T�E�R�M�I�N�A�L�S �A�N�D �O�N�E �O�R �M�O�R�E �O�U�T�P�U�T �T�E�R�M�I�N�A�L�S�� �7�E �U�S�E �T�H�E
�F�U�N�C�T�I�O�NIn (1; X 1) �T�O �D�E�N�O�T�E �T�H�E �l�R�S�T �I�N�P�U�T �T�E�R�M�I�N�A�L �F�O�R �G�A�T�EX 1�� �! �S�I�M�I�L�A�R �F�U�N�C�T�I�O�NOut �I�S
�U�S�E�D �F�O�R �O�U�T�P�U�T �T�E�R�M�I�N�A�L�S�� �4�H�E �F�U�N�C�T�I�O�NArity (c; i; j ) �S�A�Y�S �T�H�A�T �C�I�R�C�U�I�Tc �H�A�Si �I�N�P�U�T �A�N�Dj �O�U�T�

�P�U�T �T�E�R�M�I�N�A�L�S�� �4�H�E �C�O�N�N�E�C�T�I�V�I�T�Y �B�E�T�W�E�E�N �G�A�T�E�S �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �P�R�E�D�I�C�A�T�E��Connected��
�W�H�I�C�H �T�A�K�E�S �T�W�O �T�E�R�M�I�N�A�L�S �A�S �A�R�G�U�M�E�N�T�S�� �A�S �I�NConnected(Out(1; X 1); In (1; X 2)) ��

�&�I�N�A�L�L�Y�� �W�E �N�E�E�D �T�O �K�N�O�W �W�H�E�T�H�E�R �A �S�I�G�N�A�L �I�S �O�N �O�R �O�F�F�� �/�N�E �P�O�S�S�I�B�I�L�I�T�Y �I�S �T�O �U�S�E �A �U�N�A�R�Y
�P�R�E�D�I�C�A�T�E��On(t)�� �W�H�I�C�H �I�S �T�R�U�E �W�H�E�N �T�H�E �S�I�G�N�A�L �A�T �A �T�E�R�M�I�N�A�L �I�S �O�N�� �4�H�I�S �M�A�K�E�S �I�T �A �L�I�T�T�L�E
�D�I�F�l�C�U�L�T�� �H�O�W�E�V�E�R�� �T�O �P�O�S�E �Q�U�E�S�T�I�O�N�S �S�U�C�H �A�S �h�7�H�A�T �A�R�E �A�L�L �T�H�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�F �T�H�E �S�I�G�N�A�L�S
�A�T �T�H�E �O�U�T�P�U�T �T�E�R�M�I�N�A�L�S �O�F �C�I�R�C�U�I�TC1 ���v �7�E �T�H�E�R�E�F�O�R�E �I�N�T�R�O�D�U�C�E �A�S �O�B�J�E�C�T�S �T�W�O �S�I�G�N�A�L �V�A�L�U�E�S��1
�A�N�D0�� �A�N�D �A �F�U�N�C�T�I�O�NSignal(t) �T�H�A�T �D�E�N�O�T�E�S �T�H�E �S�I�G�N�A�L �V�A�L�U�E �F�O�R �T�H�E �T�E�R�M�I�N�A�Lt��

�(�Q�F�R�G�H �J�H�Q�H�U�D�O �N�Q�R�Z�O�H�G�J�H �R�I �W�K�H �G�R�P�D�L�Q

�/�N�E �S�I�G�N �T�H�A�T �W�E �H�A�V�E �A �G�O�O�D �O�N�T�O�L�O�G�Y �I�S �T�H�A�T �W�E �R�E�Q�U�I�R�E �O�N�L�Y �A �F�E�W �G�E�N�E�R�A�L �R�U�L�E�S�� �W�H�I�C�H �C�A�N
�B�E �S�T�A�T�E�D �C�L�E�A�R�L�Y �A�N�D �C�O�N�C�I�S�E�L�Y�� �4�H�E�S�E �A�R�E �A�L�L �T�H�E �A�X�I�O�M�S �W�E �W�I�L�L �N�E�E�D��

���� �)�F �T�W�O �T�E�R�M�I�N�A�L�S �A�R�E �C�O�N�N�E�C�T�E�D�� �T�H�E�N �T�H�E�Y �H�A�V�E �T�H�E �S�A�M�E �S�I�G�N�A�L��
8 t1; t2 Terminal (t1) ^ Terminal (t2) ^ Connected(t1; t2) )

Signal(t1) = Signal(t2) ��



�3�E�C�T�I�O�N �������� �+�N�O�W�L�E�D�G�E �%�N�G�I�N�E�E�R�I�N�G �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C������

���� �4�H�E �S�I�G�N�A�L �A�T �E�V�E�R�Y �T�E�R�M�I�N�A�L �I�S �E�I�T�H�E�R �� �O�R ����
8 t Termi nal (t) ) Signal(t) = 1 _ Signal(t) = 0 ��

���� �#�O�N�N�E�C�T�E�D �I�S �C�O�M�M�U�T�A�T�I�V�E��
8 t1; t2 Connected(t1; t2) , Connected(t2; t1) ��

���� �4�H�E�R�E �A�R�E �F�O�U�R �T�Y�P�E�S �O�F �G�A�T�E�S��
8 g Gate(g) ^ k = Type(g) ) k = AND _ k = OR _ k = XOR _ k = NOT ��

���� �!�N �!�.�$ �G�A�T�E���S �O�U�T�P�U�T �I�S �� �I�F �A�N�D �O�N�L�Y �I�F �A�N�Y �O�F �I�T�S �I�N�P�U�T�S �I�S ����
8 g Gate(g) ^ Type(g) = AND )

Signal(Out(1; g)) = 0 , 9 n Signal(In (n; g)) = 0 ��
���� �!�N �/�2 �G�A�T�E���S �O�U�T�P�U�T �I�S �� �I�F �A�N�D �O�N�L�Y �I�F �A�N�Y �O�F �I�T�S �I�N�P�U�T�S �I�S ����

8 g Gate(g) ^ Type(g) = OR )
Signal(Out(1; g)) = 1 , 9 n Signal(In (n; g)) = 1 ��

���� �!�N �8�/�2 �G�A�T�E���S �O�U�T�P�U�T �I�S �� �I�F �A�N�D �O�N�L�Y �I�F �I�T�S �I�N�P�U�T�S �A�R�E �D�I�F�F�E�R�E�N�T��
8 g Gate(g) ^ Type(g) = XOR )

Signal(Out(1; g)) = 1 , Signal(In (1; g)) 6=Signal(In (2; g)) ��
���� �! �.�/�4 �G�A�T�E���S �O�U�T�P�U�T �I�S �D�I�F�F�E�R�E�N�T �F�R�O�M �I�T�S �I�N�P�U�T��

8 g Gate(g) ^ (Type(g) = NOT ) )
Signal(Out(1; g)) 6=Signal(In (1; g)) ��

���� �4�H�E �G�A�T�E�S ���E�X�C�E�P�T �F�O�R �.�/�4�	 �H�A�V�E �T�W�O �I�N�P�U�T�S �A�N�D �O�N�E �O�U�T�P�U�T��
8 g Gate(g) ^ Type(g) = NOT ) Arity (g;1; 1) ��
8 g Gate(g) ^ k = Type(g) ^ (k = AND _ k = OR _ k = XOR) )

Arity (g;2; 1)
������ �! �C�I�R�C�U�I�T �H�A�S �T�E�R�M�I�N�A�L�S�� �U�P �T�O �I�T�S �I�N�P�U�T �A�N�D �O�U�T�P�U�T �A�R�I�T�Y�� �A�N�D �N�O�T�H�I�N�G �B�E�Y�O�N�D �I�T�S �A�R�I�T�Y��

8 c; i; j Circuit (c) ^ Arity (c; i; j ) )
8 n (n � i ) Terminal (In (c; n))) ^ (n > i ) In (c; n) = Nothing) ^
8 n (n � j ) Terminal (Out (c; n))) ^ (n > j ) Out (c; n) = Nothing)

������ �'�A�T�E�S�� �T�E�R�M�I�N�A�L�S�� �S�I�G�N�A�L�S�� �G�A�T�E �T�Y�P�E�S�� �A�N�DNothing �A�R�E �A�L�L �D�I�S�T�I�N�C�T��
8 g; t Gate(g) ^ Terminal (t) )

g 6=t 6= 16= 06=OR 6=AND 6=XOR 6=NOT 6=Nothing ��
������ �'�A�T�E�S �A�R�E �C�I�R�C�U�I�T�S��

8 g Gate(g) ) Circuit (g)

�(�Q�F�R�G�H �W�K�H �V�S�H�F�L�¿�F �S�U�R�E�O�H�P �L�Q�V�W�D�Q�F�H

�4�H�E �C�I�R�C�U�I�T �S�H�O�W�N �I�N �&�I�G�U�R�E ������ �I�S �E�N�C�O�D�E�D �A�S �C�I�R�C�U�I�TC1 �W�I�T�H �T�H�E �F�O�L�L�O�W�I�N�G �D�E�S�C�R�I�P�T�I�O�N�� �&�I�R�S�T��
�W�E �C�A�T�E�G�O�R�I�Z�E �T�H�E �C�I�R�C�U�I�T �A�N�D �I�T�S �C�O�M�P�O�N�E�N�T �G�A�T�E�S��

Circuit (C1) ^ Arity (C1; 3; 2)
Gate(X 1) ^ Type(X 1) = XOR
Gate(X 2) ^ Type(X 2) = XOR
Gate(A1) ^ Type(A1) = AND
Gate(A2) ^ Type(A2) = AND
Gate(O1) ^ Type(O1) = OR :



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�4�H�E�N�� �W�E �S�H�O�W �T�H�E �C�O�N�N�E�C�T�I�O�N�S �B�E�T�W�E�E�N �T�H�E�M��
Connected(Out (1; X 1); In (1; X 2)) Connected(In (1; C1); In (1; X 1))
Connected(Out (1; X 1); In (2; A2)) Connected(In (1; C1); In (1; A1))
Connected(Out (1; A2); In (1; O1)) Connected(In (2; C1); In (2; X 1))
Connected(Out (1; A1); In (2; O1)) Connected(In (2; C1); In (2; A1))
Connected(Out (1; X 2); Out (1; C1)) Connected(In (3; C1); In (2; X 2))
Connected(Out (1; O1); Out (2; C1)) Connected(In (3; C1); In (1; A2)) :

�3�R�V�H �T�X�H�U�L�H�V �W�R �W�K�H �L�Q�I�H�U�H�Q�F�H �S�U�R�F�H�G�X�U�H

�7�H�A�T �C�O�M�B�I�N�A�T�I�O�N�S �O�F �I�N�P�U�T�S �W�O�U�L�D �C�A�U�S�E �T�H�E �l�R�S�T �O�U�T�P�U�T �O�FC1 ���T�H�E �S�U�M �B�I�T�	 �T�O �B�E �� �A�N�D �T�H�E
�S�E�C�O�N�D �O�U�T�P�U�T �O�FC1 ���T�H�E �C�A�R�R�Y �B�I�T�	 �T�O �B�E ����

9 i 1; i 2; i 3 Signal(In (1; C1)) = i 1 ^ Signal(In (2; C1)) = i 2 ^ Signal(In (3; C1)) = i 3

^ Signal(Out (1; C1)) = 0 ^ Signal(Out (2; C1)) = 1 :

�4�H�E �A�N�S�W�E�R�S �A�R�E �S�U�B�S�T�I�T�U�T�I�O�N�S �F�O�R �T�H�E �V�A�R�I�A�B�L�E�Si1��i2�� �A�N�Di3 �S�U�C�H �T�H�A�T �T�H�E �R�E�S�U�L�T�I�N�G �S�E�N�T�E�N�C�E
�I�S �E�N�T�A�I�L�E�D �B�Y �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �!�3�+�6�!�2�3 �W�I�L�L �G�I�V�E �U�S �T�H�R�E�E �S�U�C�H �S�U�B�S�T�I�T�U�T�I�O�N�S��

f i1=1; i2=1; i3=0g f i1=1; i2=0; i3=1g f i1=0; i2=1; i3=1g :

�7�H�A�T �A�R�E �T�H�E �P�O�S�S�I�B�L�E �S�E�T�S �O�F �V�A�L�U�E�S �O�F �A�L�L �T�H�E �T�E�R�M�I�N�A�L�S �F�O�R �T�H�E �A�D�D�E�R �C�I�R�C�U�I�T��
9 i 1; i 2; i 3; o1; o2 Signal(In (1; C1)) = i 1 ^ Signal(In (2; C1)) = i 2

^ Signal(In (3; C1)) = i 3 ^ Signal(Out (1; C1)) = o1 ^ Signal(Out (2; C1)) = o2 :

�4�H�I�S �l�N�A�L �Q�U�E�R�Y �W�I�L�L �R�E�T�U�R�N �A �C�O�M�P�L�E�T�E �I�N�P�U�T�n�O�U�T�P�U�T �T�A�B�L�E �F�O�R �T�H�E �D�E�V�I�C�E�� �W�H�I�C�H �C�A�N �B�E �U�S�E�D
�T�O �C�H�E�C�K �T�H�A�T �I�T �D�O�E�S �I�N �F�A�C�T �A�D�D �I�T�S �I�N�P�U�T�S �C�O�R�R�E�C�T�L�Y�� �4�H�I�S �I�S �A �S�I�M�P�L�E �E�X�A�M�P�L�E �O�F�F�L�U�F�X�L�W
�Y�H�U�L�¿�F�D�W�L�R�Q�� �7�E �C�A�N �A�L�S�O �U�S�E �T�H�E �D�E�l�N�I�T�I�O�N �O�F �T�H�E �C�I�R�C�U�I�T �T�O �B�U�I�L�D �L�A�R�G�E�R �D�I�G�I�T�A�L �S�Y�S�T�E�M�S�� �F�O�RCIRCUIT

VERIFICATION

�W�H�I�C�H �T�H�E �S�A�M�E �K�I�N�D �O�F �V�E�R�I�l�C�A�T�I�O�N �P�R�O�C�E�D�U�R�E �C�A�N �B�E �C�A�R�R�I�E�D �O�U�T�� ���3�E�E �%�X�E�R�C�I�S�E �����������	 �-�A�N�Y
�D�O�M�A�I�N�S �A�R�E �A�M�E�N�A�B�L�E �T�O �T�H�E �S�A�M�E �K�I�N�D �O�F �S�T�R�U�C�T�U�R�E�D �K�N�O�W�L�E�D�G�E�
�B�A�S�E �D�E�V�E�L�O�P�M�E�N�T�� �I�N �W�H�I�C�H
�M�O�R�E �C�O�M�P�L�E�X �C�O�N�C�E�P�T�S �A�R�E �D�E�l�N�E�D �O�N �T�O�P �O�F �S�I�M�P�L�E�R �C�O�N�C�E�P�T�S��

�'�H�E�X�J �W�K�H �N�Q�R�Z�O�H�G�J�H �E�D�V�H

�7�E �C�A�N �P�E�R�T�U�R�B �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �I�N �V�A�R�I�O�U�S �W�A�Y�S �T�O �S�E�E �W�H�A�T �K�I�N�D�S �O�F �E�R�R�O�N�E�O�U�S �B�E�H�A�V�I�O�R�S
�E�M�E�R�G�E�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �W�E �F�A�I�L �T�O �R�E�A�D �3�E�C�T�I�O�N ���������� �A�N�D �H�E�N�C�E �F�O�R�G�E�T �T�O �A�S�S�E�R�T �T�H�A�T
1 6= 0�� �3�U�D�D�E�N�L�Y�� �T�H�E �S�Y�S�T�E�M �W�I�L�L �B�E �U�N�A�B�L�E �T�O �P�R�O�V�E �A�N�Y �O�U�T�P�U�T�S �F�O�R �T�H�E �C�I�R�C�U�I�T�� �E�X�C�E�P�T �F�O�R
�T�H�E �I�N�P�U�T �C�A�S�E�S ������ �A�N�D �������� �7�E �C�A�N �P�I�N�P�O�I�N�T �T�H�E �P�R�O�B�L�E�M �B�Y �A�S�K�I�N�G �F�O�R �T�H�E �O�U�T�P�U�T�S �O�F �E�A�C�H
�G�A�T�E�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �A�S�K

9 i1; i2; o Signal(In (1; C1)) = i1 ^ Signal(In (2; C1)) = i2 ^ Signal(Out (1; X 1)) ;

�W�H�I�C�H �R�E�V�E�A�L�S �T�H�A�T �N�O �O�U�T�P�U�T�S �A�R�E �K�N�O�W�N �A�TX 1 �F�O�R �T�H�E �I�N�P�U�T �C�A�S�E�S ���� �A�N�D ������ �4�H�E�N�� �W�E �L�O�O�K
�A�T �T�H�E �A�X�I�O�M �F�O�R �8�/�2 �G�A�T�E�S�� �A�S �A�P�P�L�I�E�D �T�OX 1��

Signal(Out (1; X 1)) = 1 , Signal(In (1; X 1)) 6=Signal(In (2; X 1)) :

�)�F �T�H�E �I�N�P�U�T�S �A�R�E �K�N�O�W�N �T�O �B�E�� �S�A�Y�� �� �A�N�D ���� �T�H�E�N �T�H�I�S �R�E�D�U�C�E�S �T�O

Signal(Out (1; X 1)) = 1 , 1 6= 0:

�.�O�W �T�H�E �P�R�O�B�L�E�M �I�S �A�P�P�A�R�E�N�T�� �T�H�E �S�Y�S�T�E�M �I�S �U�N�A�B�L�E �T�O �I�N�F�E�R �T�H�A�TSignal(Out (1; X 1)) = 1 �� �S�O
�W�E �N�E�E�D �T�O �T�E�L�L �I�T �T�H�A�T1 6= 0��



�3�E�C�T�I�O�N �������� �3�U�M�M�A�R�Y ������

������ �3�5�-�-�!�2�9

�4�H�I�S �C�H�A�P�T�E�R �H�A�S �I�N�T�R�O�D�U�C�E�D�¿�U�V�W���R�U�G�H�U �O�R�J�L�F�� �A �R�E�P�R�E�S�E�N�T�A�T�I�O�N �L�A�N�G�U�A�G�E �T�H�A�T �I�S �F�A�R �M�O�R�E �P�O�W�

�E�R�F�U�L �T�H�A�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �4�H�E �I�M�P�O�R�T�A�N�T �P�O�I�N�T�S �A�R�E �A�S �F�O�L�L�O�W�S��

� �+�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �L�A�N�G�U�A�G�E�S �S�H�O�U�L�D �B�E �D�E�C�L�A�R�A�T�I�V�E�� �C�O�M�P�O�S�I�T�I�O�N�A�L�� �E�X�P�R�E�S�S�I�V�E��
�C�O�N�T�E�X�T �I�N�D�E�P�E�N�D�E�N�T�� �A�N�D �U�N�A�M�B�I�G�U�O�U�S��

� �,�O�G�I�C�S �D�I�F�F�E�R �I�N �T�H�E�I�R�R�Q�W�R�O�R�J�L�F�D�O �F�R�P�P�L�W�P�H�Q�W�V�A�N�D�H�S�L�V�W�H�P�R�O�R�J�L�F�D�O �F�R�P�P�L�W�P�H�Q�W�V��
�7�H�I�L�E �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �C�O�M�M�I�T�S �O�N�L�Y �T�O �T�H�E �E�X�I�S�T�E�N�C�E �O�F �F�A�C�T�S�� �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �C�O�M�

�M�I�T�S �T�O �T�H�E �E�X�I�S�T�E�N�C�E �O�F �O�B�J�E�C�T�S �A�N�D �R�E�L�A�T�I�O�N�S �A�N�D �T�H�E�R�E�B�Y �G�A�I�N�S �E�X�P�R�E�S�S�I�V�E �P�O�W�E�R��

� �4�H�E �S�Y�N�T�A�X �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �B�U�I�L�D�S �O�N �T�H�A�T �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �)�T �A�D�D�S �T�E�R�M�S �T�O
�R�E�P�R�E�S�E�N�T �O�B�J�E�C�T�S�� �A�N�D �H�A�S �U�N�I�V�E�R�S�A�L �A�N�D �E�X�I�S�T�E�N�T�I�A�L �Q�U�A�N�T�I�l�E�R�S �T�O �C�O�N�S�T�R�U�C�T �A�S�S�E�R�T�I�O�N�S
�A�B�O�U�T �A�L�L �O�R �S�O�M�E �O�F �T�H�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�F �T�H�E �Q�U�A�N�T�I�l�E�D �V�A�R�I�A�B�L�E�S��

� �! �S�R�V�V�L�E�O�H �Z�R�U�O�G�� �O�R�P�R�G�H�O�� �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �I�N�C�L�U�D�E�S �A �S�E�T �O�F �O�B�J�E�C�T�S �A�N�D �A�N�L�Q�W�H�U��
�S�U�H�W�D�W�L�R�Q�T�H�A�T �M�A�P�S �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �T�O �O�B�J�E�C�T�S�� �P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L�S �T�O �R�E�L�A�T�I�O�N�S �A�M�O�N�G
�O�B�J�E�C�T�S�� �A�N�D �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S �T�O �F�U�N�C�T�I�O�N�S �O�N �O�B�J�E�C�T�S��

� �!�N �A�T�O�M�I�C �S�E�N�T�E�N�C�E �I�S �T�R�U�E �J�U�S�T �W�H�E�N �T�H�E �R�E�L�A�T�I�O�N �N�A�M�E�D �B�Y �T�H�E �P�R�E�D�I�C�A�T�E �H�O�L�D�S �B�E�T�W�E�E�N
�T�H�E �O�B�J�E�C�T�S �N�A�M�E�D �B�Y �T�H�E �T�E�R�M�S���(�[�W�H�Q�G�H�G �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�V�� �W�H�I�C�H �M�A�P �Q�U�A�N�T�I�l�E�R �V�A�R�I�

�A�B�L�E�S �T�O �O�B�J�E�C�T�S �I�N �T�H�E �M�O�D�E�L�� �D�E�l�N�E �T�H�E �T�R�U�T�H �O�F �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E�S��

� �$�E�V�E�L�O�P�I�N�G �A �K�N�O�W�L�E�D�G�E �B�A�S�E �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �R�E�Q�U�I�R�E�S �A �C�A�R�E�F�U�L �P�R�O�C�E�S�S �O�F �A�N�A�L�Y�Z�I�N�G
�T�H�E �D�O�M�A�I�N�� �C�H�O�O�S�I�N�G �A �V�O�C�A�B�U�L�A�R�Y�� �A�N�D �E�N�C�O�D�I�N�G �T�H�E �A�X�I�O�M�S �R�E�Q�U�I�R�E�D �T�O �S�U�P�P�O�R�T �T�H�E
�D�E�S�I�R�E�D �I�N�F�E�R�E�N�C�E�S��

�" �)�"�,�)�/�'�2�!�0�(�)�#�!�, �!�.�$ �( �)�3�4�/�2�)�#�!�, �. �/�4�%�3

�!�L�T�H�O�U�G�H �!�R�I�S�T�O�T�L�E���S �L�O�G�I�C �D�E�A�L�S �W�I�T�H �G�E�N�E�R�A�L�I�Z�A�T�I�O�N�S �O�V�E�R �O�B�J�E�C�T�S�� �I�T �F�E�L�L �F�A�R �S�H�O�R�T �O�F �T�H�E �E�X�

�P�R�E�S�S�I�V�E �P�O�W�E�R �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �! �M�A�J�O�R �B�A�R�R�I�E�R �T�O �I�T�S �F�U�R�T�H�E�R �D�E�V�E�L�O�P�M�E�N�T �W�A�S �I�T�S �C�O�N�C�E�N�

�T�R�A�T�I�O�N �O�N �O�N�E�
�P�L�A�C�E �P�R�E�D�I�C�A�T�E�S �T�O �T�H�E �E�X�C�L�U�S�I�O�N �O�F �M�A�N�Y�
�P�L�A�C�E �R�E�L�A�T�I�O�N�A�L �P�R�E�D�I�C�A�T�E�S�� �4�H�E �l�R�S�T
�S�Y�S�T�E�M�A�T�I�C �T�R�E�A�T�M�E�N�T �O�F �R�E�L�A�T�I�O�N�S �W�A�S �G�I�V�E�N �B�Y �!�U�G�U�S�T�U�S �$�E �-�O�R�G�A�N �����������	�� �W�H�O �C�I�T�E�D �T�H�E
�F�O�L�L�O�W�I�N�G �E�X�A�M�P�L�E �T�O �S�H�O�W �T�H�E �S�O�R�T�S �O�F �I�N�F�E�R�E�N�C�E�S �T�H�A�T �!�R�I�S�T�O�T�L�E���S �L�O�G�I�C �C�O�U�L�D �N�O�T �H�A�N�D�L�E�� �h�!�L�L
�H�O�R�S�E�S �A�R�E �A�N�I�M�A�L�S�� �T�H�E�R�E�F�O�R�E�� �T�H�E �H�E�A�D �O�F �A �H�O�R�S�E �I�S �T�H�E �H�E�A�D �O�F �A�N �A�N�I�M�A�L���v �4�H�I�S �I�N�F�E�R�E�N�C�E
�I�S �I�N�A�C�C�E�S�S�I�B�L�E �T�O �!�R�I�S�T�O�T�L�E �B�E�C�A�U�S�E �A�N�Y �V�A�L�I�D �R�U�L�E �T�H�A�T �C�A�N �S�U�P�P�O�R�T �T�H�I�S �I�N�F�E�R�E�N�C�E �M�U�S�T �l�R�S�T
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�E�M�A�T�I�C�A�L �L�O�G�I�C �I�S �T�H�E�-�R�X�U�Q�D�O �R�I �6�\�P�E�R�O�L�F �/�R�J�L�F�� �W�H�E�R�E�A�S �T�H�E�-�R�X�U�Q�D�O �R�I �$�S�S�O�L�H�G �/�R�J�L�F�D�E�A�L�S
�W�I�T�H �C�O�N�C�E�R�N�S �C�L�O�S�E�R �T�O �T�H�O�S�E �O�F �A�R�T�I�l�C�I�A�L �I�N�T�E�L�L�I�G�E�N�C�E��



�%�X�E�R�C�I�S�E�S ������

�%�8�%�2�#�)�3�%�3

������ �! �L�O�G�I�C�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �R�E�P�R�E�S�E�N�T�S �T�H�E �W�O�R�L�D �U�S�I�N�G �A �S�E�T �O�F �S�E�N�T�E�N�C�E�S �W�I�T�H �N�O �E�X�P�L�I�C�I�T
�S�T�R�U�C�T�U�R�E�� �!�N�D�Q�D�O�R�J�L�F�D�O�R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �H�A�S �P�H�Y�S�I�C�A�L �S�T�R�U�C�T�U�R�E �T�H�A�T �C�O�R�R�E�

�S�P�O�N�D�S �D�I�R�E�C�T�L�Y �T�O �T�H�E �S�T�R�U�C�T�U�R�E �O�F �T�H�E �T�H�I�N�G �R�E�P�R�E�S�E�N�T�E�D�� �#�O�N�S�I�D�E�R �A �R�O�A�D �M�A�P �O�F �Y�O�U�R �C�O�U�N�T�R�Y
�A�S �A�N �A�N�A�L�O�G�I�C�A�L �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �F�A�C�T�S �A�B�O�U�T �T�H�E �C�O�U�N�T�R�Y�ˆ�I�T �R�E�P�R�E�S�E�N�T�S �F�A�C�T�S �W�I�T�H �A �M�A�P �L�A�N�

�G�U�A�G�E�� �4�H�E �T�W�O�
�D�I�M�E�N�S�I�O�N�A�L �S�T�R�U�C�T�U�R�E �O�F �T�H�E �M�A�P �C�O�R�R�E�S�P�O�N�D�S �T�O �T�H�E �T�W�O�
�D�I�M�E�N�S�I�O�N�A�L �S�U�R�F�A�C�E
�O�F �T�H�E �A�R�E�A��

�D�� �'�I�V�E �l�V�E �E�X�A�M�P�L�E�S �O�F�V�\�P�E�R�O�V�I�N �T�H�E �M�A�P �L�A�N�G�U�A�G�E��
�E�� �!�N�H�[�S�O�L�F�L�W�S�E�N�T�E�N�C�E �I�S �A �S�E�N�T�E�N�C�E �T�H�A�T �T�H�E �C�R�E�A�T�O�R �O�F �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�C�T�U�A�L�L�Y �W�R�I�T�E�S

�D�O�W�N�� �!�N�L�P�S�O�L�F�L�W�S�E�N�T�E�N�C�E �I�S �A �S�E�N�T�E�N�C�E �T�H�A�T �R�E�S�U�L�T�S �F�R�O�M �E�X�P�L�I�C�I�T �S�E�N�T�E�N�C�E�S �B�E�C�A�U�S�E
�O�F �P�R�O�P�E�R�T�I�E�S �O�F �T�H�E �A�N�A�L�O�G�I�C�A�L �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �'�I�V�E �T�H�R�E�E �E�X�A�M�P�L�E�S �E�A�C�H �O�F�L�P�S�O�L�F�L�W�A�N�D
�H�[�S�O�L�F�L�W�S�E�N�T�E�N�C�E�S �I�N �T�H�E �M�A�P �L�A�N�G�U�A�G�E��

�F�� �'�I�V�E �T�H�R�E�E �E�X�A�M�P�L�E�S �O�F �F�A�C�T�S �A�B�O�U�T �T�H�E �P�H�Y�S�I�C�A�L �S�T�R�U�C�T�U�R�E �O�F �Y�O�U�R �C�O�U�N�T�R�Y �T�H�A�T �C�A�N�N�O�T �B�E
�R�E�P�R�E�S�E�N�T�E�D �I�N �T�H�E �M�A�P �L�A�N�G�U�A�G�E��

�G�� �'�I�V�E �T�W�O �E�X�A�M�P�L�E�S �O�F �F�A�C�T�S �T�H�A�T �A�R�E �M�U�C�H �E�A�S�I�E�R �T�O �E�X�P�R�E�S�S �I�N �T�H�E �M�A�P �L�A�N�G�U�A�G�E �T�H�A�N �I�N
�l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��

�H�� �'�I�V�E �T�W�O �O�T�H�E�R �E�X�A�M�P�L�E�S �O�F �U�S�E�F�U�L �A�N�A�L�O�G�I�C�A�L �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S�� �7�H�A�T �A�R�E �T�H�E �A�D�V�A�N�T�A�G�E�S
�A�N�D �D�I�S�A�D�V�A�N�T�A�G�E�S �O�F �E�A�C�H �O�F �T�H�E�S�E �L�A�N�G�U�A�G�E�S��

������ �#�O�N�S�I�D�E�R �A �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�I�N�G �J�U�S�T �T�W�O �S�E�N�T�E�N�C�E�S��P(a) �A�N�DP(b)�� �$�O�E�S �T�H�I�S
�K�N�O�W�L�E�D�G�E �B�A�S�E �E�N�T�A�I�L8 x P (x) �� �%�X�P�L�A�I�N �Y�O�U�R �A�N�S�W�E�R �I�N �T�E�R�M�S �O�F �M�O�D�E�L�S��

������ �)�S �T�H�E �S�E�N�T�E�N�C�E9 x; y x = y �V�A�L�I�D�� �%�X�P�L�A�I�N��

������ �7�R�I�T�E �D�O�W�N �A �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E �S�U�C�H �T�H�A�T �E�V�E�R�Y �W�O�R�L�D �I�N �W�H�I�C�H �I�T �I�S �T�R�U�E �C�O�N�T�A�I�N�S �E�X�A�C�T�L�Y
�T�W�O �O�B�J�E�C�T�S��

������ �#�O�N�S�I�D�E�R �A �S�Y�M�B�O�L �V�O�C�A�B�U�L�A�R�Y �T�H�A�T �C�O�N�T�A�I�N�Sc �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S��pk �P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L�S
�O�F �E�A�C�H �A�R�I�T�Yk�� �A�N�Df k �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S �O�F �E�A�C�H �A�R�I�T�Yk�� �W�H�E�R�E1 � k � A�� �,�E�T �T�H�E �D�O�M�A�I�N
�S�I�Z�E �B�E �l�X�E�D �A�TD �� �&�O�R �A�N�Y �G�I�V�E�N �M�O�D�E�L�� �E�A�C�H �P�R�E�D�I�C�A�T�E �O�R �F�U�N�C�T�I�O�N �S�Y�M�B�O�L �I�S �M�A�P�P�E�D �O�N�T�O �A
�R�E�L�A�T�I�O�N �O�R �F�U�N�C�T�I�O�N�� �R�E�S�P�E�C�T�I�V�E�L�Y�� �O�F �T�H�E �S�A�M�E �A�R�I�T�Y�� �9�O�U �M�A�Y �A�S�S�U�M�E �T�H�A�T �T�H�E �F�U�N�C�T�I�O�N�S �I�N �T�H�E
�M�O�D�E�L �A�L�L�O�W �S�O�M�E �I�N�P�U�T �T�U�P�L�E�S �T�O �H�A�V�E �N�O �V�A�L�U�E �F�O�R �T�H�E �F�U�N�C�T�I�O�N ���I���E���� �T�H�E �V�A�L�U�E �I�S �T�H�E �I�N�V�I�S�I�B�L�E
�O�B�J�E�C�T�	�� �$�E�R�I�V�E �A �F�O�R�M�U�L�A �F�O�R �T�H�E �N�U�M�B�E�R �O�F �P�O�S�S�I�B�L�E �M�O�D�E�L�S �F�O�R �A �D�O�M�A�I�N �W�I�T�HD �E�L�E�M�E�N�T�S��
�$�O�N���T �W�O�R�R�Y �A�B�O�U�T �E�L�I�M�I�N�A�T�I�N�G �R�E�D�U�N�D�A�N�T �C�O�M�B�I�N�A�T�I�O�N�S��

������ �7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �A�R�E �V�A�L�I�D ���N�E�C�E�S�S�A�R�I�L�Y �T�R�U�E�	 �S�E�N�T�E�N�C�E�S��

�D�� (9x x = x) ) (8 y 9z y = z)��
�E�� 8 x P (x) _ : P(x) ��
�F�� 8 x Smart(x) _ (x = x) ��

������ �#�O�N�S�I�D�E�R �A �V�E�R�S�I�O�N �O�F �T�H�E �S�E�M�A�N�T�I�C�S �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �I�N �W�H�I�C�H �M�O�D�E�L�S �W�I�T�H �E�M�P�T�Y
�D�O�M�A�I�N�S �A�R�E �A�L�L�O�W�E�D�� �'�I�V�E �A�T �L�E�A�S�T �T�W�O �E�X�A�M�P�L�E�S �O�F �S�E�N�T�E�N�C�E�S �T�H�A�T �A�R�E �V�A�L�I�D �A�C�C�O�R�D�I�N�G �T�O �T�H�E



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�S�T�A�N�D�A�R�D �S�E�M�A�N�T�I�C�S �B�U�T �N�O�T �A�C�C�O�R�D�I�N�G �T�O �T�H�E �N�E�W �S�E�M�A�N�T�I�C�S�� �$�I�S�C�U�S�S �W�H�I�C�H �O�U�T�C�O�M�E �M�A�K�E�S
�M�O�R�E �I�N�T�U�I�T�I�V�E �S�E�N�S�E �F�O�R �Y�O�U�R �E�X�A�M�P�L�E�S��

������ �$�O�E�S �T�H�E �F�A�C�T: Spouse(George; Laura ) �F�O�L�L�O�W �F�R�O�M �T�H�E �F�A�C�T�SJim 6= George �A�N�D
Spouse(Jim ; Laura )�� �)�F �S�O�� �G�I�V�E �A �P�R�O�O�F�� �I�F �N�O�T�� �S�U�P�P�L�Y �A�D�D�I�T�I�O�N�A�L �A�X�I�O�M�S �A�S �N�E�E�D�E�D�� �7�H�A�T
�H�A�P�P�E�N�S �I�F �W�E �U�S�ESpouse�A�S �A �U�N�A�R�Y �F�U�N�C�T�I�O�N �S�Y�M�B�O�L �I�N�S�T�E�A�D �O�F �A �B�I�N�A�R�Y �P�R�E�D�I�C�A�T�E��

������ �#�O�N�S�I�D�E�R �A �V�O�C�A�B�U�L�A�R�Y �W�I�T�H �T�H�E �F�O�L�L�O�W�I�N�G �S�Y�M�B�O�L�S��

Occupation(p; o)�� �0�R�E�D�I�C�A�T�E�� �0�E�R�S�O�Np �H�A�S �O�C�C�U�P�A�T�I�O�No��
Customer(p1; p2)�� �0�R�E�D�I�C�A�T�E�� �0�E�R�S�O�Np1 �I�S �A �C�U�S�T�O�M�E�R �O�F �P�E�R�S�O�Np2��
Boss(p1; p2)�� �0�R�E�D�I�C�A�T�E�� �0�E�R�S�O�Np1 �I�S �A �B�O�S�S �O�F �P�E�R�S�O�Np2��
Doctor ��Surgeon��Lawyer��Actor �� �#�O�N�S�T�A�N�T�S �D�E�N�O�T�I�N�G �O�C�C�U�P�A�T�I�O�N�S��
Emily ��Joe�� �#�O�N�S�T�A�N�T�S �D�E�N�O�T�I�N�G �P�E�O�P�L�E��

�5�S�E �T�H�E�S�E �S�Y�M�B�O�L�S �T�O �W�R�I�T�E �T�H�E �F�O�L�L�O�W�I�N�G �A�S�S�E�R�T�I�O�N�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��

�D�� �%�M�I�L�Y �I�S �E�I�T�H�E�R �A �S�U�R�G�E�O�N �O�R �A �L�A�W�Y�E�R��
�E�� �*�O�E �I�S �A�N �A�C�T�O�R�� �B�U�T �H�E �A�L�S�O �H�O�L�D�S �A�N�O�T�H�E�R �J�O�B��
�F�� �!�L�L �S�U�R�G�E�O�N�S �A�R�E �D�O�C�T�O�R�S��
�G�� �*�O�E �D�O�E�S �N�O�T �H�A�V�E �A �L�A�W�Y�E�R ���I���E���� �I�S �N�O�T �A �C�U�S�T�O�M�E�R �O�F �A�N�Y �L�A�W�Y�E�R�	��
�H�� �%�M�I�L�Y �H�A�S �A �B�O�S�S �W�H�O �I�S �A �L�A�W�Y�E�R��
�I�� �4�H�E�R�E �E�X�I�S�T�S �A �L�A�W�Y�E�R �A�L�L �O�F �W�H�O�S�E �C�U�S�T�O�M�E�R�S �A�R�E �D�O�C�T�O�R�S��
�J�� �%�V�E�R�Y �S�U�R�G�E�O�N �H�A�S �A �L�A�W�Y�E�R��

�������� �)�N �E�A�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �W�E �G�I�V�E �A�N �%�N�G�L�I�S�H �S�E�N�T�E�N�C�E �A�N�D �A �N�U�M�B�E�R �O�F �C�A�N�D�I�D�A�T�E �L�O�G�I�C�A�L
�E�X�P�R�E�S�S�I�O�N�S�� �&�O�R �E�A�C�H �O�F �T�H�E �L�O�G�I�C�A�L �E�X�P�R�E�S�S�I�O�N�S�� �S�T�A�T�E �W�H�E�T�H�E�R �I�T �����	 �C�O�R�R�E�C�T�L�Y �E�X�P�R�E�S�S�E�S �T�H�E
�%�N�G�L�I�S�H �S�E�N�T�E�N�C�E�� �����	 �I�S �S�Y�N�T�A�C�T�I�C�A�L�L�Y �I�N�V�A�L�I�D �A�N�D �T�H�E�R�E�F�O�R�E �M�E�A�N�I�N�G�L�E�S�S�� �O�R �����	 �I�S �S�Y�N�T�A�C�T�I�C�A�L�L�Y
�V�A�L�I�D �B�U�T �D�O�E�S �N�O�T �E�X�P�R�E�S�S �T�H�E �M�E�A�N�I�N�G �O�F �T�H�E �%�N�G�L�I�S�H �S�E�N�T�E�N�C�E��

�D�� �%�V�E�R�Y �C�A�T �L�O�V�E�S �I�T�S �M�O�T�H�E�R �O�R �F�A�T�H�E�R��

���I�	8 x Cat(x) ) Loves(x; Mother (x) _ Father (x)) ��
���I�I�	8 x : Cat(x) _ Loves(x; Mother (x)) _ Loves(x; Father (x)) ��

���I�I�I�	8 x Cat(x) ^ (Loves(x; Mother (x)) _ Loves(x; Father (x))) ��

�E�� �%�V�E�R�Y �D�O�G �W�H�O �L�O�V�E�S �O�N�E �O�F �I�T�S �B�R�O�T�H�E�R�S �I�S �H�A�P�P�Y��

���I�	8 x Dog(x) ^ (9y Brother (y; x) ^ Loves(x; y)) ) Happy(x) ��
���I�I�	8 x; y Dog(x) ^ Brother (y; x) ^ Loves(x; y) ) Happy(x) ��

���I�I�I�	8 x Dog(x) ^ [8 y Brother (y; x) , Loves(x; y)] ) Happy(x) ��

�F�� �.�O �D�O�G �B�I�T�E�S �A �C�H�I�L�D �O�F �I�T�S �O�W�N�E�R��

���I�	8 x Dog(x) ) : Bites(x; Child (Owner(x))) ��
���I�I�	:9 x; y Dog(x) ^ Child (y; Owner(x)) ^ Bites(x; y)��

���I�I�I�	8 x Dog(x) ) (8 y Child (y; Owner(x)) ) : Bites(x; y)) ��
���I�V�	:9 x Dog(x) ) (9 y Child (y; Owner(x)) ^ Bites(x; y)) ��

�G�� �%�V�E�R�Y�O�N�E���S �Z�I�P �C�O�D�E �W�I�T�H�I�N �A �S�T�A�T�E �H�A�S �T�H�E �S�A�M�E �l�R�S�T �D�I�G�I�T��



�%�X�E�R�C�I�S�E�S ������

���I�	8 x; s; z1 [State(s) ^ LivesIn(x; s) ^ Zip(x) = z1] )
[8 y; z2 LivesIn(y; s) ^ Zip(y) = z2 ) Digit (1; z1) = Digit (1; z2)]��

���I�I�	8 x; s [State(s) ^ LivesIn(x; s) ^ 9 z1 Zip(x) = z1] )
[8 y; z2 LivesIn(y; s) ^ Zip(y) = z2 ^ Digit (1; z1) = Digit (1; z2)]��

���I�I�I�	8 x; y; s State(s) ^ LivesIn (x; s) ^ LivesIn (y; s) ) Digit (1; Zip(x) = Zip(y)) ��
���I�V�	8 x; y; s State(s) ^ LivesIn(x; s) ^ LivesIn(y; s) )

Digit (1; Zip(x)) = Digit (1; Zip(y)) ��

�������� �#�O�M�P�L�E�T�E �T�H�E �F�O�L�L�O�W�I�N�G �E�X�E�R�C�I�S�E�S �A�B�O�U�T �L�O�G�I�C�A�L �S�E�N�N�T�E�N�C�E�S��

�D�� �4�R�A�N�S�L�A�T�E �I�N�T�O�J�R�R�G�� �Q�D�W�X�U�D�O�%�N�G�L�I�S�H ���N�Ox�S �O�Ry�S���	��

8 x; y; l SpeaksLanguage(x; l ) ^ SpeaksLanguage(y; l)
) Understands(x; y) ^ Understands(y; x) :

�E�� �%�X�P�L�A�I�N �W�H�Y �T�H�I�S �S�E�N�T�E�N�C�E �I�S �E�N�T�A�I�L�E�D �B�Y �T�H�E �S�E�N�T�E�N�C�E

8 x; y; l SpeaksLanguage(x; l ) ^ SpeaksLanguage(y; l)
) Understands(x; y):

�F�� �4�R�A�N�S�L�A�T�E �I�N�T�O �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �T�H�E �F�O�L�L�O�W�I�N�G �S�E�N�T�E�N�C�E�S��

���I�	 �5�N�D�E�R�S�T�A�N�D�I�N�G �L�E�A�D�S �T�O �F�R�I�E�N�D�S�H�I�P��
���I�I�	 �&�R�I�E�N�D�S�H�I�P �I�S �T�R�A�N�S�I�T�I�V�E��

�2�E�M�E�M�B�E�R �T�O �D�E�l�N�E �A�L�L �P�R�E�D�I�C�A�T�E�S�� �F�U�N�C�T�I�O�N�S�� �A�N�D �C�O�N�S�T�A�N�T�S �Y�O�U �U�S�E��

�������� �4�R�U�E �O�R �F�A�L�S�E�� �%�X�P�L�A�I�N��

�D�� 9 x x = Rumpelstiltskin �I�S �A �V�A�L�I�D ���N�E�C�E�S�S�A�R�I�L�Y �T�R�U�E�	 �S�E�N�T�E�N�C�E �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��

�E�� �%�V�E�R�Y �E�X�I�S�T�E�N�T�I�A�L�L�Y �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �I�S �T�R�U�E �I�N �A�N�Y �M�O�D�E�L �T�H�A�T �C�O�N�

�T�A�I�N�S �E�X�A�C�T�L�Y �O�N�E �O�B�J�E�C�T��

�F�� 8 x; y x = y �I�S �S�A�T�I�S�l�A�B�L�E��

�������� �2�E�W�R�I�T�E �T�H�E �l�R�S�T �T�W�O �0�E�A�N�O �A�X�I�O�M�S �I�N �3�E�C�T�I�O�N ���������� �A�S �A �S�I�N�G�L�E �A�X�I�O�M �T�H�A�T �D�E�l�N�E�S
NatNum(x) �S�O �A�S �T�O �E�X�C�L�U�D�E �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �O�F �N�A�T�U�R�A�L �N�U�M�B�E�R�S �E�X�C�E�P�T �F�O�R �T�H�O�S�E �G�E�N�E�R�A�T�E�D �B�Y
�T�H�E �S�U�C�C�E�S�S�O�R �F�U�N�C�T�I�O�N��

�������� �%�Q�U�A�T�I�O�N ���������	 �O�N �P�A�G�E ������ �D�E�l�N�E�S �T�H�E �C�O�N�D�I�T�I�O�N�S �U�N�D�E�R �W�H�I�C�H �A �S�Q�U�A�R�E �I�S �B�R�E�E�Z�Y�� �(�E�R�E
�W�E �C�O�N�S�I�D�E�R �T�W�O �O�T�H�E�R �W�A�Y�S �T�O �D�E�S�C�R�I�B�E �T�H�I�S �A�S�P�E�C�T �O�F �T�H�E �W�U�M�P�U�S �W�O�R�L�D��

�D�� �7�E �C�A�N �W�R�I�T�E�G�L�D�J�Q�R�V�W�L�F �U�X�O�H�V�L�E�A�D�I�N�G �F�R�O�M �O�B�S�E�R�V�E�D �E�F�F�E�C�T�S �T�O �H�I�D�D�E�N �C�A�U�S�E�S�� �&�O�R �l�N�D�
DIAGNOSTIC RULE

�I�N�G �P�I�T�S�� �T�H�E �O�B�V�I�O�U�S �D�I�A�G�N�O�S�T�I�C �R�U�L�E�S �S�A�Y �T�H�A�T �I�F �A �S�Q�U�A�R�E �I�S �B�R�E�E�Z�Y�� �S�O�M�E �A�D�J�A�C�E�N�T �S�Q�U�A�R�E
�M�U�S�T �C�O�N�T�A�I�N �A �P�I�T�� �A�N�D �I�F �A �S�Q�U�A�R�E �I�S �N�O�T �B�R�E�E�Z�Y�� �T�H�E�N �N�O �A�D�J�A�C�E�N�T �S�Q�U�A�R�E �C�O�N�T�A�I�N�S �A �P�I�T��
�7�R�I�T�E �T�H�E�S�E �T�W�O �R�U�L�E�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �A�N�D �S�H�O�W �T�H�A�T �T�H�E�I�R �C�O�N�J�U�N�C�T�I�O�N �I�S �L�O�G�I�C�A�L�L�Y
�E�Q�U�I�V�A�L�E�N�T �T�O �%�Q�U�A�T�I�O�N ���������	��

�E�� �7�E �C�A�N �W�R�I�T�E�F�D�X�V�D�O �U�X�O�H�V�L�E�A�D�I�N�G �F�R�O�M �C�A�U�S�E �T�O �E�F�F�E�C�T�� �/�N�E �O�B�V�I�O�U�S �C�A�U�S�A�L �R�U�L�E �I�S �T�H�A�TCAUSAL RULE

�A �P�I�T �C�A�U�S�E�S �A�L�L �A�D�J�A�C�E�N�T �S�Q�U�A�R�E�S �T�O �B�E �B�R�E�E�Z�Y�� �7�R�I�T�E �T�H�I�S �R�U�L�E �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �E�X�P�L�A�I�N
�W�H�Y �I�T �I�S �I�N�C�O�M�P�L�E�T�E �C�O�M�P�A�R�E�D �T�O �%�Q�U�A�T�I�O�N ���������	�� �A�N�D �S�U�P�P�L�Y �T�H�E �M�I�S�S�I�N�G �A�X�I�O�M��



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�"�E�A�T�R�I�C�E

�!�N�D�R�E�W

�%�U�G�E�N�I�E�7�I�L�L�I�A�M �(�A�R�R�Y

�#�H�A�R�L�E�S�$�I�A�N�A

�-�U�MGeorge

�0�H�I�L�I�P�%�L�I�Z�A�B�E�T�H �-�A�R�G�A�R�E�T�+�Y�D�D�3�P�E�N�C�E�R

�0�E�T�E�R

�-�A�R�K

�:�A�R�A

�!�N�N�E �3�A�R�A�H�%�D�W�A�R�D�3�O�P�H�I�E

�,�O�U�I�S�E�*�A�M�E�S

�)�L�J�X�U�H �������! �T�Y�P�I�C�A�L �F�A�M�I�L�Y �T�R�E�E�� �4�H�E �S�Y�M�B�O�L �h./ �v �C�O�N�N�E�C�T�S �S�P�O�U�S�E�S �A�N�D �A�R�R�O�W�S �P�O�I�N�T �T�O
�C�H�I�L�D�R�E�N��

�������� �7�R�I�T�E �A�X�I�O�M�S �D�E�S�C�R�I�B�I�N�G �T�H�E �P�R�E�D�I�C�A�T�E�SGrandchild��Greatgrandparent��Ancestor��
Brother ��Sister��Daughter ��Son��FirstCousin ��BrotherInLaw ��SisterInLaw ��Aunt �� �A�N�D
Uncle�� �&�I�N�D �O�U�T �T�H�E �P�R�O�P�E�R �D�E�l�N�I�T�I�O�N �O�Fm�T�H �C�O�U�S�I�Nn �T�I�M�E�S �R�E�M�O�V�E�D�� �A�N�D �W�R�I�T�E �T�H�E �D�E�F�

�I�N�I�T�I�O�N �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �.�O�W �W�R�I�T�E �D�O�W�N �T�H�E �B�A�S�I�C �F�A�C�T�S �D�E�P�I�C�T�E�D �I�N �T�H�E �F�A�M�I�L�Y �T�R�E�E �I�N
�&�I�G�U�R�E �������� �5�S�I�N�G �A �S�U�I�T�A�B�L�E �L�O�G�I�C�A�L �R�E�A�S�O�N�I�N�G �S�Y�S�T�E�M�� �4�%�,�, �I�T �A�L�L �T�H�E �S�E�N�T�E�N�C�E�S �Y�O�U �H�A�V�E
�W�R�I�T�T�E�N �D�O�W�N�� �A�N�D �!�3�+�I�T �W�H�O �A�R�E �%�L�I�Z�A�B�E�T�H���S �G�R�A�N�D�C�H�I�L�D�R�E�N�� �$�I�A�N�A���S �B�R�O�T�H�E�R�S�
�I�N�
�L�A�W�� �:�A�R�A���S
�G�R�E�A�T�
�G�R�A�N�D�P�A�R�E�N�T�S�� �A�N�D �%�U�G�E�N�I�E���S �A�N�C�E�S�T�O�R�S��

�������� �7�R�I�T�E �D�O�W�N �A �S�E�N�T�E�N�C�E �A�S�S�E�R�T�I�N�G �T�H�A�T �� �I�S �A �C�O�M�M�U�T�A�T�I�V�E �F�U�N�C�T�I�O�N�� �$�O�E�S �Y�O�U�R �S�E�N�T�E�N�C�E
�F�O�L�L�O�W �F�R�O�M �T�H�E �0�E�A�N�O �A�X�I�O�M�S�� �)�F �S�O�� �E�X�P�L�A�I�N �W�H�Y�� �I�F �N�O�T�� �G�I�V�E �A �M�O�D�E�L �I�N �W�H�I�C�H �T�H�E �A�X�I�O�M�S
�A�R�E �T�R�U�E �A�N�D �Y�O�U�R �S�E�N�T�E�N�C�E �I�S �F�A�L�S�E��

�������� �5�S�I�N�G �T�H�E �S�E�T �A�X�I�O�M�S �A�S �E�X�A�M�P�L�E�S�� �W�R�I�T�E �A�X�I�O�M�S �F�O�R �T�H�E �L�I�S�T �D�O�M�A�I�N�� �I�N�C�L�U�D�I�N�G �A�L�L �T�H�E
�C�O�N�S�T�A�N�T�S�� �F�U�N�C�T�I�O�N�S�� �A�N�D �P�R�E�D�I�C�A�T�E�S �M�E�N�T�I�O�N�E�D �I�N �T�H�E �C�H�A�P�T�E�R��

�������� �%�X�P�L�A�I�N �W�H�A�T �I�S �W�R�O�N�G �W�I�T�H �T�H�E �F�O�L�L�O�W�I�N�G �P�R�O�P�O�S�E�D �D�E�l�N�I�T�I�O�N �O�F �A�D�J�A�C�E�N�T �S�Q�U�A�R�E�S �I�N
�T�H�E �W�U�M�P�U�S �W�O�R�L�D��

8 x; y Adjacent([x; y]; [x + 1 ; y]) ^ Adjacent([x; y]; [x; y + 1]) :

�������� �7�R�I�T�E �O�U�T �T�H�E �A�X�I�O�M�S �R�E�Q�U�I�R�E�D �F�O�R �R�E�A�S�O�N�I�N�G �A�B�O�U�T �T�H�E �W�U�M�P�U�S���S �L�O�C�A�T�I�O�N�� �U�S�I�N�G �A
�C�O�N�S�T�A�N�T �S�Y�M�B�O�LWumpus �A�N�D �A �B�I�N�A�R�Y �P�R�E�D�I�C�A�T�EAt (Wumpus; Location )�� �2�E�M�E�M�B�E�R �T�H�A�T
�T�H�E�R�E �I�S �O�N�L�Y �O�N�E �W�U�M�P�U�S��

�������� �!�S�S�U�M�I�N�G �P�R�E�D�I�C�A�T�E�SParent (p; q) �A�N�DFemale(p) �A�N�D �C�O�N�S�T�A�N�T�SJoan �A�N�DKevin ��
�W�I�T�H �T�H�E �O�B�V�I�O�U�S �M�E�A�N�I�N�G�S�� �E�X�P�R�E�S�S �E�A�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �S�E�N�T�E�N�C�E�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� ���9�O�U
�M�A�Y �U�S�E �T�H�E �A�B�B�R�E�V�I�A�T�I�O�N91 �T�O �M�E�A�N �h�T�H�E�R�E �E�X�I�S�T�S �E�X�A�C�T�L�Y �O�N�E���v�	

�D�� �*�O�A�N �H�A�S �A �D�A�U�G�H�T�E�R ���P�O�S�S�I�B�L�Y �M�O�R�E �T�H�A�N �O�N�E�� �A�N�D �P�O�S�S�I�B�L�Y �S�O�N�S �A�S �W�E�L�L�	��

�E�� �*�O�A�N �H�A�S �E�X�A�C�T�L�Y �O�N�E �D�A�U�G�H�T�E�R ���B�U�T �M�A�Y �H�A�V�E �S�O�N�S �A�S �W�E�L�L�	��

�F�� �*�O�A�N �H�A�S �E�X�A�C�T�L�Y �O�N�E �C�H�I�L�D�� �A �D�A�U�G�H�T�E�R��

�G�� �*�O�A�N �A�N�D �+�E�V�I�N �H�A�V�E �E�X�A�C�T�L�Y �O�N�E �C�H�I�L�D �T�O�G�E�T�H�E�R��

�H�� �*�O�A�N �H�A�S �A�T �L�E�A�S�T �O�N�E �C�H�I�L�D �W�I�T�H �+�E�V�I�N�� �A�N�D �N�O �C�H�I�L�D�R�E�N �W�I�T�H �A�N�Y�O�N�E �E�L�S�E��



�%�X�E�R�C�I�S�E�S ������

�������� �!�R�I�T�H�M�E�T�I�C �A�S�S�E�R�T�I�O�N�S �C�A�N �B�E �W�R�I�T�T�E�N �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �W�I�T�H �T�H�E �P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L< ��
�T�H�E �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S+ �A�N�D� �� �A�N�D �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �� �A�N�D ���� �!�D�D�I�T�I�O�N�A�L �P�R�E�D�I�C�A�T�E�S �C�A�N
�A�L�S�O �B�E �D�E�l�N�E�D �W�I�T�H �B�I�C�O�N�D�I�T�I�O�N�A�L�S��

�D�� �2�E�P�R�E�S�E�N�T �T�H�E �P�R�O�P�E�R�T�Y �hx �I�S �A�N �E�V�E�N �N�U�M�B�E�R���v
�E�� �2�E�P�R�E�S�E�N�T �T�H�E �P�R�O�P�E�R�T�Y �hx �I�S �P�R�I�M�E���v
�F�� �'�O�L�D�B�A�C�H���S �C�O�N�J�E�C�T�U�R�E �I�S �T�H�E �C�O�N�J�E�C�T�U�R�E ���U�N�P�R�O�V�E�N �A�S �Y�E�T�	 �T�H�A�T �E�V�E�R�Y �E�V�E�N �N�U�M�B�E�R �I�S

�E�Q�U�A�L �T�O �T�H�E �S�U�M �O�F �T�W�O �P�R�I�M�E�S�� �2�E�P�R�E�S�E�N�T �T�H�I�S �C�O�N�J�E�C�T�U�R�E �A�S �A �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E��

�������� �)�N �#�H�A�P�T�E�R ���� �W�E �U�S�E�D �E�Q�U�A�L�I�T�Y �T�O �I�N�D�I�C�A�T�E �T�H�E �R�E�L�A�T�I�O�N �B�E�T�W�E�E�N �A �V�A�R�I�A�B�L�E �A�N�D �I�T�S �V�A�L�U�E��
�&�O�R �I�N�S�T�A�N�C�E�� �W�E �W�R�O�T�EWA = red �T�O �M�E�A�N �T�H�A�T �7�E�S�T�E�R�N �!�U�S�T�R�A�L�I�A �I�S �C�O�L�O�R�E�D �R�E�D�� �2�E�P�R�E�

�S�E�N�T�I�N�G �T�H�I�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �W�E �M�U�S�T �W�R�I�T�E �M�O�R�E �V�E�R�B�O�S�E�L�YColorOf (WA) = red�� �7�H�A�T
�I�N�C�O�R�R�E�C�T �I�N�F�E�R�E�N�C�E �C�O�U�L�D �B�E �D�R�A�W�N �I�F �W�E �W�R�O�T�E �S�E�N�T�E�N�C�E�S �S�U�C�H �A�SWA = red �D�I�R�E�C�T�L�Y �A�S �L�O�G�I�C�A�L
�A�S�S�E�R�T�I�O�N�S��

�������� �7�R�I�T�E �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �T�H�E �A�S�S�E�R�T�I�O�N �T�H�A�T �E�V�E�R�Y �K�E�Y �A�N�D �A�T �L�E�A�S�T �O�N�E �O�F �E�V�E�R�Y �P�A�I�R �O�F
�S�O�C�K�S �W�I�L�L �E�V�E�N�T�U�A�L�L�Y �B�E �L�O�S�T �F�O�R�E�V�E�R�� �U�S�I�N�G �O�N�L�Y �T�H�E �F�O�L�L�O�W�I�N�G �V�O�C�A�B�U�L�A�R�Y��Key(x) ��x �I�S �A �K�E�Y��
Sock(x) ��x �I�S �A �S�O�C�K��Pair (x; y)��x �A�N�Dy �A�R�E �A �P�A�I�R��Now�� �T�H�E �C�U�R�R�E�N�T �T�I�M�E��Before(t1; t2)��
�T�I�M�Et1 �C�O�M�E�S �B�E�F�O�R�E �T�I�M�Et2��Lost(x; t )�� �O�B�J�E�C�Tx �I�S �L�O�S�T �A�T �T�I�M�Et��

�������� �4�R�A�N�S�L�A�T�E �I�N�T�O �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �T�H�E �S�E�N�T�E�N�C�E �h�%�V�E�R�Y�O�N�E���S �$�.�! �I�S �U�N�I�Q�U�E �A�N�D �I�S �D�E�R�I�V�E�D
�F�R�O�M �T�H�E�I�R �P�A�R�E�N�T�S�� �$�.�!���v �9�O�U �M�U�S�T �S�P�E�C�I�F�Y �T�H�E �P�R�E�C�I�S�E �I�N�T�E�N�D�E�D �M�E�A�N�I�N�G �O�F �Y�O�U�R �V�O�C�A�B�U�L�A�R�Y
�T�E�R�M�S�� ���+�L�Q�W�� �$�O �N�O�T �U�S�E �T�H�E �P�R�E�D�I�C�A�T�EUnique(x) �� �S�I�N�C�E �U�N�I�Q�U�E�N�E�S�S �I�S �N�O�T �R�E�A�L�L�Y �A �P�R�O�P�E�R�T�Y
�O�F �A�N �O�B�J�E�C�T �I�N �I�T�S�E�L�F���	

�������� �&�O�R �E�A�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �S�E�N�T�E�N�C�E�S �I�N �%�N�G�L�I�S�H�� �D�E�C�I�D�E �I�F �T�H�E �A�C�C�O�M�P�A�N�Y�I�N�G �l�R�S�T�
�O�R�D�E�R
�L�O�G�I�C �S�E�N�T�E�N�C�E �I�S �A �G�O�O�D �T�R�A�N�S�L�A�T�I�O�N�� �)�F �N�O�T�� �E�X�P�L�A�I�N �W�H�Y �N�O�T �A�N�D �C�O�R�R�E�C�T �I�T��

�D�� �!�N�Y �A�P�A�R�T�M�E�N�T �I�N �,�O�N�D�O�N �H�A�S �L�O�W�E�R �R�E�N�T �T�H�A�N �S�O�M�E �A�P�A�R�T�M�E�N�T�S �I�N �0�A�R�I�S��

8 x [Apt (x) ^ In (x; London)] ) 9 y ([Apt (y) ^ In (y; Paris )] )
(Rent(x) < Rent(y))) :

�E�� �4�H�E�R�E �I�S �E�X�A�C�T�L�Y �O�N�E �A�P�A�R�T�M�E�N�T �I�N �0�A�R�I�S �W�I�T�H �R�E�N�T �B�E�L�O�W ������������

9 x Apt (x) ^ In (x; Paris ) ^
8 y [Apt (y) ^ In (y; Paris ) ^ (Rent(y) < Dollars(1000))] ) (y = x) :

�F�� �)�F �A�N �A�P�A�R�T�M�E�N�T �I�S �M�O�R�E �E�X�P�E�N�S�I�V�E �T�H�A�N �A�L�L �A�P�A�R�T�M�E�N�T�S �I�N �,�O�N�D�O�N�� �I�T �M�U�S�T �B�E �I�N �-�O�S�C�O�W��

8 x Apt (x) ^ [8 y Apt (y) ^ In (y; London) ^ (Rent(x) > Rent(y))] )
In (x; Moscow):

�������� �2�E�P�R�E�S�E�N�T �T�H�E �F�O�L�L�O�W�I�N�G �S�E�N�T�E�N�C�E�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �U�S�I�N�G �A �C�O�N�S�I�S�T�E�N�T �V�O�C�A�B�U�L�A�R�Y
���W�H�I�C�H �Y�O�U �M�U�S�T �D�E�l�N�E�	��

�D�� �3�O�M�E �S�T�U�D�E�N�T�S �T�O�O�K �&�R�E�N�C�H �I�N �S�P�R�I�N�G ����������
�E�� �%�V�E�R�Y �S�T�U�D�E�N�T �W�H�O �T�A�K�E�S �&�R�E�N�C�H �P�A�S�S�E�S �I�T��
�F�� �/�N�L�Y �O�N�E �S�T�U�D�E�N�T �T�O�O�K �'�R�E�E�K �I�N �S�P�R�I�N�G ����������
�G�� �4�H�E �B�E�S�T �S�C�O�R�E �I�N �'�R�E�E�K �I�S �A�L�W�A�Y�S �L�O�W�E�R �T�H�A�N �T�H�E �B�E�S�T �S�C�O�R�E �I�N �&�R�E�N�C�H��



������ �#�H�A�P�T�E�R ���� �&�I�R�S�T�
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�)�L�J�X�U�H �������! �F�O�U�R�
�B�I�T �A�D�D�E�R�� �%�A�C�HAd i �I�S �A �O�N�E�
�B�I�T �A�D�D�E�R�� �A�S �I�N �&�I�G�U�R�E ������ �O�N �P�A�G�E ��������

�H�� �%�V�E�R�Y �P�E�R�S�O�N �W�H�O �B�U�Y�S �A �P�O�L�I�C�Y �I�S �S�M�A�R�T��

�I�� �4�H�E�R�E �I�S �A�N �A�G�E�N�T �W�H�O �S�E�L�L�S �P�O�L�I�C�I�E�S �O�N�L�Y �T�O �P�E�O�P�L�E �W�H�O �A�R�E �N�O�T �I�N�S�U�R�E�D��

�J�� �4�H�E�R�E �I�S �A �B�A�R�B�E�R �W�H�O �S�H�A�V�E�S �A�L�L �M�E�N �I�N �T�O�W�N �W�H�O �D�O �N�O�T �S�H�A�V�E �T�H�E�M�S�E�L�V�E�S��

�K�� �! �P�E�R�S�O�N �B�O�R�N �I�N �T�H�E �5�+�� �E�A�C�H �O�F �W�H�O�S�E �P�A�R�E�N�T�S �I�S �A �5�+ �C�I�T�I�Z�E�N �O�R �A �5�+ �R�E�S�I�D�E�N�T�� �I�S �A
�5�+ �C�I�T�I�Z�E�N �B�Y �B�I�R�T�H��

�L�� �! �P�E�R�S�O�N �B�O�R�N �O�U�T�S�I�D�E �T�H�E �5�+�� �O�N�E �O�F �W�H�O�S�E �P�A�R�E�N�T�S �I�S �A �5�+ �C�I�T�I�Z�E�N �B�Y �B�I�R�T�H�� �I�S �A �5�+
�C�I�T�I�Z�E�N �B�Y �D�E�S�C�E�N�T��

�M�� �0�O�L�I�T�I�C�I�A�N�S �C�A�N �F�O�O�L �S�O�M�E �O�F �T�H�E �P�E�O�P�L�E �A�L�L �O�F �T�H�E �T�I�M�E�� �A�N�D �T�H�E�Y �C�A�N �F�O�O�L �A�L�L �O�F �T�H�E �P�E�O�P�L�E
�S�O�M�E �O�F �T�H�E �T�I�M�E�� �B�U�T �T�H�E�Y �C�A�N���T �F�O�O�L �A�L�L �O�F �T�H�E �P�E�O�P�L�E �A�L�L �O�F �T�H�E �T�I�M�E��

�N�� �!�L�L �'�R�E�E�K�S �S�P�E�A�K �T�H�E �S�A�M�E �L�A�N�G�U�A�G�E�� ���5�S�ESpeaks(x; l ) �T�O �M�E�A�N �T�H�A�T �P�E�R�S�O�Nx �S�P�E�A�K�S
�L�A�N�G�U�A�G�El ���	

�������� �7�R�I�T�E �A �G�E�N�E�R�A�L �S�E�T �O�F �F�A�C�T�S �A�N�D �A�X�I�O�M�S �T�O �R�E�P�R�E�S�E�N�T �T�H�E �A�S�S�E�R�T�I�O�N �h�7�E�L�L�I�N�G�T�O�N �H�E�A�R�D
�A�B�O�U�T �.�A�P�O�L�E�O�N���S �D�E�A�T�H�v �A�N�D �T�O �C�O�R�R�E�C�T�L�Y �A�N�S�W�E�R �T�H�E �Q�U�E�S�T�I�O�N �h�$�I�D �.�A�P�O�L�E�O�N �H�E�A�R �A�B�O�U�T
�7�E�L�L�I�N�G�T�O�N���S �D�E�A�T�H���v

�������� �%�X�T�E�N�D �T�H�E �V�O�C�A�B�U�L�A�R�Y �F�R�O�M �3�E�C�T�I�O�N ������ �T�O �D�E�l�N�E �A�D�D�I�T�I�O�N �F�O�Rn�
�B�I�T �B�I�N�A�R�Y �N�U�M�B�E�R�S��
�4�H�E�N �E�N�C�O�D�E �T�H�E �D�E�S�C�R�I�P�T�I�O�N �O�F �T�H�E �F�O�U�R�
�B�I�T �A�D�D�E�R �I�N �&�I�G�U�R�E �������� �A�N�D �P�O�S�E �T�H�E �Q�U�E�R�I�E�S �N�E�E�D�E�D
�T�O �V�E�R�I�F�Y �T�H�A�T �I�T �I�S �I�N �F�A�C�T �C�O�R�R�E�C�T��

�������� �4�H�E �C�I�R�C�U�I�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �I�N �T�H�E �C�H�A�P�T�E�R �I�S �M�O�R�E �D�E�T�A�I�L�E�D �T�H�A�N �N�E�C�E�S�S�A�R�Y �I�F �W�E �C�A�R�E
�O�N�L�Y �A�B�O�U�T �C�I�R�C�U�I�T �F�U�N�C�T�I�O�N�A�L�I�T�Y�� �! �S�I�M�P�L�E�R �F�O�R�M�U�L�A�T�I�O�N �D�E�S�C�R�I�B�E�S �A�N�Ym�
�I�N�P�U�T��n�
�O�U�T�P�U�T �G�A�T�E
�O�R �C�I�R�C�U�I�T �U�S�I�N�G �A �P�R�E�D�I�C�A�T�E �W�I�T�Hm + n �A�R�G�U�M�E�N�T�S�� �S�U�C�H �T�H�A�T �T�H�E �P�R�E�D�I�C�A�T�E �I�S �T�R�U�E �E�X�A�C�T�L�Y �W�H�E�N
�T�H�E �I�N�P�U�T�S �A�N�D �O�U�T�P�U�T�S �A�R�E �C�O�N�S�I�S�T�E�N�T�� �&�O�R �E�X�A�M�P�L�E�� �.�/�4 �G�A�T�E�S �A�R�E �D�E�S�C�R�I�B�E�D �B�Y �T�H�E �B�I�N�A�R�Y
�P�R�E�D�I�C�A�T�ENOT (i; o)�� �F�O�R �W�H�I�C�HNOT (0; 1) �A�N�DNOT (1; 0) �A�R�E �K�N�O�W�N�� �#�O�M�P�O�S�I�T�I�O�N�S �O�F
�G�A�T�E�S �A�R�E �D�E�l�N�E�D �B�Y �C�O�N�J�U�N�C�T�I�O�N�S �O�F �G�A�T�E �P�R�E�D�I�C�A�T�E�S �I�N �W�H�I�C�H �S�H�A�R�E�D �V�A�R�I�A�B�L�E�S �I�N�D�I�C�A�T�E �D�I�R�E�C�T
�C�O�N�N�E�C�T�I�O�N�S�� �&�O�R �E�X�A�M�P�L�E�� �A �.�!�.�$ �C�I�R�C�U�I�T �C�A�N �B�E �C�O�M�P�O�S�E�D �F�R�O�MAND �S �A�N�DNOT �S��

8 i1; i2; oa; o AND (i1; i2; oa) ^ NOT (oa; o) ) NAND (i1; i2; o) :



�%�X�E�R�C�I�S�E�S ������

�5�S�I�N�G �T�H�I�S �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �D�E�l�N�E �T�H�E �O�N�E�
�B�I�T �A�D�D�E�R �I�N �&�I�G�U�R�E ������ �A�N�D �T�H�E �F�O�U�R�
�B�I�T �A�D�D�E�R �I�N
�&�I�G�U�R�E �������� �A�N�D �E�X�P�L�A�I�N �W�H�A�T �Q�U�E�R�I�E�S �Y�O�U �W�O�U�L�D �U�S�E �T�O �V�E�R�I�F�Y �T�H�E �D�E�S�I�G�N�S�� �7�H�A�T �K�I�N�D�S �O�F
�Q�U�E�R�I�E�S �A�R�E�Q�R�W�S�U�P�P�O�R�T�E�D �B�Y �T�H�I�S �R�E�P�R�E�S�E�N�T�A�T�I�O�N �T�H�A�T�D�U�H�S�U�P�P�O�R�T�E�D �B�Y �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �I�N
�3�E�C�T�I�O�N ��������

�������� �/�B�T�A�I�N �A �P�A�S�S�P�O�R�T �A�P�P�L�I�C�A�T�I�O�N �F�O�R �Y�O�U�R �C�O�U�N�T�R�Y�� �I�D�E�N�T�I�F�Y �T�H�E �R�U�L�E�S �D�E�T�E�R�M�I�N�I�N�G �E�L�I�G�I�

�B�I�L�I�T�Y �F�O�R �A �P�A�S�S�P�O�R�T�� �A�N�D �T�R�A�N�S�L�A�T�E �T�H�E�M �I�N�T�O �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �F�O�L�L�O�W�I�N�G �T�H�E �S�T�E�P�S �O�U�T�L�I�N�E�D �I�N
�3�E�C�T�I�O�N ��������

�������� �#�O�N�S�I�D�E�R �A �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �T�H�A�T �D�E�S�C�R�I�B�E�S �W�O�R�L�D�S �C�O�N�T�A�I�N�I�N�G �P�E�O�P�L�E��
�S�O�N�G�S�� �A�L�B�U�M�S ���E���G���� �h�-�E�E�T �T�H�E �"�E�A�T�L�E�S�v�	 �A�N�D �D�I�S�K�S ���I���E���� �P�A�R�T�I�C�U�L�A�R �P�H�Y�S�I�C�A�L �I�N�S�T�A�N�C�E�S �O�F �#�$�S�	��
�4�H�E �V�O�C�A�B�U�L�A�R�Y �C�O�N�T�A�I�N�S �T�H�E �F�O�L�L�O�W�I�N�G �S�Y�M�B�O�L�S��

CopyOf (d; a)�� �0�R�E�D�I�C�A�T�E�� �$�I�S�Kd �I�S �A �C�O�P�Y �O�F �A�L�B�U�Ma��
Owns(p; d)�� �0�R�E�D�I�C�A�T�E�� �0�E�R�S�O�Np �O�W�N�S �D�I�S�Kd��
Sings(p; s; a)�� �!�L�B�U�Ma �I�N�C�L�U�D�E�S �A �R�E�C�O�R�D�I�N�G �O�F �S�O�N�Gs �S�U�N�G �B�Y �P�E�R�S�O�Np��
Wrote (p; s)�� �0�E�R�S�O�Np �W�R�O�T�E �S�O�N�Gs��
McCartney��Gershwin��BHoliday ��Joe��EleanorRigby��TheManILove��Revolver��
�#�O�N�S�T�A�N�T�S �W�I�T�H �T�H�E �O�B�V�I�O�U�S �M�E�A�N�I�N�G�S��

�%�X�P�R�E�S�S �T�H�E �F�O�L�L�O�W�I�N�G �S�T�A�T�E�M�E�N�T�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��

�D�� �'�E�R�S�H�W�I�N �W�R�O�T�E �h�4�H�E �-�A�N �) �,�O�V�E���v
�E�� �'�E�R�S�H�W�I�N �D�I�D �N�O�T �W�R�I�T�E �h�%�L�E�A�N�O�R �2�I�G�B�Y���v
�F�� �%�I�T�H�E�R �'�E�R�S�H�W�I�N �O�R �-�C�#�A�R�T�N�E�Y �W�R�O�T�E �h�4�H�E �-�A�N �) �,�O�V�E���v
�G�� �*�O�E �H�A�S �W�R�I�T�T�E�N �A�T �L�E�A�S�T �O�N�E �S�O�N�G��
�H�� �*�O�E �O�W�N�S �A �C�O�P�Y �O�F�5�H�Y�R�O�Y�H�U��
�I�� �%�V�E�R�Y �S�O�N�G �T�H�A�T �-�C�#�A�R�T�N�E�Y �S�I�N�G�S �O�N�5�H�Y�R�O�Y�H�U�W�A�S �W�R�I�T�T�E�N �B�Y �-�C�#�A�R�T�N�E�Y��
�J�� �'�E�R�S�H�W�I�N �D�I�D �N�O�T �W�R�I�T�E �A�N�Y �O�F �T�H�E �S�O�N�G�S �O�N�5�H�Y�R�O�Y�H�U��
�K�� �%�V�E�R�Y �S�O�N�G �T�H�A�T �'�E�R�S�H�W�I�N �W�R�O�T�E �H�A�S �B�E�E�N �R�E�C�O�R�D�E�D �O�N �S�O�M�E �A�L�B�U�M�� ���0�O�S�S�I�B�L�Y �D�I�F�F�E�R�E�N�T

�S�O�N�G�S �A�R�E �R�E�C�O�R�D�E�D �O�N �D�I�F�F�E�R�E�N�T �A�L�B�U�M�S���	
�L�� �4�H�E�R�E �I�S �A �S�I�N�G�L�E �A�L�B�U�M �T�H�A�T �C�O�N�T�A�I�N�S �E�V�E�R�Y �S�O�N�G �T�H�A�T �*�O�E �H�A�S �W�R�I�T�T�E�N��
�M�� �*�O�E �O�W�N�S �A �C�O�P�Y �O�F �A�N �A�L�B�U�M �T�H�A�T �H�A�S �"�I�L�L�I�E �(�O�L�I�D�A�Y �S�I�N�G�I�N�G �h�4�H�E �-�A�N �) �,�O�V�E���v
�N�� �*�O�E �O�W�N�S �A �C�O�P�Y �O�F �E�V�E�R�Y �A�L�B�U�M �T�H�A�T �H�A�S �A �S�O�N�G �S�U�N�G �B�Y �-�C�#�A�R�T�N�E�Y�� ���/�F �C�O�U�R�S�E�� �E�A�C�H

�D�I�F�F�E�R�E�N�T �A�L�B�U�M �I�S �I�N�S�T�A�N�T�I�A�T�E�D �I�N �A �D�I�F�F�E�R�E�N�T �P�H�Y�S�I�C�A�L �#�$���	
�O�� �*�O�E �O�W�N�S �A �C�O�P�Y �O�F �E�V�E�R�Y �A�L�B�U�M �O�N �W�H�I�C�H �A�L�L �T�H�E �S�O�N�G�S �A�R�E �S�U�N�G �B�Y �"�I�L�L�I�E �(�O�L�I�D�A�Y��



�� �)�.�&�%�2�%�.�#�% �)�.
�&�)�2�3�4�
�/�2�$�%�2 �,�/�'�)�#

�,�Q �Z�K�L�F�K �Z�H �G�H�¿�Q�H �H�I�I�H�F�W�L�Y�H �S�U�R�F�H�G�X�U�H�V �I�R�U �D�Q�V�Z�H�U�L�Q�J �T�X�H�V�W�L�R�Q�V �S�R�V�H�G �L�Q �¿�U�V�W��
�R�U�G�H�U �O�R�J�L�F��

�#�H�A�P�T�E�R �� �S�H�O�W�E�D �H�O�W �S�O�U�N�D �A�N�D �C�O�M�P�L�E�T�E �I�N�F�E�R�E�N�C�E �C�A�N �B�E �A�C�H�I�E�V�E�D �F�O�R �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C��
�)�N �T�H�I�S �C�H�A�P�T�E�R�� �W�E �E�X�T�E�N�D �T�H�O�S�E �R�E�S�U�L�T�S �T�O �O�B�T�A�I�N �A�L�G�O�R�I�T�H�M�S �T�H�A�T �C�A�N �A�N�S�W�E�R �A�N�Y �A�N�S�W�E�R�

�A�B�L�E �Q�U�E�S�T�I�O�N �S�T�A�T�E�D �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �3�E�C�T�I�O�N ������ �I�N�T�R�O�D�U�C�E�S �I�N�F�E�R�E�N�C�E �R�U�L�E�S �F�O�R �Q�U�A�N�T�I�l�E�R�S
�A�N�D �S�H�O�W�S �H�O�W �T�O �R�E�D�U�C�E �l�R�S�T�
�O�R�D�E�R �I�N�F�E�R�E�N�C�E �T�O �P�R�O�P�O�S�I�T�I�O�N�A�L �I�N�F�E�R�E�N�C�E�� �A�L�B�E�I�T �A�T �P�O�T�E�N�T�I�A�L�L�Y
�G�R�E�A�T �E�X�P�E�N�S�E�� �3�E�C�T�I�O�N ������ �D�E�S�C�R�I�B�E�S �T�H�E �I�D�E�A �O�F�X�Q�L�¿�F�D�W�L�R�Q�� �S�H�O�W�I�N�G �H�O�W �I�T �C�A�N �B�E �U�S�E�D
�T�O �C�O�N�S�T�R�U�C�T �I�N�F�E�R�E�N�C�E �R�U�L�E�S �T�H�A�T �W�O�R�K �D�I�R�E�C�T�L�Y �W�I�T�H �l�R�S�T�
�O�R�D�E�R �S�E�N�T�E�N�C�E�S�� �7�E �T�H�E�N �D�I�S�C�U�S�S
�T�H�R�E�E �M�A�J�O�R �F�A�M�I�L�I�E�S �O�F �l�R�S�T�
�O�R�D�E�R �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S���)�R�U�Z�D�U�G �F�K�D�L�Q�L�Q�J�A�N�D �I�T�S �A�P�P�L�I�C�A�

�T�I�O�N�S �T�O�G�H�G�X�F�W�L�Y�H �G�D�W�D�E�D�V�H�V�A�N�D�S�U�R�G�X�F�W�L�R�Q �V�\�V�W�H�P�V�A�R�E �C�O�V�E�R�E�D �I�N �3�E�C�T�I�O�N ���������E�D�F�N�Z�D�U�G
�F�K�D�L�Q�L�Q�J�A�N�D�O�R�J�L�F �S�U�R�J�U�D�P�P�L�Q�J�S�Y�S�T�E�M�S �A�R�E �D�E�V�E�L�O�P�E�D �I�N �3�E�C�T�I�O�N �������� �&�O�R�W�A�R�D �A�N�D �B�A�C�K�

�W�A�R�D �C�H�A�I�N�I�N�G �C�A�N �B�E �V�E�R�Y �E�F�l�C�I�E�N�T�� �B�U�T �A�R�E �A�P�P�L�I�C�A�B�L�E �O�N�L�Y �T�O �K�N�O�W�L�E�D�G�E �B�A�S�E�S �T�H�A�T �C�A�N
�B�E �E�X�P�R�E�S�S�E�D �A�S �S�E�T�S �O�F �(�O�R�N �C�L�A�U�S�E�S�� �'�E�N�E�R�A�L �l�R�S�T�
�O�R�D�E�R �S�E�N�T�E�N�C�E�S �R�E�Q�U�I�R�E �R�E�S�O�L�U�T�I�O�N�
�B�A�S�E�D
�W�K�H�R�U�H�P �S�U�R�Y�L�Q�J�� �W�H�I�C�H �I�S �D�E�S�C�R�I�B�E�D �I�N �3�E�C�T�I�O�N ��������

������ �0�2�/�0�/�3�)�4�)�/�.�!�, �6�3�� �&�)�2�3�4�
�/ �2�$�%�2�)�.�&�%�2�%�.�#�%

�4�H�I�S �S�E�C�T�I�O�N �A�N�D �T�H�E �N�E�X�T �I�N�T�R�O�D�U�C�E �T�H�E �I�D�E�A�S �U�N�D�E�R�L�Y�I�N�G �M�O�D�E�R�N �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E �S�Y�S�T�E�M�S��
�7�E �B�E�G�I�N �W�I�T�H �S�O�M�E �S�I�M�P�L�E �I�N�F�E�R�E�N�C�E �R�U�L�E�S �T�H�A�T �C�A�N �B�E �A�P�P�L�I�E�D �T�O �S�E�N�T�E�N�C�E�S �W�I�T�H �Q�U�A�N�T�I�l�E�R�S
�T�O �O�B�T�A�I�N �S�E�N�T�E�N�C�E�S �W�I�T�H�O�U�T �Q�U�A�N�T�I�l�E�R�S�� �4�H�E�S�E �R�U�L�E�S �L�E�A�D �N�A�T�U�R�A�L�L�Y �T�O �T�H�E �I�D�E�A �T�H�A�T�¿�U�V�W���R�U�G�H�U
�I�N�F�E�R�E�N�C�E �C�A�N �B�E �D�O�N�E �B�Y �C�O�N�V�E�R�T�I�N�G �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �T�O�S�U�R�S�R�V�L�W�L�R�Q�D�O�L�O�G�I�C �A�N�D �U�S�I�N�G
�S�U�R�S�R�V�L�W�L�R�Q�D�O�I�N�F�E�R�E�N�C�E�� �W�H�I�C�H �W�E �A�L�R�E�A�D�Y �K�N�O�W �H�O�W �T�O �D�O�� �4�H�E �N�E�X�T �S�E�C�T�I�O�N �P�O�I�N�T�S �O�U�T �A�N
�O�B�V�I�O�U�S �S�H�O�R�T�C�U�T�� �L�E�A�D�I�N�G �T�O �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�S �T�H�A�T �M�A�N�I�P�U�L�A�T�E �l�R�S�T�
�O�R�D�E�R �S�E�N�T�E�N�C�E�S �D�I�R�E�C�T�L�Y��

���������� �,�Q�I�H�U�H�Q�F�H �U�X�O�H�V �I�R�U �T�X�D�Q�W�L�¿�H�U�V

�,�E�T �U�S �B�E�G�I�N �W�I�T�H �U�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�E�R�S�� �3�U�P�P�O�S�E �O�U�R �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�S �T�H�E �S�T�A�N�D�A�R�D
�F�O�L�K�L�O�R�I�C �A�X�I�O�M �S�T�A�T�I�N�G �T�H�A�T �A�L�L �G�R�E�E�D�Y �K�I�N�G�S �A�R�E �E�V�I�L��

8 x King (x) ^ Greedy(x) ) Evil (x) :

������



�3�E�C�T�I�O�N �������� �0�R�O�P�O�S�I�T�I�O�N�A�L �V�S�� �&�I�R�S�T�
�/�R�D�E�R �)�N�F�E�R�E�N�C�E������

�4�H�E�N �I�T �S�E�E�M�S �Q�U�I�T�E �P�E�R�M�I�S�S�I�B�L�E �T�O �I�N�F�E�R �A�N�Y �O�F �T�H�E �F�O�L�L�O�W�I�N�G �S�E�N�T�E�N�C�E�S��

King (John) ^ Greedy(John) ) Evil (John)
King (Richard ) ^ Greedy(Richard) ) Evil (Richard)
King (Father (John)) ^ Greedy(Father (John)) ) Evil (Father (John)) :

������

�4�H�E �R�U�L�E �O�F�8�Q�L�Y�H�U�V�D�O �,�Q�V�W�D�Q�W�L�D�W�L�R�Q���8�, �F�O�R �S�H�O�R�T�	 �S�A�Y�S �T�H�A�T �W�E �C�A�N �I�N�F�E�R �A�N�Y �S�E�N�T�E�N�C�E �O�B�
UNIVERSAL
INSTANTIATION

�T�A�I�N�E�D �B�Y �S�U�B�S�T�I�T�U�T�I�N�G �A�J�U�R�X�Q�G �W�H�U�P���A �T�E�R�M �W�I�T�H�O�U�T �V�A�R�I�A�B�L�E�S�	 �F�O�R �T�H�E �V�A�R�I�A�B�L�E���� �4�O �W�R�I�T�EGROUND TERM

�O�U�T �T�H�E �I�N�F�E�R�E�N�C�E �R�U�L�E �F�O�R�M�A�L�L�Y�� �W�E �U�S�E �T�H�E �N�O�T�I�O�N �O�F�V�X�E�V�W�L�W�X�W�L�R�Q�V�I�N�T�R�O�D�U�C�E�D �I�N �3�E�C�T�I�O�N ��������
�,�E�T �3�5�"�3�4(�; � ) �D�E�N�O�T�E �T�H�E �R�E�S�U�L�T �O�F �A�P�P�L�Y�I�N�G �T�H�E �S�U�B�S�T�I�T�U�T�I�O�N� �T�O �T�H�E �S�E�N�T�E�N�C�E� �� �4�H�E�N �T�H�E
�R�U�L�E �I�S �W�R�I�T�T�E�N

8 v �
�3�5�"�3�4(f v=gg; � )

�F�O�R �A�N�Y �V�A�R�I�A�B�L�Ev �A�N�D �G�R�O�U�N�D �T�E�R�Mg�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �T�H�R�E�E �S�E�N�T�E�N�C�E�S �G�I�V�E�N �E�A�R�L�I�E�R �A�R�E
�O�B�T�A�I�N�E�D �W�I�T�H �T�H�E �S�U�B�S�T�I�T�U�T�I�O�N�Sf x=Johng��f x=Richardg�� �A�N�Df x=Father (John)g��

�)�N �T�H�E �R�U�L�E �F�O�R�(�[�L�V�W�H�Q�W�L�D�O �,�Q�V�W�D�Q�W�L�D�W�L�R�Q�� �T�H�E �V�A�R�I�A�B�L�E �I�S �R�E�P�L�A�C�E�D �B�Y �A �S�I�N�G�L�E�Q�H�Z �F�R�Q��EXISTENTIAL
INSTANTIATION

�V�W�D�Q�W �V�\�P�E�R�O�� �4�H�E �F�O�R�M�A�L �S�T�A�T�E�M�E�N�T �I�S �A�S �F�O�L�L�O�W�S�� �F�O�R �A�N�Y �S�E�N�T�E�N�C�E� �� �V�A�R�I�A�B�L�Ev�� �A�N�D �C�O�N�S�T�A�N�T
�S�Y�M�B�O�Lk �T�H�A�T �D�O�E�S �N�O�T �A�P�P�E�A�R �E�L�S�E�W�H�E�R�E �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E��

9 v �
�3�5�"�3�4(f v=kg; � )

:

�&�O�R �E�X�A�M�P�L�E�� �F�R�O�M �T�H�E �S�E�N�T�E�N�C�E

9 x Crown(x) ^ OnHead(x; John)

�W�E �C�A�N �I�N�F�E�R �T�H�E �S�E�N�T�E�N�C�E

Crown(C1) ^ OnHead(C1; John)

�A�S �L�O�N�G �A�SC1 �D�O�E�S �N�O�T �A�P�P�E�A�R �E�L�S�E�W�H�E�R�E �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �"�A�S�I�C�A�L�L�Y�� �T�H�E �E�X�I�S�T�E�N�T�I�A�L
�S�E�N�T�E�N�C�E �S�A�Y�S �T�H�E�R�E �I�S �S�O�M�E �O�B�J�E�C�T �S�A�T�I�S�F�Y�I�N�G �A �C�O�N�D�I�T�I�O�N�� �A�N�D �A�P�P�L�Y�I�N�G �T�H�E �E�X�I�S�T�E�N�T�I�A�L �I�N�S�T�A�N�

�T�I�A�T�I�O�N �R�U�L�E �J�U�S�T �G�I�V�E�S �A �N�A�M�E �T�O �T�H�A�T �O�B�J�E�C�T�� �/�F �C�O�U�R�S�E�� �T�H�A�T �N�A�M�E �M�U�S�T �N�O�T �A�L�R�E�A�D�Y �B�E�L�O�N�G
�T�O �A�N�O�T�H�E�R �O�B�J�E�C�T�� �-�A�T�H�E�M�A�T�I�C�S �P�R�O�V�I�D�E�S �A �N�I�C�E �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �W�E �D�I�S�C�O�V�E�R �T�H�A�T �T�H�E�R�E �I�S �A
�N�U�M�B�E�R �T�H�A�T �I�S �A �L�I�T�T�L�E �B�I�G�G�E�R �T�H�A�N �������������� �A�N�D �T�H�A�T �S�A�T�I�S�l�E�S �T�H�E �E�Q�U�A�T�I�O�Nd(xy)=dy= xy �F�O�Rx��
�7�E �C�A�N �G�I�V�E �T�H�I�S �N�U�M�B�E�R �A �N�A�M�E�� �S�U�C�H �A�Se�� �B�U�T �I�T �W�O�U�L�D �B�E �A �M�I�S�T�A�K�E �T�O �G�I�V�E �I�T �T�H�E �N�A�M�E �O�F
�A�N �E�X�I�S�T�I�N�G �O�B�J�E�C�T�� �S�U�C�H �A�S� �� �)�N �L�O�G�I�C�� �T�H�E �N�E�W �N�A�M�E �I�S �C�A�L�L�E�D �A�6�N�R�O�H�P �F�R�Q�V�W�D�Q�W�� �%�X�I�S�T�E�N�
SKOLEM CONSTANT

�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N �I�S �A �S�P�E�C�I�A�L �C�A�S�E �O�F �A �M�O�R�E �G�E�N�E�R�A�L �P�R�O�C�E�S�S �C�A�L�L�E�D�V�N�R�O�H�P�L�]�D�W�L�R�Q�� �W�H�I�C�H �W�E
�C�O�V�E�R �I�N �3�E�C�T�I�O�N ��������

�7�H�E�R�E�A�S �5�N�I�V�E�R�S�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N �C�A�N �B�E �A�P�P�L�I�E�D �M�A�N�Y �T�I�M�E�S �T�O �P�R�O�D�U�C�E �M�A�N�Y �D�I�F�F�E�R�E�N�T
�C�O�N�S�E�Q�U�E�N�C�E�S�� �%�X�I�S�T�E�N�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N �C�A�N �B�E �A�P�P�L�I�E�D �O�N�C�E�� �A�N�D �T�H�E�N �T�H�E �E�X�I�S�T�E�N�T�I�A�L�L�Y �Q�U�A�N�

�T�I�l�E�D �S�E�N�T�E�N�C�E �C�A�N �B�E �D�I�S�C�A�R�D�E�D�� �&�O�R �E�X�A�M�P�L�E�� �W�E �N�O �L�O�N�G�E�R �N�E�E�D9 x Kill (x; Victim ) �O�N�C�E
�W�E �H�A�V�E �A�D�D�E�D �T�H�E �S�E�N�T�E�N�C�EKill (Murderer ; Victim )�� �3�T�R�I�C�T�L�Y �S�P�E�A�K�I�N�G�� �T�H�E �N�E�W �K�N�O�W�L�E�D�G�E
�B�A�S�E �I�S �N�O�T �L�O�G�I�C�A�L�L�Y �E�Q�U�I�V�A�L�E�N�T �T�O �T�H�E �O�L�D�� �B�U�T �I�T �C�A�N �B�E �S�H�O�W�N �T�O �B�E�L�Q�I�H�U�H�Q�W�L�D�O�O�\ �H�T�X�L�Y�D�O�H�Q�WINFERENTIAL

EQUIVALENCE

�I�N �T�H�E �S�E�N�S�E �T�H�A�T �I�T �I�S �S�A�T�I�S�l�A�B�L�E �E�X�A�C�T�L�Y �W�H�E�N �T�H�E �O�R�I�G�I�N�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �I�S �S�A�T�I�S�l�A�B�L�E��

1 �$�O �N�O�T�C�O�N�F�U�S�E �T�H�E�S�E �S�U�B�S�T�I�T�U�T�I�O�N�S �W�I�T�H �T�H�E �E�X�T�E�N�D�E�D �I�N�T�E�R�P�R�E�T�A�T�I�O�N�S �U�S�E�D �T�O �D�E�l�N�E �T�H�E �S�E�M�A�N�T�I�C�S �O�F �Q�U�A�N�T�I�l�E�R�S��
�4�H�E �S�U�B�S�T�I�T�U�T�I�O�N �R�E�P�L�A�C�E�S �A �V�A�R�I�A�B�L�E �W�I�T�H �A �T�E�R�M ���A �P�I�E�C�E �O�F �S�Y�N�T�A�X�	 �T�O �P�R�O�D�U�C�E �A �N�E�W �S�E�N�T�E�N�C�E�� �W�H�E�R�E�A�S �A�N
�I�N�T�E�R�P�R�E�T�A�T�I�O�N �M�A�P�S �A �V�A�R�I�A�B�L�E �T�O �A�N �O�B�J�E�C�T �I�N �T�H�E �D�O�M�A�I�N��



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

���������� �5�H�G�X�F�W�L�R�Q �W�R �S�U�R�S�R�V�L�W�L�R�Q�D�O �L�Q�I�H�U�H�Q�F�H

�/�N�C�E �W�E �H�A�V�E �R�U�L�E�S �F�O�R �I�N�F�E�R�R�I�N�G �N�O�N�Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E�S �F�R�O�M �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E�S�� �I�T �B�E�

�C�O�M�E�S �P�O�S�S�I�B�L�E �T�O �R�E�D�U�C�E �l�R�S�T�
�O�R�D�E�R �I�N�F�E�R�E�N�C�E �T�O �P�R�O�P�O�S�I�T�I�O�N�A�L �I�N�F�E�R�E�N�C�E�� �)�N �T�H�I�S �S�E�C�T�I�O�N �W�E
�G�I�V�E �T�H�E �M�A�I�N �I�D�E�A�S�� �T�H�E �D�E�T�A�I�L�S �A�R�E �G�I�V�E�N �I�N �3�E�C�T�I�O�N ��������

�4�H�E �l�R�S�T �I�D�E�A �I�S �T�H�A�T�� �J�U�S�T �A�S �A�N �E�X�I�S�T�E�N�T�I�A�L�L�Y �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E �C�A�N �B�E �R�E�P�L�A�C�E�D �B�Y
�O�N�E �I�N�S�T�A�N�T�I�A�T�I�O�N�� �A �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E �C�A�N �B�E �R�E�P�L�A�C�E�D �B�Y �T�H�E �S�E�T �O�F�D�O�O �S�R�V�V�L�E�O�H
�I�N�S�T�A�N�T�I�A�T�I�O�N�S�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �O�U�R �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�S �J�U�S�T �T�H�E �S�E�N�T�E�N�C�E�S

8 x King (x) ^ Greedy(x) ) Evil (x)
King (John)
Greedy(John)
Brother (Richard ; John) :

���������	

�4�H�E�N �W�E �A�P�P�L�Y �5�) �T�O �T�H�E �l�R�S�T �S�E�N�T�E�N�C�E �U�S�I�N�G �A�L�L �P�O�S�S�I�B�L�E �G�R�O�U�N�D�
�T�E�R�M �S�U�B�S�T�I�T�U�T�I�O�N�S �F�R�O�M �T�H�E
�V�O�C�A�B�U�L�A�R�Y �O�F �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�ˆ�I�N �T�H�I�S �C�A�S�E��f x=Johng �A�N�Df x=Richardg�� �7�E �O�B�T�A�I�N

King (John) ^ Greedy(John) ) Evil (John)
King (Richard ) ^ Greedy(Richard) ) Evil (Richard) ;

�A�N�D �W�E �D�I�S�C�A�R�D �T�H�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D �S�E�N�T�E�N�C�E�� �.�O�W�� �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �I�S �E�S�S�E�N�T�I�A�L�L�Y
�P�R�O�P�O�S�I�T�I�O�N�A�L �I�F �W�E �V�I�E�W �T�H�E �G�R�O�U�N�D �A�T�O�M�I�C �S�E�N�T�E�N�C�E�S�ˆKing (John)�� Greedy(John)�� �A�N�D
�S�O �O�N�ˆ�A�S �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�S�� �4�H�E�R�E�F�O�R�E�� �W�E �C�A�N �A�P�P�L�Y �A�N�Y �O�F �T�H�E �C�O�M�P�L�E�T�E �P�R�O�P�O�S�I�T�I�O�N�A�L
�A�L�G�O�R�I�T�H�M�S �I�N �#�H�A�P�T�E�R �� �T�O �O�B�T�A�I�N �C�O�N�C�L�U�S�I�O�N�S �S�U�C�H �A�SEvil (John)��

�4�H�I�S �T�E�C�H�N�I�Q�U�E �O�F�S�U�R�S�R�V�L�W�L�R�Q�D�O�L�]�D�W�L�R�Q�C�A�N �B�E �M�A�D�E �C�O�M�P�L�E�T�E�L�Y �G�E�N�E�R�A�L�� �A�S �W�E �S�H�O�W
�I�N �3�E�C�T�I�O�N �������� �T�H�A�T �I�S�� �E�V�E�R�Y �l�R�S�T�
�O�R�D�E�R �K�N�O�W�L�E�D�G�E �B�A�S�E �A�N�D �Q�U�E�R�Y �C�A�N �B�E �P�R�O�P�O�S�I�T�I�O�N�A�L�I�Z�E�D
�I�N �S�U�C�H �A �W�A�Y �T�H�A�T �E�N�T�A�I�L�M�E�N�T �I�S �P�R�E�S�E�R�V�E�D�� �4�H�U�S�� �W�E �H�A�V�E �A �C�O�M�P�L�E�T�E �D�E�C�I�S�I�O�N �P�R�O�C�E�D�U�R�E
�F�O�R �E�N�T�A�I�L�M�E�N�T: : : �O�R �P�E�R�H�A�P�S �N�O�T�� �4�H�E�R�E �I�S �A �P�R�O�B�L�E�M�� �W�H�E�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �I�N�C�L�U�D�E�S
�A �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�� �T�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �G�R�O�U�N�D�
�T�E�R�M �S�U�B�S�T�I�T�U�T�I�O�N�S �I�S �I�N�l�N�I�T�E�� �&�O�R �E�X�A�M�P�L�E�� �I�F
�T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �M�E�N�T�I�O�N�S �T�H�EFather �S�Y�M�B�O�L�� �T�H�E�N �I�N�l�N�I�T�E�L�Y �M�A�N�Y �N�E�S�T�E�D �T�E�R�M�S �S�U�C�H �A�S
Father (Father (Father (John))) �C�A�N �B�E �C�O�N�S�T�R�U�C�T�E�D�� �/�U�R �P�R�O�P�O�S�I�T�I�O�N�A�L �A�L�G�O�R�I�T�H�M�S �W�I�L�L �H�A�V�E
�D�I�F�l�C�U�L�T�Y �W�I�T�H �A�N �I�N�l�N�I�T�E�L�Y �L�A�R�G�E �S�E�T �O�F �S�E�N�T�E�N�C�E�S��

�&�O�R�T�U�N�A�T�E�L�Y�� �T�H�E�R�E �I�S �A �F�A�M�O�U�S �T�H�E�O�R�E�M �D�U�E �T�O �*�A�C�Q�U�E�S �(�E�R�B�R�A�N�D �����������	 �T�O �T�H�E �E�F�F�E�C�T
�T�H�A�T �I�F �A �S�E�N�T�E�N�C�E �I�S �E�N�T�A�I�L�E�D �B�Y �T�H�E �O�R�I�G�I�N�A�L�� �l�R�S�T�
�O�R�D�E�R �K�N�O�W�L�E�D�G�E �B�A�S�E�� �T�H�E�N �T�H�E�R�E �I�S �A �P�R�O�O�F
�I�N�V�O�L�V�I�N�G �J�U�S�T �A�¿�Q�L�W�H�S�U�B�S�E�T �O�F �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L�I�Z�E�D �K�N�O�W�L�E�D�G�E �B�A�S�E�� �3�I�N�C�E �A�N�Y �S�U�C�H �S�U�B�S�E�T
�H�A�S �A �M�A�X�I�M�U�M �D�E�P�T�H �O�F �N�E�S�T�I�N�G �A�M�O�N�G �I�T�S �G�R�O�U�N�D �T�E�R�M�S�� �W�E �C�A�N �l�N�D �T�H�E �S�U�B�S�E�T �B�Y �l�R�S�T
�G�E�N�E�R�A�T�I�N�G �A�L�L �T�H�E �I�N�S�T�A�N�T�I�A�T�I�O�N�S �W�I�T�H �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S ��Richard �A�N�DJohn�	�� �T�H�E�N �A�L�L �T�E�R�M�S �O�F
�D�E�P�T�H �� ��Father (Richard ) �A�N�DFather (John)�	�� �T�H�E�N �A�L�L �T�E�R�M�S �O�F �D�E�P�T�H ���� �A�N�D �S�O �O�N�� �U�N�T�I�L �W�E
�A�R�E �A�B�L�E �T�O �C�O�N�S�T�R�U�C�T �A �P�R�O�P�O�S�I�T�I�O�N�A�L �P�R�O�O�F �O�F �T�H�E �E�N�T�A�I�L�E�D �S�E�N�T�E�N�C�E��

�7�E �H�A�V�E �S�K�E�T�C�H�E�D �A�N �A�P�P�R�O�A�C�H �T�O �l�R�S�T�
�O�R�D�E�R �I�N�F�E�R�E�N�C�E �V�I�A �P�R�O�P�O�S�I�T�I�O�N�A�L�I�Z�A�T�I�O�N �T�H�A�T �I�S
�F�R�P�S�O�H�W�H�ˆ�T�H�A�T �I�S�� �A�N�Y �E�N�T�A�I�L�E�D �S�E�N�T�E�N�C�E �C�A�N �B�E �P�R�O�V�E�D�� �4�H�I�S �I�S �A �M�A�J�O�R �A�C�H�I�E�V�E�M�E�N�T�� �G�I�V�E�N
�T�H�A�T �T�H�E �S�P�A�C�E �O�F �P�O�S�S�I�B�L�E �M�O�D�E�L�S �I�S �I�N�l�N�I�T�E�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �W�E �D�O �N�O�T �K�N�O�W �U�N�T�I�L �T�H�E
�P�R�O�O�F �I�S �D�O�N�E �T�H�A�T �T�H�E �S�E�N�T�E�N�C�E�L�V�E�N�T�A�I�L�E�D�� �7�H�A�T �H�A�P�P�E�N�S �W�H�E�N �T�H�E �S�E�N�T�E�N�C�E �I�S�Q�R�W�E�N�T�A�I�L�E�D��
�#�A�N �W�E �T�E�L�L�� �7�E�L�L�� �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �I�T �T�U�R�N�S �O�U�T �T�H�A�T �W�E �C�A�N�N�O�T�� �/�U�R �P�R�O�O�F �P�R�O�C�E�D�U�R�E �C�A�N
�G�O �O�N �A�N�D �O�N�� �G�E�N�E�R�A�T�I�N�G �M�O�R�E �A�N�D �M�O�R�E �D�E�E�P�L�Y �N�E�S�T�E�D �T�E�R�M�S�� �B�U�T �W�E �W�I�L�L �N�O�T �K�N�O�W �W�H�E�T�H�E�R
�I�T �I�S �S�T�U�C�K �I�N �A �H�O�P�E�L�E�S�S �L�O�O�P �O�R �W�H�E�T�H�E�R �T�H�E �P�R�O�O�F �I�S �J�U�S�T �A�B�O�U�T �T�O �P�O�P �O�U�T�� �4�H�I�S �I�S �V�E�R�Y �M�U�C�H



�3�E�C�T�I�O�N �������� �5�N�I�l�C�A�T�I�O�N �A�N�D �,�I�F�T�I�N�G ������

�L�I�K�E �T�H�E �H�A�L�T�I�N�G �P�R�O�B�L�E�M �F�O�R �4�U�R�I�N�G �M�A�C�H�I�N�E�S�� �!�L�A�N �4�U�R�I�N�G �����������	 �A�N�D �!�L�O�N�Z�O �#�H�U�R�C�H �����������	
�B�O�T�H �P�R�O�V�E�D�� �I�N �R�A�T�H�E�R �D�I�F�F�E�R�E�N�T �W�A�Y�S�� �T�H�E �I�N�E�V�I�T�A�B�I�L�I�T�Y �O�F �T�H�I�S �S�T�A�T�E �O�F �A�F�F�A�I�R�S���7�K�H �T�X�H�V�W�L�R�Q �R�I
�H�Q�W�D�L�O�P�H�Q�W �I�R�U �¿�U�V�W���R�U�G�H�U �O�R�J�L�F �L�V�V�H�P�L�G�H�F�L�G�D�E�O�H�²�W�K�D�W �L�V�� �D�O�J�R�U�L�W�K�P�V �H�[�L�V�W �W�K�D�W �V�D�\ �\�H�V �W�R �H�Y�H�U�\
�H�Q�W�D�L�O�H�G �V�H�Q�W�H�Q�F�H�� �E�X�W �Q�R �D�O�J�R�U�L�W�K�P �H�[�L�V�W�V �W�K�D�W �D�O�V�R �V�D�\�V �Q�R �W�R �H�Y�H�U�\ �Q�R�Q�H�Q�W�D�L�O�H�G �V�H�Q�W�H�Q�F�H��

������ �5�.�)�&�)�#�!�4�)�/�. �!�.�$�, �)�&�4�)�.�'

�4�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N �D�E�S�C�R�I�B�E�D �T�H�E �U�N�D�E�R�S�T�A�N�D�I�N�G �O�F �l�R�S�T�
�O�R�D�E�R�I�N�F�E�R�E�N�C�E �T�H�A�T �E�X�I�S�T�E�D �U�P
�T�O �T�H�E �E�A�R�L�Y ���������S�� �4�H�E �S�H�A�R�P�
�E�Y�E�D �R�E�A�D�E�R ���A�N�D �C�E�R�T�A�I�N�L�Y �T�H�E �C�O�M�P�U�T�A�T�I�O�N�A�L �L�O�G�I�C�I�A�N�S �O�F �T�H�E
�E�A�R�L�Y ���������S�	 �W�I�L�L �H�A�V�E �N�O�T�I�C�E�D �T�H�A�T �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L�I�Z�A�T�I�O�N �A�P�P�R�O�A�C�H �I�S �R�A�T�H�E�R �I�N�E�F�l�C�I�E�N�T�� �&�O�R
�E�X�A�M�P�L�E�� �G�I�V�E�N �T�H�E �Q�U�E�R�YEvil (x) �A�N�D �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �I�N �%�Q�U�A�T�I�O�N ���������	�� �I�T �S�E�E�M�S �P�E�R�

�V�E�R�S�E �T�O �G�E�N�E�R�A�T�E �S�E�N�T�E�N�C�E�S �S�U�C�H �A�SKing (Richard ) ^ Greedy(Richard) ) Evil (Richard )��
�)�N�D�E�E�D�� �T�H�E �I�N�F�E�R�E�N�C�E �O�FEvil (John) �F�R�O�M �T�H�E �S�E�N�T�E�N�C�E�S

8 x King (x) ^ Greedy(x) ) Evil (x)
King (John)
Greedy(John)

�S�E�E�M�S �C�O�M�P�L�E�T�E�L�Y �O�B�V�I�O�U�S �T�O �A �H�U�M�A�N �B�E�I�N�G�� �7�E �N�O�W �S�H�O�W �H�O�W �T�O �M�A�K�E �I�T �C�O�M�P�L�E�T�E�L�Y
�O�B�V�I�O�U�S �T�O �A �C�O�M�P�U�T�E�R��

���������� �$ �¿�U�V�W���R�U�G�H�U �L�Q�I�H�U�H�Q�F�H �U�X�O�H

�4�H�E �I�N�F�E�R�E�N�C�E �T�H�A�T �*�O�H�N �I�S �E�V�I�L�ˆ�T�H�A�T �I�S�� �T�H�A�Tf x=Johng �S�O�L�V�E�S �T�H�E �Q�U�E�R�YEvil (x) �ˆ�W�O�R�K�S �L�I�K�E
�T�H�I�S�� �T�O �U�S�E �T�H�E �R�U�L�E �T�H�A�T �G�R�E�E�D�Y �K�I�N�G�S �A�R�E �E�V�I�L�� �l�N�D �S�O�M�Ex �S�U�C�H �T�H�A�Tx �I�S �A �K�I�N�G �A�N�Dx �I�S
�G�R�E�E�D�Y�� �A�N�D �T�H�E�N �I�N�F�E�R �T�H�A�T �T�H�I�Sx �I�S �E�V�I�L�� �-�O�R�E �G�E�N�E�R�A�L�L�Y�� �I�F �T�H�E�R�E �I�S �S�O�M�E �S�U�B�S�T�I�T�U�T�I�O�N� �T�H�A�T
�M�A�K�E�S �E�A�C�H �O�F �T�H�E �C�O�N�J�U�N�C�T�S �O�F �T�H�E �P�R�E�M�I�S�E �O�F �T�H�E �I�M�P�L�I�C�A�T�I�O�N �I�D�E�N�T�I�C�A�L �T�O �S�E�N�T�E�N�C�E�S �A�L�R�E�A�D�Y
�I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �T�H�E�N �W�E �C�A�N �A�S�S�E�R�T �T�H�E �C�O�N�C�L�U�S�I�O�N �O�F �T�H�E �I�M�P�L�I�C�A�T�I�O�N�� �A�F�T�E�R �A�P�P�L�Y�I�N�G� ��
�)�N �T�H�I�S �C�A�S�E�� �T�H�E �S�U�B�S�T�I�T�U�T�I�O�N� = f x=Johng �A�C�H�I�E�V�E�S �T�H�A�T �A�I�M��

�7�E �C�A�N �A�C�T�U�A�L�L�Y �M�A�K�E �T�H�E �I�N�F�E�R�E�N�C�E �S�T�E�P �D�O �E�V�E�N �M�O�R�E �W�O�R�K�� �3�U�P�P�O�S�E �T�H�A�T �I�N�S�T�E�A�D �O�F
�K�N�O�W�I�N�GGreedy(John)�� �W�E �K�N�O�W �T�H�A�T�H�Y�H�U�\�R�Q�H�I�S �G�R�E�E�D�Y��

8 y Greedy(y) : ���������	

�4�H�E�N �W�E �W�O�U�L�D �S�T�I�L�L �L�I�K�E �T�O �B�E �A�B�L�E �T�O �C�O�N�C�L�U�D�E �T�H�A�TEvil (John)�� �B�E�C�A�U�S�E �W�E �K�N�O�W �T�H�A�T
�*�O�H�N �I�S �A �K�I�N�G ���G�I�V�E�N�	 �A�N�D �*�O�H�N �I�S �G�R�E�E�D�Y ���B�E�C�A�U�S�E �E�V�E�R�Y�O�N�E �I�S �G�R�E�E�D�Y�	�� �7�H�A�T �W�E �N�E�E�D �F�O�R
�T�H�I�S �T�O �W�O�R�K �I�S �T�O �l�N�D �A �S�U�B�S�T�I�T�U�T�I�O�N �B�O�T�H �F�O�R �T�H�E �V�A�R�I�A�B�L�E�S �I�N �T�H�E �I�M�P�L�I�C�A�T�I�O�N �S�E�N�T�E�N�C�E �A�N�D
�F�O�R �T�H�E �V�A�R�I�A�B�L�E�S �I�N �T�H�E �S�E�N�T�E�N�C�E�S �T�H�A�T �A�R�E �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �)�N �T�H�I�S �C�A�S�E�� �A�P�P�L�Y�I�N�G �T�H�E
�S�U�B�S�T�I�T�U�T�I�O�Nf x=John; y=Johng �T�O �T�H�E �I�M�P�L�I�C�A�T�I�O�N �P�R�E�M�I�S�E�SKing (x) �A�N�DGreedy(x) �A�N�D �T�H�E
�K�N�O�W�L�E�D�G�E�
�B�A�S�E �S�E�N�T�E�N�C�E�SKing (John) �A�N�DGreedy(y) �W�I�L�L �M�A�K�E �T�H�E�M �I�D�E�N�T�I�C�A�L�� �4�H�U�S�� �W�E
�C�A�N �I�N�F�E�R �T�H�E �C�O�N�C�L�U�S�I�O�N �O�F �T�H�E �I�M�P�L�I�C�A�T�I�O�N��

�4�H�I�S �I�N�F�E�R�E�N�C�E �P�R�O�C�E�S�S �C�A�N �B�E �C�A�P�T�U�R�E�D �A�S �A �S�I�N�G�L�E �I�N�F�E�R�E�N�C�E �R�U�L�E �T�H�A�T �W�E �C�A�L�L�*�H�Q�H�U��
�D�O�L�]�H�G �0�R�G�X�V �3�R�Q�H�Q�V���� �&�O�R �A�T�O�M�I�C �S�E�N�T�E�N�C�E�Spi ��pi

0�� �A�N�Dq�� �W�H�E�R�E �T�H�E�R�E �I�S �A �S�U�B�S�T�I�T�U�T�I�O�N�GENERALIZED
MODUS PONENS



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�S�U�C�H �T�H�A�T �3�5�"�3�4(�; pi
0) = �3�5�"�3�4(�; p i )�� �F�O�R �A�L�Li ��

p1
0; p2

0; : : : ; pn
0; (p1 ^ p2 ^ : : : ^ pn ) q)

�3�5�"�3�4(�; q )
:

�4�H�E�R�E �A�R�En + 1 �P�R�E�M�I�S�E�S �T�O �T�H�I�S �R�U�L�E�� �T�H�En �A�T�O�M�I�C �S�E�N�T�E�N�C�E�Spi
0 �A�N�D �T�H�E �O�N�E �I�M�P�L�I�C�A�T�I�O�N�� �4�H�E

�C�O�N�C�L�U�S�I�O�N �I�S �T�H�E �R�E�S�U�L�T �O�F �A�P�P�L�Y�I�N�G �T�H�E �S�U�B�S�T�I�T�U�T�I�O�N� �T�O �T�H�E �C�O�N�S�E�Q�U�E�N�Tq�� �&�O�R �O�U�R �E�X�A�M�P�L�E��

p1
0 �I�SKing (John) p1 �I�SKing (x)

p2
0 �I�SGreedy(y) p2 �I�SGreedy(x)

� �I�Sf x=John; y=Johng q �I�SEvil (x)
�3�5�"�3�4(�; q ) �I�SEvil (John) :

�)�T �I�S �E�A�S�Y �T�O �S�H�O�W �T�H�A�T �'�E�N�E�R�A�L�I�Z�E�D �-�O�D�U�S �0�O�N�E�N�S �I�S �A �S�O�U�N�D �I�N�F�E�R�E�N�C�E �R�U�L�E�� �&�I�R�S�T�� �W�E �O�B�S�E�R�V�E
�T�H�A�T�� �F�O�R �A�N�Y �S�E�N�T�E�N�C�Ep ���W�H�O�S�E �V�A�R�I�A�B�L�E�S �A�R�E �A�S�S�U�M�E�D �T�O �B�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D�	 �A�N�D �F�O�R
�A�N�Y �S�U�B�S�T�I�T�U�T�I�O�N� ��

p j= �3�5�"�3�4(�; p )

�H�O�L�D�S �B�Y �5�N�I�V�E�R�S�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N�� �)�T �H�O�L�D�S �I�N �P�A�R�T�I�C�U�L�A�R �F�O�R �A� �T�H�A�T �S�A�T�I�S�l�E�S �T�H�E �C�O�N�D�I�T�I�O�N�S �O�F
�T�H�E �'�E�N�E�R�A�L�I�Z�E�D �-�O�D�U�S �0�O�N�E�N�S �R�U�L�E�� �4�H�U�S�� �F�R�O�Mp1

0; : : : ; pn
0 �W�E �C�A�N �I�N�F�E�R

�3�5�"�3�4(�; p 1
0) ^ : : : ^ �3�5�"�3�4(�; p n

0)

�A�N�D �F�R�O�M �T�H�E �I�M�P�L�I�C�A�T�I�O�Np1 ^ : : : ^ pn ) q �W�E �C�A�N �I�N�F�E�R

�3�5�"�3�4(�; p 1) ^ : : : ^ �3�5�"�3�4(�; p n) ) �3�5�"�3�4(�; q ) :

�.�O�W��� �I�N �'�E�N�E�R�A�L�I�Z�E�D �-�O�D�U�S �0�O�N�E�N�S �I�S �D�E�l�N�E�D �S�O �T�H�A�T �3�5�"�3�4(�; p i
0) = �3�5�"�3�4(�; p i )�� �F�O�R

�A�L�Li �� �T�H�E�R�E�F�O�R�E �T�H�E �l�R�S�T �O�F �T�H�E�S�E �T�W�O �S�E�N�T�E�N�C�E�S �M�A�T�C�H�E�S �T�H�E �P�R�E�M�I�S�E �O�F �T�H�E �S�E�C�O�N�D �E�X�A�C�T�L�Y��
�(�E�N�C�E�� �3�5�"�3�4(�; q ) �F�O�L�L�O�W�S �B�Y �-�O�D�U�S �0�O�N�E�N�S��

�'�E�N�E�R�A�L�I�Z�E�D �-�O�D�U�S �0�O�N�E�N�S �I�S �A�O�L�I�W�H�G�V�E�R�S�I�O�N �O�F �-�O�D�U�S �0�O�N�E�N�S�ˆ�I�T �R�A�I�S�E�S �-�O�D�U�S �0�O�
LIFTING

�N�E�N�S �F�R�O�M �G�R�O�U�N�D ���V�A�R�I�A�B�L�E�
�F�R�E�E�	 �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �T�O �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �7�E �W�I�L�L �S�E�E �I�N �T�H�E
�R�E�S�T �O�F �T�H�I�S �C�H�A�P�T�E�R �T�H�A�T �W�E �C�A�N �D�E�V�E�L�O�P �L�I�F�T�E�D �V�E�R�S�I�O�N�S �O�F �T�H�E �F�O�R�W�A�R�D �C�H�A�I�N�I�N�G�� �B�A�C�K�W�A�R�D
�C�H�A�I�N�I�N�G�� �A�N�D �R�E�S�O�L�U�T�I�O�N �A�L�G�O�R�I�T�H�M�S �I�N�T�R�O�D�U�C�E�D �I�N �#�H�A�P�T�E�R ���� �4�H�E �K�E�Y �A�D�V�A�N�T�A�G�E �O�F �L�I�F�T�E�D
�I�N�F�E�R�E�N�C�E �R�U�L�E�S �O�V�E�R �P�R�O�P�O�S�I�T�I�O�N�A�L�I�Z�A�T�I�O�N �I�S �T�H�A�T �T�H�E�Y �M�A�K�E �O�N�L�Y �T�H�O�S�E �S�U�B�S�T�I�T�U�T�I�O�N�S �T�H�A�T �A�R�E
�R�E�Q�U�I�R�E�D �T�O �A�L�L�O�W �P�A�R�T�I�C�U�L�A�R �I�N�F�E�R�E�N�C�E�S �T�O �P�R�O�C�E�E�D��

���������� �8�Q�L�¿�F�D�W�L�R�Q

�,�I�F�T�E�D �I�N�F�E�R�E�N�C�E �R�U�L�E�S �R�E�Q�U�I�R�E �l�N�D�I�N�G �S�U�B�S�T�I�T�U�T�I�O�N�S �T�H�A�T �M�A�K�E �D�I�F�F�E�R�E�N�T �L�O�G�I�C�A�L �E�X�P�R�E�S�S�I�O�N�S
�L�O�O�K �I�D�E�N�T�I�C�A�L�� �4�H�I�S �P�R�O�C�E�S�S �I�S �C�A�L�L�E�D�X�Q�L�¿�F�D�W�L�R�Q�A�N�D �I�S �A �K�E�Y �C�O�M�P�O�N�E�N�T �O�F �A�L�L �l�R�S�T�
�O�R�D�E�RUNIFICATION

�I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S�� �4�H�E �5�.�)�&�9�A�L�G�O�R�I�T�H�M �T�A�K�E�S �T�W�O �S�E�N�T�E�N�C�E�S �A�N�D �R�E�T�U�R�N�S �A�X�Q�L�¿�H�U�F�O�RUNIFIER

�T�H�E�M �I�F �O�N�E �E�X�I�S�T�S��

�5�.�)�&�9(p; q) = � �W�H�E�R�E �3�5�"�3�4(�; p ) = �3�5�"�3�4(�; q ) :

�,�E�T �U�S �L�O�O�K �A�T �S�O�M�E �E�X�A�M�P�L�E�S �O�F �H�O�W �5�.�)�&�9�S�H�O�U�L�D �B�E�H�A�V�E�� �3�U�P�P�O�S�E �W�E �H�A�V�E �A �Q�U�E�R�Y
AskVars(Knows(John; x)) �� �W�H�O�M �D�O�E�S �*�O�H�N �K�N�O�W�� �!�N�S�W�E�R�S �T�O �T�H�I�S �Q�U�E�R�Y �C�A�N �B�E �F�O�U�N�D

2 �'�E�N�E�R�A�L�I�Z�E�D �-�O�D�U�S �0�O�N�E�N�S �I�S �M�O�R�E �G�E�N�E�R�A�L �T�H�A�N �-�O�D�U�S �0�O�N�E�N�S ���P�A�G�E �������	 �I�N �T�H�E �S�E�N�S�E �T�H�A�T �T�H�E �K�N�O�W�N �F�A�C�T�S
�A�N�D �T�H�E �P�R�E�M�I�S�E �O�F �T�H�E �I�M�P�L�I�C�A�T�I�O�N �N�E�E�D �M�A�T�C�H �O�N�L�Y �U�P �T�O �A �S�U�B�S�T�I�T�U�T�I�O�N�� �R�A�T�H�E�R �T�H�A�N �E�X�A�C�T�L�Y�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D��
�-�O�D�U�S �0�O�N�E�N�S �A�L�L�O�W�S �A�N�Y �S�E�N�T�E�N�C�E� �A�S �T�H�E �P�R�E�M�I�S�E�� �R�A�T�H�E�R �T�H�A�N �J�U�S�T �A �C�O�N�J�U�N�C�T�I�O�N �O�F �A�T�O�M�I�C �S�E�N�T�E�N�C�E�S��



�3�E�C�T�I�O�N �������� �5�N�I�l�C�A�T�I�O�N �A�N�D �,�I�F�T�I�N�G ������

�B�Y �l�N�D�I�N�G �A�L�L �S�E�N�T�E�N�C�E�S �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �T�H�A�T �U�N�I�F�Y �W�I�T�HKnows(John; x) �� �(�E�R�E �A�R�E �T�H�E
�R�E�S�U�L�T�S �O�F �U�N�I�l�C�A�T�I�O�N �W�I�T�H �F�O�U�R �D�I�F�F�E�R�E�N�T �S�E�N�T�E�N�C�E�S �T�H�A�T �M�I�G�H�T �B�E �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E��

�5�.�)�&�9(Knows(John; x) ; Knows(John; Jane)) = f x=Janeg
�5�.�)�&�9(Knows(John; x) ; Knows(y; Bill )) = f x=Bill ; y=Johng
�5�.�)�&�9(Knows(John; x) ; Knows(y; Mother (y))) = f y=John; x=Mother (John)g
�5�.�)�&�9(Knows(John; x) ; Knows(x; Elizabeth)) = fail :

�4�H�E �L�A�S�T �U�N�I�l�C�A�T�I�O�N �F�A�I�L�S �B�E�C�A�U�S�Ex �C�A�N�N�O�T �T�A�K�E �O�N �T�H�E �V�A�L�U�E�SJohn �A�N�DElizabeth �A�T �T�H�E
�S�A�M�E �T�I�M�E�� �.�O�W�� �R�E�M�E�M�B�E�R �T�H�A�TKnows(x; Elizabeth) �M�E�A�N�S �h�%�V�E�R�Y�O�N�E �K�N�O�W�S �%�L�I�Z�A�B�E�T�H���v
�S�O �W�E�V�K�R�X�O�G�B�E �A�B�L�E �T�O �I�N�F�E�R �T�H�A�T �*�O�H�N �K�N�O�W�S �%�L�I�Z�A�B�E�T�H�� �4�H�E �P�R�O�B�L�E�M �A�R�I�S�E�S �O�N�L�Y �B�E�C�A�U�S�E
�T�H�E �T�W�O �S�E�N�T�E�N�C�E�S �H�A�P�P�E�N �T�O �U�S�E �T�H�E �S�A�M�E �V�A�R�I�A�B�L�E �N�A�M�E��x�� �4�H�E �P�R�O�B�L�E�M �C�A�N �B�E �A�V�O�I�D�E�D
�B�Y�V�W�D�Q�G�D�U�G�L�]�L�Q�J �D�S�D�U�W�O�N�E �O�F �T�H�E �T�W�O �S�E�N�T�E�N�C�E�S �B�E�I�N�G �U�N�I�l�E�D�� �W�H�I�C�H �M�E�A�N�S �R�E�N�A�M�I�N�G �I�T�SSTANDARDIZING

APART

�V�A�R�I�A�B�L�E�S �T�O �A�V�O�I�D �N�A�M�E �C�L�A�S�H�E�S�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �R�E�N�A�M�Ex �I�NKnows(x; Elizabeth) �T�O
x17 ���A �N�E�W �V�A�R�I�A�B�L�E �N�A�M�E�	 �W�I�T�H�O�U�T �C�H�A�N�G�I�N�G �I�T�S �M�E�A�N�I�N�G�� �.�O�W �T�H�E �U�N�I�l�C�A�T�I�O�N �W�I�L�L �W�O�R�K��

�5�.�)�&�9(Knows(John; x) ; Knows(x17; Elizabeth)) = f x=Elizabeth; x17=Johng :

�%�X�E�R�C�I�S�E �������� �D�E�L�V�E�S �F�U�R�T�H�E�R �I�N�T�O �T�H�E �N�E�E�D �F�O�R �S�T�A�N�D�A�R�D�I�Z�I�N�G �A�P�A�R�T��
�4�H�E�R�E �I�S �O�N�E �M�O�R�E �C�O�M�P�L�I�C�A�T�I�O�N�� �W�E �S�A�I�D �T�H�A�T �5�.�)�&�9�S�H�O�U�L�D �R�E�T�U�R�N �A �S�U�B�S�T�I�T�U�T�I�O�N

�T�H�A�T �M�A�K�E�S �T�H�E �T�W�O �A�R�G�U�M�E�N�T�S �L�O�O�K �T�H�E �S�A�M�E�� �"�U�T �T�H�E�R�E �C�O�U�L�D �B�E �M�O�R�E �T�H�A�N �O�N�E �S�U�C�H �U�N�I�

�l�E�R�� �&�O�R �E�X�A�M�P�L�E�� �5�.�)�&�9(Knows(John; x) ; Knows(y; z)) �C�O�U�L�D �R�E�T�U�R�Nf y=John; x=zg �O�R
f y=John; x=John; z=Johng�� �4�H�E �l�R�S�T �U�N�I�l�E�R �G�I�V�E�SKnows(John; z) �A�S �T�H�E �R�E�S�U�L�T �O�F �U�N�I�l�

�C�A�T�I�O�N�� �W�H�E�R�E�A�S �T�H�E �S�E�C�O�N�D �G�I�V�E�SKnows(John; John)�� �4�H�E �S�E�C�O�N�D �R�E�S�U�L�T �C�O�U�L�D �B�E �O�B�T�A�I�N�E�D
�F�R�O�M �T�H�E �l�R�S�T �B�Y �A�N �A�D�D�I�T�I�O�N�A�L �S�U�B�S�T�I�T�U�T�I�O�Nf z=Johng�� �W�E �S�A�Y �T�H�A�T �T�H�E �l�R�S�T �U�N�I�l�E�R �I�S�P�R�U�H
�J�H�Q�H�U�D�O�T�H�A�N �T�H�E �S�E�C�O�N�D�� �B�E�C�A�U�S�E �I�T �P�L�A�C�E�S �F�E�W�E�R �R�E�S�T�R�I�C�T�I�O�N�S �O�N �T�H�E �V�A�L�U�E�S �O�F �T�H�E �V�A�R�I�A�B�L�E�S�� �)�T
�T�U�R�N�S �O�U�T �T�H�A�T�� �F�O�R �E�V�E�R�Y �U�N�I�l�A�B�L�E �P�A�I�R �O�F �E�X�P�R�E�S�S�I�O�N�S�� �T�H�E�R�E �I�S �A �S�I�N�G�L�E�P�R�V�W �J�H�Q�H�U�D�O �X�Q�L�¿�H�U���O�RMOST GENERAL

UNIFIER

�-�'�5�	 �T�H�A�T �I�S �U�N�I�Q�U�E �U�P �T�O �R�E�N�A�M�I�N�G �A�N�D �S�U�B�S�T�I�T�U�T�I�O�N �O�F �V�A�R�I�A�B�L�E�S�� ���&�O�R �E�X�A�M�P�L�E��f x=Johng
�A�N�Df y=Johng �A�R�E �C�O�N�S�I�D�E�R�E�D �E�Q�U�I�V�A�L�E�N�T�� �A�S �A�R�Ef x=John; y=Johng �A�N�Df x=John; y=xg���	 �)�N
�T�H�I�S �C�A�S�E �I�T �I�Sf y=John; x=zg��

�!�N �A�L�G�O�R�I�T�H�M �F�O�R �C�O�M�P�U�T�I�N�G �M�O�S�T �G�E�N�E�R�A�L �U�N�I�l�E�R�S �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������� �4�H�E �P�R�O�C�E�S�S
�I�S �S�I�M�P�L�E�� �R�E�C�U�R�S�I�V�E�L�Y �E�X�P�L�O�R�E �T�H�E �T�W�O �E�X�P�R�E�S�S�I�O�N�S �S�I�M�U�L�T�A�N�E�O�U�S�L�Y �h�S�I�D�E �B�Y �S�I�D�E���v �B�U�I�L�D�I�N�G �U�P
�A �U�N�I�l�E�R �A�L�O�N�G �T�H�E �W�A�Y�� �B�U�T �F�A�I�L�I�N�G �I�F �T�W�O �C�O�R�R�E�S�P�O�N�D�I�N�G �P�O�I�N�T�S �I�N �T�H�E �S�T�R�U�C�T�U�R�E�S �D�O �N�O�T �M�A�T�C�H��
�4�H�E�R�E �I�S �O�N�E �E�X�P�E�N�S�I�V�E �S�T�E�P�� �W�H�E�N �M�A�T�C�H�I�N�G �A �V�A�R�I�A�B�L�E �A�G�A�I�N�S�T �A �C�O�M�P�L�E�X �T�E�R�M�� �O�N�E �M�U�S�T
�C�H�E�C�K �W�H�E�T�H�E�R �T�H�E �V�A�R�I�A�B�L�E �I�T�S�E�L�F �O�C�C�U�R�S �I�N�S�I�D�E �T�H�E �T�E�R�M�� �I�F �I�T �D�O�E�S�� �T�H�E �M�A�T�C�H �F�A�I�L�S �B�E�C�A�U�S�E �N�O
�C�O�N�S�I�S�T�E�N�T �U�N�I�l�E�R �C�A�N �B�E �C�O�N�S�T�R�U�C�T�E�D�� �&�O�R �E�X�A�M�P�L�E��S(x) �C�A�N���T �U�N�I�F�Y �W�I�T�HS(S(x)) �� �4�H�I�S �S�O�

�C�A�L�L�E�D�R�F�F�X�U �F�K�H�F�N�M�A�K�E�S �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �E�N�T�I�R�E �A�L�G�O�R�I�T�H�M �Q�U�A�D�R�A�T�I�C �I�N �T�H�E �S�I�Z�E �O�F �T�H�EOCCUR CHECK

�E�X�P�R�E�S�S�I�O�N�S �B�E�I�N�G �U�N�I�l�E�D�� �3�O�M�E �S�Y�S�T�E�M�S�� �I�N�C�L�U�D�I�N�G �A�L�L �L�O�G�I�C �P�R�O�G�R�A�M�M�I�N�G �S�Y�S�T�E�M�S�� �S�I�M�P�L�Y
�O�M�I�T �T�H�E �O�C�C�U�R �C�H�E�C�K �A�N�D �S�O�M�E�T�I�M�E�S �M�A�K�E �U�N�S�O�U�N�D �I�N�F�E�R�E�N�C�E�S �A�S �A �R�E�S�U�L�T�� �O�T�H�E�R �S�Y�S�T�E�M�S �U�S�E
�M�O�R�E �C�O�M�P�L�E�X �A�L�G�O�R�I�T�H�M�S �W�I�T�H �L�I�N�E�A�R�
�T�I�M�E �C�O�M�P�L�E�X�I�T�Y��

���������� �6�W�R�U�D�J�H �D�Q�G �U�H�W�U�L�H�Y�D�O

�5�N�D�E�R�L�Y�I�N�G �T�H�E �4�%�,�, �A�N�D �!�3�+ �F�U�N�C�T�I�O�N�S �U�S�E�D �T�O �I�N�F�O�R�M �A�N�D �I�N�T�E�R�R�O�G�A�T�E �A �K�N�O�W�L�E�D�G�E �B�A�S�E
�A�R�E �T�H�E �M�O�R�E �P�R�I�M�I�T�I�V�E �3�4�/�2�%�A�N�D �&�%�4�#�(�F�U�N�C�T�I�O�N�S�� �3�4�/�2�%��s�	 �S�T�O�R�E�S �A �S�E�N�T�E�N�C�Es �I�N�T�O �T�H�E
�K�N�O�W�L�E�D�G�E �B�A�S�E �A�N�D �&�%�4�#�(��q�	 �R�E�T�U�R�N�S �A�L�L �U�N�I�l�E�R�S �S�U�C�H �T�H�A�T �T�H�E �Q�U�E�R�Yq �U�N�I�l�E�S �W�I�T�H �S�O�M�E



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�I�X�Q�F�W�L�R�Q�5�.�)�&�9��x��y��� �	 �U�H�W�X�U�Q�V�A �S�U�B�S�T�I�T�U�T�I�O�N �T�O �M�A�K�Ex �A�N�Dy �I�D�E�N�T�I�C�A�L
�L�Q�S�X�W�V��x�� �A �V�A�R�I�A�B�L�E�� �C�O�N�S�T�A�N�T�� �L�I�S�T�� �O�R �C�O�M�P�O�U�N�D �E�X�P�R�E�S�S�I�O�N

y�� �A �V�A�R�I�A�B�L�E�� �C�O�N�S�T�A�N�T�� �L�I�S�T�� �O�R �C�O�M�P�O�U�N�D �E�X�P�R�E�S�S�I�O�N
� �� �T�H�E �S�U�B�S�T�I�T�U�T�I�O�N �B�U�I�L�T �U�P �S�O �F�A�R ���O�P�T�I�O�N�A�L�� �D�E�F�A�U�L�T�S �T�O �E�M�P�T�Y�	

�L�I� �� �F�A�I�L�U�R�E�W�K�H�Q �U�H�W�X�U�Q�F�A�I�L�U�R�E
�H�O�V�H �L�Ix �� y �W�K�H�Q �U�H�W�X�U�Q�
�H�O�V�H �L�I�6�!�2�)�!�"�,�%����x�	�W�K�H�Q �U�H�W�X�U�Q�5�.�)�&�9�
�6�!�2��x��y��� �	
�H�O�V�H �L�I�6�!�2�)�!�"�,�%����y�	 �W�K�H�Q �U�H�W�X�U�Q�5�.�)�&�9�
�6�!�2��y��x��� �	
�H�O�V�H �L�I�#�/�-�0�/�5�.�$ ����x�	�D�Q�G�#�/�-�0�/�5�.�$ ����y�	�W�K�H�Q

�U�H�W�X�U�Q�5�.�)�&�9��x���!�2�'�3��y���!�2�'�3�� �5�.�)�&�9��x���/�0��y���/�0��� �	�	
�H�O�V�H �L�I�, �)�3�4����x�	�D�Q�G�, �)�3�4����y�	 �W�K�H�Q

�U�H�W�X�U�Q�5�.�)�&�9��x���2�%�3�4��y���2�%�3�4�� �5�.�)�&�9��x���&�)�2�3�4��y���&�)�2�3�4��� �	�	
�H�O�V�H �U�H�W�X�U�Q�F�A�I�L�U�R�E

�I�X�Q�F�W�L�R�Q�5�.�)�&�9�
�6�! �2��var ��x��� �	 �U�H�W�X�U�Q�V�A �S�U�B�S�T�I�T�U�T�I�O�N

�L�If var=valg 2 � �W�K�H�Q �U�H�W�X�U�Q�5�.�)�&�9��val��x��� �	
�H�O�V�H �L�If x=valg 2 � �W�K�H�Q �U�H�W�X�U�Q�5�.�)�&�9��var ��val��� �	
�H�O�V�H �L�I�/ �#�#�5�2�
�#�(�%�#�+����var ��x�	 �W�K�H�Q �U�H�W�X�U�Q�F�A�I�L�U�R�E
�H�O�V�H �U�H�W�X�U�Q�A�D�Df var ��xg �T�O�

�)�L�J�X�U�H �������4�H�E �U�N�I�l�C�A�T�I�O�N �A�L�G�O�R�I�T�H�M�� �4�H�E �A�L�G�O�R�I�T�H�M �W�O�R�K�S �B�Y �C�O�M�P�A�R�I�N�G �T�H�E �S�T�R�U�C�T�U�R�E�S
�O�F �T�H�E �I�N�P�U�T�S�� �E�L�E�M�E�N�T �B�Y �E�L�E�M�E�N�T�� �4�H�E �S�U�B�S�T�I�T�U�T�I�O�N� �T�H�A�T �I�S �T�H�E �A�R�G�U�M�E�N�T �T�O �5�.�)�&�9�I�S �B�U�I�L�T
�U�P �A�L�O�N�G �T�H�E �W�A�Y �A�N�D �I�S �U�S�E�D �T�O �M�A�K�E �S�U�R�E �T�H�A�T �L�A�T�E�R �C�O�M�P�A�R�I�S�O�N�S �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �B�I�N�D�I�N�G�S
�T�H�A�T �W�E�R�E �E�S�T�A�B�L�I�S�H�E�D �E�A�R�L�I�E�R�� �)�N �A �C�O�M�P�O�U�N�D �E�X�P�R�E�S�S�I�O�N �S�U�C�H �A�SF (A; B )�� �T�H�E �/�0 �l�E�L�D �P�I�C�K�S
�O�U�T �T�H�E �F�U�N�C�T�I�O�N �S�Y�M�B�O�LF �A�N�D �T�H�E �!�2�'�3 �l�E�L�D �P�I�C�K�S �O�U�T �T�H�E �A�R�G�U�M�E�N�T �L�I�S�T(A; B )��

�S�E�N�T�E�N�C�E �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �4�H�E �P�R�O�B�L�E�M �W�E �U�S�E�D �T�O �I�L�L�U�S�T�R�A�T�E �U�N�I�l�C�A�T�I�O�N�ˆ�l�N�D�I�N�G �A�L�L
�F�A�C�T�S �T�H�A�T �U�N�I�F�Y �W�I�T�HKnows(John; x) �ˆ�I�S �A�N �I�N�S�T�A�N�C�E �O�F �&�%�4�#�(�I�N�G��

�4�H�E �S�I�M�P�L�E�S�T �W�A�Y �T�O �I�M�P�L�E�M�E�N�T �3�4�/�2�%�A�N�D �&�%�4�#�(�I�S �T�O �K�E�E�P �A�L�L �T�H�E �F�A�C�T�S �I�N �O�N�E �L�O�N�G
�L�I�S�T �A�N�D �U�N�I�F�Y �E�A�C�H �Q�U�E�R�Y �A�G�A�I�N�S�T �E�V�E�R�Y �E�L�E�M�E�N�T �O�F �T�H�E �L�I�S�T�� �3�U�C�H �A �P�R�O�C�E�S�S �I�S �I�N�E�F�l�C�I�E�N�T�� �B�U�T
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�A�N�D �F�O�R�W�A�R�D �C�H�A�I�N�I�N�G �C�A�N �B�E �I�M�P�L�E�M�E�N�T�E�D �V�E�R�Y �E�F�l�C�I�E�N�T�L�Y��

���������� �)�L�U�V�W���R�U�G�H�U �G�H�¿�Q�L�W�H �F�O�D�X�V�H�V

�&�I�R�S�T�
�O�R�D�E�R �D�E�l�N�I�T�E �C�L�A�U�S�E�S �C�L�O�S�E�L�Y �R�E�S�E�M�B�L�E �P�R�O�P�O�S�I�T�I�O�N�A�L �D�E�l�N�I�T�E �C�L�A�U�S�E�S ���P�A�G�E �������	�� �T�H�E�Y
�A�R�E �D�I�S�J�U�N�C�T�I�O�N�S �O�F �L�I�T�E�R�A�L�S �O�F �W�H�I�C�H�H�[�D�F�W�O�\ �R�Q�H �L�V �S�R�V�L�W�L�Y�H�� �! �D�E�l�N�I�T�E �C�L�A�U�S�E �E�I�T�H�E�R �I�S �A�T�O�M�I�C
�O�R �I�S �A�N �I�M�P�L�I�C�A�T�I�O�N �W�H�O�S�E �A�N�T�E�C�E�D�E�N�T �I�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �P�O�S�I�T�I�V�E �L�I�T�E�R�A�L�S �A�N�D �W�H�O�S�E �C�O�N�S�E�

�Q�U�E�N�T �I�S �A �S�I�N�G�L�E �P�O�S�I�T�I�V�E �L�I�T�E�R�A�L�� �4�H�E �F�O�L�L�O�W�I�N�G �A�R�E �l�R�S�T�
�O�R�D�E�R �D�E�l�N�I�T�E �C�L�A�U�S�E�S��

King (x) ^ Greedy(x) ) Evil (x) :
King (John) :
Greedy(y) :

�5�N�L�I�K�E �P�R�O�P�O�S�I�T�I�O�N�A�L �L�I�T�E�R�A�L�S�� �l�R�S�T�
�O�R�D�E�R �L�I�T�E�R�A�L�S �C�A�N �I�N�C�L�U�D�E �V�A�R�I�A�B�L�E�S�� �I�N �W�H�I�C�H �C�A�S�E �T�H�O�S�E
�V�A�R�I�A�B�L�E�S �A�R�E �A�S�S�U�M�E�D �T�O �B�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D�� ���4�Y�P�I�C�A�L�L�Y�� �W�E �O�M�I�T �U�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�E�R�S
�W�H�E�N �W�R�I�T�I�N�G �D�E�l�N�I�T�E �C�L�A�U�S�E�S���	 �.�O�T �E�V�E�R�Y �K�N�O�W�L�E�D�G�E �B�A�S�E �C�A�N �B�E �C�O�N�V�E�R�T�E�D �I�N�T�O �A �S�E�T �O�F
�D�E�l�N�I�T�E �C�L�A�U�S�E�S �B�E�C�A�U�S�E �O�F �T�H�E �S�I�N�G�L�E�
�P�O�S�I�T�I�V�E�
�L�I�T�E�R�A�L �R�E�S�T�R�I�C�T�I�O�N�� �B�U�T �M�A�N�Y �C�A�N�� �#�O�N�S�I�D�E�R �T�H�E
�F�O�L�L�O�W�I�N�G �P�R�O�B�L�E�M��

�4�H�E �L�A�W �S�A�Y�S �T�H�A�T �I�T �I�S �A �C�R�I�M�E �F�O�R �A�N �!�M�E�R�I�C�A�N �T�O �S�E�L�L �W�E�A�P�O�N�S �T�O �H�O�S�T�I�L�E �N�A�T�I�O�N�S�� �4�H�E
�C�O�U�N�T�R�Y �.�O�N�O�� �A�N �E�N�E�M�Y �O�F �!�M�E�R�I�C�A�� �H�A�S �S�O�M�E �M�I�S�S�I�L�E�S�� �A�N�D �A�L�L �O�F �I�T�S �M�I�S�S�I�L�E�S �W�E�R�E �S�O�L�D
�T�O �I�T �B�Y �#�O�L�O�N�E�L �7�E�S�T�� �W�H�O �I�S �!�M�E�R�I�C�A�N��

�7�E �W�I�L�L �P�R�O�V�E �T�H�A�T �7�E�S�T �I�S �A �C�R�I�M�I�N�A�L�� �&�I�R�S�T�� �W�E �W�I�L�L �R�E�P�R�E�S�E�N�T �T�H�E�S�E �F�A�C�T�S �A�S �l�R�S�T�
�O�R�D�E�R �D�E�l�N�I�T�E
�C�L�A�U�S�E�S�� �4�H�E �N�E�X�T �S�E�C�T�I�O�N �S�H�O�W�S �H�O�W �T�H�E �F�O�R�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M �S�O�L�V�E�S �T�H�E �P�R�O�B�L�E�M��

�h: : : �I�T �I�S �A �C�R�I�M�E �F�O�R �A�N �!�M�E�R�I�C�A�N �T�O �S�E�L�L �W�E�A�P�O�N�S �T�O �H�O�S�T�I�L�E �N�A�T�I�O�N�S�v��

American (x) ^ Weapon(y) ^ Sells(x; y; z) ^ Hostile(z) ) Criminal (x) : ���������	

�h�.�O�N�O: : : �H�A�S �S�O�M�E �M�I�S�S�I�L�E�S���v �4�H�E �S�E�N�T�E�N�C�E9 x Owns(Nono; x) ^ Missile(x) �I�S �T�R�A�N�S�F�O�R�M�E�D
�I�N�T�O �T�W�O �D�E�l�N�I�T�E �C�L�A�U�S�E�S �B�Y �%�X�I�S�T�E�N�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N�� �I�N�T�R�O�D�U�C�I�N�G �A �N�E�W �C�O�N�S�T�A�N�TM 1��

Owns(Nono; M 1) ���������	

Missile(M 1): ���������	

�h�!�L�L �O�F �I�T�S �M�I�S�S�I�L�E�S �W�E�R�E �S�O�L�D �T�O �I�T �B�Y �#�O�L�O�N�E�L �7�E�S�T�v��

Missile(x) ^ Owns(Nono; x) ) Sells(West; x; Nono) : ���������	

�7�E �W�I�L�L �A�L�S�O �N�E�E�D �T�O �K�N�O�W �T�H�A�T �M�I�S�S�I�L�E�S �A�R�E �W�E�A�P�O�N�S��

Missile(x) ) Weapon(x) ���������	



�3�E�C�T�I�O�N �������� �&�O�R�W�A�R�D �#�H�A�I�N�I�N�G ������

�A�N�D �W�E �M�U�S�T �K�N�O�W �T�H�A�T �A�N �E�N�E�M�Y �O�F �!�M�E�R�I�C�A �C�O�U�N�T�S �A�S �h�H�O�S�T�I�L�E�v��

Enemy(x; America) ) Hostile(x) : ���������	

�h�7�E�S�T�� �W�H�O �I�S �!�M�E�R�I�C�A�N: : :�v��

American (West) : ���������	

�h�4�H�E �C�O�U�N�T�R�Y �.�O�N�O�� �A�N �E�N�E�M�Y �O�F �!�M�E�R�I�C�A: : :�v��

Enemy(Nono; America ) : �����������	

�4�H�I�S �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�S �N�O �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S �A�N�D �I�S �T�H�E�R�E�F�O�R�E �A�N �I�N�S�T�A�N�C�E �O�F �T�H�E �C�L�A�S�S
�O�F�'�D�W�D�O�R�J�K�N�O�W�L�E�D�G�E �B�A�S�E�S�� �$�A�T�A�L�O�G �I�S �A �L�A�N�G�U�A�G�E �T�H�A�T �I�S �R�E�S�T�R�I�C�T�E�D �T�O �l�R�S�T�
�O�R�D�E�R �D�E�l�N�I�T�EDATALOG

�C�L�A�U�S�E�S �W�I�T�H �N�O �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S�� �$�A�T�A�L�O�G �G�E�T�S �I�T�S �N�A�M�E �B�E�C�A�U�S�E �I�T �C�A�N �R�E�P�R�E�S�E�N�T �T�H�E �T�Y�P�E �O�F
�S�T�A�T�E�M�E�N�T�S �T�Y�P�I�C�A�L�L�Y �M�A�D�E �I�N �R�E�L�A�T�I�O�N�A�L �D�A�T�A�B�A�S�E�S�� �7�E �W�I�L�L �S�E�E �T�H�A�T �T�H�E �A�B�S�E�N�C�E �O�F �F�U�N�C�T�I�O�N
�S�Y�M�B�O�L�S �M�A�K�E�S �I�N�F�E�R�E�N�C�E �M�U�C�H �E�A�S�I�E�R��

���������� �$ �V�L�P�S�O�H �I�R�U�Z�D�U�G���F�K�D�L�Q�L�Q�J �D�O�J�R�U�L�W�K�P

�4�H�E �l�R�S�T �F�O�R�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M �W�E �C�O�N�S�I�D�E�R �I�S �A �S�I�M�P�L�E �O�N�E�� �S�H�O�W�N �I�N �&�I�G�U�R�E �������� �3�T�A�R�T�

�I�N�G �F�R�O�M �T�H�E �K�N�O�W�N �F�A�C�T�S�� �I�T �T�R�I�G�G�E�R�S �A�L�L �T�H�E �R�U�L�E�S �W�H�O�S�E �P�R�E�M�I�S�E�S �A�R�E �S�A�T�I�S�l�E�D�� �A�D�D�I�N�G �T�H�E�I�R
�C�O�N�C�L�U�S�I�O�N�S �T�O �T�H�E �K�N�O�W�N �F�A�C�T�S�� �4�H�E �P�R�O�C�E�S�S �R�E�P�E�A�T�S �U�N�T�I�L �T�H�E �Q�U�E�R�Y �I�S �A�N�S�W�E�R�E�D ���A�S�S�U�M�I�N�G
�T�H�A�T �J�U�S�T �O�N�E �A�N�S�W�E�R �I�S �R�E�Q�U�I�R�E�D�	 �O�R �N�O �N�E�W �F�A�C�T�S �A�R�E �A�D�D�E�D�� �.�O�T�I�C�E �T�H�A�T �A �F�A�C�T �I�S �N�O�T �h�N�E�W�v
�I�F �I�T �I�S �J�U�S�T �A�U�H�Q�D�P�L�Q�J�O�F �A �K�N�O�W�N �F�A�C�T�� �/�N�E �S�E�N�T�E�N�C�E �I�S �A �R�E�N�A�M�I�N�G �O�F �A�N�O�T�H�E�R �I�F �T�H�E�YRENAMING

�A�R�E �I�D�E�N�T�I�C�A�L �E�X�C�E�P�T �F�O�R �T�H�E �N�A�M�E�S �O�F �T�H�E �V�A�R�I�A�B�L�E�S�� �&�O�R �E�X�A�M�P�L�E��Likes(x; IceCream) �A�N�D
Likes(y; IceCream) �A�R�E �R�E�N�A�M�I�N�G�S �O�F �E�A�C�H �O�T�H�E�R �B�E�C�A�U�S�E �T�H�E�Y �D�I�F�F�E�R �O�N�L�Y �I�N �T�H�E �C�H�O�I�C�E �O�Fx
�O�Ry�� �T�H�E�I�R �M�E�A�N�I�N�G�S �A�R�E �I�D�E�N�T�I�C�A�L�� �E�V�E�R�Y�O�N�E �L�I�K�E�S �I�C�E �C�R�E�A�M��

�7�E �U�S�E �O�U�R �C�R�I�M�E �P�R�O�B�L�E�M �T�O �I�L�L�U�S�T�R�A�T�E �H�O�W �&�/�,�
�&�#�
�!�3�+ �W�O�R�K�S�� �4�H�E �I�M�P�L�I�C�A�T�I�O�N
�S�E�N�T�E�N�C�E�S �A�R�E ���������	�� ���������	�� ���������	�� �A�N�D ���������	�� �4�W�O �I�T�E�R�A�T�I�O�N�S �A�R�E �R�E�Q�U�I�R�E�D��

� �/�N �T�H�E �l�R�S�T �I�T�E�R�A�T�I�O�N�� �R�U�L�E ���������	 �H�A�S �U�N�S�A�T�I�S�l�E�D �P�R�E�M�I�S�E�S��
�2�U�L�E ���������	 �I�S �S�A�T�I�S�l�E�D �W�I�T�Hf x=M 1g�� �A�N�DSells(West; M 1; Nono) �I�S �A�D�D�E�D��
�2�U�L�E ���������	 �I�S �S�A�T�I�S�l�E�D �W�I�T�Hf x=M 1g�� �A�N�DWeapon(M 1) �I�S �A�D�D�E�D��
�2�U�L�E ���������	 �I�S �S�A�T�I�S�l�E�D �W�I�T�Hf x=Nonog�� �A�N�DHostile(Nono) �I�S �A�D�D�E�D��

� �/�N �T�H�E �S�E�C�O�N�D �I�T�E�R�A�T�I�O�N�� �R�U�L�E ���������	 �I�S �S�A�T�I�S�l�E�D �W�I�T�Hf x=West; y=M1; z=Nonog�� �A�N�D
Criminal (West) �I�S �A�D�D�E�D��

�&�I�G�U�R�E ������ �S�H�O�W�S �T�H�E �P�R�O�O�F �T�R�E�E �T�H�A�T �I�S �G�E�N�E�R�A�T�E�D�� �.�O�T�I�C�E �T�H�A�T �N�O �N�E�W �I�N�F�E�R�E�N�C�E�S �A�R�E �P�O�S�S�I�B�L�E
�A�T �T�H�I�S �P�O�I�N�T �B�E�C�A�U�S�E �E�V�E�R�Y �S�E�N�T�E�N�C�E �T�H�A�T �C�O�U�L�D �B�E �C�O�N�C�L�U�D�E�D �B�Y �F�O�R�W�A�R�D �C�H�A�I�N�I�N�G �I�S �A�L�R�E�A�D�Y
�C�O�N�T�A�I�N�E�D �E�X�P�L�I�C�I�T�L�Y �I�N �T�H�E �+�"�� �3�U�C�H �A �K�N�O�W�L�E�D�G�E �B�A�S�E �I�S �C�A�L�L�E�D �A�¿�[�H�G �S�R�L�Q�W�O�F �T�H�E �I�N�F�E�R�E�N�C�E
�P�R�O�C�E�S�S�� �&�I�X�E�D �P�O�I�N�T�S �R�E�A�C�H�E�D �B�Y �F�O�R�W�A�R�D �C�H�A�I�N�I�N�G �W�I�T�H �l�R�S�T�
�O�R�D�E�R �D�E�l�N�I�T�E �C�L�A�U�S�E�S �A�R�E �S�I�M�I�L�A�R
�T�O �T�H�O�S�E �F�O�R �P�R�O�P�O�S�I�T�I�O�N�A�L �F�O�R�W�A�R�D �C�H�A�I�N�I�N�G ���P�A�G�E �������	�� �T�H�E �P�R�I�N�C�I�P�A�L �D�I�F�F�E�R�E�N�C�E �I�S �T�H�A�T �A �l�R�S�T�

�O�R�D�E�R �l�X�E�D �P�O�I�N�T �C�A�N �I�N�C�L�U�D�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D �A�T�O�M�I�C �S�E�N�T�E�N�C�E�S��
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�!�3�+�I�S �E�A�S�Y �T�O �A�N�A�L�Y�Z�E�� �&�I�R�S�T�� �I�T �I�S�V�R�X�Q�G�� �B�E�C�A�U�S�E �E�V�E�R�Y �I�N�F�E�R�E�N�C�E �I�S �J�U�S�T �A�N
�A�P�P�L�I�C�A�T�I�O�N �O�F �'�E�N�E�R�A�L�I�Z�E�D �-�O�D�U�S �0�O�N�E�N�S�� �W�H�I�C�H �I�S �S�O�U�N�D�� �3�E�C�O�N�D�� �I�T �I�S�F�R�P�S�O�H�W�H�F�O�R �D�E�l�N�I�T�E
�C�L�A�U�S�E �K�N�O�W�L�E�D�G�E �B�A�S�E�S�� �T�H�A�T �I�S�� �I�T �A�N�S�W�E�R�S �E�V�E�R�Y �Q�U�E�R�Y �W�H�O�S�E �A�N�S�W�E�R�S �A�R�E �E�N�T�A�I�L�E�D �B�Y �A�N�Y
�K�N�O�W�L�E�D�G�E �B�A�S�E �O�F �D�E�l�N�I�T�E �C�L�A�U�S�E�S�� �&�O�R �$�A�T�A�L�O�G �K�N�O�W�L�E�D�G�E �B�A�S�E�S�� �W�H�I�C�H �C�O�N�T�A�I�N �N�O �F�U�N�C�T�I�O�N
�S�Y�M�B�O�L�S�� �T�H�E �P�R�O�O�F �O�F �C�O�M�P�L�E�T�E�N�E�S�S �I�S �F�A�I�R�L�Y �E�A�S�Y�� �7�E �B�E�G�I�N �B�Y �C�O�U�N�T�I�N�G �T�H�E �N�U�M�B�E�R �O�F
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�S�Y�S�T�E�M�S �A�L�S�O �A�D�O�P�T �A �M�U�C�H �M�O�R�E �m�E�X�I�B�L�E �A�P�P�R�O�A�C�H �T�O �S�O�L�V�I�N�G �S�T�A�N�D�A�R�D �L�O�G�I�C �P�R�O�G�R�A�M�M�I�N�G
�Q�U�E�R�I�E�S�� �&�O�R �E�X�A�M�P�L�E�� �I�N�S�T�E�A�D �O�F �D�E�P�T�H�
�l�R�S�T�� �L�E�F�T�
�T�O�
�R�I�G�H�T �B�A�C�K�T�R�A�C�K�I�N�G�� �T�H�E�Y �M�I�G�H�T �U�S�E �A�N�Y �O�F
�T�H�E �M�O�R�E �E�F�l�C�I�E�N�T �A�L�G�O�R�I�T�H�M�S �D�I�S�C�U�S�S�E�D �I�N �#�H�A�P�T�E�R ���� �I�N�C�L�U�D�I�N�G �H�E�U�R�I�S�T�I�C �C�O�N�J�U�N�C�T �O�R�D�E�R�I�N�G��
�B�A�C�K�J�U�M�P�I�N�G�� �C�U�T�S�E�T �C�O�N�D�I�T�I�O�N�I�N�G�� �A�N�D �S�O �O�N�� �#�,�0 �S�Y�S�T�E�M�S �T�H�E�R�E�F�O�R�E �C�O�M�B�I�N�E �E�L�E�M�E�N�T�S �O�F
�C�O�N�S�T�R�A�I�N�T �S�A�T�I�S�F�A�C�T�I�O�N �A�L�G�O�R�I�T�H�M�S�� �L�O�G�I�C �P�R�O�G�R�A�M�M�I�N�G�� �A�N�D �D�E�D�U�C�T�I�V�E �D�A�T�A�B�A�S�E�S��

�3�E�V�E�R�A�L �S�Y�S�T�E�M�S �T�H�A�T �A�L�L�O�W �T�H�E �P�R�O�G�R�A�M�M�E�R �M�O�R�E �C�O�N�T�R�O�L �O�V�E�R �T�H�E �S�E�A�R�C�H �O�R�D�E�R �F�O�R �I�N�

�F�E�R�E�N�C�E �H�A�V�E �B�E�E�N �D�E�l�N�E�D�� �4�H�E �-�2�3 �L�A�N�G�U�A�G�E ���'�E�N�E�S�E�R�E�T�H �A�N�D �3�M�I�T�H�� ���������� �2�U�S�S�E�L�L�� ���������	
�A�L�L�O�W�S �T�H�E �P�R�O�G�R�A�M�M�E�R �T�O �W�R�I�T�E�P�H�W�D�U�X�O�H�V�T�O �D�E�T�E�R�M�I�N�E �W�H�I�C�H �C�O�N�J�U�N�C�T�S �A�R�E �T�R�I�E�D �l�R�S�T�� �4�H�EMETARULE

�U�S�E�R �C�O�U�L�D �W�R�I�T�E �A �R�U�L�E �S�A�Y�I�N�G �T�H�A�T �T�H�E �G�O�A�L �W�I�T�H �T�H�E �F�E�W�E�S�T �V�A�R�I�A�B�L�E�S �S�H�O�U�L�D �B�E �T�R�I�E�D �l�R�S�T �O�R
�C�O�U�L�D �W�R�I�T�E �D�O�M�A�I�N�
�S�P�E�C�I�l�C �R�U�L�E�S �F�O�R �P�A�R�T�I�C�U�L�A�R �P�R�E�D�I�C�A�T�E�S��

������ �2�%�3�/�,�5�4�)�/�.

�4�H�E �L�A�S�T �O�F �O�U�R �T�H�R�E�E �F�A�M�I�L�I�E�S �O�F �L�O�G�I�C�A�L �S�Y�S�T�E�M�S �I�S �B�A�S�E�D �O�N�U�H�V�R�O�X�W�L�R�Q�� �7�E �S�A�W �O�N �P�A�G�E ������
�T�H�A�T �P�R�O�P�O�S�I�T�I�O�N�A�L �R�E�S�O�L�U�T�I�O�N �U�S�I�N�G �R�E�F�U�T�A�T�I�O�N �I�S �A �C�O�M�P�L�E�T�E �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E �F�O�R �P�R�O�P�O�S�I�

�T�I�O�N�A�L �L�O�G�I�C�� �)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �D�E�S�C�R�I�B�E �H�O�W �T�O �E�X�T�E�N�D �R�E�S�O�L�U�T�I�O�N �T�O �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��

���������� �&�R�Q�M�X�Q�F�W�L�Y�H �Q�R�U�P�D�O �I�R�U�P �I�R�U �¿�U�V�W���R�U�G�H�U �O�R�J�L�F

�!�S �I�N �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �C�A�S�E�� �l�R�S�T�
�O�R�D�E�R �R�E�S�O�L�U�T�I�O�N �R�E�Q�U�I�R�E�S �T�H�A�T �S�E�N�T�E�N�C�E�S �B�E �I�N�F�R�Q�M�X�Q�F�W�L�Y�H
�Q�R�U�P�D�O �I�R�U�P���#�.�&�	�ˆ�T�H�A�T �I�S�� �A �C�O�N�J�U�N�C�T�I�O�N �O�F �C�L�A�U�S�E�S�� �W�H�E�R�E �E�A�C�H �C�L�A�U�S�E �I�S �A �D�I�S�J�U�N�C�T�I�O�N �O�F
�L�I�T�E�R�A�L�S���� �,�I�T�E�R�A�L�S �C�A�N �C�O�N�T�A�I�N �V�A�R�I�A�B�L�E�S�� �W�H�I�C�H �A�R�E �A�S�S�U�M�E�D �T�O �B�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D�� �&�O�R
�E�X�A�M�P�L�E�� �T�H�E �S�E�N�T�E�N�C�E

8 x American (x) ^ Weapon(y) ^ Sells(x; y; z) ^ Hostile(z) ) Criminal (x)

�B�E�C�O�M�E�S�� �I�N �#�.�&��

: American (x) _ : Weapon(y) _ : Sells(x; y; z) _ : Hostile(z) _ Criminal (x) :

�(�Y�H�U�\ �V�H�Q�W�H�Q�F�H �R�I �¿�U�V�W���R�U�G�H�U �O�R�J�L�F �F�D�Q �E�H �F�R�Q�Y�H�U�W�H�G �L�Q�W�R �D�Q �L�Q�I�H�U�H�Q�W�L�D�O�O�\ �H�T�X�L�Y�D�O�H�Q�W �&�1�)
�V�H�Q�W�H�Q�F�H���)�N �P�A�R�T�I�C�U�L�A�R�� �T�H�E �#�.�& �S�E�N�T�E�N�C�E �W�I�L�L �B�E �U�N�S�A�T�I�S�l�A�B�L�E �J�U�S�T �W�H�E�N �T�H�E �O�R�I�G�I�N�A�L �S�E�N�T�E�N�C�E
�I�S �U�N�S�A�T�I�S�l�A�B�L�E�� �S�O �W�E �H�A�V�E �A �B�A�S�I�S �F�O�R �D�O�I�N�G �P�R�O�O�F�S �B�Y �C�O�N�T�R�A�D�I�C�T�I�O�N �O�N �T�H�E �#�.�& �S�E�N�T�E�N�C�E�S��

6 �! �C�L�A�U�S�E �C�A�N �A�L�S�O �B�E �R�E�P�R�E�S�E�N�T�E�D �A�S �A�N �I�M�P�L�I�C�A�T�I�O�N �W�I�T�H �A �C�O�N�J�U�N�C�T�I�O�N �O�F �A�T�O�M�S �I�N �T�H�E �P�R�E�M�I�S�E �A�N�D �A �D�I�S�J�U�N�C�T�I�O�N
�O�F �A�T�O�M�S �I�N �T�H�E �C�O�N�C�L�U�S�I�O�N ���%�X�E�R�C�I�S�E ���������	�� �4�H�I�S �I�S �C�A�L�L�E�D�L�P�S�O�L�F�D�W�L�Y�H �Q�R�U�P�D�O �I�R�U�P�O�R�.�R�Z�D�O�V�N�L �I�R�U�P���E�S�P�E�C�I�A�L�L�Y
�W�H�E�N �W�R�I�T�T�E�N �W�I�T�H �A �R�I�G�H�T�
�T�O�
�L�E�F�T �I�M�P�L�I�C�A�T�I�O�N �S�Y�M�B�O�L ���+�O�W�A�L�S�K�I�� ���������	�	 �A�N�D �I�S �O�F�T�E�N �M�U�C�H �E�A�S�I�E�R �T�O �R�E�A�D��



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�4�H�E �P�R�O�C�E�D�U�R�E �F�O�R �C�O�N�V�E�R�S�I�O�N �T�O �#�.�& �I�S �S�I�M�I�L�A�R �T�O �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �C�A�S�E�� �W�H�I�C�H �W�E �S�A�W
�O�N �P�A�G�E �������� �4�H�E �P�R�I�N�C�I�P�A�L �D�I�F�F�E�R�E�N�C�E �A�R�I�S�E�S �F�R�O�M �T�H�E �N�E�E�D �T�O �E�L�I�M�I�N�A�T�E �E�X�I�S�T�E�N�T�I�A�L �Q�U�A�N�T�I�l�E�R�S��
�7�E �I�L�L�U�S�T�R�A�T�E �T�H�E �P�R�O�C�E�D�U�R�E �B�Y �T�R�A�N�S�L�A�T�I�N�G �T�H�E �S�E�N�T�E�N�C�E �h�%�V�E�R�Y�O�N�E �W�H�O �L�O�V�E�S �A�L�L �A�N�I�M�A�L�S �I�S
�L�O�V�E�D �B�Y �S�O�M�E�O�N�E���v �O�R

8 x [8 y Animal (y) ) Loves(x; y)] ) [9 y Loves(y; x)] :

�4�H�E �S�T�E�P�S �A�R�E �A�S �F�O�L�L�O�W�S��

� �(�O�L�P�L�Q�D�W�H �L�P�S�O�L�F�D�W�L�R�Q�V��

8 x [:8 y : Animal (y) _ Loves(x; y)] _ [9 y Loves(y; x)] :

� �0�R�Y�H: �L�Q�Z�D�U�G�V�� �)�N �A�D�D�I�T�I�O�N �T�O �T�H�E �U�S�U�A�L �R�U�L�E�S �F�O�R �N�E�G�A�T�E�D �C�O�N�N�E�C�T�I�V�E�S�� �W�E �N�E�E�D �R�U�L�E�S
�F�O�R �N�E�G�A�T�E�D �Q�U�A�N�T�I�l�E�R�S�� �4�H�U�S�� �W�E �H�A�V�E

:8 x p �B�E�C�O�M�E�S9 x : p
:9 x p �B�E�C�O�M�E�S8 x : p :

�/�U�R �S�E�N�T�E�N�C�E �G�O�E�S �T�H�R�O�U�G�H �T�H�E �F�O�L�L�O�W�I�N�G �T�R�A�N�S�F�O�R�M�A�T�I�O�N�S��
8 x [9 y : (: Animal (y) _ Loves(x; y))] _ [9 y Loves(y; x)] :
8 x [9 y :: Animal (y) ^ : Loves(x; y)] _ [9 y Loves(y; x)] :
8 x [9 y Animal (y) ^ : Loves(x; y)] _ [9 y Loves(y; x)] :

�.�O�T�I�C�E �H�O�W �A �U�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�E�R ��8 y�	 �I�N �T�H�E �P�R�E�M�I�S�E �O�F �T�H�E �I�M�P�L�I�C�A�T�I�O�N �H�A�S �B�E�C�O�M�E
�A�N �E�X�I�S�T�E�N�T�I�A�L �Q�U�A�N�T�I�l�E�R�� �4�H�E �S�E�N�T�E�N�C�E �N�O�W �R�E�A�D�S �h�%�I�T�H�E�R �T�H�E�R�E �I�S �S�O�M�E �A�N�I�M�A�L �T�H�A�Tx
�D�O�E�S�N���T �L�O�V�E�� �O�R ���I�F �T�H�I�S �I�S �N�O�T �T�H�E �C�A�S�E�	 �S�O�M�E�O�N�E �L�O�V�E�Sx���v �#�L�E�A�R�L�Y�� �T�H�E �M�E�A�N�I�N�G �O�F �T�H�E
�O�R�I�G�I�N�A�L �S�E�N�T�E�N�C�E �H�A�S �B�E�E�N �P�R�E�S�E�R�V�E�D��

� �6�W�D�Q�G�D�U�G�L�]�H �Y�D�U�L�D�E�O�H�V�� �&�O�R �S�E�N�T�E�N�C�E�S �L�I�K�E(9 x P (x)) _ (9 x Q(x)) �W�H�I�C�H �U�S�E �T�H�E �S�A�M�E
�V�A�R�I�A�B�L�E �N�A�M�E �T�W�I�C�E�� �C�H�A�N�G�E �T�H�E �N�A�M�E �O�F �O�N�E �O�F �T�H�E �V�A�R�I�A�B�L�E�S�� �4�H�I�S �A�V�O�I�D�S �C�O�N�F�U�S�I�O�N
�L�A�T�E�R �W�H�E�N �W�E �D�R�O�P �T�H�E �Q�U�A�N�T�I�l�E�R�S�� �4�H�U�S�� �W�E �H�A�V�E

8 x [9 y Animal (y) ^ : Loves(x; y)] _ [9 z Loves(z; x)] :

� �6�N�R�O�H�P�L�]�H�� �6�N�R�O�H�P�L�]�D�W�L�R�Q�I�S �T�H�E �P�R�O�C�E�S�S �O�F �R�E�M�O�V�I�N�G �E�X�I�S�T�E�N�T�I�A�L �Q�U�A�N�T�I�l�E�R�S �B�Y �E�L�I�M�I�
SKOLEMIZATION

�N�A�T�I�O�N�� �)�N �T�H�E �S�I�M�P�L�E �C�A�S�E�� �I�T �I�S �J�U�S�T �L�I�K�E �T�H�E �%�X�I�S�T�E�N�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N �R�U�L�E �O�F �3�E�C�T�I�O�N ��������
�T�R�A�N�S�L�A�T�E9 x P (x) �I�N�T�OP(A)�� �W�H�E�R�EA �I�S �A �N�E�W �C�O�N�S�T�A�N�T�� �(�O�W�E�V�E�R�� �W�E �C�A�N���T �A�P�P�L�Y �%�X�

�I�S�T�E�N�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N �T�O �O�U�R �S�E�N�T�E�N�C�E �A�B�O�V�E �B�E�C�A�U�S�E �I�T �D�O�E�S�N���T �M�A�T�C�H �T�H�E �P�A�T�T�E�R�N9 v � ��
�O�N�L�Y �P�A�R�T�S �O�F �T�H�E �S�E�N�T�E�N�C�E �M�A�T�C�H �T�H�E �P�A�T�T�E�R�N�� �)�F �W�E �B�L�I�N�D�L�Y �A�P�P�L�Y �T�H�E �R�U�L�E �T�O �T�H�E �T�W�O
�M�A�T�C�H�I�N�G �P�A�R�T�S �W�E �G�E�T

8 x [Animal (A) ^ : Loves(x; A )] _ Loves(B; x ) ;

�W�H�I�C�H �H�A�S �T�H�E �W�R�O�N�G �M�E�A�N�I�N�G �E�N�T�I�R�E�L�Y�� �I�T �S�A�Y�S �T�H�A�T �E�V�E�R�Y�O�N�E �E�I�T�H�E�R �F�A�I�L�S �T�O �L�O�V�E �A �P�A�R�

�T�I�C�U�L�A�R �A�N�I�M�A�LA �O�R �I�S �L�O�V�E�D �B�Y �S�O�M�E �P�A�R�T�I�C�U�L�A�R �E�N�T�I�T�YB �� �)�N �F�A�C�T�� �O�U�R �O�R�I�G�I�N�A�L �S�E�N�T�E�N�C�E
�A�L�L�O�W�S �E�A�C�H �P�E�R�S�O�N �T�O �F�A�I�L �T�O �L�O�V�E �A �D�I�F�F�E�R�E�N�T �A�N�I�M�A�L �O�R �T�O �B�E �L�O�V�E�D �B�Y �A �D�I�F�F�E�R�E�N�T �P�E�R�S�O�N��
�4�H�U�S�� �W�E �W�A�N�T �T�H�E �3�K�O�L�E�M �E�N�T�I�T�I�E�S �T�O �D�E�P�E�N�D �O�Nx �A�N�Dz��

8 x [Animal (F (x)) ^ : Loves(x; F (x))] _ Loves(G(z); x) :

�(�E�R�EF �A�N�DG �A�R�E�6�N�R�O�H�P �I�X�Q�F�W�L�R�Q�V�� �4�H�E �G�E�N�E�R�A�L �R�U�L�E �I�S �T�H�A�T �T�H�E �A�R�G�U�M�E�N�T�S �O�F �T�H�ESKOLEM FUNCTION

�3�K�O�L�E�M �F�U�N�C�T�I�O�N �A�R�E �A�L�L �T�H�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D �V�A�R�I�A�B�L�E�S �I�N �W�H�O�S�E �S�C�O�P�E �T�H�E �E�X�I�S�

�T�E�N�T�I�A�L �Q�U�A�N�T�I�l�E�R �A�P�P�E�A�R�S�� �!�S �W�I�T�H �%�X�I�S�T�E�N�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N�� �T�H�E �3�K�O�L�E�M�I�Z�E�D �S�E�N�T�E�N�C�E �I�S
�S�A�T�I�S�l�A�B�L�E �E�X�A�C�T�L�Y �W�H�E�N �T�H�E �O�R�I�G�I�N�A�L �S�E�N�T�E�N�C�E �I�S �S�A�T�I�S�l�A�B�L�E��



�3�E�C�T�I�O�N �������� �2�E�S�O�L�U�T�I�O�N ������

� �'�U�R�S �X�Q�L�Y�H�U�V�D�O �T�X�D�Q�W�L�¿�H�U�V�� �!�T �T�H�I�S �P�O�I�N�T�� �A�L�L �R�E�M�A�I�N�I�N�G �V�A�R�I�A�B�L�E�S �M�U�S�T �B�E �U�N�I�V�E�R�S�A�L�L�Y
�Q�U�A�N�T�I�l�E�D�� �-�O�R�E�O�V�E�R�� �T�H�E �S�E�N�T�E�N�C�E �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �O�N�E �I�N �W�H�I�C�H �A�L�L �T�H�E �U�N�I�V�E�R�S�A�L �Q�U�A�N�

�T�I�l�E�R�S �H�A�V�E �B�E�E�N �M�O�V�E�D �T�O �T�H�E �L�E�F�T�� �7�E �C�A�N �T�H�E�R�E�F�O�R�E �D�R�O�P �T�H�E �U�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�E�R�S��

[Animal (F (x)) ^ : Loves(x; F (x))] _ Loves(G(z); x) :

� �'�L�V�W�U�L�E�X�W�H_ �R�Y�H�U^ ��

[Animal (F (x)) _ Loves(G(z); x)] ^ [: Loves(x; F (x)) _ Loves(G(z); x)] :

�4�H�I�S �S�T�E�P �M�A�Y �A�L�S�O �R�E�Q�U�I�R�E �m�A�T�T�E�N�I�N�G �O�U�T �N�E�S�T�E�D �C�O�N�J�U�N�C�T�I�O�N�S �A�N�D �D�I�S�J�U�N�C�T�I�O�N�S��

�4�H�E �S�E�N�T�E�N�C�E �I�S �N�O�W �I�N �#�.�& �A�N�D �C�O�N�S�I�S�T�S �O�F �T�W�O �C�L�A�U�S�E�S�� �)�T �I�S �Q�U�I�T�E �U�N�R�E�A�D�A�B�L�E�� ���)�T �M�A�Y
�H�E�L�P �T�O �E�X�P�L�A�I�N �T�H�A�T �T�H�E �3�K�O�L�E�M �F�U�N�C�T�I�O�NF (x) �R�E�F�E�R�S �T�O �T�H�E �A�N�I�M�A�L �P�O�T�E�N�T�I�A�L�L�Y �U�N�L�O�V�E�D �B�Yx��
�W�H�E�R�E�A�SG(z) �R�E�F�E�R�S �T�O �S�O�M�E�O�N�E �W�H�O �M�I�G�H�T �L�O�V�Ex���	 �&�O�R�T�U�N�A�T�E�L�Y�� �H�U�M�A�N�S �S�E�L�D�O�M �N�E�E�D �L�O�O�K
�A�T �#�.�& �S�E�N�T�E�N�C�E�S�ˆ�T�H�E �T�R�A�N�S�L�A�T�I�O�N �P�R�O�C�E�S�S �I�S �E�A�S�I�L�Y �A�U�T�O�M�A�T�E�D��

���������� �7�K�H �U�H�V�R�O�X�W�L�R�Q �L�Q�I�H�U�H�Q�F�H �U�X�O�H

�4�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E �F�O�R �l�R�S�T�
�O�R�D�E�R �C�L�A�U�S�E�S �I�S �S�I�M�P�L�Y �A �L�I�F�T�E�D �V�E�R�S�I�O�N �O�F �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �R�E�S�O�

�L�U�T�I�O�N �R�U�L�E �G�I�V�E�N �O�N �P�A�G�E �������� �4�W�O �C�L�A�U�S�E�S�� �W�H�I�C�H �A�R�E �A�S�S�U�M�E�D �T�O �B�E �S�T�A�N�D�A�R�D�I�Z�E�D �A�P�A�R�T �S�O
�T�H�A�T �T�H�E�Y �S�H�A�R�E �N�O �V�A�R�I�A�B�L�E�S�� �C�A�N �B�E �R�E�S�O�L�V�E�D �I�F �T�H�E�Y �C�O�N�T�A�I�N �C�O�M�P�L�E�M�E�N�T�A�R�Y �L�I�T�E�R�A�L�S�� �0�R�O�P�O�

�S�I�T�I�O�N�A�L �L�I�T�E�R�A�L�S �A�R�E �C�O�M�P�L�E�M�E�N�T�A�R�Y �I�F �O�N�E �I�S �T�H�E �N�E�G�A�T�I�O�N �O�F �T�H�E �O�T�H�E�R�� �l�R�S�T�
�O�R�D�E�R �L�I�T�E�R�A�L�S �A�R�E
�C�O�M�P�L�E�M�E�N�T�A�R�Y �I�F �O�N�E�X�Q�L�¿�H�V �Z�L�W�K�T�H�E �N�E�G�A�T�I�O�N �O�F �T�H�E �O�T�H�E�R�� �4�H�U�S�� �W�E �H�A�V�E

`1 _ � � � _ `k ; m1 _ � � � _ mn

�3�5�"�3�4(�; ` 1 _ � � � _ ` i � 1 _ ` i +1 _ � � � _ `k _ m1 _ � � � _ mj � 1 _ mj +1 _ � � � _ mn )

�W�H�E�R�E �5�.�)�&�9(` i ; : mj ) = � �� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �R�E�S�O�L�V�E �T�H�E �T�W�O �C�L�A�U�S�E�S

[Animal (F (x)) _ Loves(G(x) ; x)] �A�N�D[: Loves(u; v) _ : Kills (u; v)]

�B�Y �E�L�I�M�I�N�A�T�I�N�G �T�H�E �C�O�M�P�L�E�M�E�N�T�A�R�Y �L�I�T�E�R�A�L�SLoves(G(x) ; x) �A�N�D: Loves(u; v)�� �W�I�T�H �U�N�I�l�E�R
� = f u=G(x) ; v=xg�� �T�O �P�R�O�D�U�C�E �T�H�E�U�H�V�R�O�Y�H�Q�W�C�L�A�U�S�E

[Animal (F (x)) _ : Kills (G(x) ; x)] :

�4�H�I�S �R�U�L�E �I�S �C�A�L�L�E�D �T�H�E�E�L�Q�D�U�\ �U�H�V�R�O�X�W�L�R�Q�R�U�L�E �B�E�C�A�U�S�E �I�T �R�E�S�O�L�V�E�S �E�X�A�C�T�L�Y �T�W�O �L�I�T�E�R�A�L�S�� �4�H�EBINARY RESOLUTION

�B�I�N�A�R�Y �R�E�S�O�L�U�T�I�O�N �R�U�L�E �B�Y �I�T�S�E�L�F �D�O�E�S �N�O�T �Y�I�E�L�D �A �C�O�M�P�L�E�T�E �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E�� �4�H�E �F�U�L�L �R�E�S�O�

�L�U�T�I�O�N �R�U�L�E �R�E�S�O�L�V�E�S �S�U�B�S�E�T�S �O�F �L�I�T�E�R�A�L�S �I�N �E�A�C�H �C�L�A�U�S�E �T�H�A�T �A�R�E �U�N�I�l�A�B�L�E�� �!�N �A�L�T�E�R�N�A�T�I�V�E �A�P�P�R�O�A�C�H
�I�S �T�O �E�X�T�E�N�D�I�D�F�W�R�U�L�Q�J�ˆ�T�H�E �R�E�M�O�V�A�L �O�F �R�E�D�U�N�D�A�N�T �L�I�T�E�R�A�L�S�ˆ�T�O �T�H�E �l�R�S�T�
�O�R�D�E�R �C�A�S�E�� �0�R�O�P�O�S�I�

�T�I�O�N�A�L �F�A�C�T�O�R�I�N�G �R�E�D�U�C�E�S �T�W�O �L�I�T�E�R�A�L�S �T�O �O�N�E �I�F �T�H�E�Y �A�R�E�L�G�H�Q�W�L�F�D�O�� �l�R�S�T�
�O�R�D�E�R �F�A�C�T�O�R�I�N�G �R�E�D�U�C�E�S
�T�W�O �L�I�T�E�R�A�L�S �T�O �O�N�E �I�F �T�H�E�Y �A�R�E�X�Q�L�¿�D�E�O�H�� �4�H�E �U�N�I�l�E�R �M�U�S�T �B�E �A�P�P�L�I�E�D �T�O �T�H�E �E�N�T�I�R�E �C�L�A�U�S�E�� �4�H�E
�C�O�M�B�I�N�A�T�I�O�N �O�F �B�I�N�A�R�Y �R�E�S�O�L�U�T�I�O�N �A�N�D �F�A�C�T�O�R�I�N�G �I�S �C�O�M�P�L�E�T�E��

���������� �(�[�D�P�S�O�H �S�U�R�R�I�V

�2�E�S�O�L�U�T�I�O�N �P�R�O�V�E�S �T�H�A�TKB j= � �B�Y �P�R�O�V�I�N�GKB ^ : � �U�N�S�A�T�I�S�l�A�B�L�E�� �T�H�A�T �I�S�� �B�Y �D�E�R�I�V�I�N�G �T�H�E
�E�M�P�T�Y �C�L�A�U�S�E�� �4�H�E �A�L�G�O�R�I�T�H�M�I�C �A�P�P�R�O�A�C�H �I�S �I�D�E�N�T�I�C�A�L �T�O �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �C�A�S�E�� �D�E�S�C�R�I�B�E�D �I�N



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�¤�$�P�H�U�L�F�D�Q���[���������� �¤�:�H�D�S�R�Q���\���������� �¤�6�H�O�O�V���[���\���]�������� �¤�+�R�V�W�L�O�H���]�������� �&�U�L�P�L�Q�D�O���[���¤�&�U�L�P�L�Q�D�O���:�H�V�W��

�¤�(�Q�H�P�\���1�R�Q�R�� �$�P�H�U�L�F�D���(�Q�H�P�\���1�R�Q�R�� �$�P�H�U�L�F�D��

�¤�0�L�V�V�L�O�H���[�������� �:�H�D�S�R�Q���[���¤�:�H�D�S�R�Q���\�������� �¤�6�H�O�O�V���:�H�V�W���\���]�������� �¤�+�R�V�W�L�O�H���]��

�0�L�V�V�L�O�H���0���� �¤�0�L�V�V�L�O�H���\�������� �¤�6�H�O�O�V���:�H�V�W���\���]�������� �¤�+�R�V�W�L�O�H���]��

�¤�0�L�V�V�L�O�H���[�������� �¤�2�Z�Q�V���1�R�Q�R�� �[���������� �6�H�O�O�V���:�H�V�W�� �[�� �1�R�Q�R���¤�6�H�O�O�V���:�H�V�W���0���� �]�������� �¤�+�R�V�W�L�O�H���]��

�¤�$�P�H�U�L�F�D�Q���:�H�V�W�������� �¤�:�H�D�S�R�Q���\�������� �¤�6�H�O�O�V���:�H�V�W���\���]�������� �¤�+�R�V�W�L�O�H���]���$�P�H�U�L�F�D�Q���:�H�V�W��

�¤�0�L�V�V�L�O�H���0���������� �¤�2�Z�Q�V���1�R�Q�R���0���������� �¤�+�R�V�W�L�O�H���1�R�Q�R���0�L�V�V�L�O�H���0����

�¤�2�Z�Q�V���1�R�Q�R�� �0���������� �¤�+�R�V�W�L�O�H���1�R�Q�R���2�Z�Q�V���1�R�Q�R�� �0����

�¤�(�Q�H�P�\���[���$�P�H�U�L�F�D�������� �+�R�V�W�L�O�H���[���¤�+�R�V�W�L�O�H���1�R�Q�R��
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�)�L�J�X�U�H ���������! �R�E�S�O�L�U�T�I�O�N �P�R�O�O�F �T�H�A�T �7�E�S�T �I�S �A �C�R�I�M�I�N�A�L�� �!�T �E�A�C�H �S�T�E�P�� �T�H�E �L�I�T�E�R�A�L�S �T�H�A�T �U�N�I�F�Y
�A�R�E �I�N �B�O�L�D��

�&�I�G�U�R�E ���������� �S�O �W�E �N�E�E�D �N�O�T �R�E�P�E�A�T �I�T �H�E�R�E�� �)�N�S�T�E�A�D�� �W�E �G�I�V�E �T�W�O �E�X�A�M�P�L�E �P�R�O�O�F�S�� �4�H�E �l�R�S�T �I�S
�T�H�E �C�R�I�M�E �E�X�A�M�P�L�E �F�R�O�M �3�E�C�T�I�O�N �������� �4�H�E �S�E�N�T�E�N�C�E�S �I�N �#�.�& �A�R�E

: American (x) _ : Weapon(y) _ : Sells(x; y; z) _ : Hostile(z) _ Criminal (x)
: Missile(x) _ : Owns(Nono; x) _ Sells(West; x; Nono)
: Enemy(x; America ) _ Hostile(x)
: Missile(x) _ Weapon(x)
Owns(Nono; M 1) Missile(M 1)
American (West) Enemy(Nono; America ) :

�7�E �A�L�S�O �I�N�C�L�U�D�E �T�H�E �N�E�G�A�T�E�D �G�O�A�L: Criminal (West)�� �4�H�E �R�E�S�O�L�U�T�I�O�N �P�R�O�O�F �I�S �S�H�O�W�N �I�N �&�I�G�

�U�R�E ���������� �.�O�T�I�C�E �T�H�E �S�T�R�U�C�T�U�R�E�� �S�I�N�G�L�E �h�S�P�I�N�E�v �B�E�G�I�N�N�I�N�G �W�I�T�H �T�H�E �G�O�A�L �C�L�A�U�S�E�� �R�E�S�O�L�V�I�N�G �A�G�A�I�N�S�T
�C�L�A�U�S�E�S �F�R�O�M �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �U�N�T�I�L �T�H�E �E�M�P�T�Y �C�L�A�U�S�E �I�S �G�E�N�E�R�A�T�E�D�� �4�H�I�S �I�S �C�H�A�R�A�C�T�E�R�I�S�T�I�C
�O�F �R�E�S�O�L�U�T�I�O�N �O�N �(�O�R�N �C�L�A�U�S�E �K�N�O�W�L�E�D�G�E �B�A�S�E�S�� �)�N �F�A�C�T�� �T�H�E �C�L�A�U�S�E�S �A�L�O�N�G �T�H�E �M�A�I�N �S�P�I�N�E
�C�O�R�R�E�S�P�O�N�D�H�[�D�F�W�O�\�T�O �T�H�E �C�O�N�S�E�C�U�T�I�V�E �V�A�L�U�E�S �O�F �T�H�Egoals �V�A�R�I�A�B�L�E �I�N �T�H�E �B�A�C�K�W�A�R�D�
�C�H�A�I�N�I�N�G
�A�L�G�O�R�I�T�H�M �O�F �&�I�G�U�R�E �������� �4�H�I�S �I�S �B�E�C�A�U�S�E �W�E �A�L�W�A�Y�S �C�H�O�O�S�E �T�O �R�E�S�O�L�V�E �W�I�T�H �A �C�L�A�U�S�E �W�H�O�S�E
�P�O�S�I�T�I�V�E �L�I�T�E�R�A�L �U�N�I�l�E�D �W�I�T�H �T�H�E �L�E�F�T�M�O�S�T �L�I�T�E�R�A�L �O�F �T�H�E �h�C�U�R�R�E�N�T�v �C�L�A�U�S�E �O�N �T�H�E �S�P�I�N�E�� �T�H�I�S �I�S
�E�X�A�C�T�L�Y �W�H�A�T �H�A�P�P�E�N�S �I�N �B�A�C�K�W�A�R�D �C�H�A�I�N�I�N�G�� �4�H�U�S�� �B�A�C�K�W�A�R�D �C�H�A�I�N�I�N�G �I�S �J�U�S�T �A �S�P�E�C�I�A�L �C�A�S�E
�O�F �R�E�S�O�L�U�T�I�O�N �W�I�T�H �A �P�A�R�T�I�C�U�L�A�R �C�O�N�T�R�O�L �S�T�R�A�T�E�G�Y �T�O �D�E�C�I�D�E �W�H�I�C�H �R�E�S�O�L�U�T�I�O�N �T�O �P�E�R�F�O�R�M �N�E�X�T��

�/�U�R �S�E�C�O�N�D �E�X�A�M�P�L�E �M�A�K�E�S �U�S�E �O�F �3�K�O�L�E�M�I�Z�A�T�I�O�N �A�N�D �I�N�V�O�L�V�E�S �C�L�A�U�S�E�S �T�H�A�T �A�R�E �N�O�T �D�E�F�

�I�N�I�T�E �C�L�A�U�S�E�S�� �4�H�I�S �R�E�S�U�L�T�S �I�N �A �S�O�M�E�W�H�A�T �M�O�R�E �C�O�M�P�L�E�X �P�R�O�O�F �S�T�R�U�C�T�U�R�E�� �)�N �%�N�G�L�I�S�H�� �T�H�E
�P�R�O�B�L�E�M �I�S �A�S �F�O�L�L�O�W�S��

�%�V�E�R�Y�O�N�E �W�H�O �L�O�V�E�S �A�L�L �A�N�I�M�A�L�S �I�S �L�O�V�E�D �B�Y �S�O�M�E�O�N�E��
�!�N�Y�O�N�E �W�H�O �K�I�L�L�S �A�N �A�N�I�M�A�L �I�S �L�O�V�E�D �B�Y �N�O �O�N�E��
�*�A�C�K �L�O�V�E�S �A�L�L �A�N�I�M�A�L�S��
�%�I�T�H�E�R �*�A�C�K �O�R �#�U�R�I�O�S�I�T�Y �K�I�L�L�E�D �T�H�E �C�A�T�� �W�H�O �I�S �N�A�M�E�D �4�U�N�A��
�$�I�D �#�U�R�I�O�S�I�T�Y �K�I�L�L �T�H�E �C�A�T��



�3�E�C�T�I�O�N �������� �2�E�S�O�L�U�T�I�O�N ������

�&�I�R�S�T�� �W�E �E�X�P�R�E�S�S �T�H�E �O�R�I�G�I�N�A�L �S�E�N�T�E�N�C�E�S�� �S�O�M�E �B�A�C�K�G�R�O�U�N�D �K�N�O�W�L�E�D�G�E�� �A�N�D �T�H�E �N�E�G�A�T�E�D �G�O�A�L
�' �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��

�!�� 8 x [8 y Animal (y) ) Loves(x; y)] ) [9 y Loves(y; x)]

�"�� 8 x [9 z Animal (z) ^ Kills (x; z)] ) [8 y : Loves(y; x)]

�#�� 8 x Animal (x) ) Loves(Jack; x)

�$�� Kills (Jack; Tuna) _ Kills (Curiosity ; Tuna)

�%�� Cat(Tuna)

�&�� 8 x Cat(x) ) Animal (x)

: �'�� : Kills (Curiosity ; Tuna)

�.�O�W �W�E �A�P�P�L�Y �T�H�E �C�O�N�V�E�R�S�I�O�N �P�R�O�C�E�D�U�R�E �T�O �C�O�N�V�E�R�T �E�A�C�H �S�E�N�T�E�N�C�E �T�O �#�.�&��

�!���� Animal (F (x)) _ Loves(G(x) ; x)

�!���� : Loves(x; F (x)) _ Loves(G(x) ; x)

�"�� : Loves(y; x) _ : Animal (z) _ : Kills (x; z)

�#�� : Animal (x) _ Loves(Jack; x)

�$�� Kills (Jack; Tuna) _ Kills (Curiosity ; Tuna)

�%�� Cat(Tuna)

�&�� : Cat(x) _ Animal (x)

: �'�� : Kills (Curiosity ; Tuna)

�4�H�E �R�E�S�O�L�U�T�I�O�N �P�R�O�O�F �T�H�A�T �#�U�R�I�O�S�I�T�Y �K�I�L�L�E�D �T�H�E �C�A�T �I�S �G�I�V�E�N �I�N �&�I�G�U�R�E ���������� �)�N �%�N�G�L�I�S�H�� �T�H�E �P�R�O�O�F
�C�O�U�L�D �B�E �P�A�R�A�P�H�R�A�S�E�D �A�S �F�O�L�L�O�W�S��

�3�U�P�P�O�S�E �#�U�R�I�O�S�I�T�Y �D�I�D �N�O�T �K�I�L�L �4�U�N�A�� �7�E �K�N�O�W �T�H�A�T �E�I�T�H�E�R �*�A�C�K �O�R �#�U�R�I�O�S�I�T�Y �D�I�D�� �T�H�U�S
�*�A�C�K �M�U�S�T �H�A�V�E�� �.�O�W�� �4�U�N�A �I�S �A �C�A�T �A�N�D �C�A�T�S �A�R�E �A�N�I�M�A�L�S�� �S�O �4�U�N�A �I�S �A�N �A�N�I�M�A�L�� �"�E�C�A�U�S�E
�A�N�Y�O�N�E �W�H�O �K�I�L�L�S �A�N �A�N�I�M�A�L �I�S �L�O�V�E�D �B�Y �N�O �O�N�E�� �W�E �K�N�O�W �T�H�A�T �N�O �O�N�E �L�O�V�E�S �*�A�C�K�� �/�N �T�H�E
�O�T�H�E�R �H�A�N�D�� �*�A�C�K �L�O�V�E�S �A�L�L �A�N�I�M�A�L�S�� �S�O �S�O�M�E�O�N�E �L�O�V�E�S �H�I�M�� �S�O �W�E �H�A�V�E �A �C�O�N�T�R�A�D�I�C�T�I�O�N��
�4�H�E�R�E�F�O�R�E�� �#�U�R�I�O�S�I�T�Y �K�I�L�L�E�D �T�H�E �C�A�T��

�–�/�R�Y�H�V���\�����-�D�F�N�� �/�R�Y�H�V���*���-�D�F�N�������-�D�F�N��

�–�.�L�O�O�V���&�X�U�L�R�V�L�W�\�����7�X�Q�D���.�L�O�O�V���-�D�F�N�����7�X�Q�D�	������ �.�L�O�O�V���&�X�U�L�R�V�L�W�\�����7�X�Q�D���–�&�D�W���[�������� �$�Q�L�P�D�O���[�	�&�D�W���7�X�Q�D��

�–�$�Q�L�P�D�O���)���-�D�F�N���������� �/�R�Y�H�V���*���-�D�F�N�	�����-�D�F�N�	�$�Q�L�P�D�O���)���[���������� �/�R�Y�H�V���*���[�	�����[�	���–�/�R�Y�H�V���\�����[�	������ �–�.�L�O�O�V���[�����7�X�Q�D��

�.�L�O�O�V���-�D�F�N�����7�X�Q�D���–�/�R�Y�H�V���\�����[�	������ �–�$�Q�L�P�D�O���]�������� �–�.�L�O�O�V���[�����]�	�$�Q�L�P�D�O���7�X�Q�D�� �–�/�R�Y�H�V���[���)���[���������� �/�R�Y�H�V���*���[�	�����[�	�–�$�Q�L�P�D�O���[�	������ �/�R�Y�H�V���-�D�F�N�����[��

�>�>

�> �> �> �>

�>�>�>

�)�L�J�X�U�H ���������! �R�E�S�O�L�U�T�I�O�N �P�R�O�O�F �T�H�A�T �#�U�R�I�O�S�I�T�Y �K�I�L�L�E�D �T�H�E �C�A�T�� �.�O�T�I�C�E �T�H�E �U�S�E �O�F �F�A�C�T�O�R�I�N�G
�I�N �T�H�E �D�E�R�I�V�A�T�I�O�N �O�F �T�H�E �C�L�A�U�S�ELoves(G(Jack); Jack)�� �.�O�T�I�C�E �A�L�S�O �I�N �T�H�E �U�P�P�E�R �R�I�G�H�T�� �T�H�E
�U�N�I�l�C�A�T�I�O�N �O�FLoves(x; F (x)) �A�N�DLoves(Jack; x) �C�A�N �O�N�L�Y �S�U�C�C�E�E�D �A�F�T�E�R �T�H�E �V�A�R�I�A�B�L�E�S �H�A�V�E
�B�E�E�N �S�T�A�N�D�A�R�D�I�Z�E�D �A�P�A�R�T��



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�4�H�E �P�R�O�O�F �A�N�S�W�E�R�S �T�H�E �Q�U�E�S�T�I�O�N �h�$�I�D �#�U�R�I�O�S�I�T�Y �K�I�L�L �T�H�E �C�A�T���v �B�U�T �O�F�T�E�N �W�E �W�A�N�T �T�O �P�O�S�E �M�O�R�E
�G�E�N�E�R�A�L �Q�U�E�S�T�I�O�N�S�� �S�U�C�H �A�S �h�7�H�O �K�I�L�L�E�D �T�H�E �C�A�T���v �2�E�S�O�L�U�T�I�O�N �C�A�N �D�O �T�H�I�S�� �B�U�T �I�T �T�A�K�E�S �A �L�I�T�T�L�E
�M�O�R�E �W�O�R�K �T�O �O�B�T�A�I�N �T�H�E �A�N�S�W�E�R�� �4�H�E �G�O�A�L �I�S9 w Kills (w; Tuna )�� �W�H�I�C�H�� �W�H�E�N �N�E�G�A�T�E�D��
�B�E�C�O�M�E�S: Kills (w; Tuna ) �I�N �#�.�&�� �2�E�P�E�A�T�I�N�G �T�H�E �P�R�O�O�F �I�N �&�I�G�U�R�E �������� �W�I�T�H �T�H�E �N�E�W �N�E�G�A�T�E�D
�G�O�A�L�� �W�E �O�B�T�A�I�N �A �S�I�M�I�L�A�R �P�R�O�O�F �T�R�E�E�� �B�U�T �W�I�T�H �T�H�E �S�U�B�S�T�I�T�U�T�I�O�Nf w=Curiosity g �I�N �O�N�E �O�F �T�H�E
�S�T�E�P�S�� �3�O�� �I�N �T�H�I�S �C�A�S�E�� �l�N�D�I�N�G �O�U�T �W�H�O �K�I�L�L�E�D �T�H�E �C�A�T �I�S �J�U�S�T �A �M�A�T�T�E�R �O�F �K�E�E�P�I�N�G �T�R�A�C�K �O�F �T�H�E
�B�I�N�D�I�N�G�S �F�O�R �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E�S �I�N �T�H�E �P�R�O�O�F��

�5�N�F�O�R�T�U�N�A�T�E�L�Y�� �R�E�S�O�L�U�T�I�O�N �C�A�N �P�R�O�D�U�C�E�Q�R�Q�F�R�Q�V�W�U�X�F�W�L�Y�H �S�U�R�R�I�V�F�O�R �E�X�I�S�T�E�N�T�I�A�L �G�O�A�L�S��NONCONSTRUCTIVE
PROOF

�&�O�R �E�X�A�M�P�L�E��: Kills (w; Tuna ) �R�E�S�O�L�V�E�S �W�I�T�HKills (Jack; Tuna) _ Kills (Curiosity ; Tuna)
�T�O �G�I�V�EKills (Jack; Tuna)�� �W�H�I�C�H �R�E�S�O�L�V�E�S �A�G�A�I�N �W�I�T�H: Kills (w; Tuna ) �T�O �Y�I�E�L�D �T�H�E �E�M�P�T�Y
�C�L�A�U�S�E�� �.�O�T�I�C�E �T�H�A�Tw �H�A�S �T�W�O �D�I�F�F�E�R�E�N�T �B�I�N�D�I�N�G�S �I�N �T�H�I�S �P�R�O�O�F�� �R�E�S�O�L�U�T�I�O�N �I�S �T�E�L�L�I�N�G �U�S �T�H�A�T��
�Y�E�S�� �S�O�M�E�O�N�E �K�I�L�L�E�D �4�U�N�A�ˆ�E�I�T�H�E�R �*�A�C�K �O�R �#�U�R�I�O�S�I�T�Y�� �4�H�I�S �I�S �N�O �G�R�E�A�T �S�U�R�P�R�I�S�E�� �/�N�E �S�O�

�L�U�T�I�O�N �I�S �T�O �R�E�S�T�R�I�C�T �T�H�E �A�L�L�O�W�E�D �R�E�S�O�L�U�T�I�O�N �S�T�E�P�S �S�O �T�H�A�T �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E�S �C�A�N �B�E �B�O�U�N�D
�O�N�L�Y �O�N�C�E �I�N �A �G�I�V�E�N �P�R�O�O�F�� �T�H�E�N �W�E �N�E�E�D �T�O �B�E �A�B�L�E �T�O �B�A�C�K�T�R�A�C�K �O�V�E�R �T�H�E �P�O�S�S�I�B�L�E �B�I�N�D�

�I�N�G�S�� �!�N�O�T�H�E�R �S�O�L�U�T�I�O�N �I�S �T�O �A�D�D �A �S�P�E�C�I�A�L�D�Q�V�Z�H�U �O�L�W�H�U�D�O�T�O �T�H�E �N�E�G�A�T�E�D �G�O�A�L�� �W�H�I�C�H �B�E�
ANSWER LITERAL

�C�O�M�E�S: Kills (w; Tuna) _ Answer(w)�� �.�O�W�� �T�H�E �R�E�S�O�L�U�T�I�O�N �P�R�O�C�E�S�S �G�E�N�E�R�A�T�E�S �A�N �A�N�S�W�E�R
�W�H�E�N�E�V�E�R �A �C�L�A�U�S�E �I�S �G�E�N�E�R�A�T�E�D �C�O�N�T�A�I�N�I�N�G �J�U�S�T �A�V�L�Q�J�O�H�A�N�S�W�E�R �L�I�T�E�R�A�L�� �&�O�R �T�H�E �P�R�O�O�F �I�N �&�I�G�

�U�R�E ���������� �T�H�I�S �I�SAnswer(Curiosity )�� �4�H�E �N�O�N�C�O�N�S�T�R�U�C�T�I�V�E �P�R�O�O�F �W�O�U�L�D �G�E�N�E�R�A�T�E �T�H�E �C�L�A�U�S�E
Answer(Curiosity ) _ Answer(Jack)�� �W�H�I�C�H �D�O�E�S �N�O�T �C�O�N�S�T�I�T�U�T�E �A�N �A�N�S�W�E�R��

���������� �&�R�P�S�O�H�W�H�Q�H�V�V �R�I �U�H�V�R�O�X�W�L�R�Q

�4�H�I�S �S�E�C�T�I�O�N �G�I�V�E�S �A �C�O�M�P�L�E�T�E�N�E�S�S �P�R�O�O�F �O�F �R�E�S�O�L�U�T�I�O�N�� �)�T �C�A�N �B�E �S�A�F�E�L�Y �S�K�I�P�P�E�D �B�Y �T�H�O�S�E �W�H�O
�A�R�E �W�I�L�L�I�N�G �T�O �T�A�K�E �I�T �O�N �F�A�I�T�H��

�7�E �S�H�O�W �T�H�A�T �R�E�S�O�L�U�T�I�O�N �I�S�U�H�I�X�W�D�W�L�R�Q���F�R�P�S�O�H�W�H�� �W�H�I�C�H �M�E�A�N�S �T�H�A�T�L�I�A �S�E�T �O�F �S�E�N�T�E�N�C�E�SREFUTATION
COMPLETENESS

�I�S �U�N�S�A�T�I�S�l�A�B�L�E�� �T�H�E�N �R�E�S�O�L�U�T�I�O�N �W�I�L�L �A�L�W�A�Y�S �B�E �A�B�L�E �T�O �D�E�R�I�V�E �A �C�O�N�T�R�A�D�I�C�T�I�O�N�� �2�E�S�O�L�U�T�I�O�N
�C�A�N�N�O�T �B�E �U�S�E�D �T�O �G�E�N�E�R�A�T�E �A�L�L �L�O�G�I�C�A�L �C�O�N�S�E�Q�U�E�N�C�E�S �O�F �A �S�E�T �O�F �S�E�N�T�E�N�C�E�S�� �B�U�T �I�T �C�A�N �B�E �U�S�E�D
�T�O �E�S�T�A�B�L�I�S�H �T�H�A�T �A �G�I�V�E�N �S�E�N�T�E�N�C�E �I�S �E�N�T�A�I�L�E�D �B�Y �T�H�E �S�E�T �O�F �S�E�N�T�E�N�C�E�S�� �(�E�N�C�E�� �I�T �C�A�N �B�E �U�S�E�D �T�O
�l�N�D �A�L�L �A�N�S�W�E�R�S �T�O �A �G�I�V�E�N �Q�U�E�S�T�I�O�N��Q(x) �� �B�Y �P�R�O�V�I�N�G �T�H�A�TKB ^ : Q(x) �I�S �U�N�S�A�T�I�S�l�A�B�L�E��

�7�E �T�A�K�E �I�T �A�S �G�I�V�E�N �T�H�A�T �A�N�Y �S�E�N�T�E�N�C�E �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C ���W�I�T�H�O�U�T �E�Q�U�A�L�I�T�Y�	 �C�A�N �B�E �R�E�W�R�I�T�

�T�E�N �A�S �A �S�E�T �O�F �C�L�A�U�S�E�S �I�N �#�.�&�� �4�H�I�S �C�A�N �B�E �P�R�O�V�E�D �B�Y �I�N�D�U�C�T�I�O�N �O�N �T�H�E �F�O�R�M �O�F �T�H�E �S�E�N�T�E�N�C�E��
�U�S�I�N�G �A�T�O�M�I�C �S�E�N�T�E�N�C�E�S �A�S �T�H�E �B�A�S�E �C�A�S�E ���$�A�V�I�S �A�N�D �0�U�T�N�A�M�� ���������	�� �/�U�R �G�O�A�L �T�H�E�R�E�F�O�R�E �I�S �T�O
�P�R�O�V�E �T�H�E �F�O�L�L�O�W�I�N�G���L�IS �L�V �D�Q �X�Q�V�D�W�L�V�¿�D�E�O�H �V�H�W �R�I �F�O�D�X�V�H�V�� �W�K�H�Q �W�K�H �D�S�S�O�L�F�D�W�L�R�Q �R�I �D �¿�Q�L�W�H
�Q�X�P�E�H�U �R�I �U�H�V�R�O�X�W�L�R�Q �V�W�H�S�V �W�RS �Z�L�O�O �\�L�H�O�G �D �F�R�Q�W�U�D�G�L�F�W�L�R�Q��

�/�U�R �P�R�O�O�F �S�K�E�T�C�H �F�O�L�L�O�W�S �2�O�B�I�N�S�O�N���S �O�R�I�G�I�N�A�L �P�R�O�O�F �W�I�T�H �S�O�M�E �S�I�M�P�L�I�l�C�A�T�I�O�N�S �F�R�O�M
�'�E�N�E�S�E�R�E�T�H �A�N�D �.�I�L�S�S�O�N �����������	�� �4�H�E �B�A�S�I�C �S�T�R�U�C�T�U�R�E �O�F �T�H�E �P�R�O�O�F ���&�I�G�U�R�E ���������	 �I�S �A�S �F�O�L�L�O�W�S��
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� �+�H�U�E�U�D�Q�G �X�Q�L�Y�H�U�V�H�� �)�FS �I�S �A �S�E�T �O�F �C�L�A�U�S�E�S�� �T�H�E�NHS�� �T�H�E �(�E�R�B�R�A�N�D �U�N�I�V�E�R�S�E �O�FS�� �I�SHERBRAND
UNIVERSE

�T�H�E �S�E�T �O�F �A�L�L �G�R�O�U�N�D �T�E�R�M�S �C�O�N�S�T�R�U�C�T�A�B�L�E �F�R�O�M �T�H�E �F�O�L�L�O�W�I�N�G��

�A�� �4�H�E �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S �I�NS�� �I�F �A�N�Y��
�B�� �4�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �I�NS�� �I�F �A�N�Y�� �I�F �N�O�N�E�� �T�H�E�N �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�LA��

�&�O�R �E�X�A�M�P�L�E�� �I�FS �C�O�N�T�A�I�N�S �J�U�S�T �T�H�E �C�L�A�U�S�E: P(x; F (x; A )) _ : Q(x; A ) _ R(x; B )�� �T�H�E�N
HS �I�S �T�H�E �F�O�L�L�O�W�I�N�G �I�N�l�N�I�T�E �S�E�T �O�F �G�R�O�U�N�D �T�E�R�M�S��

f A; B; F (A; A ); F (A; B ); F (B; A ); F (B; B ); F (A; F (A; A )) ; : : :g :

� �6�D�W�X�U�D�W�L�R�Q�� �)�FS �I�S �A �S�E�T �O�F �C�L�A�U�S�E�S �A�N�DP �I�S �A �S�E�T �O�F �G�R�O�U�N�D �T�E�R�M�S�� �T�H�E�NP(S)�� �T�H�ESATURATION

�S�A�T�U�R�A�T�I�O�N �O�FS �W�I�T�H �R�E�S�P�E�C�T �T�OP�� �I�S �T�H�E �S�E�T �O�F �A�L�L �G�R�O�U�N�D �C�L�A�U�S�E�S �O�B�T�A�I�N�E�D �B�Y �A�P�P�L�Y�I�N�G
�A�L�L �P�O�S�S�I�B�L�E �C�O�N�S�I�S�T�E�N�T �S�U�B�S�T�I�T�U�T�I�O�N�S �O�F �G�R�O�U�N�D �T�E�R�M�S �I�NP �W�I�T�H �V�A�R�I�A�B�L�E�S �I�NS��

� �+�H�U�E�U�D�Q�G �E�D�V�H�� �4�H�E �S�A�T�U�R�A�T�I�O�N �O�F �A �S�E�TS �O�F �C�L�A�U�S�E�S �W�I�T�H �R�E�S�P�E�C�T �T�O �I�T�S �(�E�R�B�R�A�N�D �U�N�I�
HERBRAND BASE

�V�E�R�S�E �I�S �C�A�L�L�E�D �T�H�E �(�E�R�B�R�A�N�D �B�A�S�E �O�FS�� �W�R�I�T�T�E�N �A�SHS(S)�� �&�O�R �E�X�A�M�P�L�E�� �I�FS �C�O�N�T�A�I�N�S
�S�O�L�E�L�Y �T�H�E �C�L�A�U�S�E �J�U�S�T �G�I�V�E�N�� �T�H�E�NHS(S) �I�S �T�H�E �I�N�l�N�I�T�E �S�E�T �O�F �C�L�A�U�S�E�S

f: P(A; F (A; A )) _ : Q(A; A ) _ R(A; B );
: P(B; F (B; A )) _ : Q(B; A ) _ R(B; B );
: P(F (A; A ); F (F (A; A ); A)) _ : Q(F (A; A ); A) _ R(F (A; A ); B );
: P(F (A; B ); F (F (A; B ); A)) _ : Q(F (A; B ); A) _ R(F (A; B ); B ); : : : g

�4�H�E�S�E �D�E�l�N�I�T�I�O�N�S �A�L�L�O�W �U�S �T�O �S�T�A�T�E �A �F�O�R�M �O�F�+�H�U�E�U�D�Q�G�¶�V �W�K�H�R�U�H�P���(�E�R�B�R�A�N�D�� ���������	��HERBRAND'S
THEOREM

�)�F �A �S�E�TS �O�F �C�L�A�U�S�E�S �I�S �U�N�S�A�T�I�S�l�A�B�L�E�� �T�H�E�N �T�H�E�R�E �E�X�I�S�T�S �A �l�N�I�T�E �S�U�B�S�E�T �O�FHS(S) �T�H�A�T
�I�S �A�L�S�O �U�N�S�A�T�I�S�l�A�B�L�E��

�,�E�TS0 �B�E �T�H�I�S �l�N�I�T�E �S�U�B�S�E�T �O�F �G�R�O�U�N�D �S�E�N�T�E�N�C�E�S�� �.�O�W�� �W�E �C�A�N �A�P�P�E�A�L �T�O �T�H�E �G�R�O�U�N�D �R�E�S�O�L�U�T�I�O�N
�T�H�E�O�R�E�M ���P�A�G�E �������	 �T�O �S�H�O�W �T�H�A�T �T�H�E�U�H�V�R�O�X�W�L�R�Q �F�O�R�V�X�U�HRC (S0) �C�O�N�T�A�I�N�S �T�H�E �E�M�P�T�Y �C�L�A�U�S�E��
�4�H�A�T �I�S�� �R�U�N�N�I�N�G �P�R�O�P�O�S�I�T�I�O�N�A�L �R�E�S�O�L�U�T�I�O�N �T�O �C�O�M�P�L�E�T�I�O�N �O�NS0 �W�I�L�L �D�E�R�I�V�E �A �C�O�N�T�R�A�D�I�C�T�I�O�N��

�.�O�W �T�H�A�T �W�E �H�A�V�E �E�S�T�A�B�L�I�S�H�E�D �T�H�A�T �T�H�E�R�E �I�S �A�L�W�A�Y�S �A �R�E�S�O�L�U�T�I�O�N �P�R�O�O�F �I�N�V�O�L�V�I�N�G �S�O�M�E
�l�N�I�T�E �S�U�B�S�E�T �O�F �T�H�E �(�E�R�B�R�A�N�D �B�A�S�E �O�FS�� �T�H�E �N�E�X�T �S�T�E�P �I�S �T�O �S�H�O�W �T�H�A�T �T�H�E�R�E �I�S �A �R�E�S�O�L�U�T�I�O�N
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�"�Y �S�L�I�G�H�T�L�Y �E�X�T�E�N�D�I�N�G �T�H�E �L�A�N�G�U�A�G�E �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �T�O �A�L�L�O�W �F�O�R �T�H�E�P�D�W�K�H�P�D�W��
�L�F�D�O �L�Q�G�X�F�W�L�R�Q �V�F�K�H�P�D�I�N �A�R�I�T�H�M�E�T�I�C�� �+�U�R�T �' �‚�O�D�E�L �W�A�S �A�B�L�E �T�O �S�H�O�W�� �I�N �H�I�S�L�Q�F�R�P��
�S�O�H�W�H�Q�H�V�V �W�K�H�R�U�H�P�� �T�H�A�T �T�H�E�R�E �A�R�E �T�R�U�E �A�R�I�T�H�M�E�T�I�C �S�E�N�T�E�N�C�E�S �T�H�A�T �C�A�N�N�O�T �B�E �P�R�O�V�E�D��

�4�H�E �P�R�O�O�F �O�F �T�H�E �I�N�C�O�M�P�L�E�T�E�N�E�S�S �T�H�E�O�R�E�M �I�S �S�O�M�E�W�H�A�T �B�E�Y�O�N�D �T�H�E �S�C�O�P�E �O�F
�T�H�I�S �B�O�O�K�� �O�C�C�U�P�Y�I�N�G�� �A�S �I�T �D�O�E�S�� �A�T �L�E�A�S�T ���� �P�A�G�E�S�� �B�U�T �W�E �C�A�N �G�I�V�E �A �H�I�N�T �H�E�R�E�� �7�E
�B�E�G�I�N �W�I�T�H �T�H�E �L�O�G�I�C�A�L �T�H�E�O�R�Y �O�F �N�U�M�B�E�R�S�� �)�N �T�H�I�S �T�H�E�O�R�Y�� �T�H�E�R�E �I�S �A �S�I�N�G�L�E �C�O�N�S�T�A�N�T��
���� �A�N�D �A �S�I�N�G�L�E �F�U�N�C�T�I�O�N��S ���T�H�E �S�U�C�C�E�S�S�O�R �F�U�N�C�T�I�O�N�	�� �)�N �T�H�E �I�N�T�E�N�D�E�D �M�O�D�E�L��S(0)
�D�E�N�O�T�E�S ����S(S(0)) �D�E�N�O�T�E�S ���� �A�N�D �S�O �O�N�� �T�H�E �L�A�N�G�U�A�G�E �T�H�E�R�E�F�O�R�E �H�A�S �N�A�M�E�S �F�O�R �A�L�L
�T�H�E �N�A�T�U�R�A�L �N�U�M�B�E�R�S�� �4�H�E �V�O�C�A�B�U�L�A�R�Y �A�L�S�O �I�N�C�L�U�D�E�S �T�H�E �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S+ ��� �� �A�N�D
Expt ���E�X�P�O�N�E�N�T�I�A�T�I�O�N�	 �A�N�D �T�H�E �U�S�U�A�L �S�E�T �O�F �L�O�G�I�C�A�L �C�O�N�N�E�C�T�I�V�E�S �A�N�D �Q�U�A�N�T�I�l�E�R�S�� �4�H�E
�l�R�S�T �S�T�E�P �I�S �T�O �N�O�T�I�C�E �T�H�A�T �T�H�E �S�E�T �O�F �S�E�N�T�E�N�C�E�S �T�H�A�T �W�E �C�A�N �W�R�I�T�E �I�N �T�H�I�S �L�A�N�G�U�A�G�E �C�A�N
�B�E �E�N�U�M�E�R�A�T�E�D�� ���)�M�A�G�I�N�E �D�E�l�N�I�N�G �A�N �A�L�P�H�A�B�E�T�I�C�A�L �O�R�D�E�R �O�N �T�H�E �S�Y�M�B�O�L�S �A�N�D �T�H�E�N
�A�R�R�A�N�G�I�N�G�� �I�N �A�L�P�H�A�B�E�T�I�C�A�L �O�R�D�E�R�� �E�A�C�H �O�F �T�H�E �S�E�T�S �O�F �S�E�N�T�E�N�C�E�S �O�F �L�E�N�G�T�H ���� ���� �A�N�D
�S�O �O�N���	 �7�E �C�A�N �T�H�E�N �N�U�M�B�E�R �E�A�C�H �S�E�N�T�E�N�C�E� �W�I�T�H �A �U�N�I�Q�U�E �N�A�T�U�R�A�L �N�U�M�B�E�R# �
���T�H�E�* �Ž�R�G�H�O �Q�X�P�E�H�U�	�� �4�H�I�S �I�S �C�R�U�C�I�A�L�� �N�U�M�B�E�R �T�H�E�O�R�Y �C�O�N�T�A�I�N�S �A �N�A�M�E �F�O�R �E�A�C�H �O�F
�I�T�S �O�W�N �S�E�N�T�E�N�C�E�S�� �3�I�M�I�L�A�R�L�Y�� �W�E �C�A�N �N�U�M�B�E�R �E�A�C�H �P�O�S�S�I�B�L�E �P�R�O�O�FP �W�I�T�H �A �' �‚�O�D�E�L
�N�U�M�B�E�RG(P)�� �B�E�C�A�U�S�E �A �P�R�O�O�F �I�S �S�I�M�P�L�Y �A �l�N�I�T�E �S�E�Q�U�E�N�C�E �O�F �S�E�N�T�E�N�C�E�S��

�.�O�W �S�U�P�P�O�S�E �W�E �H�A�V�E �A �R�E�C�U�R�S�I�V�E�L�Y �E�N�U�M�E�R�A�B�L�E �S�E�TA �O�F �S�E�N�T�E�N�C�E�S �T�H�A�T �A�R�E
�T�R�U�E �S�T�A�T�E�M�E�N�T�S �A�B�O�U�T �T�H�E �N�A�T�U�R�A�L �N�U�M�B�E�R�S�� �2�E�C�A�L�L�I�N�G �T�H�A�TA �C�A�N �B�E �N�A�M�E�D �B�Y �A
�G�I�V�E�N �S�E�T �O�F �I�N�T�E�G�E�R�S�� �W�E �C�A�N �I�M�A�G�I�N�E �W�R�I�T�I�N�G �I�N �O�U�R �L�A�N�G�U�A�G�E �A �S�E�N�T�E�N�C�E� (j; A ) �O�F
�T�H�E �F�O�L�L�O�W�I�N�G �S�O�R�T��

8 i i �I�S �N�O�T �T�H�E �' �‚�O�D�E�L �N�U�M�B�E�R �O�F �A �P�R�O�O�F �O�F �T�H�E �S�E�N�T�E�N�C�E �W�H�O�S�E �' �‚�O�D�E�L
�N�U�M�B�E�R �I�Sj �� �W�H�E�R�E �T�H�E �P�R�O�O�F �U�S�E�S �O�N�L�Y �P�R�E�M�I�S�E�S �I�NA��

�4�H�E�N �L�E�T� �B�E �T�H�E �S�E�N�T�E�N�C�E� (# �; A )�� �T�H�A�T �I�S�� �A �S�E�N�T�E�N�C�E �T�H�A�T �S�T�A�T�E�S �I�T�S �O�W�N �U�N�P�R�O�V�

�A�B�I�L�I�T�Y �F�R�O�MA�� ���4�H�A�T �T�H�I�S �S�E�N�T�E�N�C�E �A�L�W�A�Y�S �E�X�I�S�T�S �I�S �T�R�U�E �B�U�T �N�O�T �E�N�T�I�R�E�L�Y �O�B�V�I�O�U�S���	

�.�O�W �W�E �M�A�K�E �T�H�E �F�O�L�L�O�W�I�N�G �I�N�G�E�N�I�O�U�S �A�R�G�U�M�E�N�T�� �3�U�P�P�O�S�E �T�H�A�T� �L�V�P�R�O�V�A�B�L�E
�F�R�O�MA�� �T�H�E�N� �I�S �F�A�L�S�E ���B�E�C�A�U�S�E� �S�A�Y�S �I�T �C�A�N�N�O�T �B�E �P�R�O�V�E�D�	�� �"�U�T �T�H�E�N �W�E �H�A�V�E �A
�F�A�L�S�E �S�E�N�T�E�N�C�E �T�H�A�T �I�S �P�R�O�V�A�B�L�E �F�R�O�MA�� �S�OA �C�A�N�N�O�T �C�O�N�S�I�S�T �O�F �O�N�L�Y �T�R�U�E �S�E�N�T�E�N�C�E�S�ˆ
�A �V�I�O�L�A�T�I�O�N �O�F �O�U�R �P�R�E�M�I�S�E�� �4�H�E�R�E�F�O�R�E��� �I�S�Q�R�W�P�R�O�V�A�B�L�E �F�R�O�MA�� �"�U�T �T�H�I�S �I�S �E�X�A�C�T�L�Y
�W�H�A�T� �I�T�S�E�L�F �C�L�A�I�M�S�� �H�E�N�C�E� �I�S �A �T�R�U�E �S�E�N�T�E�N�C�E��

�3�O�� �W�E �H�A�V�E �S�H�O�W�N ���B�A�R�R�I�N�G291
2 �P�A�G�E�S�	 �T�H�A�T �F�O�R �A�N�Y �S�E�T �O�F �T�R�U�E �S�E�N�T�E�N�C�E�S �O�F

�N�U�M�B�E�R �T�H�E�O�R�Y�� �A�N�D �I�N �P�A�R�T�I�C�U�L�A�R �A�N�Y �S�E�T �O�F �B�A�S�I�C �A�X�I�O�M�S�� �T�H�E�R�E �A�R�E �O�T�H�E�R �T�R�U�E �S�E�N�

�T�E�N�C�E�S �T�H�A�T�F�D�Q�Q�R�W�B�E �P�R�O�V�E�D �F�R�O�M �T�H�O�S�E �A�X�I�O�M�S�� �4�H�I�S �E�S�T�A�B�L�I�S�H�E�S�� �A�M�O�N�G �O�T�H�E�R
�T�H�I�N�G�S�� �T�H�A�T �W�E �C�A�N �N�E�V�E�R �P�R�O�V�E �A�L�L �T�H�E �T�H�E�O�R�E�M�S �O�F �M�A�T�H�E�M�A�T�I�C�S�Z�L�W�K�L�Q �D�Q�\ �J�L�Y�H�Q
�V�\�V�W�H�P �R�I �D�[�L�R�P�V�� �#�L�E�A�R�L�Y�� �T�H�I�S �W�A�S �A�N �I�M�P�O�R�T�A�N�T �D�I�S�C�O�V�E�R�Y �F�O�R �M�A�T�H�E�M�A�T�I�C�S�� �)�T�S
�S�I�G�N�I�l�C�A�N�C�E �F�O�R �!�) �H�A�S �B�E�E�N �W�I�D�E�L�Y �D�E�B�A�T�E�D�� �B�E�G�I�N�N�I�N�G �W�I�T�H �S�P�E�C�U�L�A�T�I�O�N�S �B�Y �' �‚�O�D�E�L
�H�I�M�S�E�L�F�� �7�E �T�A�K�E �U�P �T�H�E �D�E�B�A�T�E �I�N �#�H�A�P�T�E�R ������



�3�E�C�T�I�O�N �������� �2�E�S�O�L�U�T�I�O�N ������

�P�R�O�O�F �U�S�I�N�G �T�H�E �C�L�A�U�S�E�S �O�FS �I�T�S�E�L�F�� �W�H�I�C�H �A�R�E �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �G�R�O�U�N�D �C�L�A�U�S�E�S�� �7�E �S�T�A�R�T �B�Y
�C�O�N�S�I�D�E�R�I�N�G �A �S�I�N�G�L�E �A�P�P�L�I�C�A�T�I�O�N �O�F �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E�� �2�O�B�I�N�S�O�N �S�T�A�T�E�D �T�H�I�S �L�E�M�M�A��

�,�E�TC1 �A�N�DC2 �B�E �T�W�O �C�L�A�U�S�E�S �W�I�T�H �N�O �S�H�A�R�E�D �V�A�R�I�A�B�L�E�S�� �A�N�D �L�E�TC0
1 �A�N�DC0

2 �B�E
�G�R�O�U�N�D �I�N�S�T�A�N�C�E�S �O�FC1 �A�N�DC2�� �)�FC0�I�S �A �R�E�S�O�L�V�E�N�T �O�FC0

1 �A�N�DC0
2�� �T�H�E�N �T�H�E�R�E �E�X�I�S�T�S

�A �C�L�A�U�S�EC �S�U�C�H �T�H�A�T �����	C �I�S �A �R�E�S�O�L�V�E�N�T �O�FC1 �A�N�DC2 �A�N�D �����	C0 �I�S �A �G�R�O�U�N�D
�I�N�S�T�A�N�C�E �O�FC��

�4�H�I�S �I�S �C�A�L�L�E�D �A�O�L�I�W�L�Q�J �O�H�P�P�D�� �B�E�C�A�U�S�E �I�T �L�I�F�T�S �A �P�R�O�O�F �S�T�E�P �F�R�O�M �G�R�O�U�N�D �C�L�A�U�S�E�S �U�P �T�O �G�E�N�E�R�A�LLIFTING LEMMA

�l�R�S�T�
�O�R�D�E�R �C�L�A�U�S�E�S�� �)�N �O�R�D�E�R �T�O �P�R�O�V�E �H�I�S �B�A�S�I�C �L�I�F�T�I�N�G �L�E�M�M�A�� �2�O�B�I�N�S�O�N �H�A�D �T�O �I�N�V�E�N�T �U�N�I�l�

�C�A�T�I�O�N �A�N�D �D�E�R�I�V�E �A�L�L �O�F �T�H�E �P�R�O�P�E�R�T�I�E�S �O�F �M�O�S�T �G�E�N�E�R�A�L �U�N�I�l�E�R�S�� �2�A�T�H�E�R �T�H�A�N �R�E�P�E�A�T �T�H�E �P�R�O�O�F
�H�E�R�E�� �W�E �S�I�M�P�L�Y �I�L�L�U�S�T�R�A�T�E �T�H�E �L�E�M�M�A��

C1 = : P(x; F (x; A )) _ : Q(x; A ) _ R(x; B )

C2 = : N (G(y); z) _ P(H (y); z)

C0
1 = : P(H (B ); F (H (B ); A)) _ : Q(H (B ); A) _ R(H (B ); B )

C0
2 = : N (G(B ); F (H (B ); A)) _ P(H (B ); F (H (B ); A))

C0 = : N (G(B ); F (H (B ); A)) _ : Q(H (B ); A) _ R(H (B ); B )

C = : N (G(y); F (H (y); A)) _ : Q(H (y); A) _ R(H (y); B ) :

�7�E �S�E�E �T�H�A�T �I�N�D�E�E�DC0 �I�S �A �G�R�O�U�N�D �I�N�S�T�A�N�C�E �O�FC�� �)�N �G�E�N�E�R�A�L�� �F�O�RC0
1 �A�N�DC0

2 �T�O �H�A�V�E �A�N�Y
�R�E�S�O�L�V�E�N�T�S�� �T�H�E�Y �M�U�S�T �B�E �C�O�N�S�T�R�U�C�T�E�D �B�Y �l�R�S�T �A�P�P�L�Y�I�N�G �T�OC1 �A�N�DC2 �T�H�E �M�O�S�T �G�E�N�E�R�A�L �U�N�I�l�E�R
�O�F �A �P�A�I�R �O�F �C�O�M�P�L�E�M�E�N�T�A�R�Y �L�I�T�E�R�A�L�S �I�NC1 �A�N�DC2�� �&�R�O�M �T�H�E �L�I�F�T�I�N�G �L�E�M�M�A�� �I�T �I�S �E�A�S�Y �T�O �D�E�R�I�V�E
�A �S�I�M�I�L�A�R �S�T�A�T�E�M�E�N�T �A�B�O�U�T �A�N�Y �S�E�Q�U�E�N�C�E �O�F �A�P�P�L�I�C�A�T�I�O�N�S �O�F �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E��

�&�O�R �A�N�Y �C�L�A�U�S�EC0 �I�N �T�H�E �R�E�S�O�L�U�T�I�O�N �C�L�O�S�U�R�E �O�FS0 �T�H�E�R�E �I�S �A �C�L�A�U�S�EC �I�N �T�H�E �R�E�S�O�L�U�

�T�I�O�N �C�L�O�S�U�R�E �O�FS �S�U�C�H �T�H�A�TC0 �I�S �A �G�R�O�U�N�D �I�N�S�T�A�N�C�E �O�FC �A�N�D �T�H�E �D�E�R�I�V�A�T�I�O�N �O�FC �I�S
�T�H�E �S�A�M�E �L�E�N�G�T�H �A�S �T�H�E �D�E�R�I�V�A�T�I�O�N �O�FC0��

�&�R�O�M �T�H�I�S �F�A�C�T�� �I�T �F�O�L�L�O�W�S �T�H�A�T �I�F �T�H�E �E�M�P�T�Y �C�L�A�U�S�E �A�P�P�E�A�R�S �I�N �T�H�E �R�E�S�O�L�U�T�I�O�N �C�L�O�S�U�R�E �O�FS0�� �I�T
�M�U�S�T �A�L�S�O �A�P�P�E�A�R �I�N �T�H�E �R�E�S�O�L�U�T�I�O�N �C�L�O�S�U�R�E �O�FS�� �4�H�I�S �I�S �B�E�C�A�U�S�E �T�H�E �E�M�P�T�Y �C�L�A�U�S�E �C�A�N�N�O�T �B�E �A
�G�R�O�U�N�D �I�N�S�T�A�N�C�E �O�F �A�N�Y �O�T�H�E�R �C�L�A�U�S�E�� �4�O �R�E�C�A�P�� �W�E �H�A�V�E �S�H�O�W�N �T�H�A�T �I�FS �I�S �U�N�S�A�T�I�S�l�A�B�L�E�� �T�H�E�N
�T�H�E�R�E �I�S �A �l�N�I�T�E �D�E�R�I�V�A�T�I�O�N �O�F �T�H�E �E�M�P�T�Y �C�L�A�U�S�E �U�S�I�N�G �T�H�E �R�E�S�O�L�U�T�I�O�N �R�U�L�E��

�4�H�E �L�I�F�T�I�N�G �O�F �T�H�E�O�R�E�M �P�R�O�V�I�N�G �F�R�O�M �G�R�O�U�N�D �C�L�A�U�S�E�S �T�O �l�R�S�T�
�O�R�D�E�R �C�L�A�U�S�E�S �P�R�O�V�I�D�E�S �A �V�A�S�T
�I�N�C�R�E�A�S�E �I�N �P�O�W�E�R�� �4�H�I�S �I�N�C�R�E�A�S�E �C�O�M�E�S �F�R�O�M �T�H�E �F�A�C�T �T�H�A�T �T�H�E �l�R�S�T�
�O�R�D�E�R �P�R�O�O�F �N�E�E�D �I�N�S�T�A�N�T�I�A�T�E
�V�A�R�I�A�B�L�E�S �O�N�L�Y �A�S �F�A�R �A�S �N�E�C�E�S�S�A�R�Y �F�O�R �T�H�E �P�R�O�O�F�� �W�H�E�R�E�A�S �T�H�E �G�R�O�U�N�D�
�C�L�A�U�S�E �M�E�T�H�O�D�S �W�E�R�E
�R�E�Q�U�I�R�E�D �T�O �E�X�A�M�I�N�E �A �H�U�G�E �N�U�M�B�E�R �O�F �A�R�B�I�T�R�A�R�Y �I�N�S�T�A�N�T�I�A�T�I�O�N�S��

���������� �(�T�X�D�O�L�W�\

�.�O�N�E �O�F �T�H�E �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�S �D�E�S�C�R�I�B�E�D �S�O �F�A�R �I�N �T�H�I�S �C�H�A�P�T�E�R �H�A�N�D�L�E �A�N �A�S�S�E�R�T�I�O�N �O�F �T�H�E �F�O�R�M
x = y�� �4�H�R�E�E �D�I�S�T�I�N�C�T �A�P�P�R�O�A�C�H�E�S �C�A�N �B�E �T�A�K�E�N�� �4�H�E �l�R�S�T �A�P�P�R�O�A�C�H �I�S �T�O �A�X�I�O�M�A�T�I�Z�E �E�Q�U�A�L�I�T�Y�ˆ
�T�O �W�R�I�T�E �D�O�W�N �S�E�N�T�E�N�C�E�S �A�B�O�U�T �T�H�E �E�Q�U�A�L�I�T�Y �R�E�L�A�T�I�O�N �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �7�E �N�E�E�D �T�O �S�A�Y �T�H�A�T
�E�Q�U�A�L�I�T�Y �I�S �R�E�m�E�X�I�V�E�� �S�Y�M�M�E�T�R�I�C�� �A�N�D �T�R�A�N�S�I�T�I�V�E�� �A�N�D �W�E �A�L�S�O �H�A�V�E �T�O �S�A�Y �T�H�A�T �W�E �C�A�N �S�U�B�S�T�I�T�U�T�E
�E�Q�U�A�L�S �F�O�R �E�Q�U�A�L�S �I�N �A�N�Y �P�R�E�D�I�C�A�T�E �O�R �F�U�N�C�T�I�O�N�� �3�O �W�E �N�E�E�D �T�H�R�E�E �B�A�S�I�C �A�X�I�O�M�S�� �A�N�D �T�H�E�N �O�N�E



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�F�O�R �E�A�C�H �P�R�E�D�I�C�A�T�E �A�N�D �F�U�N�C�T�I�O�N��

8 x x = x
8 x; y x = y ) y = x
8 x; y; z x = y ^ y = z ) x = z

8 x; y x = y ) (P1(x) , P1(y))
8 x; y x = y ) (P2(x) , P2(y))

������
8 w; x; y; z w = y ^ x = z ) (F1(w; x) = F1(y; z))
8 w; x; y; z w = y ^ x = z ) (F2(w; x) = F2(y; z))

������

�'�I�V�E�N �T�H�E�S�E �S�E�N�T�E�N�C�E�S�� �A �S�T�A�N�D�A�R�D �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E �S�U�C�H �A�S �R�E�S�O�L�U�T�I�O�N �C�A�N �P�E�R�F�O�R�M �T�A�S�K�S
�R�E�Q�U�I�R�I�N�G �E�Q�U�A�L�I�T�Y �R�E�A�S�O�N�I�N�G�� �S�U�C�H �A�S �S�O�L�V�I�N�G �M�A�T�H�E�M�A�T�I�C�A�L �E�Q�U�A�T�I�O�N�S�� �(�O�W�E�V�E�R�� �T�H�E�S�E �A�X�I�O�M�S
�W�I�L�L �G�E�N�E�R�A�T�E �A �L�O�T �O�F �C�O�N�C�L�U�S�I�O�N�S�� �M�O�S�T �O�F �T�H�E�M �N�O�T �H�E�L�P�F�U�L �T�O �A �P�R�O�O�F�� �3�O �T�H�E�R�E �H�A�S �B�E�E�N �A
�S�E�A�R�C�H �F�O�R �M�O�R�E �E�F�l�C�I�E�N�T �W�A�Y�S �O�F �H�A�N�D�L�I�N�G �E�Q�U�A�L�I�T�Y�� �/�N�E �A�L�T�E�R�N�A�T�I�V�E �I�S �T�O �A�D�D �I�N�F�E�R�E�N�C�E �R�U�L�E�S
�R�A�T�H�E�R �T�H�A�N �A�X�I�O�M�S�� �4�H�E �S�I�M�P�L�E�S�T �R�U�L�E���G�H�P�R�G�X�O�D�W�L�R�Q�� �T�A�K�E�S �A �U�N�I�T �C�L�A�U�S�Ex = y �A�N�D �S�O�M�E
�C�L�A�U�S�E� �T�H�A�T �C�O�N�T�A�I�N�S �T�H�E �T�E�R�Mx�� �A�N�D �Y�I�E�L�D�S �A �N�E�W �C�L�A�U�S�E �F�O�R�M�E�D �B�Y �S�U�B�S�T�I�T�U�T�I�N�Gy �F�O�Rx
�W�I�T�H�I�N� �� �)�T �W�O�R�K�S �I�F �T�H�E �T�E�R�M �W�I�T�H�I�N� �U�N�I�l�E�S �W�I�T�Hx�� �I�T �N�E�E�D �N�O�T �B�E �E�X�A�C�T�L�Y �E�Q�U�A�L �T�Ox��
�.�O�T�E �T�H�A�T �D�E�M�O�D�U�L�A�T�I�O�N �I�S �D�I�R�E�C�T�I�O�N�A�L�� �G�I�V�E�Nx = y�� �T�H�Ex �A�L�W�A�Y�S �G�E�T�S �R�E�P�L�A�C�E�D �W�I�T�Hy�� �N�E�V�E�R
�V�I�C�E �V�E�R�S�A�� �4�H�A�T �M�E�A�N�S �T�H�A�T �D�E�M�O�D�U�L�A�T�I�O�N �C�A�N �B�E �U�S�E�D �F�O�R �S�I�M�P�L�I�F�Y�I�N�G �E�X�P�R�E�S�S�I�O�N�S �U�S�I�N�G
�D�E�M�O�D�U�L�A�T�O�R�S �S�U�C�H �A�Sx + 0 = x �O�Rx1 = x�� �!�S �A�N�O�T�H�E�R �E�X�A�M�P�L�E�� �G�I�V�E�N

Father (Father (x)) = PaternalGrandfather (x)
Birthdate (Father (Father (Bella )) ; 1926)

�W�E �C�A�N �C�O�N�C�L�U�D�E �B�Y �D�E�M�O�D�U�L�A�T�I�O�N

Birthdate (PaternalGrandfather (Bella ); 1926):

�-�O�R�E �F�O�R�M�A�L�L�Y�� �W�E �H�A�V�E

� �'�H�P�R�G�X�O�D�W�L�R�Q�� �&�O�R �A�N�Y �T�E�R�M�Sx�� y�� �A�N�Dz�� �W�H�E�R�Ez �A�P�P�E�A�R�S �S�O�M�E�W�H�E�R�E �I�N �L�I�T�E�R�A�LmiDEMODULATION

�A�N�D �W�H�E�R�E �5�.�)�&�9(x; z) = � ��
x = y; m1 _ � � � _ mn

�3�5�"(�3�5�"�3�4(�; x ); �3�5�"�3�4(�; y ); m1 _ � � � _ mn)
:

�W�H�E�R�E �3�5�"�3�4�I�S �T�H�E �U�S�U�A�L �S�U�B�S�T�I�T�U�T�I�O�N �O�F �A �B�I�N�D�I�N�G �L�I�S�T�� �A�N�D �3�5�"(x; y; m) �M�E�A�N�S �T�O
�R�E�P�L�A�C�Ex �W�I�T�Hy �E�V�E�R�Y�W�H�E�R�E �T�H�A�Tx �O�C�C�U�R�S �W�I�T�H�I�Nm��

�4�H�E �R�U�L�E �C�A�N �A�L�S�O �B�E �E�X�T�E�N�D�E�D �T�O �H�A�N�D�L�E �N�O�N�
�U�N�I�T �C�L�A�U�S�E�S �I�N �W�H�I�C�H �A�N �E�Q�U�A�L�I�T�Y �L�I�T�E�R�A�L �A�P�P�E�A�R�S��

� �3�D�U�D�P�R�G�X�O�D�W�L�R�Q�� �&�O�R �A�N�Y �T�E�R�M�Sx��y�� �A�N�Dz�� �W�H�E�R�Ez �A�P�P�E�A�R�S �S�O�M�E�W�H�E�R�E �I�N �L�I�T�E�R�A�Lmi ��PARAMODULATION

�A�N�D �W�H�E�R�E �5�.�)�&�9(x; z) = � ��
`1 _ � � � _ `k _ x = y; m1 _ � � � _ mn

�3�5�"(�3�5�"�3�4(�; x ); �3�5�"�3�4(�; y ); �3�5�"�3�4(�; ` 1 _ � � � _ `k _ m1 _ � � � _ mn )
:

�&�O�R �E�X�A�M�P�L�E�� �F�R�O�M

P(F (x; B ); x) _ Q(x) �A�N�D F (A; y) = y _ R(y)



�3�E�C�T�I�O�N �������� �2�E�S�O�L�U�T�I�O�N ������

�W�E �H�A�V�E� = �5�.�)�&�9(F (A; y); F (x; B )) = f x=A; y=Bg�� �A�N�D �W�E �C�A�N �C�O�N�C�L�U�D�E �B�Y �P�A�R�A�M�O�D�U�

�L�A�T�I�O�N �T�H�E �S�E�N�T�E�N�C�E

P(B; A ) _ Q(A) _ R(B ) :

�0�A�R�A�M�O�D�U�L�A�T�I�O�N �Y�I�E�L�D�S �A �C�O�M�P�L�E�T�E �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �W�I�T�H �E�Q�U�A�L�I�T�Y��
�! �T�H�I�R�D �A�P�P�R�O�A�C�H �H�A�N�D�L�E�S �E�Q�U�A�L�I�T�Y �R�E�A�S�O�N�I�N�G �E�N�T�I�R�E�L�Y �W�I�T�H�I�N �A�N �E�X�T�E�N�D�E�D �U�N�I�l�C�A�T�I�O�N

�A�L�G�O�R�I�T�H�M�� �4�H�A�T �I�S�� �T�E�R�M�S �A�R�E �U�N�I�l�A�B�L�E �I�F �T�H�E�Y �A�R�E�S�U�R�Y�D�E�O�\�E�Q�U�A�L �U�N�D�E�R �S�O�M�E �S�U�B�S�T�I�T�U�T�I�O�N��
�W�H�E�R�E �h�P�R�O�V�A�B�L�Y�v �A�L�L�O�W�S �F�O�R �E�Q�U�A�L�I�T�Y �R�E�A�S�O�N�I�N�G�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �T�E�R�M�S1 + 2 �A�N�D2 + 1
�N�O�R�M�A�L�L�Y �A�R�E �N�O�T �U�N�I�l�A�B�L�E�� �B�U�T �A �U�N�I�l�C�A�T�I�O�N �A�L�G�O�R�I�T�H�M �T�H�A�T �K�N�O�W�S �T�H�A�Tx + y = y + x �C�O�U�L�D
�U�N�I�F�Y �T�H�E�M �W�I�T�H �T�H�E �E�M�P�T�Y �S�U�B�S�T�I�T�U�T�I�O�N���(�T�X�D�W�L�R�Q�D�O �X�Q�L�¿�F�D�W�L�R�Q�O�F �T�H�I�S �K�I�N�D �C�A�N �B�E �D�O�N�E �W�I�T�HEQUATIONAL

UNIFICATION

�E�F�l�C�I�E�N�T �A�L�G�O�R�I�T�H�M�S �D�E�S�I�G�N�E�D �F�O�R �T�H�E �P�A�R�T�I�C�U�L�A�R �A�X�I�O�M�S �U�S�E�D ���C�O�M�M�U�T�A�T�I�V�I�T�Y�� �A�S�S�O�C�I�A�T�I�V�I�T�Y�� �A�N�D
�S�O �O�N�	 �R�A�T�H�E�R �T�H�A�N �T�H�R�O�U�G�H �E�X�P�L�I�C�I�T �I�N�F�E�R�E�N�C�E �W�I�T�H �T�H�O�S�E �A�X�I�O�M�S�� �4�H�E�O�R�E�M �P�R�O�V�E�R�S �U�S�I�N�G �T�H�I�S
�T�E�C�H�N�I�Q�U�E �A�R�E �C�L�O�S�E�L�Y �R�E�L�A�T�E�D �T�O �T�H�E �#�,�0 �S�Y�S�T�E�M�S �D�E�S�C�R�I�B�E�D �I�N �3�E�C�T�I�O�N ��������

���������� �5�H�V�R�O�X�W�L�R�Q �V�W�U�D�W�H�J�L�H�V

�7�E �K�N�O�W �T�H�A�T �R�E�P�E�A�T�E�D �A�P�P�L�I�C�A�T�I�O�N�S �O�F �T�H�E �R�E�S�O�L�U�T�I�O�N �I�N�F�E�R�E�N�C�E �R�U�L�E �W�I�L�L �E�V�E�N�T�U�A�L�L�Y �l�N�D �A
�P�R�O�O�F �I�F �O�N�E �E�X�I�S�T�S�� �)�N �T�H�I�S �S�U�B�S�E�C�T�I�O�N�� �W�E �E�X�A�M�I�N�E �S�T�R�A�T�E�G�I�E�S �T�H�A�T �H�E�L�P �l�N�D �P�R�O�O�F�S�H�I�¿�F�L�H�Q�W�O�\��

�8�Q�L�W �S�U�H�I�H�U�H�Q�F�H�� �4�H�I�S �S�T�R�A�T�E�G�Y �P�R�E�F�E�R�S �T�O �D�O �R�E�S�O�L�U�T�I�O�N�S �W�H�E�R�E �O�N�E �O�F �T�H�E �S�E�N�T�E�N�C�E�S �I�S �A �S�I�N�G�L�EUNIT PREFERENCE

�L�I�T�E�R�A�L ���A�L�S�O �K�N�O�W�N �A�S �A�X�Q�L�W �F�O�D�X�V�H�	�� �4�H�E �I�D�E�A �B�E�H�I�N�D �T�H�E �S�T�R�A�T�E�G�Y �I�S �T�H�A�T �W�E �A�R�E �T�R�Y�I�N�G �T�O
�P�R�O�D�U�C�E �A�N �E�M�P�T�Y �C�L�A�U�S�E�� �S�O �I�T �M�I�G�H�T �B�E �A �G�O�O�D �I�D�E�A �T�O �P�R�E�F�E�R �I�N�F�E�R�E�N�C�E�S �T�H�A�T �P�R�O�D�U�C�E �S�H�O�R�T�E�R
�C�L�A�U�S�E�S�� �2�E�S�O�L�V�I�N�G �A �U�N�I�T �S�E�N�T�E�N�C�E ���S�U�C�H �A�SP�	 �W�I�T�H �A�N�Y �O�T�H�E�R �S�E�N�T�E�N�C�E ���S�U�C�H �A�S: P _: Q_ R�	
�A�L�W�A�Y�S �Y�I�E�L�D�S �A �C�L�A�U�S�E ���I�N �T�H�I�S �C�A�S�E��: Q _ R�	 �T�H�A�T �I�S �S�H�O�R�T�E�R �T�H�A�N �T�H�E �O�T�H�E�R �C�L�A�U�S�E�� �7�H�E�N
�T�H�E �U�N�I�T �P�R�E�F�E�R�E�N�C�E �S�T�R�A�T�E�G�Y �W�A�S �l�R�S�T �T�R�I�E�D �F�O�R �P�R�O�P�O�S�I�T�I�O�N�A�L �I�N�F�E�R�E�N�C�E �I�N ���������� �I�T �L�E�D �T�O �A
�D�R�A�M�A�T�I�C �S�P�E�E�D�U�P�� �M�A�K�I�N�G �I�T �F�E�A�S�I�B�L�E �T�O �P�R�O�V�E �T�H�E�O�R�E�M�S �T�H�A�T �C�O�U�L�D �N�O�T �B�E �H�A�N�D�L�E�D �W�I�T�H�O�U�T �T�H�E
�P�R�E�F�E�R�E�N�C�E���8�Q�L�W �U�H�V�R�O�X�W�L�R�Q�I�S �A �R�E�S�T�R�I�C�T�E�D �F�O�R�M �O�F �R�E�S�O�L�U�T�I�O�N �I�N �W�H�I�C�H �E�V�E�R�Y �R�E�S�O�L�U�T�I�O�N �S�T�E�P
�M�U�S�T �I�N�V�O�L�V�E �A �U�N�I�T �C�L�A�U�S�E�� �5�N�I�T �R�E�S�O�L�U�T�I�O�N �I�S �I�N�C�O�M�P�L�E�T�E �I�N �G�E�N�E�R�A�L�� �B�U�T �C�O�M�P�L�E�T�E �F�O�R �(�O�R�N
�C�L�A�U�S�E�S�� �5�N�I�T �R�E�S�O�L�U�T�I�O�N �P�R�O�O�F�S �O�N �(�O�R�N �C�L�A�U�S�E�S �R�E�S�E�M�B�L�E �F�O�R�W�A�R�D �C�H�A�I�N�I�N�G��

�4�H�E �/�4�4�%�2�T�H�E�O�R�E�M �P�R�O�V�E�R ���/�R�G�A�N�I�Z�E�D �4�E�C�H�N�I�Q�U�E�S �F�O�R �4�H�E�O�R�E�M�
�P�R�O�V�I�N�G �A�N�D �%�F�F�E�C�T�I�V�E
�2�E�S�E�A�R�C�H�� �-�C�#�U�N�E�� ���������	�� �U�S�E�S �A �F�O�R�M �O�F �B�E�S�T�
�l�R�S�T �S�E�A�R�C�H�� �)�T�S �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N �M�E�A�S�U�R�E�S
�T�H�E �h�W�E�I�G�H�T�v �O�F �E�A�C�H �C�L�A�U�S�E�� �W�H�E�R�E �L�I�G�H�T�E�R �C�L�A�U�S�E�S �A�R�E �P�R�E�F�E�R�R�E�D�� �4�H�E �E�X�A�C�T �C�H�O�I�C�E �O�F �H�E�U�R�I�S�T�I�C
�I�S �U�P �T�O �T�H�E �U�S�E�R�� �B�U�T �G�E�N�E�R�A�L�L�Y�� �T�H�E �W�E�I�G�H�T �O�F �A �C�L�A�U�S�E �S�H�O�U�L�D �B�E �C�O�R�R�E�L�A�T�E�D �W�I�T�H �I�T�S �S�I�Z�E �O�R
�D�I�F�l�C�U�L�T�Y�� �5�N�I�T �C�L�A�U�S�E�S �A�R�E �T�R�E�A�T�E�D �A�S �L�I�G�H�T�� �T�H�E �S�E�A�R�C�H �C�A�N �T�H�U�S �B�E �S�E�E�N �A�S �A �G�E�N�E�R�A�L�I�Z�A�T�I�O�N �O�F
�T�H�E �U�N�I�T �P�R�E�F�E�R�E�N�C�E �S�T�R�A�T�E�G�Y��

�6�H�W �R�I �V�X�S�S�R�U�W�� �0�R�E�F�E�R�E�N�C�E�S �T�H�A�T �T�R�Y �C�E�R�T�A�I�N �R�E�S�O�L�U�T�I�O�N�S �l�R�S�T �A�R�E �H�E�L�P�F�U�L�� �B�U�T �I�N �G�E�N�E�R�A�L �I�T �I�SSET OF SUPPORT

�M�O�R�E �E�F�F�E�C�T�I�V�E �T�O �T�R�Y �T�O �E�L�I�M�I�N�A�T�E �S�O�M�E �P�O�T�E�N�T�I�A�L �R�E�S�O�L�U�T�I�O�N�S �A�L�T�O�G�E�T�H�E�R�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N
�I�N�S�I�S�T �T�H�A�T �E�V�E�R�Y �R�E�S�O�L�U�T�I�O�N �S�T�E�P �I�N�V�O�L�V�E �A�T �L�E�A�S�T �O�N�E �E�L�E�M�E�N�T �O�F �A �S�P�E�C�I�A�L �S�E�T �O�F �C�L�A�U�S�E�S�ˆ�T�H�E
�V�H�W �R�I �V�X�S�S�R�U�W�� �4�H�E �R�E�S�O�L�V�E�N�T �I�S �T�H�E�N �A�D�D�E�D �I�N�T�O �T�H�E �S�E�T �O�F �S�U�P�P�O�R�T�� �)�F �T�H�E �S�E�T �O�F �S�U�P�P�O�R�T �I�S
�S�M�A�L�L �R�E�L�A�T�I�V�E �T�O �T�H�E �W�H�O�L�E �K�N�O�W�L�E�D�G�E �B�A�S�E�� �T�H�E �S�E�A�R�C�H �S�P�A�C�E �W�I�L�L �B�E �R�E�D�U�C�E�D �D�R�A�M�A�T�I�C�A�L�L�Y��

�7�E �H�A�V�E �T�O �B�E �C�A�R�E�F�U�L �W�I�T�H �T�H�I�S �A�P�P�R�O�A�C�H �B�E�C�A�U�S�E �A �B�A�D �C�H�O�I�C�E �F�O�R �T�H�E �S�E�T �O�F �S�U�P�P�O�R�T
�W�I�L�L �M�A�K�E �T�H�E �A�L�G�O�R�I�T�H�M �I�N�C�O�M�P�L�E�T�E�� �(�O�W�E�V�E�R�� �I�F �W�E �C�H�O�O�S�E �T�H�E �S�E�T �O�F �S�U�P�P�O�R�TS �S�O �T�H�A�T �T�H�E
�R�E�M�A�I�N�D�E�R �O�F �T�H�E �S�E�N�T�E�N�C�E�S �A�R�E �J�O�I�N�T�L�Y �S�A�T�I�S�l�A�B�L�E�� �T�H�E�N �S�E�T�
�O�F�
�S�U�P�P�O�R�T �R�E�S�O�L�U�T�I�O�N �I�S �C�O�M�P�L�E�T�E��
�&�O�R �E�X�A�M�P�L�E�� �O�N�E �C�A�N �U�S�E �T�H�E �N�E�G�A�T�E�D �Q�U�E�R�Y �A�S �T�H�E �S�E�T �O�F �S�U�P�P�O�R�T�� �O�N �T�H�E �A�S�S�U�M�P�T�I�O�N �T�H�A�T �T�H�E



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�O�R�I�G�I�N�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �I�S �C�O�N�S�I�S�T�E�N�T�� ���!�F�T�E�R �A�L�L�� �I�F �I�T �I�S �N�O�T �C�O�N�S�I�S�T�E�N�T�� �T�H�E�N �T�H�E �F�A�C�T �T�H�A�T �T�H�E
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�I�N �O�N�L�Y ���� �L�I�N�E�S �O�F �0�R�O�L�O�G�� �7�E�I�D�E�N�B�A�C�H �����������	 �D�E�S�C�R�I�B�E�S �3�0�!�3�3�� �O�N�E �O�F �T�H�E �S�T�R�O�N�G�E�S�T �C�U�R�R�E�N�T
�T�H�E�O�R�E�M �P�R�O�V�E�R�S�� �4�H�E �M�O�S�T �S�U�C�C�E�S�S�F�U�L �T�H�E�O�R�E�M �P�R�O�V�E�R �I�N �R�E�C�E�N�T �A�N�N�U�A�L �C�O�M�P�E�T�I�T�I�O�N�S �H�A�S �B�E�E�N
�6�!�-�0�)�2�%���2�I�A�Z�A�N�O�V �A�N�D �6�O�R�O�N�K�O�V�� ���������	�� �4�H�E �#�/�1 �S�Y�S�T�E�M ���"�E�R�T�O�T�H�W �D�O���� ���������	 �A�N�D �T�H�E �%



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�E�Q�U�A�T�I�O�N�A�L �S�O�L�V�E�R ���3�C�H�U�L�Z�� ���������	 �H�A�V�E �A�L�S�O �P�R�O�V�E�N �T�O �B�E �V�A�L�U�A�B�L�E �T�O�O�L�S �F�O�R �P�R�O�V�I�N�G �C�O�R�R�E�C�T�

�N�E�S�S�� �4�H�E�O�R�E�M �P�R�O�V�E�R�S �H�A�V�E �B�E�E�N �U�S�E�D �T�O �A�U�T�O�M�A�T�I�C�A�L�L�Y �S�Y�N�T�H�E�S�I�Z�E �A�N�D �V�E�R�I�F�Y �S�O�F�T�W�A�R�E �F�O�R
�C�O�N�T�R�O�L�L�I�N�G �S�P�A�C�E�C�R�A�F�T ���$�E�N�N�E�Y�H�W �D�O���� ���������	�� �I�N�C�L�U�D�I�N�G �.�!�3�!���S �N�E�W �/�R�I�O�N �C�A�P�S�U�L�E ���,�O�W�R�Y��
���������	�� �4�H�E �D�E�S�I�G�N �O�F �T�H�E �&�-�������� �����
�B�I�T �M�I�C�R�O�P�R�O�C�E�S�S�O�R �W�A�S �P�R�O�V�E�D �C�O�R�R�E�C�T �B�Y �T�H�E �.�1�4�(�-

�S�Y�S�T�E�M ���(�U�N�T �A�N�D �"�R�O�C�K�� ���������	�� �4�H�E �#�O�N�F�E�R�E�N�C�E �O�N �!�U�T�O�M�A�T�E�D �$�E�D�U�C�T�I�O�N ���#�!�$�%�	 �R�U�N�S �A�N
�A�N�N�U�A�L �C�O�N�T�E�S�T �F�O�R �A�U�T�O�M�A�T�E�D �T�H�E�O�R�E�M �P�R�O�V�E�R�S�� �&�R�O�M �������� �T�H�R�O�U�G�H ���������� �T�H�E �M�O�S�T �S�U�C�C�E�S�S�F�U�L
�S�Y�S�T�E�M �H�A�S �B�E�E�N �6�!�-�0�)�2�%���2�I�A�Z�A�N�O�V �A�N�D �6�O�R�O�N�K�O�V�� ���������	�� �7�I�E�D�I�J�K �����������	 �C�O�M�P�A�R�E�S �T�H�E
�S�T�R�E�N�G�T�H �O�F ���� �M�A�T�H�E�M�A�T�I�C�A�L �P�R�O�V�E�R�S�� �4�0�4�0 ���4�H�O�U�S�A�N�D�S �O�F �0�R�O�B�L�E�M�S �F�O�R �4�H�E�O�R�E�M �0�R�O�V�E�R�S�	
�I�S �A �L�I�B�R�A�R�Y �O�F �T�H�E�O�R�E�M�
�P�R�O�V�I�N�G �P�R�O�B�L�E�M�S�� �U�S�E�F�U�L �F�O�R �C�O�M�P�A�R�I�N�G �T�H�E �P�E�R�F�O�R�M�A�N�C�E �O�F �S�Y�S�T�E�M�S
���3�U�T�C�L�I�F�F�E �A�N�D �3�U�T�T�N�E�R�� ���������� �3�U�T�C�L�I�F�F�E�H�W �D�O���� ���������	��

�4�H�E�O�R�E�M �P�R�O�V�E�R�S �H�A�V�E �C�O�M�E �U�P �W�I�T�H �N�O�V�E�L �M�A�T�H�E�M�A�T�I�C�A�L �R�E�S�U�L�T�S �T�H�A�T �E�L�U�D�E�D �H�U�M�A�N
�M�A�T�H�E�M�A�T�I�C�I�A�N�S �F�O�R �D�E�C�A�D�E�S�� �A�S �D�E�T�A�I�L�E�D �I�N �T�H�E �B�O�O�K�$�X�W�R�P�D�W�H�G �5�H�D�V�R�Q�L�Q�J �D�Q�G �W�K�H �'�L�V�F�R�Y��
�H�U�\ �R�I �0�L�V�V�L�Q�J �(�O�H�J�D�Q�W �3�U�R�R�I�V���7�O�S �A�N�D �0�I�E�P�E�R�� ���������	�� �4�H�E �3�!�- ���3�E�M�I�
�!�U�T�O�M�A�T�E�D �-�A�T�H�

�E�M�A�T�I�C�S�	 �P�R�O�G�R�A�M �W�A�S �T�H�E �l�R�S�T�� �P�R�O�V�I�N�G �A �L�E�M�M�A �I�N �L�A�T�T�I�C�E �T�H�E�O�R�Y ���'�U�A�R�D�H�W �D�O���� ���������	�� �4�H�E
�! �5�2�! �P�R�O�G�R�A�M �H�A�S �A�L�S�O �A�N�S�W�E�R�E�D �O�P�E�N �Q�U�E�S�T�I�O�N�S �I�N �S�E�V�E�R�A�L �A�R�E�A�S �O�F �M�A�T�H�E�M�A�T�I�C�S ���7�O�S �A�N�D
�7�I�N�K�E�R�� ���������	�� �4�H�E �"�O�Y�E�R�n�-�O�O�R�E �T�H�E�O�R�E�M �P�R�O�V�E�R ���"�O�Y�E�R �A�N�D �-�O�O�R�E�� ���������	 �W�A�S �U�S�E�D �B�Y
�.�A�T�A�R�A�J�A�N �3�H�A�N�K�A�R �T�O �G�I�V�E �T�H�E �l�R�S�T �F�U�L�L�Y �R�I�G�O�R�O�U�S �F�O�R�M�A�L �P�R�O�O�F �O�F �' �‚�O�D�E�L���S �)�N�C�O�M�P�L�E�T�E�N�E�S�S
�4�H�E�O�R�E�M ���3�H�A�N�K�A�R�� ���������	�� �4�H�E �.�5�0�2�,�S�Y�S�T�E�M �P�R�O�V�E�D �'�I�R�A�R�D���S �P�A�R�A�D�O�X ���(�O�W�E�� ���������	 �A�N�D
�(�I�G�M�A�N���S �,�E�M�M�A ���-�U�R�T�H�Y �A�N�D �2�U�S�S�E�L�L�� ���������	�� �)�N ���������� �(�E�R�B�E�R�T �2�O�B�B�I�N�S �P�R�O�P�O�S�E�D �A �S�I�M�P�L�E
�S�E�T �O�F �A�X�I�O�M�S�ˆ�T�H�E�5�R�E�E�L�Q�V �D�O�J�H�E�U�D�ˆ�T�H�A�T �A�P�P�E�A�R�E�D �T�O �D�E�l�N�E �"�O�O�L�E�A�N �A�L�G�E�B�R�A�� �B�U�T �N�O �P�R�O�O�FROBBINS ALGEBRA

�C�O�U�L�D �B�E �F�O�U�N�D ���D�E�S�P�I�T�E �S�E�R�I�O�U�S �W�O�R�K �B�Y �!�L�F�R�E�D �4�A�R�S�K�I �A�N�D �O�T�H�E�R�S�	�� �/�N �/�C�T�O�B�E�R ������ ����������
�A�F�T�E�R �E�I�G�H�T �D�A�Y�S �O�F �C�O�M�P�U�T�A�T�I�O�N�� �%�1�0 ���A �V�E�R�S�I�O�N �O�F �/�4�4�%�2�	 �F�O�U�N�D �A �P�R�O�O�F ���-�C�#�U�N�E�� ���������	��

�-�A�N�Y �E�A�R�L�Y �P�A�P�E�R�S �I�N �M�A�T�H�E�M�A�T�I�C�A�L �L�O�G�I�C �A�R�E �T�O �B�E �F�O�U�N�D �I�N�)�U�R�P �)�U�H�J�H �W�R �*�Ž�R�G�H�O��
�$ �6�R�X�U�F�H �%�R�R�N �L�Q �0�D�W�K�H�P�D�W�L�F�D�O �/�R�J�L�F���V�A�N �(�E�I�J�E�N�O�O�R�T�� ���������	�� �4�E�X�T�B�O�O�K�S �G�E�A�R�E�D �T�O�W�A�R�D
�A�U�T�O�M�A�T�E�D �D�E�D�U�C�T�I�O�N �I�N�C�L�U�D�E �T�H�E �C�L�A�S�S�I�C�6�\�P�E�R�O�L�F �/�R�J�L�F �D�Q�G �0�H�F�K�D�Q�L�F�D�O �7�K�H�R�U�H�P �3�U�R�Y��
�L�Q�J���#�H�A�N�G �A�N�D �,�E�E�� ���������	�� �A�S �W�E�L�L �A�S �M�O�R�E �R�E�C�E�N�T �W�O�R�K�S �B�Y �$�U�F�F�Y �����������	�� �7�O�S�H�W �D�O�������������	��
�"�I�B�E�L �����������	�� �A�N�D �+�A�U�F�M�A�N�N�H�W �D�O�������������	�� �4�H�E �P�R�I�N�C�I�P�A�L �J�O�U�R�N�A�L �F�O�R �T�H�E�O�R�E�M �P�R�O�V�I�N�G �I�S �T�H�E
�-�R�X�U�Q�D�O �R�I �$�X�W�R�P�D�W�H�G �5�H�D�V�R�Q�L�Q�J�� �T�H�E �M�A�I�N �C�O�N�F�E�R�E�N�C�E�S �A�R�E �T�H�E �A�N�N�U�A�L �#�O�N�F�E�R�E�N�C�E �O�N �!�U�T�O�

�M�A�T�E�D �$�E�D�U�C�T�I�O�N ���#�!�$�%�	 �A�N�D �T�H�E �)�N�T�E�R�N�A�T�I�O�N�A�L �*�O�I�N�T �#�O�N�F�E�R�E�N�C�E �O�N �!�U�T�O�M�A�T�E�D �2�E�A�S�O�N�I�N�G
���)�*�#�!�2�	�� �4�H�E�+�D�Q�G�E�R�R�N �R�I �$�X�W�R�P�D�W�H�G �5�H�D�V�R�Q�L�Q�J���2�O�B�I�N�S�O�N �A�N�D �6�O�R�O�N�K�O�V�� ���������	 �C�O�L�L�E�C�T�S
�P�A�P�E�R�S �I�N �T�H�E �l�E�L�D�� �-�A�C�+�E�N�Z�I�E���S�0�H�F�K�D�Q�L�]�L�Q�J �3�U�R�R�I�����������	 �C�O�V�E�R�S �T�H�E �H�I�S�T�O�R�Y �A�N�D �T�E�C�H�N�O�L�O�G�Y
�O�F �T�H�E�O�R�E�M �P�R�O�V�I�N�G �F�O�R �T�H�E �P�O�P�U�L�A�R �A�U�D�I�E�N�C�E��
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������ �0�R�O�V�E �T�H�A�T �5�N�I�V�E�R�S�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N �I�S �S�O�U�N�D �A�N�D �T�H�A�T �%�X�I�S�T�E�N�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N �P�R�O�D�U�C�E�S
�A�N �I�N�F�E�R�E�N�T�I�A�L�L�Y �E�Q�U�I�V�A�L�E�N�T �K�N�O�W�L�E�D�G�E �B�A�S�E��

������ �&�R�O�MLikes(Jerry ; IceCream) �I�T �S�E�E�M�S �R�E�A�S�O�N�A�B�L�E �T�O �I�N�F�E�R9 x Likes(x; IceCream)��
�7�R�I�T�E �D�O�W�N �A �G�E�N�E�R�A�L �I�N�F�E�R�E�N�C�E �R�U�L�E���(�[�L�V�W�H�Q�W�L�D�O �,�Q�W�U�R�G�X�F�W�L�R�Q�� �T�H�A�T �S�A�N�C�T�I�O�N�S �T�H�I�S �I�N�F�E�R�E�N�C�E��EXISTENTIAL

INTRODUCTION

�3�T�A�T�E �C�A�R�E�F�U�L�L�Y �T�H�E �C�O�N�D�I�T�I�O�N�S �T�H�A�T �M�U�S�T �B�E �S�A�T�I�S�l�E�D �B�Y �T�H�E �V�A�R�I�A�B�L�E�S �A�N�D �T�E�R�M�S �I�N�V�O�L�V�E�D��



�%�X�E�R�C�I�S�E�S ������

������ �3�U�P�P�O�S�E �A �K�N�O�W�L�E�D�G�E �B�A�S�E �C�O�N�T�A�I�N�S �J�U�S�T �O�N�E �S�E�N�T�E�N�C�E��9 x AsHighAs(x; Everest)��
�7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �A�R�E �L�E�G�I�T�I�M�A�T�E �R�E�S�U�L�T�S �O�F �A�P�P�L�Y�I�N�G �%�X�I�S�T�E�N�T�I�A�L �)�N�S�T�A�N�T�I�A�T�I�O�N��

�D�� AsHighAs(Everest; Everest)��

�E�� AsHighAs(Kilimanjaro ; Everest)��

�F�� AsHighAs(Kilimanjaro ; Everest) ^ AsHighAs(BenNevis; Everest)
���A�F�T�E�R �T�W�O �A�P�P�L�I�C�A�T�I�O�N�S�	��

������ �&�O�R �E�A�C�H �P�A�I�R �O�F �A�T�O�M�I�C �S�E�N�T�E�N�C�E�S�� �G�I�V�E �T�H�E �M�O�S�T �G�E�N�E�R�A�L �U�N�I�l�E�R �I�F �I�T �E�X�I�S�T�S��

�D�� P(A; A; B )��P(x; y; z)��

�E�� Q(y; G(A; B )) ��Q(G(x; x) ; y)��

�F�� Older(Father (y); y)��Older(Father (x) ; Jerry )��

�G�� Knows(Father (y); y)��Knows(x; x) ��

������ �#�O�N�S�I�D�E�R �T�H�E �S�U�B�S�U�M�P�T�I�O�N �L�A�T�T�I�C�E�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������ ���P�A�G�E �������	��

�D�� �#�O�N�S�T�R�U�C�T �T�H�E �L�A�T�T�I�C�E �F�O�R �T�H�E �S�E�N�T�E�N�C�EEmploys(Mother (John); Father (Richard)) ��

�E�� �#�O�N�S�T�R�U�C�T �T�H�E �L�A�T�T�I�C�E �F�O�R �T�H�E �S�E�N�T�E�N�C�EEmploys(IBM ; y) ���h�%�V�E�R�Y�O�N�E �W�O�R�K�S �F�O�R �)�"�-�v�	��
�2�E�M�E�M�B�E�R �T�O �I�N�C�L�U�D�E �E�V�E�R�Y �K�I�N�D �O�F �Q�U�E�R�Y �T�H�A�T �U�N�I�l�E�S �W�I�T�H �T�H�E �S�E�N�T�E�N�C�E��

�F�� �!�S�S�U�M�E �T�H�A�T �3�4�/�2�%�I�N�D�E�X�E�S �E�A�C�H �S�E�N�T�E�N�C�E �U�N�D�E�R �E�V�E�R�Y �N�O�D�E �I�N �I�T�S �S�U�B�S�U�M�P�T�I�O�N �L�A�T�T�I�C�E��
�%�X�P�L�A�I�N �H�O�W �&�%�4�#�(�S�H�O�U�L�D �W�O�R�K �W�H�E�N �S�O�M�E �O�F �T�H�E�S�E �S�E�N�T�E�N�C�E�S �C�O�N�T�A�I�N �V�A�R�I�A�B�L�E�S�� �U�S�E
�A�S �E�X�A�M�P�L�E�S �T�H�E �S�E�N�T�E�N�C�E�S �I�N ���A�	 �A�N�D ���B�	 �A�N�D �T�H�E �Q�U�E�R�YEmploys(x; Father (x)) ��

������ �7�R�I�T�E �D�O�W�N �L�O�G�I�C�A�L �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �F�O�R �T�H�E �F�O�L�L�O�W�I�N�G �S�E�N�T�E�N�C�E�S�� �S�U�I�T�A�B�L�E �F�O�R �U�S�E �W�I�T�H
�'�E�N�E�R�A�L�I�Z�E�D �-�O�D�U�S �0�O�N�E�N�S��

�D�� �(�O�R�S�E�S�� �C�O�W�S�� �A�N�D �P�I�G�S �A�R�E �M�A�M�M�A�L�S��

�E�� �!�N �O�F�F�S�P�R�I�N�G �O�F �A �H�O�R�S�E �I�S �A �H�O�R�S�E��

�F�� �"�L�U�E�B�E�A�R�D �I�S �A �H�O�R�S�E��

�G�� �"�L�U�E�B�E�A�R�D �I�S �#�H�A�R�L�I�E���S �P�A�R�E�N�T��

�H�� �/�F�F�S�P�R�I�N�G �A�N�D �P�A�R�E�N�T �A�R�E �I�N�V�E�R�S�E �R�E�L�A�T�I�O�N�S��

�I�� �%�V�E�R�Y �M�A�M�M�A�L �H�A�S �A �P�A�R�E�N�T��

������ �4�H�E�S�E �Q�U�E�S�T�I�O�N�S �C�O�N�C�E�R�N �C�O�N�C�E�R�N �I�S�S�U�E�S �W�I�T�H �S�U�B�S�T�I�T�U�T�I�O�N �A�N�D �3�K�O�L�E�M�I�Z�A�T�I�O�N��

�D�� �'�I�V�E�N �T�H�E �P�R�E�M�I�S�E8 x 9 y P(x; y)�� �I�T �I�S �N�O�T �V�A�L�I�D �T�O �C�O�N�C�L�U�D�E �T�H�A�T9 q P(q; q)�� �'�I�V�E
�A�N �E�X�A�M�P�L�E �O�F �A �P�R�E�D�I�C�A�T�EP �W�H�E�R�E �T�H�E �l�R�S�T �I�S �T�R�U�E �B�U�T �T�H�E �S�E�C�O�N�D �I�S �F�A�L�S�E��

�E�� �3�U�P�P�O�S�E �T�H�A�T �A�N �I�N�F�E�R�E�N�C�E �E�N�G�I�N�E �I�S �I�N�C�O�R�R�E�C�T�L�Y �W�R�I�T�T�E�N �W�I�T�H �T�H�E �O�C�C�U�R�S �C�H�E�C�K �O�M�I�T�T�E�D��
�S�O �T�H�A�T �I�T �A�L�L�O�W�S �A �L�I�T�E�R�A�L �L�I�K�EP(x; F (x)) �T�O �B�E �U�N�I�l�E�D �W�I�T�HP(q; q)�� ���!�S �M�E�N�T�I�O�N�E�D��
�M�O�S�T �S�T�A�N�D�A�R�D �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S �O�F �0�R�O�L�O�G �A�C�T�U�A�L�L�Y �D�O �A�L�L�O�W �T�H�I�S���	 �3�H�O�W �T�H�A�T �S�U�C�H �A�N
�I�N�F�E�R�E�N�C�E �E�N�G�I�N�E �W�I�L�L �A�L�L�O�W �T�H�E �C�O�N�C�L�U�S�I�O�N9 y P(q; q) �T�O �B�E �I�N�F�E�R�R�E�D �F�R�O�M �T�H�E �P�R�E�M�I�S�E
8 x 9 y P(x; y)��



������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C

�F�� �3�U�P�P�O�S�E �T�H�A�T �A �P�R�O�C�E�D�U�R�E �T�H�A�T �C�O�N�V�E�R�T�S �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �T�O �C�L�A�U�S�A�L �F�O�R�M �I�N�C�O�R�R�E�C�T�L�Y
�3�K�O�L�E�M�I�Z�E�S8 x 9 y P(x; y) �T�OP(x; Sk0)�ˆ�T�H�A�T �I�S�� �I�T �R�E�P�L�A�C�E�Sy �B�Y �A �3�K�O�L�E�M �C�O�N�

�S�T�A�N�T �R�A�T�H�E�R �T�H�A�N �B�Y �A �3�K�O�L�E�M �F�U�N�C�T�I�O�N �O�Fx�� �3�H�O�W �T�H�A�T �A�N �I�N�F�E�R�E�N�C�E �E�N�G�I�N�E �T�H�A�T �U�S�E�S
�S�U�C�H �A �P�R�O�C�E�D�U�R�E �W�I�L�L �L�I�K�E�W�I�S�E �A�L�L�O�W9 q P(q; q) �T�O �B�E �I�N�F�E�R�R�E�D �F�R�O�M �T�H�E �P�R�E�M�I�S�E
8 x 9 y P(x; y)��

�G�� �! �C�O�M�M�O�N �E�R�R�O�R �A�M�O�N�G �S�T�U�D�E�N�T�S �I�S �T�O �S�U�P�P�O�S�E �T�H�A�T�� �I�N �U�N�I�l�C�A�T�I�O�N�� �O�N�E �I�S �A�L�L�O�W�E�D �T�O
�S�U�B�S�T�I�T�U�T�E �A �T�E�R�M �F�O�R �A �3�K�O�L�E�M �C�O�N�S�T�A�N�T �I�N�S�T�E�A�D �O�F �F�O�R �A �V�A�R�I�A�B�L�E�� �&�O�R �I�N�S�T�A�N�C�E�� �T�H�E�Y �W�I�L�L
�S�A�Y �T�H�A�T �T�H�E �F�O�R�M�U�L�A�SP(Sk1) �A�N�DP(A) �C�A�N �B�E �U�N�I�l�E�D �U�N�D�E�R �T�H�E �S�U�B�S�T�I�T�U�T�I�O�Nf Sk1=Ag��
�'�I�V�E �A�N �E�X�A�M�P�L�E �W�H�E�R�E �T�H�I�S �L�E�A�D�S �T�O �A�N �I�N�V�A�L�I�D �I�N�F�E�R�E�N�C�E��

������ �4�H�I�S �Q�U�E�S�T�I�O�N �C�O�N�S�I�D�E�R�S �(�O�R�N �+�"�S�� �S�U�C�H �A�S �T�H�E �F�O�L�L�O�W�I�N�G��

P(F (x)) ) P(x)
Q(x) ) P(F (x))
P(A)
Q(B )

�,�E�T �&�# �B�E �A �B�R�E�A�D�T�H�
�l�R�S�T �F�O�R�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M �T�H�A�T �R�E�P�E�A�T�E�D�L�Y �A�D�D�S �A�L�L �C�O�N�S�E�Q�U�E�N�C�E�S
�O�F �C�U�R�R�E�N�T�L�Y �S�A�T�I�S�l�E�D �R�U�L�E�S�� �L�E�T �"�# �B�E �A �D�E�P�T�H�
�l�R�S�T �L�E�F�T�
�T�O�
�R�I�G�H�T �B�A�C�K�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M
�T�H�A�T �T�R�I�E�S �C�L�A�U�S�E�S �I�N �T�H�E �O�R�D�E�R �G�I�V�E�N �I�N �T�H�E �+�"�� �7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �A�R�E �T�R�U�E��

�D�� �&�# �W�I�L�L �I�N�F�E�R �T�H�E �L�I�T�E�R�A�LQ(A)��
�E�� �&�# �W�I�L�L �I�N�F�E�R �T�H�E �L�I�T�E�R�A�LP(B )��
�F�� �)�F �&�# �H�A�S �F�A�I�L�E�D �T�O �I�N�F�E�R �A �G�I�V�E�N �L�I�T�E�R�A�L�� �T�H�E�N �I�T �I�S �N�O�T �E�N�T�A�I�L�E�D �B�Y �T�H�E �+�"��
�G�� �"�# �W�I�L�L �R�E�T�U�R�Ntrue �G�I�V�E�N �T�H�E �Q�U�E�R�YP(B )��
�H�� �)�F �"�# �D�O�E�S �N�O�T �R�E�T�U�R�Ntrue �G�I�V�E�N �A �Q�U�E�R�Y �L�I�T�E�R�A�L�� �T�H�E�N �I�T �I�S �N�O�T �E�N�T�A�I�L�E�D �B�Y �T�H�E �+�"��

������ �%�X�P�L�A�I�N �H�O�W �T�O �W�R�I�T�E �A�N�Y �G�I�V�E�N ���
�3�!�4 �P�R�O�B�L�E�M �O�F �A�R�B�I�T�R�A�R�Y �S�I�Z�E �U�S�I�N�G �A �S�I�N�G�L�E �l�R�S�T�
�O�R�D�E�R
�D�E�l�N�I�T�E �C�L�A�U�S�E �A�N�D �N�O �M�O�R�E �T�H�A�N ���� �G�R�O�U�N�D �F�A�C�T�S��

�������� �3�U�P�P�O�S�E �Y�O�U �A�R�E �G�I�V�E�N �T�H�E �F�O�L�L�O�W�I�N�G �A�X�I�O�M�S��

����0 � 4��
����5 � 9��
����8 x x � x��
����8 x x � x + 0 ��
����8 x x + 0 � x��
����8 x; y x + y � y + x��
����8 w; x; y; z w � y ^ x � z ) w + x � y + z��
����8 x; y; z x � y ^ y � z ) x � z

�D�� �'�I�V�E �A �B�A�C�K�W�A�R�D�
�C�H�A�I�N�I�N�G �P�R�O�O�F �O�F �T�H�E �S�E�N�T�E�N�C�E5 � 4 + 9�� ���"�E �S�U�R�E�� �O�F �C�O�U�R�S�E�� �T�O �U�S�E
�O�N�L�Y �T�H�E �A�X�I�O�M�S �G�I�V�E�N �H�E�R�E�� �N�O�T �A�N�Y�T�H�I�N�G �E�L�S�E �Y�O�U �M�A�Y �K�N�O�W �A�B�O�U�T �A�R�I�T�H�M�E�T�I�C���	 �3�H�O�W
�O�N�L�Y �T�H�E �S�T�E�P�S �T�H�A�T �L�E�A�D�S �T�O �S�U�C�C�E�S�S�� �N�O�T �T�H�E �I�R�R�E�L�E�V�A�N�T �S�T�E�P�S��

�E�� �'�I�V�E �A �F�O�R�W�A�R�D�
�C�H�A�I�N�I�N�G �P�R�O�O�F �O�F �T�H�E �S�E�N�T�E�N�C�E5 � 4 + 9�� �!�G�A�I�N�� �S�H�O�W �O�N�L�Y �T�H�E �S�T�E�P�S
�T�H�A�T �L�E�A�D �T�O �S�U�C�C�E�S�S��
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�������� �! �P�O�P�U�L�A�R �C�H�I�L�D�R�E�N���S �R�I�D�D�L�E �I�S �h�"�R�O�T�H�E�R�S �A�N�D �S�I�S�T�E�R�S �H�A�V�E �) �N�O�N�E�� �B�U�T �T�H�A�T �M�A�N���S �F�A�T�H�E�R
�I�S �M�Y�F�A�T�H�E�R���S �S�O�N���v �5�S�E �T�H�E �R�U�L�E�S �O�F �T�H�E �F�A�M�I�L�Y �D�O�M�A�I�N ���3�E�C�T�I�O�N ���������� �O�N �P�A�G�E �������	 �T�O �S�H�O�W
�W�H�O �T�H�A�T �M�A�N �I�S�� �9�O�U �M�A�Y �A�P�P�L�Y �A�N�Y �O�F �T�H�E �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�S �D�E�S�C�R�I�B�E�D �I�N �T�H�I�S �C�H�A�P�T�E�R�� �7�H�Y
�D�O �Y�O�U �T�H�I�N�K �T�H�A�T �T�H�I�S �R�I�D�D�L�E �I�S �D�I�F�l�C�U�L�T��

�������� �3�U�P�P�O�S�E �W�E �P�U�T �I�N�T�O �A �L�O�G�I�C�A�L �K�N�O�W�L�E�D�G�E �B�A�S�E �A �S�E�G�M�E�N�T �O�F �T�H�E �5���3�� �C�E�N�S�U�S �D�A�T�A �L�I�S�T�

�I�N�G �T�H�E �A�G�E�� �C�I�T�Y �O�F �R�E�S�I�D�E�N�C�E�� �D�A�T�E �O�F �B�I�R�T�H�� �A�N�D �M�O�T�H�E�R �O�F �E�V�E�R�Y �P�E�R�S�O�N�� �U�S�I�N�G �S�O�C�I�A�L �S�E�

�C�U�R�I�T�Y �N�U�M�B�E�R�S �A�S �I�D�E�N�T�I�F�Y�I�N�G �C�O�N�S�T�A�N�T�S �F�O�R �E�A�C�H �P�E�R�S�O�N�� �4�H�U�S�� �'�E�O�R�G�E���S �A�G�E �I�S �G�I�V�E�N �B�Y
Age(�������
�����
��������; 56)�� �7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �I�N�D�E�X�I�N�G �S�C�H�E�M�E�S �3���n�3�� �E�N�A�B�L�E �A�N �E�F�l�C�I�E�N�T
�S�O�L�U�T�I�O�N �F�O�R �W�H�I�C�H �O�F �T�H�E �Q�U�E�R�I�E�S �1���n�1�� ���A�S�S�U�M�I�N�G �N�O�R�M�A�L �B�A�C�K�W�A�R�D �C�H�A�I�N�I�N�G�	��

� �6���� �A�N �I�N�D�E�X �F�O�R �E�A�C�H �A�T�O�M �I�N �E�A�C�H �P�O�S�I�T�I�O�N��
� �6���� �A�N �I�N�D�E�X �F�O�R �E�A�C�H �l�R�S�T �A�R�G�U�M�E�N�T��
� �6���� �A�N �I�N�D�E�X �F�O�R �E�A�C�H �P�R�E�D�I�C�A�T�E �A�T�O�M��
� �6���� �A�N �I�N�D�E�X �F�O�R �E�A�C�H�F�R�P�E�L�Q�D�W�L�R�Q�O�F �P�R�E�D�I�C�A�T�E �A�N�D �l�R�S�T �A�R�G�U�M�E�N�T��
� �6���� �A�N �I�N�D�E�X �F�O�R �E�A�C�H�F�R�P�E�L�Q�D�W�L�R�Q�O�F �P�R�E�D�I�C�A�T�E �A�N�D �S�E�C�O�N�D �A�R�G�U�M�E�N�T �A�N�D �A�N �I�N�D�E�X �F�O�R

�E�A�C�H �l�R�S�T �A�R�G�U�M�E�N�T��

� �4����Age(�������
�����
��������; x)
� �4����ResidesIn(x; Houston)
� �4����Mother (x; y)
� �4����Age(x; 34) ^ ResidesIn(x; TinyTownUSA )
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�O�N�C�E �A�N�D �F�O�R �A�L�L�� �3�H�O�W �T�H�A�T�� �F�O�R �S�O�M�E �S�E�N�T�E�N�C�E�S�� �T�H�I�S �A�P�P�R�O�A�C�H �C�A�N�N�O�T �W�O�R�K�� ���+�L�Q�W�� �#�O�N�S�I�D�E�R
�A �S�E�N�T�E�N�C�E �I�N �W�H�I�C�H �O�N�E �P�A�R�T �U�N�I�l�E�S �W�I�T�H �A�N�O�T�H�E�R���	

�������� �)�N �T�H�I�S �E�X�E�R�C�I�S�E�� �U�S�E �T�H�E �S�E�N�T�E�N�C�E�S �Y�O�U �W�R�O�T�E �I�N �%�X�E�R�C�I�S�E ������ �T�O �A�N�S�W�E�R �A �Q�U�E�S�T�I�O�N �B�Y
�U�S�I�N�G �A �B�A�C�K�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M��

�D�� �$�R�A�W �T�H�E �P�R�O�O�F �T�R�E�E �G�E�N�E�R�A�T�E�D �B�Y �A�N �E�X�H�A�U�S�T�I�V�E �B�A�C�K�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M �F�O�R �T�H�E
�Q�U�E�R�Y9 h Horse(h)�� �W�H�E�R�E �C�L�A�U�S�E�S �A�R�E �M�A�T�C�H�E�D �I�N �T�H�E �O�R�D�E�R �G�I�V�E�N��

�E�� �7�H�A�T �D�O �Y�O�U �N�O�T�I�C�E �A�B�O�U�T �T�H�I�S �D�O�M�A�I�N��
�F�� �(�O�W �M�A�N�Y �S�O�L�U�T�I�O�N�S �F�O�Rh �A�C�T�U�A�L�L�Y �F�O�L�L�O�W �F�R�O�M �Y�O�U�R �S�E�N�T�E�N�C�E�S��
�G�� �#�A�N �Y�O�U �T�H�I�N�K �O�F �A �W�A�Y �T�O �l�N�D �A�L�L �O�F �T�H�E�M�� ���+�L�Q�W�� �3�E�E �3�M�I�T�H�H�W �D�O�������������	���	

�������� �4�R�A�C�E �T�H�E �E�X�E�C�U�T�I�O�N �O�F �T�H�E �B�A�C�K�W�A�R�D�
�C�H�A�I�N�I�N�G �A�L�G�O�R�I�T�H�M �I�N �&�I�G�U�R�E ������ ���P�A�G�E �������	 �W�H�E�N
�I�T �I�S �A�P�P�L�I�E�D �T�O �S�O�L�V�E �T�H�E �C�R�I�M�E �P�R�O�B�L�E�M ���P�A�G�E �������	�� �3�H�O�W �T�H�E �S�E�Q�U�E�N�C�E �O�F �V�A�L�U�E�S �T�A�K�E�N �O�N �B�Y
�T�H�Egoals �V�A�R�I�A�B�L�E�� �A�N�D �A�R�R�A�N�G�E �T�H�E�M �I�N�T�O �A �T�R�E�E��

�������� �4�H�E �F�O�L�L�O�W�I�N�G �0�R�O�L�O�G �C�O�D�E �D�E�l�N�E�S �A �P�R�E�D�I�C�A�T�E�1�� ���2�E�M�E�M�B�E�R �T�H�A�T �U�P�P�E�R�C�A�S�E �T�E�R�M�S �A�R�E
�V�A�R�I�A�B�L�E�S�� �N�O�T �C�O�N�S�T�A�N�T�S�� �I�N �0�R�O�L�O�G���	
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������ �#�H�A�P�T�E�R ���� �)�N�F�E�R�E�N�C�E �I�N �&�I�R�S�T�
�/�R�D�E�R �,�O�G�I�C
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�E�� �7�H�A�T �S�T�A�N�D�A�R�D �L�I�S�T �O�P�E�R�A�T�I�O�N �D�O�E�S�1�R�E�P�R�E�S�E�N�T��

�������� �4�H�I�S �E�X�E�R�C�I�S�E �L�O�O�K�S �A�T �S�O�R�T�I�N�G �I�N �0�R�O�L�O�G��

�D�� �7�R�I�T�E �0�R�O�L�O�G �C�L�A�U�S�E�S �T�H�A�T �D�E�l�N�E �T�H�E �P�R�E�D�I�C�A�T�E�T�P�S�U�F�E�	�-�
�� �W�H�I�C�H �I�S �T�R�U�E �I�F �A�N�D �O�N�L�Y �I�F
�L�I�S�T�- �I�S �S�O�R�T�E�D �I�N �A�S�C�E�N�D�I�N�G �O�R�D�E�R��

�E�� �7�R�I�T�E �A �0�R�O�L�O�G �D�E�l�N�I�T�I�O�N �F�O�R �T�H�E �P�R�E�D�I�C�A�T�E�Q�F�S�N�	�-�
�.�
�� �W�H�I�C�H �I�S �T�R�U�E �I�F �A�N�D �O�N�L�Y �I�F�-
�I�S �A �P�E�R�M�U�T�A�T�I�O�N �O�F�.��

�F�� �$�E�l�N�E�T�P�S�U�	�-�
�.�
���. �I�S �A �S�O�R�T�E�D �V�E�R�S�I�O�N �O�F�-�	 �U�S�I�N�G�Q�F�S�N�A�N�D�T�P�S�U�F�E��

�G�� �2�U�N�T�P�S�U�O�N �L�O�N�G�E�R �A�N�D �L�O�N�G�E�R �L�I�S�T�S �U�N�T�I�L �Y�O�U �L�O�S�E �P�A�T�I�E�N�C�E�� �7�H�A�T �I�S �T�H�E �T�I�M�E �C�O�M�P�L�E�X�

�I�T�Y �O�F �Y�O�U�R �P�R�O�G�R�A�M��

�H�� �7�R�I�T�E �A �F�A�S�T�E�R �S�O�R�T�I�N�G �A�L�G�O�R�I�T�H�M�� �S�U�C�H �A�S �I�N�S�E�R�T�I�O�N �S�O�R�T �O�R �Q�U�I�C�K�S�O�R�T�� �I�N �0�R�O�L�O�G��

�������� �4�H�I�S �E�X�E�R�C�I�S�E �L�O�O�K�S �A�T �T�H�E �R�E�C�U�R�S�I�V�E �A�P�P�L�I�C�A�T�I�O�N �O�F �R�E�W�R�I�T�E �R�U�L�E�S�� �U�S�I�N�G �L�O�G�I�C �P�R�O�G�R�A�M�

�M�I�N�G�� �! �R�E�W�R�I�T�E �R�U�L�E ���O�R�G�H�P�R�G�X�O�D�W�R�U�I�N �/�4�4�%�2�T�E�R�M�I�N�O�L�O�G�Y�	 �I�S �A�N �E�Q�U�A�T�I�O�N �W�I�T�H �A �S�P�E�C�I�l�E�D
�D�I�R�E�C�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �R�E�W�R�I�T�E �R�U�L�Ex + 0 ! x �S�U�G�G�E�S�T�S �R�E�P�L�A�C�I�N�G �A�N�Y �E�X�P�R�E�S�S�I�O�N �T�H�A�T
�M�A�T�C�H�E�Sx +0 �W�I�T�H �T�H�E �E�X�P�R�E�S�S�I�O�Nx�� �2�E�W�R�I�T�E �R�U�L�E�S �A�R�E �A �K�E�Y �C�O�M�P�O�N�E�N�T �O�F �E�Q�U�A�T�I�O�N�A�L �R�E�A�S�O�N�

�I�N�G �S�Y�S�T�E�M�S�� �5�S�E �T�H�E �P�R�E�D�I�C�A�T�E�S�F�X�S�J�U�F�	�9�
�:�
�T�O �R�E�P�R�E�S�E�N�T �R�E�W�R�I�T�E �R�U�L�E�S�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E
�E�A�R�L�I�E�R �R�E�W�R�I�T�E �R�U�L�E �I�S �W�R�I�T�T�E�N �A�S�S�F�X�S�J�U�F�	�9�����
�9�
�� �3�O�M�E �T�E�R�M�S �A�R�E�S�U�L�P�L�W�L�Y�H�A�N�D �C�A�N�N�O�T
�B�E �F�U�R�T�H�E�R �S�I�M�P�L�I�l�E�D�� �T�H�U�S�� �W�E �W�R�I�T�E�Q�S�J�N�J�U�J�W�F�	���
�T�O �S�A�Y �T�H�A�T �� �I�S �A �P�R�I�M�I�T�I�V�E �T�E�R�M��

�D�� �7�R�I�T�E �A �D�E�l�N�I�T�I�O�N �O�F �A �P�R�E�D�I�C�A�T�E�T�J�N�Q�M�J�G�Z�	�9�
�:�
�� �T�H�A�T �I�S �T�R�U�E �W�H�E�N�: �I�S �A �S�I�M�P�L�I�l�E�D
�V�E�R�S�I�O�N �O�F�9�ˆ�T�H�A�T �I�S�� �W�H�E�N �N�O �F�U�R�T�H�E�R �R�E�W�R�I�T�E �R�U�L�E�S �A�P�P�L�Y �T�O �A�N�Y �S�U�B�E�X�P�R�E�S�S�I�O�N �O�F�:��

�E�� �7�R�I�T�E �A �C�O�L�L�E�C�T�I�O�N �O�F �R�U�L�E�S �F�O�R �T�H�E �S�I�M�P�L�I�l�C�A�T�I�O�N �O�F �E�X�P�R�E�S�S�I�O�N�S �I�N�V�O�L�V�I�N�G �A�R�I�T�H�M�E�T�I�C
�O�P�E�R�A�T�O�R�S�� �A�N�D �A�P�P�L�Y �Y�O�U�R �S�I�M�P�L�I�l�C�A�T�I�O�N �A�L�G�O�R�I�T�H�M �T�O �S�O�M�E �S�A�M�P�L�E �E�X�P�R�E�S�S�I�O�N�S��

�F�� �7�R�I�T�E �A �C�O�L�L�E�C�T�I�O�N �O�F �R�E�W�R�I�T�E �R�U�L�E�S �F�O�R �S�Y�M�B�O�L�I�C �D�I�F�F�E�R�E�N�T�I�A�T�I�O�N�� �A�N�D �U�S�E �T�H�E�M �A�L�O�N�G �W�I�T�H
�Y�O�U�R �S�I�M�P�L�I�l�C�A�T�I�O�N �R�U�L�E�S �T�O �D�I�F�F�E�R�E�N�T�I�A�T�E �A�N�D �S�I�M�P�L�I�F�Y �E�X�P�R�E�S�S�I�O�N�S �I�N�V�O�L�V�I�N�G �A�R�I�T�H�M�E�T�I�C
�E�X�P�R�E�S�S�I�O�N�S�� �I�N�C�L�U�D�I�N�G �E�X�P�O�N�E�N�T�I�A�T�I�O�N��

�������� �4�H�I�S �E�X�E�R�C�I�S�E �C�O�N�S�I�D�E�R�S �T�H�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S �I�N �0�R�O�L�O�G�� �3�U�P�P�O�S�E
�T�H�A�T�T�V�D�D�F�T�T�P�S�	�9�
�:�
�I�S �T�R�U�E �W�H�E�N �S�T�A�T�E�: �I�S �A �S�U�C�C�E�S�S�O�R �O�F �S�T�A�T�E�9�� �A�N�D �T�H�A�T�H�P�B�M�	�9�

�I�S �T�R�U�E �W�H�E�N�9�I�S �A �G�O�A�L �S�T�A�T�E�� �7�R�I�T�E �A �D�E�l�N�I�T�I�O�N �F�O�R�T�P�M�W�F�	�9�
�1�
�� �W�H�I�C�H �M�E�A�N�S �T�H�A�T�1�I�S �A
�P�A�T�H ���L�I�S�T �O�F �S�T�A�T�E�S�	 �B�E�G�I�N�N�I�N�G �W�I�T�H�9�� �E�N�D�I�N�G �I�N �A �G�O�A�L �S�T�A�T�E�� �A�N�D �C�O�N�S�I�S�T�I�N�G �O�F �A �S�E�Q�U�E�N�C�E �O�F
�L�E�G�A�L �S�T�E�P�S �A�S �D�E�l�N�E�D �B�Y�T�V�D�D�F�T�T�P�S�� �9�O�U �W�I�L�L �l�N�D �T�H�A�T �D�E�P�T�H�
�l�R�S�T �S�E�A�R�C�H �I�S �T�H�E �E�A�S�I�E�S�T �W�A�Y
�T�O �D�O �T�H�I�S�� �(�O�W �E�A�S�Y �W�O�U�L�D �I�T �B�E �T�O �A�D�D �H�E�U�R�I�S�T�I�C �S�E�A�R�C�H �C�O�N�T�R�O�L��

�������� �,�E�TL �B�E �T�H�E �l�R�S�T�
�O�R�D�E�R �L�A�N�G�U�A�G�E �W�I�T�H �A �S�I�N�G�L�E �P�R�E�D�I�C�A�T�ES(p; q)�� �M�E�A�N�I�N�G �hp �S�H�A�V�E�Sq���v
�!�S�S�U�M�E �A �D�O�M�A�I�N �O�F �P�E�O�P�L�E��

�D�� �#�O�N�S�I�D�E�R �T�H�E �S�E�N�T�E�N�C�E �h�4�H�E�R�E �E�X�I�S�T�S �A �P�E�R�S�O�NP �W�H�O �S�H�A�V�E�S �E�V�E�R�Y �O�N�E �W�H�O �D�O�E�S �N�O�T
�S�H�A�V�E �T�H�E�M�S�E�L�V�E�S�� �A�N�D �O�N�L�Y �P�E�O�P�L�E �T�H�A�T �D�O �N�O�T �S�H�A�V�E �T�H�E�M�S�E�L�V�E�S���v �%�X�P�R�E�S�S �T�H�I�S �I�NL ��

�E�� �#�O�N�V�E�R�T �T�H�E �S�E�N�T�E�N�C�E �I�N ���A�	 �T�O �C�L�A�U�S�A�L �F�O�R�M��



�%�X�E�R�C�I�S�E�S ������

�F�� �#�O�N�S�T�R�U�C�T �A �R�E�S�O�L�U�T�I�O�N �P�R�O�O�F �T�O �S�H�O�W �T�H�A�T �T�H�E �C�L�A�U�S�E�S �I�N ���B�	 �A�R�E �I�N�H�E�R�E�N�T�L�Y �I�N�C�O�N�S�I�S�T�E�N�T��
���.�O�T�E�� �Y�O�U �D�O �N�O�T �N�E�E�D �A�N�Y �A�D�D�I�T�I�O�N�A�L �A�X�I�O�M�S���	

�������� �(�O�W �C�A�N �R�E�S�O�L�U�T�I�O�N �B�E �U�S�E�D �T�O �S�H�O�W �T�H�A�T �A �S�E�N�T�E�N�C�E �I�S �V�A�L�I�D�� �5�N�S�A�T�I�S�l�A�B�L�E��

�������� �#�O�N�S�T�R�U�C�T �A�N �E�X�A�M�P�L�E �O�F �T�W�O �C�L�A�U�S�E�S �T�H�A�T �C�A�N �B�E �R�E�S�O�L�V�E�D �T�O�G�E�T�H�E�R �I�N �T�W�O �D�I�F�F�E�R�E�N�T
�W�A�Y�S �G�I�V�I�N�G �T�W�O �D�I�F�F�E�R�E�N�T �O�U�T�C�O�M�E�S��

�������� �&�R�O�M �h�3�H�E�E�P �A�R�E �A�N�I�M�A�L�S���v �I�T �F�O�L�L�O�W�S �T�H�A�T �h�4�H�E �H�E�A�D �O�F �A �S�H�E�E�P �I�S �T�H�E �H�E�A�D �O�F �A�N
�A�N�I�M�A�L���v �$�E�M�O�N�S�T�R�A�T�E �T�H�A�T �T�H�I�S �I�N�F�E�R�E�N�C�E �I�S �V�A�L�I�D �B�Y �C�A�R�R�Y�I�N�G �O�U�T �T�H�E �F�O�L�L�O�W�I�N�G �S�T�E�P�S��

�D�� �4�R�A�N�S�L�A�T�E �T�H�E �P�R�E�M�I�S�E �A�N�D �T�H�E �C�O�N�C�L�U�S�I�O�N �I�N�T�O �T�H�E �L�A�N�G�U�A�G�E �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �5�S�E �T�H�R�E�E
�P�R�E�D�I�C�A�T�E�S��HeadOf(h; x) ���M�E�A�N�I�N�G �hh �I�S �T�H�E �H�E�A�D �O�Fx�v�	��Sheep(x) �� �A�N�DAnimal (x) ��

�E�� �.�E�G�A�T�E �T�H�E �C�O�N�C�L�U�S�I�O�N�� �A�N�D �C�O�N�V�E�R�T �T�H�E �P�R�E�M�I�S�E �A�N�D �T�H�E �N�E�G�A�T�E�D �C�O�N�C�L�U�S�I�O�N �I�N�T�O �C�O�N�

�J�U�N�C�T�I�V�E �N�O�R�M�A�L �F�O�R�M��

�F�� �5�S�E �R�E�S�O�L�U�T�I�O�N �T�O �S�H�O�W �T�H�A�T �T�H�E �C�O�N�C�L�U�S�I�O�N �F�O�L�L�O�W�S �F�R�O�M �T�H�E �P�R�E�M�I�S�E��

�������� �(�E�R�E �A�R�E �T�W�O �S�E�N�T�E�N�C�E�S �I�N �T�H�E �L�A�N�G�U�A�G�E �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��

���$��8 x 9 y (x � y)
���%��9 y 8 x (x � y)

�D�� �!�S�S�U�M�E �T�H�A�T �T�H�E �V�A�R�I�A�B�L�E�S �R�A�N�G�E �O�V�E�R �A�L�L �T�H�E �N�A�T�U�R�A�L �N�U�M�B�E�R�S0; 1; 2; : : : ; 1 �A�N�D �T�H�A�T �T�H�E
�h� �v �P�R�E�D�I�C�A�T�E �M�E�A�N�S �h�I�S �G�R�E�A�T�E�R �T�H�A�N �O�R �E�Q�U�A�L �T�O���v �5�N�D�E�R �T�H�I�S �I�N�T�E�R�P�R�E�T�A�T�I�O�N�� �T�R�A�N�S�L�A�T�E
���!�	 �A�N�D ���"�	 �I�N�T�O �%�N�G�L�I�S�H��

�E�� �)�S ���!�	 �T�R�U�E �U�N�D�E�R �T�H�I�S �I�N�T�E�R�P�R�E�T�A�T�I�O�N��
�F�� �)�S ���"�	 �T�R�U�E �U�N�D�E�R �T�H�I�S �I�N�T�E�R�P�R�E�T�A�T�I�O�N��
�G�� �$�O�E�S ���!�	 �L�O�G�I�C�A�L�L�Y �E�N�T�A�I�L ���"�	��
�H�� �$�O�E�S ���"�	 �L�O�G�I�C�A�L�L�Y �E�N�T�A�I�L ���!�	��
�I�� �5�S�I�N�G �R�E�S�O�L�U�T�I�O�N�� �T�R�Y �T�O �P�R�O�V�E �T�H�A�T ���!�	 �F�O�L�L�O�W�S �F�R�O�M ���"�	�� �$�O �T�H�I�S �E�V�E�N �I�F �Y�O�U �T�H�I�N�K �T�H�A�T
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�E�I�T�H�E�R �A�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �m�U�E�N�T�S�� �W�H�I�C�H �C�A�N �B�E �M�A�N�I�P�U�L�A�T�E�D �B�Y �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E�� �O�R �A�S �A�V�H�W
�O�F �m�U�E�N�T�S�� �W�H�I�C�H �C�A�N �B�E �M�A�N�I�P�U�L�A�T�E�D �W�I�T�H �S�E�T �O�P�E�R�A�T�I�O�N�S�� �4�H�E�V�H�W �V�H�P�D�Q�W�L�F�V�I�S �S�O�M�E�T�I�M�E�SSET SEMANTICS

�E�A�S�I�E�R �T�O �D�E�A�L �W�I�T�H��
�$�F�W�L�R�Q�V�A�R�E �D�E�S�C�R�I�B�E�D �B�Y �A �S�E�T �O�F �A�C�T�I�O�N �S�C�H�E�M�A�S �T�H�A�T �I�M�P�L�I�C�I�T�L�Y �D�E�l�N�E �T�H�E �!�#�4�)�/�.�3(s)

�A�N�D �2�%�3�5�,�4(s; a) �F�U�N�C�T�I�O�N�S �N�E�E�D�E�D �T�O �D�O �A �P�R�O�B�L�E�M�
�S�O�L�V�I�N�G �S�E�A�R�C�H�� �7�E �S�A�W �I�N �#�H�A�P�T�E�R �� �T�H�A�T
�A�N�Y �S�Y�S�T�E�M �F�O�R �A�C�T�I�O�N �D�E�S�C�R�I�P�T�I�O�N �N�E�E�D�S �T�O �S�O�L�V�E �T�H�E �F�R�A�M�E �P�R�O�B�L�E�M�ˆ�T�O �S�A�Y �W�H�A�T �C�H�A�N�G�E�S �A�N�D
�W�H�A�T �S�T�A�Y�S �T�H�E �S�A�M�E �A�S �T�H�E �R�E�S�U�L�T �O�F �T�H�E �A�C�T�I�O�N�� �#�L�A�S�S�I�C�A�L �P�L�A�N�N�I�N�G �C�O�N�C�E�N�T�R�A�T�E�S �O�N �P�R�O�B�L�E�M�S
�W�H�E�R�E �M�O�S�T �A�C�T�I�O�N�S �L�E�A�V�E �M�O�S�T �T�H�I�N�G�S �U�N�C�H�A�N�G�E�D�� �4�H�I�N�K �O�F �A �W�O�R�L�D �C�O�N�S�I�S�T�I�N�G �O�F �A �B�U�N�C�H �O�F
�O�B�J�E�C�T�S �O�N �A �m�A�T �S�U�R�F�A�C�E�� �4�H�E �A�C�T�I�O�N �O�F �N�U�D�G�I�N�G �A�N �O�B�J�E�C�T �C�A�U�S�E�S �T�H�A�T �O�B�J�E�C�T �T�O �C�H�A�N�G�E �I�T�S �L�O�

�C�A�T�I�O�N �B�Y �A �V�E�C�T�O�R� �� �! �C�O�N�C�I�S�E �D�E�S�C�R�I�P�T�I�O�N �O�F �T�H�E �A�C�T�I�O�N �S�H�O�U�L�D �M�E�N�T�I�O�N �O�N�L�Y� �� �I�T �S�H�O�U�L�D�N���T
�H�A�V�E �T�O �M�E�N�T�I�O�N �A�L�L �T�H�E �O�B�J�E�C�T�S �T�H�A�T �S�T�A�Y �I�N �P�L�A�C�E�� �0�$�$�, �D�O�E�S �T�H�A�T �B�Y �S�P�E�C�I�F�Y�I�N�G �T�H�E �R�E�S�U�L�T �O�F
�A�N �A�C�T�I�O�N �I�N �T�E�R�M�S �O�F �W�H�A�T �C�H�A�N�G�E�S�� �E�V�E�R�Y�T�H�I�N�G �T�H�A�T �S�T�A�Y�S �T�H�E �S�A�M�E �I�S �L�E�F�T �U�N�M�E�N�T�I�O�N�E�D��

�! �S�E�T �O�F �G�R�O�U�N�D ���V�A�R�I�A�B�L�E�
�F�R�E�E�	 �A�C�T�I�O�N�S �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �S�I�N�G�L�E�D�F�W�L�R�Q �V�F�K�H�P�D��ACTION SCHEMA

�4�H�E �S�C�H�E�M�A �I�S �A�O�L�I�W�H�G�R�E�P�R�E�S�E�N�T�A�T�I�O�N�ˆ�I�T �L�I�F�T�S �T�H�E �L�E�V�E�L �O�F �R�E�A�S�O�N�I�N�G �F�R�O�M �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C
�T�O �A �R�E�S�T�R�I�C�T�E�D �S�U�B�S�E�T �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �&�O�R �E�X�A�M�P�L�E�� �H�E�R�E �I�S �A�N �A�C�T�I�O�N �S�C�H�E�M�A �F�O�R �m�Y�I�N�G �A
�P�L�A�N�E �F�R�O�M �O�N�E �L�O�C�A�T�I�O�N �T�O �A�N�O�T�H�E�R��

Action (Fly (p; from ; to);
�0�2�%�#�/�.�$��At (p; from ) ^ Plane(p) ^ Airport (from ) ^ Airport (to)
�%�&�&�%�#�4��: At (p; from ) ^ At (p; to))

�4�H�E �S�C�H�E�M�A �C�O�N�S�I�S�T�S �O�F �T�H�E �A�C�T�I�O�N �N�A�M�E�� �A �L�I�S�T �O�F �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S �U�S�E�D �I�N �T�H�E �S�C�H�E�M�A�� �A
�S�U�H�F�R�Q�G�L�W�L�R�Q�A�N�D �A�N�H�I�I�H�F�W�� �!�L�T�H�O�U�G�H �W�E �H�A�V�E�N���T �S�A�I�D �Y�E�T �H�O�W �T�H�E �A�C�T�I�O�N �S�C�H�E�M�A �C�O�N�V�E�R�T�SPRECONDITION

EFFECT �I�N�T�O �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E�S�� �T�H�I�N�K �O�F �T�H�E �V�A�R�I�A�B�L�E�S �A�S �B�E�I�N�G �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D�� �7�E �A�R�E �F�R�E�E �T�O
�C�H�O�O�S�E �W�H�A�T�E�V�E�R �V�A�L�U�E�S �W�E �W�A�N�T �T�O �I�N�S�T�A�N�T�I�A�T�E �T�H�E �V�A�R�I�A�B�L�E�S�� �&�O�R �E�X�A�M�P�L�E�� �H�E�R�E �I�S �O�N�E �G�R�O�U�N�D

1 �0�$�$�, �W�A�S �D�E�R�I�V�E�D �F�R�O�M �T�H�E �O�R�I�G�I�N�A�L �3�4�2�)�0�3�P�L�A�N�N�I�N�G �L�A�N�G�U�A�G�E���&�I�K�E�S �A�N�D �.�I�L�S�S�O�N�� ���������	�� �W�H�I�C�H �I�S �S�L�I�G�H�T�L�Y
�M�O�R�E �R�E�S�T�R�I�C�T�E�D �T�H�A�N �0�$�$�,�� �3�4�2�)�0�3�P�R�E�C�O�N�D�I�T�I�O�N�S �A�N�D �G�O�A�L�S �C�A�N�N�O�T �C�O�N�T�A�I�N �N�E�G�A�T�I�V�E �L�I�T�E�R�A�L�S��



������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

�A�C�T�I�O�N �T�H�A�T �R�E�S�U�L�T�S �F�R�O�M �S�U�B�S�T�I�T�U�T�I�N�G �V�A�L�U�E�S �F�O�R �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S��

Action (Fly (P1; SFO; JFK );
�0�2�%�#�/�.�$��At (P1; SFO) ^ Plane(P1) ^ Airport (SFO) ^ Airport (JFK )
�%�&�&�%�#�4��: At (P1; SFO) ^ At (P1; JFK ))

�4�H�E �P�R�E�C�O�N�D�I�T�I�O�N �A�N�D �E�F�F�E�C�T �O�F �A�N �A�C�T�I�O�N �A�R�E �E�A�C�H �C�O�N�J�U�N�C�T�I�O�N�S �O�F �L�I�T�E�R�A�L�S ���P�O�S�I�T�I�V�E �O�R �N�E�G�A�T�E�D
�A�T�O�M�I�C �S�E�N�T�E�N�C�E�S�	�� �4�H�E �P�R�E�C�O�N�D�I�T�I�O�N �D�E�l�N�E�S �T�H�E �S�T�A�T�E�S �I�N �W�H�I�C�H �T�H�E �A�C�T�I�O�N �C�A�N �B�E �E�X�E�C�U�T�E�D��
�A�N�D �T�H�E �E�F�F�E�C�T �D�E�l�N�E�S �T�H�E �R�E�S�U�L�T �O�F �E�X�E�C�U�T�I�N�G �T�H�E �A�C�T�I�O�N�� �!�N �A�C�T�I�O�Na �C�A�N �B�E �E�X�E�C�U�T�E�D �I�N �S�T�A�T�E
s �I�Fs �E�N�T�A�I�L�S �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N �O�Fa�� �%�N�T�A�I�L�M�E�N�T �C�A�N �A�L�S�O �B�E �E�X�P�R�E�S�S�E�D �W�I�T�H �T�H�E �S�E�T �S�E�M�A�N�T�I�C�S��
s j= q �I�F�F �E�V�E�R�Y �P�O�S�I�T�I�V�E �L�I�T�E�R�A�L �I�Nq �I�S �I�Ns �A�N�D �E�V�E�R�Y �N�E�G�A�T�E�D �L�I�T�E�R�A�L �I�Nq �I�S �N�O�T�� �)�N �F�O�R�M�A�L
�N�O�T�A�T�I�O�N �W�E �S�A�Y

(a 2 �! �#�4�)�/�.�3(s)) , s j= �0�2�%�#�/�.�$(a) ;

�W�H�E�R�E �A�N�Y �V�A�R�I�A�B�L�E�S �I�Na �A�R�E �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D�� �&�O�R �E�X�A�M�P�L�E��

8 p; from ; to (Fly (p; from ; to) 2 �! �#�4�)�/�.�3(s)) ,
s j= ( At (p; from ) ^ Plane(p) ^ Airport (from ) ^ Airport (to))

�7�E �S�A�Y �T�H�A�T �A�C�T�I�O�Na �I�S�D�S�S�O�L�F�D�E�O�H�I�N �S�T�A�T�Es �I�F �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �A�R�E �S�A�T�I�S�l�E�D �B�Ys�� �7�H�E�NAPPLICABLE

�A�N �A�C�T�I�O�N �S�C�H�E�M�Aa �C�O�N�T�A�I�N�S �V�A�R�I�A�B�L�E�S�� �I�T �M�A�Y �H�A�V�E �M�U�L�T�I�P�L�E �A�P�P�L�I�C�A�B�L�E �I�N�S�T�A�N�T�I�A�T�I�O�N�S�� �&�O�R
�E�X�A�M�P�L�E�� �W�I�T�H �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �D�E�l�N�E�D �I�N �&�I�G�U�R�E ���������� �T�H�EFly �A�C�T�I�O�N �C�A�N �B�E �I�N�S�T�A�N�T�I�A�T�E�D �A�S
Fly (P1; SFO; JFK ) �O�R �A�SFly (P2; JFK ; SFO)�� �B�O�T�H �O�F �W�H�I�C�H �A�R�E �A�P�P�L�I�C�A�B�L�E �I�N �T�H�E �I�N�I�T�I�A�L
�S�T�A�T�E�� �)�F �A�N �A�C�T�I�O�Na �H�A�Sv �V�A�R�I�A�B�L�E�S�� �T�H�E�N�� �I�N �A �D�O�M�A�I�N �W�I�T�Hk �U�N�I�Q�U�E �N�A�M�E�S �O�F �O�B�J�E�C�T�S�� �I�T �T�A�K�E�S
O(vk ) �T�I�M�E �I�N �T�H�E �W�O�R�S�T �C�A�S�E �T�O �l�N�D �T�H�E �A�P�P�L�I�C�A�B�L�E �G�R�O�U�N�D �A�C�T�I�O�N�S��

�3�O�M�E�T�I�M�E�S �W�E �W�A�N�T �T�O�S�U�R�S�R�V�L�W�L�R�Q�D�O�L�]�H�A �0�$�$�, �P�R�O�B�L�E�M�ˆ�R�E�P�L�A�C�E �E�A�C�H �A�C�T�I�O�N �S�C�H�E�M�APROPOSITIONALIZE

�W�I�T�H �A �S�E�T �O�F �G�R�O�U�N�D �A�C�T�I�O�N�S �A�N�D �T�H�E�N �U�S�E �A �P�R�O�P�O�S�I�T�I�O�N�A�L �S�O�L�V�E�R �S�U�C�H �A�S �3�!�4�0�,�!�. �T�O �l�N�D �A
�S�O�L�U�T�I�O�N�� �(�O�W�E�V�E�R�� �T�H�I�S �I�S �I�M�P�R�A�C�T�I�C�A�L �W�H�E�Nv �A�N�Dk �A�R�E �L�A�R�G�E��

�4�H�E�U�H�V�X�O�W�O�F �E�X�E�C�U�T�I�N�G �A�C�T�I�O�Na �I�N �S�T�A�T�Es �I�S �D�E�l�N�E�D �A�S �A �S�T�A�T�Es0 �W�H�I�C�H �I�S �R�E�P�R�E�S�E�N�T�E�D
�B�Y �T�H�E �S�E�T �O�F �m�U�E�N�T�S �F�O�R�M�E�D �B�Y �S�T�A�R�T�I�N�G �W�I�T�Hs�� �R�E�M�O�V�I�N�G �T�H�E �m�U�E�N�T�S �T�H�A�T �A�P�P�E�A�R �A�S �N�E�G�A�T�I�V�E
�L�I�T�E�R�A�L�S �I�N �T�H�E �A�C�T�I�O�N���S �E�F�F�E�C�T�S ���W�H�A�T �W�E �C�A�L�L �T�H�E�G�H�O�H�W�H �O�L�V�W�O�R �$�%�,(a)�	�� �A�N�D �A�D�D�I�N�G �T�H�E �m�U�E�N�T�SDELETE LIST

�T�H�A�T �A�R�E �P�O�S�I�T�I�V�E �L�I�T�E�R�A�L�S �I�N �T�H�E �A�C�T�I�O�N���S �E�F�F�E�C�T�S ���W�H�A�T �W�E �C�A�L�L �T�H�E�D�G�G �O�L�V�W�O�R �!�$�$(a)�	��ADD LIST

�2�%�3�5�,�4(s; a) = ( s � �$�%�,(a)) [ �! �$�$(a) : �����������	

�&�O�R �E�X�A�M�P�L�E�� �W�I�T�H �T�H�E �A�C�T�I�O�NFly (P1; SFO; JFK )�� �W�E �W�O�U�L�D �R�E�M�O�V�EAt (P1; SFO) �A�N�D �A�D�D
At (P1; JFK )�� �)�T �I�S �A �R�E�Q�U�I�R�E�M�E�N�T �O�F �A�C�T�I�O�N �S�C�H�E�M�A�S �T�H�A�T �A�N�Y �V�A�R�I�A�B�L�E �I�N �T�H�E �E�F�F�E�C�T �M�U�S�T �A�L�S�O
�A�P�P�E�A�R �I�N �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�� �4�H�A�T �W�A�Y�� �W�H�E�N �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N �I�S �M�A�T�C�H�E�D �A�G�A�I�N�S�T �T�H�E �S�T�A�T�Es��
�A�L�L �T�H�E �V�A�R�I�A�B�L�E�S �W�I�L�L �B�E �B�O�U�N�D�� �A�N�D �2�%�3�5�,�4(s; a) �W�I�L�L �T�H�E�R�E�F�O�R�E �H�A�V�E �O�N�L�Y �G�R�O�U�N�D �A�T�O�M�S�� �)�N
�O�T�H�E�R �W�O�R�D�S�� �G�R�O�U�N�D �S�T�A�T�E�S �A�R�E �C�L�O�S�E�D �U�N�D�E�R �T�H�E �2�%�3�5�,�4�O�P�E�R�A�T�I�O�N��

�!�L�S�O �N�O�T�E �T�H�A�T �T�H�E �m�U�E�N�T�S �D�O �N�O�T �E�X�P�L�I�C�I�T�L�Y �R�E�F�E�R �T�O �T�I�M�E�� �A�S �T�H�E�Y �D�I�D �I�N �#�H�A�P�T�E�R ���� �4�H�E�R�E
�W�E �N�E�E�D�E�D �S�U�P�E�R�S�C�R�I�P�T�S �F�O�R �T�I�M�E�� �A�N�D �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S �O�F �T�H�E �F�O�R�M

F t+1 , ActionCausesFt _ (F t ^ : ActionCausesNotFt ) :

�)�N �0�$�$�, �T�H�E �T�I�M�E�S �A�N�D �S�T�A�T�E�S �A�R�E �I�M�P�L�I�C�I�T �I�N �T�H�E �A�C�T�I�O�N �S�C�H�E�M�A�S�� �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N �A�L�W�A�Y�S
�R�E�F�E�R�S �T�O �T�I�M�Et �A�N�D �T�H�E �E�F�F�E�C�T �T�O �T�I�M�Et + 1 ��

�! �S�E�T �O�F �A�C�T�I�O�N �S�C�H�E�M�A�S �S�E�R�V�E�S �A�S �A �D�E�l�N�I�T�I�O�N �O�F �A �P�L�A�N�N�I�N�G�G�R�P�D�L�Q�� �! �S�P�E�C�I�l�C�S�U�R�E�O�H�P
�W�I�T�H�I�N �T�H�E �D�O�M�A�I�N �I�S �D�E�l�N�E�D �W�I�T�H �T�H�E �A�D�D�I�T�I�O�N �O�F �A�N �I�N�I�T�I�A�L �S�T�A�T�E �A�N�D �A �G�O�A�L�� �4�H�E�L�Q�L�W�L�D�O



�3�E�C�T�I�O�N ���������� �$�E�l�N�I�T�I�O�N �O�F �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G ������

Init (At (C1; SFO) ^ At (C2; JFK ) ^ At (P1; SFO) ^ At (P2; JFK )
^ Cargo(C1) ^ Cargo(C2) ^ Plane(P1) ^ Plane(P2)
^ Airport (JFK ) ^ Airport (SFO))

Goal(At (C1; JFK ) ^ At (C2; SFO))
Action (Load(c; p; a);

�0�2�%�#�/�.�$��At (c; a) ^ At (p; a) ^ Cargo(c) ^ Plane(p) ^ Airport (a)
�%�&�&�%�#�4��: At (c; a) ^ In (c; p))

Action (Unload(c; p; a);
�0�2�%�#�/�.�$��In (c; p) ^ At (p; a) ^ Cargo(c) ^ Plane(p) ^ Airport (a)
�%�&�&�%�#�4��At (c; a) ^ : In (c; p))

Action (Fly (p; from ; to);
�0�2�%�#�/�.�$��At (p; from ) ^ Plane(p) ^ Airport (from ) ^ Airport (to)
�%�&�&�%�#�4��: At (p; from ) ^ At (p; to))

�)�L�J�X�U�H ���������! �0�$�$�, �D�E�S�C�R�I�P�T�I�O�N �O�F �A�N �A�I�R �C�A�R�G�O �T�R�A�N�S�P�O�R�T�A�T�I�O�N �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M��

�V�W�D�W�H�I�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �G�R�O�U�N�D �A�T�O�M�S�� ���!�S �W�I�T�H �A�L�L �S�T�A�T�E�S�� �T�H�E �C�L�O�S�E�D�
�W�O�R�L�D �A�S�S�U�M�P�T�I�O�N �I�SINITIAL STATE

�U�S�E�D�� �W�H�I�C�H �M�E�A�N�S �T�H�A�T �A�N�Y �A�T�O�M�S �T�H�A�T �A�R�E �N�O�T �M�E�N�T�I�O�N�E�D �A�R�E �F�A�L�S�E���	 �4�H�E�J�R�D�O�I�S �J�U�S�T �L�I�K�E �AGOAL

�P�R�E�C�O�N�D�I�T�I�O�N�� �A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S ���P�O�S�I�T�I�V�E �O�R �N�E�G�A�T�I�V�E�	 �T�H�A�T �M�A�Y �C�O�N�T�A�I�N �V�A�R�I�A�B�L�E�S�� �S�U�C�H
�A�SAt (p;SFO) ^ Plane(p)�� �!�N�Y �V�A�R�I�A�B�L�E�S �A�R�E �T�R�E�A�T�E�D �A�S �E�X�I�S�T�E�N�T�I�A�L�L�Y �Q�U�A�N�T�I�l�E�D�� �S�O �T�H�I�S �G�O�A�L
�I�S �T�O �H�A�V�E�D�Q�\�P�L�A�N�E �A�T �3�&�/�� �4�H�E �P�R�O�B�L�E�M �I�S �S�O�L�V�E�D �W�H�E�N �W�E �C�A�N �l�N�D �A �S�E�Q�U�E�N�C�E �O�F �A�C�T�I�O�N�S
�T�H�A�T �E�N�D �I�N �A �S�T�A�T�Es �T�H�A�T �E�N�T�A�I�L�S �T�H�E �G�O�A�L�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �S�T�A�T�ERich ^ Famous^ Miserable
�E�N�T�A�I�L�S �T�H�E �G�O�A�LRich ^ Famous�� �A�N�D �T�H�E �S�T�A�T�EPlane(Plane1) ^ At (Plane1; SFO) �E�N�T�A�I�L�S
�T�H�E �G�O�A�LAt (p;SFO) ^ Plane(p)��

�.�O�W �W�E �H�A�V�E �D�E�l�N�E�D �P�L�A�N�N�I�N�G �A�S �A �S�E�A�R�C�H �P�R�O�B�L�E�M�� �W�E �H�A�V�E �A�N �I�N�I�T�I�A�L �S�T�A�T�E�� �A�N �!�#�4�)�/�.�3

�F�U�N�C�T�I�O�N�� �A �2�%�3�5�,�4�F�U�N�C�T�I�O�N�� �A�N�D �A �G�O�A�L �T�E�S�T�� �7�E���L�L �L�O�O�K �A�T �S�O�M�E �E�X�A�M�P�L�E �P�R�O�B�L�E�M�S �B�E�F�O�R�E
�I�N�V�E�S�T�I�G�A�T�I�N�G �E�F�l�C�I�E�N�T �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S��

������������ �(�[�D�P�S�O�H�� �$�L�U �F�D�U�J�R �W�U�D�Q�V�S�R�U�W

�&�I�G�U�R�E �������� �S�H�O�W�S �A�N �A�I�R �C�A�R�G�O �T�R�A�N�S�P�O�R�T �P�R�O�B�L�E�M �I�N�V�O�L�V�I�N�G �L�O�A�D�I�N�G �A�N�D �U�N�L�O�A�D�I�N�G �C�A�R�G�O �A�N�D
�m�Y�I�N�G �I�T �F�R�O�M �P�L�A�C�E �T�O �P�L�A�C�E�� �4�H�E �P�R�O�B�L�E�M �C�A�N �B�E �D�E�l�N�E�D �W�I�T�H �T�H�R�E�E �A�C�T�I�O�N�S��Load��Unload��
�A�N�DFly �� �4�H�E �A�C�T�I�O�N�S �A�F�F�E�C�T �T�W�O �P�R�E�D�I�C�A�T�E�S��In (c; p) �M�E�A�N�S �T�H�A�T �C�A�R�G�Oc �I�S �I�N�S�I�D�E �P�L�A�N�Ep�� �A�N�D
At (x; a) �M�E�A�N�S �T�H�A�T �O�B�J�E�C�Tx ���E�I�T�H�E�R �P�L�A�N�E �O�R �C�A�R�G�O�	 �I�S �A�T �A�I�R�P�O�R�Ta�� �.�O�T�E �T�H�A�T �S�O�M�E �C�A�R�E �M�U�S�T
�B�E �T�A�K�E�N �T�O �M�A�K�E �S�U�R�E �T�H�EAt �P�R�E�D�I�C�A�T�E�S �A�R�E �M�A�I�N�T�A�I�N�E�D �P�R�O�P�E�R�L�Y�� �7�H�E�N �A �P�L�A�N�E �m�I�E�S �F�R�O�M
�O�N�E �A�I�R�P�O�R�T �T�O �A�N�O�T�H�E�R�� �A�L�L �T�H�E �C�A�R�G�O �I�N�S�I�D�E �T�H�E �P�L�A�N�E �G�O�E�S �W�I�T�H �I�T�� �)�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �I�T �W�O�U�L�D
�B�E �E�A�S�Y �T�O �Q�U�A�N�T�I�F�Y �O�V�E�R �A�L�L �O�B�J�E�C�T�S �T�H�A�T �A�R�E �I�N�S�I�D�E �T�H�E �P�L�A�N�E�� �"�U�T �B�A�S�I�C �0�$�$�, �D�O�E�S �N�O�T �H�A�V�E
�A �U�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�E�R�� �S�O �W�E �N�E�E�D �A �D�I�F�F�E�R�E�N�T �S�O�L�U�T�I�O�N�� �4�H�E �A�P�P�R�O�A�C�H �W�E �U�S�E �I�S �T�O �S�A�Y �T�H�A�T �A
�P�I�E�C�E �O�F �C�A�R�G�O �C�E�A�S�E�S �T�O �B�EAt �A�N�Y�W�H�E�R�E �W�H�E�N �I�T �I�SIn �A �P�L�A�N�E�� �T�H�E �C�A�R�G�O �O�N�L�Y �B�E�C�O�M�E�SAt �T�H�E
�N�E�W �A�I�R�P�O�R�T �W�H�E�N �I�T �I�S �U�N�L�O�A�D�E�D�� �3�OAt �R�E�A�L�L�Y �M�E�A�N�S �h�A�V�A�I�L�A�B�L�E �F�O�R �U�S�E �A�T �A �G�I�V�E�N �L�O�C�A�T�I�O�N���v
�4�H�E �F�O�L�L�O�W�I�N�G �P�L�A�N �I�S �A �S�O�L�U�T�I�O�N �T�O �T�H�E �P�R�O�B�L�E�M��

[Load(C1; P1; SFO); Fly (P1; SFO; JFK ); Unload(C1; P1; JFK );
Load(C2; P2; JFK ); Fly (P2; JFK ; SFO); Unload(C2; P2; SFO)] :



������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

�&�I�N�A�L�L�Y�� �T�H�E�R�E �I�S �T�H�E �P�R�O�B�L�E�M �O�F �S�P�U�R�I�O�U�S �A�C�T�I�O�N�S �S�U�C�H �A�SFly (P1; JFK ; JFK )�� �W�H�I�C�H �S�H�O�U�L�D
�B�E �A �N�O�
�O�P�� �B�U�T �W�H�I�C�H �H�A�S �C�O�N�T�R�A�D�I�C�T�O�R�Y �E�F�F�E�C�T�S ���A�C�C�O�R�D�I�N�G �T�O �T�H�E �D�E�l�N�I�T�I�O�N�� �T�H�E �E�F�F�E�C�T �W�O�U�L�D
�I�N�C�L�U�D�EAt (P1; JFK ) ^ : At (P1; JFK )�	�� �)�T �I�S �C�O�M�M�O�N �T�O �I�G�N�O�R�E �S�U�C�H �P�R�O�B�L�E�M�S�� �B�E�C�A�U�S�E
�T�H�E�Y �S�E�L�D�O�M �C�A�U�S�E �I�N�C�O�R�R�E�C�T �P�L�A�N�S �T�O �B�E �P�R�O�D�U�C�E�D�� �4�H�E �C�O�R�R�E�C�T �A�P�P�R�O�A�C�H �I�S �T�O �A�D�D �I�N�E�Q�U�A�L�I�T�Y
�P�R�E�C�O�N�D�I�T�I�O�N�S �S�A�Y�I�N�G �T�H�A�T �T�H�Efrom �A�N�Dto �A�I�R�P�O�R�T�S �M�U�S�T �B�E �D�I�F�F�E�R�E�N�T�� �S�E�E �A�N�O�T�H�E�R �E�X�A�M�P�L�E �O�F
�T�H�I�S �I�N �&�I�G�U�R�E ����������

������������ �(�[�D�P�S�O�H�� �7�K�H �V�S�D�U�H �W�L�U�H �S�U�R�E�O�H�P

�#�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F �C�H�A�N�G�I�N�G �A �m�A�T �T�I�R�E ���&�I�G�U�R�E ���������	�� �4�H�E �G�O�A�L �I�S �T�O �H�A�V�E �A �G�O�O�D �S�P�A�R�E
�T�I�R�E �P�R�O�P�E�R�L�Y �M�O�U�N�T�E�D �O�N�T�O �T�H�E �C�A�R���S �A�X�L�E�� �W�H�E�R�E �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �H�A�S �A �m�A�T �T�I�R�E �O�N �T�H�E �A�X�L�E �A�N�D
�A �G�O�O�D �S�P�A�R�E �T�I�R�E �I�N �T�H�E �T�R�U�N�K�� �4�O �K�E�E�P �I�T �S�I�M�P�L�E�� �O�U�R �V�E�R�S�I�O�N �O�F �T�H�E �P�R�O�B�L�E�M �I�S �A�N �A�B�S�T�R�A�C�T
�O�N�E�� �W�I�T�H �N�O �S�T�I�C�K�Y �L�U�G �N�U�T�S �O�R �O�T�H�E�R �C�O�M�P�L�I�C�A�T�I�O�N�S�� �4�H�E�R�E �A�R�E �J�U�S�T �F�O�U�R �A�C�T�I�O�N�S�� �R�E�M�O�V�I�N�G �T�H�E
�S�P�A�R�E �F�R�O�M �T�H�E �T�R�U�N�K�� �R�E�M�O�V�I�N�G �T�H�E �m�A�T �T�I�R�E �F�R�O�M �T�H�E �A�X�L�E�� �P�U�T�T�I�N�G �T�H�E �S�P�A�R�E �O�N �T�H�E �A�X�L�E�� �A�N�D
�L�E�A�V�I�N�G �T�H�E �C�A�R �U�N�A�T�T�E�N�D�E�D �O�V�E�R�N�I�G�H�T�� �7�E �A�S�S�U�M�E �T�H�A�T �T�H�E �C�A�R �I�S �P�A�R�K�E�D �I�N �A �P�A�R�T�I�C�U�L�A�R�L�Y �B�A�D
�N�E�I�G�H�B�O�R�H�O�O�D�� �S�O �T�H�A�T �T�H�E �E�F�F�E�C�T �O�F �L�E�A�V�I�N�G �I�T �O�V�E�R�N�I�G�H�T �I�S �T�H�A�T �T�H�E �T�I�R�E�S �D�I�S�A�P�P�E�A�R�� �! �S�O�L�U�T�I�O�N
�T�O �T�H�E �P�R�O�B�L�E�M �I�S[Remove(Flat ; Axle); Remove(Spare; Trunk ); PutOn(Spare; Axle)]��

Init (Tire (Flat ) ^ Tire (Spare) ^ At (Flat ; Axle) ^ At (Spare; Trunk ))
Goal(At (Spare; Axle))
Action (Remove(obj ; loc)��

�0�2�%�#�/�.�$��At (obj ; loc)
�%�&�&�%�#�4��: At (obj ; loc) ^ At (obj; Ground))

Action (PutOn(t ; Axle)��
�0�2�%�#�/�.�$��Tire (t) ^ At (t ; Ground) ^ : At (Flat ; Axle)
�%�&�&�%�#�4��: At (t ; Ground) ^ At (t ; Axle))

Action (LeaveOvernight��
�0�2�%�#�/�.�$��
�%�&�&�%�#�4��: At (Spare; Ground) ^ : At (Spare; Axle) ^ : At (Spare; Trunk )

^ : At (Flat ; Ground) ^ : At (Flat ; Axle) ^ : At (Flat ; Trunk ))

�)�L�J�X�U�H ���������4�H�E �S�I�M�P�L�E �S�P�A�R�E �T�I�R�E �P�R�O�B�L�E�M��

������������ �(�[�D�P�S�O�H�� �7�K�H �E�O�R�F�N�V �Z�R�U�O�G

�/�N�E �O�F�T�H�E �M�O�S�T �F�A�M�O�U�S �P�L�A�N�N�I�N�G �D�O�M�A�I�N�S �I�S �K�N�O�W�N �A�S �T�H�E�E�O�R�F�N�V �Z�R�U�O�G�� �4�H�I�S �D�O�M�A�I�NBLOCKS WORLD

�C�O�N�S�I�S�T�S �O�F �A �S�E�T �O�F �C�U�B�E�
�S�H�A�P�E�D �B�L�O�C�K�S �S�I�T�T�I�N�G �O�N �A �T�A�B�L�E���� �4�H�E �B�L�O�C�K�S �C�A�N �B�E �S�T�A�C�K�E�D�� �B�U�T
�O�N�L�Y �O�N�E �B�L�O�C�K �C�A�N �l�T �D�I�R�E�C�T�L�Y �O�N �T�O�P �O�F �A�N�O�T�H�E�R�� �! �R�O�B�O�T �A�R�M �C�A�N �P�I�C�K �U�P �A �B�L�O�C�K �A�N�D �M�O�V�E
�I�T �T�O �A�N�O�T�H�E�R �P�O�S�I�T�I�O�N�� �E�I�T�H�E�R �O�N �T�H�E �T�A�B�L�E �O�R �O�N �T�O�P �O�F �A�N�O�T�H�E�R �B�L�O�C�K�� �4�H�E �A�R�M �C�A�N �P�I�C�K �U�P
�O�N�L�Y �O�N�E �B�L�O�C�K �A�T �A �T�I�M�E�� �S�O �I�T �C�A�N�N�O�T �P�I�C�K �U�P �A �B�L�O�C�K �T�H�A�T �H�A�S �A�N�O�T�H�E�R �O�N�E �O�N �I�T�� �4�H�E �G�O�A�L �W�I�L�L
�A�L�W�A�Y�S �B�E �T�O �B�U�I�L�D �O�N�E �O�R �M�O�R�E �S�T�A�C�K�S �O�F �B�L�O�C�K�S�� �S�P�E�C�I�l�E�D �I�N �T�E�R�M�S �O�F �W�H�A�T �B�L�O�C�K�S �A�R�E �O�N �T�O�P

2 �4�H�E �B�L�O�C�K�S �W�O�R�L�D �U�S�E�D �I�N �P�L�A�N�N�I�N�G �R�E�S�E�A�R�C�H �I�S �M�U�C�H �S�I�M�P�L�E�R �T�H�A�N �3�(�2�$�,�5���S �V�E�R�S�I�O�N�� �S�H�O�W�N �O�N �P�A�G�E ������



�3�E�C�T�I�O�N ���������� �$�E�l�N�I�T�I�O�N �O�F �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G ������

Init (On(A; Table) ^ On(B; Table) ^ On(C; A)
^ Block(A) ^ Block(B ) ^ Block(C) ^ Clear(B ) ^ Clear(C))

Goal(On(A; B ) ^ On(B; C ))
Action (Move(b; x; y);

�0�2�%�#�/�.�$��On(b; x) ^ Clear(b) ^ Clear(y) ^ Block(b) ^ Block(y) ^
(b6=x) ^ (b6=y) ^ (x6=y)��

�%�&�&�%�#�4��On(b; y) ^ Clear(x) ^ : On(b; x) ^ : Clear(y))
Action (MoveToTable(b; x);

�0�2�%�#�/�.�$��On(b; x) ^ Clear(b) ^ Block(b) ^ (b6=x)��
�%�&�&�%�#�4��On(b;Table) ^ Clear(x) ^ : On(b; x))

�)�L�J�X�U�H ���������! �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M �I�N �T�H�E �B�L�O�C�K�S �W�O�R�L�D�� �B�U�I�L�D�I�N�G �A �T�H�R�E�E�
�B�L�O�C�K �T�O�W�E�R�� �/�N�E
�S�O�L�U�T�I�O�N �I�S �T�H�E �S�E�Q�U�E�N�C�E[MoveToTable(C; A); Move(B; Table; C); Move(A; Table; B )]��

�3�T�A�R�T �3�T�A�T�E �'�O�A�L �3�T�A�T�E

�" �!

�#

�!

�"

�#

�)�L�J�X�U�H ���������$�I�A�G�R�A�M �O�F �T�H�E �B�L�O�C�K�S�
�W�O�R�L�D �P�R�O�B�L�E�M �I�N �&�I�G�U�R�E ����������

�O�F �W�H�A�T �O�T�H�E�R �B�L�O�C�K�S�� �&�O�R �E�X�A�M�P�L�E�� �A �G�O�A�L �M�I�G�H�T �B�E �T�O �G�E�T �B�L�O�C�KA �O�NB �A�N�D �B�L�O�C�KB �O�NC
���S�E�E �&�I�G�U�R�E ���������	��

�7�E �U�S�EOn(b; x) �T�O �I�N�D�I�C�A�T�E �T�H�A�T �B�L�O�C�Kb �I�S �O�Nx�� �W�H�E�R�Ex �I�S �E�I�T�H�E�R �A�N�O�T�H�E�R �B�L�O�C�K �O�R �T�H�E
�T�A�B�L�E�� �4�H�E �A�C�T�I�O�N �F�O�R �M�O�V�I�N�G �B�L�O�C�Kb �F�R�O�M �T�H�E �T�O�P �O�Fx �T�O �T�H�E �T�O�P �O�Fy �W�I�L�L �B�EMove(b; x; y)��
�.�O�W�� �O�N�E �O�F �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �O�N �M�O�V�I�N�Gb�I�S �T�H�A�T �N�O �O�T�H�E�R �B�L�O�C�K �B�E �O�N �I�T�� �)�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��
�T�H�I�S �W�O�U�L�D �B�E:9 x On(x; b) �O�R�� �A�L�T�E�R�N�A�T�I�V�E�L�Y��8 x : On(x; b)�� �"�A�S�I�C �0�$�$�, �D�O�E�S �N�O�T �A�L�L�O�W
�Q�U�A�N�T�I�l�E�R�S�� �S�O �I�N�S�T�E�A�D �W�E �I�N�T�R�O�D�U�C�E �A �P�R�E�D�I�C�A�T�EClear(x) �T�H�A�T �I�S �T�R�U�E �W�H�E�N �N�O�T�H�I�N�G �I�S �O�Nx��
���4�H�E �C�O�M�P�L�E�T�E �P�R�O�B�L�E�M �D�E�S�C�R�I�P�T�I�O�N �I�S �I�N �&�I�G�U�R�E �����������	

�4�H�E �A�C�T�I�O�NMove �M�O�V�E�S �A �B�L�O�C�Kb �F�R�O�Mx �T�Oy �I�F �B�O�T�Hb �A�N�Dy �A�R�E �C�L�E�A�R�� �!�F�T�E�R �T�H�E �M�O�V�E
�I�S �M�A�D�E��b �I�S �S�T�I�L�L �C�L�E�A�R �B�U�Ty �I�S �N�O�T�� �! �l�R�S�T �A�T�T�E�M�P�T �A�T �T�H�EMove �S�C�H�E�M�A �I�S

Action (Move(b; x; y);
�0�2�%�#�/�.�$��On(b; x) ^ Clear(b) ^ Clear(y);
�%�&�&�%�#�4��On(b; y) ^ Clear(x) ^ : On(b; x) ^ : Clear(y)) :

�5�N�F�O�R�T�U�N�A�T�E�L�Y�� �T�H�I�S �D�O�E�S �N�O�T �M�A�I�N�T�A�I�NClear �P�R�O�P�E�R�L�Y �W�H�E�Nx �O�Ry �I�S �T�H�E �T�A�B�L�E�� �7�H�E�Nx �I�S �T�H�E
Table�� �T�H�I�S �A�C�T�I�O�N �H�A�S �T�H�E �E�F�F�E�C�TClear(Table)�� �B�U�T �T�H�E �T�A�B�L�E �S�H�O�U�L�D �N�O�T �B�E�C�O�M�E �C�L�E�A�R�� �A�N�D
�W�H�E�Ny = Table�� �I�T �H�A�S �T�H�E �P�R�E�C�O�N�D�I�T�I�O�NClear(Table)�� �B�U�T �T�H�E �T�A�B�L�E �D�O�E�S �N�O�T �H�A�V�E �T�O �B�E �C�L�E�A�R



������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

�F�O�R �U�S �T�O �M�O�V�E �A �B�L�O�C�K �O�N�T�O �I�T�� �4�O �l�X �T�H�I�S�� �W�E �D�O �T�W�O �T�H�I�N�G�S�� �&�I�R�S�T�� �W�E �I�N�T�R�O�D�U�C�E �A�N�O�T�H�E�R
�A�C�T�I�O�N �T�O �M�O�V�E �A �B�L�O�C�Kb �F�R�O�Mx �T�O �T�H�E �T�A�B�L�E��

Action (MoveToTable(b; x);
�0�2�%�#�/�.�$��On(b; x) ^ Clear(b);
�%�&�&�%�#�4��On(b;Table) ^ Clear(x) ^ : On(b; x)) :

�3�E�C�O�N�D�� �W�E �T�A�K�E �T�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N �O�FClear(x) �T�O �B�E �h�T�H�E�R�E �I�S �A �C�L�E�A�R �S�P�A�C�E �O�Nx �T�O �H�O�L�D �A
�B�L�O�C�K���v �5�N�D�E�R �T�H�I�S �I�N�T�E�R�P�R�E�T�A�T�I�O�N��Clear(Table) �W�I�L�L �A�L�W�A�Y�S �B�E �T�R�U�E�� �4�H�E �O�N�L�Y �P�R�O�B�L�E�M �I�S �T�H�A�T
�N�O�T�H�I�N�G �P�R�E�V�E�N�T�S �T�H�E �P�L�A�N�N�E�R �F�R�O�M �U�S�I�N�GMove(b; x;Table) �I�N�S�T�E�A�D �O�FMoveToTable(b; x)��
�7�E �C�O�U�L�D �L�I�V�E �W�I�T�H �T�H�I�S �P�R�O�B�L�E�M�ˆ�I�T �W�I�L�L �L�E�A�D �T�O �A �L�A�R�G�E�R�
�T�H�A�N�
�N�E�C�E�S�S�A�R�Y �S�E�A�R�C�H �S�P�A�C�E�� �B�U�T �W�I�L�L
�N�O�T �L�E�A�D �T�O �I�N�C�O�R�R�E�C�T �A�N�S�W�E�R�S�ˆ�O�R �W�E �C�O�U�L�D �I�N�T�R�O�D�U�C�E �T�H�E �P�R�E�D�I�C�A�T�EBlock �A�N�D �A�D�DBlock(b)^
Block(y) �T�O �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N �O�FMove��

������������ �7�K�H �F�R�P�S�O�H�[�L�W�\ �R�I �F�O�D�V�V�L�F�D�O �S�O�D�Q�Q�L�Q�J

�)�N �T�H�I�S �S�U�B�S�E�C�T�I�O�N �W�E �C�O�N�S�I�D�E�R �T�H�E �T�H�E�O�R�E�T�I�C�A�L �C�O�M�P�L�E�X�I�T�Y �O�F �P�L�A�N�N�I�N�G �A�N�D �D�I�S�T�I�N�G�U�I�S�H �T�W�O
�D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�S���3�O�D�Q�6�$�7�I�S �T�H�E �Q�U�E�S�T�I�O�N �O�F �W�H�E�T�H�E�R �T�H�E�R�E �E�X�I�S�T�S �A�N�Y �P�L�A�N �T�H�A�T �S�O�L�V�E�S �APLANSAT

�P�L�A�N�N�I�N�G �P�R�O�B�L�E�M���%�R�X�Q�G�H�G �3�O�D�Q�6�$�7�A�S�K�S �W�H�E�T�H�E�R �T�H�E�R�E �I�S �A �S�O�L�U�T�I�O�N �O�F �L�E�N�G�T�Hk �O�R �L�E�S�S��BOUNDED PLANSAT

�T�H�I�S �C�A�N �B�E �U�S�E�D �T�O �l�N�D �A�N �O�P�T�I�M�A�L �P�L�A�N��
�4�H�E �l�R�S�T �R�E�S�U�L�T �I�S �T�H�A�T �B�O�T�H �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�S �A�R�E �D�E�C�I�D�A�B�L�E �F�O�R �C�L�A�S�S�I�C�A�L �P�L�A�N�N�I�N�G�� �4�H�E

�P�R�O�O�F �F�O�L�L�O�W�S �F�R�O�M �T�H�E �F�A�C�T �T�H�A�T �T�H�E �N�U�M�B�E�R �O�F �S�T�A�T�E�S �I�S �l�N�I�T�E�� �"�U�T �I�F �W�E �A�D�D �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S
�T�O �T�H�E �L�A�N�G�U�A�G�E�� �T�H�E�N �T�H�E �N�U�M�B�E�R �O�F �S�T�A�T�E�S �B�E�C�O�M�E�S �I�N�l�N�I�T�E�� �A�N�D �0�L�A�N�3�!�4 �B�E�C�O�M�E�S �O�N�L�Y
�S�E�M�I�D�E�C�I�D�A�B�L�E�� �A�N �A�L�G�O�R�I�T�H�M �E�X�I�S�T�S �T�H�A�T �W�I�L�L �T�E�R�M�I�N�A�T�E �W�I�T�H �T�H�E �C�O�R�R�E�C�T �A�N�S�W�E�R �F�O�R �A�N�Y �S�O�L�V�A�B�L�E
�P�R�O�B�L�E�M�� �B�U�T �M�A�Y �N�O�T �T�E�R�M�I�N�A�T�E �O�N �U�N�S�O�L�V�A�B�L�E �P�R�O�B�L�E�M�S�� �4�H�E �"�O�U�N�D�E�D �0�L�A�N�3�!�4 �P�R�O�B�L�E�M
�R�E�M�A�I�N�S �D�E�C�I�D�A�B�L�E �E�V�E�N �I�N �T�H�E �P�R�E�S�E�N�C�E �O�F �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S�� �&�O�R �P�R�O�O�F�S �O�F �T�H�E �A�S�S�E�R�T�I�O�N�S �I�N
�T�H�I�S �S�E�C�T�I�O�N�� �S�E�E �'�H�A�L�L�A�B�H�W �D�O�������������	��

�"�O�T�H �0�L�A�N�3�!�4 �A�N�D �"�O�U�N�D�E�D �0�L�A�N�3�!�4 �A�R�E �I�N �T�H�E �C�O�M�P�L�E�X�I�T�Y �C�L�A�S�S �0�3�0�!�#�%�� �A �C�L�A�S�S �T�H�A�T
�I�S �L�A�R�G�E�R ���A�N�D �H�E�N�C�E �M�O�R�E �D�I�F�l�C�U�L�T�	 �T�H�A�N �.�0 �A�N�D �R�E�F�E�R�S �T�O �P�R�O�B�L�E�M�S �T�H�A�T �C�A�N �B�E �S�O�L�V�E�D �B�Y �A
�D�E�T�E�R�M�I�N�I�S�T�I�C �4�U�R�I�N�G �M�A�C�H�I�N�E �W�I�T�H �A �P�O�L�Y�N�O�M�I�A�L �A�M�O�U�N�T �O�F �S�P�A�C�E�� �%�V�E�N �I�F �W�E �M�A�K�E �S�O�M�E
�R�A�T�H�E�R �S�E�V�E�R�E �R�E�S�T�R�I�C�T�I�O�N�S�� �T�H�E �P�R�O�B�L�E�M�S �R�E�M�A�I�N �Q�U�I�T�E �D�I�F�l �C�U�L�T�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �D�I�S�A�L�L�O�W
�N�E�G�A�T�I�V�E �E�F�F�E�C�T�S�� �B�O�T�H �P�R�O�B�L�E�M�S �A�R�E �S�T�I�L�L �.�0�
�H�A�R�D�� �(�O�W�E�V�E�R�� �I�F �W�E �A�L�S�O �D�I�S�A�L�L�O�W �N�E�G�A�T�I�V�E
�P�R�E�C�O�N�D�I�T�I�O�N�S�� �0�L�A�N�3�!�4 �R�E�D�U�C�E�S �T�O �T�H�E �C�L�A�S�S �0��

�4�H�E�S�E �W�O�R�S�T�
�C�A�S�E �R�E�S�U�L�T�S �M�A�Y �S�E�E�M �D�I�S�C�O�U�R�A�G�I�N�G�� �7�E �C�A�N �T�A�K�E �S�O�L�A�C�E �I�N �T�H�E �F�A�C�T �T�H�A�T
�A�G�E�N�T�S �A�R�E �U�S�U�A�L�L�Y �N�O�T �A�S�K�E�D �T�O �l�N�D �P�L�A�N�S �F�O�R �A�R�B�I�T�R�A�R�Y �W�O�R�S�T�
�C�A�S�E �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E�S�� �B�U�T
�R�A�T�H�E�R �A�R�E �A�S�K�E�D �F�O�R �P�L�A�N�S �I�N �S�P�E�C�I�l�C �D�O�M�A�I�N�S ���S�U�C�H �A�S �B�L�O�C�K�S�
�W�O�R�L�D �P�R�O�B�L�E�M�S �W�I�T�Hn �B�L�O�C�K�S�	��
�W�H�I�C�H �C�A�N �B�E �M�U�C�H �E�A�S�I�E�R �T�H�A�N �T�H�E �T�H�E�O�R�E�T�I�C�A�L �W�O�R�S�T �C�A�S�E�� �&�O�R �M�A�N�Y �D�O�M�A�I�N�S ���I�N�C�L�U�D�I�N�G �T�H�E
�B�L�O�C�K�S �W�O�R�L�D �A�N�D �T�H�E �A�I�R �C�A�R�G�O �W�O�R�L�D�	�� �"�O�U�N�D�E�D �0�L�A�N�3�!�4 �I�S �.�0�
�C�O�M�P�L�E�T�E �W�H�I�L�E �0�L�A�N�3�!�4 �I�S
�I�N �0�� �I�N �O�T�H�E�R �W�O�R�D�S�� �O�P�T�I�M�A�L �P�L�A�N�N�I�N�G �I�S �U�S�U�A�L�L�Y �H�A�R�D�� �B�U�T �S�U�B�
�O�P�T�I�M�A�L �P�L�A�N�N�I�N�G �I�S �S�O�M�E�T�I�M�E�S
�E�A�S�Y�� �4�O �D�O �W�E�L�L �O�N �E�A�S�I�E�R�
�T�H�A�N�
�W�O�R�S�T�
�C�A�S�E �P�R�O�B�L�E�M�S�� �W�E �W�I�L�L �N�E�E�D �G�O�O�D �S�E�A�R�C�H �H�E�U�R�I�S�T�I�C�S��
�4�H�A�T���S �T�H�E �T�R�U�E �A�D�V�A�N�T�A�G�E �O�F �T�H�E �C�L�A�S�S�I�C�A�L �P�L�A�N�N�I�N�G �F�O�R�M�A�L�I�S�M�� �I�T �H�A�S �F�A�C�I�L�I�T�A�T�E�D �T�H�E �D�E�V�E�L�O�P�

�M�E�N�T �O�F �V�E�R�Y �A�C�C�U�R�A�T�E �D�O�M�A�I�N�
�I�N�D�E�P�E�N�D�E�N�T �H�E�U�R�I�S�T�I�C�S�� �W�H�E�R�E�A�S �S�Y�S�T�E�M�S �B�A�S�E�D �O�N �S�U�C�C�E�S�S�O�R�

�S�T�A�T�E �A�X�I�O�M�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �H�A�V�E �H�A�D �L�E�S�S �S�U�C�C�E�S�S �I�N �C�O�M�I�N�G �U�P �W�I�T�H �G�O�O�D �H�E�U�R�I�S�T�I�C�S��



�3�E�C�T�I�O�N ���������� �!�L�G�O�R�I�T�H�M�S �F�O�R �0�L�A�N�N�I�N�G �A�S �3�T�A�T�E�
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�A�R�E �O�N�E �M�O�V�E �A�W�A�Y �F�R�O�M �T�H�E �G�O�A�L�� �(�A�P�P�I�L�Y�� �T�H�E �0�$�$�, �R�E�P�R�E�S�E�N�T�A�T�I�O�N �W�A�S �D�E�S�I�G�N�E�D �T�O �M�A�K�E
�I�T �E�A�S�Y �T�O �R�E�G�R�E�S�S �A�C�T�I�O�N�S�ˆ�I�F �A �D�O�M�A�I�N �C�A�N �B�E �E�X�P�R�E�S�S�E�D �I�N �0�$�$�,�� �T�H�E�N �W�E �C�A�N �D�O �R�E�G�R�E�S�S�I�O�N
�S�E�A�R�C�H �O�N �I�T�� �'�I�V�E�N �A �G�R�O�U�N�D �G�O�A�L �D�E�S�C�R�I�P�T�I�O�Ng �A�N�D �A �G�R�O�U�N�D �A�C�T�I�O�Na�� �T�H�E �R�E�G�R�E�S�S�I�O�N �F�R�O�Mg
�O�V�E�Ra �G�I�V�E�S �U�S �A �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�Ng0 �D�E�l�N�E�D �B�Y

g0 = ( g � �! �$�$(a)) [ Precond(a) :

�4�H�A�T �I�S�� �T�H�E �E�F�F�E�C�T�S �T�H�A�T �W�E�R�E �A�D�D�E�D �B�Y �T�H�E �A�C�T�I�O�N �N�E�E�D �N�O�T �H�A�V�E �B�E�E�N �T�R�U�E �B�E�F�O�R�E�� �A�N�D �A�L�S�O
�T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �M�U�S�T �H�A�V�E �H�E�L�D �B�E�F�O�R�E�� �O�R �E�L�S�E �T�H�E �A�C�T�I�O�N �C�O�U�L�D �N�O�T �H�A�V�E �B�E�E�N �E�X�E�C�U�T�E�D��
�.�O�T�E �T�H�A�T �$�%�,(a) �D�O�E�S �N�O�T �A�P�P�E�A�R �I�N �T�H�E �F�O�R�M�U�L�A�� �T�H�A�T���S �B�E�C�A�U�S�E �W�H�I�L�E �W�E �K�N�O�W �T�H�E �m�U�E�N�T�S
�I�N �$�%�,(a) �A�R�E �N�O �L�O�N�G�E�R �T�R�U�E �A�F�T�E�R �T�H�E �A�C�T�I�O�N�� �W�E �D�O�N���T �K�N�O�W �W�H�E�T�H�E�R �O�R �N�O�T �T�H�E�Y �W�E�R�E �T�R�U�E
�B�E�F�O�R�E�� �S�O �T�H�E�R�E���S �N�O�T�H�I�N�G �T�O �B�E �S�A�I�D �A�B�O�U�T �T�H�E�M��



�3�E�C�T�I�O�N ���������� �!�L�G�O�R�I�T�H�M�S �F�O�R �0�L�A�N�N�I�N�G �A�S �3�T�A�T�E�
�3�P�A�C�E �3�E�A�R�C�H������

�4�O �G�E�T �T�H�E �F�U�L�L �A�D�V�A�N�T�A�G�E �O�F �B�A�C�K�W�A�R�D �S�E�A�R�C�H�� �W�E �N�E�E�D �T�O �D�E�A�L �W�I�T�H �P�A�R�T�I�A�L�L�Y �U�N�I�N�S�T�A�N�T�I�

�A�T�E�D �A�C�T�I�O�N�S �A�N�D �S�T�A�T�E�S�� �N�O�T �J�U�S�T �G�R�O�U�N�D �O�N�E�S�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �T�H�E �G�O�A�L �I�S �T�O �D�E�L�I�V�E�R �A �S�P�E�

�C�I�l�C �P�I�E�C�E �O�F �C�A�R�G�O �T�O �3�&�/��At (C2; SFO)�� �4�H�A�T �S�U�G�G�E�S�T�S �T�H�E �A�C�T�I�O�NUnload(C2; p0; SFO)��

Action (Unload(C2; p0; SFO);
�0�2�%�#�/�.�$��In (C2; p0) ^ At (p0; SFO) ^ Cargo(C2) ^ Plane(p0) ^ Airport (SFO)
�%�&�&�%�#�4��At (C2; SFO) ^ : In (C2; p0) :

���.�O�T�E �T�H�A�T �W�E �H�A�V�E�V�W�D�Q�G�D�U�G�L�]�H�G�V�A�R�I�A�B�L�E �N�A�M�E�S ���C�H�A�N�G�I�N�Gp �T�Op0 �I�N �T�H�I�S �C�A�S�E�	 �S�O �T�H�A�T �T�H�E�R�E
�W�I�L�L �B�E �N�O �C�O�N�F�U�S�I�O�N �B�E�T�W�E�E�N �V�A�R�I�A�B�L�E �N�A�M�E�S �I�F �W�E �H�A�P�P�E�N �T�O �U�S�E �T�H�E �S�A�M�E �A�C�T�I�O�N �S�C�H�E�M�A
�T�W�I�C�E �I�N �A �P�L�A�N�� �4�H�E �S�A�M�E �A�P�P�R�O�A�C�H �W�A�S �U�S�E�D �I�N �#�H�A�P�T�E�R �� �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�A�L �I�N�F�E�R�E�N�C�E���	
�4�H�I�S �R�E�P�R�E�S�E�N�T�S �U�N�L�O�A�D�I�N�G �T�H�E �P�A�C�K�A�G�E �F�R�O�M �A�N�X�Q�V�S�H�F�L�¿�H�G�P�L�A�N�E �A�T �3�&�/�� �A�N�Y �P�L�A�N�E �W�I�L�L �D�O��
�B�U�T �W�E �N�E�E�D �N�O�T �S�A�Y �W�H�I�C�H �O�N�E �N�O�W�� �7�E �C�A�N �T�A�K�E �A�D�V�A�N�T�A�G�E �O�F �T�H�E �P�O�W�E�R �O�F �l�R�S�T�
�O�R�D�E�R
�R�E�P�R�E�S�E�N�T�A�T�I�O�N�S�� �A �S�I�N�G�L�E �D�E�S�C�R�I�P�T�I�O�N �S�U�M�M�A�R�I�Z�E�S �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �O�F �U�S�I�N�G�D�Q�\�O�F �T�H�E �P�L�A�N�E�S �B�Y
�I�M�P�L�I�C�I�T�L�Y �Q�U�A�N�T�I�F�Y�I�N�G �O�V�E�Rp0�� �4�H�E �R�E�G�R�E�S�S�E�D �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�N �I�S

g0 = In (C2; p0) ^ At (p0; SFO) ^ Cargo(C2) ^ Plane(p0) ^ Airport (SFO) :

�4�H�E �l�N�A�L �I�S�S�U�E �I�S �D�E�C�I�D�I�N�G �W�H�I�C�H �A�C�T�I�O�N�S �A�R�E �C�A�N�D�I�D�A�T�E�S �T�O �R�E�G�R�E�S�S �O�V�E�R�� �)�N �T�H�E �F�O�R�W�A�R�D �D�I�R�E�C�

�T�I�O�N �W�E �C�H�O�S�E �A�C�T�I�O�N�S �T�H�A�T �W�E�R�E�D�S�S�O�L�F�D�E�O�H�ˆ�T�H�O�S�E �A�C�T�I�O�N�S �T�H�A�T �C�O�U�L�D �B�E �T�H�E �N�E�X�T �S�T�E�P �I�N �T�H�E
�P�L�A�N�� �)�N �B�A�C�K�W�A�R�D �S�E�A�R�C�H �W�E �W�A�N�T �A�C�T�I�O�N�S �T�H�A�T �A�R�E�U�H�O�H�Y�D�Q�W�ˆ�T�H�O�S�E �A�C�T�I�O�N�S �T�H�A�T �C�O�U�L�D �B�E �T�H�ERELEVANCE

�O�D�V�W�S�T�E�P �I�N �A �P�L�A�N �L�E�A�D�I�N�G �U�P �T�O �T�H�E �C�U�R�R�E�N�T �G�O�A�L �S�T�A�T�E��
�&�O�R �A�N �A�C�T�I�O�N �T�O �B�E �R�E�L�E�V�A�N�T �T�O �A �G�O�A�L �I�T �O�B�V�I�O�U�S�L�Y �M�U�S�T �C�O�N�T�R�I�B�U�T�E �T�O �T�H�E �G�O�A�L�� �A�T �L�E�A�S�T

�O�N�E �O�F �T�H�E �A�C�T�I�O�N���S �E�F�F�E�C�T�S ���E�I�T�H�E�R �P�O�S�I�T�I�V�E �O�R �N�E�G�A�T�I�V�E�	 �M�U�S�T �U�N�I�F�Y �W�I�T�H �A�N �E�L�E�M�E�N�T �O�F �T�H�E �G�O�A�L��
�7�H�A�T �I�S �L�E�S�S �O�B�V�I�O�U�S �I�S �T�H�A�T �T�H�E �A�C�T�I�O�N �M�U�S�T �N�O�T �H�A�V�E �A�N�Y �E�F�F�E�C�T ���P�O�S�I�T�I�V�E �O�R �N�E�G�A�T�I�V�E�	 �T�H�A�T
�N�E�G�A�T�E�S �A�N �E�L�E�M�E�N�T �O�F �T�H�E �G�O�A�L�� �.�O�W�� �I�F �T�H�E �G�O�A�L �I�SA ^ B ^ C �A�N�D �A�N �A�C�T�I�O�N �H�A�S �T�H�E �E�F�F�E�C�T
A ^ B ^: C �T�H�E�N �T�H�E�R�E �I�S �A �C�O�L�L�O�Q�U�I�A�L �S�E�N�S�E �I�N �W�H�I�C�H �T�H�A�T �A�C�T�I�O�N �I�S �V�E�R�Y �R�E�L�E�V�A�N�T �T�O �T�H�E �G�O�A�L�ˆ�I�T
�G�E�T�S �U�S �T�W�O�
�T�H�I�R�D�S �O�F �T�H�E �W�A�Y �T�H�E�R�E�� �"�U�T �I�T �I�S �N�O�T �R�E�L�E�V�A�N�T �I�N �T�H�E �T�E�C�H�N�I�C�A�L �S�E�N�S�E �D�E�l�N�E�D �H�E�R�E��
�B�E�C�A�U�S�E �T�H�I�S �A�C�T�I�O�N �C�O�U�L�D �N�O�T �B�E �T�H�E�¿�Q�D�O�S�T�E�P �O�F �A �S�O�L�U�T�I�O�N�ˆ�W�E �W�O�U�L�D �A�L�W�A�Y�S �N�E�E�D �A�T �L�E�A�S�T
�O�N�E �M�O�R�E �S�T�E�P �T�O �A�C�H�I�E�V�EC��

�'�I�V�E�N �T�H�E �G�O�A�LAt (C2; SFO)�� �S�E�V�E�R�A�L �I�N�S�T�A�N�T�I�A�T�I�O�N�S �O�FUnload �A�R�E �R�E�L�E�V�A�N�T�� �W�E �C�O�U�L�D
�C�H�O�S�E �A�N�Y �S�P�E�C�I�l�C �P�L�A�N�E �T�O �U�N�L�O�A�D �F�R�O�M�� �O�R �W�E �C�O�U�L�D �L�E�A�V�E �T�H�E �P�L�A�N�E �U�N�S�P�E�C�I�l�E�D �B�Y �U�S�I�N�G
�T�H�E �A�C�T�I�O�NUnload(C2; p0; SFO)�� �7�E �C�A�N �R�E�D�U�C�E �T�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �W�I�T�H�O�U�T �R�U�L�I�N�G �O�U�T �A�N�Y
�S�O�L�U�T�I�O�N�S �B�Y �A�L�W�A�Y�S �U�S�I�N�G �T�H�E �A�C�T�I�O�N �F�O�R�M�E�D �B�Y �S�U�B�S�T�I�T�U�T�I�N�G �T�H�E �M�O�S�T �G�E�N�E�R�A�L �U�N�I�l�E�R �I�N�T�O �T�H�E
���S�T�A�N�D�A�R�D�I�Z�E�D�	 �A�C�T�I�O�N �S�C�H�E�M�A��

�!�S �A�N�O�T�H�E�R �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R �T�H�E �G�O�A�LOwn(0136042597)�� �G�I�V�E�N �A�N �I�N�I�T�I�A�L �S�T�A�T�E �W�I�T�H
���� �B�I�L�L�I�O�N �)�3�"�.�S�� �A�N�D �T�H�E �S�I�N�G�L�E �A�C�T�I�O�N �S�C�H�E�M�A

A = Action (Buy(i ); �0�2�%�#�/�.�$��ISBN (i ); �%�&�&�%�#�4��Own(i )) :

�!�S �W�E �M�E�N�T�I�O�N�E�D �B�E�F�O�R�E�� �F�O�R�W�A�R�D �S�E�A�R�C�H �W�I�T�H�O�U�T �A �H�E�U�R�I�S�T�I�C �W�O�U�L�D �H�A�V�E �T�O �S�T�A�R�T �E�N�U�M�E�R�

�A�T�I�N�G �T�H�E ���� �B�I�L�L�I�O�N �G�R�O�U�N�DBuy �A�C�T�I�O�N�S�� �"�U�T �W�I�T�H �B�A�C�K�W�A�R�D �S�E�A�R�C�H�� �W�E �W�O�U�L�D �U�N�I�F�Y �T�H�E
�G�O�A�LOwn(0136042597)�W�I�T�H �T�H�E ���S�T�A�N�D�A�R�D�I�Z�E�D�	 �E�F�F�E�C�TOwn(i0)�� �Y�I�E�L�D�I�N�G �T�H�E �S�U�B�S�T�I�T�U�T�I�O�N
� = f i0=0136042597g�� �4�H�E�N �W�E �W�O�U�L�D �R�E�G�R�E�S�S �O�V�E�R �T�H�E �A�C�T�I�O�NSubst(�; A 0) �T�O �Y�I�E�L�D �T�H�E
�P�R�E�D�E�C�E�S�S�O�R �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�NISBN (0136042597)�� �4�H�I�S �I�S �P�A�R�T �O�F�� �A�N�D �T�H�U�S �E�N�T�A�I�L�E�D �B�Y�� �T�H�E
�I�N�I�T�I�A�L �S�T�A�T�E�� �S�O �W�E �A�R�E �D�O�N�E��



������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

�7�E �C�A�N �M�A�K�E �T�H�I�S �M�O�R�E �F�O�R�M�A�L�� �!�S�S�U�M�E �A �G�O�A�L �D�E�S�C�R�I�P�T�I�O�Ng �W�H�I�C�H�C�O�N�T�A�I�N�S �A �G�O�A�L
�L�I�T�E�R�A�Lgi �A�N�D �A�N �A�C�T�I�O�N �S�C�H�E�M�AA �T�H�A�T �I�S �S�T�A�N�D�A�R�D�I�Z�E�D �T�O �P�R�O�D�U�C�EA0�� �)�FA0 �H�A�S �A�N �E�F�F�E�C�T �L�I�T�E�R�A�L
e0

j �W�H�E�R�EUnify (gi ; e0
j ) = � �A�N�D �W�H�E�R�E �W�E �D�E�l�N�Ea0 = �3�5�"�3�4(�; A 0) �A�N�D �I�F �T�H�E�R�E �I�S �N�O �E�F�F�E�C�T

�I�Na0 �T�H�A�T �I�S �T�H�E �N�E�G�A�T�I�O�N �O�F �A �L�I�T�E�R�A�L �I�Ng�� �T�H�E�Na0 �I�S �A �R�E�L�E�V�A�N�T �A�C�T�I�O�N �T�O�W�A�R�D�Sg��
�"�A�C�K�W�A�R�D �S�E�A�R�C�H �K�E�E�P�S �T�H�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �L�O�W�E�R �T�H�A�N �F�O�R�W�A�R�D �S�E�A�R�C�H�� �F�O�R �M�O�S�T �P�R�O�B�


�L�E�M �D�O�M�A�I�N�S�� �(�O�W�E�V�E�R�� �T�H�E �F�A�C�T �T�H�A�T �B�A�C�K�W�A�R�D �S�E�A�R�C�H �U�S�E�S �S�T�A�T�E �S�E�T�S �R�A�T�H�E�R �T�H�A�N �I�N�D�I�V�I�D�U�A�L
�S�T�A�T�E�S �M�A�K�E�S �I�T �H�A�R�D�E�R �T�O �C�O�M�E �U�P �W�I�T�H �G�O�O�D �H�E�U�R�I�S�T�I�C�S�� �4�H�A�T �I�S �T�H�E �M�A�I�N �R�E�A�S�O�N �W�H�Y �T�H�E
�M�A�J�O�R�I�T�Y �O�F �C�U�R�R�E�N�T �S�Y�S�T�E�M�S �F�A�V�O�R �F�O�R�W�A�R�D �S�E�A�R�C�H��

������������ �+�H�X�U�L�V�W�L�F�V �I�R�U �S�O�D�Q�Q�L�Q�J
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�P�E�R�S�I�S�T �I�F �N�O �A�C�T�I�O�N �N�E�G�A�T�E�S �I�T�� �4�H�I�S �I�S �R�E�P�R�E�S�E�N�T�E�D �B�Y �A�S�H�U�V�L�V�W�H�Q�F�H �D�F�W�L�R�Q���S�O�M�E�T�I�M�E�S �C�A�L�L�E�DPERSISTENCE

ACTION

�A�Q�R���R�S�	�� �&�O�R �E�V�E�R�Y �L�I�T�E�R�A�LC�� �W�E �A�D�D �T�O �T�H�E �P�R�O�B�L�E�M �A �P�E�R�S�I�S�T�E�N�C�E �A�C�T�I�O�N �W�I�T�H �P�R�E�C�O�N�D�I�T�I�O�NC
�A�N�D �E�F�F�E�C�TC�� �,�E�V�E�LA0 �I�N �&�I�G�U�R�E �������� �S�H�O�W�S �O�N�E �h�R�E�A�L�v �A�C�T�I�O�N��Eat (Cake)�� �A�L�O�N�G �W�I�T�H �T�W�O
�P�E�R�S�I�S�T�E�N�C�E �A�C�T�I�O�N�S �D�R�A�W�N �A�S �S�M�A�L�L �S�Q�U�A�R�E �B�O�X�E�S��

�,�E�V�E�LA0 �C�O�N�T�A�I�N�S �A�L�L �T�H�E �A�C�T�I�O�N�S �T�H�A�T�F�R�X�O�G�O�C�C�U�R �I�N �S�T�A�T�ES0�� �B�U�T �J�U�S�T �A�S �I�M�P�O�R�T�A�N�T �I�T
�R�E�C�O�R�D�S �C�O�N�m�I�C�T�S �B�E�T�W�E�E�N �A�C�T�I�O�N�S �T�H�A�T �W�O�U�L�D �P�R�E�V�E�N�T �T�H�E�M �F�R�O�M �O�C�C�U�R�R�I�N�G �T�O�G�E�T�H�E�R�� �4�H�E �G�R�A�Y
�L�I�N�E�S �I�N �&�I�G�U�R�E �������� �I�N�D�I�C�A�T�E�P�X�W�X�D�O �H�[�F�O�X�V�L�R�Q���O�R�P�X�W�H�[�	 �L�I�N�K�S�� �&�O�R �E�X�A�M�P�L�E��Eat (Cake) �I�SMUTUAL EXCLUSION

MUTEX �M�U�T�U�A�L�L�Y �E�X�C�L�U�S�I�V�E �W�I�T�H �T�H�E �P�E�R�S�I�S�T�E�N�C�E �O�F �E�I�T�H�E�RHave(Cake) �O�R: Eaten(Cake)�� �7�E �S�H�A�L�L
�S�E�E �S�H�O�R�T�L�Y �H�O�W �M�U�T�E�X �L�I�N�K�S �A�R�E �C�O�M�P�U�T�E�D��

�,�E�V�E�LS1 �C�O�N�T�A�I�N�S �A�L�L �T�H�E �L�I�T�E�R�A�L�S �T�H�A�T �C�O�U�L�D �R�E�S�U�L�T �F�R�O�M �P�I�C�K�I�N�G �A�N�Y �S�U�B�S�E�T �O�F �T�H�E �A�C�T�I�O�N�S
�I�NA0�� �A�S �W�E�L�L �A�S �M�U�T�E�X �L�I�N�K�S ���G�R�A�Y �L�I�N�E�S�	 �I�N�D�I�C�A�T�I�N�G �L�I�T�E�R�A�L�S �T�H�A�T �C�O�U�L�D �N�O�T �A�P�P�E�A�R �T�O�G�E�T�H�E�R��
�R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �C�H�O�I�C�E �O�F �A�C�T�I�O�N�S�� �&�O�R �E�X�A�M�P�L�E��Have(Cake) �A�N�DEaten(Cake) �A�R�E �M�U�T�E�X��



�3�E�C�T�I�O�N ���������� �0�L�A�N�N�I�N�G �'�R�A�P�H�S ������

�D�E�P�E�N�D�I�N�G �O�N �T�H�E �C�H�O�I�C�E �O�F �A�C�T�I�O�N�S �I�NA0�� �E�I�T�H�E�R�� �B�U�T �N�O�T �B�O�T�H�� �C�O�U�L�D �B�E �T�H�E �R�E�S�U�L�T�� �)�N �O�T�H�E�R
�W�O�R�D�S��S1 �R�E�P�R�E�S�E�N�T�S �A �B�E�L�I�E�F �S�T�A�T�E�� �A �S�E�T �O�F �P�O�S�S�I�B�L�E �S�T�A�T�E�S�� �4�H�E �M�E�M�B�E�R�S �O�F �T�H�I�S �S�E�T �A�R�E �A�L�L
�S�U�B�S�E�T�S �O�F �T�H�E �L�I�T�E�R�A�L�S �S�U�C�H �T�H�A�T �T�H�E�R�E �I�S �N�O �M�U�T�E�X �L�I�N�K �B�E�T�W�E�E�N �A�N�Y �M�E�M�B�E�R�S �O�F �T�H�E �S�U�B�S�E�T��

�7�E �C�O�N�T�I�N�U�E �I�N �T�H�I�S �W�A�Y�� �A�L�T�E�R�N�A�T�I�N�G �B�E�T�W�E�E�N �S�T�A�T�E �L�E�V�E�LSi �A�N�D �A�C�T�I�O�N �L�E�V�E�LA i �U�N�T�I�L �W�E
�R�E�A�C�H �A �P�O�I�N�T �W�H�E�R�E �T�W�O �C�O�N�S�E�C�U�T�I�V�E �L�E�V�E�L�S �A�R�E �I�D�E�N�T�I�C�A�L�� �!�T �T�H�I�S �P�O�I�N�T�� �W�E �S�A�Y �T�H�A�T �T�H�E �G�R�A�P�H
�H�A�S�O�H�Y�H�O�H�G �R�I�I�� �4�H�E �G�R�A�P�H �I�N �&�I�G�U�R�E �������� �L�E�V�E�L�S �O�F�F �A�TS2��LEVELED OFF

�7�H�A�T �W�E �E�N�D �U�P �W�I�T�H �I�S �A �S�T�R�U�C�T�U�R�E �W�H�E�R�E �E�V�E�R�YA i �L�E�V�E�L �C�O�N�T�A�I�N�S �A�L�L �T�H�E �A�C�T�I�O�N�S �T�H�A�T �A�R�E
�A�P�P�L�I�C�A�B�L�E �I�NSi �� �A�L�O�N�G �W�I�T�H �C�O�N�S�T�R�A�I�N�T�S �S�A�Y�I�N�G �T�H�A�T �T�W�O �A�C�T�I�O�N�S �C�A�N�N�O�T �B�O�T�H �B�E �E�X�E�C�U�T�E�D �A�T �T�H�E
�S�A�M�E �L�E�V�E�L�� �%�V�E�R�YSi �L�E�V�E�L �C�O�N�T�A�I�N�S �A�L�L �T�H�E �L�I�T�E�R�A�L�S �T�H�A�T �C�O�U�L�D �R�E�S�U�L�T �F�R�O�M �A�N�Y �P�O�S�S�I�B�L�E �C�H�O�I�C�E
�O�F �A�C�T�I�O�N�S �I�NA i � 1�� �A�L�O�N�G �W�I�T�H �C�O�N�S�T�R�A�I�N�T�S �S�A�Y�I�N�G �W�H�I�C�H �P�A�I�R�S �O�F �L�I�T�E�R�A�L�S �A�R�E �N�O�T �P�O�S�S�I�B�L�E��
�)�T �I�S �I�M�P�O�R�T�A�N�T �T�O �N�O�T�E �T�H�A�T �T�H�E �P�R�O�C�E�S�S �O�F �C�O�N�S�T�R�U�C�T�I�N�G �T�H�E �P�L�A�N�N�I�N�G �G�R�A�P�H �D�O�E�S�Q�R�W�R�E�Q�U�I�R�E
�C�H�O�O�S�I�N�G �A�M�O�N�G �A�C�T�I�O�N�S�� �W�H�I�C�H �W�O�U�L�D �E�N�T�A�I�L �C�O�M�B�I�N�A�T�O�R�I�A�L �S�E�A�R�C�H�� �)�N�S�T�E�A�D�� �I�T �J�U�S�T �R�E�C�O�R�D�S �T�H�E
�I�M�P�O�S�S�I�B�I�L�I�T�Y �O�F �C�E�R�T�A�I�N �C�H�O�I�C�E�S �U�S�I�N�G �M�U�T�E�X �L�I�N�K�S��

�7�E �N�O�W �D�E�l�N�E �M�U�T�E�X �L�I�N�K�S �F�O�R �B�O�T�H �A�C�T�I�O�N�S �A�N�D �L�I�T�E�R�A�L�S�� �! �M�U�T�E�X �R�E�L�A�T�I�O�N �H�O�L�D�S �B�E�T�W�E�E�N
�T�W�O�D�F�W�L�R�Q�V�A�T �A �G�I�V�E�N �L�E�V�E�L �I�F �A�N�Y �O�F �T�H�E �F�O�L�L�O�W�I�N�G �T�H�R�E�E �C�O�N�D�I�T�I�O�N�S �H�O�L�D�S��

� �,�Q�F�R�Q�V�L�V�W�H�Q�W �H�I�I�H�F�W�V���O�N�E �A�C�T�I�O�N �N�E�G�A�T�E�S �A�N �E�F�F�E�C�T �O�F �T�H�E �O�T�H�E�R�� �&�O�R �E�X�A�M�P�L�E��Eat (Cake)
�A�N�D �T�H�E �P�E�R�S�I�S�T�E�N�C�E �O�FHave(Cake) �H�A�V�E �I�N�C�O�N�S�I�S�T�E�N�T �E�F�F�E�C�T�S �B�E�C�A�U�S�E �T�H�E�Y �D�I�S�A�G�R�E�E �O�N
�T�H�E �E�F�F�E�C�THave(Cake)��

� �,�Q�W�H�U�I�H�U�H�Q�F�H���O�N�E �O�F �T�H�E �E�F�F�E�C�T�S �O�F �O�N�E �A�C�T�I�O�N �I�S �T�H�E �N�E�G�A�T�I�O�N �O�F �A �P�R�E�C�O�N�D�I�T�I�O�N �O�F �T�H�E
�O�T�H�E�R�� �&�O�R �E�X�A�M�P�L�EEat (Cake) �I�N�T�E�R�F�E�R�E�S �W�I�T�H �T�H�E �P�E�R�S�I�S�T�E�N�C�E �O�FHave(Cake) �B�Y �N�E�G�A�T�

�I�N�G �I�T�S �P�R�E�C�O�N�D�I�T�I�O�N��

� �&�R�P�S�H�W�L�Q�J �Q�H�H�G�V���O�N�E �O�F �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �O�F �O�N�E �A�C�T�I�O�N �I�S �M�U�T�U�A�L�L�Y �E�X�C�L�U�S�I�V�E �W�I�T�H �A
�P�R�E�C�O�N�D�I�T�I�O�N �O�F �T�H�E �O�T�H�E�R�� �&�O�R �E�X�A�M�P�L�E��Bake(Cake) �A�N�DEat (Cake) �A�R�E �M�U�T�E�X �B�E�C�A�U�S�E
�T�H�E�Y �C�O�M�P�E�T�E �O�N �T�H�E �V�A�L�U�E �O�F �T�H�EHave(Cake) �P�R�E�C�O�N�D�I�T�I�O�N��

�! �M�U�T�E�X �R�E�L�A�T�I�O�N �H�O�L�D�S �B�E�T�W�E�E�N �T�W�O�O�L�W�H�U�D�O�V�A�T �T�H�E �S�A�M�E �L�E�V�E�L �I�F �O�N�E �I�S �T�H�E �N�E�G�A�T�I�O�N �O�F �T�H�E �O�T�H�E�R
�O�R �I�F �E�A�C�H �P�O�S�S�I�B�L�E �P�A�I�R �O�F �A�C�T�I�O�N�S �T�H�A�T �C�O�U�L�D �A�C�H�I�E�V�E �T�H�E �T�W�O �L�I�T�E�R�A�L�S �I�S �M�U�T�U�A�L�L�Y �E�X�C�L�U�S�I�V�E��
�4�H�I�S �C�O�N�D�I�T�I�O�N �I�S �C�A�L�L�E�D�L�Q�F�R�Q�V�L�V�W�H�Q�W �V�X�S�S�R�U�W�� �&�O�R �E�X�A�M�P�L�E��Have(Cake) �A�N�DEaten(Cake)
�A�R�E �M�U�T�E�X �I�NS1 �B�E�C�A�U�S�E �T�H�E �O�N�L�Y �W�A�Y �O�F �A�C�H�I�E�V�I�N�GHave(Cake)�� �T�H�E �P�E�R�S�I�S�T�E�N�C�E �A�C�T�I�O�N�� �I�S
�M�U�T�E�X �W�I�T�H �T�H�E �O�N�L�Y �W�A�Y �O�F �A�C�H�I�E�V�I�N�GEaten(Cake)�� �N�A�M�E�L�YEat (Cake)�� �)�NS2 �T�H�E �T�W�O
�L�I�T�E�R�A�L�S �A�R�E �N�O�T �M�U�T�E�X�� �B�E�C�A�U�S�E �T�H�E�R�E �A�R�E �N�E�W �W�A�Y�S �O�F �A�C�H�I�E�V�I�N�G �T�H�E�M�� �S�U�C�H �A�SBake(Cake)
�A�N�D �T�H�E �P�E�R�S�I�S�T�E�N�C�E �O�FEaten(Cake)�� �T�H�A�T �A�R�E �N�O�T �M�U�T�E�X��

�! �P�L�A�N�N�I�N�G �G�R�A�P�H �I�S �P�O�L�Y�N�O�M�I�A�L �I�N �T�H�E �S�I�Z�E �O�F �T�H�E �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M�� �&�O�R �A �P�L�A�N�N�I�N�G
�P�R�O�B�L�E�M �W�I�T�Hl �L�I�T�E�R�A�L�S �A�N�Da �A�C�T�I�O�N�S�� �E�A�C�HSi �H�A�S �N�O �M�O�R�E �T�H�A�Nl �N�O�D�E�S �A�N�Dl2 �M�U�T�E�X �L�I�N�K�S��
�A�N�D �E�A�C�HA i �H�A�S �N�O �M�O�R�E �T�H�A�Na + l �N�O�D�E�S ���I�N�C�L�U�D�I�N�G �T�H�E �N�O�
�O�P�S�	��(a + l)2 �M�U�T�E�X �L�I�N�K�S�� �A�N�D
2(al + l) �P�R�E�C�O�N�D�I�T�I�O�N �A�N�D �E�F�F�E�C�T �L�I�N�K�S�� �4�H�U�S�� �A�N �E�N�T�I�R�E �G�R�A�P�H �W�I�T�Hn �L�E�V�E�L�S �H�A�S �A �S�I�Z�E �O�F
O(n(a + l)2)�� �4�H�E �T�I�M�E �T�O �B�U�I�L�D �T�H�E �G�R�A�P�H �H�A�S �T�H�E �S�A�M�E �C�O�M�P�L�E�X�I�T�Y��

������������ �3�O�D�Q�Q�L�Q�J �J�U�D�S�K�V �I�R�U �K�H�X�U�L�V�W�L�F �H�V�W�L�P�D�W�L�R�Q

�! �P�L�A�N�N�I�N�G �G�R�A�P�H�� �O�N�C�E �C�O�N�S�T�R�U�C�T�E�D�� �I�S �A �R�I�C�H �S�O�U�R�C�E �O�F �I�N�F�O�R�M�A�T�I�O�N �A�B�O�U�T �T�H�E �P�R�O�B�L�E�M�� �&�I�R�S�T��
�I�F �A�N�Y �G�O�A�L �L�I�T�E�R�A�L �F�A�I�L�S �T�O �A�P�P�E�A�R �I�N �T�H�E �l�N�A�L �L�E�V�E�L �O�F �T�H�E �G�R�A�P�H�� �T�H�E�N �T�H�E �P�R�O�B�L�E�M �I�S �U�N�S�O�L�V�A�B�L�E��
�3�E�C�O�N�D�� �W�E �C�A�N �E�S�T�I�M�A�T�E �T�H�E �C�O�S�T �O�F �A�C�H�I�E�V�I�N�G �A�N�Y �G�O�A�L �L�I�T�E�R�A�Lgi �F�R�O�M �S�T�A�T�Es �A�S �T�H�E �L�E�V�E�L �A�T
�W�H�I�C�Hgi �l�R�S�T �A�P�P�E�A�R�S �I�N �T�H�E �P�L�A�N�N�I�N�G �G�R�A�P�H �C�O�N�S�T�R�U�C�T�E�D �F�R�O�M �I�N�I�T�I�A�L �S�T�A�T�Es�� �7�E �C�A�L�L �T�H�I�S �T�H�E



������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

�O�H�Y�H�O �F�R�V�W�O�Fgi �� �)�N �&�I�G�U�R�E ����������Have(Cake) �H�A�S �L�E�V�E�L �C�O�S�T �� �A�N�DEaten(Cake) �H�A�S �L�E�V�E�L �C�O�S�TLEVEL COST

���� �)�T �I�S �E�A�S�Y �T�O �S�H�O�W ���%�X�E�R�C�I�S�E �����������	 �T�H�A�T �T�H�E�S�E �E�S�T�I�M�A�T�E�S �A�R�E �A�D�M�I�S�S�I�B�L�E �F�O�R �T�H�E �I�N�D�I�V�I�D�U�A�L
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graph �)�.�)�4�)�!�,�
�0�,�!�.�.�)�.�' �
�' �2�!�0�(��problem�	
goals �#�/�.�*�5�.�#�4�3��problem���' �/�!�, �	
nogoods �A�N �E�M�P�T�Y �H�A�S�H �T�A�B�L�E
�I�R�Utl �� �� �W�R1 �G�R

�L�Igoals �A�L�L �N�O�N�
�M�U�T�E�X �I�NSt �O�Fgraph �W�K�H�Q
solution  �%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. ��graph��goals�� �.�5�- �, �%�6�%�,�3��graph�	��nogoods�	
�L�Isolution 6=failure �W�K�H�Q �U�H�W�X�U�Qsolution

�L�Igraph �A�N�Dnogoods�H�A�V�E �B�O�T�H �L�E�V�E�L�E�D �O�F�F�W�K�H�Q �U�H�W�X�U�Qfailure
graph �%�8�0�!�.�$�
�' �2�!�0�(��graph��problem�	

�)�L�J�X�U�H ���������4�H�E �'�2�! �0�(�0�,�!�. �A�L�G�O�R�I�T�H�M�� �'�2�!�0�(�0�,�!�. �C�A�L�L�S �%�8�0�!�.�$�
�' �2�!�0�( �T�O �A�D�D �A
�L�E�V�E�L �U�N�T�I�L �E�I�T�H�E�R �A �S�O�L�U�T�I�O�N �I�S �F�O�U�N�D �B�Y �%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. �� �O�R �N�O �S�O�L�U�T�I�O�N �I�S �P�O�S�S�I�B�L�E��

�,�E�T �U�S �N�O�W �T�R�A�C�E �T�H�E �O�P�E�R�A�T�I�O�N �O�F �'�2�!�0�(�0�,�!�. �O�N �T�H�E �S�P�A�R�E �T�I�R�E �P�R�O�B�L�E�M �F�R�O�M �P�A�G�E ��������
�4�H�E �G�R�A�P�H �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������ �4�H�E �l�R�S�T �L�I�N�E �O�F �'�2�!�0�(�0�,�!�. �I�N�I�T�I�A�L�I�Z�E�S �T�H�E �P�L�A�N�N�I�N�G
�G�R�A�P�H �T�O �A �O�N�E�
�L�E�V�E�L ��S0�	 �G�R�A�P�H �R�E�P�R�E�S�E�N�T�I�N�G �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E�� �4�H�E �P�O�S�I�T�I�V�E �m�U�E�N�T�S �F�R�O�M �T�H�E
�P�R�O�B�L�E�M �D�E�S�C�R�I�P�T�I�O�N���S �I�N�I�T�I�A�L �S�T�A�T�E �A�R�E �S�H�O�W�N�� �A�S �A�R�E �T�H�E �R�E�L�E�V�A�N�T �N�E�G�A�T�I�V�E �m�U�E�N�T�S�� �.�O�T �S�H�O�W�N
�A�R�E �T�H�E �U�N�C�H�A�N�G�I�N�G �P�O�S�I�T�I�V�E �L�I�T�E�R�A�L�S ���S�U�C�H �A�STire (Spare)�	 �A�N�D �T�H�E �I�R�R�E�L�E�V�A�N�T �N�E�G�A�T�I�V�E �L�I�T�E�R�A�L�S��
�4�H�E �G�O�A�LAt (Spare; Axle) �I�S �N�O�T �P�R�E�S�E�N�T �I�NS0�� �S�O �W�E �N�E�E�D �N�O�T �C�A�L�L �%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. �ˆ
�W�E �A�R�E �C�E�R�T�A�I�N �T�H�A�T �T�H�E�R�E �I�S �N�O �S�O�L�U�T�I�O�N �Y�E�T�� �)�N�S�T�E�A�D�� �%�8�0�!�.�$�
�' �2�!�0�( �A�D�D�S �I�N�T�OA0 �T�H�E �T�H�R�E�E
�A�C�T�I�O�N�S �W�H�O�S�E �P�R�E�C�O�N�D�I�T�I�O�N�S �E�X�I�S�T �A�T �L�E�V�E�LS0 ���I���E���� �A�L�L �T�H�E �A�C�T�I�O�N�S �E�X�C�E�P�TPutOn(Spare; Axle)�	��
�A�L�O�N�G �W�I�T�H �P�E�R�S�I�S�T�E�N�C�E �A�C�T�I�O�N�S �F�O�R �A�L�L �T�H�E �L�I�T�E�R�A�L�S �I�NS0�� �4�H�E �E�F�F�E�C�T�S �O�F �T�H�E �A�C�T�I�O�N�S �A�R�E �A�D�D�E�D �A�T
�L�E�V�E�LS1�� �%�8�0�!�.�$�
�' �2�!�0�( �T�H�E�N �L�O�O�K�S �F�O�R �M�U�T�E�X �R�E�L�A�T�I�O�N�S �A�N�D �A�D�D�S �T�H�E�M �T�O �T�H�E �G�R�A�P�H��

At (Spare; Axle) �I�S �S�T�I�L�L �N�O�T �P�R�E�S�E�N�T �I�NS1�� �S�O �A�G�A�I�N �W�E �D�O �N�O�T �C�A�L�L �%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. ��
�7�E �C�A�L�L �%�8�0�!�.�$�
�' �2�!�0�( �A�G�A�I�N�� �A�D�D�I�N�GA1 �A�N�DS1 �A�N�D �G�I�V�I�N�G �U�S �T�H�E �P�L�A�N�N�I�N�G �G�R�A�P�H �S�H�O�W�N
�I�N �&�I�G�U�R�E ������������ �.�O�W �T�H�A�T �W�E �H�A�V�E �T�H�E �F�U�L�L �C�O�M�P�L�E�M�E�N�T �O�F �A�C�T�I�O�N�S�� �I�T �I�S �W�O�R�T�H�W�H�I�L�E �T�O �L�O�O�K �A�T
�S�O�M�E �O�F �T�H�E �E�X�A�M�P�L�E�S �O�F �M�U�T�E�X �R�E�L�A�T�I�O�N�S �A�N�D �T�H�E�I�R �C�A�U�S�E�S��

� �,�Q�F�R�Q�V�L�V�W�H�Q�W �H�I�I�H�F�W�V��Remove(Spare; Trunk ) �I�S �M�U�T�E�X �W�I�T�HLeaveOvernight �B�E�C�A�U�S�E
�O�N�E �H�A�S �T�H�E �E�F�F�E�C�TAt (Spare; Ground) �A�N�D �T�H�E �O�T�H�E�R �H�A�S �I�T�S �N�E�G�A�T�I�O�N��



������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

S0 A1 S2
At(Spare,Trunk)

At(Spare,Trunk)

At(Flat,Axle)

At(Flat,Axle)

At(Spare,Axle)

At(Flat,Ground)

At(Flat,Ground)

At(Spare,Ground)

At(Spare,Ground)

At(Spare,Trunk)

At(Spare,Trunk)

At(Flat,Axle)

At(Flat,Axle)

At(Spare,Axle)

At(Flat,Ground)

At(Flat,Ground)

At(Spare,Ground)

At(Spare,Ground)

At(Spare,Axle)

At(Spare,Trunk)

At(Flat,Axle)

At(Spare,Axle)

At(Flat,Ground)

At(Spare,Ground)

PutOn(Spare,Axle)

LeaveOvernight

Remove(Flat,Axle)

Remove(Spare,Trunk)

Remove(Spare,Trunk)

Remove(Flat,Axle)

LeaveOvernight

•

•

•

•

•

•

•

•

•

•

•

•

•

A0 S1

�)�L�J�X�U�H �����������4�H�E �P�L�A�N�N�I�N�G �G�R�A�P�H �F�O�R �T�H�E �S�P�A�R�E �T�I�R�E �P�R�O�B�L�E�M �A�F�T�E�R �E�X�P�A�N�S�I�O�N �T�O �L�E�V�E�LS2��
�-�U�T�E�X �L�I�N�K�S �A�R�E �S�H�O�W�N �A�S �G�R�A�Y �L�I�N�E�S�� �.�O�T �A�L�L �L�I�N�K�S �A�R�E �S�H�O�W�N�� �B�E�C�A�U�S�E �T�H�E �G�R�A�P�H �W�O�U�L�D �B�E �T�O�O
�C�L�U�T�T�E�R�E�D �I�F �W�E �S�H�O�W�E�D �T�H�E�M �A�L�L�� �4�H�E �S�O�L�U�T�I�O�N �I�S �I�N�D�I�C�A�T�E�D �B�Y �B�O�L�D �L�I�N�E�S �A�N�D �O�U�T�L�I�N�E�S��

� �,�Q�W�H�U�I�H�U�H�Q�F�H��Remove(Flat ; Axle) �I�S �M�U�T�E�X �W�I�T�HLeaveOvernight�B�E�C�A�U�S�E �O�N�E �H�A�S �T�H�E
�P�R�E�C�O�N�D�I�T�I�O�NAt (Flat ; Axle) �A�N�D �T�H�E �O�T�H�E�R �H�A�S �I�T�S �N�E�G�A�T�I�O�N �A�S �A�N �E�F�F�E�C�T��

� �&�R�P�S�H�W�L�Q�J �Q�H�H�G�V��PutOn(Spare; Axle) �I�S �M�U�T�E�X �W�I�T�HRemove(Flat ; Axle) �B�E�C�A�U�S�E
�O�N�E �H�A�SAt (Flat ; Axle) �A�S �A �P�R�E�C�O�N�D�I�T�I�O�N �A�N�D �T�H�E �O�T�H�E�R �H�A�S �I�T�S �N�E�G�A�T�I�O�N��

� �,�Q�F�R�Q�V�L�V�W�H�Q�W �V�X�S�S�R�U�W��At (Spare; Axle) �I�S �M�U�T�E�X �W�I�T�HAt (Flat ; Axle) �I�NS2 �B�E�C�A�U�S�E �T�H�E
�O�N�L�Y �W�A�Y �O�F �A�C�H�I�E�V�I�N�GAt (Spare; Axle) �I�S �B�YPutOn(Spare; Axle)�� �A�N�D �T�H�A�T �I�S �M�U�T�E�X
�W�I�T�H �T�H�E �P�E�R�S�I�S�T�E�N�C�E �A�C�T�I�O�N �T�H�A�T �I�S �T�H�E �O�N�L�Y �W�A�Y �O�F �A�C�H�I�E�V�I�N�GAt (Flat ; Axle)�� �4�H�U�S�� �T�H�E
�M�U�T�E�X �R�E�L�A�T�I�O�N�S �D�E�T�E�C�T �T�H�E �I�M�M�E�D�I�A�T�E �C�O�N�m�I�C�T �T�H�A�T �A�R�I�S�E�S �F�R�O�M �T�R�Y�I�N�G �T�O �P�U�T �T�W�O �O�B�J�E�C�T�S
�I�N �T�H�E �S�A�M�E �P�L�A�C�E �A�T �T�H�E �S�A�M�E �T�I�M�E��

�4�H�I�S �T�I�M�E�� �W�H�E�N �W�E �G�O �B�A�C�K �T�O �T�H�E �S�T�A�R�T �O�F �T�H�E �L�O�O�P�� �A�L�L �T�H�E �L�I�T�E�R�A�L�S �F�R�O�M �T�H�E �G�O�A�L �A�R�E �P�R�E�S�E�N�T
�I�NS2�� �A�N�D �N�O�N�E �O�F �T�H�E�M �I�S �M�U�T�E�X �W�I�T�H �A�N�Y �O�T�H�E�R�� �4�H�A�T �M�E�A�N�S �T�H�A�T �A �S�O�L�U�T�I�O�N �M�I�G�H�T �E�X�I�S�T��
�A�N�D �%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. �W�I�L�L �T�R�Y �T�O �l�N�D �I�T�� �7�E �C�A�N �F�O�R�M�U�L�A�T�E �%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. �A�S �A
�"�O�O�L�E�A�N �C�O�N�S�T�R�A�I�N�T �S�A�T�I�S�F�A�C�T�I�O�N �P�R�O�B�L�E�M ���#�3�0�	 �W�H�E�R�E �T�H�E �V�A�R�I�A�B�L�E�S �A�R�E �T�H�E �A�C�T�I�O�N�S �A�T �E�A�C�H
�L�E�V�E�L�� �T�H�E �V�A�L�U�E�S �F�O�R �E�A�C�H �V�A�R�I�A�B�L�E �A�R�E�L�Q�O�R�R�X�W�O�F �T�H�E �P�L�A�N�� �A�N�D �T�H�E �C�O�N�S�T�R�A�I�N�T�S �A�R�E �T�H�E �M�U�T�E�X�E�S
�A�N�D �T�H�E �N�E�E�D �T�O �S�A�T�I�S�F�Y �E�A�C�H �G�O�A�L �A�N�D �P�R�E�C�O�N�D�I�T�I�O�N��

�!�L�T�E�R�N�A�T�I�V�E�L�Y�� �W�E �C�A�N �D�E�l�N�E �%�8�4�2�!�#�4�
�3�/�,�5�4�)�/�. �A�S �A �B�A�C�K�W�A�R�D �S�E�A�R�C�H �P�R�O�B�L�E�M�� �W�H�E�R�E
�E�A�C�H �S�T�A�T�E �I�N �T�H�E �S�E�A�R�C�H �C�O�N�T�A�I�N�S �A �P�O�I�N�T�E�R �T�O �A �L�E�V�E�L �I�N �T�H�E �P�L�A�N�N�I�N�G �G�R�A�P�H �A�N�D �A �S�E�T �O�F �U�N�S�A�T�

�I�S�l�E�D �G�O�A�L�S�� �7�E �D�E�l�N�E �T�H�I�S �S�E�A�R�C�H �P�R�O�B�L�E�M �A�S �F�O�L�L�O�W�S��

� �4�H�E �I�N�I�T�I�A�L �S�T�A�T�E �I�S �T�H�E �L�A�S�T �L�E�V�E�L �O�F �T�H�E �P�L�A�N�N�I�N�G �G�R�A�P�H��Sn �� �A�L�O�N�G �W�I�T�H �T�H�E �S�E�T �O�F �G�O�A�L�S
�F�R�O�M �T�H�E �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M��

� �4�H�E �A�C�T�I�O�N�S �A�V�A�I�L�A�B�L�E �I�N �A �S�T�A�T�E �A�T �L�E�V�E�LSi �A�R�E �T�O �S�E�L�E�C�T �A�N�Y �C�O�N�m�I�C�T�
�F�R�E�E �S�U�B�S�E�T �O�F �T�H�E
�A�C�T�I�O�N�S �I�NA i � 1 �W�H�O�S�E �E�F�F�E�C�T�S �C�O�V�E�R �T�H�E �G�O�A�L�S �I�N �T�H�E �S�T�A�T�E�� �4�H�E �R�E�S�U�L�T�I�N�G �S�T�A�T�E �H�A�S �L�E�V�E�L
Si � 1 �A�N�D �H�A�S �A�S �I�T�S �S�E�T �O�F �G�O�A�L�S �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �F�O�R �T�H�E �S�E�L�E�C�T�E�D �S�E�T �O�F �A�C�T�I�O�N�S�� �"�Y
�h�C�O�N�m�I�C�T �F�R�E�E���v �W�E �M�E�A�N �A �S�E�T �O�F �A�C�T�I�O�N�S �S�U�C�H �T�H�A�T �N�O �T�W�O �O�F �T�H�E�M �A�R�E �M�U�T�E�X �A�N�D �N�O �T�W�O
�O�F �T�H�E�I�R �P�R�E�C�O�N�D�I�T�I�O�N�S �A�R�E �M�U�T�E�X��



�3�E�C�T�I�O�N ���������� �0�L�A�N�N�I�N�G �'�R�A�P�H�S ������

� �4�H�E �G�O�A�L �I�S �T�O �R�E�A�C�H �A �S�T�A�T�E �A�T �L�E�V�E�LS0 �S�U�C�H�T�H�A�T �A�L�L �T�H�E �G�O�A�L�S �A�R�E �S�A�T�I�S�l�E�D��
� �4�H�E �C�O�S�T �O�F �E�A�C�H �A�C�T�I�O�N �I�S ����

�&�O�R �T�H�I�S �P�A�R�T�I�C�U�L�A�R �P�R�O�B�L�E�M�� �W�E �S�T�A�R�T �A�TS2 �W�I�T�H �T�H�E �G�O�A�LAt (Spare; Axle)�� �4�H�E �O�N�L�Y �C�H�O�I�C�E �W�E
�H�A�V�E �F�O�R �A�C�H�I�E�V�I�N�G �T�H�E �G�O�A�L �S�E�T �I�SPutOn(Spare; Axle)�� �4�H�A�T �B�R�I�N�G�S �U�S �T�O �A �S�E�A�R�C�H �S�T�A�T�E �A�TS1

�W�I�T�H �G�O�A�L�SAt (Spare; Ground) �A�N�D: At (Flat ; Axle)�� �4�H�E �F�O�R�M�E�R �C�A�N �B�E �A�C�H�I�E�V�E�D �O�N�L�Y �B�Y
Remove(Spare; Trunk )�� �A�N�D �T�H�E �L�A�T�T�E�R �B�Y �E�I�T�H�E�RRemove(Flat ; Axle) �O�RLeaveOvernight��
�"�U�TLeaveOvernight�I�S �M�U�T�E�X �W�I�T�HRemove(Spare; Trunk )�� �S�O �T�H�E �O�N�L�Y �S�O�L�U�T�I�O�N �I�S �T�O �C�H�O�O�S�E
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������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

�O�N �A�N�O�T�H�E�R �B�L�O�C�K��On(A; x) ^ Block(x) �I�N �A �W�O�R�L�D �W�I�T�H �O�B�J�E�C�T�SA; B �A�N�DC�� �W�O�U�L�D �B�E
�R�E�P�L�A�C�E�D �B�Y �T�H�E �G�O�A�L

(On(A; A ) ^ Block(A)) _ (On(A; B ) ^ Block(B )) _ (On(A; C ) ^ Block(C)) :

� �!�D�D �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S�� �&�O�R �E�A�C�H �m�U�E�N�TF �� �A�D�D �A�N �A�X�I�O�M �O�F �T�H�E �F�O�R�M

F t+1 , ActionCausesFt _ (F t ^ : ActionCausesNotFt ) ;

�W�H�E�R�EActionCausesF �I�S �A �D�I�S�J�U�N�C�T�I�O�N �O�F �A�L�L �T�H�E �G�R�O�U�N�D �A�C�T�I�O�N�S �T�H�A�T �H�A�V�EF �I�N �T�H�E�I�R
�A�D�D �L�I�S�T�� �A�N�DActionCausesNotF �I�S �A �D�I�S�J�U�N�C�T�I�O�N �O�F �A�L�L �T�H�E �G�R�O�U�N�D �A�C�T�I�O�N�S �T�H�A�T �H�A�V�EF
�I�N �T�H�E�I�R �D�E�L�E�T�E �L�I�S�T��

� �!�D�D �P�R�E�C�O�N�D�I�T�I�O�N �A�X�I�O�M�S�� �&�O�R �E�A�C�H �G�R�O�U�N�D �A�C�T�I�O�NA�� �A�D�D �T�H�E �A�X�I�O�MA t ) �0�2�%(A)t ��
�T�H�A�T �I�S�� �I�F �A�N �A�C�T�I�O�N �I�S �T�A�K�E�N �A�T �T�I�M�Et�� �T�H�E�N �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �M�U�S�T �H�A�V�E �B�E�E�N �T�R�U�E��

� �!�D�D �A�C�T�I�O�N �E�X�C�L�U�S�I�O�N �A�X�I�O�M�S�� �S�A�Y �T�H�A�T �E�V�E�R�Y �A�C�T�I�O�N �I�S �D�I�S�T�I�N�C�T �F�R�O�M �E�V�E�R�Y �O�T�H�E�R �A�C�T�I�O�N��

�4�H�E �R�E�S�U�L�T�I�N�G �T�R�A�N�S�L�A�T�I�O�N �I�S �I�N �T�H�E �F�O�R�M �T�H�A�T �W�E �C�A�N �H�A�N�D �T�O �3�!�4�0�,�!�. �T�O �l�N�D �A �S�O�L�U�T�I�O�N��

������������ �3�O�D�Q�Q�L�Q�J �D�V �¿�U�V�W���R�U�G�H�U �O�R�J�L�F�D�O �G�H�G�X�F�W�L�R�Q�� �6�L�W�X�D�W�L�R�Q �F�D�O�F�X�O�X�V

�0�$�$�, �I�S �A �L�A�N�G�U�A�G�E �T�H�A�T �C�A�R�E�F�U�L�L�Y �B�A�L�A�N�C�E�S �T�H�E �E�X�P�R�E�S�S�I�V�E�N�E�S�S �O�F �T�H�E �L�A�N�G�U�A�G�E �W�I�T�H �T�H�E �C�O�M�

�P�L�E�X�I�T�Y �O�F �T�H�E �A�L�G�O�R�I�T�H�M�S �T�H�A�T �O�P�E�R�A�T�E �O�N �I�T�� �"�U�T �S�O�M�E �P�R�O�B�L�E�M�S �R�E�M�A�I�N �D�I�F�l�C�U�L�T �T�O �E�X�P�R�E�S�S �I�N
�0�$�$�,�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N���T �E�X�P�R�E�S�S �T�H�E �G�O�A�L �h�M�O�V�E �A�L�L �T�H�E �C�A�R�G�O �F�R�O�MA �T�OB �R�E�G�A�R�D�L�E�S�S
�O�F �H�O�W �M�A�N�Y �P�I�E�C�E�S �O�F �C�A�R�G�O �T�H�E�R�E �A�R�E�v �I�N �0�$�$�,�� �B�U�T �W�E �C�A�N �D�O �I�T �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �U�S�I�N�G �A
�U�N�I�V�E�R�S�A�L �Q�U�A�N�T�I�l�E�R�� �,�I�K�E�W�I�S�E�� �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �C�A�N �C�O�N�C�I�S�E�L�Y �E�X�P�R�E�S�S �G�L�O�B�A�L �C�O�N�S�T�R�A�I�N�T�S �S�U�C�H
�A�S �h�N�O �M�O�R�E �T�H�A�N �F�O�U�R �R�O�B�O�T�S �C�A�N �B�E �I�N �T�H�E �S�A�M�E �P�L�A�C�E �A�T �T�H�E �S�A�M�E �T�I�M�E���v �0�$�$�, �C�A�N �O�N�L�Y �S�A�Y
�T�H�I�S �W�I�T�H �R�E�P�E�T�I�T�I�O�U�S �P�R�E�C�O�N�D�I�T�I�O�N�S �O�N �E�V�E�R�Y �P�O�S�S�I�B�L�E �A�C�T�I�O�N �T�H�A�T �I�N�V�O�L�V�E�S �A �M�O�V�E��

�4�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M�S �A�L�S�O �H�A�S �L�I�M�I�T�A�T�I�O�N�S�� �S�U�C�H
�A�S �T�H�E �F�A�C�T �T�H�A�T �T�H�E �N�O�T�I�O�N �O�F �T�I�M�E �I�S �T�I�E�D �D�I�R�E�C�T�L�Y �T�O �m�U�E�N�T�S�� �&�O�R �E�X�A�M�P�L�E��South2 �M�E�A�N�S
�h�T�H�E �A�G�E�N�T �I�S �F�A�C�I�N�G �S�O�U�T�H �A�T �T�I�M�E �����v �7�I�T�H �T�H�A�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �T�H�E�R�E �I�S �N�O �W�A�Y �T�O �S�A�Y �h�T�H�E
�A�G�E�N�T �W�O�U�L�D �B�E �F�A�C�I�N�G �S�O�U�T�H �A�T �T�I�M�E �� �I�F �I�T �E�X�E�C�U�T�E�D �A �R�I�G�H�T �T�U�R�N �A�T �T�I�M�E ���� �O�T�H�E�R�W�I�S�E �I�T �W�O�U�L�D
�B�E �F�A�C�I�N�G �E�A�S�T���v �&�I�R�S�T�
�O�R�D�E�R �L�O�G�I�C �L�E�T�S �U�S �G�E�T �A�R�O�U�N�D �T�H�I�S �L�I�M�I�T�A�T�I�O�N �B�Y �R�E�P�L�A�C�I�N�G �T�H�E �N�O�T�I�O�N
�O�F �L�I�N�E�A�R �T�I�M�E �W�I�T�H �A �N�O�T�I�O�N �O�F �B�R�A�N�C�H�I�N�G�V�L�W�X�D�W�L�R�Q�V�� �U�S�I�N�G �A �R�E�P�R�E�S�E�N�T�A�T�I�O�N �C�A�L�L�E�D�V�L�W�X�D�W�L�R�Q
�F�D�O�F�X�O�X�V�T�H�A�T �W�O�R�K�S �L�I�K�E �T�H�I�S��SITUATION

CALCULUS

� �4�H�E �I�N�I�T�I�A�L �S�T�A�T�E �I�S �C�A�L�L�E�D �A�V�L�W�X�D�W�L�R�Q�� �)�Fs �I�S �A �S�I�T�U�A�T�I�O�N �A�N�Da �I�S �A�N �A�C�T�I�O�N�� �T�H�E�NSITUATION

�2�%�3�5�,�4(s; a) �I�S �A�L�S�O �A �S�I�T�U�A�T�I�O�N�� �4�H�E�R�E �A�R�E �N�O �O�T�H�E�R �S�I�T�U�A�T�I�O�N�S�� �4�H�U�S�� �A �S�I�T�U�A�T�I�O�N �C�O�R�

�R�E�S�P�O�N�D�S �T�O �A �S�E�Q�U�E�N�C�E�� �O�R �H�I�S�T�O�R�Y�� �O�F �A�C�T�I�O�N�S�� �9�O�U �C�A�N �A�L�S�O �T�H�I�N�K �O�F �A �S�I�T�U�A�T�I�O�N �A�S �T�H�E
�R�E�S�U�L�T �O�F �A�P�P�L�Y�I�N�G �T�H�E �A�C�T�I�O�N�S�� �B�U�T �N�O�T�E �T�H�A�T �T�W�O �S�I�T�U�A�T�I�O�N�S �A�R�E �T�H�E �S�A�M�E �O�N�L�Y �I�F �T�H�E�I�R �S�T�A�R�T
�A�N�D �A�C�T�I�O�N�S �A�R�E �T�H�E �S�A�M�E��(�2�%�3�5�,�4(s; a) = �2�%�3�5�,�4(s0; a0)) , (s = s0^ a = a0)��
�3�O�M�E �E�X�A�M�P�L�E�S �O�F �A�C�T�I�O�N�S �A�N�D �S�I�T�U�A�T�I�O�N�S �A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E ������������

� �! �F�U�N�C�T�I�O�N �O�R �R�E�L�A�T�I�O�N �T�H�A�T �C�A�N �V�A�R�Y �F�R�O�M �O�N�E �S�I�T�U�A�T�I�O�N �T�O �T�H�E �N�E�X�T �I�S �A�À�X�H�Q�W�� �"�Y �C�O�N�V�E�N�

�T�I�O�N�� �T�H�E �S�I�T�U�A�T�I�O�Ns �I�S �A�L�W�A�Y�S �T�H�E �L�A�S�T �A�R�G�U�M�E�N�T �T�O �T�H�E �m�U�E�N�T�� �F�O�R �E�X�A�M�P�L�EAt (x; l; s ) �I�S �A
�R�E�L�A�T�I�O�N�A�L �m�U�E�N�T �T�H�A�T �I�S �T�R�U�E �W�H�E�N �O�B�J�E�C�Tx �I�S �A�T �L�O�C�A�T�I�O�Nl �I�N �S�I�T�U�A�T�I�O�Ns�� �A�N�DLocation �I�S �A
�F�U�N�C�T�I�O�N�A�L �m�U�E�N�T �S�U�C�H �T�H�A�TLocation (x; s) = l �H�O�L�D�S �I�N �T�H�E �S�A�M�E �S�I�T�U�A�T�I�O�N�S �A�SAt (x; l; s )��

� �%�A�C�H �A�C�T�I�O�N���S �P�R�E�C�O�N�D�I�T�I�O�N�S �A�R�E �D�E�S�C�R�I�B�E�D �W�I�T�H �A�S�R�V�V�L�E�L�O�L�W�\ �D�[�L�R�P�T�H�A�T �S�A�Y�S �W�H�E�N �T�H�EPOSSIBILITY AXIOM

�A�C�T�I�O�N �C�A�N �B�E �T�A�K�E�N�� �)�T �H�A�S �T�H�E �F�O�R�M�( s) ) Poss(a; s) �W�H�E�R�E�( s) �I�S �S�O�M�E �F�O�R�M�U�L�A



�3�E�C�T�I�O�N ���������� �/�T�H�E�R �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G �!�P�P�R�O�A�C�H�E�S ������

PIT

PIT

PIT

�' �O�L�D

PIT

PIT

PIT

�' �O�L�D

PIT

PIT

PIT

�' �O�L�D

�6��

�)�R�U�Z�D�U�G

�5�H�V�X�O�W���6�������)�R�U�Z�D�U�G�	

�5�H�V�X�O�W���5�H�V�X�O�W���6�������)�R�U�Z�D�U�G�	��
�7�X�U�Q���5�L�J�K�W�	�	

�7�X�U�Q���5�L�J�K�W�	

�)�L�J�X�U�H �����������3�I�T�U�A�T�I�O�N�S �A�S �T�H�E �R�E�S�U�L�T�S �O�F �A�C�T�I�O�N�S �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D��

�I�N�V�O�L�V�I�N�Gs �T�H�A�T �D�E�S�C�R�I�B�E�S �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S�� �!�N �E�X�A�M�P�L�E �F�R�O�M �T�H�E �W�U�M�P�U�S �W�O�R�L�D �S�A�Y�S
�T�H�A�T �I�T �I�S �P�O�S�S�I�B�L�E �T�O �S�H�O�O�T �I�F �T�H�E �A�G�E�N�T �I�S �A�L�I�V�E �A�N�D �H�A�S �A�N �A�R�R�O�W��

Alive (Agent; s) ^ Have(Agent; Arrow ; s) ) Poss(Shoot; s)

� �%�A�C�H �m�U�E�N�T �I�S �D�E�S�C�R�I�B�E�D �W�I�T�H �A�V�X�F�F�H�V�V�R�U���V�W�D�W�H �D�[�L�R�P�T�H�A�T �S�A�Y�S �W�H�A�T �H�A�P�P�E�N�S �T�O �T�H�E
�m�U�E�N�T�� �D�E�P�E�N�D�I�N�G �O�N �W�H�A�T �A�C�T�I�O�N �I�S �T�A�K�E�N�� �4�H�I�S �I�S �S�I�M�I�L�A�R �T�O �T�H�E �A�P�P�R�O�A�C�H �W�E �T�O�O�K �F�O�R
�P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �4�H�E �A�X�I�O�M �H�A�S �T�H�E �F�O�R�M

�$�F�W�L�R�Q �L�V �S�R�V�V�L�E�O�H)
(�)�O�X�H�Q�W �L�V �W�U�X�H �L�Q �U�H�V�X�O�W �V�W�D�W�H, �$�F�W�L�R�Q�¶�V �H�I�I�H�F�W �P�D�G�H �L�W �W�U�X�H

_ �,�W �Z�D�V �W�U�X�H �E�H�I�R�U�H �D�Q�G �D�F�W�L�R�Q �O�H�I�W �L�W �D�O�R�Q�H) :

�&�O�R �E�X�A�M�P�L�E�� �T�H�E �A�X�I�O�M �F�O�R �T�H�E �R�E�L�A�T�I�O�N�A�L �m�U�E�N�THolding �S�A�Y�S �T�H�A�T �T�H�E �A�G�E�N�T �I�S �H�O�L�D�I�N�G
�S�O�M�E �G�O�L�Dg �A�F�T�E�R �E�X�E�C�U�T�I�N�G �A �P�O�S�S�I�B�L�E �A�C�T�I�O�N �I�F �A�N�D �O�N�L�Y �I�F �T�H�E �A�C�T�I�O�N �W�A�S �AGrab �O�Fg
�O�R �I�F �T�H�E �A�G�E�N�T �W�A�S �A�L�R�E�A�D�Y �H�O�L�D�I�N�Gg �A�N�D �T�H�E �A�C�T�I�O�N �W�A�S �N�O�T �R�E�L�E�A�S�I�N�G �I�T��

Poss(a; s) )
(Holding(Agent; g;Result(a; s)) ,

a= Grab(g) _ (Holding(Agent; g; s) ^ a 6=Release(g))) :

� �7�E �N�E�E�D�X�Q�L�T�X�H �D�F�W�L�R�Q �D�[�L�R�P�V�S�O �T�H�A�T �T�H�E �A�G�E�N�T �C�A�N �D�E�D�U�C�E �T�H�A�T�� �F�O�R �E�X�A�M�P�L�E��a 6=UNIQUE ACTION
AXIOMS

Release(g)�� �&�O�R �E�A�C�H �D�I�S�T�I�N�C�T �P�A�I�R �O�F �A�C�T�I�O�N �N�A�M�E�SA i �A�N�DA j �W�E �H�A�V�E �A�N �A�X�I�O�M �T�H�A�T
�S�A�Y�S �T�H�E �A�C�T�I�O�N�S �A�R�E �D�I�F�F�E�R�E�N�T��

A i (x; : : :) 6=A j (y; : : :)



������ �#�H�A�P�T�E�R ������ �#�L�A�S�S�I�C�A�L �0�L�A�N�N�I�N�G

�A�N�D �F�O�R �E�A�C�H �A�C�T�I�O�N �N�A�M�EA i �W�E �H�A�V�E �A�N �A�X�I�O�M �T�H�A�T �S�A�Y�S �T�W�O �U�S�E�S �O�F �T�H�A�T �A�C�T�I�O�N �N�A�M�E
�A�R�E �E�Q�U�A�L �I�F �A�N�D �O�N�L�Y �I�F �A�L�L �T�H�E�I�R �A�R�G�U�M�E�N�T�S �A�R�E �E�Q�U�A�L��

A i (x1; : : : ; xn ) = A i (y1; : : : ; yn ) , x1 = y1 ^ : : : ^ xn = yn :
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�B�E�E�N �F�O�U�N�D �D�U�R�I�N�G �E�X�E�C�U�T�I�O�N�� �4�H�U�S�� �T�H�A�T �P�A�R�T�I�C�U�L�A�R �A�C�T�I�O�N �W�I�L�L �R�E�M�A�I�N �A�T �A�N �A�B�S�T�R�A�C�T �L�E�V�E�L
�P�R�I�O�R �T�O �T�H�E �E�X�E�C�U�T�I�O�N �P�H�A�S�E�� �7�E �D�E�F�E�R �D�I�S�C�U�S�S�I�O�N �O�F �T�H�I�S �T�O�P�I�C �U�N�T�I�L �3�E�C�T�I�O�N ���������� �(�E�R�E�� �W�E
�C�O�N�C�E�N�T�R�A�T�E �O�N �T�H�E �A�S�P�E�C�T �O�F�K�L�H�U�D�U�F�K�L�F�D�O �G�H�F�R�P�S�R�V�L�W�L�R�Q�� �A�N �I�D�E�A �T�H�A�T �P�E�R�V�A�D�E�S �A�L�M�O�S�T �A�L�LHIERARCHICAL

DECOMPOSITION

�A�T�T�E�M�P�T�S �T�O �M�A�N�A�G�E �C�O�M�P�L�E�X�I�T�Y�� �&�O�R �E�X�A�M�P�L�E�� �C�O�M�P�L�E�X �S�O�F�T�W�A�R�E �I�S �C�R�E�A�T�E�D �F�R�O�M �A �H�I�E�R�A�R�C�H�Y
�O�F �S�U�B�R�O�U�T�I�N�E�S �O�R �O�B�J�E�C�T �C�L�A�S�S�E�S�� �A�R�M�I�E�S �O�P�E�R�A�T�E �A�S �A �H�I�E�R�A�R�C�H�Y �O�F �U�N�I�T�S�� �G�O�V�E�R�N�M�E�N�T�S �A�N�D �C�O�R�

�P�O�R�A�T�I�O�N�S �H�A�V�E �H�I�E�R�A�R�C�H�I�E�S �O�F �D�E�P�A�R�T�M�E�N�T�S�� �S�U�B�S�I�D�I�A�R�I�E�S�� �A�N�D �B�R�A�N�C�H �O�F�l�C�E�S�� �4�H�E �K�E�Y �B�E�N�E�l�T
�O�F �H�I�E�R�A�R�C�H�I�C�A�L �S�T�R�U�C�T�U�R�E �I�S �T�H�A�T�� �A�T �E�A�C�H �L�E�V�E�L �O�F �T�H�E �H�I�E�R�A�R�C�H�Y�� �A �C�O�M�P�U�T�A�T�I�O�N�A�L �T�A�S�K�� �M�I�L�I�T�A�R�Y
�M�I�S�S�I�O�N�� �O�R �A�D�M�I�N�I�S�T�R�A�T�I�V�E �F�U�N�C�T�I�O�N �I�S �R�E�D�U�C�E�D �T�O �A�V�P�D�O�O�N�U�M�B�E�R �O�F �A�C�T�I�V�I�T�I�E�S �A�T �T�H�E �N�E�X�T �L�O�W�E�R
�L�E�V�E�L�� �S�O �T�H�E �C�O�M�P�U�T�A�T�I�O�N�A�L �C�O�S�T �O�F �l�N�D�I�N�G �T�H�E �C�O�R�R�E�C�T �W�A�Y �T�O �A�R�R�A�N�G�E �T�H�O�S�E �A�C�T�I�V�I�T�I�E�S �F�O�R �T�H�E
�C�U�R�R�E�N�T �P�R�O�B�L�E�M �I�S �S�M�A�L�L�� �.�O�N�H�I�E�R�A�R�C�H�I�C�A�L �M�E�T�H�O�D�S�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �R�E�D�U�C�E �A �T�A�S�K �T�O �A
�O�D�U�J�H�N�U�M�B�E�R �O�F �I�N�D�I�V�I�D�U�A�L �A�C�T�I�O�N�S�� �F�O�R �L�A�R�G�E�
�S�C�A�L�E �P�R�O�B�L�E�M�S�� �T�H�I�S �I�S �C�O�M�P�L�E�T�E�L�Y �I�M�P�R�A�C�T�I�C�A�L��

������������ �+�L�J�K���O�H�Y�H�O �D�F�W�L�R�Q�V

�4�H�E �B�A�S�I�C �F�O�R�M�A�L�I�S�M �W�E �A�D�O�P�T �T�O �U�N�D�E�R�S�T�A�N�D �H�I�E�R�A�R�C�H�I�C�A�L �D�E�C�O�M�P�O�S�I�T�I�O�N �C�O�M�E�S �F�R�O�M �T�H�E �A�R�E�A
�O�F�K�L�H�U�D�U�F�K�L�F�D�O �W�D�V�N �Q�H�W�Z�R�U�N�V�O�R �(�4�. �P�L�A�N�N�I�N�G�� �!�S �I�N �C�L�A�S�S�I�C�A�L �P�L�A�N�N�I�N�G ���#�H�A�P�T�E�R �����	�� �W�EHIERARCHICAL TASK

NETWORK

�A�S�S�U�M�E �F�U�L�L �O�B�S�E�R�V�A�B�I�L�I�T�Y �A�N�D �D�E�T�E�R�M�I�N�I�S�M �A�N�D �T�H�E �A�V�A�I�L�A�B�I�L�I�T�Y �O�F �A �S�E�T �O�F �A�C�T�I�O�N�S�� �N�O�W �C�A�L�L�E�D
�S�U�L�P�L�W�L�Y�H �D�F�W�L�R�Q�V�� �W�I�T�H �S�T�A�N�D�A�R�D �P�R�E�C�O�N�D�I�T�I�O�N�n�E�F�F�E�C�T �S�C�H�E�M�A�S�� �4�H�E �K�E�Y �A�D�D�I�T�I�O�N�A�L �C�O�N�C�E�P�T �I�SPRIMITIVE ACTION

�T�H�E�K�L�J�K���O�H�Y�H�O �D�F�W�L�R�Q�O�R �(�,�!�ˆ�F�O�R �E�X�A�M�P�L�E�� �T�H�E �A�C�T�I�O�N �h�'�O �T�O �3�A�N �&�R�A�N�C�I�S�C�O �A�I�R�P�O�R�T�v �I�N �T�H�EHIGH­LEVEL ACTION



�3�E�C�T�I�O�N ���������� �(�I�E�R�A�R�C�H�I�C�A�L �0�L�A�N�N�I�N�G ������

Re�nement (Go(Home; SFO);
�3�4�%�0�3: [Drive (Home; SFOLongTermParking);

Shuttle(SFOLongTermParking; SFO)] )
Re�nement (Go(Home; SFO);

�3�4�%�0�3: [Taxi (Home; SFO)] )

Re�nement (Navigate([a; b]; [x; y]);
�0�2�%�#�/�.�$��a = x ^ b= y
�3�4�%�0�3: [ ] )

Re�nement (Navigate([a; b]; [x; y]);
�0�2�%�#�/�.�$��Connected([a; b]; [a � 1; b])
�3�4�%�0�3: [Left ; Navigate([a � 1; b]; [x; y])] )

Re�nement (Navigate([a; b]; [x; y]);
�0�2�%�#�/�.�$��Connected([a; b]; [a + 1 ; b])
�3�4�%�0�3: [Right ; Navigate([a + 1 ; b]; [x; y])] )

: : :

�)�L�J�X�U�H ���������$�E�l�N�I�T�I�O�N�S �O�F �P�O�S�S�I�B�L�E �R�E�l�N�E�M�E�N�T�S �F�O�R �T�W�O �H�I�G�H�
�L�E�V�E�L �A�C�T�I�O�N�S�� �G�O�I�N�G �T�O �3�A�N
�&�R�A�N�C�I�S�C�O �A�I�R�P�O�R�T �A�N�D �N�A�V�I�G�A�T�I�N�G �I�N �T�H�E �V�A�C�U�U�M �W�O�R�L�D�� �)�N �T�H�E �L�A�T�T�E�R �C�A�S�E�� �N�O�T�E �T�H�E �R�E�C�U�R�S�I�V�E
�N�A�T�U�R�E �O�F �T�H�E �R�E�l�N�E�M�E�N�T�S �A�N�D �T�H�E �U�S�E �O�F �P�R�E�C�O�N�D�I�T�I�O�N�S��

�E�X�A�M�P�L�E �G�I�V�E�N �E�A�R�L�I�E�R�� �%�A�C�H �(�,�! �H�A�S �O�N�E �O�R �M�O�R�E �P�O�S�S�I�B�L�E�U�H�¿�Q�H�P�H�Q�W�V�� �I�N�T�O �A �S�E�Q�U�E�N�C�E��REFINEMENT

�O�F �A�C�T�I�O�N�S�� �E�A�C�H �O�F �W�H�I�C�H �M�A�Y �B�E �A�N �(�,�! �O�R �A �P�R�I�M�I�T�I�V�E �A�C�T�I�O�N ���W�H�I�C�H �H�A�S �N�O �R�E�l�N�E�M�E�N�T�S
�B�Y �D�E�l�N�I�T�I�O�N�	�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �A�C�T�I�O�N �h�'�O �T�O �3�A�N �&�R�A�N�C�I�S�C�O �A�I�R�P�O�R�T���v �R�E�P�R�E�S�E�N�T�E�D �F�O�R�M�A�L�L�Y
�A�SGo(Home; SFO)�� �M�I�G�H�T �H�A�V�E �T�W�O �P�O�S�S�I�B�L�E �R�E�l�N�E�M�E�N�T�S�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �4�H�E
�S�A�M�E �l�G�U�R�E �S�H�O�W�S �A�U�H�F�X�U�V�L�Y�H�R�E�l�N�E�M�E�N�T �F�O�R �N�A�V�I�G�A�T�I�O�N �I�N �T�H�E �V�A�C�U�U�M �W�O�R�L�D�� �T�O �G�E�T �T�O �A
�D�E�S�T�I�N�A�T�I�O�N�� �T�A�K�E �A �S�T�E�P�� �A�N�D �T�H�E�N �G�O �T�O �T�H�E �D�E�S�T�I�N�A�T�I�O�N��

�4�H�E�S�E �E�X�A�M�P�L�E�S �S�H�O�W �T�H�A�T �H�I�G�H�
�L�E�V�E�L �A�C�T�I�O�N�S �A�N�D �T�H�E�I�R �R�E�l�N�E�M�E�N�T�S �E�M�B�O�D�Y �K�N�O�W�L�E�D�G�E
�A�B�O�U�T�K�R�Z �W�R �G�R �W�K�L�Q�J�V�� �&�O�R �I�N�S�T�A�N�C�E�� �T�H�E �R�E�l�N�E�M�E�N�T�S �F�O�RGo(Home; SFO) �S�A�Y �T�H�A�T �T�O �G�E�T �T�O
�T�H�E �A�I�R�P�O�R�T �Y�O�U �C�A�N �D�R�I�V�E �O�R �T�A�K�E �A �T�A�X�I�� �B�U�Y�I�N�G �M�I�L�K�� �S�I�T�T�I�N�G �D�O�W�N�� �A�N�D �M�O�V�I�N�G �T�H�E �K�N�I�G�H�T �T�O
�E�� �A�R�E �N�O�T �T�O �B�E �C�O�N�S�I�D�E�R�E�D��

�!�N �(�,�! �R�E�l�N�E�M�E�N�T �T�H�A�T �C�O�N�T�A�I�N�S �O�N�L�Y �P�R�I�M�I�T�I�V�E �A�C�T�I�O�N�S �I�S �C�A�L�L�E�D �A�N�L�P�S�O�H�P�H�Q�W�D�W�L�R�QIMPLEMENTATION

�O�F �T�H�E �(�,�!�� �&�O�R �E�X�A�M�P�L�E�� �I�N �T�H�E �V�A�C�U�U�M �W�O�R�L�D�� �T�H�E �S�E�Q�U�E�N�C�E�S[Right ; Right ; Down] �A�N�D
[Down; Right ; Right ] �B�O�T�H �I�M�P�L�E�M�E�N�T �T�H�E �(�,�!Navigate([1; 3]; [3; 2])�� �!�N �I�M�P�L�E�M�E�N�T�A�T�I�O�N
�O�F �A �H�I�G�H�
�L�E�V�E�L �P�L�A�N ���A �S�E�Q�U�E�N�C�E �O�F �(�,�!�S�	 �I�S �T�H�E �C�O�N�C�A�T�E�N�A�T�I�O�N �O�F �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S �O�F �E�A�C�H
�(�,�! �I�N �T�H�E �S�E�Q�U�E�N�C�E�� �'�I�V�E�N �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�n�E�F�F�E�C�T �D�E�l�N�I�T�I�O�N�S �O�F �E�A�C�H �P�R�I�M�I�T�I�V�E �A�C�T�I�O�N�� �I�T �I�S
�S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �T�O �D�E�T�E�R�M�I�N�E �W�H�E�T�H�E�R �A�N�Y �G�I�V�E�N �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F �A �H�I�G�H�
�L�E�V�E�L �P�L�A�N �A�C�H�I�E�V�E�S
�T�H�E �G�O�A�L�� �7�E �C�A�N �S�A�Y�� �T�H�E�N�� �T�H�A�T�D �K�L�J�K���O�H�Y�H�O �S�O�D�Q �D�F�K�L�H�Y�H�V �W�K�H �J�R�D�O �I�U�R�P �D �J�L�Y�H�Q �V�W�D�W�H �L�I �D�W
�O�H�D�V�W �R�Q�H �R�I �L�W�V �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V �D�F�K�L�H�Y�H�V �W�K�H �J�R�D�O �I�U�R�P �W�K�D�W �V�W�D�W�H�� �4�H�E �h�A�T �L�E�A�S�T �O�N�E�v �I�N �T�H�I�S
�D�E�l�N�I�T�I�O�N �I�S �C�R�U�C�I�A�L�ˆ�N�O�T�D�O�O�I�M�P�L�E�M�E�N�T�A�T�I�O�N�S �N�E�E�D �T�O �A�C�H�I�E�V�E �T�H�E �G�O�A�L�� �B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �G�E�T�S

1 �(�4�. �P�L�A�N�N�E�R�S �O�F�T�E�N �A�L�L�O�W �R�E�l�N�E�M�E�N�T �I�N�T�O �P�A�R�T�I�A�L�L�Y �O�R�D�E�R�E�D �P�L�A�N�S�� �A�N�D �T�H�E�Y �A�L�L�O�W �T�H�E �R�E�l�N�E�M�E�N�T�S �O�F �T�W�O
�D�I�F�F�E�R�E�N�T �(�,�!�S �I�N �A �P�L�A�N �T�O�V�K�D�U�H�A�C�T�I�O�N�S�� �7�E �O�M�I�T �T�H�E�S�E �I�M�P�O�R�T�A�N�T �C�O�M�P�L�I�C�A�T�I�O�N�S �I�N �T�H�E �I�N�T�E�R�E�S�T �O�F �U�N�D�E�R�S�T�A�N�D�I�N�G
�T�H�E �B�A�S�I�C �C�O�N�C�E�P�T�S �O�F �H�I�E�R�A�R�C�H�I�C�A�L �P�L�A�N�N�I�N�G��



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�T�O �D�E�C�I�D�E �W�H�I�C�H �I�M�P�L�E�M�E�N�T�A�T�I�O�N �I�T �W�I�L�L �E�X�E�C�U�T�E�� �4�H�U�S�� �T�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S �I�N
�(�4�. �P�L�A�N�N�I�N�G�ˆ�E�A�C�H �O�F �W�H�I�C�H �M�A�Y �H�A�V�E �A �D�I�F�F�E�R�E�N�T �O�U�T�C�O�M�E�ˆ�I�S �N�O�T �T�H�E �S�A�M�E �A�S �T�H�E �S�E�T �O�F
�P�O�S�S�I�B�L�E �O�U�T�C�O�M�E�S �I�N �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �P�L�A�N�N�I�N�G�� �4�H�E�R�E�� �W�E �R�E�Q�U�I�R�E�D �T�H�A�T �A �P�L�A�N �W�O�R�K �F�O�R�D�O�O
�O�U�T�C�O�M�E�S �B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �D�O�E�S�N���T �G�E�T �T�O �C�H�O�O�S�E �T�H�E �O�U�T�C�O�M�E�� �N�A�T�U�R�E �D�O�E�S��

�4�H�E �S�I�M�P�L�E�S�T �C�A�S�E �I�S �A�N �(�,�! �T�H�A�T �H�A�S �E�X�A�C�T�L�Y �O�N�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N�� �)�N �T�H�A�T �C�A�S�E�� �W�E
�C�A�N �C�O�M�P�U�T�E �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �A�N�D �E�F�F�E�C�T�S �O�F �T�H�E �(�,�! �F�R�O�M �T�H�O�S�E �O�F �T�H�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N
���S�E�E �%�X�E�R�C�I�S�E ���������	 �A�N�D �T�H�E�N �T�R�E�A�T �T�H�E �(�,�! �E�X�A�C�T�L�Y �A�S �I�F �I�T �W�E�R�E �A �P�R�I�M�I�T�I�V�E �A�C�T�I�O�N �I�T�S�E�L�F�� �)�T
�C�A�N �B�E �S�H�O�W�N �T�H�A�T �T�H�E �R�I�G�H�T �C�O�L�L�E�C�T�I�O�N �O�F �(�,�!�S �C�A�N �R�E�S�U�L�T �I�N �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �B�L�I�N�D
�S�E�A�R�C�H �D�R�O�P�P�I�N�G �F�R�O�M �E�X�P�O�N�E�N�T�I�A�L �I�N �T�H�E �S�O�L�U�T�I�O�N �D�E�P�T�H �T�O �L�I�N�E�A�R �I�N �T�H�E �S�O�L�U�T�I�O�N �D�E�P�T�H�� �A�L�

�T�H�O�U�G�H �D�E�V�I�S�I�N�G �S�U�C�H �A �C�O�L�L�E�C�T�I�O�N �O�F �(�,�!�S �M�A�Y �B�E �A �N�O�N�T�R�I�V�I�A�L �T�A�S�K �I�N �I�T�S�E�L�F�� �7�H�E�N �(�,�!�S
�H�A�V�E �M�U�L�T�I�P�L�E �P�O�S�S�I�B�L�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S�� �T�H�E�R�E �A�R�E �T�W�O �O�P�T�I�O�N�S�� �O�N�E �I�S �T�O �S�E�A�R�C�H �A�M�O�N�G �T�H�E
�I�M�P�L�E�M�E�N�T�A�T�I�O�N�S �F�O�R �O�N�E �T�H�A�T �W�O�R�K�S�� �A�S �I�N �3�E�C�T�I�O�N �������������� �T�H�E �O�T�H�E�R �I�S �T�O �R�E�A�S�O�N �D�I�R�E�C�T�L�Y �A�B�O�U�T
�T�H�E �(�,�!�S�ˆ�D�E�S�P�I�T�E �T�H�E �M�U�L�T�I�P�L�I�C�I�T�Y �O�F �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S�ˆ�A�S �E�X�P�L�A�I�N�E�D �I�N �3�E�C�T�I�O�N �������������� �4�H�E
�L�A�T�T�E�R �M�E�T�H�O�D �E�N�A�B�L�E�S �T�H�E �D�E�R�I�V�A�T�I�O�N �O�F �P�R�O�V�A�B�L�Y �C�O�R�R�E�C�T �A�B�S�T�R�A�C�T �P�L�A�N�S�� �W�I�T�H�O�U�T �T�H�E �N�E�E�D �T�O
�C�O�N�S�I�D�E�R �T�H�E�I�R �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S��

������������ �6�H�D�U�F�K�L�Q�J �I�R�U �S�U�L�P�L�W�L�Y�H �V�R�O�X�W�L�R�Q�V

�(�4�. �P�L�A�N�N�I�N�G �I�S �O�F�T�E�N �F�O�R�M�U�L�A�T�E�D �W�I�T�H �A �S�I�N�G�L�E �h�T�O�P �L�E�V�E�L�v �A�C�T�I�O�N �C�A�L�L�E�D�$�F�W�� �W�H�E�R�E �T�H�E �A�I�M �I�S
�T�O �l�N�D �A�N �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F�$�F�W�T�H�A�T �A�C�H�I�E�V�E�S �T�H�E �G�O�A�L�� �4�H�I�S �A�P�P�R�O�A�C�H �I�S �E�N�T�I�R�E�L�Y �G�E�N�E�R�A�L�� �&�O�R
�E�X�A�M�P�L�E�� �C�L�A�S�S�I�C�A�L �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M�S �C�A�N �B�E �D�E�l�N�E�D �A�S �F�O�L�L�O�W�S�� �F�O�R �E�A�C�H �P�R�I�M�I�T�I�V�E �A�C�T�I�O�Nai ��
�P�R�O�V�I�D�E �O�N�E �R�E�l�N�E�M�E�N�T �O�F�$�F�W�W�I�T�H �S�T�E�P�S[ai ; �$�F�W]�� �4�H�A�T �C�R�E�A�T�E�S �A �R�E�C�U�R�S�I�V�E �D�E�l�N�I�T�I�O�N �O�F�$�F�W
�T�H�A�T �L�E�T�S �U�S �A�D�D �A�C�T�I�O�N�S�� �"�U�T �W�E �N�E�E�D �S�O�M�E �W�A�Y �T�O �S�T�O�P �T�H�E �R�E�C�U�R�S�I�O�N�� �W�E �D�O �T�H�A�T �B�Y �P�R�O�V�I�D�I�N�G
�O�N�E �M�O�R�E �R�E�l�N�E�M�E�N�T �F�O�R�$�F�W�� �O�N�E �W�I�T�H �A�N �E�M�P�T�Y �L�I�S�T �O�F �S�T�E�P�S �A�N�D �W�I�T�H �A �P�R�E�C�O�N�D�I�T�I�O�N �E�Q�U�A�L
�T�O �T�H�E �G�O�A�L �O�F �T�H�E �P�R�O�B�L�E�M�� �4�H�I�S �S�A�Y�S �T�H�A�T �I�F �T�H�E �G�O�A�L �I�S �A�L�R�E�A�D�Y �A�C�H�I�E�V�E�D�� �T�H�E�N �T�H�E �R�I�G�H�T
�I�M�P�L�E�M�E�N�T�A�T�I�O�N �I�S �T�O �D�O �N�O�T�H�I�N�G��

�4�H�E �A�P�P�R�O�A�C�H �L�E�A�D�S �T�O �A �S�I�M�P�L�E �A�L�G�O�R�I�T�H�M�� �R�E�P�E�A�T�E�D�L�Y �C�H�O�O�S�E �A�N �(�,�! �I�N �T�H�E �C�U�R�R�E�N�T
�P�L�A�N �A�N�D �R�E�P�L�A�C�E �I�T �W�I�T�H �O�N�E �O�F �I�T�S �R�E�l�N�E�M�E�N�T�S�� �U�N�T�I�L �T�H�E �P�L�A�N �A�C�H�I�E�V�E�S �T�H�E �G�O�A�L�� �/�N�E �P�O�S�S�I�B�L�E
�I�M�P�L�E�M�E�N�T�A�T�I�O�N �B�A�S�E�D �O�N �B�R�E�A�D�T�H�
�l�R�S�T �T�R�E�E �S�E�A�R�C�H �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �0�L�A�N�S �A�R�E �C�O�N�S�I�D�

�E�R�E�D �I�N �O�R�D�E�R �O�F �D�E�P�T�H �O�F �N�E�S�T�I�N�G �O�F �T�H�E �R�E�l�N�E�M�E�N�T�S�� �R�A�T�H�E�R �T�H�A�N �N�U�M�B�E�R �O�F �P�R�I�M�I�T�I�V�E �S�T�E�P�S�� �)�T
�I�S �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �T�O �D�E�S�I�G�N �A �G�R�A�P�H�
�S�E�A�R�C�H �V�E�R�S�I�O�N �O�F �T�H�E �A�L�G�O�R�I�T�H�M �A�S �W�E�L�L �A�S �D�E�P�T�H�
�l�R�S�T �A�N�D
�I�T�E�R�A�T�I�V�E �D�E�E�P�E�N�I�N�G �V�E�R�S�I�O�N�S��

�)�N �E�S�S�E�N�C�E�� �T�H�I�S �F�O�R�M �O�F �H�I�E�R�A�R�C�H�I�C�A�L �S�E�A�R�C�H �E�X�P�L�O�R�E�S �T�H�E �S�P�A�C�E �O�F �S�E�Q�U�E�N�C�E�S �T�H�A�T �C�O�N�F�O�R�M
�T�O �T�H�E �K�N�O�W�L�E�D�G�E �C�O�N�T�A�I�N�E�D �I�N �T�H�E �(�,�! �L�I�B�R�A�R�Y �A�B�O�U�T �H�O�W �T�H�I�N�G�S �A�R�E �T�O �B�E �D�O�N�E�� �! �G�R�E�A�T �D�E�A�L
�O�F �K�N�O�W�L�E�D�G�E �C�A�N �B�E �E�N�C�O�D�E�D�� �N�O�T �J�U�S�T �I�N �T�H�E �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�S �S�P�E�C�I�l�E�D �I�N �E�A�C�H �R�E�l�N�E�M�E�N�T �B�U�T
�A�L�S�O �I�N �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �F�O�R �T�H�E �R�E�l�N�E�M�E�N�T�S�� �&�O�R �S�O�M�E �D�O�M�A�I�N�S�� �(�4�. �P�L�A�N�N�E�R�S �H�A�V�E �B�E�E�N
�A�B�L�E �T�O �G�E�N�E�R�A�T�E �H�U�G�E �P�L�A�N�S �W�I�T�H �V�E�R�Y �L�I�T�T�L�E �S�E�A�R�C�H�� �&�O�R �E�X�A�M�P�L�E�� �/�
�0�,�!�. ���"�E�L�L �A�N�D �4�A�T�E��
���������	�� �W�H�I�C�H �C�O�M�B�I�N�E�S �(�4�. �P�L�A�N�N�I�N�G �W�I�T�H �S�C�H�E�D�U�L�I�N�G�� �H�A�S �B�E�E�N �U�S�E�D �T�O �D�E�V�E�L�O�P �P�R�O�D�U�C�T�I�O�N
�P�L�A�N�S �F�O�R �(�I�T�A�C�H�I�� �! �T�Y�P�I�C�A�L �P�R�O�B�L�E�M �I�N�V�O�L�V�E�S �A �P�R�O�D�U�C�T �L�I�N�E �O�F ������ �D�I�F�F�E�R�E�N�T �P�R�O�D�U�C�T�S�� ����
�A�S�S�E�M�B�L�Y �M�A�C�H�I�N�E�S�� �A�N�D �O�V�E�R �������� �D�I�F�F�E�R�E�N�T �O�P�E�R�A�T�I�O�N�S�� �4�H�E �P�L�A�N�N�E�R �G�E�N�E�R�A�T�E�S �A �����
�D�A�Y
�S�C�H�E�D�U�L�E �W�I�T�H �T�H�R�E�E ���
�H�O�U�R �S�H�I�F�T�S �A �D�A�Y�� �I�N�V�O�L�V�I�N�G �T�E�N�S �O�F �M�I�L�L�I�O�N�S �O�F �S�T�E�P�S�� �!�N�O�T�H�E�R �I�M�P�O�R�T�A�N�T
�A�S�P�E�C�T �O�F �(�4�. �P�L�A�N�S �I�S �T�H�A�T �T�H�E�Y �A�R�E�� �B�Y �D�E�l�N�I�T�I�O�N�� �H�I�E�R�A�R�C�H�I�C�A�L�L�Y �S�T�R�U�C�T�U�R�E�D�� �U�S�U�A�L�L�Y �T�H�I�S
�M�A�K�E�S �T�H�E�M �E�A�S�Y �F�O�R �H�U�M�A�N�S �T�O �U�N�D�E�R�S�T�A�N�D��
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�A�C�T�I�O�N �S�E�Q�U�E�N�C�E�S�� �O�N�E �F�O�R �E�A�C�H �R�E�l�N�E�M�E�N�T �O�F �T�H�E �(�,�! �W�H�O�S�E �P�R�E�C�O�N�D�I�T�I�O�N�S �A�R�E �S�A�T�I�S�l�E�D �B�Y
�T�H�E �S�P�E�C�I�l�E�D �S�T�A�T�E��outcome��

�4�H�E �C�O�M�P�U�T�A�T�I�O�N�A�L �B�E�N�E�l�T�S �O�F �H�I�E�R�A�R�C�H�I�C�A�L �S�E�A�R�C�H �C�A�N �B�E �S�E�E�N �B�Y �E�X�A�M�I�N�I�N�G �A�N �I�D�E�

�A�L�I�Z�E�D �C�A�S�E�� �3�U�P�P�O�S�E �T�H�A�T �A �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M �H�A�S �A �S�O�L�U�T�I�O�N �W�I�T�Hd �P�R�I�M�I�T�I�V�E �A�C�T�I�O�N�S�� �&�O�R
�A �N�O�N�H�I�E�R�A�R�C�H�I�C�A�L�� �F�O�R�W�A�R�D �S�T�A�T�E�
�S�P�A�C�E �P�L�A�N�N�E�R �W�I�T�Hb �A�L�L�O�W�A�B�L�E �A�C�T�I�O�N�S �A�T �E�A�C�H �S�T�A�T�E�� �T�H�E
�C�O�S�T �I�SO(bd)�� �A�S �E�X�P�L�A�I�N�E�D �I�N �#�H�A�P�T�E�R ���� �&�O�R �A�N �(�4�. �P�L�A�N�N�E�R�� �L�E�T �U�S �S�U�P�P�O�S�E �A �V�E�R�Y �R�E�G�

�U�L�A�R �R�E�l�N�E�M�E�N�T �S�T�R�U�C�T�U�R�E�� �E�A�C�H �N�O�N�P�R�I�M�I�T�I�V�E �A�C�T�I�O�N �H�A�Sr �P�O�S�S�I�B�L�E �R�E�l�N�E�M�E�N�T�S�� �E�A�C�H �I�N�T�O
k �A�C�T�I�O�N�S �A�T �T�H�E �N�E�X�T �L�O�W�E�R �L�E�V�E�L�� �7�E �W�A�N�T �T�O �K�N�O�W �H�O�W �M�A�N�Y �D�I�F�F�E�R�E�N�T �R�E�l�N�E�M�E�N�T �T�R�E�E�S
�T�H�E�R�E �A�R�E �W�I�T�H �T�H�I�S �S�T�R�U�C�T�U�R�E�� �.�O�W�� �I�F �T�H�E�R�E �A�R�Ed �A�C�T�I�O�N�S �A�T �T�H�E �P�R�I�M�I�T�I�V�E �L�E�V�E�L�� �T�H�E�N �T�H�E
�N�U�M�B�E�R �O�F �L�E�V�E�L�S �B�E�L�O�W �T�H�E �R�O�O�T �I�Slogk d�� �S�O �T�H�E �N�U�M�B�E�R �O�F �I�N�T�E�R�N�A�L �R�E�l�N�E�M�E�N�T �N�O�D�E�S �I�S
1 + k + k2 + � � � + k logk d� 1 = ( d � 1)=(k � 1)�� �%�A�C�H �I�N�T�E�R�N�A�L �N�O�D�E �H�A�Sr �P�O�S�S�I�B�L�E �R�E�l�N�E�
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�T�H�A�T�V�R�P�H�R�Q�H �H�O�V�H�ˆ�A�N �A�D�V�E�R�S�A�R�Y�ˆ�W�I�L�L �C�H�O�O�S�E �T�H�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N�� �)�T �T�R�E�A�T�S �T�H�E �(�,�!���S �M�U�L�

�T�I�P�L�E �O�U�T�C�O�M�E�S �E�X�A�C�T�L�Y �A�S �I�F �T�H�E �(�,�! �W�E�R�E �A�Q�R�Q�G�H�W�H�U�P�L�Q�L�V�W�L�F�A�C�T�I�O�N�� �A�S �I�N �3�E�C�T�I�O�N �������� �&�O�R
�O�U�R �C�A�S�E�� �T�H�E �A�G�E�N�T �I�T�S�E�L�F �W�I�L�L �C�H�O�O�S�E �T�H�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N��

�4�H�E �P�R�O�G�R�A�M�M�I�N�G �L�A�N�G�U�A�G�E�S �C�O�M�M�U�N�I�T�Y �H�A�S �C�O�I�N�E�D �T�H�E �T�E�R�M�G�H�P�R�Q�L�F �Q�R�Q�G�H�W�H�U�P�L�Q��
�L�V�P�F�O�R �T�H�E �C�A�S�E �W�H�E�R�E �A�N �A�D�V�E�R�S�A�R�Y �M�A�K�E�S �T�H�E �C�H�O�I�C�E�S�� �C�O�N�T�R�A�S�T�I�N�G �T�H�I�S �W�I�T�H�D�Q�J�H�O�L�F �Q�R�Q�G�H��DEMONIC

NONDETERMINISM



�3�E�C�T�I�O�N ���������� �(�I�E�R�A�R�C�H�I�C�A�L �0�L�A�N�N�I�N�G ������

(a) (b)

�)�L�J�X�U�H ���������3�C�H�E�M�A�T�I�C �E�X�A�M�P�L�E�S �O�F �R�E�A�C�H�A�B�L�E �S�E�T�S�� �4�H�E �S�E�T �O�F �G�O�A�L �S�T�A�T�E�S �I�S �S�H�A�D�E�D�� �"�L�A�C�K
�A�N�D �G�R�A�Y �A�R�R�O�W�S �I�N�D�I�C�A�T�E �P�O�S�S�I�B�L�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S �O�Fh1 �A�N�Dh2�� �R�E�S�P�E�C�T�I�V�E�L�Y�� ���A�	 �4�H�E �R�E�A�C�H�

�A�B�L�E �S�E�T �O�F �A�N �(�,�!h1 �I�N �A �S�T�A�T�Es�� ���B�	 �4�H�E �R�E�A�C�H�A�B�L�E �S�E�T �F�O�R �T�H�E �S�E�Q�U�E�N�C�E[h1; h2]�� �"�E�C�A�U�S�E
�T�H�I�S �I�N�T�E�R�S�E�C�T�S �T�H�E �G�O�A�L �S�E�T�� �T�H�E �S�E�Q�U�E�N�C�E �A�C�H�I�E�V�E�S �T�H�E �G�O�A�L��

�W�H�U�P�L�Q�L�V�P�� �W�H�E�R�E �T�H�E �A�G�E�N�T �I�T�S�E�L�F �M�A�K�E�S �T�H�E �C�H�O�I�C�E�S�� �7�E �B�O�R�R�O�W �T�H�I�S �T�E�R�M �T�O �D�E�l�N�E�D�Q�J�H�O�L�FANGELIC
NONDETERMINISM

�V�H�P�D�Q�W�L�F�V�F�O�R �(�,�! �D�E�S�C�R�I�P�T�I�O�N�S�� �4�H�E �B�A�S�I�C �C�O�N�C�E�P�T �R�E�Q�U�I�R�E�D �F�O�R �U�N�D�E�R�S�T�A�N�D�I�N�G �A�N�G�E�L�I�C �S�E�
ANGELIC SEMANTICS

�M�A�N�T�I�C�S �I�S �T�H�E�U�H�D�F�K�D�E�O�H �V�H�W�O�F �A�N �(�,�!�� �G�I�V�E�N �A �S�T�A�T�Es�� �T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �F�O�R �A�N �(�,�!h��REACHABLE SET

�W�R�I�T�T�E�N �A�S �2�%�!�#�((s; h)�� �I�S �T�H�E �S�E�T �O�F �S�T�A�T�E�S �R�E�A�C�H�A�B�L�E �B�Y �A�N�Y �O�F �T�H�E �(�,�!���S �I�M�P�L�E�M�E�N�T�A�T�I�O�N�S��
�4�H�E �K�E�Y �I�D�E�A �I�S �T�H�A�T �T�H�E �A�G�E�N�T �C�A�N �C�H�O�O�S�E�Z�K�L�F�K�E�L�E�M�E�N�T �O�F �T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �I�T �E�N�D�S �U�P �I�N
�W�H�E�N �I�T �E�X�E�C�U�T�E�S �T�H�E �(�,�!�� �T�H�U�S�� �A�N �(�,�! �W�I�T�H �M�U�L�T�I�P�L�E �R�E�l�N�E�M�E�N�T�S �I�S �M�O�R�E �h�P�O�W�E�R�F�U�L�v �T�H�A�N
�T�H�E �S�A�M�E �(�,�! �W�I�T�H �F�E�W�E�R �R�E�l�N�E�M�E�N�T�S�� �7�E �C�A�N �A�L�S�O �D�E�l�N�E �T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �O�F �A �S�E�Q�U�E�N�C�E�S �O�F
�(�,�!�S�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �O�F �A �S�E�Q�U�E�N�C�E[h1; h2] �I�S �T�H�E �U�N�I�O�N �O�F �A�L�L �T�H�E �R�E�A�C�H�A�B�L�E
�S�E�T�S �O�B�T�A�I�N�E�D �B�Y �A�P�P�L�Y�I�N�Gh2 �I�N �E�A�C�H �S�T�A�T�E �I�N �T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �O�Fh1��

�2�%�!�#�((s; [h1; h2]) =
[

s02 �2�%�!�#�((s; h1)

�2�%�!�#�((s0; h2) :

�'�I�V�E�N �T�H�E�S�E �D�E�l�N�I�T�I�O�N�S�� �A �H�I�G�H�
�L�E�V�E�L �P�L�A�N�ˆ�A �S�E�Q�U�E�N�C�E �O�F �(�,�!�S�ˆ�A�C�H�I�E�V�E�S �T�H�E �G�O�A�L �I�F �I�T�S
�R�E�A�C�H�A�B�L�E �S�E�T�L�Q�W�H�U�V�H�F�W�V�T�H�E �S�E�T �O�F �G�O�A�L �S�T�A�T�E�S�� ���#�O�M�P�A�R�E �T�H�I�S �T�O �T�H�E �M�U�C�H �S�T�R�O�N�G�E�R �C�O�N�D�I�T�I�O�N
�F�O�R �D�E�M�O�N�I�C �S�E�M�A�N�T�I�C�S�� �W�H�E�R�E �E�V�E�R�Y �M�E�M�B�E�R �O�F �T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �H�A�S �T�O �B�E �A �G�O�A�L �S�T�A�T�E���	
�#�O�N�V�E�R�S�E�L�Y�� �I�F �T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �D�O�E�S�N���T �I�N�T�E�R�S�E�C�T �T�H�E �G�O�A�L�� �T�H�E�N �T�H�E �P�L�A�N �D�E�l�N�I�T�E�L�Y �D�O�E�S�N���T
�W�O�R�K�� �&�I�G�U�R�E �������� �I�L�L�U�S�T�R�A�T�E�S �T�H�E�S�E �I�D�E�A�S��

�4�H�E �N�O�T�I�O�N �O�F �R�E�A�C�H�A�B�L�E �S�E�T�S �Y�I�E�L�D�S �A �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �A�L�G�O�R�I�T�H�M�� �S�E�A�R�C�H �A�M�O�N�G �H�I�G�H�

�L�E�V�E�L �P�L�A�N�S�� �L�O�O�K�I�N�G �F�O�R �O�N�E �W�H�O�S�E �R�E�A�C�H�A�B�L�E �S�E�T �I�N�T�E�R�S�E�C�T�S �T�H�E �G�O�A�L�� �O�N�C�E �T�H�A�T �H�A�P�P�E�N�S�� �T�H�E
�A�L�G�O�R�I�T�H�M �C�A�N�F�R�P�P�L�W�T�O �T�H�A�T �A�B�S�T�R�A�C�T �P�L�A�N�� �K�N�O�W�I�N�G �T�H�A�T �I�T �W�O�R�K�S�� �A�N�D �F�O�C�U�S �O�N �R�E�l�N�I�N�G
�T�H�E �P�L�A�N �F�U�R�T�H�E�R�� �7�E �W�I�L�L �C�O�M�E �B�A�C�K �T�O �T�H�E �A�L�G�O�R�I�T�H�M�I�C �I�S�S�U�E�S �L�A�T�E�R�� �l�R�S�T�� �W�E �C�O�N�S�I�D�E�R �T�H�E
�Q�U�E�S�T�I�O�N �O�F �H�O�W �T�H�E �E�F�F�E�C�T�S �O�F �A�N �(�,�!�ˆ�T�H�E �R�E�A�C�H�A�B�L�E �S�E�T �F�O�R �E�A�C�H �P�O�S�S�I�B�L�E �I�N�I�T�I�A�L �S�T�A�T�E�ˆ�A�R�E
�R�E�P�R�E�S�E�N�T�E�D�� �!�S �W�I�T�H �T�H�E �C�L�A�S�S�I�C�A�L �A�C�T�I�O�N �S�C�H�E�M�A�S �O�F �#�H�A�P�T�E�R ������ �W�E �R�E�P�R�E�S�E�N�T �T�H�E�F�K�D�Q�J�H�V



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�M�A�D�E �T�O �E�A�C�H �m�U�E�N�T�� �4�H�I�N�K �O�F �A �m�U�E�N�T �A�S �A �S�T�A�T�E �V�A�R�I�A�B�L�E�� �! �P�R�I�M�I�T�I�V�E�A�C�T�I�O�N �C�A�N�D�G�G�O�R�G�H�O�H�W�H
�A �V�A�R�I�A�B�L�E �O�R �L�E�A�V�E �I�T�X�Q�F�K�D�Q�J�H�G�� ���7�I�T�H �C�O�N�D�I�T�I�O�N�A�L �E�F�F�E�C�T�S ���S�E�E �3�E�C�T�I�O�N �������������	 �T�H�E�R�E �I�S �A
�F�O�U�R�T�H �P�O�S�S�I�B�I�L�I�T�Y�� �m�I�P�P�I�N�G �A �V�A�R�I�A�B�L�E �T�O �I�T�S �O�P�P�O�S�I�T�E���	

�!�N �(�,�! �U�N�D�E�R �A�N�G�E�L�I�C �S�E�M�A�N�T�I�C�S �C�A�N �D�O �M�O�R�E�� �I�T �C�A�N�F�R�Q�W�U�R�O�T�H�E �V�A�L�U�E �O�F �A �V�A�R�I�A�B�L�E��
�S�E�T�T�I�N�G �I�T �T�O �T�R�U�E �O�R �F�A�L�S�E �D�E�P�E�N�D�I�N�G �O�N �W�H�I�C�H �I�M�P�L�E�M�E�N�T�A�T�I�O�N �I�S �C�H�O�S�E�N�� �)�N �F�A�C�T�� �A�N �(�,�! �C�A�N
�H�A�V�E �N�I�N�E �D�I�F�F�E�R�E�N�T �E�F�F�E�C�T�S �O�N �A �V�A�R�I�A�B�L�E�� �I�F �T�H�E �V�A�R�I�A�B�L�E �S�T�A�R�T�S �O�U�T �T�R�U�E�� �I�T �C�A�N �A�L�W�A�Y�S �K�E�E�P
�I�T �T�R�U�E�� �A�L�W�A�Y�S �M�A�K�E �I�T �F�A�L�S�E�� �O�R �H�A�V�E �A �C�H�O�I�C�E�� �I�F �T�H�E �V�A�R�I�A�B�L�E �S�T�A�R�T�S �O�U�T �F�A�L�S�E�� �I�T �C�A�N �A�L�W�A�Y�S
�K�E�E�P �I�T �F�A�L�S�E�� �A�L�W�A�Y�S �M�A�K�E �I�T �T�R�U�E�� �O�R �H�A�V�E �A �C�H�O�I�C�E�� �A�N�D �T�H�E �T�H�R�E�E �C�H�O�I�C�E�S �F�O�R �E�A�C�H �C�A�S�E �C�A�N
�B�E �C�O�M�B�I�N�E�D �A�R�B�I�T�R�A�R�I�L�Y�� �M�A�K�I�N�G �N�I�N�E�� �.�O�T�A�T�I�O�N�A�L�L�Y�� �T�H�I�S �I�S �A �B�I�T �C�H�A�L�L�E�N�G�I�N�G�� �7�E���L�L �U�S�E �T�H�Ee
�S�Y�M�B�O�L �T�O �M�E�A�N �h�P�O�S�S�I�B�L�Y�� �I�F �T�H�E �A�G�E�N�T �S�O �C�H�O�O�S�E�S���v �4�H�U�S�� �A�N �E�F�F�E�C�Te+ A �M�E�A�N�S �h�P�O�S�S�I�B�L�Y �A�D�D
A���v �T�H�A�T �I�S�� �E�I�T�H�E�R �L�E�A�V�EA �U�N�C�H�A�N�G�E�D �O�R �M�A�K�E �I�T �T�R�U�E�� �3�I�M�I�L�A�R�L�Y��e� A �M�E�A�N�S �h�P�O�S�S�I�B�L�Y �D�E�L�E�T�E
A�v �A�N�De� A �M�E�A�N�S �h�P�O�S�S�I�B�L�Y �A�D�D �O�R �D�E�L�E�T�EA���v �&�O�R �E�X�A�M�P�L�E�� �T�H�E �(�,�!Go(Home; SFO)��
�W�I�T�H �T�H�E �T�W�O �R�E�l�N�E�M�E�N�T�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �P�O�S�S�I�B�L�Y �D�E�L�E�T�E�SCash ���I�F �T�H�E �A�G�E�N�T �D�E�C�I�D�E�S �T�O
�T�A�K�E �A �T�A�X�I�	�� �S�O �I�T �S�H�O�U�L�D �H�A�V�E �T�H�E �E�F�F�E�C�Te� Cash�� �4�H�U�S�� �W�E �S�E�E �T�H�A�T �T�H�E �D�E�S�C�R�I�P�T�I�O�N�S �O�F �(�,�!�S
�A�R�E�G�H�U�L�Y�D�E�O�H�� �I�N �P�R�I�N�C�I�P�L�E�� �F�R�O�M �T�H�E �D�E�S�C�R�I�P�T�I�O�N�S �O�F �T�H�E�I�R �R�E�l�N�E�M�E�N�T�S�ˆ�I�N �F�A�C�T�� �T�H�I�S �I�S �R�E�Q�U�I�R�E�D
�I�F �W�E �W�A�N�T �T�R�U�E �(�,�! �D�E�S�C�R�I�P�T�I�O�N�S�� �S�U�C�H �T�H�A�T �T�H�E �D�O�W�N�W�A�R�D �R�E�l�N�E�M�E�N�T �P�R�O�P�E�R�T�Y �H�O�L�D�S�� �.�O�W��
�S�U�P�P�O�S�E �W�E �H�A�V�E �T�H�E �F�O�L�L�O�W�I�N�G �S�C�H�E�M�A�S �F�O�R �T�H�E �(�,�!�Sh1 �A�N�Dh2��

Action (h1; �0�2�%�#�/�.�$��: A; �%�&�&�%�#�4��A ^ e� B ) ;
Action (h2; �0�2�%�#�/�.�$��: B; �%�&�&�%�#�4��e+ A ^ e� C) :

�4�H�A�T �I�S��h1 �A�D�D�SA �A�N�D �P�O�S�S�I�B�L�E �D�E�L�E�T�E�SB �� �W�H�I�L�Eh2 �P�O�S�S�I�B�L�Y �A�D�D�SA �A�N�D �H�A�S �F�U�L�L �C�O�N�T�R�O�L �O�V�E�R
C�� �.�O�W�� �I�F �O�N�L�YB �I�S �T�R�U�E �I�N �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �A�N�D �T�H�E �G�O�A�L �I�SA ^ C �T�H�E�N �T�H�E �S�E�Q�U�E�N�C�E[h1; h2]
�A�C�H�I�E�V�E�S �T�H�E �G�O�A�L�� �W�E �C�H�O�O�S�E �A�N �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�Fh1 �T�H�A�T �M�A�K�E�SB �F�A�L�S�E�� �T�H�E�N �C�H�O�O�S�E �A�N
�I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�Fh2 �T�H�A�T �L�E�A�V�E�SA �T�R�U�E �A�N�D �M�A�K�E�SC �T�R�U�E��
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�T�H�E �S�A�M�E �C�O�L�O�R�� �)�N �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �W�E �H�A�V�E �T�W�O �C�A�N�S �O�F �P�A�I�N�T�� �B�U�T �T�H�E �C�O�L�O�R�S �O�F �T�H�E �P�A�I�N�T �A�N�D
�T�H�E �F�U�R�N�I�T�U�R�E �A�R�E �U�N�K�N�O�W�N�� �/�N�L�Y �T�H�E �T�A�B�L�E �I�S �I�N�I�T�I�A�L�L�Y �I�N �T�H�E �A�G�E�N�T���S �l�E�L�D �O�F �V�I�E�W��

Init (Object(Table) ^ Object(Chair ) ^ Can(C1) ^ Can(C2) ^ InView (Table))
Goal(Color (Chair ; c) ^ Color (Table; c))

�4�H�E�R�E �A�R�E �T�W�O �A�C�T�I�O�N�S�� �R�E�M�O�V�I�N�G �T�H�E �L�I�D �F�R�O�M �A �P�A�I�N�T �C�A�N �A�N�D �P�A�I�N�T�I�N�G �A�N �O�B�J�E�C�T �U�S�I�N�G �T�H�E
�P�A�I�N�T �F�R�O�M �A�N �O�P�E�N �C�A�N�� �4�H�E �A�C�T�I�O�N �S�C�H�E�M�A�S �A�R�E �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D�� �W�I�T�H �O�N�E �E�X�C�E�P�T�I�O�N�� �W�E �N�O�W
�A�L�L�O�W �P�R�E�C�O�N�D�I�T�I�O�N�S �A�N�D �E�F�F�E�C�T�S �T�O �C�O�N�T�A�I�N �V�A�R�I�A�B�L�E�S �T�H�A�T �A�R�E �N�O�T �P�A�R�T �O�F �T�H�E �A�C�T�I�O�N���S �V�A�R�I�A�B�L�E



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�L�I�S�T�� �4�H�A�T �I�S��Paint (x; can) �D�O�E�S �N�O�T �M�E�N�T�I�O�N �T�H�E �V�A�R�I�A�B�L�Ec�� �R�E�P�R�E�S�E�N�T�I�N�G �T�H�E �C�O�L�O�R �O�F �T�H�E
�P�A�I�N�T �I�N �T�H�E �C�A�N�� �)�N �T�H�E �F�U�L�L�Y �O�B�S�E�R�V�A�B�L�E �C�A�S�E�� �T�H�I�S �I�S �N�O�T �A�L�L�O�W�E�D�ˆ�W�E �W�O�U�L�D �H�A�V�E �T�O �N�A�M�E
�T�H�E �A�C�T�I�O�NPaint (x; can; c)�� �"�U�T �I�N �T�H�E �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �C�A�S�E�� �W�E �M�I�G�H�T �O�R �M�I�G�H�T �N�O�T
�K�N�O�W �W�H�A�T �C�O�L�O�R �I�S �I�N �T�H�E �C�A�N�� ���4�H�E �V�A�R�I�A�B�L�Ec �I�S �U�N�I�V�E�R�S�A�L�L�Y �Q�U�A�N�T�I�l�E�D�� �J�U�S�T �L�I�K�E �A�L�L �T�H�E �O�T�H�E�R
�V�A�R�I�A�B�L�E�S �I�N �A�N �A�C�T�I�O�N �S�C�H�E�M�A���	

Action (RemoveLid(can);
�0�2�%�#�/�.�$��Can(can)
�%�&�&�%�#�4��Open(can))

Action (Paint (x; can);
�0�2�%�#�/�.�$��Object(x) ^ Can(can) ^ Color (can; c) ^ Open(can)
�%�&�&�%�#�4��Color (x; c))

�4�O �S�O�L�V�E �A �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �P�R�O�B�L�E�M�� �T�H�E �A�G�E�N�T �W�I�L�L �H�A�V�E �T�O �R�E�A�S�O�N �A�B�O�U�T �T�H�E �P�E�R�C�E�P�T�S �I�T �W�I�L�L
�O�B�T�A�I�N �W�H�E�N �I�T �I�S �E�X�E�C�U�T�I�N�G �T�H�E �P�L�A�N�� �4�H�E �P�E�R�C�E�P�T �W�I�L�L �B�E �S�U�P�P�L�I�E�D �B�Y �T�H�E �A�G�E�N�T���S �S�E�N�S�O�R�S �W�H�E�N
�I�T �I�S �A�C�T�U�A�L�L�Y �A�C�T�I�N�G�� �B�U�T �W�H�E�N �I�T �I�S �P�L�A�N�N�I�N�G �I�T �W�I�L�L �N�E�E�D �A �M�O�D�E�L �O�F �I�T�S �S�E�N�S�O�R�S�� �)�N �#�H�A�P�T�E�R ����
�T�H�I�S �M�O�D�E�L �W�A�S �G�I�V�E�N �B�Y �A �F�U�N�C�T�I�O�N�� �0�%�2�#�%�0�4(s)�� �&�O�R �P�L�A�N�N�I�N�G�� �W�E �A�U�G�M�E�N�T �0�$�$�, �W�I�T�H �A
�N�E�W �T�Y�P�E �O�F �S�C�H�E�M�A�� �T�H�E�S�H�U�F�H�S�W �V�F�K�H�P�D��PERCEPT SCHEMA

Percept(Color (x; c);
�0�2�%�#�/�.�$��Object(x) ^ InView (x)

Percept(Color (can; c);
�0�2�%�#�/�.�$��Can(can) ^ InView (can) ^ Open(can)

�4�H�E �l�R�S�T �S�C�H�E�M�A �S�A�Y�S �T�H�A�T �W�H�E�N�E�V�E�R �A�N �O�B�J�E�C�T �I�S �I�N �V�I�E�W�� �T�H�E �A�G�E�N�T �W�I�L�L �P�E�R�C�E�I�V�E �T�H�E �C�O�L�O�R
�O�F �T�H�E �O�B�J�E�C�T ���T�H�A�T �I�S�� �F�O�R �T�H�E �O�B�J�E�C�Tx�� �T�H�E �A�G�E�N�T �W�I�L�L �L�E�A�R�N �T�H�E �T�R�U�T�H �V�A�L�U�E �O�FColor (x; c) �F�O�R
�A�L�Lc�	�� �4�H�E �S�E�C�O�N�D �S�C�H�E�M�A �S�A�Y�S �T�H�A�T �I�F �A�N �O�P�E�N �C�A�N �I�S �I�N �V�I�E�W�� �T�H�E�N �T�H�E �A�G�E�N�T �P�E�R�C�E�I�V�E�S �T�H�E
�C�O�L�O�R �O�F �T�H�E �P�A�I�N�T �I�N �T�H�E �C�A�N�� �"�E�C�A�U�S�E �T�H�E�R�E �A�R�E �N�O �E�X�O�G�E�N�O�U�S �E�V�E�N�T�S �I�N �T�H�I�S �W�O�R�L�D�� �T�H�E �C�O�L�O�R
�O�F �A�N �O�B�J�E�C�T �W�I�L�L �R�E�M�A�I�N �T�H�E �S�A�M�E�� �E�V�E�N �I�F �I�T �I�S �N�O�T �B�E�I�N�G �P�E�R�C�E�I�V�E�D�� �U�N�T�I�L �T�H�E �A�G�E�N�T �P�E�R�F�O�R�M�S
�A�N �A�C�T�I�O�N �T�O �C�H�A�N�G�E �T�H�E �O�B�J�E�C�T���S �C�O�L�O�R�� �/�F �C�O�U�R�S�E�� �T�H�E �A�G�E�N�T �W�I�L�L �N�E�E�D �A�N �A�C�T�I�O�N �T�H�A�T �C�A�U�S�E�S
�O�B�J�E�C�T�S ���O�N�E �A�T �A �T�I�M�E�	 �T�O �C�O�M�E �I�N�T�O �V�I�E�W��

Action (LookAt (x) ;
�0�2�%�#�/�.�$��InView (y) ^ (x 6=y)
�%�&�&�%�#�4��InView (x) ^ : InView (y))

�&�O�R �A �F�U�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�� �W�E �W�O�U�L�D �H�A�V�E �APercept �A�X�I�O�M �W�I�T�H �N�O �P�R�E�C�O�N�D�I�T�I�O�N�S
�F�O�R �E�A�C�H �m�U�E�N�T�� �! �S�E�N�S�O�R�L�E�S�S �A�G�E�N�T�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �H�A�S �N�OPercept �A�X�I�O�M�S �A�T �A�L�L�� �.�O�T�E
�T�H�A�T �E�V�E�N �A �S�E�N�S�O�R�L�E�S�S �A�G�E�N�T �C�A�N �S�O�L�V�E �T�H�E �P�A�I�N�T�I�N�G �P�R�O�B�L�E�M�� �/�N�E �S�O�L�U�T�I�O�N �I�S �T�O �O�P�E�N �A�N�Y �C�A�N
�O�F �P�A�I�N�T �A�N�D �A�P�P�L�Y �I�T �T�O �B�O�T�H �C�H�A�I�R �A�N�D �T�A�B�L�E�� �T�H�U�S�F�R�H�U�F�L�Q�J�T�H�E�M �T�O �B�E �T�H�E �S�A�M�E �C�O�L�O�R ���E�V�E�N
�T�H�O�U�G�H �T�H�E �A�G�E�N�T �D�O�E�S�N���T �K�N�O�W �W�H�A�T �T�H�E �C�O�L�O�R �I�S�	��

�! �C�O�N�T�I�N�G�E�N�T �P�L�A�N�N�I�N�G �A�G�E�N�T �W�I�T�H �S�E�N�S�O�R�S �C�A�N �G�E�N�E�R�A�T�E �A �B�E�T�T�E�R �P�L�A�N�� �&�I�R�S�T�� �L�O�O�K �A�T �T�H�E
�T�A�B�L�E �A�N�D �C�H�A�I�R �T�O �O�B�T�A�I�N �T�H�E�I�R �C�O�L�O�R�S�� �I�F �T�H�E�Y �A�R�E �A�L�R�E�A�D�Y �T�H�E �S�A�M�E �T�H�E�N �T�H�E �P�L�A�N �I�S �D�O�N�E�� �)�F
�N�O�T�� �L�O�O�K �A�T �T�H�E �P�A�I�N�T �C�A�N�S�� �I�F �T�H�E �P�A�I�N�T �I�N �A �C�A�N �I�S �T�H�E �S�A�M�E �C�O�L�O�R �A�S �O�N�E �P�I�E�C�E �O�F �F�U�R�N�I�T�U�R�E��
�T�H�E�N �A�P�P�L�Y �T�H�A�T �P�A�I�N�T �T�O �T�H�E �O�T�H�E�R �P�I�E�C�E�� �/�T�H�E�R�W�I�S�E�� �P�A�I�N�T �B�O�T�H �P�I�E�C�E�S �W�I�T�H �A�N�Y �C�O�L�O�R��

�&�I�N�A�L�L�Y�� �A�N �O�N�L�I�N�E �P�L�A�N�N�I�N�G �A�G�E�N�T �M�I�G�H�T �G�E�N�E�R�A�T�E �A �C�O�N�T�I�N�G�E�N�T �P�L�A�N �W�I�T�H �F�E�W�E�R �B�R�A�N�C�H�E�S
�A�T �l�R�S�T�ˆ�P�E�R�H�A�P�S �I�G�N�O�R�I�N�G �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �T�H�A�T �N�O �C�A�N�S �M�A�T�C�H �A�N�Y �O�F �T�H�E �F�U�R�N�I�T�U�R�E�ˆ�A�N�D �D�E�A�L



�3�E�C�T�I�O�N ���������� �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �$�O�M�A�I�N�S������

�W�I�T�H �P�R�O�B�L�E�M�S �W�H�E�N �T�H�E�Y �A�R�I�S�E �B�Y �R�E�P�L�A�N�N�I�N�G�� �)�T �C�O�U�L�D �A�L�S�O �D�E�A�L �W�I�T�H �I�N�C�O�R�R�E�C�T�N�E�S�S �O�F �I�T�S
�A�C�T�I�O�N �S�C�H�E�M�A�S�� �7�H�E�R�E�A�S �A �C�O�N�T�I�N�G�E�N�T �P�L�A�N�N�E�R �S�I�M�P�L�Y �A�S�S�U�M�E�S �T�H�A�T �T�H�E �E�F�F�E�C�T�S �O�F �A�N �A�C�T�I�O�N
�A�L�W�A�Y�S �S�U�C�C�E�E�D�ˆ�T�H�A�T �P�A�I�N�T�I�N�G �T�H�E �C�H�A�I�R �D�O�E�S �T�H�E �J�O�B�ˆ�A �R�E�P�L�A�N�N�I�N�G �A�G�E�N�T �W�O�U�L�D �C�H�E�C�K �T�H�E
�R�E�S�U�L�T �A�N�D �M�A�K�E �A�N �A�D�D�I�T�I�O�N�A�L �P�L�A�N �T�O �l�X �A�N�Y �U�N�E�X�P�E�C�T�E�D �F�A�I�L�U�R�E�� �S�U�C�H �A�S �A�N �U�N�P�A�I�N�T�E�D �A�R�E�A �O�R
�T�H�E �O�R�I�G�I�N�A�L �C�O�L�O�R �S�H�O�W�I�N�G �T�H�R�O�U�G�H��

�)�N �T�H�E �R�E�A�L �W�O�R�L�D�� �A�G�E�N�T�S �U�S�E �A �C�O�M�B�I�N�A�T�I�O�N �O�F �A�P�P�R�O�A�C�H�E�S�� �#�A�R �M�A�N�U�F�A�C�T�U�R�E�R�S �S�E�L�L �S�P�A�R�E
�T�I�R�E�S �A�N�D �A�I�R �B�A�G�S�� �W�H�I�C�H �A�R�E �P�H�Y�S�I�C�A�L �E�M�B�O�D�I�M�E�N�T�S �O�F �C�O�N�T�I�N�G�E�N�T �P�L�A�N �B�R�A�N�C�H�E�S �D�E�S�I�G�N�E�D
�T�O �H�A�N�D�L�E �P�U�N�C�T�U�R�E�S �O�R �C�R�A�S�H�E�S�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �M�O�S�T �C�A�R �D�R�I�V�E�R�S �N�E�V�E�R �C�O�N�S�I�D�E�R �T�H�E�S�E
�P�O�S�S�I�B�I�L�I�T�I�E�S�� �W�H�E�N �A �P�R�O�B�L�E�M �A�R�I�S�E�S �T�H�E�Y �R�E�S�P�O�N�D �A�S �R�E�P�L�A�N�N�I�N�G �A�G�E�N�T�S�� �)�N �G�E�N�E�R�A�L�� �A�G�E�N�T�S
�P�L�A�N �O�N�L�Y �F�O�R �C�O�N�T�I�N�G�E�N�C�I�E�S �T�H�A�T �H�A�V�E �I�M�P�O�R�T�A�N�T �C�O�N�S�E�Q�U�E�N�C�E�S �A�N�D �A �N�O�N�N�E�G�L�I�G�I�B�L�E �C�H�A�N�C�E
�O�F �H�A�P�P�E�N�I�N�G�� �4�H�U�S�� �A �C�A�R �D�R�I�V�E�R �C�O�N�T�E�M�P�L�A�T�I�N�G �A �T�R�I�P �A�C�R�O�S�S �T�H�E �3�A�H�A�R�A �D�E�S�E�R�T �S�H�O�U�L�D �M�A�K�E
�E�X�P�L�I�C�I�T �C�O�N�T�I�N�G�E�N�C�Y �P�L�A�N�S �F�O�R �B�R�E�A�K�D�O�W�N�S�� �W�H�E�R�E�A�S �A �T�R�I�P �T�O �T�H�E �S�U�P�E�R�M�A�R�K�E�T �R�E�Q�U�I�R�E�S �L�E�S�S
�A�D�V�A�N�C�E �P�L�A�N�N�I�N�G�� �7�E �N�E�X�T �L�O�O�K �A�T �E�A�C�H �O�F �T�H�E �T�H�R�E�E �A�P�P�R�O�A�C�H�E�S �I�N �M�O�R�E �D�E�T�A�I�L��

������������ �6�H�Q�V�R�U�O�H�V�V �S�O�D�Q�Q�L�Q�J

�3�E�C�T�I�O�N ���������� ���P�A�G�E �������	 �I�N�T�R�O�D�U�C�E�D �T�H�E �B�A�S�I�C �I�D�E�A �O�F �S�E�A�R�C�H�I�N�G �I�N �B�E�L�I�E�F�
�S�T�A�T�E �S�P�A�C�E �T�O �l�N�D
�A �S�O�L�U�T�I�O�N �F�O�R �S�E�N�S�O�R�L�E�S�S �P�R�O�B�L�E�M�S�� �#�O�N�V�E�R�S�I�O�N �O�F �A �S�E�N�S�O�R�L�E�S�S �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M �T�O �A �B�E�L�I�E�F�

�S�T�A�T�E �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M �W�O�R�K�S �M�U�C�H �T�H�E �S�A�M�E �W�A�Y �A�S �I�T �D�I�D �I�N �3�E�C�T�I�O�N ������������ �T�H�E �M�A�I�N �D�I�F�F�E�R�

�E�N�C�E�S �A�R�E �T�H�A�T �T�H�E �U�N�D�E�R�L�Y�I�N�G �P�H�Y�S�I�C�A�L �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �I�S �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �C�O�L�L�E�C�T�I�O�N �O�F �A�C�T�I�O�N
�S�C�H�E�M�A�S �A�N�D �T�H�E �B�E�L�I�E�F �S�T�A�T�E �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �L�O�G�I�C�A�L �F�O�R�M�U�L�A �I�N�S�T�E�A�D �O�F �A�N �E�X�P�L�I�C�I�T�L�Y
�E�N�U�M�E�R�A�T�E�D �S�E�T �O�F �S�T�A�T�E�S�� �&�O�R �S�I�M�P�L�I�C�I�T�Y�� �W�E �A�S�S�U�M�E �T�H�A�T �T�H�E �U�N�D�E�R�L�Y�I�N�G �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M �I�S
�D�E�T�E�R�M�I�N�I�S�T�I�C��

�4�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E �F�O�R �T�H�E �S�E�N�S�O�R�L�E�S�S �P�A�I�N�T�I�N�G �P�R�O�B�L�E�M �C�A�N �I�G�N�O�R�EInView �m�U�E�N�T�S
�B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �H�A�S �N�O �S�E�N�S�O�R�S�� �&�U�R�T�H�E�R�M�O�R�E�� �W�E �T�A�K�E �A�S �G�I�V�E�N �T�H�E �U�N�C�H�A�N�G�I�N�G �F�A�C�T�S
Object(Table) ^ Object(Chair ) ^ Can(C1) ^ Can(C2) �B�E�C�A�U�S�E �T�H�E�S�E �H�O�L�D �I�N �E�V�E�R�Y �B�E�

�L�I�E�F �S�T�A�T�E�� �4�H�E �A�G�E�N�T �D�O�E�S�N���T �K�N�O�W �T�H�E �C�O�L�O�R�S �O�F �T�H�E �C�A�N�S �O�R �T�H�E �O�B�J�E�C�T�S�� �O�R �W�H�E�T�H�E�R �T�H�E �C�A�N�S
�A�R�E �O�P�E�N �O�R �C�L�O�S�E�D�� �B�U�T �I�T �D�O�E�S �K�N�O�W �T�H�A�T �O�B�J�E�C�T�S �A�N�D �C�A�N�S �H�A�V�E �C�O�L�O�R�S��8 x 9 c Color (x; c)��
�!�F�T�E�R �3�K�O�L�E�M�I�Z�I�N�G�� ���S�E�E �3�E�C�T�I�O�N �������	�� �W�E �O�B�T�A�I�N �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E��

b0 = Color (x; C (x)) :

�)�N �C�L�A�S�S�I�C�A�L �P�L�A�N�N�I�N�G�� �W�H�E�R�E �T�H�E�F�O�R�V�H�G���Z�R�U�O�G �D�V�V�X�P�S�W�L�R�Q�I�S �M�A�D�E�� �W�E �W�O�U�L�D �A�S�S�U�M�E �T�H�A�T
�A�N�Y �m�U�E�N�T �N�O�T �M�E�N�T�I�O�N�E�D �I�N �A �S�T�A�T�E �I�S �F�A�L�S�E�� �B�U�T �I�N �S�E�N�S�O�R�L�E�S�S ���A�N�D �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E�	 �P�L�A�N�

�N�I�N�G �W�E �H�A�V�E �T�O �S�W�I�T�C�H �T�O �A�N�R�S�H�Q���Z�R�U�O�G �D�V�V�X�P�S�W�L�R�Q�I�N �W�H�I�C�H �S�T�A�T�E�S �C�O�N�T�A�I�N �B�O�T�H �P�O�S�I�T�I�V�E
�A�N�D �N�E�G�A�T�I�V�E �m�U�E�N�T�S�� �A�N�D �I�F �A �m�U�E�N�T �D�O�E�S �N�O�T �A�P�P�E�A�R�� �I�T�S �V�A�L�U�E �I�S �U�N�K�N�O�W�N�� �4�H�U�S�� �T�H�E �B�E�L�I�E�F
�S�T�A�T�E �C�O�R�R�E�S�P�O�N�D�S �E�X�A�C�T�L�Y �T�O �T�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �W�O�R�L�D�S �T�H�A�T �S�A�T�I�S�F�Y �T�H�E �F�O�R�M�U�L�A�� �'�I�V�E�N �T�H�I�S
�I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E�� �T�H�E �F�O�L�L�O�W�I�N�G �A�C�T�I�O�N �S�E�Q�U�E�N�C�E �I�S �A �S�O�L�U�T�I�O�N��

[RemoveLid(Can1); Paint (Chair ; Can1); Paint (Table; Can1)] :

�7�E �N�O�W �S�H�O�W �H�O�W �T�O �P�R�O�G�R�E�S�S �T�H�E �B�E�L�I�E�F �S�T�A�T�E �T�H�R�O�U�G�H �T�H�E �A�C�T�I�O�N �S�E�Q�U�E�N�C�E �T�O �S�H�O�W �T�H�A�T �T�H�E
�l�N�A�L �B�E�L�I�E�F �S�T�A�T�E �S�A�T�I�S�l�E�S �T�H�E �G�O�A�L��

�&�I�R�S�T�� �N�O�T�E �T�H�A�T �I�N �A �G�I�V�E�N �B�E�L�I�E�F �S�T�A�T�Eb�� �T�H�E �A�G�E�N�T �C�A�N �C�O�N�S�I�D�E�R �A�N�Y �A�C�T�I�O�N �W�H�O�S�E �P�R�E�

�C�O�N�D�I�T�I�O�N�S �A�R�E �S�A�T�I�S�l�E�D �B�Yb�� ���4�H�E �O�T�H�E�R �A�C�T�I�O�N�S �C�A�N�N�O�T �B�E �U�S�E�D �B�E�C�A�U�S�E �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L
�D�O�E�S�N���T �D�E�l�N�E �T�H�E �E�F�F�E�C�T�S �O�F �A�C�T�I�O�N�S �W�H�O�S�E �P�R�E�C�O�N�D�I�T�I�O�N�S �M�I�G�H�T �B�E �U�N�S�A�T�I�S�l�E�D���	 �!�C�C�O�R�D�I�N�G



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�T�O �%�Q�U�A�T�I�O�N ���������	 ���P�A�G�E �������	�� �T�H�E �G�E�N�E�R�A�L �F�O�R�M�U�L�A �F�O�R �U�P�D�A�T�I�N�G �T�H�E�B�E�L�I�E�F �S�T�A�T�Eb �G�I�V�E�N �A�N
�A�P�P�L�I�C�A�B�L�E �A�C�T�I�O�Na �I�N �A �D�E�T�E�R�M�I�N�I�S�T�I�C �W�O�R�L�D �I�S �A�S �F�O�L�L�O�W�S��

b0 = �2�%�3�5�,�4(b; a) = f s0 : s0= �2�%�3�5�,�4P (s; a) �A�N�Ds 2 bg

�W�H�E�R�E �2�%�3�5�,�4P �D�E�l�N�E�S �T�H�E �P�H�Y�S�I�C�A�L �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �&�O�R �T�H�E �T�I�M�E �B�E�I�N�G�� �W�E �A�S�S�U�M�E �T�H�A�T �T�H�E
�I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E �I�S �A�L�W�A�Y�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S�� �T�H�A�T �I�S�� �A ���
�#�.�& �F�O�R�M�U�L�A�� �4�O �C�O�N�S�T�R�U�C�T
�T�H�E �N�E�W �B�E�L�I�E�F �S�T�A�T�Eb0�� �W�E �M�U�S�T �C�O�N�S�I�D�E�R �W�H�A�T �H�A�P�P�E�N�S �T�O �E�A�C�H �L�I�T�E�R�A�L` �I�N �E�A�C�H �P�H�Y�S�I�C�A�L �S�T�A�T�E
s �I�Nb�W�H�E�N �A�C�T�I�O�Na �I�S �A�P�P�L�I�E�D�� �&�O�R �L�I�T�E�R�A�L�S �W�H�O�S�E �T�R�U�T�H �V�A�L�U�E �I�S �A�L�R�E�A�D�Y �K�N�O�W�N �I�Nb�� �T�H�E �T�R�U�T�H
�V�A�L�U�E �I�Nb0 �I�S �C�O�M�P�U�T�E�D �F�R�O�M �T�H�E �C�U�R�R�E�N�T �V�A�L�U�E �A�N�D �T�H�E �A�D�D �L�I�S�T �A�N�D �D�E�L�E�T�E �L�I�S�T �O�F �T�H�E �A�C�T�I�O�N��
���&�O�R �E�X�A�M�P�L�E�� �I�F` �I�S �I�N �T�H�E �D�E�L�E�T�E �L�I�S�T �O�F �T�H�E �A�C�T�I�O�N�� �T�H�E�N: ` �I�S �A�D�D�E�D �T�Ob0���	 �7�H�A�T �A�B�O�U�T �A
�L�I�T�E�R�A�L �W�H�O�S�E �T�R�U�T�H �V�A�L�U�E �I�S �U�N�K�N�O�W�N �I�Nb�� �4�H�E�R�E �A�R�E �T�H�R�E�E �C�A�S�E�S��

���� �)�F �T�H�E �A�C�T�I�O�N �A�D�D�S`�� �T�H�E�N` �W�I�L�L �B�E �T�R�U�E �I�Nb0 �R�E�G�A�R�D�L�E�S�S �O�F �I�T�S �I�N�I�T�I�A�L �V�A�L�U�E��
���� �)�F �T�H�E �A�C�T�I�O�N �D�E�L�E�T�E�S`�� �T�H�E�N` �W�I�L�L �B�E �F�A�L�S�E �I�Nb0 �R�E�G�A�R�D�L�E�S�S �O�F �I�T�S �I�N�I�T�I�A�L �V�A�L�U�E��
���� �)�F �T�H�E �A�C�T�I�O�N �D�O�E�S �N�O�T �A�F�F�E�C�T`�� �T�H�E�N` �W�I�L�L �R�E�T�A�I�N �I�T�S �I�N�I�T�I�A�L �V�A�L�U�E ���W�H�I�C�H �I�S �U�N�K�N�O�W�N�	 �A�N�D

�W�I�L�L �N�O�T �A�P�P�E�A�R �I�Nb0��

�(�E�N�C�E�� �W�E �S�E�E �T�H�A�T �T�H�E �C�A�L�C�U�L�A�T�I�O�N �O�Fb0 �I�S �A�L�M�O�S�T �I�D�E�N�T�I�C�A�L �T�O �T�H�E �O�B�S�E�R�V�A�B�L�E �C�A�S�E�� �W�H�I�C�H �W�A�S
�S�P�E�C�I�l�E�D �B�Y �%�Q�U�A�T�I�O�N �����������	 �O�N �P�A�G�E ��������

b0 = �2�%�3�5�,�4(b; a) = ( b� �$�%�,(a)) [ �! �$�$(a) :

�7�E �C�A�N�N�O�T �Q�U�I�T�E �U�S�E �T�H�E �S�E�T �S�E�M�A�N�T�I�C�S �B�E�C�A�U�S�E �����	 �W�E �M�U�S�T �M�A�K�E �S�U�R�E �T�H�A�Tb0 �D�O�E�S �N�O�T �C�O�N�

�T�A�I�N �B�O�T�H` �A�N�D: `�� �A�N�D �����	 �A�T�O�M�S �M�A�Y �C�O�N�T�A�I�N �U�N�B�O�U�N�D �V�A�R�I�A�B�L�E�S�� �"�U�T �I�T �I�S �S�T�I�L�L �T�H�E �C�A�S�E
�T�H�A�T �2�%�3�5�,�4(b; a) �I�S �C�O�M�P�U�T�E�D �B�Y �S�T�A�R�T�I�N�G �W�I�T�Hb�� �S�E�T�T�I�N�G �A�N�Y �A�T�O�M �T�H�A�T �A�P�P�E�A�R�S �I�N �$�%�,(a)
�T�O �F�A�L�S�E�� �A�N�D �S�E�T�T�I�N�G �A�N�Y �A�T�O�M �T�H�A�T �A�P�P�E�A�R�S �I�N �!�$�$(a) �T�O �T�R�U�E�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �A�P�P�L�Y
�5�H�P�R�Y�H�/�L�G(Can1) �T�O �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�Eb0�� �W�E �G�E�T

b1 = Color (x; C (x)) ^ Open(Can1) :

�7�H�E�N �W�E �A�P�P�L�Y �T�H�E �A�C�T�I�O�NPaint (Chair ; Can1)�� �T�H�E �P�R�E�C�O�N�D�I�T�I�O�NColor (Can1; c) �I�S �S�A�T�I�S�l�E�D
�B�Y �T�H�E �K�N�O�W�N �L�I�T�E�R�A�LColor (x; C (x)) �W�I�T�H �B�I�N�D�I�N�Gf x=Can1; c=C(Can1)g �A�N�D �T�H�E �N�E�W �B�E�L�I�E�F
�S�T�A�T�E �I�S

b2 = Color (x; C (x)) ^ Open(Can1) ^ Color (Chair ; C(Can1)) :

�&�I�N�A�L�L�Y�� �W�E �A�P�P�L�Y �T�H�E �A�C�T�I�O�NPaint (Table; Can1) �T�O �O�B�T�A�I�N

b3 = Color (x; C (x)) ^ Open(Can1) ^ Color (Chair ; C(Can1))
^ Color (Table; C(Can1)) :

�4�H�E �l�N�A�L �B�E�L�I�E�F �S�T�A�T�E �S�A�T�I�S�l�E�S �T�H�E �G�O�A�L��Color (Table; c) ^ Color (Chair ; c)�� �W�I�T�H �T�H�E �V�A�R�I�A�B�L�E
c �B�O�U�N�D �T�OC(Can1)��

�4�H�E �P�R�E�C�E�D�I�N�G �A�N�A�L�Y�S�I�S �O�F �T�H�E �U�P�D�A�T�E �R�U�L�E �H�A�S �S�H�O�W�N �A �V�E�R�Y �I�M�P�O�R�T�A�N�T �F�A�C�T���W�K�H �I�D�P�L�O�\
�R�I �E�H�O�L�H�I �V�W�D�W�H�V �G�H�¿�Q�H�G �D�V �F�R�Q�M�X�Q�F�W�L�R�Q�V �R�I �O�L�W�H�U�D�O�V �L�V �F�O�R�V�H�G �X�Q�G�H�U �X�S�G�D�W�H�V �G�H�¿�Q�H�G �E�\ �3�'�'�/
�D�F�W�L�R�Q �V�F�K�H�P�D�V���4�H�A�T �I�S�� �I�F �T�H�E �B�E�L�I�E�F �S�T�A�T�E �S�T�A�R�T�S �A�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S�� �T�H�E�N �A�N�Y �U�P�D�A�T�E
�W�I�L�L �Y�I�E�L�D �A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S�� �4�H�A�T �M�E�A�N�S �T�H�A�T �I�N �A �W�O�R�L�D �W�I�T�Hn �m�U�E�N�T�S�� �A�N�Y �B�E�L�I�E�F
�S�T�A�T�E �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �C�O�N�J�U�N�C�T�I�O�N �O�F �S�I�Z�EO(n)�� �4�H�I�S �I�S �A �V�E�R�Y �C�O�M�F�O�R�T�I�N�G �R�E�S�U�L�T��
�C�O�N�S�I�D�E�R�I�N�G �T�H�A�T �T�H�E�R�E �A�R�E2n �S�T�A�T�E�S �I�N �T�H�E �W�O�R�L�D�� �)�T �S�A�Y�S �W�E �C�A�N �C�O�M�P�A�C�T�L�Y �R�E�P�R�E�S�E�N�T �A�L�L �T�H�E
�S�U�B�S�E�T�S �O�F �T�H�O�S�E2n �S�T�A�T�E�S �T�H�A�T �W�E �W�I�L�L �E�V�E�R �N�E�E�D�� �-�O�R�E�O�V�E�R�� �T�H�E �P�R�O�C�E�S�S �O�F �C�H�E�C�K�I�N�G �F�O�R �B�E�L�I�E�F



�3�E�C�T�I�O�N ���������� �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �$�O�M�A�I�N�S������

�S�T�A�T�E�S �T�H�A�T �A�R�E �S�U�B�S�E�T�S �O�R �S�U�P�E�R�S�E�T�S �O�F �P�R�E�V�I�O�U�S�L�Y �V�I�S�I�T�E�D �B�E�L�I�E�F�S�T�A�T�E�S �I�S �A�L�S�O �E�A�S�Y�� �A�T �L�E�A�S�T �I�N
�T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �C�A�S�E��

�4�H�E �m�Y �I�N �T�H�E �O�I�N�T�M�E�N�T �O�F �T�H�I�S �P�L�E�A�S�A�N�T �P�I�C�T�U�R�E �I�S �T�H�A�T �I�T �O�N�L�Y �W�O�R�K�S �F�O�R �A�C�T�I�O�N �S�C�H�E�M�A�S
�T�H�A�T �H�A�V�E �T�H�E�V�D�P�H �H�I�I�H�F�W�V�F�O�R �A�L�L �S�T�A�T�E�S �I�N �W�H�I�C�H �T�H�E�I�R �P�R�E�C�O�N�D�I�T�I�O�N�S �A�R�E �S�A�T�I�S�l�E�D�� �)�T �I�S �T�H�I�S
�P�R�O�P�E�R�T�Y �T�H�A�T �E�N�A�B�L�E�S �T�H�E �P�R�E�S�E�R�V�A�T�I�O�N �O�F �T�H�E ���
�#�.�& �B�E�L�I�E�F�
�S�T�A�T�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �!�S �S�O�O�N �A�S �T�H�E
�E�F�F�E�C�T �C�A�N �D�E�P�E�N�D �O�N �T�H�E �S�T�A�T�E�� �D�E�P�E�N�D�E�N�C�I�E�S �A�R�E �I�N�T�R�O�D�U�C�E�D �B�E�T�W�E�E�N �m�U�E�N�T�S �A�N�D �T�H�E ���
�#�.�&
�P�R�O�P�E�R�T�Y �I�S �L�O�S�T�� �#�O�N�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �S�I�M�P�L�E �V�A�C�U�U�M �W�O�R�L�D �D�E�l�N�E�D �I�N �3�E�C�T�I�O�N ������������
�,�E�T �T�H�E �m�U�E�N�T�S �B�EAtL �A�N�DAtR �F�O�R �T�H�E �L�O�C�A�T�I�O�N �O�F �T�H�E �R�O�B�O�T �A�N�DCleanL �A�N�DCleanR �F�O�R
�T�H�E �S�T�A�T�E �O�F �T�H�E �S�Q�U�A�R�E�S�� �!�C�C�O�R�D�I�N�G �T�O �T�H�E �D�E�l�N�I�T�I�O�N �O�F �T�H�E �P�R�O�B�L�E�M�� �T�H�E�6�X�F�N�A�C�T�I�O�N �H�A�S �N�O
�P�R�E�C�O�N�D�I�T�I�O�N�ˆ�I�T �C�A�N �A�L�W�A�Y�S �B�E �D�O�N�E�� �4�H�E �D�I�F�l�C�U�L�T�Y �I�S �T�H�A�T �I�T�S �E�F�F�E�C�T �D�E�P�E�N�D�S �O�N �T�H�E �R�O�B�O�T���S �L�O�

�C�A�T�I�O�N�� �W�H�E�N �T�H�E �R�O�B�O�T �I�SAtL �� �T�H�E �R�E�S�U�L�T �I�SCleanL�� �B�U�T �W�H�E�N �I�T �I�SAtR �� �T�H�E �R�E�S�U�L�T �I�SCleanR��
�&�O�R �S�U�C�H �A�C�T�I�O�N�S�� �O�U�R �A�C�T�I�O�N �S�C�H�E�M�A�S �W�I�L�L �N�E�E�D �S�O�M�E�T�H�I�N�G �N�E�W�� �A�F�R�Q�G�L�W�L�R�Q�D�O �H�I�I�H�F�W�� �4�H�E�S�ECONDITIONAL

EFFECT

�H�A�V�E �T�H�E �S�Y�N�T�A�X �h�Z�K�H�Qcondition : e�ect ���v �W�H�E�R�E�F�R�Q�G�L�W�L�R�Q�I�S �A �L�O�G�I�C�A�L �F�O�R�M�U�L�A �T�O �B�E �C�O�M�

�P�A�R�E�D �A�G�A�I�N�S�T �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�� �A�N�D�H�I�I�H�F�W�I�S �A �F�O�R�M�U�L�A �D�E�S�C�R�I�B�I�N�G �T�H�E �R�E�S�U�L�T�I�N�G �S�T�A�T�E�� �&�O�R �T�H�E
�V�A�C�U�U�M �W�O�R�L�D�� �W�E �H�A�V�E

Action (Suck;
�%�&�&�%�#�4���Z�K�H�QAtL : CleanL ^ �Z�K�H�QAtR : CleanR) :

�7�H�E�N �A�P�P�L�I�E�D �T�O �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�ETrue �� �T�H�E �R�E�S�U�L�T�I�N�G �B�E�L�I�E�F �S�T�A�T�E �I�S(AtL ^ CleanL) _
(AtR ^ CleanR)�� �W�H�I�C�H �I�S �N�O �L�O�N�G�E�R �I�N ���
�#�.�&�� ���4�H�I�S �T�R�A�N�S�I�T�I�O�N �C�A�N �B�E �S�E�E�N �I�N �&�I�G�U�R�E ��������
�O�N �P�A�G�E ���������	 �)�N �G�E�N�E�R�A�L�� �C�O�N�D�I�T�I�O�N�A�L �E�F�F�E�C�T�S �C�A�N �I�N�D�U�C�E �A�R�B�I�T�R�A�R�Y �D�E�P�E�N�D�E�N�C�I�E�S �A�M�O�N�G �T�H�E
�m�U�E�N�T�S �I�N �A �B�E�L�I�E�F �S�T�A�T�E�� �L�E�A�D�I�N�G �T�O �B�E�L�I�E�F �S�T�A�T�E�S �O�F �E�X�P�O�N�E�N�T�I�A�L �S�I�Z�E �I�N �T�H�E �W�O�R�S�T �C�A�S�E��

�)�T �I�S �I�M�P�O�R�T�A�N�T �T�O �U�N�D�E�R�S�T�A�N�D �T�H�E �D�I�F�F�E�R�E�N�C�E �B�E�T�W�E�E�N �P�R�E�C�O�N�D�I�T�I�O�N�S �A�N�D �C�O�N�D�I�T�I�O�N�A�L �E�F�

�F�E�C�T�S���$�O�O�C�O�N�D�I�T�I�O�N�A�L �E�F�F�E�C�T�S �W�H�O�S�E �C�O�N�D�I�T�I�O�N�S �A�R�E �S�A�T�I�S�l�E�D �H�A�V�E �T�H�E�I�R �E�F�F�E�C�T�S �A�P�P�L�I�E�D �T�O �G�E�N�E�R�

�A�T�E �T�H�E �R�E�S�U�L�T�I�N�G �S�T�A�T�E�� �I�F �N�O�N�E �A�R�E �S�A�T�I�S�l�E�D�� �T�H�E�N �T�H�E �R�E�S�U�L�T�I�N�G �S�T�A�T�E �I�S �U�N�C�H�A�N�G�E�D�� �/�N �T�H�E �O�T�H�E�R
�H�A�N�D�� �I�F �A�S�U�H�F�R�Q�G�L�W�L�R�Q�I�S �U�N�S�A�T�I�S�l�E�D�� �T�H�E�N �T�H�E �A�C�T�I�O�N �I�S �I�N�A�P�P�L�I�C�A�B�L�E �A�N�D �T�H�E �R�E�S�U�L�T�I�N�G �S�T�A�T�E
�I�S �U�N�D�E�l�N�E�D�� �&�R�O�M �T�H�E �P�O�I�N�T �O�F �V�I�E�W �O�F �S�E�N�S�O�R�L�E�S�S �P�L�A�N�N�I�N�G�� �I�T �I�S �B�E�T�T�E�R �T�O �H�A�V�E �C�O�N�D�I�T�I�O�N�A�L
�E�F�F�E�C�T�S �T�H�A�N �A�N �I�N�A�P�P�L�I�C�A�B�L�E �A�C�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�O�U�L�D �S�P�L�I�TSuck �I�N�T�O �T�W�O �A�C�T�I�O�N�S �W�I�T�H
�U�N�C�O�N�D�I�T�I�O�N�A�L �E�F�F�E�C�T�S �A�S �F�O�L�L�O�W�S��

Action (SuckL;
�0�2�%�#�/�.�$��AtL ; �%�&�&�%�#�4��CleanL)

Action (SuckR;
�0�2�%�#�/�.�$��AtR ; �%�&�&�%�#�4��CleanR) :

�.�O�W �W�E �H�A�V�E �O�N�L�Y �U�N�C�O�N�D�I�T�I�O�N�A�L �S�C�H�E�M�A�S�� �S�O �T�H�E �B�E�L�I�E�F �S�T�A�T�E�S �A�L�L �R�E�M�A�I�N �I�N ���
�#�.�&�� �U�N�F�O�R�T�U�

�N�A�T�E�L�Y�� �W�E �C�A�N�N�O�T �D�E�T�E�R�M�I�N�E �T�H�E �A�P�P�L�I�C�A�B�I�L�I�T�Y �O�FSuckL �A�N�DSuckR�I�N �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E��

�)�T �S�E�E�M�S �I�N�E�V�I�T�A�B�L�E�� �T�H�E�N�� �T�H�A�T �N�O�N�T�R�I�V�I�A�L �P�R�O�B�L�E�M�S �W�I�L�L �I�N�V�O�L�V�E �W�I�G�G�L�Y �B�E�L�I�E�F �S�T�A�T�E�S�� �J�U�S�T
�L�I�K�E �T�H�O�S�E �E�N�C�O�U�N�T�E�R�E�D �W�H�E�N �W�E �C�O�N�S�I�D�E�R�E�D �T�H�E �P�R�O�B�L�E�M �O�F �S�T�A�T�E �E�S�T�I�M�A�T�I�O�N �F�O�R �T�H�E �W�U�M�P�U�S
�W�O�R�L�D ���S�E�E �&�I�G�U�R�E �������� �O�N �P�A�G�E �������	�� �4�H�E �S�O�L�U�T�I�O�N �S�U�G�G�E�S�T�E�D �T�H�E�N �W�A�S �T�O �U�S�E �A�F�R�Q�V�H�U�Y�D�W�L�Y�H
�D�S�S�U�R�[�L�P�D�W�L�R�Q�T�O �T�H�E �E�X�A�C�T �B�E�L�I�E�F �S�T�A�T�E�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �B�E�L�I�E�F �S�T�A�T�E �C�A�N �R�E�M�A�I�N �I�N ���
�#�.�&
�I�F �I�T �C�O�N�T�A�I�N�S �A�L�L �L�I�T�E�R�A�L�S �W�H�O�S�E �T�R�U�T�H �V�A�L�U�E�S �C�A�N �B�E �D�E�T�E�R�M�I�N�E�D �A�N�D �T�R�E�A�T�S �A�L�L �O�T�H�E�R �L�I�T�E�R�A�L�S �A�S
�U�N�K�N�O�W�N�� �7�H�I�L�E �T�H�I�S �A�P�P�R�O�A�C�H �I�S�V�R�X�Q�G�� �I�N �T�H�A�T �I�T �N�E�V�E�R �G�E�N�E�R�A�T�E�S �A�N �I�N�C�O�R�R�E�C�T �P�L�A�N�� �I�T �I�S
�L�Q�F�R�P�S�O�H�W�H�B�E�C�A�U�S�E �I�T �M�A�Y �B�E �U�N�A�B�L�E �T�O �l�N�D �S�O�L�U�T�I�O�N�S �T�O �P�R�O�B�L�E�M�S �T�H�A�T �N�E�C�E�S�S�A�R�I�L�Y �I�N�V�O�L�V�E
�I�N�T�E�R�A�C�T�I�O�N�S �A�M�O�N�G �L�I�T�E�R�A�L�S�� �4�O �G�I�V�E �A �T�R�I�V�I�A�L �E�X�A�M�P�L�E�� �I�F �T�H�E �G�O�A�L �I�S �F�O�R �T�H�E �R�O�B�O�T �T�O �B�E �O�N



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�A �C�L�E�A�N �S�Q�U�A�R�E�� �T�H�E�N[Suck] �I�S�A �S�O�L�U�T�I�O�N �B�U�T �A �S�E�N�S�O�R�L�E�S�S �A�G�E�N�T �T�H�A�T �I�N�S�I�S�T�S �O�N ���
�#�.�& �B�E�L�I�E�F
�S�T�A�T�E�S �W�I�L�L �N�O�T �l�N�D �I�T��

�0�E�R�H�A�P�S �A �B�E�T�T�E�R �S�O�L�U�T�I�O�N �I�S �T�O �L�O�O�K �F�O�R �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�S �T�H�A�T �K�E�E�P �T�H�E �B�E�L�I�E�F �S�T�A�T�E
�A�S �S�I�M�P�L�E �A�S �P�O�S�S�I�B�L�E�� �&�O�R �E�X�A�M�P�L�E�� �I�N �T�H�E �S�E�N�S�O�R�L�E�S�S �V�A�C�U�U�M �W�O�R�L�D�� �T�H�E �A�C�T�I�O�N �S�E�Q�U�E�N�C�E
[Right ; Suck; Left ; Suck] �G�E�N�E�R�A�T�E�S �T�H�E �F�O�L�L�O�W�I�N�G �S�E�Q�U�E�N�C�E �O�F �B�E�L�I�E�F �S�T�A�T�E�S��

b0 = True

b1 = AtR

b2 = AtR ^ CleanR

b3 = AtL ^ CleanR

b4 = AtL ^ CleanR ^ CleanL

�4�H�A�T �I�S�� �T�H�E �A�G�E�N�T�F�D�Q�S�O�L�V�E �T�H�E �P�R�O�B�L�E�M �W�H�I�L�E �R�E�T�A�I�N�I�N�G �A ���
�#�.�& �B�E�L�I�E�F �S�T�A�T�E�� �E�V�E�N �T�H�O�U�G�H
�S�O�M�E �S�E�Q�U�E�N�C�E�S ���E���G���� �T�H�O�S�E �B�E�G�I�N�N�I�N�G �W�I�T�H�6�X�F�N�	 �G�O �O�U�T�S�I�D�E ���
�#�.�&�� �4�H�E �G�E�N�E�R�A�L �L�E�S�S�O�N �I�S
�N�O�T �L�O�S�T �O�N �H�U�M�A�N�S�� �W�E �A�R�E �A�L�W�A�Y�S �P�E�R�F�O�R�M�I�N�G �L�I�T�T�L�E �A�C�T�I�O�N�S ���C�H�E�C�K�I�N�G �T�H�E �T�I�M�E�� �P�A�T�T�I�N�G �O�U�R
�P�O�C�K�E�T�S �T�O �M�A�K�E �S�U�R�E �W�E �H�A�V�E �T�H�E �C�A�R �K�E�Y�S�� �R�E�A�D�I�N�G �S�T�R�E�E�T �S�I�G�N�S �A�S �W�E �N�A�V�I�G�A�T�E �T�H�R�O�U�G�H �A �C�I�T�Y�	
�T�O �E�L�I�M�I�N�A�T�E �U�N�C�E�R�T�A�I�N�T�Y �A�N�D �K�E�E�P �O�U�R �B�E�L�I�E�F �S�T�A�T�E �M�A�N�A�G�E�A�B�L�E��

�4�H�E�R�E �I�S �A�N�O�T�H�E�R�� �Q�U�I�T�E �D�I�F�F�E�R�E�N�T �A�P�P�R�O�A�C�H �T�O �T�H�E �P�R�O�B�L�E�M �O�F �U�N�M�A�N�A�G�E�A�B�L�Y �W�I�G�G�L�Y �B�E�

�L�I�E�F �S�T�A�T�E�S�� �D�O�N���T �B�O�T�H�E�R �C�O�M�P�U�T�I�N�G �T�H�E�M �A�T �A�L�L�� �3�U�P�P�O�S�E �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E �I�Sb0 �A�N�D �W�E
�W�O�U�L�D �L�I�K�E �T�O �K�N�O�W �T�H�E �B�E�L�I�E�F �S�T�A�T�E �R�E�S�U�L�T�I�N�G �F�R�O�M �T�H�E �A�C�T�I�O�N �S�E�Q�U�E�N�C�E[a1; : : : ; am ]�� �)�N�S�T�E�A�D
�O�F �C�O�M�P�U�T�I�N�G �I�T �E�X�P�L�I�C�I�T�L�Y�� �J�U�S�T �R�E�P�R�E�S�E�N�T �I�T �A�S �hb0 �T�H�E�N[a1; : : : ; am ]���v �4�H�I�S �I�S �A �L�A�Z�Y �B�U�T �U�N�

�A�M�B�I�G�U�O�U�S �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �B�E�L�I�E�F �S�T�A�T�E�� �A�N�D �I�T���S �Q�U�I�T�E �C�O�N�C�I�S�E�ˆO(n + m) �W�H�E�R�En �I�S
�T�H�E �S�I�Z�E �O�F �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E ���A�S�S�U�M�E�D �T�O �B�E �I�N ���
�#�.�&�	 �A�N�Dm �I�S �T�H�E �M�A�X�I�M�U�M �L�E�N�G�T�H
�O�F �A�N �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�� �!�S �A �B�E�L�I�E�F�
�S�T�A�T�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �I�T �S�U�F�F�E�R�S �F�R�O�M �O�N�E �D�R�A�W�B�A�C�K�� �H�O�W�

�E�V�E�R�� �D�E�T�E�R�M�I�N�I�N�G �W�H�E�T�H�E�R �T�H�E �G�O�A�L �I�S �S�A�T�I�S�l�E�D�� �O�R �A�N �A�C�T�I�O�N �I�S �A�P�P�L�I�C�A�B�L�E�� �M�A�Y �R�E�Q�U�I�R�E �A �L�O�T
�O�F �C�O�M�P�U�T�A�T�I�O�N��

�4�H�E �C�O�M�P�U�T�A�T�I�O�N �C�A�N �B�E �I�M�P�L�E�M�E�N�T�E�D �A�S �A�N �E�N�T�A�I�L�M�E�N�T �T�E�S�T�� �I�FAm �R�E�P�R�E�S�E�N�T�S �T�H�E �C�O�L�L�E�C�

�T�I�O�N �O�F �S�U�C�C�E�S�S�O�R�
�S�T�A�T�E �A�X�I�O�M�S �R�E�Q�U�I�R�E�D �T�O �D�E�l�N�E �O�C�C�U�R�R�E�N�C�E�S �O�F �T�H�E �A�C�T�I�O�N�Sa1; : : : ; am �ˆ�A�S
�E�X�P�L�A�I�N�E�D �F�O�R �3�!�4�0�,�!�. �I�N �3�E�C�T�I�O�N �������������ˆ�A�N�DGm �A�S�S�E�R�T�S �T�H�A�T �T�H�E �G�O�A�L �I�S �T�R�U�E �A�F�T�E�Rm �S�T�E�P�S��
�T�H�E�N �T�H�E �P�L�A�N �A�C�H�I�E�V�E�S �T�H�E �G�O�A�L �I�Fb0 ^ Am j= Gm �� �T�H�A�T �I�S�� �I�Fb0 ^ Am ^ : Gm �I�S �U�N�S�A�T�I�S�l�A�B�L�E��
�'�I�V�E�N �A �M�O�D�E�R�N �3�!�4 �S�O�L�V�E�R�� �I�T �M�A�Y �B�E �P�O�S�S�I�B�L�E �T�O �D�O �T�H�I�S �M�U�C�H �M�O�R�E �Q�U�I�C�K�L�Y �T�H�A�N �C�O�M�P�U�T�I�N�G
�T�H�E �F�U�L�L �B�E�L�I�E�F �S�T�A�T�E�� �&�O�R �E�X�A�M�P�L�E�� �I�F �N�O�N�E �O�F �T�H�E �A�C�T�I�O�N�S �I�N �T�H�E �S�E�Q�U�E�N�C�E �H�A�S �A �P�A�R�T�I�C�U�L�A�R �G�O�A�L
�m�U�E�N�T �I�N �I�T�S �A�D�D �L�I�S�T�� �T�H�E �S�O�L�V�E�R �W�I�L�L �D�E�T�E�C�T �T�H�I�S �I�M�M�E�D�I�A�T�E�L�Y�� �)�T �A�L�S�O �H�E�L�P�S �I�F �P�A�R�T�I�A�L �R�E�S�U�L�T�S
�A�B�O�U�T �T�H�E �B�E�L�I�E�F �S�T�A�T�E�ˆ�F�O�R �E�X�A�M�P�L�E�� �m�U�E�N�T�S �K�N�O�W�N �T�O �B�E �T�R�U�E �O�R �F�A�L�S�E�ˆ�A�R�E �C�A�C�H�E�D �T�O �S�I�M�P�L�I�F�Y
�S�U�B�S�E�Q�U�E�N�T �C�O�M�P�U�T�A�T�I�O�N�S��

�4�H�E �l�N�A�L �P�I�E�C�E �O�F �T�H�E �S�E�N�S�O�R�L�E�S�S �P�L�A�N�N�I�N�G �P�U�Z�Z�L�E �I�S �A �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N �T�O �G�U�I�D�E �T�H�E
�S�E�A�R�C�H�� �4�H�E �M�E�A�N�I�N�G �O�F �T�H�E �H�E�U�R�I�S�T�I�C �F�U�N�C�T�I�O�N �I�S �T�H�E �S�A�M�E �A�S �F�O�R �C�L�A�S�S�I�C�A�L �P�L�A�N�N�I�N�G�� �A�N �E�S�T�I�

�M�A�T�E ���P�E�R�H�A�P�S �A�D�M�I�S�S�I�B�L�E�	 �O�F �T�H�E �C�O�S�T �O�F �A�C�H�I�E�V�I�N�G �T�H�E �G�O�A�L �F�R�O�M �T�H�E �G�I�V�E�N �B�E�L�I�E�F �S�T�A�T�E�� �7�I�T�H
�B�E�L�I�E�F �S�T�A�T�E�S�� �W�E �H�A�V�E �O�N�E �A�D�D�I�T�I�O�N�A�L �F�A�C�T�� �S�O�L�V�I�N�G �A�N�Y �S�U�B�S�E�T �O�F �A �B�E�L�I�E�F �S�T�A�T�E �I�S �N�E�C�E�S�S�A�R�I�L�Y
�E�A�S�I�E�R �T�H�A�N �S�O�L�V�I�N�G �T�H�E �B�E�L�I�E�F �S�T�A�T�E��

�I�Fb1 � b2 �T�H�E�Nh� (b1) � h� (b2) :

�(�E�N�C�E�� �A�N�Y �A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C �C�O�M�P�U�T�E�D �F�O�R �A �S�U�B�S�E�T �I�S �A�D�M�I�S�S�I�B�L�E �F�O�R �T�H�E �B�E�L�I�E�F �S�T�A�T�E �I�T�S�E�L�F��
�4�H�E �M�O�S�T �O�B�V�I�O�U�S �C�A�N�D�I�D�A�T�E�S �A�R�E �T�H�E �S�I�N�G�L�E�T�O�N �S�U�B�S�E�T�S�� �T�H�A�T �I�S�� �I�N�D�I�V�I�D�U�A�L �P�H�Y�S�I�C�A�L �S�T�A�T�E�S�� �7�E



�3�E�C�T�I�O�N ���������� �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �$�O�M�A�I�N�S������

�C�A�N �T�A�K�E �A�N�Y �R�A�N�D�O�M �C�O�L�L�E�C�T�I�O�N �O�F �S�T�A�T�E�Ss1; : : : ; sN �T�H�A�T �A�R�E �I�N �T�H�E �B�E�L�I�E�F �S�T�A�T�Eb�� �A�P�P�L�Y �A�N�Y
�A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�Ch �F�R�O�M �#�H�A�P�T�E�R ������ �A�N�D �R�E�T�U�R�N

H (b) = maxf h(s1); : : : ; h(sN )g

�A�S �T�H�E �H�E�U�R�I�S�T�I�C �E�S�T�I�M�A�T�E �F�O�R �S�O�L�V�I�N�Gb�� �7�E �C�O�U�L�D �A�L�S�O �U�S�E �A �P�L�A�N�N�I�N�G �G�R�A�P�H �D�I�R�E�C�T�L�Y �O�Nb�I�T�S�E�L�F��
�I�F �I�T �I�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S �����
�#�.�&�	�� �S�I�M�P�L�Y �S�E�T �T�H�O�S�E �L�I�T�E�R�A�L�S �T�O �B�E �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �L�A�Y�E�R
�O�F �T�H�E �G�R�A�P�H�� �)�Fb �I�S �N�O�T �I�N ���
�#�.�&�� �I�T �M�A�Y �B�E �P�O�S�S�I�B�L�E �T�O �l�N�D �S�E�T�S �O�F �L�I�T�E�R�A�L�S �T�H�A�T �T�O�G�E�T�H�E�R �E�N�T�A�I�L
b�� �&�O�R �E�X�A�M�P�L�E�� �I�Fb �I�S �I�N �D�I�S�J�U�N�C�T�I�V�E �N�O�R�M�A�L �F�O�R�M ���$�.�&�	�� �E�A�C�H �T�E�R�M �O�F �T�H�E �$�.�& �F�O�R�M�U�L�A �I�S
�A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S �T�H�A�T �E�N�T�A�I�L�Sb �A�N�D �C�A�N �F�O�R�M �T�H�E �I�N�I�T�I�A�L �L�A�Y�E�R �O�F �A �P�L�A�N�N�I�N�G �G�R�A�P�H�� �!�S
�B�E�F�O�R�E�� �W�E �C�A�N �T�A�K�E �T�H�E �M�A�X�I�M�U�M �O�F �T�H�E �H�E�U�R�I�S�T�I�C�S �O�B�T�A�I�N�E�D �F�R�O�M �E�A�C�H �S�E�T �O�F �L�I�T�E�R�A�L�S�� �7�E �C�A�N
�A�L�S�O �U�S�E �I�N�A�D�M�I�S�S�I�B�L�E �H�E�U�R�I�S�T�I�C�S �S�U�C�H �A�S �T�H�E �I�G�N�O�R�E�
�D�E�L�E�T�E�
�L�I�S�T�S �H�E�U�R�I�S�T�I�C ���P�A�G�E �������	�� �W�H�I�C�H
�S�E�E�M�S �T�O �W�O�R�K �Q�U�I�T�E �W�E�L�L �I�N �P�R�A�C�T�I�C�E��

������������ �&�R�Q�W�L�Q�J�H�Q�W �S�O�D�Q�Q�L�Q�J

�7�E �S�A�W �I�N �#�H�A�P�T�E�R �� �T�H�A�T �C�O�N�T�I�N�G�E�N�T �P�L�A�N�N�I�N�G�ˆ�T�H�E �G�E�N�E�R�A�T�I�O�N �O�F �P�L�A�N�S �W�I�T�H �C�O�N�D�I�T�I�O�N�A�L
�B�R�A�N�C�H�I�N�G �B�A�S�E�D �O�N �P�E�R�C�E�P�T�S�ˆ�I�S �A�P�P�R�O�P�R�I�A�T�E �F�O�R �E�N�V�I�R�O�N�M�E�N�T�S �W�I�T�H �P�A�R�T�I�A�L �O�B�S�E�R�V�A�B�I�L�I�T�Y�� �N�O�N�

�D�E�T�E�R�M�I�N�I�S�M�� �O�R �B�O�T�H�� �&�O�R �T�H�E �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �P�A�I�N�T�I�N�G �P�R�O�B�L�E�M �W�I�T�H �T�H�E �P�E�R�C�E�P�T �A�X�I�O�M�S
�G�I�V�E�N �E�A�R�L�I�E�R�� �O�N�E �P�O�S�S�I�B�L�E �C�O�N�T�I�N�G�E�N�T �S�O�L�U�T�I�O�N �I�S �A�S �F�O�L�L�O�W�S��

[LookAt (Table); LookAt (Chair );
�L�IColor (Table; c) ^ Color (Chair ; c) �W�K�H�QNoOp

�H�O�V�H[RemoveLid(Can1); LookAt (Can1); RemoveLid(Can2); LookAt (Can2);
�L�IColor (Table; c) ^ Color (can; c) �W�K�H�QPaint (Chair ; can)
�H�O�V�H �L�IColor (Chair ; c) ^ Color (can; c) �W�K�H�QPaint (Table; can)
�H�O�V�H[Paint (Chair ; Can1); Paint (Table; Can1)]]]

�6�A�R�I�A�B�L�E�S �I�N �T�H�I�S �P�L�A�N �S�H�O�U�L�D �B�E �C�O�N�S�I�D�E�R�E�D �E�X�I�S�T�E�N�T�I�A�L�L�Y �Q�U�A�N�T�I�l�E�D�� �T�H�E �S�E�C�O�N�D �L�I�N�E �S�A�Y�S
�T�H�A�T �I�F �T�H�E�R�E �E�X�I�S�T�S �S�O�M�E �C�O�L�O�Rc �T�H�A�T �I�S �T�H�E �C�O�L�O�R �O�F �T�H�E �T�A�B�L�E �A�N�D �T�H�E �C�H�A�I�R�� �T�H�E�N �T�H�E �A�G�E�N�T
�N�E�E�D �N�O�T �D�O �A�N�Y�T�H�I�N�G �T�O �A�C�H�I�E�V�E �T�H�E �G�O�A�L�� �7�H�E�N �E�X�E�C�U�T�I�N�G �T�H�I�S �P�L�A�N�� �A �C�O�N�T�I�N�G�E�N�T�
�P�L�A�N�N�I�N�G
�A�G�E�N�T �C�A�N �M�A�I�N�T�A�I�N �I�T�S �B�E�L�I�E�F �S�T�A�T�E �A�S �A �L�O�G�I�C�A�L �F�O�R�M�U�L�A �A�N�D �E�V�A�L�U�A�T�E �E�A�C�H �B�R�A�N�C�H �C�O�N�D�I�T�I�O�N
�B�Y �D�E�T�E�R�M�I�N�I�N�G �I�F �T�H�E �B�E�L�I�E�F �S�T�A�T�E �E�N�T�A�I�L�S �T�H�E �C�O�N�D�I�T�I�O�N �F�O�R�M�U�L�A �O�R �I�T�S �N�E�G�A�T�I�O�N�� ���)�T �I�S �U�P �T�O
�T�H�E �C�O�N�T�I�N�G�E�N�T�
�P�L�A�N�N�I�N�G �A�L�G�O�R�I�T�H�M �T�O �M�A�K�E �S�U�R�E �T�H�A�T �T�H�E �A�G�E�N�T �W�I�L�L �N�E�V�E�R �E�N�D �U�P �I�N �A �B�E�

�L�I�E�F �S�T�A�T�E �W�H�E�R�E �T�H�E �C�O�N�D�I�T�I�O�N �F�O�R�M�U�L�A���S �T�R�U�T�H �V�A�L�U�E �I�S �U�N�K�N�O�W�N���	 �.�O�T�E �T�H�A�T �W�I�T�H �l�R�S�T�
�O�R�D�E�R
�C�O�N�D�I�T�I�O�N�S�� �T�H�E �F�O�R�M�U�L�A �M�A�Y �B�E �S�A�T�I�S�l�E�D �I�N �M�O�R�E �T�H�A�N �O�N�E �W�A�Y�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �C�O�N�D�I�T�I�O�N
Color (Table; c) ^ Color (can; c) �M�I�G�H�T �B�E �S�A�T�I�S�l�E�D �B�Yf can=Can1g �A�N�D �B�Yf can=Can2g �I�F
�B�O�T�H �C�A�N�S �A�R�E �T�H�E �S�A�M�E �C�O�L�O�R �A�S �T�H�E �T�A�B�L�E�� �)�N �T�H�A�T �C�A�S�E�� �T�H�E �A�G�E�N�T �C�A�N �C�H�O�O�S�E �A�N�Y �S�A�T�I�S�F�Y�I�N�G
�S�U�B�S�T�I�T�U�T�I�O�N �T�O �A�P�P�L�Y �T�O �T�H�E �R�E�S�T �O�F �T�H�E �P�L�A�N��

�!�S �S�H�O�W�N �I�N �3�E�C�T�I�O�N ������������ �C�A�L�C�U�L�A�T�I�N�G �T�H�E �N�E�W �B�E�L�I�E�F �S�T�A�T�E �A�F�T�E�R �A�N �A�C�T�I�O�N �A�N�D �S�U�B�S�E�

�Q�U�E�N�T �P�E�R�C�E�P�T �I�S �D�O�N�E �I�N �T�W�O �S�T�A�G�E�S�� �4�H�E �l�R�S�T �S�T�A�G�E �C�A�L�C�U�L�A�T�E�S �T�H�E �B�E�L�I�E�F �S�T�A�T�E �A�F�T�E�R �T�H�E �A�C�T�I�O�N��
�J�U�S�T �A�S �F�O�R �T�H�E �S�E�N�S�O�R�L�E�S�S �A�G�E�N�T��

b̂ = ( b� �$�%�,(a)) [ �! �$�$(a)

�W�H�E�R�E�� �A�S �B�E�F�O�R�E�� �W�E �H�A�V�E �A�S�S�U�M�E�D �A �B�E�L�I�E�F �S�T�A�T�E �R�E�P�R�E�S�E�N�T�E�D �A�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S�� �4�H�E
�S�E�C�O�N�D �S�T�A�G�E �I�S �A �L�I�T�T�L�E �T�R�I�C�K�I�E�R�� �3�U�P�P�O�S�E �T�H�A�T �P�E�R�C�E�P�T �L�I�T�E�R�A�L�Sp1; : : : ; pk �A�R�E �R�E�C�E�I�V�E�D�� �/�N�E
�M�I�G�H�T �T�H�I�N�K �T�H�A�T �W�E �S�I�M�P�L�Y �N�E�E�D �T�O �A�D�D �T�H�E�S�E �I�N�T�O �T�H�E �B�E�L�I�E�F �S�T�A�T�E�� �I�N �F�A�C�T�� �W�E �C�A�N �A�L�S�O �I�N�F�E�R



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�T�H�A�T �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �F�O�R �S�E�N�S�I�N�G �A�R�E �S�A�T�I�S�l�E�D�� �.�O�W�� �I�F �A �P�E�R�C�E�P�Tp �H�A�S �E�X�A�C�T�L�Y �O�N�E �P�E�R�C�E�P�T
�A�X�I�O�M��Percept(p; �0�2�%�#�/�.�$��c)�� �W�H�E�R�Ec �I�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �L�I�T�E�R�A�L�S�� �T�H�E�N �T�H�O�S�E �L�I�T�E�R�A�L�S �C�A�N
�B�E �T�H�R�O�W�N �I�N�T�O �T�H�E �B�E�L�I�E�F �S�T�A�T�E �A�L�O�N�G �W�I�T�Hp�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�Fp �H�A�S �M�O�R�E �T�H�A�N �O�N�E �P�E�R�C�E�P�T
�A�X�I�O�M �W�H�O�S�E �P�R�E�C�O�N�D�I�T�I�O�N�S �M�I�G�H�T �H�O�L�D �A�C�C�O�R�D�I�N�G �T�O �T�H�E �P�R�E�D�I�C�T�E�D �B�E�L�I�E�F �S�T�A�T�Eb̂�� �T�H�E�N �W�E �H�A�V�E
�T�O �A�D�D �I�N �T�H�E�G�L�V�M�X�Q�F�W�L�R�Q�O�F �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S�� �/�B�V�I�O�U�S�L�Y�� �T�H�I�S �T�A�K�E�S �T�H�E �B�E�L�I�E�F �S�T�A�T�E �O�U�T�S�I�D�E
���
�#�.�& �A�N�D �B�R�I�N�G�S �U�P �T�H�E �S�A�M�E �C�O�M�P�L�I�C�A�T�I�O�N�S �A�S �C�O�N�D�I�T�I�O�N�A�L �E�F�F�E�C�T�S�� �W�I�T�H �M�U�C�H �T�H�E �S�A�M�E
�C�L�A�S�S�E�S �O�F �S�O�L�U�T�I�O�N�S��

�'�I�V�E�N �A �M�E�C�H�A�N�I�S�M �F�O�R �C�O�M�P�U�T�I�N�G �E�X�A�C�T �O�R �A�P�P�R�O�X�I�M�A�T�E �B�E�L�I�E�F �S�T�A�T�E�S�� �W�E �C�A�N �G�E�N�E�R�A�T�E
�C�O�N�T�I�N�G�E�N�T �P�L�A�N�S �W�I�T�H �A�N �E�X�T�E�N�S�I�O�N �O�F �T�H�E�!�.�$ �n�/�2 �F�O�R�W�A�R�D �S�E�A�R�C�H �O�V�E�R �B�E�L�I�E�F �S�T�A�T�E�S �U�S�E�D
�I�N �3�E�C�T�I�O�N �������� �!�C�T�I�O�N�S �W�I�T�H �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �E�F�F�E�C�T�S�ˆ�W�H�I�C�H �A�R�E �D�E�l�N�E�D �S�I�M�P�L�Y �B�Y �U�S�I�N�G �A
�D�I�S�J�U�N�C�T�I�O�N �I�N �T�H�E �%�&�&�%�#�4�O�F �T�H�E �A�C�T�I�O�N �S�C�H�E�M�A�ˆ�C�A�N �B�E �A�C�C�O�M�M�O�D�A�T�E�D �W�I�T�H �M�I�N�O�R �C�H�A�N�G�E�S
�T�O �T�H�E �B�E�L�I�E�F�
�S�T�A�T�E �U�P�D�A�T�E �C�A�L�C�U�L�A�T�I�O�N �A�N�D �N�O �C�H�A�N�G�E �T�O �T�H�E �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M���� �&�O�R �T�H�E �H�E�U�R�I�S�T�I�C
�F�U�N�C�T�I�O�N�� �M�A�N�Y �O�F �T�H�E �M�E�T�H�O�D�S �S�U�G�G�E�S�T�E�D �F�O�R �S�E�N�S�O�R�L�E�S�S �P�L�A�N�N�I�N�G �A�R�E �A�L�S�O �A�P�P�L�I�C�A�B�L�E �I�N �T�H�E
�P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E�� �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �C�A�S�E��

������������ �2�Q�O�L�Q�H �U�H�S�O�D�Q�Q�L�Q�J

�)�M�A�G�I�N�E �W�A�T�C�H�I�N�G �A �S�P�O�T�
�W�E�L�D�I�N�G �R�O�B�O�T �I�N �A �C�A�R �P�L�A�N�T�� �4�H�E �R�O�B�O�T���S �F�A�S�T�� �A�C�C�U�R�A�T�E �M�O�T�I�O�N�S �A�R�E
�R�E�P�E�A�T�E�D �O�V�E�R �A�N�D �O�V�E�R �A�G�A�I�N �A�S �E�A�C�H �C�A�R �P�A�S�S�E�S �D�O�W�N �T�H�E �L�I�N�E�� �!�L�T�H�O�U�G�H �T�E�C�H�N�I�C�A�L�L�Y �I�M�

�P�R�E�S�S�I�V�E�� �T�H�E �R�O�B�O�T �P�R�O�B�A�B�L�Y �D�O�E�S �N�O�T �S�E�E�M �A�T �A�L�L�L�Q�W�H�O�O�L�J�H�Q�W�B�E�C�A�U�S�E �T�H�E �M�O�T�I�O�N �I�S �A �l�X�E�D��
�P�R�E�P�R�O�G�R�A�M�M�E�D �S�E�Q�U�E�N�C�E�� �T�H�E �R�O�B�O�T �O�B�V�I�O�U�S�L�Y �D�O�E�S�N���T �h�K�N�O�W �W�H�A�T �I�T���S �D�O�I�N�G�v �I�N �A�N�Y �M�E�A�N�

�I�N�G�F�U�L �S�E�N�S�E�� �.�O�W �S�U�P�P�O�S�E �T�H�A�T �A �P�O�O�R�L�Y �A�T�T�A�C�H�E�D �D�O�O�R �F�A�L�L�S �O�F�F �T�H�E �C�A�R �J�U�S�T �A�S �T�H�E �R�O�B�O�T �I�S
�A�B�O�U�T �T�O �A�P�P�L�Y �A �S�P�O�T�
�W�E�L�D�� �4�H�E �R�O�B�O�T �Q�U�I�C�K�L�Y �R�E�P�L�A�C�E�S �I�T�S �W�E�L�D�I�N�G �A�C�T�U�A�T�O�R �W�I�T�H �A �G�R�I�P�P�E�R��
�P�I�C�K�S �U�P �T�H�E �D�O�O�R�� �C�H�E�C�K�S �I�T �F�O�R �S�C�R�A�T�C�H�E�S�� �R�E�A�T�T�A�C�H�E�S �I�T �T�O �T�H�E �C�A�R�� �S�E�N�D�S �A�N �E�M�A�I�L �T�O �T�H�E �m�O�O�R
�S�U�P�E�R�V�I�S�O�R�� �S�W�I�T�C�H�E�S �B�A�C�K �T�O �T�H�E �W�E�L�D�I�N�G �A�C�T�U�A�T�O�R�� �A�N�D �R�E�S�U�M�E�S �I�T�S �W�O�R�K�� �!�L�L �O�F �A �S�U�D�D�E�N��
�T�H�E �R�O�B�O�T���S �B�E�H�A�V�I�O�R �S�E�E�M�S�S�X�U�S�R�V�L�Y�H�R�A�T�H�E�R �T�H�A�N �R�O�T�E�� �W�E �A�S�S�U�M�E �I�T �R�E�S�U�L�T�S �N�O�T �F�R�O�M �A �V�A�S�T��
�P�R�E�C�O�M�P�U�T�E�D �C�O�N�T�I�N�G�E�N�T �P�L�A�N �B�U�T �F�R�O�M �A�N �O�N�L�I�N�E �R�E�P�L�A�N�N�I�N�G �P�R�O�C�E�S�S�ˆ�W�H�I�C�H �M�E�A�N�S �T�H�A�T �T�H�E
�R�O�B�O�T�G�R�H�V�N�E�E�D �T�O �K�N�O�W �W�H�A�T �I�T���S �T�R�Y�I�N�G �T�O �D�O��

�2�E�P�L�A�N�N�I�N�G �P�R�E�S�U�P�P�O�S�E�S �S�O�M�E �F�O�R�M �O�F�H�[�H�F�X�W�L�R�Q �P�R�Q�L�W�R�U�L�Q�J�T�O �D�E�T�E�R�M�I�N�E �T�H�E �N�E�E�D �F�O�REXECUTION
MONITORING

�A �N�E�W �P�L�A�N�� �/�N�E �S�U�C�H �N�E�E�D �A�R�I�S�E�S �W�H�E�N �A �C�O�N�T�I�N�G�E�N�T �P�L�A�N�N�I�N�G �A�G�E�N�T �G�E�T�S �T�I�R�E�D �O�F �P�L�A�N�N�I�N�G
�F�O�R �E�V�E�R�Y �L�I�T�T�L�E �C�O�N�T�I�N�G�E�N�C�Y�� �S�U�C�H �A�S �W�H�E�T�H�E�R �T�H�E �S�K�Y �M�I�G�H�T �F�A�L�L �O�N �I�T�S �H�E�A�D���� �3�O�M�E �B�R�A�N�C�H�E�S
�O�F �A �P�A�R�T�I�A�L�L�Y �C�O�N�S�T�R�U�C�T�E�D �C�O�N�T�I�N�G�E�N�T �P�L�A�N �C�A�N �S�I�M�P�L�Y �S�A�YReplan�� �I�F �S�U�C�H �A �B�R�A�N�C�H �I�S �R�E�A�C�H�E�D
�D�U�R�I�N�G �E�X�E�C�U�T�I�O�N�� �T�H�E �A�G�E�N�T �R�E�V�E�R�T�S �T�O �P�L�A�N�N�I�N�G �M�O�D�E�� �!�S �W�E �M�E�N�T�I�O�N�E�D �E�A�R�L�I�E�R�� �T�H�E �D�E�C�I�S�I�O�N
�A�S �T�O �H�O�W �M�U�C�H �O�F �T�H�E �P�R�O�B�L�E�M �T�O �S�O�L�V�E �I�N �A�D�V�A�N�C�E �A�N�D �H�O�W �M�U�C�H �T�O �L�E�A�V�E �T�O �R�E�P�L�A�N�N�I�N�G
�I�S �O�N�E �T�H�A�T �I�N�V�O�L�V�E�S �T�R�A�D�E�O�F�F�S �A�M�O�N�G �P�O�S�S�I�B�L�E �E�V�E�N�T�S �W�I�T�H �D�I�F�F�E�R�E�N�T �C�O�S�T�S �A�N�D �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F
�O�C�C�U�R�R�I�N�G�� �.�O�B�O�D�Y �W�A�N�T�S �T�O �H�A�V�E �T�H�E�I�R �C�A�R �B�R�E�A�K �D�O�W�N �I�N �T�H�E �M�I�D�D�L�E �O�F �T�H�E �3�A�H�A�R�A �D�E�S�E�R�T �A�N�D
�O�N�L�Y �T�H�E�N �T�H�I�N�K �A�B�O�U�T �H�A�V�I�N�G �E�N�O�U�G�H �W�A�T�E�R��

2 �)�F �C�Y�C�L�I�C �S�O�L�U�T�I�O�N�S �A�R�E �R�E�Q�U�I�R�E�D �F�O�R �A �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �P�R�O�B�L�E�M���!�.�$ �n�/�2 �S�E�A�R�C�H �M�U�S�T �B�E �G�E�N�E�R�A�L�I�Z�E�D �T�O �A �L�O�O�P�Y
�V�E�R�S�I�O�N �S�U�C�H �A�S �,�!�/� ���(�A�N�S�E�N �A�N�D �:�I�L�B�E�R�S�T�E�I�N�� ���������	��
3 �)�N ���������� �A �-�R�S�� �(�O�D�G�E�S �O�F �!�L�A�B�A�M�A �W�A�S �H�I�T �B�Y �M�E�T�E�O�R�I�T�E �T�H�A�T �C�R�A�S�H�E�D �T�H�R�O�U�G�H �H�E�R �R�O�O�F�� �)�N ���������� �A �P�I�E�C�E �O�F
�T�H�E �-�B�A�L�E �M�E�T�E�O�R�I�T�E �H�I�T �A �S�M�A�L�L �B�O�Y �O�N �T�H�E �H�E�A�D�� �F�O�R�T�U�N�A�T�E�L�Y�� �I�T�S �D�E�S�C�E�N�T �W�A�S �S�L�O�W�E�D �B�Y �B�A�N�A�N�A �L�E�A�V�E�S ���*�E�N�N�I�S�K�E�N�S
�H�W �D�O���� ���������	�� �!�N�D �I�N ���������� �A �'�E�R�M�A�N �B�O�Y �C�L�A�I�M�E�D �T�O �H�A�V�E �B�E�E�N �H�I�T �I�N �T�H�E �H�A�N�D �B�Y �A �P�E�A�
�S�I�Z�E�D �M�E�T�E�O�R�I�T�E�� �.�O �S�E�R�I�O�U�S
�I�N�J�U�R�I�E�S �R�E�S�U�L�T�E�D �F�R�O�M �A�N�Y �O�F �T�H�E�S�E �I�N�C�I�D�E�N�T�S�� �S�U�G�G�E�S�T�I�N�G �T�H�A�T �T�H�E �N�E�E�D �F�O�R �P�R�E�P�L�A�N�N�I�N�G �A�G�A�I�N�S�T �S�U�C�H �C�O�N�T�I�N�G�E�N�C�I�E�S
�I�S �S�O�M�E�T�I�M�E�S �O�V�E�R�S�T�A�T�E�D��



�3�E�C�T�I�O�N ���������� �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �.�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �$�O�M�A�I�N�S������

�Z�K�R�O�H���S�O�D�Q

�S�O�D�Q

�U�H�S�D�L�U

�6 �3

�2

�( �*

�F�R�Q�W�L�Q�X�D�W�L�R�Q

�)�L�J�X�U�H ���������"�E�F�O�R�E �E�X�E�C�U�T�I�O�N�� �T�H�E �P�L�A�N�N�E�R �C�O�M�E�S �U�P �W�I�T�H �A �P�L�A�N�� �H�E�R�E �C�A�L�L�E�Dwhole plan��
�T�O �G�E�T �F�R�O�MS �T�OG�� �4�H�E �A�G�E�N�T �E�X�E�C�U�T�E�S �S�T�E�P�S �O�F �T�H�E �P�L�A�N �U�N�T�I�L �I�T �E�X�P�E�C�T�S �T�O �B�E �I�N �S�T�A�T�EE �� �B�U�T
�O�B�S�E�R�V�E�S �I�T �I�S �A�C�T�U�A�L�L�Y �I�NO�� �4�H�E �A�G�E�N�T �T�H�E�N �R�E�P�L�A�N�S �F�O�R �T�H�E �M�I�N�I�M�A�L �R�E�P�A�I�R �P�L�U�S �C�O�N�T�I�N�U�A�T�I�O�N
�T�O �R�E�A�C�HG��

�2�E�P�L�A�N�N�I�N�G �M�A�Y �A�L�S�O �B�E �N�E�E�D�E�D �I�F �T�H�E �A�G�E�N�T���S �M�O�D�E�L �O�F �T�H�E �W�O�R�L�D �I�S �I�N�C�O�R�R�E�C�T�� �4�H�E �M�O�D�E�L
�F�O�R �A�N �A�C�T�I�O�N �M�A�Y �H�A�V�E �A�P�L�V�V�L�Q�J �S�U�H�F�R�Q�G�L�W�L�R�Q�ˆ�F�O�R �E�X�A�M�P�L�E�� �T�H�E �A�G�E�N�T �M�A�Y �N�O�T �K�N�O�W �T�H�A�TMISSING

PRECONDITION

�R�E�M�O�V�I�N�G �T�H�E �L�I�D �O�F �A �P�A�I�N�T �C�A�N �O�F�T�E�N �R�E�Q�U�I�R�E�S �A �S�C�R�E�W�D�R�I�V�E�R�� �T�H�E �M�O�D�E�L �M�A�Y �H�A�V�E �A�P�L�V�V�L�Q�J
�H�I�I�H�F�W�ˆ�F�O�R �E�X�A�M�P�L�E�� �P�A�I�N�T�I�N�G �A�N �O�B�J�E�C�T �M�A�Y �G�E�T �P�A�I�N�T �O�N �T�H�E �m�O�O�R �A�S �W�E�L�L�� �O�R �T�H�E �M�O�D�E�L �M�A�YMISSING EFFECT

�H�A�V�E �A�P�L�V�V�L�Q�J �V�W�D�W�H �Y�D�U�L�D�E�O�H�ˆ�F�O�R �E�X�A�M�P�L�E�� �T�H�E �M�O�D�E�L �G�I�V�E�N �E�A�R�L�I�E�R �H�A�S �N�O �N�O�T�I�O�N �O�F �T�H�EMISSING STATE
VARIABLE

�A�M�O�U�N�T �O�F �P�A�I�N�T �I�N �A �C�A�N�� �O�F �H�O�W �I�T�S �A�C�T�I�O�N�S �A�F�F�E�C�T �T�H�I�S �A�M�O�U�N�T�� �O�R �O�F �T�H�E �N�E�E�D �F�O�R �T�H�E �A�M�O�U�N�T
�T�O �B�E �N�O�N�Z�E�R�O�� �4�H�E �M�O�D�E�L �M�A�Y �A�L�S�O �L�A�C�K �P�R�O�V�I�S�I�O�N �F�O�R�H�[�R�J�H�Q�R�X�V �H�Y�H�Q�W�V�S�U�C�H �A�S �S�O�M�E�O�N�EEXOGENOUS EVENT

�K�N�O�C�K�I�N�G �O�V�E�R �T�H�E �P�A�I�N�T �C�A�N�� �%�X�O�G�E�N�O�U�S �E�V�E�N�T�S �C�A�N �A�L�S�O �I�N�C�L�U�D�E �C�H�A�N�G�E�S �I�N �T�H�E �G�O�A�L�� �S�U�C�H
�A�S �T�H�E �A�D�D�I�T�I�O�N �O�F �T�H�E �R�E�Q�U�I�R�E�M�E�N�T �T�H�A�T �T�H�E �T�A�B�L�E �A�N�D �C�H�A�I�R �N�O�T �B�E �P�A�I�N�T�E�D �B�L�A�C�K�� �7�I�T�H�O�U�T �T�H�E
�A�B�I�L�I�T�Y �T�O �M�O�N�I�T�O�R �A�N�D �R�E�P�L�A�N�� �A�N �A�G�E�N�T���S �B�E�H�A�V�I�O�R �I�S �L�I�K�E�L�Y �T�O �B�E �E�X�T�R�E�M�E�L�Y �F�R�A�G�I�L�E �I�F �I�T �R�E�L�I�E�S
�O�N �A�B�S�O�L�U�T�E �C�O�R�R�E�C�T�N�E�S�S �O�F �I�T�S �M�O�D�E�L��

�4�H�E �O�N�L�I�N�E �A�G�E�N�T �H�A�S �A �C�H�O�I�C�E �O�F �H�O�W �C�A�R�E�F�U�L�L�Y �T�O �M�O�N�I�T�O�R �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �7�E �D�I�S�T�I�N�

�G�U�I�S�H �T�H�R�E�E �L�E�V�E�L�S��

� �$�F�W�L�R�Q �P�R�Q�L�W�R�U�L�Q�J�� �B�E�F�O�R�E �E�X�E�C�U�T�I�N�G �A�N �A�C�T�I�O�N�� �T�H�E �A�G�E�N�T �V�E�R�I�l�E�S �T�H�A�T �A�L�L �T�H�E �P�R�E�C�O�N�D�I�
ACTION MONITORING

�T�I�O�N�S �S�T�I�L�L �H�O�L�D��

� �3�O�D�Q �P�R�Q�L�W�R�U�L�Q�J�� �B�E�F�O�R�E �E�X�E�C�U�T�I�N�G �A�N �A�C�T�I�O�N�� �T�H�E �A�G�E�N�T �V�E�R�I�l�E�S �T�H�A�T �T�H�E �R�E�M�A�I�N�I�N�G �P�L�A�NPLAN MONITORING

�W�I�L�L �S�T�I�L�L �S�U�C�C�E�E�D��

� �*�R�D�O �P�R�Q�L�W�R�U�L�Q�J�� �B�E�F�O�R�E �E�X�E�C�U�T�I�N�G �A�N �A�C�T�I�O�N�� �T�H�E �A�G�E�N�T �C�H�E�C�K�S �T�O �S�E�E �I�F �T�H�E�R�E �I�S �A �B�E�T�T�E�RGOAL MONITORING

�S�E�T �O�F �G�O�A�L�S �I�T �C�O�U�L�D �B�E �T�R�Y�I�N�G �T�O �A�C�H�I�E�V�E��

�)�N �&�I�G�U�R�E �������� �W�E �S�E�E �A �S�C�H�E�M�A�T�I�C �O�F �A�C�T�I�O�N �M�O�N�I�T�O�R�I�N�G�� �4�H�E �A�G�E�N�T �K�E�E�P�S �T�R�A�C�K �O�F �B�O�T�H �I�T�S
�O�R�I�G�I�N�A�L �P�L�A�N��wholeplan�� �A�N�D �T�H�E �P�A�R�T �O�F �T�H�E �P�L�A�N �T�H�A�T �H�A�S �N�O�T �B�E�E�N �E�X�E�C�U�T�E�D �Y�E�T�� �W�H�I�C�H �I�S
�D�E�N�O�T�E�D �B�Yplan�� �!�F�T�E�R �E�X�E�C�U�T�I�N�G �T�H�E �l�R�S�T �F�E�W �S�T�E�P�S �O�F �T�H�E �P�L�A�N�� �T�H�E �A�G�E�N�T �E�X�P�E�C�T�S �T�O �B�E �I�N
�S�T�A�T�EE�� �"�U�T �T�H�E �A�G�E�N�T �O�B�S�E�R�V�E�S �I�T �I�S �A�C�T�U�A�L�L�Y �I�N �S�T�A�T�EO�� �)�T �T�H�E�N �N�E�E�D�S �T�O �R�E�P�A�I�R �T�H�E �P�L�A�N �B�Y
�l�N�D�I�N�G �S�O�M�E �P�O�I�N�TP �O�N �T�H�E �O�R�I�G�I�N�A�L �P�L�A�N �T�H�A�T �I�T �C�A�N �G�E�T �B�A�C�K �T�O�� ���)�T �M�A�Y �B�E �T�H�A�TP �I�S �T�H�E �G�O�A�L
�S�T�A�T�E��G���	 �4�H�E �A�G�E�N�T �T�R�I�E�S �T�O �M�I�N�I�M�I�Z�E �T�H�E �T�O�T�A�L �C�O�S�T �O�F �T�H�E �P�L�A�N�� �T�H�E �R�E�P�A�I�R �P�A�R�T ���F�R�O�MO �T�OP�	
�P�L�U�S �T�H�E �C�O�N�T�I�N�U�A�T�I�O�N ���F�R�O�MP �T�OG�	��



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�.�O�W �L�E�T���S �R�E�T�U�R�N �T�O �T�H�E �E�X�A�M�P�L�E �P�R�O�B�L�E�M �O�F �A�C�H�I�E�V�I�N�G �A �C�H�A�I�R �A�N�D �T�A�B�L�E �O�F �M�A�T�C�H�I�N�G
�C�O�L�O�R�� �3�U�P�P�O�S�E �T�H�E �A�G�E�N�T �C�O�M�E�S �U�P �W�I�T�H �T�H�I�S �P�L�A�N��

[LookAt (Table); LookAt (Chair );
�L�IColor (Table; c) ^ Color (Chair ; c) �W�K�H�QNoOp

�H�O�V�H[RemoveLid(Can1); LookAt (Can1);
�L�IColor (Table; c) ^ Color (Can1; c) �W�K�H�QPaint (Chair ; Can1)
�H�O�V�H�2�%�0�,�!�.]] :

�.�O�W �T�H�E �A�G�E�N�T �I�S �R�E�A�D�Y �T�O �E�X�E�C�U�T�E �T�H�E �P�L�A�N�� �3�U�P�P�O�S�E �T�H�E �A�G�E�N�T �O�B�S�E�R�V�E�S �T�H�A�T �T�H�E �T�A�B�L�E �A�N�D
�C�A�N �O�F �P�A�I�N�T �A�R�E �W�H�I�T�E �A�N�D �T�H�E �C�H�A�I�R �I�S �B�L�A�C�K�� �)�T �T�H�E�N �E�X�E�C�U�T�E�SPaint (Chair ; Can1)�� �!�T �T�H�I�S
�P�O�I�N�T �A �C�L�A�S�S�I�C�A�L �P�L�A�N�N�E�R �W�O�U�L�D �D�E�C�L�A�R�E �V�I�C�T�O�R�Y�� �T�H�E �P�L�A�N �H�A�S �B�E�E�N �E�X�E�C�U�T�E�D�� �"�U�T �A�N �O�N�L�I�N�E
�E�X�E�C�U�T�I�O�N �M�O�N�I�T�O�R�I�N�G �A�G�E�N�T �N�E�E�D�S �T�O �C�H�E�C�K �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �O�F �T�H�E �R�E�M�A�I�N�I�N�G �E�M�P�T�Y �P�L�A�N�ˆ
�T�H�A�T �T�H�E �T�A�B�L�E �A�N�D �C�H�A�I�R �A�R�E �T�H�E �S�A�M�E �C�O�L�O�R�� �3�U�P�P�O�S�E �T�H�E �A�G�E�N�T �P�E�R�C�E�I�V�E�S �T�H�A�T �T�H�E�Y �D�O �N�O�T
�H�A�V�E �T�H�E �S�A�M�E �C�O�L�O�R�ˆ�I�N �F�A�C�T�� �T�H�E �C�H�A�I�R �I�S �N�O�W �A �M�O�T�T�L�E�D �G�R�A�Y �B�E�C�A�U�S�E �T�H�E �B�L�A�C�K �P�A�I�N�T �I�S
�S�H�O�W�I�N�G �T�H�R�O�U�G�H�� �4�H�E �A�G�E�N�T �T�H�E�N �N�E�E�D�S �T�O �l�G�U�R�E �O�U�T �A �P�O�S�I�T�I�O�N �I�Nwhole plan �T�O �A�I�M �F�O�R
�A�N�D �A �R�E�P�A�I�R �A�C�T�I�O�N �S�E�Q�U�E�N�C�E �T�O �G�E�T �T�H�E�R�E�� �4�H�E �A�G�E�N�T �N�O�T�I�C�E�S �T�H�A�T �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �I�S �I�D�E�N�T�I�C�A�L
�T�O �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N �B�E�F�O�R�E �T�H�EPaint (Chair ; Can1) �A�C�T�I�O�N�� �S�O �T�H�E �A�G�E�N�T �C�H�O�O�S�E�S �T�H�E �E�M�P�T�Y
�S�E�Q�U�E�N�C�E �F�O�Rrepair �A�N�D �M�A�K�E�S �I�T�Splan �B�E �T�H�E �S�A�M�E[Paint ] �S�E�Q�U�E�N�C�E �T�H�A�T �I�T �J�U�S�T �A�T�T�E�M�P�T�E�D��
�7�I�T�H �T�H�I�S �N�E�W �P�L�A�N �I�N �P�L�A�C�E�� �E�X�E�C�U�T�I�O�N �M�O�N�I�T�O�R�I�N�G �R�E�S�U�M�E�S�� �A�N�D �T�H�EPaint �A�C�T�I�O�N �I�S �R�E�T�R�I�E�D��
�4�H�I�S �B�E�H�A�V�I�O�R �W�I�L�L �L�O�O�P �U�N�T�I�L �T�H�E �C�H�A�I�R �I�S �P�E�R�C�E�I�V�E�D �T�O �B�E �C�O�M�P�L�E�T�E�L�Y �P�A�I�N�T�E�D�� �"�U�T �N�O�T�I�C�E �T�H�A�T
�T�H�E �L�O�O�P �I�S �C�R�E�A�T�E�D �B�Y �A �P�R�O�C�E�S�S �O�F �P�L�A�N�n�E�X�E�C�U�T�E�n�R�E�P�L�A�N�� �R�A�T�H�E�R �T�H�A�N �B�Y �A�N �E�X�P�L�I�C�I�T �L�O�O�P �I�N �A
�P�L�A�N�� �.�O�T�E �A�L�S�O �T�H�A�T �T�H�E �O�R�I�G�I�N�A�L �P�L�A�N �N�E�E�D �N�O�T �C�O�V�E�R �E�V�E�R�Y �C�O�N�T�I�N�G�E�N�C�Y�� �)�F �T�H�E �A�G�E�N�T �R�E�A�C�H�E�S
�T�H�E �S�T�E�P �M�A�R�K�E�D �2�%�0�,�!�.�� �I�T �C�A�N �T�H�E�N �G�E�N�E�R�A�T�E �A �N�E�W �P�L�A�N ���P�E�R�H�A�P�S �I�N�V�O�L�V�I�N�GCan2�	��

�!�C�T�I�O�N �M�O�N�I�T�O�R�I�N�G �I�S �A �S�I�M�P�L�E �M�E�T�H�O�D �O�F �E�X�E�C�U�T�I�O�N �M�O�N�I�T�O�R�I�N�G�� �B�U�T �I�T �C�A�N �S�O�M�E�T�I�M�E�S
�L�E�A�D �T�O �L�E�S�S �T�H�A�N �I�N�T�E�L�L�I�G�E�N�T �B�E�H�A�V�I�O�R�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �T�H�E�R�E �I�S �N�O �B�L�A�C�K �O�R �W�H�I�T�E �P�A�I�N�T��
�A�N�D �T�H�E �A�G�E�N�T �C�O�N�S�T�R�U�C�T�S �A �P�L�A�N �T�O �S�O�L�V�E �T�H�E �P�A�I�N�T�I�N�G �P�R�O�B�L�E�M �B�Y �P�A�I�N�T�I�N�G �B�O�T�H �T�H�E �C�H�A�I�R �A�N�D
�T�A�B�L�E �R�E�D�� �3�U�P�P�O�S�E �T�H�A�T �T�H�E�R�E �I�S �O�N�L�Y �E�N�O�U�G�H �R�E�D �P�A�I�N�T �F�O�R �T�H�E �C�H�A�I�R�� �7�I�T�H �A�C�T�I�O�N �M�O�N�I�T�O�R�I�N�G��
�T�H�E �A�G�E�N�T �W�O�U�L�D �G�O �A�H�E�A�D �A�N�D �P�A�I�N�T �T�H�E �C�H�A�I�R �R�E�D�� �T�H�E�N �N�O�T�I�C�E �T�H�A�T �I�T �I�S �O�U�T �O�F �P�A�I�N�T �A�N�D �C�A�N�N�O�T
�P�A�I�N�T �T�H�E �T�A�B�L�E�� �A�T �W�H�I�C�H �P�O�I�N�T �I�T �W�O�U�L�D �R�E�P�L�A�N �A �R�E�P�A�I�R�ˆ�P�E�R�H�A�P�S �P�A�I�N�T�I�N�G �B�O�T�H �C�H�A�I�R �A�N�D �T�A�B�L�E
�G�R�E�E�N�� �! �P�L�A�N�
�M�O�N�I�T�O�R�I�N�G �A�G�E�N�T �C�A�N �D�E�T�E�C�T �F�A�I�L�U�R�E �W�H�E�N�E�V�E�R �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �I�S �S�U�C�H �T�H�A�T �T�H�E
�R�E�M�A�I�N�I�N�G �P�L�A�N �N�O �L�O�N�G�E�R �W�O�R�K�S�� �4�H�U�S�� �I�T �W�O�U�L�D �N�O�T �W�A�S�T�E �T�I�M�E �P�A�I�N�T�I�N�G �T�H�E �C�H�A�I�R �R�E�D�� �0�L�A�N
�M�O�N�I�T�O�R�I�N�G �A�C�H�I�E�V�E�S �T�H�I�S �B�Y �C�H�E�C�K�I�N�G �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �F�O�R �S�U�C�C�E�S�S �O�F �T�H�E �E�N�T�I�R�E �R�E�M�A�I�N�I�N�G
�P�L�A�N�ˆ�T�H�A�T �I�S�� �T�H�E �P�R�E�C�O�N�D�I�T�I�O�N�S �O�F �E�A�C�H �S�T�E�P �I�N �T�H�E �P�L�A�N�� �E�X�C�E�P�T �T�H�O�S�E �P�R�E�C�O�N�D�I�T�I�O�N�S �T�H�A�T �A�R�E
�A�C�H�I�E�V�E�D �B�Y �A�N�O�T�H�E�R �S�T�E�P �I�N �T�H�E �R�E�M�A�I�N�I�N�G �P�L�A�N�� �0�L�A�N �M�O�N�I�T�O�R�I�N�G �C�U�T�S �O�F�F �E�X�E�C�U�T�I�O�N �O�F �A
�D�O�O�M�E�D �P�L�A�N �A�S �S�O�O�N �A�S �P�O�S�S�I�B�L�E�� �R�A�T�H�E�R �T�H�A�N �C�O�N�T�I�N�U�I�N�G �U�N�T�I�L �T�H�E �F�A�I�L�U�R�E �A�C�T�U�A�L�L�Y �O�C�C�U�R�S����

�0�L�A�N �M�O�N�I�T�O�R�I�N�G �A�L�S�O �A�L�L�O�W�S �F�O�R�V�H�U�H�Q�G�L�S�L�W�\�ˆ�A�C�C�I�D�E�N�T�A�L �S�U�C�C�E�S�S�� �)�F �S�O�M�E�O�N�E �C�O�M�E�S �A�L�O�N�G
�A�N�D �P�A�I�N�T�S �T�H�E �T�A�B�L�E �R�E�D �A�T �T�H�E �S�A�M�E �T�I�M�E �T�H�A�T �T�H�E �A�G�E�N�T �I�S �P�A�I�N�T�I�N�G �T�H�E �C�H�A�I�R �R�E�D�� �T�H�E�N �T�H�E �l�N�A�L
�P�L�A�N �P�R�E�C�O�N�D�I�T�I�O�N�S �A�R�E �S�A�T�I�S�l�E�D ���T�H�E �G�O�A�L �H�A�S �B�E�E�N �A�C�H�I�E�V�E�D�	�� �A�N�D �T�H�E �A�G�E�N�T �C�A�N �G�O �H�O�M�E �E�A�R�L�Y��

�)�T �I�S �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �T�O �M�O�D�I�F�Y �A �P�L�A�N�N�I�N�G �A�L�G�O�R�I�T�H�M �S�O �T�H�A�T �E�A�C�H �A�C�T�I�O�N �I�N �T�H�E �P�L�A�N
�I�S �A�N�N�O�T�A�T�E�D �W�I�T�H �T�H�E �A�C�T�I�O�N���S �P�R�E�C�O�N�D�I�T�I�O�N�S�� �T�H�U�S �E�N�A�B�L�I�N�G �A�C�T�I�O�N �M�O�N�I�T�O�R�I�N�G�� �)�T �I�S �S�L�I�G�H�T�L�Y

4 �0�L�A�N �M�O�N�I�T�O�R�I�N�G �M�E�A�N�S �T�H�A�T �l�N�A�L�L�Y�� �A�F�T�E�R ������ �P�A�G�E�S�� �W�E �H�A�V�E �A�N �A�G�E�N�T �T�H�A�T �I�S �S�M�A�R�T�E�R �T�H�A�N �A �D�U�N�G �B�E�E�T�L�E ���S�E�E
�P�A�G�E �����	�� �! �P�L�A�N�
�M�O�N�I�T�O�R�I�N�G �A�G�E�N�T �W�O�U�L�D �N�O�T�I�C�E �T�H�A�T �T�H�E �D�U�N�G �B�A�L�L �W�A�S �M�I�S�S�I�N�G �F�R�O�M �I�T�S �G�R�A�S�P �A�N�D �W�O�U�L�D �R�E�P�L�A�N
�T�O �G�E�T �A�N�O�T�H�E�R �B�A�L�L �A�N�D �P�L�U�G �I�T�S �H�O�L�E��



�3�E�C�T�I�O�N ���������� �-�U�L�T�I�A�G�E�N�T �0�L�A�N�N�I�N�G ������

�M�O�R�E �C�O�M�P�L�E�X �T�O �E�N�A�B�L�E �P�L�A�N �M�O�N�I�T�O�R�I�N�G�� �0�A�R�T�I�A�L�
�O�R�D�E�R �A�N�D �P�L�A�N�N�I�N�G�
�G�R�A�P�H �P�L�A�N�N�E�R�S �H�A�V�E
�T�H�E �A�D�V�A�N�T�A�G�E �T�H�A�T �T�H�E�Y �H�A�V�E �A�L�R�E�A�D�Y �B�U�I�L�T �U�P �S�T�R�U�C�T�U�R�E�S �T�H�A�T �C�O�N�T�A�I�N �T�H�E �R�E�L�A�T�I�O�N�S �N�E�C�E�S�S�A�R�Y
�F�O�R �P�L�A�N �M�O�N�I�T�O�R�I�N�G�� �!�U�G�M�E�N�T�I�N�G �S�T�A�T�E�
�S�P�A�C�E �P�L�A�N�N�E�R�S �W�I�T�H �T�H�E �N�E�C�E�S�S�A�R�Y �A�N�N�O�T�A�T�I�O�N�S �C�A�N �B�E
�D�O�N�E �B�Y �C�A�R�E�F�U�L �B�O�O�K�K�E�E�P�I�N�G �A�S �T�H�E �G�O�A�L �m�U�E�N�T�S �A�R�E �R�E�G�R�E�S�S�E�D �T�H�R�O�U�G�H �T�H�E �P�L�A�N��

�.�O�W �T�H�A�T �W�E �H�A�V�E �D�E�S�C�R�I�B�E�D �A �M�E�T�H�O�D �F�O�R �M�O�N�I�T�O�R�I�N�G �A�N�D �R�E�P�L�A�N�N�I�N�G�� �W�E �N�E�E�D �T�O �A�S�K��
�h�$�O�E�S �I�T �W�O�R�K���v �4�H�I�S �I�S �A �S�U�R�P�R�I�S�I�N�G�L�Y �T�R�I�C�K�Y �Q�U�E�S�T�I�O�N�� �)�F �W�E �M�E�A�N�� �h�#�A�N �W�E �G�U�A�R�A�N�T�E�E �T�H�A�T
�T�H�E �A�G�E�N�T �W�I�L�L �A�L�W�A�Y�S �A�C�H�I�E�V�E �T�H�E �G�O�A�L���v �T�H�E�N �T�H�E �A�N�S�W�E�R �I�S �N�O�� �B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �C�O�U�L�D
�I�N�A�D�V�E�R�T�E�N�T�L�Y �A�R�R�I�V�E �A�T �A �D�E�A�D �E�N�D �F�R�O�M �W�H�I�C�H �T�H�E�R�E �I�S �N�O �R�E�P�A�I�R�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �V�A�C�U�U�M
�A�G�E�N�T �M�I�G�H�T �H�A�V�E �A �F�A�U�L�T�Y �M�O�D�E�L �O�F �I�T�S�E�L�F �A�N�D �N�O�T �K�N�O�W �T�H�A�T �I�T�S �B�A�T�T�E�R�I�E�S �C�A�N �R�U�N �O�U�T�� �/�N�C�E
�T�H�E�Y �D�O�� �I�T �C�A�N�N�O�T �R�E�P�A�I�R �A�N�Y �P�L�A�N�S�� �)�F �W�E �R�U�L�E �O�U�T �D�E�A�D �E�N�D�S�ˆ�A�S�S�U�M�E �T�H�A�T �T�H�E�R�E �E�X�I�S�T�S �A �P�L�A�N
�T�O �R�E�A�C�H �T�H�E �G�O�A�L �F�R�O�M�D�Q�\�S�T�A�T�E �I�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T�ˆ�A�N�D �A�S�S�U�M�E �T�H�A�T �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S
�R�E�A�L�L�Y �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C�� �I�N �T�H�E �S�E�N�S�E �T�H�A�T �S�U�C�H �A �P�L�A�N �A�L�W�A�Y�S �H�A�S�V�R�P�H�C�H�A�N�C�E �O�F �S�U�C�C�E�S�S �O�N
�A�N�Y �G�I�V�E�N �E�X�E�C�U�T�I�O�N �A�T�T�E�M�P�T�� �T�H�E�N �T�H�E �A�G�E�N�T �W�I�L�L �E�V�E�N�T�U�A�L�L�Y �R�E�A�C�H �T�H�E �G�O�A�L��

�4�R�O�U�B�L�E �O�C�C�U�R�S �W�H�E�N �A�N �A�C�T�I�O�N �I�S �A�C�T�U�A�L�L�Y �N�O�T �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C�� �B�U�T �R�A�T�H�E�R �D�E�P�E�N�D�S �O�N
�S�O�M�E �P�R�E�C�O�N�D�I�T�I�O�N �T�H�A�T �T�H�E �A�G�E�N�T �D�O�E�S �N�O�T �K�N�O�W �A�B�O�U�T�� �&�O�R �E�X�A�M�P�L�E�� �S�O�M�E�T�I�M�E�S �A �P�A�I�N�T
�C�A�N �M�A�Y �B�E �E�M�P�T�Y�� �S�O �P�A�I�N�T�I�N�G �F�R�O�M �T�H�A�T �C�A�N �H�A�S �N�O �E�F�F�E�C�T�� �.�O �A�M�O�U�N�T �O�F �R�E�T�R�Y�I�N�G �I�S �G�O�I�N�G �T�O
�C�H�A�N�G�E �T�H�I�S���� �/�N�E �S�O�L�U�T�I�O�N �I�S �T�O �C�H�O�O�S�E �R�A�N�D�O�M�L�Y �F�R�O�M �A�M�O�N�G �T�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �R�E�P�A�I�R �P�L�A�N�S��
�R�A�T�H�E�R �T�H�A�N �T�O �T�R�Y �T�H�E �S�A�M�E �O�N�E �E�A�C�H �T�I�M�E�� �)�N �T�H�I�S �C�A�S�E�� �T�H�E �R�E�P�A�I�R �P�L�A�N �O�F �O�P�E�N�I�N�G �A�N�O�T�H�E�R �C�A�N
�M�I�G�H�T �W�O�R�K�� �! �B�E�T�T�E�R �A�P�P�R�O�A�C�H �I�S �T�O�O�H�D�U�Q�A �B�E�T�T�E�R �M�O�D�E�L�� �%�V�E�R�Y �P�R�E�D�I�C�T�I�O�N �F�A�I�L�U�R�E �I�S �A�N
�O�P�P�O�R�T�U�N�I�T�Y �F�O�R �L�E�A�R�N�I�N�G�� �A�N �A�G�E�N�T �S�H�O�U�L�D �B�E �A�B�L�E �T�O �M�O�D�I�F�Y �I�T�S �M�O�D�E�L �O�F �T�H�E �W�O�R�L�D �T�O �A�C�C�O�R�D
�W�I�T�H �I�T�S �P�E�R�C�E�P�T�S�� �&�R�O�M �T�H�E�N �O�N�� �T�H�E �R�E�P�L�A�N�N�E�R �W�I�L�L �B�E �A�B�L�E �T�O �C�O�M�E �U�P �W�I�T�H �A �R�E�P�A�I�R �T�H�A�T �G�E�T�S
�A�T �T�H�E �R�O�O�T �P�R�O�B�L�E�M�� �R�A�T�H�E�R �T�H�A�N �R�E�L�Y�I�N�G �O�N �L�U�C�K �T�O �C�H�O�O�S�E �A �G�O�O�D �R�E�P�A�I�R�� �4�H�I�S �K�I�N�D �O�F �L�E�A�R�N�I�N�G
�I�S �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R�S ���� �A�N�D ������

�������� �- �5�,�4�)�!�'�%�.�4�0�,�!�.�.�)�.�'

�3�O �F�A�R�� �W�E �H�A�V�E �A�S�S�U�M�E�D �T�H�A�T �O�N�L�Y �O�N�E �A�G�E�N�T �I�S �D�O�I�N�G �T�H�E �S�E�N�S�I�N�G�� �P�L�A�N�N�I�N�G�� �A�N�D �A�C�T�I�N�G��
�7�H�E�N �T�H�E�R�E �A�R�E �M�U�L�T�I�P�L�E �A�G�E�N�T�S �I�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �E�A�C�H �A�G�E�N�T �F�A�C�E�S �A�P�X�O�W�L�D�J�H�Q�W �S�O�D�Q�Q�L�Q�J
�S�U�R�E�O�H�P�I�N �W�H�I�C�H �I�T �T�R�I�E�S �T�O �A�C�H�I�E�V�E �I�T�S �O�W�N �G�O�A�L�S �W�I�T�H �T�H�E �H�E�L�P �O�R �H�I�N�D�R�A�N�C�E �O�F �O�T�H�E�R�S��MULTIAGENT

PLANNING PROBLEM

�"�E�T�W�E�E�N �T�H�E �P�U�R�E�L�Y �S�I�N�G�L�E�
�A�G�E�N�T �A�N�D �T�R�U�L�Y �M�U�L�T�I�A�G�E�N�T �C�A�S�E�S �I�S �A �W�I�D�E �S�P�E�C�T�R�U�M �O�F �P�R�O�B�

�L�E�M�S �T�H�A�T �E�X�H�I�B�I�T �V�A�R�I�O�U�S �D�E�G�R�E�E�S �O�F �D�E�C�O�M�P�O�S�I�T�I�O�N �O�F �T�H�E �M�O�N�O�L�I�T�H�I�C �A�G�E�N�T�� �!�N �A�G�E�N�T �W�I�T�H
�M�U�L�T�I�P�L�E �E�F�F�E�C�T�O�R�S �T�H�A�T �C�A�N �O�P�E�R�A�T�E �C�O�N�C�U�R�R�E�N�T�L�Y�ˆ�F�O�R �E�X�A�M�P�L�E�� �A �H�U�M�A�N �W�H�O �C�A�N �T�Y�P�E �A�N�D
�S�P�E�A�K �A�T �T�H�E �S�A�M�E �T�I�M�E�ˆ�N�E�E�D�S �T�O �D�O�P�X�O�W�L�H�I�I�H�F�W�R�U �S�O�D�Q�Q�L�Q�J�T�O �M�A�N�A�G�E �E�A�C�H �E�F�F�E�C�T�O�R �W�H�I�L�EMULTIEFFECTOR

PLANNING

�H�A�N�D�L�I�N�G �P�O�S�I�T�I�V�E �A�N�D �N�E�G�A�T�I�V�E �I�N�T�E�R�A�C�T�I�O�N�S �A�M�O�N�G �T�H�E �E�F�F�E�C�T�O�R�S�� �7�H�E�N �T�H�E �E�F�F�E�C�T�O�R�S �A�R�E
�P�H�Y�S�I�C�A�L�L�Y �D�E�C�O�U�P�L�E�D �I�N�T�O �D�E�T�A�C�H�E�D �U�N�I�T�S�ˆ�A�S �I�N �A �m�E�E�T �O�F �D�E�L�I�V�E�R�Y �R�O�B�O�T�S �I�N �A �F�A�C�T�O�R�Y�ˆ
�M�U�L�T�I�E�F�F�E�C�T�O�R �P�L�A�N�N�I�N�G �B�E�C�O�M�E�S�P�X�O�W�L�E�R�G�\ �S�O�D�Q�Q�L�Q�J�� �! �M�U�L�T�I�B�O�D�Y �P�R�O�B�L�E�M �I�S �S�T�I�L�L �A �h�S�T�A�N�
MULTIBODY

PLANNING

�D�A�R�D�v �S�I�N�G�L�E�
�A�G�E�N�T �P�R�O�B�L�E�M �A�S �L�O�N�G �A�S �T�H�E �R�E�L�E�V�A�N�T �S�E�N�S�O�R �I�N�F�O�R�M�A�T�I�O�N �C�O�L�L�E�C�T�E�D �B�Y �E�A�C�H �B�O�D�Y
�C�A�N �B�E �P�O�O�L�E�D�ˆ�E�I�T�H�E�R �C�E�N�T�R�A�L�L�Y �O�R �W�I�T�H�I�N �E�A�C�H �B�O�D�Y�ˆ�T�O �F�O�R�M �A �C�O�M�M�O�N �E�S�T�I�M�A�T�E �O�F �T�H�E
�W�O�R�L�D �S�T�A�T�E �T�H�A�T �T�H�E�N �I�N�F�O�R�M�S �T�H�E �E�X�E�C�U�T�I�O�N �O�F �T�H�E �O�V�E�R�A�L�L �P�L�A�N�� �I�N �T�H�I�S �C�A�S�E�� �T�H�E �M�U�L�T�I�P�L�E �B�O�D�

�I�E�S �A�C�T �A�S �A �S�I�N�G�L�E �B�O�D�Y�� �7�H�E�N �C�O�M�M�U�N�I�C�A�T�I�O�N �C�O�N�S�T�R�A�I�N�T�S �M�A�K�E �T�H�I�S �I�M�P�O�S�S�I�B�L�E�� �W�E �H�A�V�E

5 �&�U�T�I�L�E �R�E�P�E�T�I�T�I�O�N �O�F �A �P�L�A�N �R�E�P�A�I�R �I�S �E�X�A�C�T�L�Y �T�H�E �B�E�H�A�V�I�O�R �E�X�H�I�B�I�T�E�D �B�Y �T�H�E �S�P�H�E�X �W�A�S�P ���P�A�G�E �����	��



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�W�H�A�T �I�S �S�O�M�E�T�I�M�E�S �C�A�L�L�E�D �A�G�H�F�H�Q�W�U�D�O�L�]�H�G �S�O�D�Q�Q�L�Q�J�P�R�O�B�L�E�M�� �T�H�I�S �I�S �P�E�R�H�A�P�S �A �M�I�S�N�O�M�E�R�� �B�E�
DECENTRALIZED
PLANNING

�C�A�U�S�E �T�H�E �P�L�A�N�N�I�N�G �P�H�A�S�E �I�S �C�E�N�T�R�A�L�I�Z�E�D �B�U�T �T�H�E �E�X�E�C�U�T�I�O�N �P�H�A�S�E �I�S �A�T �L�E�A�S�T �P�A�R�T�I�A�L�L�Y �D�E�C�O�U�P�L�E�D��
�)�N �T�H�I�S �C�A�S�E�� �T�H�E �S�U�B�P�L�A�N �C�O�N�S�T�R�U�C�T�E�D �F�O�R �E�A�C�H �B�O�D�Y �M�A�Y �N�E�E�D �T�O �I�N�C�L�U�D�E �E�X�P�L�I�C�I�T �C�O�M�M�U�N�I�C�A�

�T�I�V�E �A�C�T�I�O�N�S �W�I�T�H �O�T�H�E�R �B�O�D�I�E�S�� �&�O�R �E�X�A�M�P�L�E�� �M�U�L�T�I�P�L�E �R�E�C�O�N�N�A�I�S�S�A�N�C�E �R�O�B�O�T�S �C�O�V�E�R�I�N�G �A �W�I�D�E
�A�R�E�A �M�A�Y �O�F�T�E�N �B�E �O�U�T �O�F �R�A�D�I�O �C�O�N�T�A�C�T �W�I�T�H �E�A�C�H �O�T�H�E�R �A�N�D �S�H�O�U�L�D �S�H�A�R�E �T�H�E�I�R �l�N�D�I�N�G�S �D�U�R�I�N�G
�T�I�M�E�S �W�H�E�N �C�O�M�M�U�N�I�C�A�T�I�O�N �I�S �F�E�A�S�I�B�L�E��

�7�H�E�N �A �S�I�N�G�L�E �E�N�T�I�T�Y �I�S �D�O�I�N�G �T�H�E �P�L�A�N�N�I�N�G�� �T�H�E�R�E �I�S �R�E�A�L�L�Y �O�N�L�Y �O�N�E �G�O�A�L�� �W�H�I�C�H �A�L�L �T�H�E
�B�O�D�I�E�S �N�E�C�E�S�S�A�R�I�L�Y �S�H�A�R�E�� �7�H�E�N �T�H�E �B�O�D�I�E�S �A�R�E �D�I�S�T�I�N�C�T �A�G�E�N�T�S �T�H�A�T �D�O �T�H�E�I�R �O�W�N �P�L�A�N�N�I�N�G�� �T�H�E�Y
�M�A�Y �S�T�I�L�L �S�H�A�R�E �I�D�E�N�T�I�C�A�L �G�O�A�L�S�� �F�O�R �E�X�A�M�P�L�E�� �T�W�O �H�U�M�A�N �T�E�N�N�I�S �P�L�A�Y�E�R�S �W�H�O �F�O�R�M �A �D�O�U�B�L�E�S
�T�E�A�M �S�H�A�R�E �T�H�E �G�O�A�L �O�F �W�I�N�N�I�N�G �T�H�E �M�A�T�C�H�� �%�V�E�N �W�I�T�H �S�H�A�R�E�D �G�O�A�L�S�� �H�O�W�E�V�E�R�� �T�H�E �M�U�L�T�I�B�O�D�Y
�A�N�D �M�U�L�T�I�A�G�E�N�T �C�A�S�E�S �A�R�E �Q�U�I�T�E �D�I�F�F�E�R�E�N�T�� �)�N �A �M�U�L�T�I�B�O�D�Y �R�O�B�O�T�I�C �D�O�U�B�L�E�S �T�E�A�M�� �A �S�I�N�G�L�E �P�L�A�N
�D�I�C�T�A�T�E�S �W�H�I�C�H �B�O�D�Y �W�I�L�L �G�O �W�H�E�R�E �O�N �T�H�E �C�O�U�R�T �A�N�D �W�H�I�C�H �B�O�D�Y �W�I�L�L �H�I�T �T�H�E �B�A�L�L�� �)�N �A �M�U�L�T�I�

�A�G�E�N�T �D�O�U�B�L�E�S �T�E�A�M�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �E�A�C�H �A�G�E�N�T �D�E�C�I�D�E�S �W�H�A�T �T�O �D�O�� �W�I�T�H�O�U�T �S�O�M�E �M�E�T�H�O�D
�F�O�R�F�R�R�U�G�L�Q�D�W�L�R�Q�� �B�O�T�H �A�G�E�N�T�S �M�A�Y �D�E�C�I�D�E �T�O �C�O�V�E�R �T�H�E �S�A�M�E �P�A�R�T �O�F �T�H�E �C�O�U�R�T �A�N�D �E�A�C�H �M�A�YCOORDINATION

�L�E�A�V�E �T�H�E �B�A�L�L �F�O�R �T�H�E �O�T�H�E�R �T�O �H�I�T��
�4�H�E �C�L�E�A�R�E�S�T �C�A�S�E �O�F �A �M�U�L�T�I�A�G�E�N�T �P�R�O�B�L�E�M�� �O�F �C�O�U�R�S�E�� �I�S �W�H�E�N �T�H�E �A�G�E�N�T�S �H�A�V�E �D�I�F�F�E�R�E�N�T

�G�O�A�L�S�� �)�N �T�E�N�N�I�S�� �T�H�E �G�O�A�L�S �O�F �T�W�O �O�P�P�O�S�I�N�G �T�E�A�M�S �A�R�E �I�N �D�I�R�E�C�T �C�O�N�m�I�C�T�� �L�E�A�D�I�N�G �T�O �T�H�E �Z�E�R�O�

�S�U�M �S�I�T�U�A�T�I�O�N �O�F �#�H�A�P�T�E�R ���� �3�P�E�C�T�A�T�O�R�S �C�O�U�L�D �B�E �V�I�E�W�E�D �A�S �A�G�E�N�T�S �I�F �T�H�E�I�R �S�U�P�P�O�R�T �O�R �D�I�S�D�A�I�N
�I�S �A �S�I�G�N�I�l�C�A�N�T �F�A�C�T�O�R �A�N�D �C�A�N �B�E �I�N�m�U�E�N�C�E�D �B�Y �T�H�E �P�L�A�Y�E�R�S�� �C�O�N�D�U�C�T�� �O�T�H�E�R�W�I�S�E�� �T�H�E�Y �C�A�N �B�E
�T�R�E�A�T�E�D �A�S �A�N �A�S�P�E�C�T �O�F �N�A�T�U�R�E�ˆ�J�U�S�T �L�I�K�E �T�H�E �W�E�A�T�H�E�R�ˆ�T�H�A�T �I�S �A�S�S�U�M�E�D �T�O �B�E �I�N�D�I�F�F�E�R�E�N�T �T�O �T�H�E
�P�L�A�Y�E�R�S�� �I�N�T�E�N�T�I�O�N�S����

�&�I�N�A�L�L�Y�� �S�O�M�E �S�Y�S�T�E�M�S �A�R�E �A �M�I�X�T�U�R�E �O�F �C�E�N�T�R�A�L�I�Z�E�D �A�N�D �M�U�L�T�I�A�G�E�N�T �P�L�A�N�N�I�N�G�� �&�O�R �E�X�

�A�M�P�L�E�� �A �D�E�L�I�V�E�R�Y �C�O�M�P�A�N�Y �M�A�Y �D�O �C�E�N�T�R�A�L�I�Z�E�D�� �O�F�m�I�N�E �P�L�A�N�N�I�N�G �F�O�R �T�H�E �R�O�U�T�E�S �O�F �I�T�S �T�R�U�C�K�S
�A�N�D �P�L�A�N�E�S �E�A�C�H �D�A�Y�� �B�U�T �L�E�A�V�E �S�O�M�E �A�S�P�E�C�T�S �O�P�E�N �F�O�R �A�U�T�O�N�O�M�O�U�S �D�E�C�I�S�I�O�N�S �B�Y �D�R�I�V�E�R�S �A�N�D
�P�I�L�O�T�S �W�H�O �C�A�N �R�E�S�P�O�N�D �I�N�D�I�V�I�D�U�A�L�L�Y �T�O �T�R�A�F�l�C �A�N�D �W�E�A�T�H�E�R �S�I�T�U�A�T�I�O�N�S�� �!�L�S�O�� �T�H�E �G�O�A�L�S �O�F �T�H�E
�C�O�M�P�A�N�Y �A�N�D �I�T�S �E�M�P�L�O�Y�E�E�S �A�R�E �B�R�O�U�G�H�T �I�N�T�O �A�L�I�G�N�M�E�N�T�� �T�O �S�O�M�E �E�X�T�E�N�T�� �B�Y �T�H�E �P�A�Y�M�E�N�T �O�F
�L�Q�F�H�Q�W�L�Y�H�V���S�A�L�A�R�I�E�S �A�N�D �B�O�N�U�S�E�S�	�ˆ�A �S�U�R�E �S�I�G�N �T�H�A�T �T�H�I�S �I�S �A �T�R�U�E �M�U�L�T�I�A�G�E�N�T �S�Y�S�T�E�M��INCENTIVE

�4�H�E �I�S�S�U�E�S �I�N�V�O�L�V�E�D �I�N �M�U�L�T�I�A�G�E�N�T �P�L�A�N�N�I�N�G �C�A�N �B�E �D�I�V�I�D�E�D �R�O�U�G�H�L�Y �I�N�T�O �T�W�O �S�E�T�S�� �4�H�E
�l�R�S�T�� �C�O�V�E�R�E�D �I�N �3�E�C�T�I�O�N �������������� �I�N�V�O�L�V�E�S �I�S�S�U�E�S �O�F �R�E�P�R�E�S�E�N�T�I�N�G �A�N�D �P�L�A�N�N�I�N�G �F�O�R �M�U�L�T�I�P�L�E
�S�I�M�U�L�T�A�N�E�O�U�S �A�C�T�I�O�N�S�� �T�H�E�S�E �I�S�S�U�E�S �O�C�C�U�R �I�N �A�L�L �S�E�T�T�I�N�G�S �F�R�O�M �M�U�L�T�I�E�F�F�E�C�T�O�R �T�O �M�U�L�T�I�A�G�E�N�T �P�L�A�N�

�N�I�N�G�� �4�H�E �S�E�C�O�N�D�� �C�O�V�E�R�E�D �I�N �3�E�C�T�I�O�N �������������� �I�N�V�O�L�V�E�S �I�S�S�U�E�S �O�F �C�O�O�P�E�R�A�T�I�O�N�� �C�O�O�R�D�I�N�A�T�I�O�N��
�A�N�D �C�O�M�P�E�T�I�T�I�O�N �A�R�I�S�I�N�G �I�N �T�R�U�E �M�U�L�T�I�A�G�E�N�T �S�E�T�T�I�N�G�S��

������������ �3�O�D�Q�Q�L�Q�J �Z�L�W�K �P�X�O�W�L�S�O�H �V�L�P�X�O�W�D�Q�H�R�X�V �D�F�W�L�R�Q�V

�&�O�R �T�H�E �T�I�M�E �B�E�I�N�G�� �W�E �W�I�L�L �T�R�E�A�T �T�H�E �M�U�L�T�I�E�F�F�E�C�T�O�R�� �M�U�L�T�I�B�O�D�Y�� �A�N�D �M�U�L�T�I�A�G�E�N�T �S�E�T�T�I�N�G�S �I�N �T�H�E
�S�A�M�E �W�A�Y�� �L�A�B�E�L�I�N�G �T�H�E�M �G�E�N�E�R�I�C�A�L�L�Y �A�S�P�X�O�W�L�D�F�W�R�U�S�E�T�T�I�N�G�S�� �U�S�I�N�G �T�H�E �G�E�N�E�R�I�C �T�E�R�M�D�F�W�R�U�T�OMULTIACTOR

ACTOR �C�O�V�E�R �E�F�F�E�C�T�O�R�S�� �B�O�D�I�E�S�� �A�N�D �A�G�E�N�T�S�� �4�H�E �G�O�A�L �O�F �T�H�I�S �S�E�C�T�I�O�N �I�S �T�O �W�O�R�K �O�U�T �H�O�W �T�O �D�E�l�N�E
�T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�S�� �C�O�R�R�E�C�T �P�L�A�N�S�� �A�N�D �E�F�l�C�I�E�N�T �P�L�A�N�N�I�N�G �A�L�G�O�R�I�T�H�M�S �F�O�R �T�H�E �M�U�L�T�I�A�C�T�O�R �S�E�T�T�I�N�G��
�! �C�O�R�R�E�C�T �P�L�A�N �I�S �O�N�E �T�H�A�T�� �I�F �E�X�E�C�U�T�E�D �B�Y �T�H�E �A�C�T�O�R�S�� �A�C�H�I�E�V�E�S �T�H�E �G�O�A�L�� ���)�N �T�H�E �T�R�U�E �M�U�L�T�I�A�G�E�N�T
�S�E�T�T�I�N�G�� �O�F �C�O�U�R�S�E�� �T�H�E �A�G�E�N�T�S �M�A�Y �N�O�T �A�G�R�E�E �T�O �E�X�E�C�U�T�E �A�N�Y �P�A�R�T�I�C�U�L�A�R �P�L�A�N�� �B�U�T �A�T �L�E�A�S�T �T�H�E�Y

6 �7�E �A�P�O�L�O�G�I�Z�E �T�O �R�E�S�I�D�E�N�T�S �O�F �T�H�E �5�N�I�T�E�D �+�I�N�G�D�O�M�� �W�H�E�R�E �T�H�E �M�E�R�E �A�C�T �O�F �C�O�N�T�E�M�P�L�A�T�I�N�G �A �G�A�M�E �O�F �T�E�N�N�I�S
�G�U�A�R�A�N�T�E�E�S �R�A�I�N��



�3�E�C�T�I�O�N ���������� �-�U�L�T�I�A�G�E�N�T �0�L�A�N�N�I�N�G ������

Actors(A; B )
Init (At (A; LeftBaseline) ^ At (B; RightNet) ^

Approaching(Ball ; RightBaseline)) ^ Partner (A; B ) ^ Partner (B; A )
Goal(Returned(Ball ) ^ (At (a; RightNet) _ At (a;LeftNet ))
Action (Hit (actor ; Ball );

�0�2�%�#�/�.�$��Approaching(Ball ; loc) ^ At (actor ; loc)
�%�&�&�%�#�4��Returned(Ball ))

Action (Go(actor ; to);
�0�2�%�#�/�.�$��At (actor ; loc) ^ to 6= loc;
�%�&�&�%�#�4��At (actor ; to) ^ : At (actor ; loc))

�)�L�J�X�U�H �����������4�H�E �D�O�U�B�L�E�S �T�E�N�N�I�S �P�R�O�B�L�E�M�� �4�W�O �A�C�T�O�R�SA �A�N�DB �A�R�E �P�L�A�Y�I�N�G �T�O�G�E�T�H�E�R �A�N�D
�C�A�N �B�E �I�N �O�N�E �O�F �F�O�U�R �L�O�C�A�T�I�O�N�S��LeftBaseline��RightBaseline��LeftNet �� �A�N�DRightNet�� �4�H�E
�B�A�L�L �C�A�N �B�E �R�E�T�U�R�N�E�D �O�N�L�Y �I�F �A �P�L�A�Y�E�R �I�S �I�N �T�H�E �R�I�G�H�T �P�L�A�C�E�� �.�O�T�E �T�H�A�T �E�A�C�H �A�C�T�I�O�N �M�U�S�T �I�N�C�L�U�D�E
�T�H�E �A�C�T�O�R �A�S �A�N �A�R�G�U�M�E�N�T��

�W�I�L�L �K�N�O�W �W�H�A�T �P�L�A�N�S�Z�R�X�O�G�W�O�R�K �I�F �T�H�E�Y�G�L�G�A�G�R�E�E �T�O �E�X�E�C�U�T�E �T�H�E�M���	 �&�O�R �S�I�M�P�L�I�C�I�T�Y�� �W�E
�A�S�S�U�M�E �P�E�R�F�E�C�T�V�\�Q�F�K�U�R�Q�L�]�D�W�L�R�Q�� �E�A�C�H �A�C�T�I�O�N �T�A�K�E�S �T�H�E �S�A�M�E �A�M�O�U�N�T �O�F �T�I�M�E �A�N�D �A�C�T�I�O�N�S �A�TSYNCHRONIZATION

�E�A�C�H �P�O�I�N�T �I�N �T�H�E �J�O�I�N�T �P�L�A�N �A�R�E �S�I�M�U�L�T�A�N�E�O�U�S��
�7�E �B�E�G�I�N �W�I�T�H �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �F�O�R �T�H�E �D�E�T�E�R�M�I�N�I�S�T�I�C �C�A�S�E�� �T�H�I�S �I�S �T�H�E �F�U�N�C�T�I�O�N

�2�%�3�5�,�4(s; a)�� �)�N �T�H�E �S�I�N�G�L�E�
�A�G�E�N�T �S�E�T�T�I�N�G�� �T�H�E�R�E �M�I�G�H�T �B�Eb �D�I�F�F�E�R�E�N�T �C�H�O�I�C�E�S �F�O�R �T�H�E �A�C�T�I�O�N��
b �C�A�N �B�E �Q�U�I�T�E �L�A�R�G�E�� �E�S�P�E�C�I�A�L�L�Y �F�O�R �l�R�S�T�
�O�R�D�E�R �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �W�I�T�H �M�A�N�Y �O�B�J�E�C�T�S �T�O �A�C�T �O�N��
�B�U�T �A�C�T�I�O�N �S�C�H�E�M�A�S �P�R�O�V�I�D�E �A �C�O�N�C�I�S�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �N�O�N�E�T�H�E�L�E�S�S�� �)�N �T�H�E �M�U�L�T�I�A�C�T�O�R �S�E�T�T�I�N�G
�W�I�T�Hn �A�C�T�O�R�S�� �T�H�E �S�I�N�G�L�E �A�C�T�I�O�Na �I�S �R�E�P�L�A�C�E�D �B�Y �A�M�R�L�Q�W �D�F�W�L�R�Qha1; : : : ; an i �� �W�H�E�R�Eai �I�S �T�H�EJOINT ACTION

�A�C�T�I�O�N �T�A�K�E�N �B�Y �T�H�Ei �T�H �A�C�T�O�R�� �)�M�M�E�D�I�A�T�E�L�Y�� �W�E �S�E�E �T�W�O �P�R�O�B�L�E�M�S�� �l�R�S�T�� �W�E �H�A�V�E �T�O �D�E�S�C�R�I�B�E
�T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �F�O�Rbn �D�I�F�F�E�R�E�N�T �J�O�I�N�T �A�C�T�I�O�N�S�� �S�E�C�O�N�D�� �W�E �H�A�V�E �A �J�O�I�N�T �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M
�W�I�T�H �A �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R �O�Fbn ��

�(�A�V�I�N�G �P�U�T �T�H�E �A�C�T�O�R�S �T�O�G�E�T�H�E�R �I�N�T�O �A �M�U�L�T�I�A�C�T�O�R �S�Y�S�T�E�M �W�I�T�H �A �H�U�G�E �B�R�A�N�C�H�I�N�G �F�A�C�T�O�R��
�T�H�E �P�R�I�N�C�I�P�A�L �F�O�C�U�S �O�F �R�E�S�E�A�R�C�H �O�N �M�U�L�T�I�A�C�T�O�R �P�L�A�N�N�I�N�G �H�A�S �B�E�E�N �T�O�G�H�F�R�X�S�O�H�T�H�E �A�C�T�O�R�S �T�O
�T�H�E �E�X�T�E�N�T �P�O�S�S�I�B�L�E�� �S�O �T�H�A�T �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �P�R�O�B�L�E�M �G�R�O�W�S �L�I�N�E�A�R�L�Y �W�I�T�Hn �R�A�T�H�E�R �T�H�A�N
�E�X�P�O�N�E�N�T�I�A�L�L�Y�� �)�F �T�H�E �A�C�T�O�R�S �H�A�V�E �N�O �I�N�T�E�R�A�C�T�I�O�N �W�I�T�H �O�N�E �A�N�O�T�H�E�R�ˆ�F�O�R �E�X�A�M�P�L�E��n �A�C�T�O�R�S �E�A�C�H
�P�L�A�Y�I�N�G �A �G�A�M�E �O�F �S�O�L�I�T�A�I�R�E�ˆ�T�H�E�N �W�E �C�A�N �S�I�M�P�L�Y �S�O�L�V�En �S�E�P�A�R�A�T�E �P�R�O�B�L�E�M�S�� �)�F �T�H�E �A�C�T�O�R�S �A�R�E
�O�R�R�V�H�O�\ �F�R�X�S�O�H�G�� �C�A�N �W�E �A�T�T�A�I�N �S�O�M�E�T�H�I�N�G �C�L�O�S�E �T�O �T�H�I�S �E�X�P�O�N�E�N�T�I�A�L �I�M�P�R�O�V�E�M�E�N�T�� �4�H�I�S �I�S�� �O�FLOOSELY COUPLED

�C�O�U�R�S�E�� �A �C�E�N�T�R�A�L �Q�U�E�S�T�I�O�N �I�N �M�A�N�Y �A�R�E�A�S �O�F �!�)�� �7�E �H�A�V�E �S�E�E�N �I�T �E�X�P�L�I�C�I�T�L�Y �I�N �T�H�E �C�O�N�T�E�X�T �O�F
�#�3�0�S�� �W�H�E�R�E �h�T�R�E�E �L�I�K�E�v �C�O�N�S�T�R�A�I�N�T �G�R�A�P�H�S �Y�I�E�L�D�E�D �E�F�l�C�I�E�N�T �S�O�L�U�T�I�O�N �M�E�T�H�O�D�S ���S�E�E �P�A�G�E �������	��
�A�S �W�E�L�L �A�S �I�N �T�H�E �C�O�N�T�E�X�T �O�F �D�I�S�J�O�I�N�T �P�A�T�T�E�R�N �D�A�T�A�B�A�S�E�S ���P�A�G�E �������	 �A�N�D �A�D�D�I�T�I�V�E �H�E�U�R�I�S�T�I�C�S �F�O�R
�P�L�A�N�N�I�N�G ���P�A�G�E �������	��

�4�H�E �S�T�A�N�D�A�R�D �A�P�P�R�O�A�C�H �T�O �L�O�O�S�E�L�Y �C�O�U�P�L�E�D �P�R�O�B�L�E�M�S �I�S �T�O �P�R�E�T�E�N�D �T�H�E �P�R�O�B�L�E�M�S �A�R�E �C�O�M�

�P�L�E�T�E�L�Y �D�E�C�O�U�P�L�E�D �A�N�D �T�H�E�N �l�X �U�P �T�H�E �I�N�T�E�R�A�C�T�I�O�N�S�� �&�O�R �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �T�H�I�S �M�E�A�N�S �W�R�I�T�I�N�G
�A�C�T�I�O�N �S�C�H�E�M�A�S �A�S �I�F �T�H�E �A�C�T�O�R�S �A�C�T�E�D �I�N�D�E�P�E�N�D�E�N�T�L�Y�� �,�E�T���S �S�E�E �H�O�W �T�H�I�S �W�O�R�K�S �F�O�R �T�H�E �D�O�U�B�L�E�S
�T�E�N�N�I�S �P�R�O�B�L�E�M�� �,�E�T���S �S�U�P�P�O�S�E �T�H�A�T �A�T �O�N�E �P�O�I�N�T �I�N �T�H�E �G�A�M�E�� �T�H�E �T�E�A�M �H�A�S �T�H�E �G�O�A�L �O�F �R�E�T�U�R�N�I�N�G
�T�H�E �B�A�L�L �T�H�A�T �H�A�S �B�E�E�N �H�I�T �T�O �T�H�E�M �A�N�D �E�N�S�U�R�I�N�G �T�H�A�T �A�T �L�E�A�S�T �O�N�E �O�F �T�H�E�M �I�S �C�O�V�E�R�I�N�G �T�H�E �N�E�T��



������ �#�H�A�P�T�E�R ������ �0�L�A�N�N�I�N�G �A�N�D �!�C�T�I�N�G �I�N �T�H�E �2�E�A�L �7�O�R�L�D

�! �l�R�S�T �P�A�S�S �A�T �A �M�U�L�T�I�A�C�T�O�R �D�E�l�N�I�T�I�O�N �M�I�G�H�T �L�O�O�K �L�I�K�E �&�I�G�U�R�E �������������7�I�T�H �T�H�I�S �D�E�l�N�I�T�I�O�N�� �I�T �I�S
�E�A�S�Y �T�O �S�E�E �T�H�A�T �T�H�E �F�O�L�L�O�W�I�N�G�M�R�L�Q�W �S�O�D�Q�P�L�A�N �W�O�R�K�S��JOINT PLAN

�0�,�!�. ����
A : [Go(A; RightBaseline); Hit (A; Ball )]
B : [NoOp(B ); NoOp(B )] :

�0�R�O�B�L�E�M�S �A�R�I�S�E�� �H�O�W�E�V�E�R�� �W�H�E�N �A �P�L�A�N �H�A�S �B�O�T�H �A�G�E�N�T�S �H�I�T�T�I�N�G �T�H�E �B�A�L�L �A�T �T�H�E �S�A�M�E �T�I�M�E�� �)�N �T�H�E
�R�E�A�L �W�O�R�L�D�� �T�H�I�S �W�O�N���T �W�O�R�K�� �B�U�T �T�H�E �A�C�T�I�O�N �S�C�H�E�M�A �F�O�R�+�L�W�S�A�Y�S �T�H�A�T �T�H�E �B�A�L�L �W�I�L�L �B�E �R�E�T�U�R�N�E�D
�S�U�C�C�E�S�S�F�U�L�L�Y�� �4�E�C�H�N�I�C�A�L�L�Y�� �T�H�E �D�I�F�l�C�U�L�T�Y �I�S �T�H�A�T �P�R�E�C�O�N�D�I�T�I�O�N�S �C�O�N�S�T�R�A�I�N �T�H�E�V�W�D�W�H�I�N �W�H�I�C�H �A�N
�A�C�T�I�O�N �C�A�N �B�E �E�X�E�C�U�T�E�D �S�U�C�C�E�S�S�F�U�L�L�Y�� �B�U�T �D�O �N�O�T �C�O�N�S�T�R�A�I�N �O�T�H�E�R �A�C�T�I�O�N�S �T�H�A�T �M�I�G�H�T �M�E�S�S �I�T �U�P��
�7�E �S�O�L�V�E �T�H�I�S �B�Y �A�U�G�M�E�N�T�I�N�G �A�C�T�I�O�N �S�C�H�E�M�A�S �W�I�T�H �O�N�E �N�E�W �F�E�A�T�U�R�E�� �A�F�R�Q�F�X�U�U�H�Q�W �D�F�W�L�R�Q �O�L�V�WCONCURRENT

ACTION LIST

�S�T�A�T�I�N�G �W�H�I�C�H �A�C�T�I�O�N�S �M�U�S�T �O�R �M�U�S�T �N�O�T �B�E �E�X�E�C�U�T�E�D �C�O�N�C�U�R�R�E�N�T�L�Y�� �&�O�R �E�X�A�M�P�L�E�� �T�H�EHit �A�C�T�I�O�N
�C�O�U�L�D �B�E �D�E�S�C�R�I�B�E�D �A�S �F�O�L�L�O�W�S��

Action (Hit (a;Ball );
�#�/�.�#�5�2�2�%�.�4��b 6=a ) : Hit (b;Ball )
�0�2�%�#�/�.�$��Approaching(Ball ; loc) ^ At (a; loc)
�%�&�&�%�#�4��Returned(Ball )) :

�)�N �O�T�H�E�R �W�O�R�D�S�� �T�H�EHit �A�C�T�I�O�N �H�A�S �I�T�S �S�T�A�T�E�D �E�F�F�E�C�T �O�N�L�Y �I�F �N�O �O�T�H�E�RHit �A�C�T�I�O�N �B�Y �A�N�O�T�H�E�R
�A�G�E�N�T �O�C�C�U�R�S �A�T �T�H�E �S�A�M�E �T�I�M�E�� ���)�N �T�H�E �3�!�4�0�,�!�. �A�P�P�R�O�A�C�H�� �T�H�I�S �W�O�U�L�D �B�E �H�A�N�D�L�E�D �B�Y �A
�P�A�R�T�I�A�L�D�F�W�L�R�Q �H�[�F�O�X�V�L�R�Q �D�[�L�R�P���	 �&�O�R �S�O�M�E �A�C�T�I�O�N�S�� �T�H�E �D�E�S�I�R�E�D �E�F�F�E�C�T �I�S �A�C�H�I�E�V�E�D�R�Q�O�\�W�H�E�N
�A�N�O�T�H�E�R �A�C�T�I�O�N �O�C�C�U�R�S �C�O�N�C�U�R�R�E�N�T�L�Y�� �&�O�R �E�X�A�M�P�L�E�� �T�W�O �A�G�E�N�T�S �A�R�E �N�E�E�D�E�D �T�O �C�A�R�R�Y �A �C�O�O�L�E�R �F�U�L�L
�O�F �B�E�V�E�R�A�G�E�S �T�O �T�H�E �T�E�N�N�I�S �C�O�U�R�T��

Action (Carry (a; cooler; here; there);
�#�/�.�#�5�2�2�%�.�4��b 6=a ^ Carry (b;cooler; here; there)
�0�2�%�#�/�.�$��At (a;here) ^ At (cooler; here) ^ Cooler(cooler)
�%�&�&�%�#�4��At (a; there) ^ At (cooler; there) ^ : At (a;here) ^ : At (cooler; here)) :

�7�I�T�H �T�H�E�S�E �K�I�N�D�S �O�F �A�C�T�I�O�N �S�C�H�E�M�A�S�� �A�N�Y �O�F �T�H�E �P�L�A�N�N�I�N�G �A�L�G�O�R�I�T�H�M�S �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R ����
�C�A�N �B�E �A�D�A�P�T�E�D �W�I�T�H �O�N�L�Y �M�I�N�O�R �M�O�D�I�l�C�A�T�I�O�N�S �T�O �G�E�N�E�R�A�T�E �M�U�L�T�I�A�C�T�O�R �P�L�A�N�S�� �4�O �T�H�E �E�X�T�E�N�T �T�H�A�T
�T�H�E �C�O�U�P�L�I�N�G �A�M�O�N�G �S�U�B�P�L�A�N�S �I�S �L�O�O�S�E�ˆ�M�E�A�N�I�N�G �T�H�A�T �C�O�N�C�U�R�R�E�N�C�Y �C�O�N�S�T�R�A�I�N�T�S �C�O�M�E �I�N�T�O �P�L�A�Y
�O�N�L�Y �R�A�R�E�L�Y �D�U�R�I�N�G �P�L�A�N �S�E�A�R�C�H�ˆ�O�N�E �W�O�U�L�D �E�X�P�E�C�T �T�H�E �V�A�R�I�O�U�S �H�E�U�R�I�S�T�I�C�S �D�E�R�I�V�E�D �F�O�R �S�I�N�G�L�E�

�A�G�E�N�T �P�L�A�N�N�I�N�G �T�O �A�L�S�O �B�E �E�F�F�E�C�T�I�V�E �I�N �T�H�E �M�U�L�T�I�A�C�T�O�R �C�O�N�T�E�X�T�� �7�E �C�O�U�L�D �E�X�T�E�N�D �T�H�I�S �A�P�P�R�O�A�C�H
�W�I�T�H �T�H�E �R�E�l�N�E�M�E�N�T�S �O�F �T�H�E �L�A�S�T �T�W�O �C�H�A�P�T�E�R�S�ˆ�(�4�.�S�� �P�A�R�T�I�A�L �O�B�S�E�R�V�A�B�I�L�I�T�Y�� �C�O�N�D�I�T�I�O�N�A�L�S�� �E�X�E�

�C�U�T�I�O�N �M�O�N�I�T�O�R�I�N�G�� �A�N�D �R�E�P�L�A�N�N�I�N�G�ˆ�B�U�T �T�H�A�T �I�S �B�E�Y�O�N�D �T�H�E �S�C�O�P�E �O�F �T�H�I�S �B�O�O�K��

������������ �3�O�D�Q�Q�L�Q�J �Z�L�W�K �P�X�O�W�L�S�O�H �D�J�H�Q�W�V�� �&�R�R�S�H�U�D�W�L�R�Q �D�Q�G �F�R�R�U�G�L�Q�D�W�L�R�Q

�.�O�W �L�E�T �U�S �C�O�N�S�I�D�E�R �T�H�E �T�R�U�E �M�U�L�T�I�A�G�E�N�T �S�E�T�T�I�N�G �I�N �W�H�I�C�H �E�A�C�H �A�G�E�N�T �M�A�K�E�S �I�T�S �O�W�N �P�L�A�N�� �4�O
�S�T�A�R�T �W�I�T�H�� �L�E�T �U�S �A�S�S�U�M�E �T�H�A�T �T�H�E �G�O�A�L�S �A�N�D �K�N�O�W�L�E�D�G�E �B�A�S�E �A�R�E �S�H�A�R�E�D�� �/�N�E �M�I�G�H�T �T�H�I�N�K
�T�H�A�T �T�H�I�S �R�E�D�U�C�E�S �T�O �T�H�E �M�U�L�T�I�B�O�D�Y �C�A�S�E�ˆ�E�A�C�H �A�G�E�N�T �S�I�M�P�L�Y �C�O�M�P�U�T�E�S �T�H�E �J�O�I�N�T �S�O�L�U�T�I�O�N �A�N�D
�E�X�E�C�U�T�E�S �I�T�S �O�W�N �P�A�R�T �O�F �T�H�A�T �S�O�L�U�T�I�O�N�� �!�L�A�S�� �T�H�E �h�W�K�H�´�I�N �h�W�K�H �M�R�L�Q�W �V�R�O�X�W�L�R�Q�v �I�S �M�I�S�L�E�A�D�I�N�G��
�&�O�R �O�U�R �D�O�U�B�L�E�S �T�E�A�M�� �M�O�R�E �T�H�A�N �O�N�E �J�O�I�N�T �S�O�L�U�T�I�O�N �E�X�I�S�T�S��

�0�,�!�. ����
A : [Go(A; LeftNet ); NoOp(A)]
B : [Go(B; RightBaseline); Hit (B; Ball )] :



�3�E�C�T�I�O�N ���������� �-�U�L�T�I�A�G�E�N�T �0�L�A�N�N�I�N�G ������

�)�F �B�O�T�H �A�G�E�N�T�S �C�A�N �A�G�R�E�E �O�N �E�I�T�H�E�R �P�L�A�N �� �O�R �P�L�A�N ���� �T�H�E �G�O�A�L �W�I�L�L �B�E �A�C�H�I�E�V�E�D�� �"�U�T �I�FA �C�H�O�O�S�E�S
�P�L�A�N �� �A�N�DB �C�H�O�O�S�E�S �P�L�A�N ���� �T�H�E�N �N�O�B�O�D�Y �W�I�L�L �R�E�T�U�R�N �T�H�E �B�A�L�L�� �#�O�N�V�E�R�S�E�L�Y�� �I�FA �C�H�O�O�S�E�S �� �A�N�D
B �C�H�O�O�S�E�S ���� �T�H�E�N �T�H�E�Y �W�I�L�L �B�O�T�H �T�R�Y �T�O �H�I�T �T�H�E �B�A�L�L�� �4�H�E �A�G�E�N�T�S �M�A�Y �R�E�A�L�I�Z�E �T�H�I�S�� �B�U�T �H�O�W �C�A�N
�T�H�E�Y �C�O�O�R�D�I�N�A�T�E �T�O �M�A�K�E �S�U�R�E �T�H�E�Y �A�G�R�E�E �O�N �T�H�E �P�L�A�N��
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�G�O�R�I�E�S�� ���3�E�E �%�X�E�R�C�I�S�E �����������	 �!�N �O�B�J�E�C�T �I�S �C�O�M�P�O�S�E�D �O�F �T�H�E �P�A�R�T�S �I�N �I�T�SPartPartition �A�N�D �C�A�N
�B�E �V�I�E�W�E�D �A�S �D�E�R�I�V�I�N�G �S�O�M�E �P�R�O�P�E�R�T�I�E�S �F�R�O�M �T�H�O�S�E �P�A�R�T�S�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �M�A�S�S �O�F �A �C�O�M�P�O�S�

�I�T�E �O�B�J�E�C�T �I�S �T�H�E �S�U�M �O�F �T�H�E �M�A�S�S�E�S �O�F �T�H�E �P�A�R�T�S�� �.�O�T�I�C�E �T�H�A�T �T�H�I�S �I�S �N�O�T �T�H�E �C�A�S�E �W�I�T�H �C�A�T�E�G�O�R�I�E�S��
�W�H�I�C�H �H�A�V�E �N�O �M�A�S�S�� �E�V�E�N �T�H�O�U�G�H �T�H�E�I�R �E�L�E�M�E�N�T�S �M�I�G�H�T��

�)�T �I�S �A�L�S�O �U�S�E�F�U�L �T�O �D�E�l�N�E �C�O�M�P�O�S�I�T�E �O�B�J�E�C�T�S �W�I�T�H �D�E�l�N�I�T�E �P�A�R�T�S �B�U�T �N�O �P�A�R�T�I�C�U�L�A�R �S�T�R�U�C�

�T�U�R�E�� �&�O�R �E�X�A�M�P�L�E�� �W�E �M�I�G�H�T �W�A�N�T �T�O �S�A�Y �h�4�H�E �A�P�P�L�E�S �I�N �T�H�I�S �B�A�G �W�E�I�G�H �T�W�O �P�O�U�N�D�S���v �4�H�E
�T�E�M�P�T�A�T�I�O�N �W�O�U�L�D �B�E �T�O �A�S�C�R�I�B�E �T�H�I�S �W�E�I�G�H�T �T�O �T�H�E�V�H�W�O�F �A�P�P�L�E�S �I�N �T�H�E �B�A�G�� �B�U�T �T�H�I�S �W�O�U�L�D �B�E
�A �M�I�S�T�A�K�E �B�E�C�A�U�S�E �T�H�E �S�E�T �I�S �A�N �A�B�S�T�R�A�C�T �M�A�T�H�E�M�A�T�I�C�A�L �C�O�N�C�E�P�T �T�H�A�T �H�A�S �E�L�E�M�E�N�T�S �B�U�T �D�O�E�S �N�O�T
�H�A�V�E �W�E�I�G�H�T�� �)�N�S�T�E�A�D�� �W�E �N�E�E�D �A �N�E�W �C�O�N�C�E�P�T�� �W�H�I�C�H �W�E �W�I�L�L �C�A�L�L �A�E�X�Q�F�K�� �&�O�R �E�X�A�M�P�L�E�� �I�FBUNCH

�T�H�E �A�P�P�L�E�S �A�R�EApple1��Apple2�� �A�N�DApple3�� �T�H�E�N

BunchOf (f Apple1; Apple2; Apple3g)

�D�E�N�O�T�E�S �T�H�E �C�O�M�P�O�S�I�T�E �O�B�J�E�C�T �W�I�T�H �T�H�E �T�H�R�E�E �A�P�P�L�E�S �A�S �P�A�R�T�S ���N�O�T �E�L�E�M�E�N�T�S�	�� �7�E �C�A�N �T�H�E�N �U�S�E �T�H�E
�B�U�N�C�H �A�S �A �N�O�R�M�A�L�� �A�L�B�E�I�T �U�N�S�T�R�U�C�T�U�R�E�D�� �O�B�J�E�C�T�� �.�O�T�I�C�E �T�H�A�TBunchOf (f xg) = x�� �&�U�R�T�H�E�R�M�O�R�E��
BunchOf (Apples) �I�S �T�H�E �C�O�M�P�O�S�I�T�E �O�B�J�E�C�T �C�O�N�S�I�S�T�I�N�G �O�F �A�L�L �A�P�P�L�E�S�ˆ�N�O�T �T�O �B�E �C�O�N�F�U�S�E�D �W�I�T�H
Apples�� �T�H�E �C�A�T�E�G�O�R�Y �O�R �S�E�T �O�F �A�L�L �A�P�P�L�E�S��

�7�E �C�A�N �D�E�l�N�EBunchOf �I�N �T�E�R�M�S �O�F �T�H�EPartOf �R�E�L�A�T�I�O�N�� �/�B�V�I�O�U�S�L�Y�� �E�A�C�H �E�L�E�M�E�N�T �O�F
s �I�S �P�A�R�T �O�FBunchOf (s)��

8 x x 2 s ) PartOf (x; BunchOf (s)) :

�&�U�R�T�H�E�R�M�O�R�E��BunchOf (s) �L�V �W�K�H �V�P�D�O�O�H�V�W �R�E�M�H�F�W �V�D�W�L�V�I�\�L�Q�J �W�K�L�V �F�R�Q�G�L�W�L�R�Q�� �)�N �O�T�H�E�R �W�O�R�D�S��
BunchOf (s) �M�U�S�T �B�E �P�A�R�T �O�F �A�N�Y �O�B�J�E�C�T �T�H�A�T �H�A�S �A�L�L �T�H�E �E�L�E�M�E�N�T�S �O�Fs �A�S �P�A�R�T�S��

8 y [8 x x 2 s ) PartOf (x; y)] ) PartOf (BunchOf (s); y) :

�4�H�E�S�E �A�X�I�O�M�S �A�R�E �A�N �E�X�A�M�P�L�E �O�F �A �G�E�N�E�R�A�L �T�E�C�H�N�I�Q�U�E �C�A�L�L�E�D�O�R�J�L�F�D�O �P�L�Q�L�P�L�]�D�W�L�R�Q�� �W�H�I�C�HLOGICAL
MINIMIZATION

�M�E�A�N�S �D�E�l�N�I�N�G �A�N �O�B�J�E�C�T �A�S �T�H�E �S�M�A�L�L�E�S�T �O�N�E �S�A�T�I�S�F�Y�I�N�G �C�E�R�T�A�I�N �C�O�N�D�I�T�I�O�N�S��



�3�E�C�T�I�O�N ���������� �#�A�T�E�G�O�R�I�E�S �A�N�D �/�B�J�E�C�T�S ������

�. �!�4�5�2�!�, �+�)�.�$�3

�3�O�M�E �C�A�T�E�G�O�R�I�E�S �H�A�V�E �S�T�R�I�C�T �D�E�l�N�I�T�I�O�N�S�� �A�N �O�B�J�E�C�T �I�S �A �T�R�I�A�N�G�L�E �I�F �A�N�D �O�N�L�Y �I�F �I�T �I�S
�A �P�O�L�Y�G�O�N �W�I�T�H �T�H�R�E�E �S�I�D�E�S�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �M�O�S�T �C�A�T�E�G�O�R�I�E�S �I�N �T�H�E �R�E�A�L �W�O�R�L�D
�H�A�V�E �N�O �C�L�E�A�R�
�C�U�T �D�E�l�N�I�T�I�O�N�� �T�H�E�S�E �A�R�E �C�A�L�L�E�D�Q�D�W�X�U�D�O �N�L�Q�G�C�A�T�E�G�O�R�I�E�S�� �&�O�R �E�X�A�M�P�L�E��
�T�O�M�A�T�O�E�S �T�E�N�D �T�O �B�E �A �D�U�L�L �S�C�A�R�L�E�T�� �R�O�U�G�H�L�Y �S�P�H�E�R�I�C�A�L�� �W�I�T�H �A�N �I�N�D�E�N�T�A�T�I�O�N �A�T �T�H�E �T�O�P
�W�H�E�R�E �T�H�E �S�T�E�M �W�A�S�� �A�B�O�U�T �T�W�O �T�O �F�O�U�R �I�N�C�H�E�S �I�N �D�I�A�M�E�T�E�R�� �W�I�T�H �A �T�H�I�N �B�U�T �T�O�U�G�H
�S�K�I�N�� �A�N�D �W�I�T�H �m�E�S�H�� �S�E�E�D�S�� �A�N�D �J�U�I�C�E �I�N�S�I�D�E�� �4�H�E�R�E �I�S�� �H�O�W�E�V�E�R�� �V�A�R�I�A�T�I�O�N�� �S�O�M�E
�T�O�M�A�T�O�E�S �A�R�E �Y�E�L�L�O�W �O�R �O�R�A�N�G�E�� �U�N�R�I�P�E �T�O�M�A�T�O�E�S �A�R�E �G�R�E�E�N�� �S�O�M�E �A�R�E �S�M�A�L�L�E�R �O�R
�L�A�R�G�E�R �T�H�A�N �A�V�E�R�A�G�E�� �A�N�D �C�H�E�R�R�Y �T�O�M�A�T�O�E�S �A�R�E �U�N�I�F�O�R�M�L�Y �S�M�A�L�L�� �2�A�T�H�E�R �T�H�A�N �H�A�V�I�N�G
�A �C�O�M�P�L�E�T�E �D�E�l�N�I�T�I�O�N �O�F �T�O�M�A�T�O�E�S�� �W�E �H�A�V�E �A �S�E�T �O�F �F�E�A�T�U�R�E�S �T�H�A�T �S�E�R�V�E�S �T�O �I�D�E�N�T�I�F�Y
�O�B�J�E�C�T�S �T�H�A�T �A�R�E �C�L�E�A�R�L�Y �T�Y�P�I�C�A�L �T�O�M�A�T�O�E�S�� �B�U�T �M�I�G�H�T �N�O�T �B�E �A�B�L�E �T�O �D�E�C�I�D�E �F�O�R �O�T�H�E�R
�O�B�J�E�C�T�S�� ���#�O�U�L�D �T�H�E�R�E �B�E �A �T�O�M�A�T�O �T�H�A�T �I�S �F�U�Z�Z�Y �L�I�K�E �A �P�E�A�C�H���	

�4�H�I�S �P�O�S�E�S �A �P�R�O�B�L�E�M �F�O�R �A �L�O�G�I�C�A�L �A�G�E�N�T�� �4�H�E �A�G�E�N�T �C�A�N�N�O�T �B�E �S�U�R�E �T�H�A�T �A�N
�O�B�J�E�C�T �I�T �H�A�S �P�E�R�C�E�I�V�E�D �I�S �A �T�O�M�A�T�O�� �A�N�D �E�V�E�N �I�F �I�T �W�E�R�E �S�U�R�E�� �I�T �C�O�U�L�D �N�O�T �B�E �C�E�R�

�T�A�I�N �W�H�I�C�H �O�F �T�H�E �P�R�O�P�E�R�T�I�E�S �O�F �T�Y�P�I�C�A�L �T�O�M�A�T�O�E�S �T�H�I�S �O�N�E �H�A�S�� �4�H�I�S �P�R�O�B�L�E�M �I�S �A�N
�I�N�E�V�I�T�A�B�L�E �C�O�N�S�E�Q�U�E�N�C�E �O�F �O�P�E�R�A�T�I�N�G �I�N �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�S��

�/�N�E �U�S�E�F�U�L �A�P�P�R�O�A�C�H �I�S �T�O �S�E�P�A�R�A�T�E �W�H�A�T �I�S �T�R�U�E �O�F �A�L�L �I�N�S�T�A�N�C�E�S �O�F �A �C�A�T�E�

�G�O�R�Y �F�R�O�M �W�H�A�T �I�S �T�R�U�E �O�N�L�Y �O�F �T�Y�P�I�C�A�L �I�N�S�T�A�N�C�E�S�� �3�O �I�N �A�D�D�I�T�I�O�N �T�O �T�H�E �C�A�T�E�G�O�R�Y
Tomatoes�� �W�E �W�I�L�L �A�L�S�O �H�A�V�E �T�H�E �C�A�T�E�G�O�R�YTypical (Tomatoes)�� �(�E�R�E�� �T�H�ETypical
�F�U�N�C�T�I�O�N �M�A�P�S �A �C�A�T�E�G�O�R�Y �T�O �T�H�E �S�U�B�C�L�A�S�S �T�H�A�T �C�O�N�T�A�I�N�S �O�N�L�Y �T�Y�P�I�C�A�L �I�N�S�T�A�N�C�E�S��

Typical (c) � c :

�-�O�S�T �K�N�O�W�L�E�D�G�E �A�B�O�U�T �N�A�T�U�R�A�L �K�I�N�D�S �W�I�L�L �A�C�T�U�A�L�L�Y �B�E �A�B�O�U�T �T�H�E�I�R �T�Y�P�I�C�A�L �I�N�S�T�A�N�C�E�S��

x 2 Typical (Tomatoes) ) Red(x) ^ Round(x) :

�4�H�U�S�� �W�E �C�A�N �W�R�I�T�E �D�O�W�N �U�S�E�F�U�L �F�A�C�T�S �A�B�O�U�T �C�A�T�E�G�O�R�I�E�S �W�I�T�H�O�U�T �E�X�A�C�T �D�E�l�N�I�

�T�I�O�N�S�� �4�H�E �D�I�F�l�C�U�L�T�Y �O�F �P�R�O�V�I�D�I�N�G �E�X�A�C�T �D�E�l�N�I�T�I�O�N�S �F�O�R �M�O�S�T �N�A�T�U�R�A�L �C�A�T�E�G�O�R�I�E�S �W�A�S
�E�X�P�L�A�I�N�E�D �I�N �D�E�P�T�H �B�Y �7�I�T�T�G�E�N�S�T�E�I�N �����������	�� �(�E �U�S�E�D �T�H�E �E�X�A�M�P�L�E �O�F�J�D�P�H�V�T�O �S�H�O�W
�T�H�A�T �M�E�M�B�E�R�S �O�F �A �C�A�T�E�G�O�R�Y �S�H�A�R�E�D �h�F�A�M�I�L�Y �R�E�S�E�M�B�L�A�N�C�E�S�v �R�A�T�H�E�R �T�H�A�N �N�E�C�E�S�S�A�R�Y
�A�N�D �S�U�F�l�C�I�E�N�T �C�H�A�R�A�C�T�E�R�I�S�T�I�C�S�� �W�H�A�T �S�T�R�I�C�T �D�E�l�N�I�T�I�O�N �E�N�C�O�M�P�A�S�S�E�S �C�H�E�S�S�� �T�A�G�� �S�O�L�I�

�T�A�I�R�E�� �A�N�D �D�O�D�G�E�B�A�L�L��

�4�H�E �U�T�I�L�I�T�Y �O�F �T�H�E �N�O�T�I�O�N �O�F �S�T�R�I�C�T �D�E�l�N�I�T�I�O�N �W�A�S �A�L�S�O �C�H�A�L�L�E�N�G�E�D �B�Y
�1�U�I�N�E �����������	�� �(�E �P�O�I�N�T�E�D �O�U�T �T�H�A�T �E�V�E�N �T�H�E �D�E�l�N�I�T�I�O�N �O�F �h�B�A�C�H�E�L�O�R�v �A�S �A�N �U�N�

�M�A�R�R�I�E�D �A�D�U�L�T �M�A�L�E �I�S �S�U�S�P�E�C�T�� �O�N�E �M�I�G�H�T�� �F�O�R �E�X�A�M�P�L�E�� �Q�U�E�S�T�I�O�N �A �S�T�A�T�E�M�E�N�T �S�U�C�H
�A�S �h�T�H�E �0�O�P�E �I�S �A �B�A�C�H�E�L�O�R���v �7�H�I�L�E �N�O�T �S�T�R�I�C�T�L�Y�I�D�O�V�H�� �T�H�I�S �U�S�A�G�E �I�S �C�E�R�T�A�I�N�L�Y�L�Q�I�H��
�O�L�F�L�W�R�X�V�B�E�C�A�U�S�E �I�T �I�N�D�U�C�E�S �U�N�I�N�T�E�N�D�E�D �I�N�F�E�R�E�N�C�E�S �O�N �T�H�E �P�A�R�T �O�F �T�H�E �L�I�S�T�E�N�E�R�� �4�H�E
�T�E�N�S�I�O�N �C�O�U�L�D �P�E�R�H�A�P�S �B�E �R�E�S�O�L�V�E�D �B�Y �D�I�S�T�I�N�G�U�I�S�H�I�N�G �B�E�T�W�E�E�N �L�O�G�I�C�A�L �D�E�l�N�I�T�I�O�N�S
�S�U�I�T�A�B�L�E �F�O�R �I�N�T�E�R�N�A�L �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�N�D �T�H�E �M�O�R�E �N�U�A�N�C�E�D �C�R�I�T�E�R�I�A �F�O�R
�F�E�L�I�C�I�T�O�U�S �L�I�N�G�U�I�S�T�I�C �U�S�A�G�E�� �4�H�E �L�A�T�T�E�R �M�A�Y �B�E �A�C�H�I�E�V�E�D �B�Y �h�l�L�T�E�R�I�N�G�v �T�H�E �A�S�S�E�R�T�I�O�N�S
�D�E�R�I�V�E�D �F�R�O�M �T�H�E �F�O�R�M�E�R�� �)�T �I�S �A�L�S�O �P�O�S�S�I�B�L�E �T�H�A�T �F�A�I�L�U�R�E�S �O�F �L�I�N�G�U�I�S�T�I�C �U�S�A�G�E �S�E�R�V�E �A�S
�F�E�E�D�B�A�C�K �F�O�R �M�O�D�I�F�Y�I�N�G �I�N�T�E�R�N�A�L �D�E�l�N�I�T�I�O�N�S�� �S�O �T�H�A�T �l�L�T�E�R�I�N�G �B�E�C�O�M�E�S �U�N�N�E�C�E�S�S�A�R�Y��



������ �#�H�A�P�T�E�R ������ �+�N�O�W�L�E�D�G�E �2�E�P�R�E�S�E�N�T�A�T�I�O�N

������������ �0�H�D�V�X�U�H�P�H�Q�W�V

�)�N �B�O�T�H �S�C�I�E�N�T�I�l�C �A�N�D �C�O�M�M�O�N�S�E�N�S�E �T�H�E�O�R�I�E�S �O�F �T�H�E �W�O�R�L�D�� �O�B�J�E�C�T�S �H�A�V�E �H�E�I�G�H�T�� �M�A�S�S�� �C�O�S�T��
�A�N�D �S�O �O�N�� �4�H�E �V�A�L�U�E�S �T�H�A�T �W�E �A�S�S�I�G�N �F�O�R �T�H�E�S�E �P�R�O�P�E�R�T�I�E�S �A�R�E �C�A�L�L�E�D�P�H�D�V�X�U�H�V�� �/�R�D�I�
MEASURE

�N�A�R�Y �Q�U�A�N�T�I�T�A�T�I�V�E �M�E�A�S�U�R�E�S �A�R�E �Q�U�I�T�E �E�A�S�Y �T�O �R�E�P�R�E�S�E�N�T�� �7�E �I�M�A�G�I�N�E �T�H�A�T �T�H�E �U�N�I�V�E�R�S�E �I�N�

�C�L�U�D�E�S �A�B�S�T�R�A�C�T �h�M�E�A�S�U�R�E �O�B�J�E�C�T�S���v �S�U�C�H �A�S �T�H�E�O�H�Q�J�W�K�T�H�A�T �I�S �T�H�E �L�E�N�G�T�H �O�F �T�H�I�S �L�I�N�E �S�E�G�

�M�E�N�T�� �� �7�E �C�A�N �C�A�L�L �T�H�I�S �L�E�N�G�T�H ������ �I�N�C�H�E�S �O�R �������� �C�E�N�T�I�M�E�T�E�R�S�� �4�H�U�S��
�T�H�E �S�A�M�E �L�E�N�G�T�H �H�A�S �D�I�F�F�E�R�E�N�T �N�A�M�E�S �I�N �O�U�R �L�A�N�G�U�A�G�E���7�E �R�E�P�R�E�S�E�N�T �T�H�E �L�E�N�G�T�H �W�I�T�H �A�X�Q�L�W�V
�I�X�Q�F�W�L�R�Q�T�H�A�T �T�A�K�E�S �A �N�U�M�B�E�R �A�S �A�R�G�U�M�E�N�T�� ���!�N �A�L�T�E�R�N�A�T�I�V�E �S�C�H�E�M�E �I�S �E�X�P�L�O�R�E�D �I�N �%�X�E�R�
UNITS FUNCTION

�C�I�S�E �����������	 �)�F �T�H�E �L�I�N�E �S�E�G�M�E�N�T �I�S �C�A�L�L�E�DL 1�� �W�E �C�A�N �W�R�I�T�E

Length(L 1) = Inches(1:5) = Centimeters(3:81) :

�#�O�N�V�E�R�S�I�O�N �B�E�T�W�E�E�N �U�N�I�T�S �I�S �D�O�N�E �B�Y �E�Q�U�A�T�I�N�G �M�U�L�T�I�P�L�E�S �O�F �O�N�E �U�N�I�T �T�O �A�N�O�T�H�E�R��

Centimeters(2:54 � d) = Inches(d) :

�3�I�M�I�L�A�R �A�X�I�O�M�S �C�A�N �B�E �W�R�I�T�T�E�N �F�O�R �P�O�U�N�D�S �A�N�D �K�I�L�O�G�R�A�M�S�� �S�E�C�O�N�D�S �A�N�D �D�A�Y�S�� �A�N�D �D�O�L�L�A�R�S �A�N�D
�C�E�N�T�S�� �-�E�A�S�U�R�E�S �C�A�N �B�E �U�S�E�D �T�O �D�E�S�C�R�I�B�E �O�B�J�E�C�T�S �A�S �F�O�L�L�O�W�S��

Diameter (Basketball12) = Inches(9:5) :
ListPrice (Basketball12) = $(19) :
d2 Days ) Duration (d) = Hours(24) :

�.�O�T�E �T�H�A�T$(1) �I�S�Q�R�W�A �D�O�L�L�A�R �B�I�L�L�� �/�N�E �C�A�N �H�A�V�E �T�W�O �D�O�L�L�A�R �B�I�L�L�S�� �B�U�T �T�H�E�R�E �I�S �O�N�L�Y �O�N�E �O�B�J�E�C�T
�N�A�M�E�D$(1)�� �.�O�T�E �A�L�S�O �T�H�A�T�� �W�H�I�L�EInches(0) �A�N�DCentimeters(0) �R�E�F�E�R �T�O �T�H�E �S�A�M�E �Z�E�R�O
�L�E�N�G�T�H�� �T�H�E�Y �A�R�E �N�O�T �I�D�E�N�T�I�C�A�L �T�O �O�T�H�E�R �Z�E�R�O �M�E�A�S�U�R�E�S�� �S�U�C�H �A�SSeconds(0)��

�3�I�M�P�L�E�� �Q�U�A�N�T�I�T�A�T�I�V�E �M�E�A�S�U�R�E�S �A�R�E �E�A�S�Y �T�O �R�E�P�R�E�S�E�N�T�� �/�T�H�E�R �M�E�A�S�U�R�E�S �P�R�E�S�E�N�T �M�O�R�E �O�F �A
�P�R�O�B�L�E�M�� �B�E�C�A�U�S�E �T�H�E�Y �H�A�V�E �N�O �A�G�R�E�E�D �S�C�A�L�E �O�F �V�A�L�U�E�S�� �%�X�E�R�C�I�S�E�S �H�A�V�E �D�I�F�l�C�U�L�T�Y�� �D�E�S�S�E�R�T�S �H�A�V�E
�D�E�L�I�C�I�O�U�S�N�E�S�S�� �A�N�D �P�O�E�M�S �H�A�V�E �B�E�A�U�T�Y�� �Y�E�T �N�U�M�B�E�R�S �C�A�N�N�O�T �B�E �A�S�S�I�G�N�E�D �T�O �T�H�E�S�E �Q�U�A�L�I�T�I�E�S�� �/�N�E
�M�I�G�H�T�� �I�N �A �M�O�M�E�N�T �O�F �P�U�R�E �A�C�C�O�U�N�T�A�N�C�Y�� �D�I�S�M�I�S�S �S�U�C�H �P�R�O�P�E�R�T�I�E�S �A�S �U�S�E�L�E�S�S �F�O�R �T�H�E �P�U�R�P�O�S�E �O�F
�L�O�G�I�C�A�L �R�E�A�S�O�N�I�N�G�� �O�R�� �S�T�I�L�L �W�O�R�S�E�� �A�T�T�E�M�P�T �T�O �I�M�P�O�S�E �A �N�U�M�E�R�I�C�A�L �S�C�A�L�E �O�N �B�E�A�U�T�Y�� �4�H�I�S �W�O�U�L�D
�B�E �A �G�R�A�V�E �M�I�S�T�A�K�E�� �B�E�C�A�U�S�E �I�T �I�S �U�N�N�E�C�E�S�S�A�R�Y�� �4�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �A�S�P�E�C�T �O�F �M�E�A�S�U�R�E�S �I�S �N�O�T
�T�H�E �P�A�R�T�I�C�U�L�A�R �N�U�M�E�R�I�C�A�L �V�A�L�U�E�S�� �B�U�T �T�H�E �F�A�C�T �T�H�A�T �M�E�A�S�U�R�E�S �C�A�N �B�E�R�U�G�H�U�H�G��

�!�L�T�H�O�U�G�H �M�E�A�S�U�R�E�S �A�R�E �N�O�T �N�U�M�B�E�R�S�� �W�E �C�A�N �S�T�I�L�L �C�O�M�P�A�R�E �T�H�E�M�� �U�S�I�N�G �A�N �O�R�D�E�R�I�N�G
�S�Y�M�B�O�L �S�U�C�H �A�S> �� �&�O�R �E�X�A�M�P�L�E�� �W�E �M�I�G�H�T �W�E�L�L �B�E�L�I�E�V�E �T�H�A�T �.�O�R�V�I�G���S �E�X�E�R�C�I�S�E�S �A�R�E �T�O�U�G�H�E�R
�T�H�A�N �2�U�S�S�E�L�L���S�� �A�N�D �T�H�A�T �O�N�E �S�C�O�R�E�S �L�E�S�S �O�N �T�O�U�G�H�E�R �E�X�E�R�C�I�S�E�S��

e1 2 Exercises^ e2 2 Exercises^ Wrote (Norvig; e1) ^ Wrote (Russell; e2) )
Di�culty (e1) > Di�culty (e2) :

e1 2 Exercises^ e2 2 Exercises^ Di�culty (e1) > Di�culty (e2) )
ExpectedScore(e1) < ExpectedScore(e2) :

�4�H�I�S �I�S �E�N�O�U�G�H �T�O �A�L�L�O�W �O�N�E �T�O �D�E�C�I�D�E �W�H�I�C�H �E�X�E�R�C�I�S�E�S �T�O �D�O�� �E�V�E�N �T�H�O�U�G�H �N�O �N�U�M�E�R�I�C�A�L �V�A�L�U�E�S
�F�O�R �D�I�F�l�C�U�L�T�Y �W�E�R�E �E�V�E�R �U�S�E�D�� ���/�N�E �D�O�E�S�� �H�O�W�E�V�E�R�� �H�A�V�E �T�O �D�I�S�C�O�V�E�R �W�H�O �W�R�O�T�E �W�H�I�C�H �E�X�E�R�

�C�I�S�E�S���	 �4�H�E�S�E �S�O�R�T�S �O�F �M�O�N�O�T�O�N�I�C �R�E�L�A�T�I�O�N�S�H�I�P�S �A�M�O�N�G �M�E�A�S�U�R�E�S �F�O�R�M �T�H�E �B�A�S�I�S �F�O�R �T�H�E �l�E�L�D �O�F
�T�X�D�O�L�W�D�W�L�Y�H �S�K�\�V�L�F�V�� �A �S�U�B�l�E�L�D �O�F �!�) �T�H�A�T �I�N�V�E�S�T�I�G�A�T�E�S �H�O�W �T�O �R�E�A�S�O�N �A�B�O�U�T �P�H�Y�S�I�C�A�L �S�Y�S�T�E�M�S
�W�I�T�H�O�U�T �P�L�U�N�G�I�N�G �I�N�T�O �D�E�T�A�I�L�E�D �E�Q�U�A�T�I�O�N�S �A�N�D �N�U�M�E�R�I�C�A�L �S�I�M�U�L�A�T�I�O�N�S�� �1�U�A�L�I�T�A�T�I�V�E �P�H�Y�S�I�C�S �I�S
�D�I�S�C�U�S�S�E�D �I�N �T�H�E �H�I�S�T�O�R�I�C�A�L �N�O�T�E�S �S�E�C�T�I�O�N��



�3�E�C�T�I�O�N ���������� �#�A�T�E�G�O�R�I�E�S �A�N�D �/�B�J�E�C�T�S ������

������������ �2�E�M�H�F�W�V�� �7�K�L�Q�J�V �D�Q�G �V�W�X�I�I

�4�H�E �R�E�A�L �W�O�R�L�D �C�A�N �B�E �S�E�E�N �A�S �C�O�N�S�I�S�T�I�N�G �O�F �P�R�I�M�I�T�I�V�E �O�B�J�E�C�T�S ���E���G���� �A�T�O�M�I�C �P�A�R�T�I�C�L�E�S�	 �A�N�D
�C�O�M�P�O�S�I�T�E �O�B�J�E�C�T�S �B�U�I�L�T �F�R�O�M �T�H�E�M�� �"�Y �R�E�A�S�O�N�I�N�G �A�T �T�H�E �L�E�V�E�L �O�F �L�A�R�G�E �O�B�J�E�C�T�S �S�U�C�H �A�S �A�P�P�L�E�S
�A�N�D �C�A�R�S�� �W�E �C�A�N �O�V�E�R�C�O�M�E �T�H�E �C�O�M�P�L�E�X�I�T�Y �I�N�V�O�L�V�E�D �I�N �D�E�A�L�I�N�G �W�I�T�H �V�A�S�T �N�U�M�B�E�R�S �O�F �P�R�I�M�I�T�I�V�E
�O�B�J�E�C�T�S �I�N�D�I�V�I�D�U�A�L�L�Y�� �4�H�E�R�E �I�S�� �H�O�W�E�V�E�R�� �A �S�I�G�N�I�l�C�A�N�T �P�O�R�T�I�O�N �O�F �R�E�A�L�I�T�Y �T�H�A�T �S�E�E�M�S �T�O �D�E�F�Y �A�N�Y
�O�B�V�I�O�U�S�L�Q�G�L�Y�L�G�X�D�W�L�R�Q�ˆ�D�I�V�I�S�I�O�N �I�N�T�O �D�I�S�T�I�N�C�T �O�B�J�E�C�T�S�� �7�E �G�I�V�E �T�H�I�S �P�O�R�T�I�O�N �T�H�E �G�E�N�E�R�I�C �N�A�M�EINDIVIDUATION

�V�W�X�I�I�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �) �H�A�V�E �S�O�M�E �B�U�T�T�E�R �A�N�D �A�N �A�A�R�D�V�A�R�K �I�N �F�R�O�N�T �O�F �M�E�� �) �C�A�N �S�A�YSTUFF

�T�H�E�R�E �I�S �O�N�E �A�A�R�D�V�A�R�K�� �B�U�T �T�H�E�R�E �I�S �N�O �O�B�V�I�O�U�S �N�U�M�B�E�R �O�F �h�B�U�T�T�E�R�
�O�B�J�E�C�T�S���v �B�E�C�A�U�S�E �A�N�Y �P�A�R�T �O�F
�A �B�U�T�T�E�R�
�O�B�J�E�C�T �I�S �A�L�S�O �A �B�U�T�T�E�R�
�O�B�J�E�C�T�� �A�T �L�E�A�S�T �U�N�T�I�L �W�E �G�E�T �T�O �V�E�R�Y �S�M�A�L�L �P�A�R�T�S �I�N�D�E�E�D�� �4�H�I�S �I�S
�T�H�E �M�A�J�O�R �D�I�S�T�I�N�C�T�I�O�N �B�E�T�W�E�E�N�V�W�X�I�I�A�N�D�W�K�L�Q�J�V�� �)�F �W�E �C�U�T �A�N �A�A�R�D�V�A�R�K �I�N �H�A�L�F�� �W�E �D�O �N�O�T �G�E�T
�T�W�O �A�A�R�D�V�A�R�K�S ���U�N�F�O�R�T�U�N�A�T�E�L�Y�	��

�4�H�E �%�N�G�L�I�S�H �L�A�N�G�U�A�G�E �D�I�S�T�I�N�G�U�I�S�H�E�S �C�L�E�A�R�L�Y �B�E�T�W�E�E�N�V�W�X�I�I�A�N�D�W�K�L�Q�J�V�� �7�E �S�A�Y �h�A�N �A�A�R�D�

�V�A�R�K���v �B�U�T�� �E�X�C�E�P�T �I�N �P�R�E�T�E�N�T�I�O�U�S �#�A�L�I�F�O�R�N�I�A �R�E�S�T�A�U�R�A�N�T�S�� �O�N�E �C�A�N�N�O�T �S�A�Y �h�A �B�U�T�T�E�R���v �,�I�N�G�U�I�S�T�S
�D�I�S�T�I�N�G�U�I�S�H �B�E�T�W�E�E�N�F�R�X�Q�W �Q�R�X�Q�V�� �S�U�C�H �A�S �A�A�R�D�V�A�R�K�S�� �H�O�L�E�S�� �A�N�D �T�H�E�O�R�E�M�S�� �A�N�D�P�D�V�V �Q�R�X�Q�V��COUNT NOUNS

MASS NOUN �S�U�C�H �A�S �B�U�T�T�E�R�� �W�A�T�E�R�� �A�N�D �E�N�E�R�G�Y�� �3�E�V�E�R�A�L �C�O�M�P�E�T�I�N�G �O�N�T�O�L�O�G�I�E�S �C�L�A�I�M �T�O �H�A�N�D�L�E �T�H�I�S �D�I�S�T�I�N�C�

�T�I�O�N�� �(�E�R�E �W�E �D�E�S�C�R�I�B�E �J�U�S�T �O�N�E�� �T�H�E �O�T�H�E�R�S �A�R�E �C�O�V�E�R�E�D �I�N �T�H�E �H�I�S�T�O�R�I�C�A�L �N�O�T�E�S �S�E�C�T�I�O�N��

�4�O �R�E�P�R�E�S�E�N�T�V�W�X�I�I�P�R�O�P�E�R�L�Y�� �W�E �B�E�G�I�N �W�I�T�H �T�H�E �O�B�V�I�O�U�S�� �7�E �N�E�E�D �T�O �H�A�V�E �A�S �O�B�J�E�C�T�S �I�N
�O�U�R �O�N�T�O�L�O�G�Y �A�T �L�E�A�S�T �T�H�E �G�R�O�S�S �h�L�U�M�P�S�v �O�F�V�W�X�I�I�W�E �I�N�T�E�R�A�C�T �W�I�T�H�� �&�O�R �E�X�A�M�P�L�E�� �W�E �M�I�G�H�T
�R�E�C�O�G�N�I�Z�E �A �L�U�M�P �O�F �B�U�T�T�E�R �A�S �T�H�E �O�N�E �L�E�F�T �O�N �T�H�E �T�A�B�L�E �T�H�E �N�I�G�H�T �B�E�F�O�R�E�� �W�E �M�I�G�H�T �P�I�C�K �I�T �U�P��
�W�E�I�G�H �I�T�� �S�E�L�L �I�T�� �O�R �W�H�A�T�E�V�E�R�� �)�N �T�H�E�S�E �S�E�N�S�E�S�� �I�T �I�S �A�N �O�B�J�E�C�T �J�U�S�T �L�I�K�E �T�H�E �A�A�R�D�V�A�R�K�� �,�E�T �U�S
�C�A�L�L �I�TButter 3�� �7�E �A�L�S�O �D�E�l�N�E �T�H�E �C�A�T�E�G�O�R�YButter �� �)�N�F�O�R�M�A�L�L�Y�� �I�T�S �E�L�E�M�E�N�T�S �W�I�L�L �B�E �A�L�L �T�H�O�S�E
�T�H�I�N�G�S �O�F �W�H�I�C�H �O�N�E �M�I�G�H�T �S�A�Y �h�)�T���S �B�U�T�T�E�R���v �I�N�C�L�U�D�I�N�GButter 3�� �7�I�T�H �S�O�M�E �C�A�V�E�A�T�S �A�B�O�U�T �V�E�R�Y
�S�M�A�L�L �P�A�R�T�S �T�H�A�T �W�E �W �O�M�I�T �F�O�R �N�O�W�� �A�N�Y �P�A�R�T �O�F �A �B�U�T�T�E�R�
�O�B�J�E�C�T �I�S �A�L�S�O �A �B�U�T�T�E�R�
�O�B�J�E�C�T��

b2 Butter ^ PartOf (p; b) ) p2 Butter :

�7�E �C�A�N �N�O�W �S�A�Y �T�H�A�T �B�U�T�T�E�R �M�E�L�T�S �A�T �A�R�O�U�N�D ���� �D�E�G�R�E�E�S �C�E�N�T�I�G�R�A�D�E��

b2 Butter ) MeltingPoint (b;Centigrade(30)) :

�7�E �C�O�U�L�D �G�O �O�N �T�O �S�A�Y �T�H�A�T �B�U�T�T�E�R �I�S �Y�E�L�L�O�W�� �I�S �L�E�S�S �D�E�N�S�E �T�H�A�N �W�A�T�E�R�� �I�S �S�O�F�T �A�T �R�O�O�M �T�E�M�P�E�R�A�

�T�U�R�E�� �H�A�S �A �H�I�G�H �F�A�T �C�O�N�T�E�N�T�� �A�N�D �S�O �O�N�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �B�U�T�T�E�R �H�A�S �N�O �P�A�R�T�I�C�U�L�A�R �S�I�Z�E�� �S�H�A�P�E��
�O�R �W�E�I�G�H�T�� �7�E �C�A�N �D�E�l�N�E �M�O�R�E �S�P�E�C�I�A�L�I�Z�E�D �C�A�T�E�G�O�R�I�E�S �O�F �B�U�T�T�E�R �S�U�C�H �A�SUnsaltedButter��
�W�H�I�C�H �I�S �A�L�S�O �A �K�I�N�D �O�F�V�W�X�I�I�� �.�O�T�E �T�H�A�T �T�H�E �C�A�T�E�G�O�R�YPoundOfButter �� �W�H�I�C�H �I�N�C�L�U�D�E�S �A�S
�M�E�M�B�E�R�S �A�L�L �B�U�T�T�E�R�
�O�B�J�E�C�T�S �W�E�I�G�H�I�N�G �O�N�E �P�O�U�N�D�� �I�S �N�O�T �A �K�I�N�D �O�F�V�W�X�I�I�� �)�F �W�E �C�U�T �A �P�O�U�N�D �O�F
�B�U�T�T�E�R �I�N �H�A�L�F�� �W�E �D�O �N�O�T�� �A�L�A�S�� �G�E�T �T�W�O �P�O�U�N�D�S �O�F �B�U�T�T�E�R��

�7�H�A�T �I�S �A�C�T�U�A�L�L�Y �G�O�I�N�G �O�N �I�S �T�H�I�S�� �S�O�M�E �P�R�O�P�E�R�T�I�E�S �A�R�E�L�Q�W�U�L�Q�V�L�F�� �T�H�E�Y �B�E�L�O�N�G �T�O �T�H�E �V�E�R�YINTRINSIC

�S�U�B�S�T�A�N�C�E �O�F �T�H�E �O�B�J�E�C�T�� �R�A�T�H�E�R �T�H�A�N �T�O �T�H�E �O�B�J�E�C�T �A�S �A �W�H�O�L�E�� �7�H�E�N �Y�O�U �C�U�T �A�N �I�N�S�T�A�N�C�E �O�F
�V�W�X�I�I�I�N �H�A�L�F�� �T�H�E �T�W�O �P�I�E�C�E�S �R�E�T�A�I�N �T�H�E �I�N�T�R�I�N�S�I�C �P�R�O�P�E�R�T�I�E�S�ˆ�T�H�I�N�G�S �L�I�K�E �D�E�N�S�I�T�Y�� �B�O�I�L�I�N�G �P�O�I�N�T��
�m�A�V�O�R�� �C�O�L�O�R�� �O�W�N�E�R�S�H�I�P�� �A�N�D �S�O �O�N�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �T�H�E�I�R�H�[�W�U�L�Q�V�L�F�P�R�O�P�E�R�T�I�E�S�ˆ�W�E�I�G�H�T��EXTRINSIC

�L�E�N�G�T�H�� �S�H�A�P�E�� �A�N�D �S�O �O�N�ˆ�A�R�E �N�O�T �R�E�T�A�I�N�E�D �U�N�D�E�R �S�U�B�D�I�V�I�S�I�O�N�� �! �C�A�T�E�G�O�R�Y �O�F �O�B�J�E�C�T�S �T�H�A�T
�I�N�C�L�U�D�E�S �I�N �I�T�S �D�E�l�N�I�T�I�O�N �O�N�L�Y�L�Q�W�U�L�Q�V�L�F�P�R�O�P�E�R�T�I�E�S �I�S �T�H�E�N �A �S�U�B�S�T�A�N�C�E�� �O�R �M�A�S�S �N�O�U�N�� �A �C�L�A�S�S
�T�H�A�T �I�N�C�L�U�D�E�S�D�Q�\�E�X�T�R�I�N�S�I�C �P�R�O�P�E�R�T�I�E�S �I�N �I�T�S �D�E�l�N�I�T�I�O�N �I�S �A �C�O�U�N�T �N�O�U�N�� �4�H�E �C�A�T�E�G�O�R�YStu� �I�S
�T�H�E �M�O�S�T �G�E�N�E�R�A�L �S�U�B�S�T�A�N�C�E �C�A�T�E�G�O�R�Y�� �S�P�E�C�I�F�Y�I�N�G �N�O �I�N�T�R�I�N�S�I�C �P�R�O�P�E�R�T�I�E�S�� �4�H�E �C�A�T�E�G�O�R�YThing
�I�S �T�H�E �M�O�S�T �G�E�N�E�R�A�L �D�I�S�C�R�E�T�E �O�B�J�E�C�T �C�A�T�E�G�O�R�Y�� �S�P�E�C�I�F�Y�I�N�G �N�O �E�X�T�R�I�N�S�I�C �P�R�O�P�E�R�T�I�E�S��



������ �#�H�A�P�T�E�R ������ �+�N�O�W�L�E�D�G�E �2�E�P�R�E�S�E�N�T�A�T�I�O�N

�������� �%�6�%�.�4�3

�)�N �3�E�C�T�I�O�N �������������� �W�E �S�H�O�W�E�D �H�O�W �S�I�T�U�A�T�I�O�N �C�A�L�C�U�L�U�S �R�E�P�R�E�S�E�N�T�S �A�C�T�I�O�N�S �A�N�D �T�H�E�I�R �E�F�F�E�C�T�S��
�3�I�T�U�A�T�I�O�N �C�A�L�C�U�L�U�S �I�S �L�I�M�I�T�E�D �I�N �I�T�S �A�P�P�L�I�C�A�B�I�L�I�T�Y�� �I�T �W�A�S �D�E�S�I�G�N�E�D �T�O �D�E�S�C�R�I�B�E �A �W�O�R�L�D �I�N �W�H�I�C�H
�A�C�T�I�O�N�S �A�R�E �D�I�S�C�R�E�T�E�� �I�N�S�T�A�N�T�A�N�E�O�U�S�� �A�N�D �H�A�P�P�E�N �O�N�E �A�T �A �T�I�M�E�� �#�O�N�S�I�D�E�R �A �C�O�N�T�I�N�U�O�U�S �A�C�T�I�O�N��
�S�U�C�H �A�S �l�L�L�I�N�G �A �B�A�T�H�T�U�B�� �3�I�T�U�A�T�I�O�N �C�A�L�C�U�L�U�S �C�A�N �S�A�Y �T�H�A�T �T�H�E �T�U�B �I�S �E�M�P�T�Y �B�E�F�O�R�E �T�H�E �A�C�T�I�O�N �A�N�D
�F�U�L�L �W�H�E�N �T�H�E �A�C�T�I�O�N �I�S �D�O�N�E�� �B�U�T �I�T �C�A�N���T �T�A�L�K �A�B�O�U�T �W�H�A�T �H�A�P�P�E�N�S�G�X�U�L�Q�J�T�H�E �A�C�T�I�O�N�� �)�T �A�L�S�O
�C�A�N���T �D�E�S�C�R�I�B�E �T�W�O �A�C�T�I�O�N�S �H�A�P�P�E�N�I�N�G �A�T �T�H�E �S�A�M�E �T�I�M�E�ˆ�S�U�C�H �A�S �B�R�U�S�H�I�N�G �O�N�E���S �T�E�E�T�H �W�H�I�L�E
�W�A�I�T�I�N�G �F�O�R �T�H�E �T�U�B �T�O �l�L�L�� �4�O �H�A�N�D�L�E �S�U�C�H �C�A�S�E�S �W�E �I�N�T�R�O�D�U�C�E �A�N �A�L�T�E�R�N�A�T�I�V�E �F�O�R�M�A�L�I�S�M �K�N�O�W�N
�A�S�H�Y�H�Q�W �F�D�O�F�X�O�X�V�� �W�H�I�C�H �I�S �B�A�S�E�D �O�N �P�O�I�N�T�S �O�F �T�I�M�E �R�A�T�H�E�R �T�H�A�N �O�N �S�I�T�U�A�T�I�O�N�S����EVENT CALCULUS

�%�V�E�N�T �C�A�L�C�U�L�U�S �R�E�I�l�E�S �m�U�E�N�T�S �A�N�D �E�V�E�N�T�S�� �4�H�E �m�U�E�N�TAt (Shankar; Berkeley) �I�S �A�N �O�B�

�J�E�C�T �T�H�A�T �R�E�F�E�R�S �T�O �T�H�E �F�A�C�T �O�F �3�H�A�N�K�A�R �B�E�I�N�G �I�N �"�E�R�K�E�L�E�Y�� �B�U�T �D�O�E�S �N�O�T �B�Y �I�T�S�E�L�F �S�A�Y �A�N�Y�T�H�I�N�G
�A�B�O�U�T �W�H�E�T�H�E�R �I�T �I�S �T�R�U�E�� �4�O �A�S�S�E�R�T �T�H�A�T �A �m�U�E�N�T �I�S �A�C�T�U�A�L�L�Y �T�R�U�E �A�T �S�O�M�E �P�O�I�N�T �I�N �T�I�M�E �W�E �U�S�E
�T�H�E �P�R�E�D�I�C�A�T�ET�� �A�S �I�NT(At (Shankar; Berkeley); t)��

�%�V�E�N�T�S �A�R�E �D�E�S�C�R�I�B�E�D �A�S �I�N�S�T�A�N�C�E�S �O�F �E�V�E�N�T �C�A�T�E�G�O�R�I�E�S���� �4�H�E �E�V�E�N�TE1 �O�F �3�H�A�N�K�A�R �m�Y�I�N�G
�F�R�O�M �3�A�N �&�R�A�N�C�I�S�C�O �T�O �7�A�S�H�I�N�G�T�O�N�� �$���#�� �I�S �D�E�S�C�R�I�B�E�D �A�S

E1 2 F lyings ^ Flyer (E1; Shankar) ^ Origin (E1; SF) ^ Destination (E1; DC ) :

�)�F �T�H�I�S �I�S �T�O�O �V�E�R�B�O�S�E�� �W�E �C�A�N �D�E�l�N�E �A�N �A�L�T�E�R�N�A�T�I�V�E �T�H�R�E�E�
�A�R�G�U�M�E�N�T �V�E�R�S�I�O�N �O�F �T�H�E �C�A�T�E�G�O�R�Y �O�F
�m�Y�I�N�G �E�V�E�N�T�S �A�N�D �S�A�Y

E1 2 F lyings (Shankar; SF; DC ) :

�7�E �T�H�E�N �U�S�EHappens(E1; i ) �T�O �S�A�Y �T�H�A�T �T�H�E �E�V�E�N�TE1 �T�O�O�K �P�L�A�C�E �O�V�E�R �T�H�E �T�I�M�E �I�N�T�E�R�V�A�Li �� �A�N�D
�W�E �S�A�Y �T�H�E �S�A�M�E �T�H�I�N�G �I�N �F�U�N�C�T�I�O�N�A�L �F�O�R�M �W�I�T�HExtent(E1) = i �� �7�E �R�E�P�R�E�S�E�N�T �T�I�M�E �I�N�T�E�R�V�A�L�S
�B�Y �A ���S�T�A�R�T�� �E�N�D�	 �P�A�I�R �O�F �T�I�M�E�S�� �T�H�A�T �I�S��i = ( t1; t2) �I�S �T�H�E �T�I�M�E �I�N�T�E�R�V�A�L �T�H�A�T �S�T�A�R�T�S �A�Tt1 �A�N�D �E�N�D�S
�A�Tt2�� �4�H�E �C�O�M�P�L�E�T�E �S�E�T �O�F �P�R�E�D�I�C�A�T�E�S �F�O�R �O�N�E �V�E�R�S�I�O�N �O�F �T�H�E �E�V�E�N�T �C�A�L�C�U�L�U�S �I�S

T(f; t ) �&�L�U�E�N�Tf �I�S �T�R�U�E �A�T �T�I�M�Et
Happens(e; i) �%�V�E�N�Te �H�A�P�P�E�N�S �O�V�E�R �T�H�E �T�I�M�E �I�N�T�E�R�V�A�Li
Initiates (e; f; t ) �%�V�E�N�Te �C�A�U�S�E�S �m�U�E�N�Tf �T�O �S�T�A�R�T �T�O �H�O�L�D �A�T �T�I�M�Et
Terminates(e; f; t ) �%�V�E�N�Te �C�A�U�S�E�S �m�U�E�N�Tf �T�O �C�E�A�S�E �T�O �H�O�L�D �A�T �T�I�M�Et
Clipped(f; i ) �&�L�U�E�N�Tf �C�E�A�S�E�S �T�O �B�E �T�R�U�E �A�T �S�O�M�E �P�O�I�N�T �D�U�R�I�N�G �T�I�M�E �I�N�T�E�R�V�A�Li
Restored(f; i ) �&�L�U�E�N�Tf �B�E�C�O�M�E�S �T�R�U�E �S�O�M�E�T�I�M�E �D�U�R�I�N�G �T�I�M�E �I�N�T�E�R�V�A�Li

�7�E �A�S�S�U�M�E �A �D�I�S�T�I�N�G�U�I�S�H�E�D �E�V�E�N�T��Start �� �T�H�A�T �D�E�S�C�R�I�B�E�S �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E �B�Y �S�A�Y�I�N�G �W�H�I�C�H �m�U�E�N�T�S
�A�R�E �I�N�I�T�I�A�T�E�D �O�R �T�E�R�M�I�N�A�T�E�D �A�T �T�H�E �S�T�A�R�T �T�I�M�E�� �7�E �D�E�l�N�ET �B�Y �S�A�Y�I�N�G �T�H�A�T �A �m�U�E�N�T �H�O�L�D�S �A�T �A �P�O�I�N�T
�I�N �T�I�M�E �I�F �T�H�E �m�U�E�N�T �W�A�S �I�N�I�T�I�A�T�E�D �B�Y �A�N �E�V�E�N�T �A�T �S�O�M�E �T�I�M�E �I�N �T�H�E �P�A�S�T �A�N�D �W�A�S �N�O�T �M�A�D�E �F�A�L�S�E
���C�L�I�P�P�E�D�	 �B�Y �A�N �I�N�T�E�R�V�E�N�I�N�G �E�V�E�N�T�� �! �m�U�E�N�T �D�O�E�S �N�O�T �H�O�L�D �I�F �I�T �W�A�S �T�E�R�M�I�N�A�T�E�D �B�Y �A�N �E�V�E�N�T �A�N�D

3 �4�H�E �T�E�R�M�S �h�E�V�E�N�T�v �A�N�D �h�A�C�T�I�O�N�v �M�A�Y �B�E �U�S�E�D �I�N�T�E�R�C�H�A�N�G�E�A�B�L�Y�� �)�N�F�O�R�M�A�L�L�Y�� �h�A�C�T�I�O�N�v �C�O�N�N�O�T�E�S �A�N �A�G�E�N�T �W�H�I�L�E
�h�E�V�E�N�T�v �C�O�N�N�O�T�E�S �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �O�F �A�G�E�N�T�L�E�S�S �A�C�T�I�O�N�S��
4 �3�O�M�E �V�E�R�S�I�O�N�S �O�F �E�V�E�N�T �C�A�L�C�U�L�U�S �D�O �N�O�T �D�I�S�T�I�N�G�U�I�S�H �E�V�E�N�T �C�A�T�E�G�O�R�I�E�S �F�R�O�M �I�N�S�T�A�N�C�E�S �O�F �T�H�E �C�A�T�E�G�O�R�I�E�S��



�3�E�C�T�I�O�N ���������� �%�V�E�N�T�S ������

�N�O�T �M�A�D�E �T�R�U�E ���R�E�S�T�O�R�E�D�	 �B�Y �A�N�O�T�H�E�R �E�V�E�N�T�� �&�O�R�M�A�L�L�Y�� �T�H�E �A�X�I�O�M�S �A�R�E��

Happens(e;(t1; t2)) ^ Initiates (e; f; t 1) ^ : Clipped(f; (t1; t)) ^ t1 < t )
T(f; t )

Happens(e;(t1; t2)) ^ Terminates(e; f; t 1) ^ : Restored(f; (t1; t)) ^ t1 < t )
: T(f; t )

�W�H�E�R�EClipped �A�N�DRestored �A�R�E �D�E�l�N�E�D �B�Y

Clipped(f; (t1; t2)) ,
9 e; t; t3 Happens(e;(t; t 3)) ^ t1 � t < t 2 ^ Terminates(e; f; t )

Restored(f; (t1; t2)) ,
9 e; t; t3 Happens(e;(t; t 3)) ^ t1 � t < t 2 ^ Initiates (e; f; t )

�)�T �I�S �C�O�N�V�E�N�I�E�N�T �T�O �E�X�T�E�N�DT �T�O �W�O�R�K �O�V�E�R �I�N�T�E�R�V�A�L�S �A�S �W�E�L�L �A�S �T�I�M�E �P�O�I�N�T�S�� �A �m�U�E�N�T �H�O�L�D�S �O�V�E�R
�A�N �I�N�T�E�R�V�A�L �I�F �I�T �H�O�L�D�S �O�N �E�V�E�R�Y �P�O�I�N�T �W�I�T�H�I�N �T�H�E �I�N�T�E�R�V�A�L��

T(f; (t1; t2)) , [8 t (t1 � t < t 2) ) T(f; t )]

�&�L�U�E�N�T�S �A�N�D �A�C�T�I�O�N�S �A�R�E �D�E�l�N�E�D �W�I�T�H �D�O�M�A�I�N�
�S�P�E�C�I�l�C �A�X�I�O�M�S �T�H�A�T �A�R�E �S�I�M�I�L�A�R �T�O �S�U�C�C�E�S�S�O�R�

�S�T�A�T�E �A�X�I�O�M�S�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �S�A�Y �T�H�A�T �T�H�E �O�N�L�Y �W�A�Y �A �W�U�M�P�U�S�
�W�O�R�L�D �A�G�E�N�T �G�E�T�S �A�N
�A�R�R�O�W �I�S �A�T �T�H�E �S�T�A�R�T�� �A�N�D �T�H�E �O�N�L�Y �W�A�Y �T�O �U�S�E �U�P �A�N �A�R�R�O�W �I�S �T�O �S�H�O�O�T �I�T��

Initiates (e;HaveArrow(a); t) , e = Start
Terminates(e;HaveArrow(a); t) , e 2 Shootings(a)

�"�Y �R�E�I�F�Y�I�N�G �E�V�E�N�T�S �W�E �M�A�K�E �I�T �P�O�S�S�I�B�L�E �T�O �A�D�D �A�N�Y �A�M�O�U�N�T �O�F �A�R�B�I�T�R�A�R�Y �I�N�F�O�R�M�A�T�I�O�N �A�B�O�U�T
�T�H�E�M�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �S�A�Y �T�H�A�T �3�H�A�N�K�A�R���S �m�I�G�H�T �W�A�S �B�U�M�P�Y �W�I�T�HBumpy(E1)�� �)�N �A�N
�O�N�T�O�L�O�G�Y �W�H�E�R�E �E�V�E�N�T�S �A�R�En�
�A�R�Y �P�R�E�D�I�C�A�T�E�S�� �T�H�E�R�E �W�O�U�L�D �B�E �N�O �W�A�Y �T�O �A�D�D �E�X�T�R�A �I�N�F�O�R�M�A�T�I�O�N
�L�I�K�E �T�H�I�S�� �M�O�V�I�N�G �T�O �A�Nn + 1 �
�A�R�Y �P�R�E�D�I�C�A�T�E �I�S�N���T �A �S�C�A�L�A�B�L�E �S�O�L�U�T�I�O�N��

�7�E �C�A�N �E�X�T�E�N�D �E�V�E�N�T �C�A�L�C�U�L�U�S �T�O �M�A�K�E �I�T �P�O�S�S�I�B�L�E �T�O �R�E�P�R�E�S�E�N�T �S�I�M�U�L�T�A�N�E�O�U�S �E�V�E�N�T�S ���S�U�C�H
�A�S �T�W�O �P�E�O�P�L�E �B�E�I�N�G �N�E�C�E�S�S�A�R�Y �T�O �R�I�D�E �A �S�E�E�S�A�W�	�� �E�X�O�G�E�N�O�U�S �E�V�E�N�T�S ���S�U�C�H �A�S �T�H�E �W�I�N�D �B�L�O�W�I�N�G
�A�N�D �C�H�A�N�G�I�N�G �T�H�E �L�O�C�A�T�I�O�N �O�F �A�N �O�B�J�E�C�T�	�� �C�O�N�T�I�N�U�O�U�S �E�V�E�N�T�S ���S�U�C�H �A�S �T�H�E �L�E�V�E�L �O�F �W�A�T�E�R �I�N �T�H�E
�B�A�T�H�T�U�B �C�O�N�T�I�N�U�O�U�S�L�Y �R�I�S�I�N�G�	 �A�N�D �O�T�H�E�R �C�O�M�P�L�I�C�A�T�I�O�N�S��

������������ �3�U�R�F�H�V�V�H�V

�4�H�E �E�V�E�N�T�S �W�E �H�A�V�E �S�E�E�N �S�O �F�A�R �A�R�E �W�H�A�T �W�E �C�A�L�L�G�L�V�F�U�H�W�H �H�Y�H�Q�W�V�ˆ�T�H�E�Y �H�A�V�E �A �D�E�l�N�I�T�E �S�T�R�U�C�
DISCRETE EVENTS

�T�U�R�E�� �3�H�A�N�K�A�R���S �T�R�I�P �H�A�S �A �B�E�G�I�N�N�I�N�G�� �M�I�D�D�L�E�� �A�N�D �E�N�D�� �)�F �I�N�T�E�R�R�U�P�T�E�D �H�A�L�F�W�A�Y�� �T�H�E �E�V�E�N�T �W�O�U�L�D
�B�E �S�O�M�E�T�H�I�N�G �D�I�F�F�E�R�E�N�T�ˆ�I�T �W�O�U�L�D �N�O�T �B�E �A �T�R�I�P �F�R�O�M �3�A�N �&�R�A�N�C�I�S�C�O �T�O �7�A�S�H�I�N�G�T�O�N�� �B�U�T �I�N�S�T�E�A�D
�A �T�R�I�P �F�R�O�M �3�A�N �&�R�A�N�C�I�S�C�O �T�O �S�O�M�E�W�H�E�R�E �O�V�E�R �+�A�N�S�A�S�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �T�H�E �C�A�T�E�G�O�R�Y �O�F
�E�V�E�N�T�S �D�E�N�O�T�E�D �B�YFlyings �H�A�S �A �D�I�F�F�E�R�E�N�T �Q�U�A�L�I�T�Y�� �)�F �W�E �T�A�K�E �A �S�M�A�L�L �I�N�T�E�R�V�A�L �O�F �3�H�A�N�K�A�R���S
�m�I�G�H�T�� �S�A�Y�� �T�H�E �T�H�I�R�D �����
�M�I�N�U�T�E �S�E�G�M�E�N�T ���W�H�I�L�E �H�E �W�A�I�T�S �A�N�X�I�O�U�S�L�Y �F�O�R �A �B�A�G �O�F �P�E�A�N�U�T�S�	�� �T�H�A�T
�E�V�E�N�T �I�S �S�T�I�L�L �A �M�E�M�B�E�R �O�FFlyings�� �)�N �F�A�C�T�� �T�H�I�S �I�S �T�R�U�E �F�O�R �A�N�Y �S�U�B�I�N�T�E�R�V�A�L��

�#�A�T�E�G�O�R�I�E�S �O�F �E�V�E�N�T�S �W�I�T�H �T�H�I�S �P�R�O�P�E�R�T�Y �A�R�E �C�A�L�L�E�D�S�U�R�F�H�V�V�C�A�T�E�G�O�R�I�E�S �O�R�O�L�T�X�L�G �H�Y�H�Q�WPROCESS

LIQUID EVENT �C�A�T�E�G�O�R�I�E�S�� �!�N�Y �P�R�O�C�E�S�Se �T�H�A�T �H�A�P�P�E�N�S �O�V�E�R �A�N �I�N�T�E�R�V�A�L �A�L�S�O �H�A�P�P�E�N�S �O�V�E�R �A�N�Y �S�U�B�I�N�T�E�R�V�A�L��
(e 2 Processes) ^ Happens(e;(t1; t4)) ^ (t1 < t 2 < t 3 < t 4) ) Happens(e;(t2; t3)) :

�4�H�E �D�I�S�T�I�N�C�T�I�O�N �B�E�T�W�E�E�N �L�I�Q�U�I�D �A�N�D �N�O�N�L�I�Q�U�I�D �E�V�E�N�T�S �I�S �E�X�A�C�T�L�Y �A�N�A�L�O�G�O�U�S �T�O �T�H�E �D�I�F�F�E�R�E�N�C�E
�B�E�T�W�E�E�N �S�U�B�S�T�A�N�C�E�S�� �O�R�V�W�X�I�I�� �A�N�D �I�N�D�I�V�I�D�U�A�L �O�B�J�E�C�T�S�� �O�R�W�K�L�Q�J�V�� �)�N �F�A�C�T�� �S�O�M�E �H�A�V�E �C�A�L�L�E�D
�L�I�Q�U�I�D �E�V�E�N�T�S�W�H�P�S�R�U�D�O �V�X�E�V�W�D�Q�F�H�V�� �W�H�E�R�E�A�S �S�U�B�S�T�A�N�C�E�S �L�I�K�E �B�U�T�T�E�R �A�R�E�V�S�D�W�L�D�O �V�X�E�V�W�D�Q�F�H�V��TEMPORAL

SUBSTANCE

SPATIAL SUBSTANCE



������ �#�H�A�P�T�E�R ������ �+�N�O�W�L�E�D�G�E �2�E�P�R�E�S�E�N�T�A�T�I�O�N

������������ �7�L�P�H �L�Q�W�H�U�Y�D�O�V

�%�V�E�N�T�C�A�L�C�U�L�U�S �O�P�E�N�S �U�S �U�P �T�O �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �O�F �T�A�L�K�I�N�G �A�B�O�U�T �T�I�M�E�� �A�N�D �T�I�M�E �I�N�T�E�R�V�A�L�S�� �7�E
�W�I�L�L �C�O�N�S�I�D�E�R �T�W�O �K�I�N�D�S �O�F �T�I�M�E �I�N�T�E�R�V�A�L�S�� �M�O�M�E�N�T�S �A�N�D �E�X�T�E�N�D�E�D �I�N�T�E�R�V�A�L�S�� �4�H�E �D�I�S�T�I�N�C�T�I�O�N �I�S
�T�H�A�T �O�N�L�Y �M�O�M�E�N�T�S �H�A�V�E �Z�E�R�O �D�U�R�A�T�I�O�N��

Partition (f Moments; ExtendedIntervalsg; Intervals )
i 2 Moments , Duration (i ) = Seconds(0) :

�.�E�X�T �W�E �I�N�V�E�N�T �A �T�I�M�E �S�C�A�L�E �A�N�D �A�S�S�O�C�I�A�T�E �P�O�I�N�T�S �O�N �T�H�A�T �S�C�A�L�E �W�I�T�H �M�O�M�E�N�T�S�� �G�I�V�I�N�G �U�S �A�B�

�S�O�L�U�T�E �T�I�M�E�S�� �4�H�E �T�I�M�E �S�C�A�L�E �I�S �A�R�B�I�T�R�A�R�Y�� �W�E �M�E�A�S�U�R�E �I�T �I�N �S�E�C�O�N�D�S �A�N�D �S�A�Y �T�H�A�T �T�H�E �M�O�M�E�N�T
�A�T �M�I�D�N�I�G�H�T ���'�-�4�	 �O�N �*�A�N�U�A�R�Y ���� ���������� �H�A�S �T�I�M�E ���� �4�H�E �F�U�N�C�T�I�O�N�SBegin �A�N�DEnd �P�I�C�K �O�U�T
�T�H�E �E�A�R�L�I�E�S�T �A�N�D �L�A�T�E�S�T �M�O�M�E�N�T�S �I�N �A�N �I�N�T�E�R�V�A�L�� �A�N�D �T�H�E �F�U�N�C�T�I�O�NTime �D�E�L�I�V�E�R�S �T�H�E �P�O�I�N�T �O�N �T�H�E
�T�I�M�E �S�C�A�L�E �F�O�R �A �M�O�M�E�N�T�� �4�H�E �F�U�N�C�T�I�O�NDuration �G�I�V�E�S �T�H�E �D�I�F�F�E�R�E�N�C�E �B�E�T�W�E�E�N �T�H�E �E�N�D �T�I�M�E
�A�N�D �T�H�E �S�T�A�R�T �T�I�M�E��

Interval (i ) ) Duration (i ) = ( Time (End(i )) � Time (Begin(i ))) :
Time (Begin(AD 1900)) = Seconds(0) :
Time (Begin(AD 2001)) = Seconds(3187324800):
Time (End(AD 2001)) = Seconds(3218860800):
Duration (AD 2001) = Seconds(31536000):

�4�O �M�A�K�E �T�H�E�S�E �N�U�M�B�E�R�S �E�A�S�I�E�R �T�O �R�E�A�D�� �W�E �A�L�S�O �I�N�T�R�O�D�U�C�E �A �F�U�N�C�T�I�O�NDate�� �W�H�I�C�H �T�A�K�E�S �S�I�X
�A�R�G�U�M�E�N�T�S ���H�O�U�R�S�� �M�I�N�U�T�E�S�� �S�E�C�O�N�D�S�� �D�A�Y�� �M�O�N�T�H�� �A�N�D �Y�E�A�R�	 �A�N�D �R�E�T�U�R�N�S �A �T�I�M�E �P�O�I�N�T��

Time (Begin(AD 2001)) = Date(0; 0; 0; 1; Jan; 2001)
Date(0; 20; 21; 24; 1; 1995) = Seconds(3000000000):

�4�W�O �I�N�T�E�R�V�A�L�SMeet �I�F �T�H�E �E�N�D �T�I�M�E �O�F �T�H�E �l�R�S�T �E�Q�U�A�L�S �T�H�E �S�T�A�R�T �T�I�M�E �O�F �T�H�E �S�E�C�O�N�D�� �4�H�E �C�O�M�

�P�L�E�T�E �S�E�T �O�F �I�N�T�E�R�V�A�L �R�E�L�A�T�I�O�N�S�� �A�S �P�R�O�P�O�S�E�D �B�Y �!�L�L�E�N �����������	�� �I�S �S�H�O�W�N �G�R�A�P�H�I�C�A�L�L�Y �I�N �&�I�G�U�R�E ��������
�A�N�D �L�O�G�I�C�A�L�L�Y �B�E�L�O�W��

Meet(i; j ) , End(i ) = Begin(j )
Before(i; j ) , End(i ) < Begin(j )
After (j; i ) , Before(i; j )
During (i; j ) , Begin(j ) < Begin(i ) < End(i ) < End(j )
Overlap(i; j ) , Begin(i ) < Begin(j ) < End(i ) < End(j )
Begins(i; j ) , Begin(i ) = Begin(j )
Finishes(i; j ) , End(i ) = End(j )
Equals(i; j ) , Begin(i ) = Begin(j ) ^ End(i ) = End(j )

�4�H�E�S�E �A�L�L �H�A�V�E �T�H�E�I�R �I�N�T�U�I�T�I�V�E �M�E�A�N�I�N�G�� �W�I�T�H �T�H�E �E�X�C�E�P�T�I�O�N �O�F�2�Y�H�U�O�D�S�� �W�E �T�E�N�D �T�O �T�H�I�N�K �O�F
�O�V�E�R�L�A�P �A�S �S�Y�M�M�E�T�R�I�C ���I�F�L�O�V�E�R�L�A�P�S�M�T�H�E�N�M�O�V�E�R�L�A�P�S�L�	�� �B�U�T �I�N �T�H�I�S �D�E�l�N�I�T�I�O�N��Overlap(i; j )
�O�N�L�Y �H�O�L�D�S �I�F�L�B�E�G�I�N�S �B�E�F�O�R�E�M�� �4�O �S�A�Y �T�H�A�T �T�H�E �R�E�I�G�N �O�F �%�L�I�Z�A�B�E�T�H �)�) �I�M�M�E�D�I�A�T�E�L�Y �F�O�L�L�O�W�E�D �T�H�A�T
�O�F �'�E�O�R�G�E �6�)�� �A�N�D �T�H�E �R�E�I�G�N �O�F �%�L�V�I�S �O�V�E�R�L�A�P�P�E�D �W�I�T�H �T�H�E ���������S�� �W�E �C�A�N �W�R�I�T�E �T�H�E �F�O�L�L�O�W�I�N�G��

Meets(ReignOf (GeorgeVI); ReignOf (ElizabethII )) :
Overlap(Fifties ; ReignOf (Elvis)) :
Begin(Fifties ) = Begin(AD 1950):
End(Fifties ) = End(AD 1959):



�3�E�C�T�I�O�N ���������� �%�V�E�N�T�S ������

�)�L�J�X�U�H ���������0�R�E�D�I�C�A�T�E�S �O�N �T�I�M�E �I�N�T�E�R�V�A�L�S��

�T�I�M�E

����������������

��������

Washington

Adams

Jefferson

�)�L�J�X�U�H ���������! �S�C�H�E�M�A�T�I�C �V�I�E�W �O�F �T�H�E �O�B�J�E�C�TPresident(USA) �F�O�R �T�H�E �l�R�S�T ���� �Y�E�A�R�S �O�F �I�T�S
�E�X�I�S�T�E�N�C�E��

������������ �)�O�X�H�Q�W�V �D�Q�G �R�E�M�H�F�W�V

�0�H�Y�S�I�C�A�L �O�B�J�E�C�T�S �C�A�N �B�E �V�I�E�W�E�D �A�S �G�E�N�E�R�A�L�I�Z�E�D �E�V�E�N�T�S�� �I�N �T�H�E �S�E�N�S�E �T�H�A�T �A �P�H�Y�S�I�C�A�L �O�B�J�E�C�T �I�S
�A �C�H�U�N�K �O�F �S�P�A�C�E�n�T�I�M�E�� �&�O�R �E�X�A�M�P�L�E��USA �C�A�N �B�E �T�H�O�U�G�H�T �O�F �A�S �A�N �E�V�E�N�T �T�H�A�T �B�E�G�A�N �I�N��
�S�A�Y�� �������� �A�S �A �U�N�I�O�N �O�F ���� �S�T�A�T�E�S �A�N�D �I�S �S�T�I�L�L �I�N �P�R�O�G�R�E�S�S �T�O�D�A�Y �A�S �A �U�N�I�O�N �O�F ������ �7�E �C�A�N
�D�E�S�C�R�I�B�E �T�H�E �C�H�A�N�G�I�N�G �P�R�O�P�E�R�T�I�E�S �O�FUSA �U�S�I�N�G �S�T�A�T�E �m�U�E�N�T�S�� �S�U�C�H �A�SPopulation(USA)�� �!
�P�R�O�P�E�R�T�Y �O�F �T�H�E �5�3�! �T�H�A�T �C�H�A�N�G�E�S �E�V�E�R�Y �F�O�U�R �O�R �E�I�G�H�T �Y�E�A�R�S�� �B�A�R�R�I�N�G �M�I�S�H�A�P�S�� �I�S �I�T�S �P�R�E�S�I�D�E�N�T��
�/�N�E �M�I�G�H�T �P�R�O�P�O�S�E �T�H�A�TPresident(USA) �I�S �A �L�O�G�I�C�A�L �T�E�R�M �T�H�A�T �D�E�N�O�T�E�S �A �D�I�F�F�E�R�E�N�T �O�B�J�E�C�T
�A�T �D�I�F�F�E�R�E�N�T �T�I�M�E�S�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �T�H�I�S �I�S �N�O�T �P�O�S�S�I�B�L�E�� �B�E�C�A�U�S�E �A �T�E�R�M �D�E�N�O�T�E�S �E�X�A�C�T�L�Y �O�N�E
�O�B�J�E�C�T �I�N �A �G�I�V�E�N �M�O�D�E�L �S�T�R�U�C�T�U�R�E�� ���4�H�E �T�E�R�MPresident(USA; t) �C�A�N �D�E�N�O�T�E �D�I�F�F�E�R�E�N�T �O�B�J�E�C�T�S��
�D�E�P�E�N�D�I�N�G �O�N �T�H�E �V�A�L�U�E �O�Ft�� �B�U�T �O�U�R �O�N�T�O�L�O�G�Y �K�E�E�P�S �T�I�M�E �I�N�D�I�C�E�S �S�E�P�A�R�A�T�E �F�R�O�M �m�U�E�N�T�S���	 �4�H�E



������ �#�H�A�P�T�E�R ������ �+�N�O�W�L�E�D�G�E �2�E�P�R�E�S�E�N�T�A�T�I�O�N

�O�N�L�Y �P�O�S�S�I�B�I�L�I�T�Y �I�S �T�H�A�TPresident(USA) �D�E�N�O�T�E�S �A �S�I�N�G�L�E �O�B�J�E�C�T �T�H�A�T �C�O�N�S�I�S�T�S �O�F �D�I�F�F�E�R�E�N�T
�P�E�O�P�L�E �A�T �D�I�F�F�E�R�E�N�T �T�I�M�E�S�� �)�T �I�S �T�H�E �O�B�J�E�C�T �T�H�A�T �I�S �'�E�O�R�G�E �7�A�S�H�I�N�G�T�O�N �F�R�O�M �������� �T�O ���������� �*�O�H�N
�!�D�A�M�S �F�R�O�M �������� �T�O ���������� �A�N�D �S�O �O�N�� �A�S �I�N �&�I�G�U�R�E ���������� �4�O �S�A�Y �T�H�A�T �'�E�O�R�G�E �7�A�S�H�I�N�G�T�O�N �W�A�S
�P�R�E�S�I�D�E�N�T �T�H�R�O�U�G�H�O�U�T ���������� �W�E �C�A�N �W�R�I�T�E

T(Equals(President(USA); GeorgeWashington); AD 1790):

�7�E �U�S�E �T�H�E �F�U�N�C�T�I�O�N �S�Y�M�B�O�LEquals �R�A�T�H�E�R �T�H�A�N �T�H�E �S�T�A�N�D�A�R�D �L�O�G�I�C�A�L �P�R�E�D�I�C�A�T�E= �� �B�E�C�A�U�S�E
�W�E �C�A�N�N�O�T �H�A�V�E �A �P�R�E�D�I�C�A�T�E �A�S �A�N �A�R�G�U�M�E�N�T �T�OT�� �A�N�D �B�E�C�A�U�S�E �T�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N �I�S�Q�R�W�T�H�A�T
GeorgeWashington�A�N�DPresident(USA) �A�R�E �L�O�G�I�C�A�L�L�Y �I�D�E�N�T�I�C�A�L �I�N ���������� �L�O�G�I�C�A�L �I�D�E�N�T�I�T�Y �I�S
�N�O�T �S�O�M�E�T�H�I�N�G �T�H�A�T �C�A�N �C�H�A�N�G�E �O�V�E�R �T�I�M�E�� �4�H�E �I�D�E�N�T�I�T�Y �I�S �B�E�T�W�E�E�N �T�H�E �S�U�B�E�V�E�N�T�S �O�F �E�A�C�H �O�B�J�E�C�T
�T�H�A�T �A�R�E �D�E�l�N�E�D �B�Y �T�H�E �P�E�R�I�O�D ����������

�������� �- �%�.�4�!�, �%�6�%�.�4�3 �!�.�$�- �%�.�4�!�, �/ �"�*�%�#�4�3

�4�H�E �A�G�E�N�T�S �W�E �H�A�V�E �C�O�N�S�T�R�U�C�T�E�D �S�O �F�A�R �H�A�V�E �B�E�L�I�E�F�S �A�N�D �C�A�N �D�E�D�U�C�E �N�E�W �B�E�L�I�E�F�S�� �9�E�T �N�O�N�E
�O�F �T�H�E�M �H�A�S �A�N�Y �K�N�O�W�L�E�D�G�E�D�E�R�X�W�B�E�L�I�E�F�S �O�R�D�E�R�X�W�D�E�D�U�C�T�I�O�N�� �+�N�O�W�L�E�D�G�E �A�B�O�U�T �O�N�E���S �O�W�N
�K�N�O�W�L�E�D�G�E �A�N�D �R�E�A�S�O�N�I�N�G �P�R�O�C�E�S�S�E�S �I�S �U�S�E�F�U�L �F�O�R �C�O�N�T�R�O�L�L�I�N�G �I�N�F�E�R�E�N�C�E�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E
�!�L�I�C�E �A�S�K�S �h�W�H�A�T �I�S �T�H�E �S�Q�U�A�R�E �R�O�O�T �O�F ���������v �A�N�D �"�O�B �R�E�P�L�I�E�S �h�) �D�O�N���T �K�N�O�W���v �)�F �!�L�I�C�E �I�N�S�I�S�T�S
�h�T�H�I�N�K �H�A�R�D�E�R���v �"�O�B �S�H�O�U�L�D �R�E�A�L�I�Z�E �T�H�A�T �W�I�T�H �S�O�M�E �M�O�R�E �T�H�O�U�G�H�T�� �T�H�I�S �Q�U�E�S�T�I�O�N �C�A�N �I�N �F�A�C�T
�B�E �A�N�S�W�E�R�E�D�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�F �T�H�E �Q�U�E�S�T�I�O�N �W�E�R�E �h�)�S �Y�O�U�R �M�O�T�H�E�R �S�I�T�T�I�N�G �D�O�W�N �R�I�G�H�T
�N�O�W���v �T�H�E�N �"�O�B �S�H�O�U�L�D �R�E�A�L�I�Z�E �T�H�A�T �T�H�I�N�K�I�N�G �H�A�R�D�E�R �I�S �U�N�L�I�K�E�L�Y �T�O �H�E�L�P�� �+�N�O�W�L�E�D�G�E �A�B�O�U�T
�T�H�E �K�N�O�W�L�E�D�G�E �O�F �O�T�H�E�R �A�G�E�N�T�S �I�S �A�L�S�O �I�M�P�O�R�T�A�N�T�� �"�O�B �S�H�O�U�L�D �R�E�A�L�I�Z�E �T�H�A�T �H�I�S �M�O�T�H�E�R �K�N�O�W�S
�W�H�E�T�H�E�R �S�H�E �I�S �S�I�T�T�I�N�G �O�R �N�O�T�� �A�N�D �T�H�A�T �A�S�K�I�N�G �H�E�R �W�O�U�L�D �B�E �A �W�A�Y �T�O �l�N�D �O�U�T��

�7�H�A�T �W�E �N�E�E�D �I�S �A �M�O�D�E�L �O�F �T�H�E �M�E�N�T�A�L �O�B�J�E�C�T�S �T�H�A�T �A�R�E �I�N �S�O�M�E�O�N�E���S �H�E�A�D ���O�R �S�O�M�E�

�T�H�I�N�G���S �K�N�O�W�L�E�D�G�E �B�A�S�E�	 �A�N�D �O�F �T�H�E �M�E�N�T�A�L �P�R�O�C�E�S�S�E�S �T�H�A�T �M�A�N�I�P�U�L�A�T�E �T�H�O�S�E �M�E�N�T�A�L �O�B�J�E�C�T�S��
�4�H�E �M�O�D�E�L �D�O�E�S �N�O�T �H�A�V�E �T�O �B�E �D�E�T�A�I�L�E�D�� �7�E �D�O �N�O�T �H�A�V�E �T�O �B�E �A�B�L�E �T�O �P�R�E�D�I�C�T �H�O�W �M�A�N�Y
�M�I�L�L�I�S�E�C�O�N�D�S �I�T �W�I�L�L �T�A�K�E �F�O�R �A �P�A�R�T�I�C�U�L�A�R �A�G�E�N�T �T�O �M�A�K�E �A �D�E�D�U�C�T�I�O�N�� �7�E �W�I�L�L �B�E �H�A�P�P�Y �J�U�S�T �T�O
�B�E �A�B�L�E �T�O �C�O�N�C�L�U�D�E �T�H�A�T �M�O�T�H�E�R �K�N�O�W�S �W�H�E�T�H�E�R �O�R �N�O�T �S�H�E �I�S �S�I�T�T�I�N�G��

�7�E �B�E�G�I�N �W�I�T�H �T�H�E�S�U�R�S�R�V�L�W�L�R�Q�D�O �D�W�W�L�W�X�G�H�V�T�H�A�T �A�N �A�G�E�N�T �C�A�N �H�A�V�E �T�O�W�A�R�D �M�E�N�T�A�L �O�B�
PROPOSITIONAL
ATTITUDE

�J�E�C�T�S�� �A�T�T�I�T�U�D�E�S �S�U�C�H �A�SBelieves��Knows��Wants��Intends�� �A�N�DInforms �� �4�H�E �D�I�F�l�C�U�L�T�Y �I�S
�T�H�A�T �T�H�E�S�E �A�T�T�I�T�U�D�E�S �D�O �N�O�T �B�E�H�A�V�E �L�I�K�E �h�N�O�R�M�A�L�v �P�R�E�D�I�C�A�T�E�S�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �W�E �T�R�Y �T�O
�A�S�S�E�R�T �T�H�A�T �,�O�I�S �K�N�O�W�S �T�H�A�T �3�U�P�E�R�M�A�N �C�A�N �m�Y��

Knows(Lois; CanFly (Superman)) :

�/�N�E �M�I�N�O�R �I�S�S�U�E �W�I�T�H �T�H�I�S �I�S �T�H�A�T �W�E �N�O�R�M�A�L�L�Y �T�H�I�N�K �O�FCanFly (Superman) �A�S �A �S�E�N�T�E�N�C�E�� �B�U�T
�H�E�R�E �I�T �A�P�P�E�A�R�S �A�S �A �T�E�R�M�� �4�H�A�T �I�S�S�U�E �C�A�N �B�E �P�A�T�C�H�E�D �U�P �J�U�S�T �B�E �R�E�I�F�Y�I�N�GCanFly(Superman)��
�M�A�K�I�N�G �I�T �A �m�U�E�N�T�� �! �M�O�R�E �S�E�R�I�O�U�S �P�R�O�B�L�E�M �I�S �T�H�A�T�� �I�F �I�T �I�S �T�R�U�E �T�H�A�T �3�U�P�E�R�M�A�N �I�S �#�L�A�R�K �+�E�N�T��
�T�H�E�N �W�E �M�U�S�T �C�O�N�C�L�U�D�E �T�H�A�T �,�O�I�S �K�N�O�W�S �T�H�A�T �#�L�A�R�K �C�A�N �m�Y��

(Superman = Clark ) ^ Knows(Lois ; CanFly (Superman))
j= Knows(Lois; CanFly (Clark )) :

�4�H�I�S �I�S �A �C�O�N�S�E�Q�U�E�N�C�E �O�F �T�H�E �F�A�C�T �T�H�A�T �E�Q�U�A�L�I�T�Y �R�E�A�S�O�N�I�N�G �I�S �B�U�I�L�T �I�N�T�O �L�O�G�I�C�� �.�O�R�M�A�L�L�Y �T�H�A�T �I�S
�A �G�O�O�D �T�H�I�N�G�� �I�F �O�U�R �A�G�E�N�T �K�N�O�W�S �T�H�A�T2 + 2 = 4 �A�N�D4 < 5�� �T�H�E�N �W�E �W�A�N�T �O�U�R �A�G�E�N�T �T�O �K�N�O�W



�3�E�C�T�I�O�N ���������� �-�E�N�T�A�L �%�V�E�N�T�S �A�N�D �-�E�N�T�A�L �/�B�J�E�C�T�S ������

�T�H�A�T2 + 2 < 5�� �4�H�I�S �P�R�O�P�E�R�T�Y �I�S �C�A�L�L�E�D�U�H�I�H�U�H�Q�W�L�D�O �W�U�D�Q�V�S�D�U�H�Q�F�\�ˆ�I�T �D�O�E�S�N���T �M�A�T�T�E�R �W�H�A�TREFERENTIAL
TRANSPARENCY

�T�E�R�M �A �L�O�G�I�C �U�S�E�S �T�O �R�E�F�E�R �T�O �A�N �O�B�J�E�C�T�� �W�H�A�T �M�A�T�T�E�R�S �I�S �T�H�E �O�B�J�E�C�T �T�H�A�T �T�H�E �T�E�R�M �N�A�M�E�S�� �"�U�T �F�O�R
�P�R�O�P�O�S�I�T�I�O�N�A�L �A�T�T�I�T�U�D�E�S �L�I�K�E�E�H�O�L�H�Y�H�V�A�N�D�N�Q�R�Z�V�� �W�E �W�O�U�L�D �L�I�K�E �T�O �H�A�V�E �R�E�F�E�R�E�N�T�I�A�L �O�P�A�C�I�T�Y�ˆ�T�H�E
�T�E�R�M�S �U�S�E�D�G�R�M�A�T�T�E�R�� �B�E�C�A�U�S�E �N�O�T �A�L�L �A�G�E�N�T�S �K�N�O�W �W�H�I�C�H �T�E�R�M�S �A�R�E �C�O�
�R�E�F�E�R�E�N�T�I�A�L��

�0�R�G�D�O �O�R�J�L�F�I�S �D�E�S�I�G�N�E�D �T�O �A�D�D�R�E�S�S �T�H�I�S �P�R�O�B�L�E�M�� �2�E�G�U�L�A�R �L�O�G�I�C �I�S �C�O�N�C�E�R�N�E�D �W�I�T�H �A �S�I�N�
MODAL LOGIC

�G�L�E �M�O�D�A�L�I�T�Y�� �T�H�E �M�O�D�A�L�I�T�Y �O�F �T�R�U�T�H�� �A�L�L�O�W�I�N�G �U�S �T�O �E�X�P�R�E�S�S �h�3�I�S �T�R�U�E���v �-�O�D�A�L �L�O�G�I�C �I�N�C�L�U�D�E�S
�S�P�E�C�I�A�L �M�O�D�A�L �O�P�E�R�A�T�O�R�S �T�H�A�T �T�A�K�E �S�E�N�T�E�N�C�E�S ���R�A�T�H�E�R �T�H�A�N �T�E�R�M�S�	 �A�S �A�R�G�U�M�E�N�T�S�� �&�O�R �E�X�A�M�P�L�E��
�h�$�K�N�O�W�S�3�v �I�S �R�E�P�R�E�S�E�N�T�E�D �W�I�T�H �T�H�E �N�O�T�A�T�I�O�N�. A P�� �W�H�E�R�E�. �I�S �T�H�E �M�O�D�A�L �O�P�E�R�A�T�O�R �F�O�R �K�N�O�W�L�

�E�D�G�E�� �)�T �T�A�K�E�S �T�W�O �A�R�G�U�M�E�N�T�S�� �A�N �A�G�E�N�T ���W�R�I�T�T�E�N �A�S �T�H�E �S�U�B�S�C�R�I�P�T�	 �A�N�D �A �S�E�N�T�E�N�C�E�� �4�H�E �S�Y�N�T�A�X
�O�F �M�O�D�A�L �L�O�G�I�C �I�S �T�H�E �S�A�M�E �A�S �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �E�X�C�E�P�T �T�H�A�T �S�E�N�T�E�N�C�E�S �C�A�N �A�L�S�O �B�E �F�O�R�M�E�D �W�I�T�H
�M�O�D�A�L �O�P�E�R�A�T�O�R�S��

�4�H�E �S�E�M�A�N�T�I�C�S �O�F �M�O�D�A�L �L�O�G�I�C �I�S �M�O�R�E �C�O�M�P�L�I�C�A�T�E�D�� �)�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �A�P�R�G�H�O�C�O�N�
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�T�H�A�T �T�H�E�R�E �I�S �A �P�A�R�T�I�C�U�L�A�R �S�O�M�E�O�N�E �W�H�O �"�O�N�D �K�N�O�W�S �I�S �A �S�P�Y�� �W�E �C�A�N �W�R�I�T�E �T�H�I�S �A�S

9 x �. Bond Spy(x) ;

�W�H�I�C�H �I�N �M�O�D�A�L �L�O�G�I�C �M�E�A�N�S �T�H�A�T �T�H�E�R�E �I�S �A�Nx �T�H�A�T�� �I�N �A�L�L �A�C�C�E�S�S�I�B�L�E �W�O�R�L�D�S�� �"�O�N�D �K�N�O�W�S �T�O
�B�E �A �S�P�Y�� �4�H�E �S�E�C�O�N�D �R�E�A�D�I�N�G �I�S �T�H�A�T �"�O�N�D �J�U�S�T �K�N�O�W�S �T�H�A�T �T�H�E�R�E �I�S �A�T �L�E�A�S�T �O�N�E �S�P�Y��

�. Bond 9 x Spy(x) :

�4�H�E �M�O�D�A�L �L�O�G�I�C �I�N�T�E�R�P�R�E�T�A�T�I�O�N �I�S �T�H�A�T �I�N �E�A�C�H �A�C�C�E�S�S�I�B�L�E �W�O�R�L�D �T�H�E�R�E �I�S �A�Nx �T�H�A�T �I�S �A �S�P�Y�� �B�U�T
�I�T �N�E�E�D �N�O�T �B�E �T�H�E �S�A�M�Ex �I�N �E�A�C�H �W�O�R�L�D��

�.�O�W �T�H�A�T �W�E �H�A�V�E �A �M�O�D�A�L �O�P�E�R�A�T�O�R �F�O�R �K�N�O�W�L�E�D�G�E�� �W�E �C�A�N �W�R�I�T�E �A�X�I�O�M�S �F�O�R �I�T�� �&�I�R�S�T��
�W�E �C�A�N �S�A�Y �T�H�A�T �A�G�E�N�T�S �A�R�E �A�B�L�E �T�O �D�R�A�W �D�E�D�U�C�T�I�O�N�S�� �I�F �A�N �A�G�E�N�T �K�N�O�W�SP �A�N�D �K�N�O�W�S �T�H�A�TP
�I�M�P�L�I�E�SQ�� �T�H�E�N �T�H�E �A�G�E�N�T �K�N�O�W�SQ��

(�. aP ^ �. a(P ) Q)) ) �. aQ :

�&�R�O�M �T�H�I�S ���A�N�D �A �F�E�W �O�T�H�E�R �R�U�L�E�S �A�B�O�U�T �L�O�G�I�C�A�L �I�D�E�N�T�I�T�I�E�S�	 �W�E �C�A�N �E�S�T�A�B�L�I�S�H �T�H�A�T�. A (P _ : P)
�I�S �A �T�A�U�T�O�L�O�G�Y�� �E�V�E�R�Y �A�G�E�N�T �K�N�O�W�S �E�V�E�R�Y �P�R�O�P�O�S�I�T�I�O�NP �I�S �E�I�T�H�E�R �T�R�U�E �O�R �F�A�L�S�E�� �/�N �T�H�E �O�T�H�E�R
�H�A�N�D��(�. A P) _ (�. A : P) �I�S �N�O�T �A �T�A�U�T�O�L�O�G�Y�� �I�N �G�E�N�E�R�A�L�� �T�H�E�R�E �W�I�L�L �B�E �L�O�T�S �O�F �P�R�O�P�O�S�I�T�I�O�N�S �T�H�A�T
�A�N �A�G�E�N�T �D�O�E�S �N�O�T �K�N�O�W �T�O �B�E �T�R�U�E �A�N�D �D�O�E�S �N�O�T �K�N�O�W �T�O �B�E �F�A�L�S�E��

�)�T �I�S �S�A�I�D ���G�O�I�N�G �B�A�C�K �T�O �0�L�A�T�O�	 �T�H�A�T �K�N�O�W�L�E�D�G�E �I�S �J�U�S�T�I�l�E�D �T�R�U�E �B�E�L�I�E�F�� �4�H�A�T �I�S�� �I�F �I�T �I�S
�T�R�U�E�� �I�F �Y�O�U �B�E�L�I�E�V�E �I�T�� �A�N�D �I�F �Y�O�U �H�A�V�E �A�N �U�N�A�S�S�A�I�L�A�B�L�Y �G�O�O�D �R�E�A�S�O�N�� �T�H�E�N �Y�O�U �K�N�O�W �I�T�� �4�H�A�T
�M�E�A�N�S �T�H�A�T �I�F �Y�O�U �K�N�O�W �S�O�M�E�T�H�I�N�G�� �I�T �M�U�S�T �B�E �T�R�U�E�� �A�N�D �W�E �H�A�V�E �T�H�E �A�X�I�O�M��

�. aP ) P :

�&�U�R�T�H�E�R�M�O�R�E�� �L�O�G�I�C�A�L �A�G�E�N�T�S �S�H�O�U�L�D �B�E �A�B�L�E �T�O �I�N�T�R�O�S�P�E�C�T �O�N �T�H�E�I�R �O�W�N �K�N�O�W�L�E�D�G�E�� �)�F �T�H�E�Y
�K�N�O�W �S�O�M�E�T�H�I�N�G�� �T�H�E�N �T�H�E�Y �K�N�O�W �T�H�A�T �T�H�E�Y �K�N�O�W �I�T��

�. aP ) �. a(�. aP) :

�7�E �C�A�N �D�E�l�N�E �S�I�M�I�L�A�R �A�X�I�O�M�S �F�O�R �B�E�L�I�E�F ���O�F�T�E�N �D�E�N�O�T�E�D �B�Y�%�	 �A�N�D �O�T�H�E�R �M�O�D�A�L�I�T�I�E�S�� �(�O�W�E�V�E�R��
�O�N�E �P�R�O�B�L�E�M �W�I�T�H �T�H�E �M�O�D�A�L �L�O�G�I�C �A�P�P�R�O�A�C�H �I�S �T�H�A�T �I�T �A�S�S�U�M�E�S�O�R�J�L�F�D�O �R�P�Q�L�V�F�L�H�Q�F�H�O�N �T�H�ELOGICAL

OMNISCIENCE

�P�A�R�T �O�F �A�G�E�N�T�S�� �4�H�A�T �I�S�� �I�F �A�N �A�G�E�N�T �K�N�O�W�S �A �S�E�T �O�F �A�X�I�O�M�S�� �T�H�E�N �I�T �K�N�O�W�S �A�L�L �C�O�N�S�E�Q�U�E�N�C�E�S �O�F
�T�H�O�S�E �A�X�I�O�M�S�� �4�H�I�S �I�S �O�N �S�H�A�K�Y �G�R�O�U�N�D �E�V�E�N �F�O�R �T�H�E �S�O�M�E�W�H�A�T �A�B�S�T�R�A�C�T �N�O�T�I�O�N �O�F �K�N�O�W�L�E�D�G�E��
�B�U�T �I�T �S�E�E�M�S �E�V�E�N �W�O�R�S�E �F�O�R �B�E�L�I�E�F�� �B�E�C�A�U�S�E �B�E�L�I�E�F �H�A�S �M�O�R�E �C�O�N�N�O�T�A�T�I�O�N �O�F �R�E�F�E�R�R�I�N�G �T�O �T�H�I�N�G�S
�T�H�A�T �A�R�E �P�H�Y�S�I�C�A�L�L�Y �R�E�P�R�E�S�E�N�T�E�D �I�N �T�H�E �A�G�E�N�T�� �N�O�T �J�U�S�T �P�O�T�E�N�T�I�A�L�L�Y �D�E�R�I�V�A�B�L�E�� �4�H�E�R�E �H�A�V�E �B�E�E�N
�A�T�T�E�M�P�T�S �T�O �D�E�l�N�E �A �F�O�R�M �O�F �L�I�M�I�T�E�D �R�A�T�I�O�N�A�L�I�T�Y �F�O�R �A�G�E�N�T�S�� �T�O �S�A�Y �T�H�A�T �A�G�E�N�T�S �B�E�L�I�E�V�E �T�H�O�S�E
�A�S�S�E�R�T�I�O�N�S �T�H�A�T �C�A�N �B�E �D�E�R�I�V�E�D �W�I�T�H �T�H�E �A�P�P�L�I�C�A�T�I�O�N �O�F �N�O �M�O�R�E �T�H�A�Nk �R�E�A�S�O�N�I�N�G �S�T�E�P�S�� �O�R �N�O
�M�O�R�E �T�H�A�Ns �S�E�C�O�N�D�S �O�F �C�O�M�P�U�T�A�T�I�O�N�� �4�H�E�S�E �A�T�T�E�M�P�T�S �H�A�V�E �B�E�E�N �G�E�N�E�R�A�L�L�Y �U�N�S�A�T�I�S�F�A�C�T�O�R�Y��

�������� �2�%�!�3�/�.�)�.�' �3�9�3�4�%�-�3 �&�/�2�#�!�4�%�'�/�2�)�%�3

�#�A�T�E�G�O�R�I�E�S �A�R�E �T�H�E �P�R�I�M�A�R�Y �B�U�I�L�D�I�N�G �B�L�O�C�K�S �O�F �L�A�R�G�E�
�S�C�A�L�E �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �S�C�H�E�M�E�S��
�4�H�I�S �S�E�C�T�I�O�N �D�E�S�C�R�I�B�E�S �S�Y�S�T�E�M�S �S�P�E�C�I�A�L�L�Y �D�E�S�I�G�N�E�D �F�O�R �O�R�G�A�N�I�Z�I�N�G �A�N�D �R�E�A�S�O�N�I�N�G �W�I�T�H �C�A�T�E�

�G�O�R�I�E�S�� �4�H�E�R�E �A�R�E �T�W�O �C�L�O�S�E�L�Y �R�E�L�A�T�E�D �F�A�M�I�L�I�E�S �O�F �S�Y�S�T�E�M�S���V�H�P�D�Q�W�L�F �Q�H�W�Z�R�U�N�V�P�R�O�V�I�D�E �G�R�A�P�H�

�I�C�A�L �A�I�D�S �F�O�R �V�I�S�U�A�L�I�Z�I�N�G �A �K�N�O�W�L�E�D�G�E �B�A�S�E �A�N�D �E�F�l�C�I�E�N�T �A�L�G�O�R�I�T�H�M�S �F�O�R �I�N�F�E�R�R�I�N�G �P�R�O�P�E�R�T�I�E�S



������ �#�H�A�P�T�E�R ������ �+�N�O�W�L�E�D�G�E �2�E�P�R�E�S�E�N�T�A�T�I�O�N

�O�F �A�N �O�B�J�E�C�T �O�N �T�H�E �B�A�S�I�S �O�F �I�T�S �C�A�T�E�G�O�R�Y �M�E�M�B�E�R�S�H�I�P�� �A�N�D�G�H�V�F�U�L�S�W�L�R�Q �O�R�J�L�F�V�P�R�O�V�I�D�E �A �F�O�R�

�M�A�L �L�A�N�G�U�A�G�E �F�O�R �C�O�N�S�T�R�U�C�T�I�N�G �A�N�D �C�O�M�B�I�N�I�N�G �C�A�T�E�G�O�R�Y �D�E�l�N�I�T�I�O�N�S �A�N�D �E�F�l�C�I�E�N�T �A�L�G�O�R�I�T�H�M�S
�F�O�R �D�E�C�I�D�I�N�G �S�U�B�S�E�T �A�N�D �S�U�P�E�R�S�E�T �R�E�L�A�T�I�O�N�S�H�I�P�S �B�E�T�W�E�E�N �C�A�T�E�G�O�R�I�E�S��

������������ �6�H�P�D�Q�W�L�F �Q�H�W�Z�R�U�N�V

�)�N ���������� �#�H�A�R�L�E�S �3�� �0�E�I�R�C�E �P�R�O�P�O�S�E�D �A �G�R�A�P�H�I�C�A�L �N�O�T�A�T�I�O�N �O�F �N�O�D�E�S �A�N�D �E�D�G�E�S �C�A�L�L�E�D�H�[�L�V�W�H�Q�W�L�D�O
�J�U�D�S�K�V�T�H�A�T �H�E �C�A�L�L�E�D �h�T�H�E �L�O�G�I�C �O�F �T�H�E �F�U�T�U�R�E���v �4�H�U�S �B�E�G�A�N �A �L�O�N�G�
�R�U�N�N�I�N�G �D�E�B�A�T�E �B�E�T�W�E�E�NEXISTENTIAL

GRAPHS

�A�D�V�O�C�A�T�E�S �O�F �h�L�O�G�I�C�v �A�N�D �A�D�V�O�C�A�T�E�S �O�F �h�S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S���v �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �T�H�E �D�E�B�A�T�E �O�B�

�S�C�U�R�E�D �T�H�E �F�A�C�T �T�H�A�T �S�E�M�A�N�T�I�C�S �N�E�T�W�O�R�K�S�ˆ�A�T �L�E�A�S�T �T�H�O�S�E �W�I�T�H �W�E�L�L�
�D�E�l�N�E�D �S�E�M�A�N�T�I�C�S�ˆ�D�U�H�A
�F�O�R�M �O�F �L�O�G�I�C�� �4�H�E �N�O�T�A�T�I�O�N �T�H�A�T �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S �P�R�O�V�I�D�E �F�O�R �C�E�R�T�A�I�N �K�I�N�D�S �O�F �S�E�N�T�E�N�C�E�S
�I�S �O�F�T�E�N �M�O�R�E �C�O�N�V�E�N�I�E�N�T�� �B�U�T �I�F �W�E �S�T�R�I�P �A�W�A�Y �T�H�E �h�H�U�M�A�N �I�N�T�E�R�F�A�C�E�v �I�S�S�U�E�S�� �T�H�E �U�N�D�E�R�L�Y�I�N�G
�C�O�N�C�E�P�T�S�ˆ�O�B�J�E�C�T�S�� �R�E�L�A�T�I�O�N�S�� �Q�U�A�N�T�I�l�C�A�T�I�O�N�� �A�N�D �S�O �O�N�ˆ�A�R�E �T�H�E �S�A�M�E��

�4�H�E�R�E �A�R�E �M�A�N�Y �V�A�R�I�A�N�T�S �O�F �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S�� �B�U�T �A�L�L �A�R�E �C�A�P�A�B�L�E �O�F �R�E�P�R�E�S�E�N�T�I�N�G �I�N�

�D�I�V�I�D�U�A�L �O�B�J�E�C�T�S�� �C�A�T�E�G�O�R�I�E�S �O�F �O�B�J�E�C�T�S�� �A�N�D �R�E�L�A�T�I�O�N�S �A�M�O�N�G �O�B�J�E�C�T�S�� �! �T�Y�P�I�C�A�L �G�R�A�P�H�I�C�A�L �N�O�

�T�A�T�I�O�N �D�I�S�P�L�A�Y�S �O�B�J�E�C�T �O�R �C�A�T�E�G�O�R�Y �N�A�M�E�S �I�N �O�V�A�L�S �O�R �B�O�X�E�S�� �A�N�D �C�O�N�N�E�C�T�S �T�H�E�M �W�I�T�H �L�A�B�E�L�E�D
�L�I�N�K�S�� �&�O�R �E�X�A�M�P�L�E�� �&�I�G�U�R�E �������� �H�A�S �AMemberOf �L�I�N�K �B�E�T�W�E�E�NMary �A�N�DFemalePersons��
�C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �T�H�E �L�O�G�I�C�A�L �A�S�S�E�R�T�I�O�NMary 2 FemalePersons�� �S�I�M�I�L�A�R�L�Y�� �T�H�ESisterOf �L�I�N�K
�B�E�T�W�E�E�NMary �A�N�DJohn �C�O�R�R�E�S�P�O�N�D�S �T�O �T�H�E �A�S�S�E�R�T�I�O�NSisterOf (Mary ; John)�� �7�E �C�A�N �C�O�N�

�N�E�C�T �C�A�T�E�G�O�R�I�E�S �U�S�I�N�GSubsetOf �L�I�N�K�S�� �A�N�D �S�O �O�N�� �)�T �I�S �S�U�C�H �F�U�N �D�R�A�W�I�N�G �B�U�B�B�L�E�S �A�N�D �A�R�R�O�W�S
�T�H�A�T �O�N�E �C�A�N �G�E�T �C�A�R�R�I�E�D �A�W�A�Y�� �&�O�R �E�X�A�M�P�L�E�� �W�E �K�N�O�W �T�H�A�T �P�E�R�S�O�N�S �H�A�V�E �F�E�M�A�L�E �P�E�R�S�O�N�S �A�S
�M�O�T�H�E�R�S�� �S�O �C�A�N �W�E �D�R�A�W �AHasMother �L�I�N�K �F�R�O�MPersons �T�OFemalePersons�� �4�H�E �A�N�S�W�E�R
�I�S �N�O�� �B�E�C�A�U�S�EHasMother �I�S �A �R�E�L�A�T�I�O�N �B�E�T�W�E�E�N �A �P�E�R�S�O�N �A�N�D �H�I�S �O�R �H�E�R �M�O�T�H�E�R�� �A�N�D �C�A�T�E�G�O�R�I�E�S
�D�O �N�O�T �H�A�V�E �M�O�T�H�E�R�S����

�&�O�R �T�H�I�S �R�E�A�S�O�N�� �W�E �H�A�V�E �U�S�E�D �A �S�P�E�C�I�A�L �N�O�T�A�T�I�O�N�ˆ�T�H�E �D�O�U�B�L�E�
�B�O�X�E�D �L�I�N�K�ˆ�I�N �&�I�G�U�R�E ����������
�4�H�I�S �L�I�N�K �A�S�S�E�R�T�S �T�H�A�T

8 x x 2 Persons ) [8 y HasMother(x; y) ) y 2 FemalePersons] :
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�P�R�O�C�E�D�U�R�E �D�E�S�I�G�N�E�D �F�O�R �T�H�A�T �R�E�L�A�T�I�O�N �R�A�T�H�E�R �T�H�A�N �A �G�E�N�E�R�A�L �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M��

�/�N�E �O�F �T�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �A�S�P�E�C�T�S �O�F �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S �I�S �T�H�E�I�R �A�B�I�L�I�T�Y �T�O �R�E�P�R�E�S�E�N�T
�G�H�I�D�X�O�W �Y�D�O�X�H�V�F�O�R �C�A�T�E�G�O�R�I�E�S�� �%�X�A�M�I�N�I�N�G �&�I�G�U�R�E �������� �C�A�R�E�F�U�L�L�Y�� �O�N�E �N�O�T�I�C�E�S �T�H�A�T �*�O�H�N �H�A�S �O�N�EDEFAULT VALUE

�L�E�G�� �D�E�S�P�I�T�E �T�H�E �F�A�C�T �T�H�A�T �H�E �I�S �A �P�E�R�S�O�N �A�N�D �A�L�L �P�E�R�S�O�N�S �H�A�V�E �T�W�O �L�E�G�S�� �)�N �A �S�T�R�I�C�T�L�Y �L�O�G�I�C�A�L �+�"��
�T�H�I�S �W�O�U�L�D �B�E �A �C�O�N�T�R�A�D�I�C�T�I�O�N�� �B�U�T �I�N �A �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�� �T�H�E �A�S�S�E�R�T�I�O�N �T�H�A�T �A�L�L �P�E�R�S�O�N�S �H�A�V�E
�T�W�O �L�E�G�S �H�A�S �O�N�L�Y �D�E�F�A�U�L�T �S�T�A�T�U�S�� �T�H�A�T �I�S�� �A �P�E�R�S�O�N �I�S �A�S�S�U�M�E�D �T�O �H�A�V�E �T�W�O �L�E�G�S �U�N�L�E�S�S �T�H�I�S �I�S
�C�O�N�T�R�A�D�I�C�T�E�D �B�Y �M�O�R�E �S�P�E�C�I�l�C �I�N�F�O�R�M�A�T�I�O�N�� �4�H�E �D�E�F�A�U�L�T �S�E�M�A�N�T�I�C�S �I�S �E�N�F�O�R�C�E�D �N�A�T�U�R�A�L�L�Y �B�Y �T�H�E
�I�N�H�E�R�I�T�A�N�C�E �A�L�G�O�R�I�T�H�M�� �B�E�C�A�U�S�E �I�T �F�O�L�L�O�W�S �L�I�N�K�S �U�P�W�A�R�D�S �F�R�O�M �T�H�E �O�B�J�E�C�T �I�T�S�E�L�F ���*�O�H�N �I�N �T�H�I�S
�C�A�S�E�	 �A�N�D �S�T�O�P�S �A�S �S�O�O�N �A�S �I�T �l�N�D�S �A �V�A�L�U�E�� �7�E �S�A�Y �T�H�A�T �T�H�E �D�E�F�A�U�L�T �I�S�R�Y�H�U�U�L�G�G�H�Q�B�Y �T�H�E �M�O�R�EOVERRIDING

�S�P�E�C�I�l�C �V�A�L�U�E�� �.�O�T�I�C�E �T�H�A�T �W�E �C�O�U�L�D �A�L�S�O �O�V�E�R�R�I�D�E �T�H�E �D�E�F�A�U�L�T �N�U�M�B�E�R �O�F �L�E�G�S �B�Y �C�R�E�A�T�I�N�G �A
�C�A�T�E�G�O�R�Y �O�FOneLeggedPersons�� �A �S�U�B�S�E�T �O�FPersons �O�F �W�H�I�C�HJohn �I�S �A �M�E�M�B�E�R��

�7�E �C�A�N �R�E�T�A�I�N �A �S�T�R�I�C�T�L�Y �L�O�G�I�C�A�L �S�E�M�A�N�T�I�C�S �F�O�R �T�H�E �N�E�T�W�O�R�K �I�F �W�E �S�A�Y �T�H�A�T �T�H�ELegs �A�S�S�E�R�

�T�I�O�N �F�O�RPersons �I�N�C�L�U�D�E�S �A�N �E�X�C�E�P�T�I�O�N �F�O�R �*�O�H�N��

8 x x 2 Persons^ x 6=John ) Legs(x; 2) :

�&�O�R �A�¿�[�H�G�N�E�T�W�O�R�K�� �T�H�I�S �I�S �S�E�M�A�N�T�I�C�A�L�L�Y �A�D�E�Q�U�A�T�E �B�U�T �W�I�L�L �B�E �M�U�C�H �L�E�S�S �C�O�N�C�I�S�E �T�H�A�N �T�H�E
�N�E�T�W�O�R�K �N�O�T�A�T�I�O�N �I�T�S�E�L�F �I�F �T�H�E�R�E �A�R�E �L�O�T�S �O�F �E�X�C�E�P�T�I�O�N�S�� �&�O�R �A �N�E�T�W�O�R�K �T�H�A�T �W�I�L�L �B�E �U�P�D�A�T�E�D �W�I�T�H
�M�O�R�E �A�S�S�E�R�T�I�O�N�S�� �H�O�W�E�V�E�R�� �S�U�C�H �A�N �A�P�P�R�O�A�C�H �F�A�I�L�S�ˆ�W�E �R�E�A�L�L�Y �W�A�N�T �T�O �S�A�Y �T�H�A�T �A�N�Y �P�E�R�S�O�N�S �A�S
�Y�E�T �U�N�K�N�O�W�N �W�I�T�H �O�N�E �L�E�G �A�R�E �E�X�C�E�P�T�I�O�N�S �T�O�O�� �3�E�C�T�I�O�N �������� �G�O�E�S �I�N�T�O �M�O�R�E �D�E�P�T�H �O�N �T�H�I�S �I�S�S�U�E
�A�N�D �O�N �D�E�F�A�U�L�T �R�E�A�S�O�N�I�N�G �I�N �G�E�N�E�R�A�L��

������������ �'�H�V�F�U�L�S�W�L�R�Q �O�R�J�L�F�V

�4�H�E �S�Y�N�T�A�X �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �I�S �D�E�S�I�G�N�E�D �T�O �M�A�K�E �I�T �E�A�S�Y �T�O �S�A�Y �T�H�I�N�G�S �A�B�O�U�T �O�B�J�E�C�T�S���'�H��
�V�F�U�L�S�W�L�R�Q �O�R�J�L�F�V�A�R�E �N�O�T�A�T�I�O�N�S �T�H�A�T �A�R�E �D�E�S�I�G�N�E�D �T�O �M�A�K�E �I�T �E�A�S�I�E�R �T�O �D�E�S�C�R�I�B�E �D�E�l�N�I�T�I�O�N�S �A�N�DDESCRIPTION LOGIC

�P�R�O�P�E�R�T�I�E�S �O�F �C�A�T�E�G�O�R�I�E�S�� �$�E�S�C�R�I�P�T�I�O�N �L�O�G�I�C �S�Y�S�T�E�M�S �E�V�O�L�V�E�D �F�R�O�M �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S �I�N �R�E�

�S�P�O�N�S�E �T�O �P�R�E�S�S�U�R�E �T�O �F�O�R�M�A�L�I�Z�E �W�H�A�T �T�H�E �N�E�T�W�O�R�K�S �M�E�A�N �W�H�I�L�E �R�E�T�A�I�N�I�N�G �T�H�E �E�M�P�H�A�S�I�S �O�N
�T�A�X�O�N�O�M�I�C �S�T�R�U�C�T�U�R�E �A�S �A�N �O�R�G�A�N�I�Z�I�N�G �P�R�I�N�C�I�P�L�E��

�4�H�E �P�R�I�N�C�I�P�A�L �I�N�F�E�R�E�N�C�E �T�A�S�K�S �F�O�R �D�E�S�C�R�I�P�T�I�O�N �L�O�G�I�C�S �A�R�E�V�X�E�V�X�P�S�W�L�R�Q���C�H�E�C�K�I�N�G �I�F �O�N�ESUBSUMPTION

�C�A�T�E�G�O�R�Y �I�S �A �S�U�B�S�E�T �O�F �A�N�O�T�H�E�R �B�Y �C�O�M�P�A�R�I�N�G �T�H�E�I�R �D�E�l�N�I�T�I�O�N�S�	 �A�N�D�F�O�D�V�V�L�¿�F�D�W�L�R�Q���C�H�E�C�K�I�N�GCLASSIFICATION

�W�H�E�T�H�E�R �A�N �O�B�J�E�C�T �B�E�L�O�N�G�S �T�O �A �C�A�T�E�G�O�R�Y�	���� �3�O�M�E �S�Y�S�T�E�M�S �A�L�S�O �I�N�C�L�U�D�E�F�R�Q�V�L�V�W�H�Q�F�\�O�F �A �C�A�T�E�

�G�O�R�Y �D�E�l�N�I�T�I�O�N�ˆ�W�H�E�T�H�E�R �T�H�E �M�E�M�B�E�R�S�H�I�P �C�R�I�T�E�R�I�A �A�R�E �L�O�G�I�C�A�L�L�Y �S�A�T�I�S�l�A�B�L�E��



�3�E�C�T�I�O�N ���������� �2�E�A�S�O�N�I�N�G �3�Y�S�T�E�M�S �F�O�R �#�A�T�E�G�O�R�I�E�S ������

Concept ! �7�K�L�Q�Jj ConceptName

j �$�Q�G(Concept; : : :)

j �$�O�O(RoleName; Concept)

j �$�W�/�H�D�V�W(Integer; RoleName)

j �$�W�0�R�V�W(Integer; RoleName)

j �)�L�O�O�V(RoleName; IndividualName; : : :)

j �6�D�P�H�$�V(Path; Path)

j �2�Q�H�2�I(IndividualName; : : :)

Path ! [RoleName; : : :]

�)�L�J�X�U�H ���������4�H�E �S�Y�N�T�A�X �O�F �D�E�S�C�R�I�P�T�I�O�N�S �I�N �A �S�U�B�S�E�T �O�F �T�H�E �#�,�!�3�3�)�#�L�A�N�G�U�A�G�E��

�4�H�E �#�,�!�3�3�)�#�L�A�N�G�U�A�G�E ���"�O�R�G�I�D�A�H�W �D�O���� ���������	 �I�S �A �T�Y�P�I�C�A�L �D�E�S�C�R�I�P�T�I�O�N �L�O�G�I�C�� �4�H�E �S�Y�N�T�A�X
�O�F �#�,�!�3�3�)�#�D�E�S�C�R�I�P�T�I�O�N�S �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������ �&�O�R �E�X�A�M�P�L�E�� �T�O �S�A�Y �T�H�A�T �B�A�C�H�E�L�O�R�S �A�R�E
�U�N�M�A�R�R�I�E�D �A�D�U�L�T �M�A�L�E�S �W�E �W�O�U�L�D �W�R�I�T�E

Bachelor = And(Unmarried ; Adult ; Male) :

�4�H�E �E�Q�U�I�V�A�L�E�N�T �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �W�O�U�L�D �B�E

Bachelor(x) , Unmarried (x) ^ Adult (x) ^ Male(x) :

�.�O�T�I�C�E �T�H�A�T �T�H�E �D�E�S�C�R�I�P�T�I�O�N �L�O�G�I�C �H�A�S �A�N �A�N �A�L�G�E�B�R�A �O�F �O�P�E�R�A�T�I�O�N�S �O�N �P�R�E�D�I�C�A�T�E�S�� �W�H�I�C�H �O�F
�C�O�U�R�S�E �W�E �C�A�N���T �D�O �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �!�N�Y �D�E�S�C�R�I�P�T�I�O�N �I�N �#�,�!�3�3�)�#�C�A�N �B�E �T�R�A�N�S�L�A�T�E�D �I�N�T�O �A�N
�E�Q�U�I�V�A�L�E�N�T �l�R�S�T�
�O�R�D�E�R �S�E�N�T�E�N�C�E�� �B�U�T �S�O�M�E �D�E�S�C�R�I�P�T�I�O�N�S �A�R�E �M�O�R�E �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �I�N �#�,�!�3�3�)�#��
�&�O�R �E�X�A�M�P�L�E�� �T�O �D�E�S�C�R�I�B�E �T�H�E �S�E�T �O�F �M�E�N �W�I�T�H �A�T �L�E�A�S�T �T�H�R�E�E �S�O�N�S �W�H�O �A�R�E �A�L�L �U�N�E�M�P�L�O�Y�E�D
�A�N�D �M�A�R�R�I�E�D �T�O �D�O�C�T�O�R�S�� �A�N�D �A�T �M�O�S�T �T�W�O �D�A�U�G�H�T�E�R�S �W�H�O �A�R�E �A�L�L �P�R�O�F�E�S�S�O�R�S �I�N �P�H�Y�S�I�C�S �O�R �M�A�T�H
�D�E�P�A�R�T�M�E�N�T�S�� �W�E �W�O�U�L�D �U�S�E

And(Man; AtLeast (3; Son); AtMost (2; Daughter);
All (Son; And(Unemployed; Married ; All (Spouse; Doctor ))) ;
All (Daughter; And(Professor; Fills (Department; Physics; Math)))) :

�7�E �L�E�A�V�E �I�T �A�S �A�N �E�X�E�R�C�I�S�E �T�O �T�R�A�N�S�L�A�T�E �T�H�I�S �I�N�T�O �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C��
�0�E�R�H�A�P�S �T�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �A�S�P�E�C�T �O�F �D�E�S�C�R�I�P�T�I�O�N �L�O�G�I�C�S �I�S �T�H�E�I�R �E�M�P�H�A�S�I�S �O�N �T�R�A�C�T�A�B�I�L�I�T�Y

�O�F �I�N�F�E�R�E�N�C�E�� �! �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E �I�S �S�O�L�V�E�D �B�Y �D�E�S�C�R�I�B�I�N�G �I�T �A�N�D �T�H�E�N �A�S�K�I�N�G �I�F �I�T �I�S �S�U�B�S�U�M�E�D
�B�Y �O�N�E �O�F �S�E�V�E�R�A�L �P�O�S�S�I�B�L�E �S�O�L�U�T�I�O�N �C�A�T�E�G�O�R�I�E�S�� �)�N �S�T�A�N�D�A�R�D �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �S�Y�S�T�E�M�S�� �P�R�E�D�I�C�T�I�N�G
�T�H�E �S�O�L�U�T�I�O�N �T�I�M�E �I�S �O�F�T�E�N �I�M�P�O�S�S�I�B�L�E�� �)�T �I�S �F�R�E�Q�U�E�N�T�L�Y �L�E�F�T �T�O �T�H�E �U�S�E�R �T�O �E�N�G�I�N�E�E�R �T�H�E �R�E�P�R�E�S�E�N�

�T�A�T�I�O�N �T�O �D�E�T�O�U�R �A�R�O�U�N�D �S�E�T�S �O�F �S�E�N�T�E�N�C�E�S �T�H�A�T �S�E�E�M �T�O �B�E �C�A�U�S�I�N�G �T�H�E �S�Y�S�T�E�M �T�O �T�A�K�E �S�E�V�E�R�A�L
�W�E�E�K�S �T�O �S�O�L�V�E �A �P�R�O�B�L�E�M�� �4�H�E �T�H�R�U�S�T �I�N �D�E�S�C�R�I�P�T�I�O�N �L�O�G�I�C�S�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�S �T�O �E�N�S�U�R�E �T�H�A�T
�S�U�B�S�U�M�P�T�I�O�N�
�T�E�S�T�I�N�G �C�A�N �B�E �S�O�L�V�E�D �I�N �T�I�M�E �P�O�L�Y�N�O�M�I�A�L �I�N �T�H�E �S�I�Z�E �O�F �T�H�E �D�E�S�C�R�I�P�T�I�O�N�S����

6 �.�O�T�I�C�E �T�H�A�T �T�H�E �L�A�N�G�U�A�G�E �D�O�E�S�Q�R�W�A�L�L�O�W �O�N�E �T�O �S�I�M�P�L�Y �S�T�A�T�E �T�H�A�T �O�N�E �C�O�N�C�E�P�T�� �O�R �C�A�T�E�G�O�R�Y�� �I�S �A �S�U�B�S�E�T �O�F
�A�N�O�T�H�E�R�� �4�H�I�S �I�S �A �D�E�L�I�B�E�R�A�T�E �P�O�L�I�C�Y�� �S�U�B�S�U�M�P�T�I�O�N �B�E�T�W�E�E�N �C�A�T�E�G�O�R�I�E�S �M�U�S�T �B�E �D�E�R�I�V�A�B�L�E �F�R�O�M �S�O�M�E �A�S�P�E�C�T�S �O�F �T�H�E
�D�E�S�C�R�I�P�T�I�O�N�S �O�F �T�H�E �C�A�T�E�G�O�R�I�E�S�� �)�F �N�O�T�� �T�H�E�N �S�O�M�E�T�H�I�N�G �I�S �M�I�S�S�I�N�G �F�R�O�M �T�H�E �D�E�S�C�R�I�P�T�I�O�N�S��
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�������� �7�R�I�T�E �D�E�l�N�I�T�I�O�N�S �F�O�R �T�H�E �F�O�L�L�O�W�I�N�G��

�D�� ExhaustivePartDecomposition
�E�� PartPartition
�F�� PartwiseDisjoint

�4�H�E�S�E �S�H�O�U�L�D �B�E �A�N�A�L�O�G�O�U�S �T�O �T�H�E �D�E�l�N�I�T�I�O�N�S �F�O�RExhaustiveDecomposition��Partition �� �A�N�D
Disjoint �� �)�S �I�T �T�H�E �C�A�S�E �T�H�A�TPartPartition (s;BunchOf (s)) �� �)�F �S�O�� �P�R�O�V�E �I�T�� �I�F �N�O�T�� �G�I�V�E �A
�C�O�U�N�T�E�R�E�X�A�M�P�L�E �A�N�D �D�E�l�N�E �S�U�F�l�C�I�E�N�T �C�O�N�D�I�T�I�O�N�S �U�N�D�E�R �W�H�I�C�H �I�T �D�O�E�S �H�O�L�D��

�������� �!�N �A�L�T�E�R�N�A�T�I�V�E �S�C�H�E�M�E �F�O�R �R�E�P�R�E�S�E�N�T�I�N�G �M�E�A�S�U�R�E�S �I�N�V�O�L�V�E�S �A�P�P�L�Y�I�N�G �T�H�E �U�N�I�T�S �F�U�N�C�T�I�O�N
�T�O �A�N �A�B�S�T�R�A�C�T �L�E�N�G�T�H �O�B�J�E�C�T�� �)�N �S�U�C�H �A �S�C�H�E�M�E�� �O�N�E �W�O�U�L�D �W�R�I�T�EInches(Length(L 1)) =
1:5�� �(�O�W �D�O�E�S �T�H�I�S �S�C�H�E�M�E �C�O�M�P�A�R�E �W�I�T�H �T�H�E �O�N�E �I�N �T�H�E �C�H�A�P�T�E�R�� �)�S�S�U�E�S �I�N�C�L�U�D�E �C�O�N�V�E�R�S�I�O�N
�A�X�I�O�M�S�� �N�A�M�E�S �F�O�R �A�B�S�T�R�A�C�T �Q�U�A�N�T�I�T�I�E�S ���S�U�C�H �A�S �h���� �D�O�L�L�A�R�S�v�	�� �A�N�D �C�O�M�P�A�R�I�S�O�N�S �O�F �A�B�S�T�R�A�C�T
�M�E�A�S�U�R�E�S �I�N �D�I�F�F�E�R�E�N�T �U�N�I�T�S ������ �I�N�C�H�E�S �I�S �M�O�R�E �T�H�A�N ���� �C�E�N�T�I�M�E�T�E�R�S�	��

���������� �7�R�I�T�E �A �S�E�T �O�F �S�E�N�T�E�N�C�E�S �T�H�A�T �A�L�L�O�W�S �O�N�E �T�O �C�A�L�C�U�L�A�T�E �T�H�E �P�R�I�C�E �O�F �A�N �I�N�D�I�V�I�D�U�A�L �T�O�M�A�T�O
���O�R �O�T�H�E�R �O�B�J�E�C�T�	�� �G�I�V�E�N �T�H�E �P�R�I�C�E �P�E�R �P�O�U�N�D�� �%�X�T�E�N�D �T�H�E �T�H�E�O�R�Y �T�O �A�L�L�O�W �T�H�E �P�R�I�C�E �O�F �A �B�A�G �O�F
�T�O�M�A�T�O�E�S �T�O �B�E �C�A�L�C�U�L�A�T�E�D��

���������� �!�D�D �S�E�N�T�E�N�C�E�S �T�O �E�X�T�E�N�D �T�H�E �D�E�l�N�I�T�I�O�N �O�F �T�H�E �P�R�E�D�I�C�A�T�EName(s; c) �S�O �T�H�A�T �A �S�T�R�I�N�G
�S�U�C�H �A�S �h�L�A�P�T�O�P �C�O�M�P�U�T�E�R�v �M�A�T�C�H�E�S �T�H�E �A�P�P�R�O�P�R�I�A�T�E �C�A�T�E�G�O�R�Y �N�A�M�E�S �F�R�O�M �A �V�A�R�I�E�T�Y �O�F �S�T�O�R�E�S��
�4�R�Y �T�O �M�A�K�E �Y�O�U�R �D�E�l�N�I�T�I�O�N �G�E�N�E�R�A�L�� �4�E�S�T �I�T �B�Y �L�O�O�K�I�N�G �A�T �T�E�N �O�N�L�I�N�E �S�T�O�R�E�S�� �A�N�D �A�T �T�H�E �C�A�T�E�G�O�R�Y
�N�A�M�E�S �T�H�E�Y �G�I�V�E �F�O�R �T�H�R�E�E �D�I�F�F�E�R�E�N�T �C�A�T�E�G�O�R�I�E�S�� �&�O�R �E�X�A�M�P�L�E�� �F�O�R �T�H�E �C�A�T�E�G�O�R�Y �O�F �L�A�P�T�O�P�S�� �W�E
�F�O�U�N�D �T�H�E �N�A�M�E�S �h�.�O�T�E�B�O�O�K�S���v �h�,�A�P�T�O�P�S���v �h�.�O�T�E�B�O�O�K �#�O�M�P�U�T�E�R�S���v �h�.�O�T�E�B�O�O�K���v �h�,�A�P�T�O�P�S
�A�N�D �.�O�T�E�B�O�O�K�S���v �A�N�D �h�.�O�T�E�B�O�O�K �0�#�S���v �3�O�M�E �O�F �T�H�E�S�E �C�A�N �B�E �C�O�V�E�R�E�D �B�Y �E�X�P�L�I�C�I�TName �F�A�C�T�S��
�W�H�I�L�E �O�T�H�E�R�S �C�O�U�L�D �B�E �C�O�V�E�R�E�D �B�Y �S�E�N�T�E�N�C�E�S �F�O�R �H�A�N�D�L�I�N�G �P�L�U�R�A�L�S�� �C�O�N�J�U�N�C�T�I�O�N�S�� �E�T�C��

���������� �7�R�I�T�E �E�V�E�N�T �C�A�L�C�U�L�U�S �A�X�I�O�M�S �T�O �D�E�S�C�R�I�B�E �T�H�E �A�C�T�I�O�N�S �I�N �T�H�E �W�U�M�P�U�S �W�O�R�L�D��

���������� �3�T�A�T�E �T�H�E �I�N�T�E�R�V�A�L�
�A�L�G�E�B�R�A �R�E�L�A�T�I�O�N �T�H�A�T �H�O�L�D�S �B�E�T�W�E�E�N �E�V�E�R�Y �P�A�I�R �O�F �T�H�E �F�O�L�L�O�W�I�N�G �R�E�A�L�

�W�O�R�L�D �E�V�E�N�T�S��

LK �� �4�H�E �L�I�F�E �O�F �0�R�E�S�I�D�E�N�T �+�E�N�N�E�D�Y��
IK �� �4�H�E �I�N�F�A�N�C�Y �O�F �0�R�E�S�I�D�E�N�T �+�E�N�N�E�D�Y��



�%�X�E�R�C�I�S�E�S ������

PK �� �4�H�E �P�R�E�S�I�D�E�N�C�Y �O�F �0�R�E�S�I�D�E�N�T �+�E�N�N�E�D�Y��
LJ �� �4�H�E �L�I�F�E �O�F �0�R�E�S�I�D�E�N�T �*�O�H�N�S�O�N��
PJ �� �4�H�E �P�R�E�S�I�D�E�N�C�Y �O�F �0�R�E�S�I�D�E�N�T �*�O�H�N�S�O�N��
LO �� �4�H�E �L�I�F�E �O�F �0�R�E�S�I�D�E�N�T �/�B�A�M�A��

���������� �4�H�I�S �E�X�E�R�C�I�S�E �C�O�N�C�E�R�N�S �T�H�E �P�R�O�B�L�E�M �O�F �P�L�A�N�N�I�N�G �A �R�O�U�T�E �F�O�R �A �R�O�B�O�T �T�O �T�A�K�E �F�R�O�M �O�N�E
�C�I�T�Y �T�O �A�N�O�T�H�E�R�� �4�H�E �B�A�S�I�C �A�C�T�I�O�N �T�A�K�E�N �B�Y �T�H�E �R�O�B�O�T �I�SGo(x; y)�� �W�H�I�C�H �T�A�K�E�S �I�T �F�R�O�M �C�I�T�Yx �T�O
�C�I�T�Yy �I�F �T�H�E�R�E �I�S �A �R�O�U�T�E �B�E�T�W�E�E�N �T�H�O�S�E �C�I�T�I�E�S��Road(x; y) �I�S �T�R�U�E �I�F �A�N�D �O�N�L�Y �I�F �T�H�E�R�E �I�S �A �R�O�A�D
�C�O�N�N�E�C�T�I�N�G �C�I�T�I�E�Sx �A�N�Dy�� �I�F �T�H�E�R�E �I�S�� �T�H�E�NDistance(x; y) �G�I�V�E�S �T�H�E �L�E�N�G�T�H �O�F �T�H�E �R�O�A�D�� �3�E�E
�T�H�E �M�A�P �O�N �P�A�G�E ���� �F�O�R �A�N �E�X�A�M�P�L�E�� �4�H�E �R�O�B�O�T �B�E�G�I�N�S �I�N �!�R�A�D �A�N�D �M�U�S�T �R�E�A�C�H �"�U�C�H�A�R�E�S�T��

�D�� �7�R�I�T�E �A �S�U�I�T�A�B�L�E �L�O�G�I�C�A�L �D�E�S�C�R�I�P�T�I�O�N �O�F �T�H�E �I�N�I�T�I�A�L �S�I�T�U�A�T�I�O�N �O�F �T�H�E �R�O�B�O�T��
�E�� �7�R�I�T�E �A �S�U�I�T�A�B�L�E �L�O�G�I�C�A�L �Q�U�E�R�Y �W�H�O�S�E �S�O�L�U�T�I�O�N�S �P�R�O�V�I�D�E �P�O�S�S�I�B�L�E �P�A�T�H�S �T�O �T�H�E �G�O�A�L��
�F�� �7�R�I�T�E �A �S�E�N�T�E�N�C�E �D�E�S�C�R�I�B�I�N�G �T�H�EGo �A�C�T�I�O�N��
�G�� �.�O�W �S�U�P�P�O�S�E �T�H�A�T �T�H�E �R�O�B�O�T �C�O�N�S�U�M�E�S �F�U�E�L �A�T �T�H�E �R�A�T�E �O�F ������ �G�A�L�L�O�N�S �P�E�R �M�I�L�E�� �4�H�E �R�O�B�O�T

�S�T�A�R�T�S �W�I�T�H ���� �G�A�L�L�O�N�S �O�F �F�U�E�L�� �!�U�G�M�E�N�T �Y�O�U�R �R�E�P�R�E�S�E�N�T�A�T�I�O�N �T�O �I�N�C�L�U�D�E �T�H�E�S�E �C�O�N�S�I�D�E�R�A�

�T�I�O�N�S��

�H�� �.�O�W �S�U�P�P�O�S�E �S�O�M�E �O�F �T�H�E �C�I�T�I�E�S �H�A�V�E �G�A�S �S�T�A�T�I�O�N�S �A�T �W�H�I�C�H �T�H�E �R�O�B�O�T �C�A�N �l�L�L �I�T�S �T�A�N�K��
�%�X�T�E�N�D �Y�O�U�R �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�N�D �W�R�I�T�E �A�L�L �T�H�E �R�U�L�E�S �N�E�E�D�E�D �T�O �D�E�S�C�R�I�B�E �G�A�S �S�T�A�T�I�O�N�S�� �I�N�

�C�L�U�D�I�N�G �T�H�EFillup �A�C�T�I�O�N��

���������� �)�N�V�E�S�T�I�G�A�T�E �W�A�Y�S �T�O �E�X�T�E�N�D �T�H�E �E�V�E�N�T �C�A�L�C�U�L�U�S �T�O �H�A�N�D�L�E�V�L�P�X�O�W�D�Q�H�R�X�V�E�V�E�N�T�S�� �)�S �I�T
�P�O�S�S�I�B�L�E �T�O �A�V�O�I�D �A �C�O�M�B�I�N�A�T�O�R�I�A�L �E�X�P�L�O�S�I�O�N �O�F �A�X�I�O�M�S��

���������� �#�O�N�S�T�R�U�C�T �A �R�E�P�R�E�S�E�N�T�A�T�I�O�N �F�O�R �E�X�C�H�A�N�G�E �R�A�T�E�S �B�E�T�W�E�E�N �C�U�R�R�E�N�C�I�E�S �T�H�A�T �A�L�L�O�W�S �F�O�R �D�A�I�L�Y
�m�U�C�T�U�A�T�I�O�N�S��

���������� �$�E�l�N�E �T�H�E �P�R�E�D�I�C�A�T�EFixed�� �W�H�E�R�EFixed(Location (x)) �M�E�A�N�S �T�H�A�T �T�H�E �L�O�C�A�T�I�O�N �O�F
�O�B�J�E�C�Tx �I�S �l�X�E�D �O�V�E�R �T�I�M�E��

���������� �$�E�S�C�R�I�B�E �T�H�E �E�V�E�N�T �O�F �T�R�A�D�I�N�G �S�O�M�E�T�H�I�N�G �F�O�R �S�O�M�E�T�H�I�N�G �E�L�S�E�� �$�E�S�C�R�I�B�E �B�U�Y�I�N�G �A�S �A
�K�I�N�D �O�F �T�R�A�D�I�N�G �I�N �W�H�I�C�H �O�N�E �O�F �T�H�E �O�B�J�E�C�T�S �T�R�A�D�E�D �I�S �A �S�U�M �O�F �M�O�N�E�Y��

���������� �4�H�E �T�W�O �P�R�E�C�E�D�I�N�G �E�X�E�R�C�I�S�E�S �A�S�S�U�M�E �A �F�A�I�R�L�Y �P�R�I�M�I�T�I�V�E �N�O�T�I�O�N �O�F �O�W�N�E�R�S�H�I�P�� �&�O�R �E�X�

�A�M�P�L�E�� �T�H�E �B�U�Y�E�R �S�T�A�R�T�S �B�Y�R�Z�Q�L�Q�J�T�H�E �D�O�L�L�A�R �B�I�L�L�S�� �4�H�I�S �P�I�C�T�U�R�E �B�E�G�I�N�S �T�O �B�R�E�A�K �D�O�W�N �W�H�E�N��
�F�O�R �E�X�A�M�P�L�E�� �O�N�E���S �M�O�N�E�Y �I�S �I�N �T�H�E �B�A�N�K�� �B�E�C�A�U�S�E �T�H�E�R�E �I�S �N�O �L�O�N�G�E�R �A�N�Y �S�P�E�C�I�l�C �C�O�L�L�E�C�T�I�O�N
�O�F �D�O�L�L�A�R �B�I�L�L�S �T�H�A�T �O�N�E �O�W�N�S�� �4�H�E �P�I�C�T�U�R�E �I�S �C�O�M�P�L�I�C�A�T�E�D �S�T�I�L�L �F�U�R�T�H�E�R �B�Y �B�O�R�R�O�W�I�N�G�� �L�E�A�S�I�N�G��
�R�E�N�T�I�N�G�� �A�N�D �B�A�I�L�M�E�N�T�� �)�N�V�E�S�T�I�G�A�T�E �T�H�E �V�A�R�I�O�U�S �C�O�M�M�O�N�S�E�N�S�E �A�N�D �L�E�G�A�L �C�O�N�C�E�P�T�S �O�F �O�W�N�E�R�S�H�I�P��
�A�N�D �P�R�O�P�O�S�E �A �S�C�H�E�M�E �B�Y �W�H�I�C�H �T�H�E�Y �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �F�O�R�M�A�L�L�Y��

���������� ���!�D�A�P�T�E�D �F�R�O�M �&�A�G�I�N�H�W �D�O�������������	���	 �#�O�N�S�I�D�E�R �A �G�A�M�E �P�L�A�Y�E�D �W�I�T�H �A �D�E�C�K �O�F �J�U�S�T ��
�C�A�R�D�S�� �� �A�C�E�S �A�N�D �� �K�I�N�G�S�� �4�H�E �T�H�R�E�E �P�L�A�Y�E�R�S�� �!�L�I�C�E�� �"�O�B�� �A�N�D �#�A�R�L�O�S�� �A�R�E �D�E�A�L�T �T�W�O �C�A�R�D�S �E�A�C�H��
�7�I�T�H�O�U�T �L�O�O�K�I�N�G �A�T �T�H�E�M�� �T�H�E�Y �P�L�A�C�E �T�H�E �C�A�R�D�S �O�N �T�H�E�I�R �F�O�R�E�H�E�A�D�S �S�O �T�H�A�T �T�H�E �O�T�H�E�R �P�L�A�Y�E�R�S �C�A�N
�S�E�E �T�H�E�M�� �4�H�E�N �T�H�E �P�L�A�Y�E�R�S �T�A�K�E �T�U�R�N�S �E�I�T�H�E�R �A�N�N�O�U�N�C�I�N�G �T�H�A�T �T�H�E�Y �K�N�O�W �W�H�A�T �C�A�R�D�S �A�R�E �O�N
�T�H�E�I�R �O�W�N �F�O�R�E�H�E�A�D�� �T�H�E�R�E�B�Y �W�I�N�N�I�N�G �T�H�E �G�A�M�E�� �O�R �S�A�Y�I�N�G �h�) �D�O�N���T �K�N�O�W���v �%�V�E�R�Y�O�N�E �K�N�O�W�S
�T�H�E �P�L�A�Y�E�R�S �A�R�E �T�R�U�T�H�F�U�L �A�N�D �A�R�E �P�E�R�F�E�C�T �A�T �R�E�A�S�O�N�I�N�G �A�B�O�U�T �B�E�L�I�E�F�S��



������ �#�H�A�P�T�E�R ������ �+�N�O�W�L�E�D�G�E �2�E�P�R�E�S�E�N�T�A�T�I�O�N

�D�� �'�A�M�E ���� �!�L�I�C�E �A�N�D �"�O�B �H�A�V�E �B�O�T�H �S�A�I�D �h�) �D�O�N���T �K�N�O�W���v �#�A�R�L�O�S �S�E�E�S �T�H�A�T �!�L�I�C�E �H�A�S �T�W�O
�A�C�E�S���!�
�!�	 �A�N�D �"�O�B �H�A�S �T�W�O �K�I�N�G�S ���+�
�+�	�� �7�H�A�T �S�H�O�U�L�D �#�A�R�L�O�S �S�A�Y�� ���+�L�Q�W�� �C�O�N�S�I�D�E�R �A�L�L
�T�H�R�E�E �P�O�S�S�I�B�L�E �C�A�S�E�S �F�O�R �#�A�R�L�O�S�� �!�
�!�� �+�
�+�� �!�
�+���	

�E�� �$�E�S�C�R�I�B�E �E�A�C�H �S�T�E�P �O�F �'�A�M�E �� �U�S�I�N�G �T�H�E �N�O�T�A�T�I�O�N �O�F �M�O�D�A�L �L�O�G�I�C��
�F�� �'�A�M�E ���� �#�A�R�L�O�S�� �!�L�I�C�E�� �A�N�D �"�O�B �A�L�L �S�A�I�D �h�) �D�O�N���T �K�N�O�W�v �O�N �T�H�E�I�R �l�R�S�T �T�U�R�N�� �!�L�I�C�E �H�O�L�D�S

�+�
�+ �A�N�D �"�O�B �H�O�L�D�S �!�
�+�� �7�H�A�T �S�H�O�U�L�D �#�A�R�L�O�S �S�A�Y �O�N �H�I�S �S�E�C�O�N�D �T�U�R�N��
�G�� �'�A�M�E ���� �!�L�I�C�E�� �#�A�R�L�O�S�� �A�N�D �"�O�B �A�L�L �S�A�Y �h�) �D�O�N���T �K�N�O�W�v �O�N �T�H�E�I�R �l�R�S�T �T�U�R�N�� �A�S �D�O�E�S �!�L�I�C�E

�O�N �H�E�R �S�E�C�O�N�D �T�U�R�N�� �!�L�I�C�E �A�N�D �"�O�B �B�O�T�H �H�O�L�D �!�
�+�� �7�H�A�T �S�H�O�U�L�D �#�A�R�L�O�S �S�A�Y��
�H�� �0�R�O�V�E �T�H�A�T �T�H�E�R�E �W�I�L�L �A�L�W�A�Y�S �B�E �A �W�I�N�N�E�R �T�O �T�H�I�S �G�A�M�E��

���������� �4�H�E �A�S�S�U�M�P�T�I�O�N �O�F�O�R�J�L�F�D�O �R�P�Q�L�V�F�L�H�Q�F�H���D�I�S�C�U�S�S�E�D �O�N �P�A�G�E �������� �I�S �O�F �C�O�U�R�S�E �N�O�T �T�R�U�E
�O�F �A�N�Y �A�C�T�U�A�L �R�E�A�S�O�N�E�R�S�� �2�A�T�H�E�R�� �I�T �I�S �A�N�L�G�H�D�O�L�]�D�W�L�R�Q�O�F �T�H�E �R�E�A�S�O�N�I�N�G �P�R�O�C�E�S�S �T�H�A�T �M�A�Y �B�E
�M�O�R�E �O�R �L�E�S�S �A�C�C�E�P�T�A�B�L�E �D�E�P�E�N�D�I�N�G �O�N �T�H�E �A�P�P�L�I�C�A�T�I�O�N�S�� �$�I�S�C�U�S�S �T�H�E �R�E�A�S�O�N�A�B�L�E�N�E�S�S �O�F �T�H�E
�A�S�S�U�M�P�T�I�O�N �F�O�R �E�A�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �A�P�P�L�I�C�A�T�I�O�N�S �O�F �R�E�A�S�O�N�I�N�G �A�B�O�U�T �K�N�O�W�L�E�D�G�E��

�D�� �#�H�E�S�S �W�I�T�H �A �C�L�O�C�K�� �(�E�R�E �T�H�E �P�L�A�Y�E�R �M�A�Y �W�I�S�H �T�O �R�E�A�S�O�N �A�B�O�U�T �T�H�E �L�I�M�I�T�S �O�F �H�I�S �O�P�P�O�

�N�E�N�T���S �O�R �H�I�S �O�W�N �A�B�I�L�I�T�Y �T�O �l�N�D �T�H�E �B�E�S�T �M�O�V�E �I�N �T�H�E �T�I�M�E �A�V�A�I�L�A�B�L�E�� �&�O�R �I�N�S�T�A�N�C�E�� �I�F
�P�L�A�Y�E�R �! �H�A�S �M�U�C�H �M�O�R�E �T�I�M�E �L�E�F�T �T�H�A�N �P�L�A�Y�E�R �"�� �T�H�E�N �! �W�I�L�L �S�O�M�E�T�I�M�E�S �M�A�K�E �A �M�O�V�E
�T�H�A�T �G�R�E�A�T�L�Y �C�O�M�P�L�I�C�A�T�E�S �T�H�E �S�I�T�U�A�T�I�O�N�� �I�N �T�H�E �H�O�P�E�S �O�F �G�A�I�N�I�N�G �A�N �A�D�V�A�N�T�A�G�E �B�E�C�A�U�S�E �H�E
�H�A�S �M�O�R�E �T�I�M�E �T�O �W�O�R�K �O�U�T �T�H�E �P�R�O�P�E�R �S�T�R�A�T�E�G�Y��

�E�� �! �S�H�O�P�P�I�N�G �A�G�E�N�T �I�N �A�N �E�N�V�I�R�O�N�M�E�N�T �I�N �W�H�I�C�H �T�H�E�R�E �A�R�E �C�O�S�T�S �O�F �G�A�T�H�E�R�I�N�G �I�N�F�O�R�M�A�T�I�O�N��
�F�� �!�N �A�U�T�O�M�A�T�E�D �T�U�T�O�R�I�N�G �P�R�O�G�R�A�M �F�O�R �M�A�T�H�� �W�H�I�C�H �R�E�A�S�O�N�S �A�B�O�U�T �W�H�A�T �S�T�U�D�E�N�T�S �U�N�D�E�R�


�S�T�A�N�D��
�G�� �2�E�A�S�O�N�I�N�G �A�B�O�U�T �P�U�B�L�I�C �K�E�Y �C�R�Y�P�T�O�G�R�A�P�H�Y�� �W�H�I�C�H �R�E�S�T�S �O�N �T�H�E �I�N�T�R�A�C�T�A�B�I�L�I�T�Y �O�F �C�E�R�T�A�I�N

�C�O�M�P�U�T�A�T�I�O�N�A�L �P�R�O�B�L�E�M�S��

���������� �4�R�A�N�S�L�A�T�E �T�H�E �F�O�L�L�O�W�I�N�G �D�E�S�C�R�I�P�T�I�O�N �L�O�G�I�C �E�X�P�R�E�S�S�I�O�N ���F�R�O�M �P�A�G�E �������	 �I�N�T�O �l�R�S�T�
�O�R�D�E�R
�L�O�G�I�C�� �A�N�D �C�O�M�M�E�N�T �O�N �T�H�E �R�E�S�U�L�T��

And (Man; AtLeast (3; Son); AtMost (2; Daughter);
All (Son; And(Unemployed; Married ; All (Spouse; Doctor ))) ;
All (Daughter; And(Professor; Fills (Department; Physics; Math)))) :

���������� �2�E�C�A�L�L �T�H�A�T �I�N�H�E�R�I�T�A�N�C�E �I�N�F�O�R�M�A�T�I�O�N �I�N �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S �C�A�N �B�E �C�A�P�T�U�R�E�D �L�O�G�I�C�A�L�L�Y
�B�Y �S�U�I�T�A�B�L�E �I�M�P�L�I�C�A�T�I�O�N �S�E�N�T�E�N�C�E�S�� �4�H�I�S �E�X�E�R�C�I�S�E �I�N�V�E�S�T�I�G�A�T�E�S �T�H�E �E�F�l�C�I�E�N�C�Y �O�F �U�S�I�N�G �S�U�C�H
�S�E�N�T�E�N�C�E�S �F�O�R �I�N�H�E�R�I�T�A�N�C�E��

�D�� �#�O�N�S�I�D�E�R �T�H�E �I�N�F�O�R�M�A�T�I�O�N �I�N �A �U�S�E�D�
�C�A�R �C�A�T�A�L�O�G �S�U�C�H �A�S �+�E�L�L�Y���S �"�L�U�E �"�O�O�K�ˆ�F�O�R �E�X�A�M�

�P�L�E�� �T�H�A�T �������� �$�O�D�G�E �V�A�N�S �A�R�E ���O�R �P�E�R�H�A�P�S �W�E�R�E �O�N�C�E�	 �W�O�R�T�H ���������� �3�U�P�P�O�S�E �A�L�L �T�H�I�S
�I�N�F�O�R�M�A�T�I�O�N ���F�O�R ������������ �M�O�D�E�L�S�	 �I�S �E�N�C�O�D�E�D �A�S �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E�S�� �A�S �S�U�G�G�E�S�T�E�D �I�N �T�H�E
�C�H�A�P�T�E�R�� �7�R�I�T�E �D�O�W�N �T�H�R�E�E �S�U�C�H �S�E�N�T�E�N�C�E�S�� �I�N�C�L�U�D�I�N�G �T�H�A�T �F�O�R �������� �$�O�D�G�E �V�A�N�S�� �(�O�W
�W�O�U�L�D �Y�O�U �U�S�E �T�H�E �S�E�N�T�E�N�C�E�S �T�O �l�N�D �T�H�E �V�A�L�U�E �O�F �A�S�D�U�W�L�F�X�O�D�U�C�A�R�� �G�I�V�E�N �A �B�A�C�K�W�A�R�D�

�C�H�A�I�N�I�N�G �T�H�E�O�R�E�M �P�R�O�V�E�R �S�U�C�H �A�S �0�R�O�L�O�G��

�E�� �#�O�M�P�A�R�E �T�H�E �T�I�M�E �E�F�l�C�I�E�N�C�Y �O�F �T�H�E �B�A�C�K�W�A�R�D�
�C�H�A�I�N�I�N�G �M�E�T�H�O�D �F�O�R �S�O�L�V�I�N�G �T�H�I�S �P�R�O�B�L�E�M
�W�I�T�H �T�H�E �I�N�H�E�R�I�T�A�N�C�E �M�E�T�H�O�D �U�S�E�D �I�N �S�E�M�A�N�T�I�C �N�E�T�S��



�%�X�E�R�C�I�S�E�S ������

�F�� �%�X�P�L�A�I�N �H�O�W �F�O�R�W�A�R�D �C�H�A�I�N�I�N�G �A�L�L�O�W�S �A �L�O�G�I�C�
�B�A�S�E�D �S�Y�S�T�E�M �T�O �S�O�L�V�E �T�H�E �S�A�M�E �P�R�O�B�L�E�M
�E�F�l�C�I�E�N�T�L�Y�� �A�S�S�U�M�I�N�G �T�H�A�T �T�H�E �+�" �C�O�N�T�A�I�N�S �O�N�L�Y �T�H�E ������������ �S�E�N�T�E�N�C�E�S �A�B�O�U�T �P�R�I�C�E�S��

�G�� �$�E�S�C�R�I�B�E �A �S�I�T�U�A�T�I�O�N �I�N �W�H�I�C�H �N�E�I�T�H�E�R �F�O�R�W�A�R�D �N�O�R �B�A�C�K�W�A�R�D �C�H�A�I�N�I�N�G �O�N �T�H�E �S�E�N�T�E�N�C�E�S
�W�I�L�L �A�L�L�O�W �T�H�E �P�R�I�C�E �Q�U�E�R�Y �F�O�R �A�N �I�N�D�I�V�I�D�U�A�L �C�A�R �T�O �B�E �H�A�N�D�L�E�D �E�F�l�C�I�E�N�T�L�Y��

�H�� �#�A�N �Y�O�U �S�U�G�G�E�S�T �A �S�O�L�U�T�I�O�N �E�N�A�B�L�I�N�G �T�H�I�S �T�Y�P�E �O�F �Q�U�E�R�Y �T�O �B�E �S�O�L�V�E�D �E�F�l�C�I�E�N�T�L�Y �I�N �A�L�L
�C�A�S�E�S �I�N �L�O�G�I�C �S�Y�S�T�E�M�S�� ���+�L�Q�W���2�E�M�E�M�B�E�R �T�H�A�T �T�W�O �C�A�R�S �O�F �T�H�E �S�A�M�E �Y�E�A�R �A�N�D �M�O�D�E�L
�H�A�V�E �T�H�E �S�A�M�E �P�R�I�C�E���	

���������� �/�N�E �M�I�G�H�T �S�U�P�P�O�S�E �T�H�A�T �T�H�E �S�Y�N�T�A�C�T�I�C �D�I�S�T�I�N�C�T�I�O�N �B�E�T�W�E�E�N �U�N�B�O�X�E�D �L�I�N�K�S �A�N�D �S�I�N�G�L�Y
�B�O�X�E�D �L�I�N�K�S �I�N �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S �I�S �U�N�N�E�C�E�S�S�A�R�Y�� �B�E�C�A�U�S�E �S�I�N�G�L�Y �B�O�X�E�D �L�I�N�K�S �A�R�E �A�L�W�A�Y�S �A�T�

�T�A�C�H�E�D �T�O �C�A�T�E�G�O�R�I�E�S�� �A�N �I�N�H�E�R�I�T�A�N�C�E �A�L�G�O�R�I�T�H�M �C�O�U�L�D �S�I�M�P�L�Y �A�S�S�U�M�E �T�H�A�T �A�N �U�N�B�O�X�E�D �L�I�N�K
�A�T�T�A�C�H�E�D �T�O �A �C�A�T�E�G�O�R�Y �I�S �I�N�T�E�N�D�E�D �T�O �A�P�P�L�Y �T�O �A�L�L �M�E�M�B�E�R�S �O�F �T�H�A�T �C�A�T�E�G�O�R�Y�� �3�H�O�W �T�H�A�T �T�H�I�S
�A�R�G�U�M�E�N�T �I�S �F�A�L�L�A�C�I�O�U�S�� �G�I�V�I�N�G �E�X�A�M�P�L�E�S �O�F �E�R�R�O�R�S �T�H�A�T �W�O�U�L�D �A�R�I�S�E��

���������� �! �C�O�M�P�L�E�T�E �S�O�L�U�T�I�O�N �T�O �T�H�E �P�R�O�B�L�E�M �O�F �I�N�E�X�A�C�T �M�A�T�C�H�E�S �T�O �T�H�E �B�U�Y�E�R���S �D�E�S�C�R�I�P�T�I�O�N
�I�N �S�H�O�P�P�I�N�G �I�S �V�E�R�Y �D�I�F�l�C�U�L�T �A�N�D �R�E�Q�U�I�R�E�S �A �F�U�L�L �A�R�R�A�Y �O�F �N�A�T�U�R�A�L �L�A�N�G�U�A�G�E �P�R�O�C�E�S�S�I�N�G �A�N�D
�I�N�F�O�R�M�A�T�I�O�N �R�E�T�R�I�E�V�A�L �T�E�C�H�N�I�Q�U�E�S�� ���3�E�E �#�H�A�P�T�E�R�S ���� �A�N�D �������	 �/�N�E �S�M�A�L�L �S�T�E�P �I�S �T�O �A�L�L�O�W �T�H�E
�U�S�E�R �T�O �S�P�E�C�I�F�Y �M�I�N�I�M�U�M �A�N�D �M�A�X�I�M�U�M �V�A�L�U�E�S �F�O�R �V�A�R�I�O�U�S �A�T�T�R�I�B�U�T�E�S�� �4�H�E �B�U�Y�E�R �M�U�S�T �U�S�E �T�H�E
�F�O�L�L�O�W�I�N�G �G�R�A�M�M�A�R �F�O�R �P�R�O�D�U�C�T �D�E�S�C�R�I�P�T�I�O�N�S��

Description ! Category [Connector Modi�er ]�
Connector ! �hwith �vj �hand�vj �h;�v
Modi�er ! Attribute j Attribute Op Value
Op ! �h= �vj �h> �vj �h< �v

�(�E�R�E��Category �N�A�M�E�S �A �P�R�O�D�U�C�T �C�A�T�E�G�O�R�Y��Attribute �I�S �S�O�M�E �F�E�A�T�U�R�E �S�U�C�H �A�S �h�#�0�5�v �O�R
�h�P�R�I�C�E���v �A�N�DValue �I�S �T�H�E �T�A�R�G�E�T �V�A�L�U�E �F�O�R �T�H�E �A�T�T�R�I�B�U�T�E�� �3�O �T�H�E �Q�U�E�R�Y �h�C�O�M�P�U�T�E�R �W�I�T�H �A�T �L�E�A�S�T �A
������ �'�(�Z �#�0�5 �F�O�R �U�N�D�E�R ���������v �M�U�S�T �B�E �R�E�
�E�X�P�R�E�S�S�E�D �A�S �h�C�O�M�P�U�T�E�R �W�I�T�H �#�0�5> ������ �'�(�Z �A�N�D
�P�R�I�C�E< �����������v �)�M�P�L�E�M�E�N�T �A �S�H�O�P�P�I�N�G �A�G�E�N�T �T�H�A�T �A�C�C�E�P�T�S �D�E�S�C�R�I�P�T�I�O�N�S �I�N �T�H�I�S �L�A�N�G�U�A�G�E��

���������� �/�U�R �D�E�S�C�R�I�P�T�I�O�N �O�F �)�N�T�E�R�N�E�T �S�H�O�P�P�I�N�G �O�M�I�T�T�E�D �T�H�E �A�L�L�
�I�M�P�O�R�T�A�N�T �S�T�E�P �O�F �A�C�T�U�A�L�L�Y�E�X�\�L�Q�J
�T�H�E �P�R�O�D�U�C�T�� �0�R�O�V�I�D�E �A �F�O�R�M�A�L �L�O�G�I�C�A�L �D�E�S�C�R�I�P�T�I�O�N �O�F �B�U�Y�I�N�G�� �U�S�I�N�G �E�V�E�N�T �C�A�L�C�U�L�U�S�� �4�H�A�T �I�S��
�D�E�l�N�E �T�H�E �S�E�Q�U�E�N�C�E �O�F �E�V�E�N�T�S �T�H�A�T �O�C�C�U�R�S �W�H�E�N �A �B�U�Y�E�R �S�U�B�M�I�T�S �A �C�R�E�D�I�T�
�C�A�R�D �P�U�R�C�H�A�S�E �A�N�D
�T�H�E�N �E�V�E�N�T�U�A�L�L�Y �G�E�T�S �B�I�L�L�E�D �A�N�D �R�E�C�E�I�V�E�S �T�H�E �P�R�O�D�U�C�T��
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�,�Q �Z�K�L�F�K �Z�H �V�H�H �K�R�Z �D�Q �D�J�H�Q�W �F�D�Q �W�D�P�H �X�Q�F�H�U�W�D�L�Q�W�\ �Z�L�W�K �G�H�J�U�H�H�V �R�I �E�H�O�L�H�I��
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�!�G�E�N�T�S �M�A�Y �N�E�E�D �T�O �H�A�N�D�L�E�X�Q�F�H�U�W�D�L�Q�W�\�� �W�H�E�T�H�E�R �D�U�E �T�O �P�A�R�T�I�A�L �O�B�S�E�R�V�A�B�I�L�I�T�Y�� �N�O�N�D�E�T�E�R�M�I�N�
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�I�S�M�� �O�R �A �C�O�M�B�I�N�A�T�I�O�N �O�F �T�H�E �T�W�O�� �!�N �A�G�E�N�T �M�A�Y �N�E�V�E�R �K�N�O�W �F�O�R �C�E�R�T�A�I�N �W�H�A�T �S�T�A�T�E �I�T���S �I�N �O�R
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�D�E�S�I�G�N�E�D �T�O �H�A�N�D�L�E �U�N�C�E�R�T�A�I�N�T�Y �B�Y �K�E�E�P�I�N�G �T�R�A�C�K �O�F �A�E�H�O�L�H�I �V�W�D�W�H�ˆ�A �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �S�E�T
�O�F �A�L�L �P�O�S�S�I�B�L�E �W�O�R�L�D �S�T�A�T�E�S �T�H�A�T �I�T �M�I�G�H�T �B�E �I�N�ˆ�A�N�D �G�E�N�E�R�A�T�I�N�G �A �C�O�N�T�I�N�G�E�N�C�Y �P�L�A�N �T�H�A�T �H�A�N�

�D�L�E�S �E�V�E�R�Y �P�O�S�S�I�B�L�E �E�V�E�N�T�U�A�L�I�T�Y �T�H�A�T �I�T�S �S�E�N�S�O�R�S �M�A�Y �R�E�P�O�R�T �D�U�R�I�N�G �E�X�E�C�U�T�I�O�N�� �$�E�S�P�I�T�E �I�T�S �M�A�N�Y
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� �7�H�E�N �I�N�T�E�R�P�R�E�T�I�N�G �P�A�R�T�I�A�L �S�E�N�S�O�R �I�N�F�O�R�M�A�T�I�O�N�� �A �L�O�G�I�C�A�L �A�G�E�N�T �M�U�S�T �C�O�N�S�I�D�E�R�H�Y�H�U�\ �O�R�J��
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� �3�O�M�E�T�I�M�E�S �T�H�E�R�E �I�S �N�O �P�L�A�N �T�H�A�T �I�S �G�U�A�R�A�N�T�E�E�D �T�O �A�C�H�I�E�V�E �T�H�E �G�O�A�L�ˆ�Y�E�T �T�H�E �A�G�E�N�T �M�U�S�T
�A�C�T�� �)�T �M�U�S�T �H�A�V�E �S�O�M�E �W�A�Y �T�O �C�O�M�P�A�R�E �T�H�E �M�E�R�I�T�S �O�F �P�L�A�N�S �T�H�A�T �A�R�E �N�O�T �G�U�A�R�A�N�T�E�E�D��

�3�U�P�P�O�S�E�� �F�O�R �E�X�A�M�P�L�E�� �T�H�A�T �A�N �A�U�T�O�M�A�T�E�D �T�A�X�I���A�U�T�O�M�A�T�E�D �H�A�S �T�H�E �G�O�A�L �O�F �D�E�L�I�V�E�R�I�N�G �A �P�A�S�

�S�E�N�G�E�R �T�O �T�H�E �A�I�R�P�O�R�T �O�N �T�I�M�E�� �4�H�E �A�G�E�N�T �F�O�R�M�S �A �P�L�A�N��A90�� �T�H�A�T �I�N�V�O�L�V�E�S �L�E�A�V�I�N�G �H�O�M�E ����
�M�I�N�U�T�E�S �B�E�F�O�R�E �T�H�E �m�I�G�H�T �D�E�P�A�R�T�S �A�N�D �D�R�I�V�I�N�G �A�T �A �R�E�A�S�O�N�A�B�L�E �S�P�E�E�D�� �%�V�E�N �T�H�O�U�G�H �T�H�E �A�I�R�P�O�R�T
�I�S �O�N�L�Y �A�B�O�U�T �� �M�I�L�E�S �A�W�A�Y�� �A �L�O�G�I�C�A�L �T�A�X�I �A�G�E�N�T �W�I�L�L �N�O�T �B�E �A�B�L�E �T�O �C�O�N�C�L�U�D�E �W�I�T�H �C�E�R�T�A�I�N�T�Y
�T�H�A�T �h�0�L�A�NA90 �W�I�L�L �G�E�T �U�S �T�O �T�H�E �A�I�R�P�O�R�T �I�N �T�I�M�E���v �)�N�S�T�E�A�D�� �I�T �R�E�A�C�H�E�S �T�H�E �W�E�A�K�E�R �C�O�N�C�L�U�S�I�O�N
�h�0�L�A�NA90 �W�I�L�L �G�E�T �U�S �T�O �T�H�E �A�I�R�P�O�R�T �I�N �T�I�M�E�� �A�S �L�O�N�G �A�S �T�H�E �C�A�R �D�O�E�S�N���T �B�R�E�A�K �D�O�W�N �O�R �R�U�N �O�U�T
�O�F �G�A�S�� �A�N�D �) �D�O�N���T �G�E�T �I�N�T�O �A�N �A�C�C�I�D�E�N�T�� �A�N�D �T�H�E�R�E �A�R�E �N�O �A�C�C�I�D�E�N�T�S �O�N �T�H�E �B�R�I�D�G�E�� �A�N�D �T�H�E �P�L�A�N�E
�D�O�E�S�N���T �L�E�A�V�E �E�A�R�L�Y�� �A�N�D �N�O �M�E�T�E�O�R�I�T�E �H�I�T�S �T�H�E �C�A�R�� �A�N�D: : : ���v �.�O�N�E �O�F �T�H�E�S�E �C�O�N�D�I�T�I�O�N�S �C�A�N �B�E
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�3�E�C�T�I�O�N ���������� �!�C�T�I�N�G �U�N�D�E�R �5�N�C�E�R�T�A�I�N�T�Y ������

�D�E�D�U�C�E�D �F�O�R �S�U�R�E�� �S�O �T�H�E �P�L�A�N���S �S�U�C�C�E�S�S �C�A�N�N�O�T �B�E �I�N�F�E�R�R�E�D�� �4�H�I�S �I�S�T�H�E�T�X�D�O�L�¿�F�D�W�L�R�Q �S�U�R�E�O�H�P
���P�A�G�E �������	�� �F�O�R �W�H�I�C�H �W�E �S�O �F�A�R �H�A�V�E �S�E�E�N �N�O �R�E�A�L �S�O�L�U�T�I�O�N��

�.�O�N�E�T�H�E�L�E�S�S�� �I�N �S�O�M�E �S�E�N�S�EA90 �L�V�I�N �F�A�C�T �T�H�E �R�I�G�H�T �T�H�I�N�G �T�O �D�O�� �7�H�A�T �D�O �W�E �M�E�A�N �B�Y
�T�H�I�S�� �!�S �W�E �D�I�S�C�U�S�S�E�D �I�N �#�H�A�P�T�E�R ���� �W�E �M�E�A�N �T�H�A�T �O�U�T �O�F �A�L�L �T�H�E �P�L�A�N�S �T�H�A�T �C�O�U�L�D �B�E �E�X�E�C�U�T�E�D��
A90 �I�S �E�X�P�E�C�T�E�D �T�O �M�A�X�I�M�I�Z�E �T�H�E �A�G�E�N�T���S �P�E�R�F�O�R�M�A�N�C�E �M�E�A�S�U�R�E ���W�H�E�R�E �T�H�E �E�X�P�E�C�T�A�T�I�O�N �I�S �R�E�L�

�A�T�I�V�E �T�O �T�H�E �A�G�E�N�T���S �K�N�O�W�L�E�D�G�E �A�B�O�U�T �T�H�E �E�N�V�I�R�O�N�M�E�N�T�	�� �4�H�E �P�E�R�F�O�R�M�A�N�C�E �M�E�A�S�U�R�E �I�N�C�L�U�D�E�S
�G�E�T�T�I�N�G �T�O �T�H�E �A�I�R�P�O�R�T �I�N �T�I�M�E �F�O�R �T�H�E �m�I�G�H�T�� �A�V�O�I�D�I�N�G �A �L�O�N�G�� �U�N�P�R�O�D�U�C�T�I�V�E �W�A�I�T �A�T �T�H�E �A�I�R�P�O�R�T��
�A�N�D �A�V�O�I�D�I�N�G �S�P�E�E�D�I�N�G �T�I�C�K�E�T�S �A�L�O�N�G �T�H�E �W�A�Y�� �4�H�E �A�G�E�N�T���S �K�N�O�W�L�E�D�G�E �C�A�N�N�O�T �G�U�A�R�A�N�T�E�E �A�N�Y �O�F
�T�H�E�S�E �O�U�T�C�O�M�E�S �F�O�RA90�� �B�U�T �I�T �C�A�N �P�R�O�V�I�D�E �S�O�M�E �D�E�G�R�E�E �O�F �B�E�L�I�E�F �T�H�A�T �T�H�E�Y �W�I�L�L �B�E �A�C�H�I�E�V�E�D��
�/�T�H�E�R �P�L�A�N�S�� �S�U�C�H �A�SA180�� �M�I�G�H�T �I�N�C�R�E�A�S�E �T�H�E �A�G�E�N�T���S �B�E�L�I�E�F �T�H�A�T �I�T �W�I�L�L �G�E�T �T�O �T�H�E �A�I�R�P�O�R�T �O�N
�T�I�M�E�� �B�U�T �A�L�S�O �I�N�C�R�E�A�S�E �T�H�E �L�I�K�E�L�I�H�O�O�D �O�F �A �L�O�N�G �W�A�I�T���7�K�H �U�L�J�K�W �W�K�L�Q�J �W�R �G�R�²�W�K�H�U�D�W�L�R�Q�D�O
�G�H�F�L�V�L�R�Q�²�W�K�H�U�H�I�R�U�H �G�H�S�H�Q�G�V �R�Q �E�R�W�K �W�K�H �U�H�O�D�W�L�Y�H �L�P�S�R�U�W�D�Q�F�H �R�I �Y�D�U�L�R�X�V �J�R�D�O�V �D�Q�G �W�K�H �O�L�N�H�O�L��
�K�R�R�G�W�K�D�W�� �D�Q�G �G�H�J�U�H�H �W�R �Z�K�L�F�K�� �W�K�H�\ �Z�L�O�O �E�H �D�F�K�L�H�Y�H�G���4�H�E �R�E�M�A�I�N�D�E�R �O�F �T�H�I�S �S�E�C�T�I�O�N �H�O�N�E�S
�T�H�E�S�E �I�D�E�A�S�� �I�N �P�R�E�P�A�R�A�T�I�O�N �F�O�R �T�H�E �D�E�V�E�L�O�P�M�E�N�T �O�F �T�H�E �G�E�N�E�R�A�L �T�H�E�O�R�I�E�S �O�F �U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G
�A�N�D �R�A�T�I�O�N�A�L �D�E�C�I�S�I�O�N�S �T�H�A�T �W�E �P�R�E�S�E�N�T �I�N �T�H�I�S �A�N�D �S�U�B�S�E�Q�U�E�N�T �C�H�A�P�T�E�R�S��

������������ �6�X�P�P�D�U�L�]�L�Q�J �X�Q�F�H�U�W�D�L�Q�W�\

�,�E�T���S �C�O�N�S�I�D�E�R �A�N �E�X�A�M�P�L�E �O�F �U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G�� �D�I�A�G�N�O�S�I�N�G �A �D�E�N�T�A�L �P�A�T�I�E�N�T���S �T�O�O�T�H�A�C�H�E��
�$�I�A�G�N�O�S�I�S�ˆ�W�H�E�T�H�E�R �F�O�R �M�E�D�I�C�I�N�E�� �A�U�T�O�M�O�B�I�L�E �R�E�P�A�I�R�� �O�R �W�H�A�T�E�V�E�R�ˆ�A�L�M�O�S�T �A�L�W�A�Y�S �I�N�V�O�L�V�E�S
�U�N�C�E�R�T�A�I�N�T�Y�� �,�E�T �U�S �T�R�Y �T�O �W�R�I�T�E �R�U�L�E�S �F�O�R �D�E�N�T�A�L �D�I�A�G�N�O�S�I�S �U�S�I�N�G �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �S�O �T�H�A�T �W�E
�C�A�N �S�E�E �H�O�W �T�H�E �L�O�G�I�C�A�L �A�P�P�R�O�A�C�H �B�R�E�A�K�S �D�O�W�N�� �#�O�N�S�I�D�E�R �T�H�E �F�O�L�L�O�W�I�N�G �S�I�M�P�L�E �R�U�L�E��

Toothache ) Cavity :

�4�H�E �P�R�O�B�L�E�M �I�S �T�H�A�T �T�H�I�S �R�U�L�E �I�S �W�R�O�N�G�� �.�O�T �A�L�L �P�A�T�I�E�N�T�S �W�I�T�H �T�O�O�T�H�A�C�H�E�S �H�A�V�E �C�A�V�I�T�I�E�S�� �S�O�M�E
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�S�U�C�H �F�A�C�T�O�R�S �A�S �W�H�E�T�H�E�R �T�H�E �A�G�E�N�T �A�R�R�I�V�E�S �O�N �T�I�M�E �A�N�D �T�H�E �L�E�N�G�T�H �O�F �T�H�E �W�A�I�T �A�T �T�H�E �A�I�R�P�O�R�T�� �7�E
�U�S�E�X�W�L�O�L�W�\ �W�K�H�R�U�\�T�O �R�E�P�R�E�S�E�N�T �A�N�D �R�E�A�S�O�N �W�I�T�H �P�R�E�F�E�R�E�N�C�E�S�� ���4�H�E �T�E�R�M�X�W�L�O�L�W�\�I�S �U�S�E�D �H�E�R�E �I�NUTILITY THEORY

�T�H�E �S�E�N�S�E �O�F �h�T�H�E �Q�U�A�L�I�T�Y �O�F �B�E�I�N�G �U�S�E�F�U�L���v �N�O�T �I�N �T�H�E �S�E�N�S�E �O�F �T�H�E �E�L�E�C�T�R�I�C �C�O�M�P�A�N�Y �O�R �W�A�T�E�R
�W�O�R�K�S���	 �5�T�I�L�I�T�Y �T�H�E�O�R�Y �S�A�Y�S �T�H�A�T �E�V�E�R�Y �S�T�A�T�E �H�A�S �A �D�E�G�R�E�E �O�F �U�S�E�F�U�L�N�E�S�S�� �O�R �U�T�I�L�I�T�Y�� �T�O �A�N �A�G�E�N�T
�A�N�D �T�H�A�T �T�H�E �A�G�E�N�T �W�I�L�L �P�R�E�F�E�R �S�T�A�T�E�S �W�I�T�H �H�I�G�H�E�R �U�T�I�L�I�T�Y��



�3�E�C�T�I�O�N ���������� �"�A�S�I�C �0�R�O�B�A�B�I�L�I�T�Y �.�O�T�A�T�I�O�N ������

�4�H�E �U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �I�S �R�E�L�A�T�I�V�E �T�O �A�N �A�G�E�N�T�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �I�N �W�H�I�C�H
�7�H�I�T�E �H�A�S �C�H�E�C�K�M�A�T�E�D �"�L�A�C�K �I�N �A �G�A�M�E �O�F �C�H�E�S�S �I�S �O�B�V�I�O�U�S�L�Y �H�I�G�H �F�O�R �T�H�E �A�G�E�N�T �P�L�A�Y�I�N�G �7�H�I�T�E��
�B�U�T �L�O�W �F�O�R �T�H�E �A�G�E�N�T �P�L�A�Y�I�N�G �"�L�A�C�K�� �"�U�T �W�E �C�A�N���T �G�O �S�T�R�I�C�T�L�Y �B�Y �T�H�E �S�C�O�R�E�S �O�F ���� �������� �A�N�D �� �T�H�A�T
�A�R�E �D�I�C�T�A�T�E�D �B�Y �T�H�E �R�U�L�E�S �O�F �T�O�U�R�N�A�M�E�N�T �C�H�E�S�S�ˆ�S�O�M�E �P�L�A�Y�E�R�S ���I�N�C�L�U�D�I�N�G �T�H�E �A�U�T�H�O�R�S�	 �M�I�G�H�T �B�E
�T�H�R�I�L�L�E�D �W�I�T�H �A �D�R�A�W �A�G�A�I�N�S�T �T�H�E �W�O�R�L�D �C�H�A�M�P�I�O�N�� �W�H�E�R�E�A�S �O�T�H�E�R �P�L�A�Y�E�R�S ���I�N�C�L�U�D�I�N�G �T�H�E �F�O�R�M�E�R
�W�O�R�L�D �C�H�A�M�P�I�O�N�	 �M�I�G�H�T �N�O�T�� �4�H�E�R�E �I�S �N�O �A�C�C�O�U�N�T�I�N�G �F�O�R �T�A�S�T�E �O�R �P�R�E�F�E�R�E�N�C�E�S�� �Y�O�U �M�I�G�H�T �T�H�I�N�K
�T�H�A�T �A�N �A�G�E�N�T �W�H�O �P�R�E�F�E�R�S �J�A�L�A�P�E�~�N�O �B�U�B�B�L�E�
�G�U�M �I�C�E �C�R�E�A�M �T�O �C�H�O�C�O�L�A�T�E �C�H�O�C�O�L�A�T�E �C�H�I�P �I�S �O�D�D
�O�R �E�V�E�N �M�I�S�G�U�I�D�E�D�� �B�U�T �Y�O�U �C�O�U�L�D �N�O�T �S�A�Y �T�H�E �A�G�E�N�T �I�S �I�R�R�A�T�I�O�N�A�L�� �! �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �C�A�N �A�C�C�O�U�N�T
�F�O�R �A�N�Y �S�E�T �O�F �P�R�E�F�E�R�E�N�C�E�S�ˆ�Q�U�I�R�K�Y �O�R �T�Y�P�I�C�A�L�� �N�O�B�L�E �O�R �P�E�R�V�E�R�S�E�� �.�O�T�E �T�H�A�T �U�T�I�L�I�T�I�E�S �C�A�N �A�C�C�O�U�N�T
�F�O�R �A�L�T�R�U�I�S�M�� �S�I�M�P�L�Y �B�Y �I�N�C�L�U�D�I�N�G �T�H�E �W�E�L�F�A�R�E �O�F �O�T�H�E�R�S �A�S �O�N�E �O�F �T�H�E �F�A�C�T�O�R�S��

�0�R�E�F�E�R�E�N�C�E�S�� �A�S �E�X�P�R�E�S�S�E�D �B�Y �U�T�I�L�I�T�I�E�S�� �A�R�E �C�O�M�B�I�N�E�D �W�I�T�H �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N �T�H�E �G�E�N�E�R�A�L
�T�H�E�O�R�Y �O�F �R�A�T�I�O�N�A�L �D�E�C�I�S�I�O�N�S �C�A�L�L�E�D�G�H�F�L�V�L�R�Q �W�K�H�R�U�\��DECISION THEORY

�'�H�F�L�V�L�R�Q �W�K�H�R�U�\= �S�U�R�E�D�E�L�O�L�W�\ �W�K�H�R�U�\+ �X�W�L�O�L�W�\ �W�K�H�R�U�\:

�4�H�E �F�U�N�D�A�M�E�N�T�A�L �I�D�E�A �O�F �D�E�C�I�S�I�O�N �T�H�E�O�R�Y �I�S �T�H�A�T�D�Q �D�J�H�Q�W �L�V �U�D�W�L�R�Q�D�O �L�I �D�Q�G �R�Q�O�\ �L�I �L�W �F�K�R�R�V�H�V
�W�K�H �D�F�W�L�R�Q �W�K�D�W �\�L�H�O�G�V �W�K�H �K�L�J�K�H�V�W �H�[�S�H�F�W�H�G �X�W�L�O�L�W�\�� �D�Y�H�U�D�J�H�G �R�Y�H�U �D�O�O �W�K�H �S�R�V�V�L�E�O�H �R�X�W�F�R�P�H�V
�R�I �W�K�H �D�F�W�L�R�Q���4�H�I�S �I�S �C�A�L�L�E�D �T�H�E �P�R�I�N�C�I�P�L�E �O�F�P�D�[�L�P�X�P �H�[�S�H�F�W�H�G �X�W�L�O�L�W�\���-�%�5�	�� �.�O�T�E �T�H�A�TMAXIMUM EXPECTED

UTILITY

�h�E�X�P�E�C�T�E�D�v �M�I�G�H�T �S�E�E�M �L�I�K�E �A �V�A�G�U�E�� �H�Y�P�O�T�H�E�T�I�C�A�L �T�E�R�M�� �B�U�T �A�S �I�T �I�S �U�S�E�D �H�E�R�E �I�T �H�A�S �A �P�R�E�C�I�S�E
�M�E�A�N�I�N�G�� �I�T �M�E�A�N�S �T�H�E �h�A�V�E�R�A�G�E���v �O�R �h�S�T�A�T�I�S�T�I�C�A�L �M�E�A�N�v �O�F �T�H�E �O�U�T�C�O�M�E�S�� �W�E�I�G�H�T�E�D �B�Y �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �O�F �T�H�E �O�U�T�C�O�M�E�� �7�E �S�A�W �T�H�I�S �P�R�I�N�C�I�P�L�E �I�N �A�C�T�I�O�N �I�N �#�H�A�P�T�E�R �� �W�H�E�N �W�E �T�O�U�C�H�E�D
�B�R�I�E�m�Y �O�N �O�P�T�I�M�A�L �D�E�C�I�S�I�O�N�S �I�N �B�A�C�K�G�A�M�M�O�N�� �I�T �I�S �I�N �F�A�C�T �A �C�O�M�P�L�E�T�E�L�Y �G�E�N�E�R�A�L �P�R�I�N�C�I�P�L�E��

�&�I�G�U�R�E �������� �S�K�E�T�C�H�E�S �T�H�E �S�T�R�U�C�T�U�R�E �O�F �A�N �A�G�E�N�T �T�H�A�T �U�S�E�S �D�E�C�I�S�I�O�N �T�H�E�O�R�Y �T�O �S�E�L�E�C�T �A�C�T�I�O�N�S��
�4�H�E �A�G�E�N�T �I�S �I�D�E�N�T�I�C�A�L�� �A�T �A�N �A�B�S�T�R�A�C�T �L�E�V�E�L�� �T�O �T�H�E �A�G�E�N�T�S �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R�S �� �A�N�D �� �T�H�A�T
�M�A�I�N�T�A�I�N �A �B�E�L�I�E�F �S�T�A�T�E �R�E�m�E�C�T�I�N�G �T�H�E �H�I�S�T�O�R�Y �O�F �P�E�R�C�E�P�T�S �T�O �D�A�T�E�� �4�H�E �P�R�I�M�A�R�Y �D�I�F�F�E�R�E�N�C�E �I�S
�T�H�A�T �T�H�E �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �A�G�E�N�T���S �B�E�L�I�E�F �S�T�A�T�E �R�E�P�R�E�S�E�N�T�S �N�O�T �J�U�S�T �T�H�E�S�R�V�V�L�E�L�O�L�W�L�H�V�F�O�R �W�O�R�L�D
�S�T�A�T�E�S �B�U�T �A�L�S�O �T�H�E�I�R�S�U�R�E�D�E�L�O�L�W�L�H�V�� �'�I�V�E�N �T�H�E �B�E�L�I�E�F �S�T�A�T�E�� �T�H�E �A�G�E�N�T �C�A�N �M�A�K�E �P�R�O�B�A�B�I�L�I�S�T�I�C
�P�R�E�D�I�C�T�I�O�N�S �O�F �A�C�T�I�O�N �O�U�T�C�O�M�E�S �A�N�D �H�E�N�C�E �S�E�L�E�C�T �T�H�E �A�C�T�I�O�N �W�I�T�H �H�I�G�H�E�S�T �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y�� �4�H�I�S
�C�H�A�P�T�E�R �A�N�D �T�H�E �N�E�X�T �C�O�N�C�E�N�T�R�A�T�E �O�N �T�H�E �T�A�S�K �O�F �R�E�P�R�E�S�E�N�T�I�N�G �A�N�D �C�O�M�P�U�T�I�N�G �W�I�T�H �P�R�O�B�A�B�I�L�I�S�T�I�C
�I�N�F�O�R�M�A�T�I�O�N �I�N �G�E�N�E�R�A�L�� �#�H�A�P�T�E�R ���� �D�E�A�L�S �W�I�T�H �M�E�T�H�O�D�S �F�O�R �T�H�E �S�P�E�C�I�l�C �T�A�S�K�S �O�F �R�E�P�R�E�S�E�N�T�I�N�G
�A�N�D �U�P�D�A�T�I�N�G �T�H�E �B�E�L�I�E�F �S�T�A�T�E �O�V�E�R �T�I�M�E �A�N�D �P�R�E�D�I�C�T�I�N�G �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �#�H�A�P�T�E�R ���� �C�O�V�E�R�S
�U�T�I�L�I�T�Y �T�H�E�O�R�Y �I�N �M�O�R�E �D�E�P�T�H�� �A�N�D �#�H�A�P�T�E�R ���� �D�E�V�E�L�O�P�S �A�L�G�O�R�I�T�H�M�S �F�O�R �P�L�A�N�N�I�N�G �S�E�Q�U�E�N�C�E�S �O�F
�A�C�T�I�O�N�S �I�N �U�N�C�E�R�T�A�I�N �E�N�V�I�R�O�N�M�E�N�T�S��

�������� �"�!�3�)�#�0�2�/�"�!�"�)�,�)�4�9�. �/�4�!�4�)�/�.

�&�O�R �O�U�R �A�G�E�N�T �T�O �R�E�P�R�E�S�E�N�T �A�N�D �U�S�E �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�O�R�M�A�T�I�O�N�� �W�E �N�E�E�D �A �F�O�R�M�A�L �L�A�N�G�U�A�G�E��
�4�H�E �L�A�N�G�U�A�G�E �O�F �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �H�A�S �T�R�A�D�I�T�I�O�N�A�L�L�Y �B�E�E�N �I�N�F�O�R�M�A�L�� �W�R�I�T�T�E�N �B�Y �H�U�M�A�N �M�A�T�H�

�E�M�A�T�I�C�I�A�N�S �T�O �O�T�H�E�R �H�U�M�A�N �M�A�T�H�E�M�A�T�I�C�I�A�N�S�� �!�P�P�E�N�D�I�X �! �I�N�C�L�U�D�E�S �A �S�T�A�N�D�A�R�D �I�N�T�R�O�D�U�C�T�I�O�N �T�O
�E�L�E�M�E�N�T�A�R�Y �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y�� �H�E�R�E�� �W�E �T�A�K�E �A�N �A�P�P�R�O�A�C�H �M�O�R�E �S�U�I�T�E�D �T�O �T�H�E �N�E�E�D�S �O�F �!�) �A�N�D
�M�O�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �C�O�N�C�E�P�T�S �O�F �F�O�R�M�A�L �L�O�G�I�C��



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�I�X�Q�F�W�L�R�Q�$�4�
�!�'�%�.�4��percept�	�U�H�W�X�U�Q�V�A�Naction
�S�H�U�V�L�V�W�H�Q�W��belief state�� �P�R�O�B�A�B�I�L�I�S�T�I�C �B�E�L�I�E�F�S �A�B�O�U�T �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D

action�� �T�H�E �A�G�E�N�T���S �A�C�T�I�O�N

�U�P�D�A�T�Ebelief state �B�A�S�E�D �O�Naction �A�N�Dpercept
�C�A�L�C�U�L�A�T�E �O�U�T�C�O�M�E �P�R�O�B�A�B�I�L�I�T�I�E�S �F�O�R �A�C�T�I�O�N�S��

�G�I�V�E�N �A�C�T�I�O�N �D�E�S�C�R�I�P�T�I�O�N�S �A�N�D �C�U�R�R�E�N�Tbelief state
�S�E�L�E�C�Taction �W�I�T�H �H�I�G�H�E�S�T �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y

�G�I�V�E�N �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �O�U�T�C�O�M�E�S �A�N�D �U�T�I�L�I�T�Y �I�N�F�O�R�M�A�T�I�O�N
�U�H�W�X�U�Qaction

�)�L�J�X�U�H ���������! �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �A�G�E�N�T �T�H�A�T �S�E�L�E�C�T�S �R�A�T�I�O�N�A�L �A�C�T�I�O�N�S��

������������ �:�K�D�W �S�U�R�E�D�E�L�O�L�W�L�H�V �D�U�H �D�E�R�X�W

�,�I�K�E �L�O�G�I�C�A�L �A�S�S�E�R�T�I�O�N�S�� �P�R�O�B�A�B�I�L�I�S�T�I�C �A�S�S�E�R�T�I�O�N�S �A�R�E �A�B�O�U�T �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �7�H�E�R�E�A�S �L�O�G�I�C�A�L
�A�S�S�E�R�T�I�O�N�S �S�A�Y �W�H�I�C�H �P�O�S�S�I�B�L�E �W�O�R�L�D�S �A�R�E �S�T�R�I�C�T�L�Y �R�U�L�E�D �O�U�T ���A�L�L �T�H�O�S�E �I�N �W�H�I�C�H �T�H�E �A�S�S�E�R�T�I�O�N �I�S
�F�A�L�S�E�	�� �P�R�O�B�A�B�I�L�I�S�T�I�C �A�S�S�E�R�T�I�O�N�S �T�A�L�K �A�B�O�U�T �H�O�W �P�R�O�B�A�B�L�E �T�H�E �V�A�R�I�O�U�S �W�O�R�L�D�S �A�R�E�� �)�N �P�R�O�B�A�B�I�L�I�T�Y
�T�H�E�O�R�Y�� �T�H�E �S�E�T �O�F �A�L�L �P�O�S�S�I�B�L�E �W�O�R�L�D�S �I�S �C�A�L�L�E�D �T�H�E�V�D�P�S�O�H �V�S�D�F�H�� �4�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �A�R�ESAMPLE SPACE

�P�X�W�X�D�O�O�\ �H�[�F�O�X�V�L�Y�H�A�N�D�H�[�K�D�X�V�W�L�Y�H�ˆ�T�W�O �P�O�S�S�I�B�L�E �W�O�R�L�D�S �C�A�N�N�O�T �B�O�T�H �B�E �T�H�E �C�A�S�E�� �A�N�D �O�N�E
�P�O�S�S�I�B�L�E �W�O�R�L�D �M�U�S�T �B�E �T�H�E �C�A�S�E�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �A�R�E �A�B�O�U�T �T�O �R�O�L�L �T�W�O ���D�I�S�T�I�N�G�U�I�S�H�A�B�L�E�	
�D�I�C�E�� �T�H�E�R�E �A�R�E ���� �P�O�S�S�I�B�L�E �W�O�R�L�D�S �T�O �C�O�N�S�I�D�E�R�� ���������	�� ���������	��: : :�� ���������	�� �4�H�E �'�R�E�E�K �L�E�T�T�E�R

���U�P�P�E�R�C�A�S�E �O�M�E�G�A�	 �I�S �U�S�E�D �T�O �R�E�F�E�R �T�O �T�H�E �S�A�M�P�L�E �S�P�A�C�E�� �A�N�D! ���L�O�W�E�R�C�A�S�E �O�M�E�G�A�	 �R�E�F�E�R�S �T�O
�E�L�E�M�E�N�T�S �O�F �T�H�E �S�P�A�C�E�� �T�H�A�T �I�S�� �P�A�R�T�I�C�U�L�A�R �P�O�S�S�I�B�L�E �W�O�R�L�D�S��

�! �F�U�L�L�Y �S�P�E�C�I�l�E�D�S�U�R�E�D�E�L�O�L�W�\ �P�R�G�H�O�A�S�S�O�C�I�A�T�E�S �A �N�U�M�E�R�I�C�A�L �P�R�O�B�A�B�I�L�I�T�YP(! ) �W�I�T�H �E�A�C�HPROBABILITY MODEL

�P�O�S�S�I�B�L�E �W�O�R�L�D���� �4�H�E �B�A�S�I�C �A�X�I�O�M�S �O�F �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �S�A�Y �T�H�A�T �E�V�E�R�Y �P�O�S�S�I�B�L�E �W�O�R�L�D �H�A�S �A
�P�R�O�B�A�B�I�L�I�T�Y �B�E�T�W�E�E�N �� �A�N�D �� �A�N�D �T�H�A�T �T�H�E �T�O�T�A�L �P�R�O�B�A�B�I�L�I�T�Y �O�F �T�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �W�O�R�L�D�S �I�S ����

0 � P(! ) � 1 �F�O�R �E�V�E�R�Y! �A�N�D
X

! 2


P(! ) = 1 : �����������	

�&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �A�S�S�U�M�E �T�H�A�T �E�A�C�H �D�I�E �I�S �F�A�I�R �A�N�D �T�H�E �R�O�L�L�S �D�O�N���T �I�N�T�E�R�F�E�R�E �W�I�T�H �E�A�C�H �O�T�H�E�R��
�T�H�E�N �E�A�C�H �O�F �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S ���������	�� ���������	��: : :�� ���������	 �H�A�S �P�R�O�B�A�B�I�L�I�T�Y ���������� �/�N �T�H�E �O�T�H�E�R
�H�A�N�D�� �I�F �T�H�E �D�I�C�E �C�O�N�S�P�I�R�E �T�O �P�R�O�D�U�C�E �T�H�E �S�A�M�E �N�U�M�B�E�R�� �T�H�E�N �T�H�E �W�O�R�L�D�S ���������	�� ���������	�� ���������	�� �E�T�C����
�M�I�G�H�T �H�A�V�E �H�I�G�H�E�R �P�R�O�B�A�B�I�L�I�T�I�E�S�� �L�E�A�V�I�N�G �T�H�E �O�T�H�E�R�S �W�I�T�H �L�O�W�E�R �P�R�O�B�A�B�I�L�I�T�I�E�S��

�0�R�O�B�A�B�I�L�I�S�T�I�C �A�S�S�E�R�T�I�O�N�S �A�N�D �Q�U�E�R�I�E�S �A�R�E �N�O�T �U�S�U�A�L�L�Y �A�B�O�U�T �P�A�R�T�I�C�U�L�A�R �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �B�U�T
�A�B�O�U�T �S�E�T�S �O�F �T�H�E�M�� �&�O�R �E�X�A�M�P�L�E�� �W�E �M�I�G�H�T �B�E �I�N�T�E�R�E�S�T�E�D �I�N �T�H�E �C�A�S�E�S �W�H�E�R�E �T�H�E �T�W�O �D�I�C�E �A�D�D
�U�P �T�O ������ �T�H�E �C�A�S�E�S �W�H�E�R�E �D�O�U�B�L�E�S �A�R�E �R�O�L�L�E�D�� �A�N�D �S�O �O�N�� �)�N �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y�� �T�H�E�S�E �S�E�T�S �A�R�E
�C�A�L�L�E�D�H�Y�H�Q�W�V�ˆ�A �T�E�R�M �A�L�R�E�A�D�Y �U�S�E�D �E�X�T�E�N�S�I�V�E�L�Y �I�N �#�H�A�P�T�E�R ���� �F�O�R �A �D�I�F�F�E�R�E�N�T �C�O�N�C�E�P�T�� �)�N �!�)��EVENT

�T�H�E �S�E�T�S �A�R�E �A�L�W�A�Y�S �D�E�S�C�R�I�B�E�D �B�Y�S�U�R�S�R�V�L�W�L�R�Q�V�I�N �A �F�O�R�M�A�L �L�A�N�G�U�A�G�E�� ���/�N�E �S�U�C�H �L�A�N�G�U�A�G�E �I�S
�D�E�S�C�R�I�B�E�D �I�N �3�E�C�T�I�O�N ���������������	 �&�O�R �E�A�C�H �P�R�O�P�O�S�I�T�I�O�N�� �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �S�E�T �C�O�N�T�A�I�N�S �J�U�S�T �T�H�O�S�E
�P�O�S�S�I�B�L�E �W�O�R�L�D�S �I�N �W�H�I�C�H �T�H�E �P�R�O�P�O�S�I�T�I�O�N �H�O�L�D�S�� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �A�S�S�O�C�I�A�T�E�D �W�I�T�H �A �P�R�O�P�O�S�I�T�I�O�N

1 �&�O�R �N�O�W�� �W�E �A�S�S�U�M�E �A �D�I�S�C�R�E�T�E�� �C�O�U�N�T�A�B�L�E �S�E�T �O�F �W�O�R�L�D�S�� �4�H�E �P�R�O�P�E�R �T�R�E�A�T�M�E�N�T �O�F �T�H�E �C�O�N�T�I�N�U�O�U�S �C�A�S�E �B�R�I�N�G�S �I�N
�C�E�R�T�A�I�N �C�O�M�P�L�I�C�A�T�I�O�N�S �T�H�A�T �A�R�E �L�E�S�S �R�E�L�E�V�A�N�T �F�O�R �M�O�S�T �P�U�R�P�O�S�E�S �I�N �!�)��



�3�E�C�T�I�O�N ���������� �"�A�S�I�C �0�R�O�B�A�B�I�L�I�T�Y �.�O�T�A�T�I�O�N ������

�I�S �D�E�l�N�E�D �T�O �B�E �T�H�E �S�U�M �O�F �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �T�H�E �W�O�R�L�D�S �I�N �W�H�I�C�H �I�T�H�O�L�D�S��

�&�O�R �A�N�Y �P�R�O�P�O�S�I�T�I�O�N�; P (� ) =
X

! 2�

P(! ) : �����������	

�&�O�R �E�X�A�M�P�L�E�� �W�H�E�N �R�O�L�L�I�N�G �F�A�I�R �D�I�C�E�� �W�E �H�A�V�EP(Total = 11) = P((5; 6)) + P((6; 5)) =
1=36 + 1=36 = 1=18�� �.�O�T�E �T�H�A�T �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �D�O�E�S �N�O�T �R�E�Q�U�I�R�E �C�O�M�P�L�E�T�E �K�N�O�W�L�E�D�G�E
�O�F �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �E�A�C�H �P�O�S�S�I�B�L�E �W�O�R�L�D�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �B�E�L�I�E�V�E �T�H�E �D�I�C�E �C�O�N�S�P�I�R�E �T�O
�P�R�O�D�U�C�E �T�H�E �S�A�M�E �N�U�M�B�E�R�� �W�E �M�I�G�H�T�D�V�V�H�U�W�T�H�A�TP(doubles) = 1 =4 �W�I�T�H�O�U�T �K�N�O�W�I�N�G �W�H�E�T�H�E�R
�T�H�E �D�I�C�E �P�R�E�F�E�R �D�O�U�B�L�E �� �T�O �D�O�U�B�L�E ���� �*�U�S�T �A�S �W�I�T�H �L�O�G�I�C�A�L �A�S�S�E�R�T�I�O�N�S�� �T�H�I�S �A�S�S�E�R�T�I�O�N�F�R�Q�V�W�U�D�L�Q�V
�T�H�E �U�N�D�E�R�L�Y�I�N�G �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �W�I�T�H�O�U�T �F�U�L�L�Y �D�E�T�E�R�M�I�N�I�N�G �I�T��

�0�R�O�B�A�B�I�L�I�T�I�E�S �S�U�C�H �A�SP(Total = 11) �A�N�DP(doubles) �A�R�E �C�A�L�L�E�D�X�Q�F�R�Q�G�L�W�L�R�Q�D�O�O�R�S�U�L�R�UUNCONDITIONAL
PROBABILITY

�S�U�R�E�D�E�L�O�L�W�L�H�V���A�N�D �S�O�M�E�T�I�M�E�S �J�U�S�T �h�P�R�I�O�R�S�v �F�O�R �S�H�O�R�T�	�� �T�H�E�Y �R�E�F�E�R �T�O �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F �I�N �P�R�O�P�O�
PRIOR PROBABILITY

�S�I�T�I�O�N�S�L�Q �W�K�H �D�E�V�H�Q�F�H �R�I �D�Q�\ �R�W�K�H�U �L�Q�I�R�U�P�D�W�L�R�Q�� �-�O�S�T �O�F �T�H�E �T�I�M�E�� �H�O�W�E�V�E�R�� �W�E �H�A�V�E�V�R�P�H
�I�N�F�O�R�M�A�T�I�O�N�� �U�S�U�A�L�L�Y �C�A�L�L�E�D�H�Y�L�G�H�Q�F�H�� �T�H�A�T �H�A�S �A�L�R�E�A�D�Y �B�E�E�N �R�E�V�E�A�L�E�D�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �l�R�S�TEVIDENCE

�D�I�E �M�A�Y �A�L�R�E�A�D�Y �B�E �S�H�O�W�I�N�G �A �� �A�N�D �W�E �A�R�E �W�A�I�T�I�N�G �W�I�T�H �B�A�T�E�D �B�R�E�A�T�H �F�O�R �T�H�E �O�T�H�E�R �O�N�E �T�O
�S�T�O�P �S�P�I�N�N�I�N�G�� �)�N �T�H�A�T �C�A�S�E�� �W�E �A�R�E �I�N�T�E�R�E�S�T�E�D �N�O�T �I�N �T�H�E �U�N�C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�O�L�L�I�N�G
�D�O�U�B�L�E�S�� �B�U�T �T�H�E�F�R�Q�G�L�W�L�R�Q�D�O�O�R�S�R�V�W�H�U�L�R�U�P�R�O�B�A�B�I�L�I�T�Y ���O�R �J�U�S�T �h�P�O�S�T�E�R�I�O�R�v �F�O�R �S�H�O�R�T�	 �O�F �R�O�L�L�I�N�GCONDITIONAL

PROBABILITY
POSTERIOR
PROBABILITY �D�O�U�B�L�E�S�J�L�Y�H�Q �W�K�D�W �W�K�H �¿�U�V�W �G�L�H �L�V �D ���� �4�H�I�S �P�R�O�B�A�B�I�L�I�T�Y �I�S �W�R�I�T�T�E�NP(doublesj Die1 = 5) �� �W�H�E�R�E

�T�H�E �hj �v �I�S �P�R�O�N�O�U�N�C�E�D �h�G�I�V�E�N���v �3�I�M�I�L�A�R�L�Y�� �I�F �) �A�M �G�O�I�N�G �T�O �T�H�E �D�E�N�T�I�S�T �F�O�R �A �R�E�G�U�L�A�R �C�H�E�C�K�U�P��
�T�H�E �P�R�O�B�A�B�I�L�I�T�YP(cavity) = 0 :2 �M�I�G�H�T �B�E �O�F �I�N�T�E�R�E�S�T�� �B�U�T �I�F �) �G�O �T�O �T�H�E �D�E�N�T�I�S�T �B�E�C�A�U�S�E �) �H�A�V�E
�A �T�O�O�T�H�A�C�H�E�� �I�T���SP(cavity j toothache) = 0 :6 �T�H�A�T �M�A�T�T�E�R�S�� �.�O�T�E �T�H�A�T �T�H�E �P�R�E�C�E�D�E�N�C�E �O�F �hj �v �I�S
�S�U�C�H �T�H�A�T �A�N�Y �E�X�P�R�E�S�S�I�O�N �O�F �T�H�E �F�O�R�MP(: : : j : : :) �A�L�W�A�Y�S �M�E�A�N�SP(( : : :)j(: : :)) ��

�)�T �I�S �I�M�P�O�R�T�A�N�T �T�O �U�N�D�E�R�S�T�A�N�D �T�H�A�TP(cavity) = 0 :2 �I�S �S�T�I�L�L�Y�D�O�L�G�A�F�T�E�Rtoothache �I�S �O�B�

�S�E�R�V�E�D�� �I�T �J�U�S�T �I�S�N���T �E�S�P�E�C�I�A�L�L�Y �U�S�E�F�U�L�� �7�H�E�N �M�A�K�I�N�G �D�E�C�I�S�I�O�N�S�� �A�N �A�G�E�N�T �N�E�E�D�S �T�O �C�O�N�D�I�T�I�O�N
�O�N�D�O�O�T�H�E �E�V�I�D�E�N�C�E �I�T �H�A�S �O�B�S�E�R�V�E�D�� �)�T �I�S �A�L�S�O �I�M�P�O�R�T�A�N�T �T�O �U�N�D�E�R�S�T�A�N�D �T�H�E �D�I�F�F�E�R�E�N�C�E �B�E�

�T�W�E�E�N �C�O�N�D�I�T�I�O�N�I�N�G �A�N�D �L�O�G�I�C�A�L �I�M�P�L�I�C�A�T�I�O�N�� �4�H�E �A�S�S�E�R�T�I�O�N �T�H�A�TP(cavity j toothache) = 0 :6
�D�O�E�S �N�O�T �M�E�A�N �h�7�H�E�N�E�V�E�Rtoothache �I�S �T�R�U�E�� �C�O�N�C�L�U�D�E �T�H�A�Tcavity �I�S �T�R�U�E �W�I�T�H �P�R�O�B�A�B�I�L�

�I�T�Y �������v �R�A�T�H�E�R �I�T �M�E�A�N�S �h�7�H�E�N�E�V�E�Rtoothache �I�S �T�R�U�E�D�Q�G �Z�H �K�D�Y�H �Q�R �I�X�U�W�K�H�U �L�Q�I�R�U�P�D�W�L�R�Q��
�C�O�N�C�L�U�D�E �T�H�A�Tcavity �I�S �T�R�U�E �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ���������v �4�H�E �E�X�T�R�A �C�O�N�D�I�T�I�O�N �I�S �I�M�P�O�R�T�A�N�T�� �F�O�R �E�X�

�A�M�P�L�E�� �I�F �W�E �H�A�D �T�H�E �F�U�R�T�H�E�R �I�N�F�O�R�M�A�T�I�O�N �T�H�A�T �T�H�E �D�E�N�T�I�S�T �F�O�U�N�D �N�O �C�A�V�I�T�I�E�S�� �W�E �D�E�l�N�I�T�E�L�Y
�W�O�U�L�D �N�O�T �W�A�N�T �T�O �C�O�N�C�L�U�D�E �T�H�A�Tcavity �I�S �T�R�U�E �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �I�N�S�T�E�A�D �W�E �N�E�E�D �T�O �U�S�E
P(cavity jtoothache^ : cavity) = 0 ��

�-�A�T�H�E�M�A�T�I�C�A�L�L�Y �S�P�E�A�K�I�N�G�� �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �A�R�E �D�E�l�N�E�D �I�N �T�E�R�M�S �O�F �U�N�C�O�N�D�I�

�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �A�S �F�O�L�L�O�W�S�� �F�O�R �A�N�Y �P�R�O�P�O�S�I�T�I�O�N�Sa �A�N�Db�� �W�E �H�A�V�E

P(a j b) =
P(a ^ b)

P(b)
; �����������	

�W�H�I�C�H �H�O�L�D�S �W�H�E�N�E�V�E�RP(b) > 0�� �&�O�R �E�X�A�M�P�L�E��

P(doublesj Die1 = 5) =
P(doubles^ Die1 = 5)

P(Die1 = 5)
:

�4�H�E�D�E�l�N�I�T�I�O�N �M�A�K�E�S �S�E�N�S�E �I�F �Y�O�U �R�E�M�E�M�B�E�R �T�H�A�T �O�B�S�E�R�V�I�N�Gb �R�U�L�E�S �O�U�T �A�L�L �T�H�O�S�E �P�O�S�S�I�B�L�E
�W�O�R�L�D�S �W�H�E�R�Eb�I�S �F�A�L�S�E�� �L�E�A�V�I�N�G �A �S�E�T �W�H�O�S�E �T�O�T�A�L �P�R�O�B�A�B�I�L�I�T�Y �I�S �J�U�S�TP(b)�� �7�I�T�H�I�N �T�H�A�T �S�E�T�� �T�H�E
a�
�W�O�R�L�D�S �S�A�T�I�S�F�Ya ^ b�A�N�D �C�O�N�S�T�I�T�U�T�E �A �F�R�A�C�T�I�O�NP(a ^ b)=P(b)��



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�4�H�E �D�E�l�N�I�T�I�O�N �O�F �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y�� �%�Q�U�A�T�I�O�N �����������	�� �C�A�N �B�E �W�R�I�T�T�E�N �I�N �A �D�I�F�F�E�R�E�N�T
�F�O�R�M �C�A�L�L�E�D �T�H�E�S�U�R�G�X�F�W �U�X�O�H��PRODUCT RULE

P(a ^ b) = P(a j b)P(b) ;

�4�H�E �P�R�O�D�U�C�T �R�U�L�E �I�S �P�E�R�H�A�P�S �E�A�S�I�E�R �T�O �R�E�M�E�M�B�E�R�� �I�T �C�O�M�E�S �F�R�O�M �T�H�E �F�A�C�T �T�H�A�T�� �F�O�Ra �A�N�Db �T�O �B�E
�T�R�U�E�� �W�E �N�E�E�Db �T�O �B�E �T�R�U�E�� �A�N�D �W�E �A�L�S�O �N�E�E�Da �T�O �B�E �T�R�U�E �G�I�V�E�Nb��

������������ �7�K�H �O�D�Q�J�X�D�J�H �R�I �S�U�R�S�R�V�L�W�L�R�Q�V �L�Q �S�U�R�E�D�E�L�O�L�W�\ �D�V�V�H�U�W�L�R�Q�V

�)�N �T�H�I�S �C�H�A�P�T�E�R �A�N�D �T�H�E �N�E�X�T�� �P�R�O�P�O�S�I�T�I�O�N�S �D�E�S�C�R�I�B�I�N�G �S�E�T�S �O�F �P�O�S�S�I�B�L�E �W�O�R�L�D�S �A�R�E �W�R�I�T�T�E�N �I�N �A
�N�O�T�A�T�I�O�N �T�H�A�T �C�O�M�B�I�N�E�S �E�L�E�M�E�N�T�S �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C �A�N�D �C�O�N�S�T�R�A�I�N�T �S�A�T�I�S�F�A�C�T�I�O�N �N�O�T�A�T�I�O�N�� �)�N
�T�H�E �T�E�R�M�I�N�O�L�O�G�Y �O�F �3�E�C�T�I�O�N ������������ �I�T �I�S �A�I�D�F�W�R�U�H�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �I�N �W�H�I�C�H �A �P�O�S�S�I�B�L�E �W�O�R�L�D
�I�S �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �S�E�T �O�F �V�A�R�I�A�B�L�E���V�A�L�U�E �P�A�I�R�S��

�6�A�R�I�A�B�L�E�S �I�N �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �A�R�E �C�A�L�L�E�D�U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V�A�N�D �T�H�E�I�R �N�A�M�E�S �B�E�G�I�N �W�I�T�HRANDOM VARIABLE

�A�N �U�P�P�E�R�C�A�S�E �L�E�T�T�E�R�� �4�H�U�S�� �I�N �T�H�E �D�I�C�E �E�X�A�M�P�L�E��Total �A�N�DDie1 �A�R�E �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S�� �%�V�E�R�Y
�R�A�N�D�O�M �V�A�R�I�A�B�L�E �H�A�S �A�G�R�P�D�L�Q�ˆ�T�H�E �S�E�T �O�F �P�O�S�S�I�B�L�E �V�A�L�U�E�S �I�T �C�A�N �T�A�K�E �O�N�� �4�H�E �D�O�M�A�I�N �O�FDOMAIN

Total �F�O�R �T�W�O �D�I�C�E �I�S �T�H�E �S�E�Tf 2; : : : ; 12g �A�N�D �T�H�E �D�O�M�A�I�N �O�FDie1 �I�Sf 1; : : : ; 6g�� �! �"�O�O�L�E�A�N
�R�A�N�D�O�M �V�A�R�I�A�B�L�E �H�A�S �T�H�E �D�O�M�A�I�Nf true ; falseg ���N�O�T�I�C�E �T�H�A�T �V�A�L�U�E�S �A�R�E �A�L�W�A�Y�S �L�O�W�E�R�C�A�S�E�	�� �F�O�R
�E�X�A�M�P�L�E�� �T�H�E �P�R�O�P�O�S�I�T�I�O�N �T�H�A�T �D�O�U�B�L�E�S �A�R�E �R�O�L�L�E�D �C�A�N �B�E �W�R�I�T�T�E�N �A�SDoubles= true�� �"�Y �C�O�N�

�V�E�N�T�I�O�N�� �P�R�O�P�O�S�I�T�I�O�N�S �O�F �T�H�E �F�O�R�MA = true �A�R�E �A�B�B�R�E�V�I�A�T�E�D �S�I�M�P�L�Y �A�Sa�� �W�H�I�L�EA = false �I�S
�A�B�B�R�E�V�I�A�T�E�D �A�S: a�� ���4�H�E �U�S�E�S �O�Fdoubles��cavity�� �A�N�Dtoothache�I�N �T�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N �A�R�E
�A�B�B�R�E�V�I�A�T�I�O�N�S �O�F �T�H�I�S �K�I�N�D���	 �!�S �I�N �#�3�0�S�� �D�O�M�A�I�N�S �C�A�N �B�E �S�E�T�S �O�F �A�R�B�I�T�R�A�R�Y �T�O�K�E�N�S�� �W�E �M�I�G�H�T
�C�H�O�O�S�E �T�H�E �D�O�M�A�I�N �O�FAge �T�O �B�Ef juvenile; teen; adultg �A�N�D �T�H�E �D�O�M�A�I�N �O�FWeather �M�I�G�H�T
�B�Ef sunny; rain ; cloudy; snowg�� �7�H�E�N �N�O �A�M�B�I�G�U�I�T�Y �I�S �P�O�S�S�I�B�L�E�� �I�T �I�S �C�O�M�M�O�N �T�O �U�S�E �A �V�A�L�U�E
�B�Y �I�T�S�E�L�F �T�O �S�T�A�N�D �F�O�R �T�H�E �P�R�O�P�O�S�I�T�I�O�N �T�H�A�T �A �P�A�R�T�I�C�U�L�A�R �V�A�R�I�A�B�L�E �H�A�S �T�H�A�T �V�A�L�U�E�� �T�H�U�S��sunny �C�A�N
�S�T�A�N�D �F�O�RWeather = sunny��

�4�H�E �P�R�E�C�E�D�I�N�G �E�X�A�M�P�L�E�S �A�L�L �H�A�V�E �l�N�I�T�E �D�O�M�A�I�N�S�� �6�A�R�I�A�B�L�E�S �C�A�N �H�A�V�E �I�N�l�N�I�T�E �D�O�M�A�I�N�S��
�T�O�O�ˆ�E�I�T�H�E�R �D�I�S�C�R�E�T�E ���L�I�K�E �T�H�E �I�N�T�E�G�E�R�S�	 �O�R �C�O�N�T�I�N�U�O�U�S ���L�I�K�E �T�H�E �R�E�A�L�S�	�� �&�O�R �A�N�Y �V�A�R�I�A�B�L�E �W�I�T�H �A�N
�O�R�D�E�R�E�D �D�O�M�A�I�N�� �I�N�E�Q�U�A�L�I�T�I�E�S �A�R�E �A�L�S�O �A�L�L�O�W�E�D�� �S�U�C�H �A�SNumberOfAtomsInUniverse � 1070��

�&�I�N�A�L�L�Y�� �W�E �C�A�N �C�O�M�B�I�N�E �T�H�E�S�E �S�O�R�T�S �O�F �E�L�E�M�E�N�T�A�R�Y �P�R�O�P�O�S�I�T�I�O�N�S ���I�N�C�L�U�D�I�N�G �T�H�E �A�B�B�R�E�

�V�I�A�T�E�D �F�O�R�M�S �F�O�R �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�S�	 �B�Y �U�S�I�N�G �T�H�E �C�O�N�N�E�C�T�I�V�E�S �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �&�O�R
�E�X�A�M�P�L�E�� �W�E �C�A�N �E�X�P�R�E�S�S �h�4�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �P�A�T�I�E�N�T �H�A�S �A �C�A�V�I�T�Y�� �G�I�V�E�N �T�H�A�T �S�H�E �I�S �A
�T�E�E�N�A�G�E�R �W�I�T�H �N�O �T�O�O�T�H�A�C�H�E�� �I�S �������v �A�S �F�O�L�L�O�W�S��

P(cavity j : toothache^ teen) = 0 :1 :

�3�O�M�E�T�I�M�E�S �W�E �W�I�L�L �W�A�N�T �T�O �T�A�L�K �A�B�O�U�T �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F�D�O�O�T�H�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�F �A �R�A�N�D�O�M
�V�A�R�I�A�B�L�E�� �7�E �C�O�U�L�D �W�R�I�T�E��

P(Weather = sunny) = 0 :6
P(Weather = rain ) = 0 :1
P(Weather = cloudy) = 0 :29
P(Weather = snow) = 0 :01 ;

�B�U�T �A�S �A�N �A�B�B�R�E�V�I�A�T�I�O�N �W�E �W�I�L�L �A�L�L�O�W

�3(Weather) = h0:6; 0:1; 0:29; 0:01i ;



�3�E�C�T�I�O�N ���������� �"�A�S�I�C �0�R�O�B�A�B�I�L�I�T�Y �.�O�T�A�T�I�O�N ������

�W�H�E�R�E �T�H�E �B�O�L�D�3�I�N�D�I�C�A�T�E�S �T�H�A�T �T�H�E �R�E�S�U�L�T �I�S �A �V�E�C�T�O�R �O�F �N�U�M�B�E�R�S�� �A�N�D �W�H�E�R�E �W�E �A�S�S�U�M�E �A �P�R�E�

�D�E�l�N�E�D �O�R�D�E�R�I�N�Ghsunny; rain ; cloudy; snowi �O�N �T�H�E �D�O�M�A�I�N �O�FWeather�� �7�E �S�A�Y �T�H�A�T �T�H�E
�3�S�T�A�T�E�M�E�N�T �D�E�l�N�E�S �A�S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q�F�O�R �T�H�E �R�A�N�D�O�M �V�A�R�I�A�B�L�EWeather�� �4�H�E�3�N�O�T�A�
PROBABILITY

DISTRIBUTION

�T�I�O�N �I�S �A�L�S�O �U�S�E�D �F�O�R �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N�S���3(X j Y ) �G�I�V�E�S �T�H�E �V�A�L�U�E�S �O�FP(X = x i j Y = yj )
�F�O�R �E�A�C�H �P�O�S�S�I�B�L�Ei ��j �P�A�I�R��

�&�O�R �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S�� �I�T �I�S �N�O�T �P�O�S�S�I�B�L�E �T�O �W�R�I�T�E �O�U�T �T�H�E �E�N�T�I�R�E �D�I�S�T�R�I�B�U�T�I�O�N �A�S �A �V�E�C�T�O�R��
�B�E�C�A�U�S�E �T�H�E�R�E �A�R�E �I�N�l�N�I�T�E�L�Y �M�A�N�Y �V�A�L�U�E�S�� �)�N�S�T�E�A�D�� �W�E �C�A�N �D�E�l�N�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A �R�A�N�D�O�M
�V�A�R�I�A�B�L�E �T�A�K�E�S �O�N �S�O�M�E �V�A�L�U�Ex �A�S �A �P�A�R�A�M�E�T�E�R�I�Z�E�D �F�U�N�C�T�I�O�N �O�Fx�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �S�E�N�T�E�N�C�E

P(NoonTemp= x) = Uniform [18C;26C](x)

�E�X�P�R�E�S�S�E�S �T�H�E �B�E�L�I�E�F �T�H�A�T �T�H�E �T�E�M�P�E�R�A�T�U�R�E �A�T �N�O�O�N �I�S �D�I�S�T�R�I�B�U�T�E�D �U�N�I�F�O�R�M�L�Y �B�E�T�W�E�E�N ���� �A�N�D ����
�D�E�G�R�E�E�S �#�E�L�S�I�U�S�� �7�E �C�A�L�L �T�H�I�S �A�S�U�R�E�D�E�L�O�L�W�\ �G�H�Q�V�L�W�\ �I�X�Q�F�W�L�R�Q��PROBABILITY

DENSITY FUNCTION

�0�R�O�B�A�B�I�L�I�T�Y �D�E�N�S�I�T�Y �F�U�N�C�T�I�O�N�S ���S�O�M�E�T�I�M�E�S �C�A�L�L�E�D�S�G�I�V�	 �D�I�F�F�E�R �I�N �M�E�A�N�I�N�G �F�R�O�M �D�I�S�C�R�E�T�E
�D�I�S�T�R�I�B�U�T�I�O�N�S�� �3�A�Y�I�N�G �T�H�A�T �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�E�N�S�I�T�Y �I�S �U�N�I�F�O�R�M �F�R�O�M18C �T�O26C �M�E�A�N�S �T�H�A�T
�T�H�E�R�E �I�S �A �������� �C�H�A�N�C�E �T�H�A�T �T�H�E �T�E�M�P�E�R�A�T�U�R�E �W�I�L�L �F�A�L�L �S�O�M�E�W�H�E�R�E �I�N �T�H�A�T8C�
�W�I�D�E �R�E�G�I�O�N
�A�N�D �A ������ �C�H�A�N�C�E �T�H�A�T �I�T �W�I�L�L �F�A�L�L �I�N �A�N�Y4C�
�W�I�D�E �R�E�G�I�O�N�� �A�N�D �S�O �O�N�� �7�E �W�R�I�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y
�D�E�N�S�I�T�Y �F�O�R �A �C�O�N�T�I�N�U�O�U�S �R�A�N�D�O�M �V�A�R�I�A�B�L�EX �A�T �V�A�L�U�Ex �A�SP(X = x) �O�R �J�U�S�TP(x) �� �T�H�E �I�N�T�U�I�T�I�V�E
�D�E�l�N�I�T�I�O�N �O�FP(x) �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�TX �F�A�L�L�S �W�I�T�H�I�N �A�N �A�R�B�I�T�R�A�R�I�L�Y �S�M�A�L�L �R�E�G�I�O�N �B�E�G�I�N�N�I�N�G
�A�Tx�� �D�I�V�I�D�E�D �B�Y �T�H�E �W�I�D�T�H �O�F �T�H�E �R�E�G�I�O�N��

P(x) = lim
dx! 0

P(x � X � x + dx)=dx :

�&�O�RNoonTemp �W�E �H�A�V�E

P(NoonTemp= x) = Uniform [18C;26C](x) =
� 1

8C �I�F18C � x � 26C
0 �O�T�H�E�R�W�I�S�E

;

�W�H�E�R�EC �S�T�A�N�D�S �F�O�R �C�E�N�T�I�G�R�A�D�E ���N�O�T �F�O�R �A �C�O�N�S�T�A�N�T�	�� �)�NP(NoonTemp= 20:18C) = 1
8C �� �N�O�T�E

�T�H�A�T18C �I�S �N�O�T�A �P�R�O�B�A�B�I�L�I�T�Y�� �I�T �I�S �A �P�R�O�B�A�B�I�L�I�T�Y �D�E�N�S�I�T�Y�� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�TNoonTemp �I�S
�H�[�D�F�W�O�\20:18C �I�S �Z�E�R�O�� �B�E�C�A�U�S�E20:18C �I�S �A �R�E�G�I�O�N �O�F �W�I�D�T�H ���� �3�O�M�E �A�U�T�H�O�R�S �U�S�E �D�I�F�F�E�R�E�N�T
�S�Y�M�B�O�L�S �F�O�R �D�I�S�C�R�E�T�E �D�I�S�T�R�I�B�U�T�I�O�N�S �A�N�D �D�E�N�S�I�T�Y �F�U�N�C�T�I�O�N�S�� �W�E �U�S�EP �I�N �B�O�T�H �C�A�S�E�S�� �S�I�N�C�E �C�O�N�F�U�

�S�I�O�N �S�E�L�D�O�M �A�R�I�S�E�S �A�N�D �T�H�E �E�Q�U�A�T�I�O�N�S �A�R�E �U�S�U�A�L�L�Y �I�D�E�N�T�I�C�A�L�� �.�O�T�E �T�H�A�T �P�R�O�B�A�B�I�L�I�T�I�E�S �A�R�E �U�N�I�T�L�E�S�S
�N�U�M�B�E�R�S�� �W�H�E�R�E�A�S �D�E�N�S�I�T�Y �F�U�N�C�T�I�O�N�S �A�R�E �M�E�A�S�U�R�E�D �W�I�T�H �A �U�N�I�T�� �I�N �T�H�I�S �C�A�S�E �R�E�C�I�P�R�O�C�A�L �D�E�G�R�E�E�S��

�)�N �A�D�D�I�T�I�O�N �T�O �D�I�S�T�R�I�B�U�T�I�O�N�S �O�N �S�I�N�G�L�E �V�A�R�I�A�B�L�E�S�� �W�E �N�E�E�D �N�O�T�A�T�I�O�N �F�O�R �D�I�S�T�R�I�B�U�T�I�O�N�S �O�N
�M�U�L�T�I�P�L�E �V�A�R�I�A�B�L�E�S�� �#�O�M�M�A�S �A�R�E �U�S�E�D �F�O�R �T�H�I�S�� �&�O�R �E�X�A�M�P�L�E���3(Weather; Cavity ) �D�E�N�O�T�E�S
�T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �A�L�L �C�O�M�B�I�N�A�T�I�O�N�S �O�F �T�H�E �V�A�L�U�E�S �O�FWeather �A�N�DCavity �� �4�H�I�S �I�S �A4� 2
�T�A�B�L�E �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S �C�A�L�L�E�D �T�H�E�M�R�L�Q�W �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q�O�FWeather �A�N�DCavity �� �7�EJOINT PROBABILITY
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�C�A�N �A�L�S�O �M�I�X �V�A�R�I�A�B�L�E�S �W�I�T�H �A�N�D �W�I�T�H�O�U�T �V�A�L�U�E�S���3(sunny; Cavity ) �W�O�U�L�D �B�E �A �T�W�O�
�E�L�E�M�E�N�T
�V�E�C�T�O�R �G�I�V�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �A �S�U�N�N�Y �D�A�Y �W�I�T�H �A �C�A�V�I�T�Y �A�N�D �A �S�U�N�N�Y �D�A�Y �W�I�T�H �N�O �C�A�V�I�T�Y��
�4�H�E�3�N�O�T�A�T�I�O�N �M�A�K�E�S �C�E�R�T�A�I�N �E�X�P�R�E�S�S�I�O�N�S �M�U�C�H �M�O�R�E �C�O�N�C�I�S�E �T�H�A�N �T�H�E�Y �M�I�G�H�T �O�T�H�E�R�W�I�S�E �B�E��
�&�O�R �E�X�A�M�P�L�E�� �T�H�E �P�R�O�D�U�C�T �R�U�L�E�S �F�O�R �A�L�L �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�FWeather �A�N�DCavity �C�A�N �B�E �W�R�I�T�T�E�N
�A�S �A �S�I�N�G�L�E �E�Q�U�A�T�I�O�N��

�3(Weather; Cavity ) = �3(Weather j Cavity )�3(Cavity ) ;



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�I�N�S�T�E�A�D �O�F �A�S �T�H�E�S�E4� 2 = 8 �E�Q�U�A�T�I�O�N�S ���U�S�I�N�G �A�B�B�R�E�V�I�A�T�I�O�N�SW �A�N�DC�	��

P(W = sunny ^ C = true) = P(W = sunnyjC = true) P(C = true)
P(W = rain ^ C = true) = P(W = rain jC = true) P(C = true)
P(W = cloudy ^ C = true) = P(W = cloudyjC = true) P(C = true)
P(W = snow^ C = true) = P(W = snowjC = true) P(C = true)
P(W = sunny ^ C = false) = P(W = sunnyjC = false) P(C = false)
P(W = rain ^ C = false) = P(W = rain jC = false) P(C = false)
P(W = cloudy ^ C = false) = P(W = cloudyjC = false) P(C = false)
P(W = snow^ C = false) = P(W = snowjC = false) P(C = false) :

�!�S �A �D�E�G�E�N�E�R�A�T�E �C�A�S�E���3(sunny; cavity) �H�A�S �N�O �V�A�R�I�A�B�L�E�S �A�N�D �T�H�U�S �I�S �A �O�N�E�
�E�L�E�M�E�N�T �V�E�C�

�T�O�R �T�H�A�T �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �S�U�N�N�Y �D�A�Y �W�I�T�H �A �C�A�V�I�T�Y�� �W�H�I�C�H �C�O�U�L�D �A�L�S�O �B�E �W�R�I�T�T�E�N �A�S
P(sunny; cavity) �O�RP(sunny ^ cavity)�� �7�E �W�I�L�L �S�O�M�E�T�I�M�E�S �U�S�E�3�N�O�T�A�T�I�O�N �T�O �D�E�R�I�V�E �R�E�S�U�L�T�S
�A�B�O�U�T �I�N�D�I�V�I�D�U�A�LP �V�A�L�U�E�S�� �A�N�D �W�H�E�N �W�E �S�A�Y �h�3(sunny) = 0 :6�v �I�T �I�S �R�E�A�L�L�Y �A�N �A�B�B�R�E�V�I�A�T�I�O�N �F�O�R
�h�3(sunny) �I�S �T�H�E �O�N�E�
�E�L�E�M�E�N�T �V�E�C�T�O�Rh0:6i �� �W�H�I�C�H �M�E�A�N�S �T�H�A�TP(sunny) = 0 :6���v

�.�O�W �W�E �H�A�V�E �D�E�l�N�E�D �A �S�Y�N�T�A�X �F�O�R �P�R�O�P�O�S�I�T�I�O�N�S �A�N�D �P�R�O�B�A�B�I�L�I�T�Y �A�S�S�E�R�T�I�O�N�S �A�N�D �W�E �H�A�V�E
�G�I�V�E�N �P�A�R�T �O�F �T�H�E �S�E�M�A�N�T�I�C�S�� �%�Q�U�A�T�I�O�N �����������	 �D�E�l�N�E�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �P�R�O�P�O�S�I�T�I�O�N �A�S �T�H�E �S�U�M
�O�F �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �W�O�R�L�D�S �I�N �W�H�I�C�H �I�T �H�O�L�D�S�� �4�O �C�O�M�P�L�E�T�E �T�H�E �S�E�M�A�N�T�I�C�S�� �W�E �N�E�E�D �T�O �S�A�Y
�W�H�A�T �T�H�E �W�O�R�L�D�S �A�R�E �A�N�D �H�O�W �T�O �D�E�T�E�R�M�I�N�E �W�H�E�T�H�E�R �A �P�R�O�P�O�S�I�T�I�O�N �H�O�L�D�S �I�N �A �W�O�R�L�D�� �7�E �B�O�R�R�O�W
�T�H�I�S �P�A�R�T �D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �S�E�M�A�N�T�I�C�S �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �A�S �F�O�L�L�O�W�S���$ �S�R�V�V�L�E�O�H �Z�R�U�O�G �L�V
�G�H�¿�Q�H�G �W�R �E�H �D�Q �D�V�V�L�J�Q�P�H�Q�W �R�I �Y�D�O�X�H�V �W�R �D�O�O �R�I �W�K�H �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�V �X�Q�G�H�U �F�R�Q�V�L�G�H�U�D�W�L�R�Q���)�T �I�S
�E�A�S�Y �T�O �S�E�E �T�H�A�T �T�H�I�S �D�E�l�N�I�T�I�O�N �S�A�T�I�S�l�E�S �T�H�E �B�A�S�I�C �R�E�Q�U�I�R�E�M�E�N�T �T�H�A�T �P�O�S�S�I�B�L�E �W�O�R�L�D�S �B�E �M�U�T�U�A�L�L�Y
�E�X�C�L�U�S�I�V�E �A�N�D �E�X�H�A�U�S�T�I�V�E ���%�X�E�R�C�I�S�E ���������	�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S �A�R�ECavity ��
Toothache�� �A�N�DWeather�� �T�H�E�N �T�H�E�R�E �A�R�E2� 2� 4 = 16 �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �&�U�R�T�H�E�R�M�O�R�E�� �T�H�E
�T�R�U�T�H �O�F �A�N�Y �G�I�V�E�N �P�R�O�P�O�S�I�T�I�O�N�� �N�O �M�A�T�T�E�R �H�O�W �C�O�M�P�L�E�X�� �C�A�N �B�E �D�E�T�E�R�M�I�N�E�D �E�A�S�I�L�Y �I�N �S�U�C�H
�W�O�R�L�D�S �U�S�I�N�G �T�H�E �S�A�M�E �R�E�C�U�R�S�I�V�E �D�E�l�N�I�T�I�O�N �O�F �T�R�U�T�H �A�S �F�O�R �F�O�R�M�U�L�A�S �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C��

�&�R�O�M �T�H�E �P�R�E�C�E�D�I�N�G �D�E�l�N�I�T�I�O�N �O�F �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �I�T �F�O�L�L�O�W�S �T�H�A�T �A �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �I�S
�C�O�M�P�L�E�T�E�L�Y �D�E�T�E�R�M�I�N�E�D �B�Y �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �A�L�L �O�F �T�H�E �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S�ˆ�T�H�E �S�O�
�C�A�L�L�E�D
�I�X�O�O �M�R�L�Q�W �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �V�A�R�I�A�B�L�E�S �A�R�ECavity ��Toothache��
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�A�N�DWeather�� �T�H�E�N �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�S �G�I�V�E�N �B�Y�3(Cavity ; Toothache; Weather)��
�4�H�I�S �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �A�S �A2� 2� 4 �T�A�B�L�E �W�I�T�H ���� �E�N�T�R�I�E�S�� �"�E�C�A�U�S�E �E�V�E�R�Y
�P�R�O�P�O�S�I�T�I�O�N���S �P�R�O�B�A�B�I�L�I�T�Y �I�S �A �S�U�M �O�V�E�R �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �A �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �S�U�F�l�C�E�S�� �I�N
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������������ �3�U�R�E�D�E�L�O�L�W�\ �D�[�L�R�P�V �D�Q�G �W�K�H�L�U �U�H�D�V�R�Q�D�E�O�H�Q�H�V�V

�4�H�E �B�A�S�I�C �A�X�I�O�M�S �O�F �P�R�O�B�A�B�I�L�I�T�Y ���%�Q�U�A�T�I�O�N�S �����������	 �A�N�D �����������	�	 �I�M�P�L�Y �C�E�R�T�A�I�N �R�E�L�A�T�I�O�N�S�H�I�P�S
�A�M�O�N�G �T�H�E �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F �T�H�A�T �C�A�N �B�E �A�C�C�O�R�D�E�D �T�O �L�O�G�I�C�A�L�L�Y �R�E�L�A�T�E�D �P�R�O�P�O�S�I�T�I�O�N�S�� �&�O�R �E�X�A�M�

�P�L�E�� �W�E �C�A�N �D�E�R�I�V�E �T�H�E �F�A�M�I�L�I�A�R �R�E�L�A�T�I�O�N�S�H�I�P �B�E�T�W�E�E�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �P�R�O�P�O�S�I�T�I�O�N �A�N�D �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �O�F �I�T�S �N�E�G�A�T�I�O�N��

P(: a) =
P

! 2:a P(! ) �B�Y �%�Q�U�A�T�I�O�N �����������	
=

P
! 2:a P(! ) +

P
! 2a P(! ) �

P
! 2a P(! )

=
P

! 2
 P(! ) �
P

! 2a P(! ) �G�R�O�U�P�I�N�G �T�H�E �l�R�S�T �T�W�O �T�E�R�M�S
= 1 � P(a) �B�Y �����������	 �A�N�D �����������	��
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INCLUSION–
EXCLUSION
PRINCIPLE

P(a _ b) = P(a) + P(b) � P(a ^ b) : �����������	

�4�H�I�S �R�U�L�E �I�S �E�A�S�I�L�Y �R�E�M�E�M�B�E�R�E�D �B�Y �N�O�T�I�N�G �T�H�A�T �T�H�E �C�A�S�E�S �W�H�E�R�Ea �H�O�L�D�S�� �T�O�G�E�T�H�E�R �W�I�T�H �T�H�E �C�A�S�E�S
�W�H�E�R�Eb �H�O�L�D�S�� �C�E�R�T�A�I�N�L�Y �C�O�V�E�R �A�L�L �T�H�E �C�A�S�E�S �W�H�E�R�Ea _ b �H�O�L�D�S�� �B�U�T �S�U�M�M�I�N�G �T�H�E �T�W�O �S�E�T�S �O�F
�C�A�S�E�S �C�O�U�N�T�S �T�H�E�I�R �I�N�T�E�R�S�E�C�T�I�O�N �T�W�I�C�E�� �S�O �W�E �N�E�E�D �T�O �S�U�B�T�R�A�C�TP(a ^ b)�� �4�H�E �P�R�O�O�F �I�S �L�E�F�T �A�S �A�N
�E�X�E�R�C�I�S�E ���%�X�E�R�C�I�S�E ���������	��

�%�Q�U�A�T�I�O�N�S �����������	 �A�N�D �����������	 �A�R�E �O�F�T�E�N �C�A�L�L�E�D�.�R�O�P�R�J�R�U�R�Y�¶�V �D�[�L�R�P�V�I�N �H�O�N�O�R �O�F �T�H�E �2�U�S�
KOLMOGOROV'S
AXIOMS

�S�I�A�N �M�A�T�H�E�M�A�T�I�C�I�A�N �!�N�D�R�E�I �+�O�L�M�O�G�O�R�O�V�� �W�H�O �S�H�O�W�E�D �H�O�W �T�O �B�U�I�L�D �U�P �T�H�E �R�E�S�T �O�F �P�R�O�B�A�B�I�L�I�T�Y
�T�H�E�O�R�Y �F�R�O�M �T�H�I�S �S�I�M�P�L�E �F�O�U�N�D�A�T�I�O�N �A�N�D �H�O�W �T�O �H�A�N�D�L�E �T�H�E �D�I�F�l�C�U�L�T�I�E�S �C�A�U�S�E�D �B�Y �C�O�N�T�I�N�U�O�U�S
�V�A�R�I�A�B�L�E�S���� �7�H�I�L�E �%�Q�U�A�T�I�O�N �����������	 �H�A�S �A �D�E�l�N�I�T�I�O�N�A�L �m�A�V�O�R�� �%�Q�U�A�T�I�O�N �����������	 �R�E�V�E�A�L�S �T�H�A�T �T�H�E
�A�X�I�O�M�S �R�E�A�L�L�Y �D�O �C�O�N�S�T�R�A�I�N �T�H�E �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F �A�N �A�G�E�N�T �C�A�N �H�A�V�E �C�O�N�C�E�R�N�I�N�G �L�O�G�I�C�A�L�L�Y �R�E�

�L�A�T�E�D �P�R�O�P�O�S�I�T�I�O�N�S�� �4�H�I�S �I�S �A�N�A�L�O�G�O�U�S �T�O �T�H�E �F�A�C�T �T�H�A�T �A �L�O�G�I�C�A�L �A�G�E�N�T �C�A�N�N�O�T �S�I�M�U�L�T�A�N�E�O�U�S�L�Y
�B�E�L�I�E�V�EA��B �� �A�N�D: (A ^ B )�� �B�E�C�A�U�S�E �T�H�E�R�E �I�S �N�O �P�O�S�S�I�B�L�E �W�O�R�L�D �I�N �W�H�I�C�H �A�L�L �T�H�R�E�E �A�R�E �T�R�U�E��
�7�I�T�H �P�R�O�B�A�B�I�L�I�T�I�E�S�� �H�O�W�E�V�E�R�� �S�T�A�T�E�M�E�N�T�S �R�E�F�E�R �N�O�T �T�O �T�H�E �W�O�R�L�D �D�I�R�E�C�T�L�Y�� �B�U�T �T�O �T�H�E �A�G�E�N�T���S �O�W�N
�S�T�A�T�E �O�F �K�N�O�W�L�E�D�G�E�� �7�H�Y�� �T�H�E�N�� �C�A�N �A�N �A�G�E�N�T �N�O�T �H�O�L�D �T�H�E �F�O�L�L�O�W�I�N�G �S�E�T �O�F �B�E�L�I�E�F�S ���E�V�E�N �T�H�O�U�G�H
�T�H�E�Y �V�I�O�L�A�T�E �+�O�L�M�O�G�O�R�O�V���S �A�X�I�O�M�S�	��

P(a) = 0 :4 P(a ^ b) = 0:0
P(b) = 0:3 P(a _ b) = 0:8 :

�����������	

�4�H�I�S �K�I�N�D �O�F �Q�U�E�S�T�I�O�N �H�A�S �B�E�E�N �T�H�E �S�U�B�J�E�C�T �O�F �D�E�C�A�D�E�S �O�F �I�N�T�E�N�S�E �D�E�B�A�T�E �B�E�T�W�E�E�N �T�H�O�S�E �W�H�O
�A�D�V�O�C�A�T�E �T�H�E �U�S�E �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S �A�S �T�H�E �O�N�L�Y �L�E�G�I�T�I�M�A�T�E �F�O�R�M �F�O�R �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F �A�N�D �T�H�O�S�E
�W�H�O �A�D�V�O�C�A�T�E �A�L�T�E�R�N�A�T�I�V�E �A�P�P�R�O�A�C�H�E�S��

�/�N�E �A�R�G�U�M�E�N�T �F�O�R �T�H�E �A�X�I�O�M�S �O�F �P�R�O�B�A�B�I�L�I�T�Y�� �l�R�S�T �S�T�A�T�E�D �I�N �������� �B�Y �"�R�U�N�O �D�E �&�I�N�E�T�T�I
���A�N�D �T�R�A�N�S�L�A�T�E�D �I�N�T�O �%�N�G�L�I�S�H �I�N �D�E �&�I�N�E�T�T�I �����������	�	�� �I�S �A�S �F�O�L�L�O�W�S�� �)�F �A�N �A�G�E�N�T �H�A�S �S�O�M�E �D�E�G�R�E�E �O�F
�B�E�L�I�E�F �I�N �A �P�R�O�P�O�S�I�T�I�O�Na�� �T�H�E�N �T�H�E �A�G�E�N�T �S�H�O�U�L�D �B�E �A�B�L�E �T�O �S�T�A�T�E �O�D�D�S �A�T �W�H�I�C�H �I�T �I�S �I�N�D�I�F�F�E�R�E�N�T
�T�O �A �B�E�T �F�O�R �O�R �A�G�A�I�N�S�Ta���� �4�H�I�N�K �O�F �I�T �A�S �A �G�A�M�E �B�E�T�W�E�E�N �T�W�O �A�G�E�N�T�S�� �!�G�E�N�T �� �S�T�A�T�E�S�� �h�M�Y
�D�E�G�R�E�E �O�F �B�E�L�I�E�F �I�N �E�V�E�N�Ta �I�S ���������v �!�G�E�N�T �� �I�S �T�H�E�N �F�R�E�E �T�O �C�H�O�O�S�E �W�H�E�T�H�E�R �T�O �W�A�G�E�R �F�O�R �O�R
�A�G�A�I�N�S�Ta �A�T �S�T�A�K�E�S �T�H�A�T �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �S�T�A�T�E�D �D�E�G�R�E�E �O�F �B�E�L�I�E�F�� �4�H�A�T �I�S�� �!�G�E�N�T �� �C�O�U�L�D
�C�H�O�O�S�E �T�O �A�C�C�E�P�T �!�G�E�N�T �����S �B�E�T �T�H�A�Ta �W�I�L�L �O�C�C�U�R�� �O�F�F�E�R�I�N�G ���� �A�G�A�I�N�S�T �!�G�E�N�T �����S ������ �/�R �!�G�E�N�T
�� �C�O�U�L�D �A�C�C�E�P�T �!�G�E�N�T �����S �B�E�T �T�H�A�T: a �W�I�L�L �O�C�C�U�R�� �O�F�F�E�R�I�N�G ���� �A�G�A�I�N�S�T �!�G�E�N�T �����S ������ �4�H�E�N �W�E
�O�B�S�E�R�V�E �T�H�E �O�U�T�C�O�M�E �O�Fa�� �A�N�D �W�H�O�E�V�E�R �I�S �R�I�G�H�T �C�O�L�L�E�C�T�S �T�H�E �M�O�N�E�Y�� �)�F �A�N �A�G�E�N�T���S �D�E�G�R�E�E�S �O�F
�B�E�L�I�E�F �D�O �N�O�T �A�C�C�U�R�A�T�E�L�Y �R�E�m�E�C�T �T�H�E �W�O�R�L�D�� �T�H�E�N �Y�O�U �W�O�U�L�D �E�X�P�E�C�T �T�H�A�T �I�T �W�O�U�L�D �T�E�N�D �T�O �L�O�S�E
�M�O�N�E�Y �O�V�E�R �T�H�E �L�O�N�G �R�U�N �T�O �A�N �O�P�P�O�S�I�N�G �A�G�E�N�T �W�H�O�S�E �B�E�L�I�E�F�S �M�O�R�E �A�C�C�U�R�A�T�E�L�Y �R�E�m�E�C�T �T�H�E �S�T�A�T�E
�O�F �T�H�E �W�O�R�L�D��

�"�U�T �D�E �&�I�N�E�T�T�I �P�R�O�V�E�D �S�O�M�E�T�H�I�N�G �M�U�C�H �S�T�R�O�N�G�E�R���,�I �$�J�H�Q�W �� �H�[�S�U�H�V�V�H�V �D �V�H�W �R�I �G�H�J�U�H�H�V
�R�I �E�H�O�L�H�I �W�K�D�W �Y�L�R�O�D�W�H �W�K�H �D�[�L�R�P�V �R�I �S�U�R�E�D�E�L�O�L�W�\ �W�K�H�R�U�\ �W�K�H�Q �W�K�H�U�H�L�V �D �F�R�P�E�L�Q�D�W�L�R�Q �R�I �E�H�W�V �E�\
�$�J�H�Q�W �� �W�K�D�W �J�X�D�U�D�Q�W�H�H�V �W�K�D�W �$�J�H�Q�W �� �Z�L�O�O �O�R�V�H �P�R�Q�H�\ �H�Y�H�U�\ �W�L�P�H���&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �T�H�A�T
�!�G�E�N�T �� �H�A�S �T�H�E �S�E�T �O�F �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F �F�R�O�M �%�Q�U�A�T�I�O�N �����������	�� �&�I�G�U�R�E �������� �S�H�O�W�S �T�H�A�T �I�F �!�G�E�N�T

2 �4�H�E �D�I�F�l�C�U�L�T�I�E�S �I�N�C�L�U�D�E �T�H�E�9�L�W�D�O�L �V�H�W�� �A �W�E�L�L�
�D�E�l�N�E�D �S�U�B�S�E�T �O�F �T�H�E �I�N�T�E�R�V�A�L[0; 1] �W�I�T�H �N�O �W�E�L�L�
�D�E�l�N�E�D �S�I�Z�E��
3 �/�N�E �M�I�G�H�T �A�R�G�U�E �T�H�A�T �T�H�E �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S �F�O�R �D�I�F�F�E�R�E�N�T �B�A�N�K �B�A�L�A�N�C�E�S �A�R�E �S�U�C�H �T�H�A�T �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �O�F �L�O�S�I�N�G
���� �I�S �N�O�T �C�O�U�N�T�E�R�B�A�L�A�N�C�E�D �B�Y �A�N �E�Q�U�A�L �P�O�S�S�I�B�I�L�I�T�Y �O�F �W�I�N�N�I�N�G ������ �/�N�E �P�O�S�S�I�B�L�E �R�E�S�P�O�N�S�E �I�S �T�O �M�A�K�E �T�H�E �B�E�T �A�M�O�U�N�T�S
�S�M�A�L�L �E�N�O�U�G�H �T�O �A�V�O�I�D �T�H�I�S �P�R�O�B�L�E�M�� �3�A�V�A�G�E���S �A�N�A�L�Y�S�I�S �����������	 �C�I�R�C�U�M�V�E�N�T�S �T�H�E �I�S�S�U�E �A�L�T�O�G�E�T�H�E�R��



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�� �C�H�O�O�S�E�S �T�O �B�E�T ���� �O�Na�� ���� �O�Nb�� �A�N�D ���� �O�N: (a _ b)�� �T�H�E�N �!�G�E�N�T �� �A�L�W�A�Y�S �L�O�S�E�S �M�O�N�E�Y��
�R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �O�U�T�C�O�M�E�S �F�O�Ra �A�N�Db�� �$�E �&�I�N�E�T�T�I���S �T�H�E�O�R�E�M �I�M�P�L�I�E�S �T�H�A�T �N�O �R�A�T�I�O�N�A�L �A�G�E�N�T
�C�A�N �H�A�V�E �B�E�L�I�E�F�S �T�H�A�T �V�I�O�L�A�T�E �T�H�E �A�X�I�O�M�S �O�F �P�R�O�B�A�B�I�L�I�T�Y��

�!�G�E�N�T �� �!�G�E�N�T �� �/�U�T�C�O�M�E�S �A�N�D �P�A�Y�O�F�F�S �T�O �!�G�E�N�T ��
�0�R�O�P�O�S�I�T�I�O�N �"�E�L�I�E�F�"�E�T �3�T�A�K�E�Sa; b a;: b : a; b : a; : b

a ������ a �� �T�O �� �n�� �n�� �� ��
b ������ b �� �T�O �� �n�� �� �n�� ��

a _ b ������ : (a _ b) �� �T�O �� �� �� �� �n��

�n���� �n�� �n�� �n��

�)�L�J�X�U�H ���������"�E�C�A�U�S�E �!�G�E�N�T �� �H�A�S �I�N�C�O�N�S�I�S�T�E�N�T �B�E�L�I�E�F�S�� �!�G�E�N�T �� �I�S �A�B�L�E �T�O �D�E�V�I�S�E �A �S�E�T �O�F
�B�E�T�S �T�H�A�T �G�U�A�R�A�N�T�E�E�S �A �L�O�S�S �F�O�R �!�G�E�N�T ���� �N�O �M�A�T�T�E�R �W�H�A�T �T�H�E �O�U�T�C�O�M�E �O�Fa �A�N�Db��

�/�N�E �C�O�M�M�O�N �O�B�J�E�C�T�I�O�N �T�O �D�E �&�I�N�E�T�T�I���S �T�H�E�O�R�E�M �I�S �T�H�A�T �T�H�I�S �B�E�T�T�I�N�G �G�A�M�E �I�S �R�A�T�H�E�R �C�O�N�

�T�R�I�V�E�D�� �&�O�R �E�X�A�M�P�L�E�� �W�H�A�T �I�F �O�N�E �R�E�F�U�S�E�S �T�O �B�E�T�� �$�O�E�S �T�H�A�T �E�N�D �T�H�E �A�R�G�U�M�E�N�T�� �4�H�E �A�N�S�W�E�R �I�S
�T�H�A�T �T�H�E �B�E�T�T�I�N�G �G�A�M�E �I�S �A�N �A�B�S�T�R�A�C�T �M�O�D�E�L �F�O�R �T�H�E �D�E�C�I�S�I�O�N�
�M�A�K�I�N�G �S�I�T�U�A�T�I�O�N �I�N �W�H�I�C�H �E�V�E�R�Y
�A�G�E�N�T �I�S�X�Q�D�Y�R�L�G�D�E�O�\�I�N�V�O�L�V�E�D �A�T �E�V�E�R�Y �M�O�M�E�N�T�� �%�V�E�R�Y �A�C�T�I�O�N ���I�N�C�L�U�D�I�N�G �I�N�A�C�T�I�O�N�	 �I�S �A �K�I�N�D
�O�F �B�E�T�� �A�N�D �E�V�E�R�Y �O�U�T�C�O�M�E �C�A�N �B�E �S�E�E�N �A�S �A �P�A�Y�O�F�F �O�F �T�H�E �B�E�T�� �2�E�F�U�S�I�N�G �T�O �B�E�T �I�S �L�I�K�E �R�E�F�U�S�I�N�G
�T�O �A�L�L�O�W �T�I�M�E �T�O �P�A�S�S��

�/�T�H�E�R �S�T�R�O�N�G �P�H�I�L�O�S�O�P�H�I�C�A�L �A�R�G�U�M�E�N�T�S �H�A�V�E �B�E�E�N �P�U�T �F�O�R�W�A�R�D �F�O�R �T�H�E �U�S�E �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S��
�M�O�S�T �N�O�T�A�B�L�Y �T�H�O�S�E �O�F �#�O�X �����������	�� �#�A�R�N�A�P �����������	�� �A�N�D �*�A�Y�N�E�S �����������	�� �4�H�E�Y �E�A�C�H �C�O�N�S�T�R�U�C�T �A
�S�E�T �O�F �A�X�I�O�M�S �F�O�R �R�E�A�S�O�N�I�N�G �W�I�T�H �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F�S�� �N�O �C�O�N�T�R�A�D�I�C�T�I�O�N�S�� �C�O�R�R�E�S�P�O�N�D�E�N�C�E �W�I�T�H
�O�R�D�I�N�A�R�Y �L�O�G�I�C ���F�O�R �E�X�A�M�P�L�E�� �I�F �B�E�L�I�E�F �I�NA �G�O�E�S �U�P�� �T�H�E�N �B�E�L�I�E�F �I�N: A �M�U�S�T �G�O �D�O�W�N�	�� �A�N�D �S�O
�O�N�� �4�H�E �O�N�L�Y �C�O�N�T�R�O�V�E�R�S�I�A�L �A�X�I�O�M �I�S �T�H�A�T �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F �M�U�S�T �B�E �N�U�M�B�E�R�S�� �O�R �A�T �L�E�A�S�T �A�C�T
�L�I�K�E �N�U�M�B�E�R�S �I�N �T�H�A�T �T�H�E�Y �M�U�S�T �B�E �T�R�A�N�S�I�T�I�V�E ���I�F �B�E�L�I�E�F �I�NA �I�S �G�R�E�A�T�E�R �T�H�A�N �B�E�L�I�E�F �I�NB �� �W�H�I�C�H �I�S
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�7�E �B�E�G�I�N �W�I�T�H �A �S�I�M�P�L�E �E�X�A�M�P�L�E�� �A �D�O�M�A�I�N �C�O�N�S�I�S�T�I�N�G �O�F �J�U�S�T �T�H�E �T�H�R�E�E �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�S
Toothache��Cavity �� �A�N�DCatch ���T�H�E �D�E�N�T�I�S�T���S �N�A�S�T�Y �S�T�E�E�L �P�R�O�B�E �C�A�T�C�H�E�S �I�N �M�Y �T�O�O�T�H�	�� �4�H�E �F�U�L�L
�J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�S �A2� 2� 2 �T�A�B�L�E �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E ����������

�.�O�T�I�C�E �T�H�A�T �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �S�U�M �T�O ���� �A�S �R�E�Q�U�I�R�E�D �B�Y �T�H�E �A�X�I�O�M�S
�O�F �P�R�O�B�A�B�I�L�I�T�Y�� �.�O�T�I�C�E �A�L�S�O �T�H�A�T �%�Q�U�A�T�I�O�N �����������	 �G�I�V�E�S �U�S �A �D�I�R�E�C�T �W�A�Y �T�O �C�A�L�C�U�L�A�T�E �T�H�E �P�R�O�B�A�B�I�L�

�I�T�Y �O�F �A�N�Y �P�R�O�P�O�S�I�T�I�O�N�� �S�I�M�P�L�E �O�R �C�O�M�P�L�E�X�� �S�I�M�P�L�Y �I�D�E�N�T�I�F�Y �T�H�O�S�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �I�N �W�H�I�C�H �T�H�E
�P�R�O�P�O�S�I�T�I�O�N �I�S �T�R�U�E �A�N�D �A�D�D �U�P �T�H�E�I�R �P�R�O�B�A�B�I�L�I�T�I�E�S�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E�R�E �A�R�E �S�I�X �P�O�S�S�I�B�L�E �W�O�R�L�D�S
�I�N �W�H�I�C�Hcavity _ toothache�H�O�L�D�S��

P(cavity _ toothache) = 0 :108 + 0:012 + 0:072 + 0:008 + 0:016 + 0:064 = 0:28 :

�/�N�E �P�A�R�T�I�C�U�L�A�R�L�Y �C�O�M�M�O�N �T�A�S�K �I�S �T�O �E�X�T�R�A�C�T �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �S�O�M�E �S�U�B�S�E�T �O�F �V�A�R�I�A�B�L�E�S �O�R
�A �S�I�N�G�L�E �V�A�R�I�A�B�L�E�� �&�O�R �E�X�A�M�P�L�E�� �A�D�D�I�N�G �T�H�E �E�N�T�R�I�E�S �I�N �T�H�E �l�R�S�T �R�O�W �G�I�V�E�S �T�H�E �U�N�C�O�N�D�I�T�I�O�N�A�L �O�R
�P�D�U�J�L�Q�D�O �S�U�R�E�D�E�L�O�L�W�\�� �O�Fcavity��MARGINAL

PROBABILITY

P(cavity) = 0 :108 + 0:012 + 0:072 + 0:008 = 0:2 :

�4�H�I�S �P�R�O�C�E�S�S �I�S �C�A�L�L�E�D�P�D�U�J�L�Q�D�O�L�]�D�W�L�R�Q�� �O�R�V�X�P�P�L�Q�J �R�X�W�ˆ�B�E�C�A�U�S�E �W�E �S�U�M �U�P �T�H�E �P�R�O�B�A�B�I�L�
MARGINALIZATION

�I�T�I�E�S �F�O�R �E�A�C�H �P�O�S�S�I�B�L�E �V�A�L�U�E �O�F �T�H�E �O�T�H�E�R �V�A�R�I�A�B�L�E�S�� �T�H�E�R�E�B�Y �T�A�K�I�N�G �T�H�E�M �O�U�T �O�F �T�H�E �E�Q�U�A�T�I�O�N��
�7�E �C�A�N �W�R�I�T�E �T�H�E �F�O�L�L�O�W�I�N�G �G�E�N�E�R�A�L �M�A�R�G�I�N�A�L�I�Z�A�T�I�O�N �R�U�L�E �F�O�R �A�N�Y �S�E�T�S �O�F �V�A�R�I�A�B�L�E�S�< �A�N�D�=��

�3(�<) =
X

�]2�=
�3(�<; �]) ; �����������	

�W�H�E�R�E
P

�]2�= �M�E�A�N�S �T�O �S�U�M �O�V�E�R �A�L�L �T�H�E �P�O�S�S�I�B�L�E �C�O�M�B�I�N�A�T�I�O�N�S �O�F �V�A�L�U�E�S �O�F �T�H�E �S�E�T �O�F �V�A�R�I�A�B�L�E�S
�=�� �7�E �S�O�M�E�T�I�M�E�S �A�B�B�R�E�V�I�A�T�E �T�H�I�S �A�S

P
�]�� �L�E�A�V�I�N�G�=�I�M�P�L�I�C�I�T�� �7�E �J�U�S�T �U�S�E�D �T�H�E �R�U�L�E �A�S

�3(Cavity ) =
X

�]2f Catch ;Toothache g

�3(Cavity ; �]) : �����������	

�! �V�A�R�I�A�N�T �O�F �T�H�I�S �R�U�L�E �I�N�V�O�L�V�E�S �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N�S�T�E�A�D �O�F �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�I�E�S�� �U�S�I�N�G
�T�H�E �P�R�O�D�U�C�T �R�U�L�E��

�3(�<) =
X

�]

�3(�<j �])P(�]) : �����������	

�4�H�I�S �R�U�L�E �I�S �C�A�L�L�E�D�F�R�Q�G�L�W�L�R�Q�L�Q�J�� �-�A�R�G�I�N�A�L�I�Z�A�T�I�O�N �A�N�D �C�O�N�D�I�T�I�O�N�I�N�G �T�U�R�N �O�U�T �T�O �B�E �U�S�E�F�U�L �R�U�L�E�SCONDITIONING

�F�O�R �A�L�L �K�I�N�D�S �O�F �D�E�R�I�V�A�T�I�O�N�S �I�N�V�O�L�V�I�N�G �P�R�O�B�A�B�I�L�I�T�Y �E�X�P�R�E�S�S�I�O�N�S��
�)�N �M�O�S�T �C�A�S�E�S�� �W�E �A�R�E �I�N�T�E�R�E�S�T�E�D �I�N �C�O�M�P�U�T�I�N�G�F�R�Q�G�L�W�L�R�Q�D�O�P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �S�O�M�E �V�A�R�I�


�A�B�L�E�S�� �G�I�V�E�N �E�V�I�D�E�N�C�E �A�B�O�U�T �O�T�H�E�R�S�� �#�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �C�A�N �B�E �F�O�U�N�D �B�Y �l�R�S�T �U�S�I�N�G

4 �3�O �C�A�L�L�E�D �B�E�C�A�U�S�E �O�F �A �C�O�M�M�O�N �P�R�A�C�T�I�C�E �A�M�O�N�G �A�C�T�U�A�R�I�E�S �O�F �W�R�I�T�I�N�G �T�H�E �S�U�M�S �O�F �O�B�S�E�R�V�E�D �F�R�E�Q�U�E�N�C�I�E�S �I�N �T�H�E
�M�A�R�G�I�N�S �O�F �I�N�S�U�R�A�N�C�E �T�A�B�L�E�S��



�3�E�C�T�I�O�N ���������� �)�N�F�E�R�E�N�C�E �5�S�I�N�G �&�U�L�L �*�O�I�N�T �$�I�S�T�R�I�B�U�T�I�O�N�S������

�%�Q�U�A�T�I�O�N �����������	 �T�O �O�B�T�A�I�N �A�N �E�X�P�R�E�S�S�I�O�N �I�N �T�E�R�M�S �O�F �U�N�C�O�N�D�I�T�I�O�N�A�L�P�R�O�B�A�B�I�L�I�T�I�E�S �A�N�D �T�H�E�N �E�V�A�L�

�U�A�T�I�N�G �T�H�E �E�X�P�R�E�S�S�I�O�N �F�R�O�M �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �C�O�M�P�U�T�E �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �O�F �A �C�A�V�I�T�Y�� �G�I�V�E�N �E�V�I�D�E�N�C�E �O�F �A �T�O�O�T�H�A�C�H�E�� �A�S �F�O�L�L�O�W�S��

P(cavity j toothache) =
P(cavity ^ toothache)

P(toothache)

=
0:108 + 0:012

0:108 + 0:012 + 0:016+ 0 :064
= 0 :6 :

�*�U�S�T �T�O �C�H�E�C�K�� �W�E �C�A�N �A�L�S�O �C�O�M�P�U�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E�R�E �I�S �N�O �C�A�V�I�T�Y�� �G�I�V�E�N �A �T�O�O�T�H�A�C�H�E��

P(: cavity j toothache) =
P(: cavity ^ toothache)

P(toothache)

=
0:016 + 0:064

0:108 + 0:012 + 0:016+ 0 :064
= 0 :4 :

�4�H�E �T�W�O �V�A�L�U�E�S �S�U�M �T�O �������� �A�S �T�H�E�Y �S�H�O�U�L�D�� �.�O�T�I�C�E �T�H�A�T �I�N �T�H�E�S�E �T�W�O �C�A�L�C�U�L�A�T�I�O�N�S �T�H�E �T�E�R�M
1=P(toothache) �R�E�M�A�I�N�S �C�O�N�S�T�A�N�T�� �N�O �M�A�T�T�E�R �W�H�I�C�H �V�A�L�U�E �O�FCavity �W�E �C�A�L�C�U�L�A�T�E�� �)�N �F�A�C�T��
�I�T �C�A�N �B�E �V�I�E�W�E�D �A�S �A�Q�R�U�P�D�O�L�]�D�W�L�R�Q�C�O�N�S�T�A�N�T �F�O�R �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N�3(Cavity j toothache)��NORMALIZATION

�E�N�S�U�R�I�N�G �T�H�A�T �I�T �A�D�D�S �U�P �T�O ���� �4�H�R�O�U�G�H�O�U�T �T�H�E �C�H�A�P�T�E�R�S �D�E�A�L�I�N�G �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y�� �W�E �U�S�E� �T�O
�D�E�N�O�T�E �S�U�C�H �C�O�N�S�T�A�N�T�S�� �7�I�T�H �T�H�I�S �N�O�T�A�T�I�O�N�� �W�E �C�A�N �W�R�I�T�E �T�H�E �T�W�O �P�R�E�C�E�D�I�N�G �E�Q�U�A�T�I�O�N�S �I�N �O�N�E��

�3(Cavity j toothache) = � �3(Cavity ; toothache)

= � [�3(Cavity ; toothache; catch) + �3(Cavity ; toothache; : catch)]

= � [h0:108; 0:016i + h0:012; 0:064i ] = � h0:12; 0:08i = h0:6; 0:4i :

�)�N �O�T�H�E�R �W�O�R�D�S�� �W�E �C�A�N �C�A�L�C�U�L�A�T�E�3(Cavity j toothache) �E�V�E�N �I�F �W�E �D�O�N���T �K�N�O�W �T�H�E �V�A�L�U�E �O�F
P(toothache)�� �7�E �T�E�M�P�O�R�A�R�I�L�Y �F�O�R�G�E�T �A�B�O�U�T �T�H�E �F�A�C�T�O�R1=P(toothache) �A�N�D �A�D�D �U�P �T�H�E �V�A�L�U�E�S
�F�O�Rcavity �A�N�D: cavity�� �G�E�T�T�I�N�G �������� �A�N�D ���������� �4�H�O�S�E �A�R�E �T�H�E �C�O�R�R�E�C�T �R�E�L�A�T�I�V�E �P�R�O�P�O�R�T�I�O�N�S�� �B�U�T
�T�H�E�Y �D�O�N���T �S�U�M �T�O ���� �S�O �W�E �N�O�R�M�A�L�I�Z�E �T�H�E�M �B�Y �D�I�V�I�D�I�N�G �E�A�C�H �O�N�E �B�Y0:12 + 0:08�� �G�E�T�T�I�N�G
�T�H�E �T�R�U�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F ������ �A�N�D �������� �.�O�R�M�A�L�I�Z�A�T�I�O�N �T�U�R�N�S �O�U�T �T�O �B�E �A �U�S�E�F�U�L �S�H�O�R�T�C�U�T �I�N �M�A�N�Y
�P�R�O�B�A�B�I�L�I�T�Y �C�A�L�C�U�L�A�T�I�O�N�S�� �B�O�T�H �T�O �M�A�K�E �T�H�E �C�O�M�P�U�T�A�T�I�O�N �E�A�S�I�E�R �A�N�D �T�O �A�L�L�O�W �U�S �T�O �P�R�O�C�E�E�D �W�H�E�N
�S�O�M�E �P�R�O�B�A�B�I�L�I�T�Y �A�S�S�E�S�S�M�E�N�T ���S�U�C�H �A�SP(toothache)�	 �I�S �N�O�T �A�V�A�I�L�A�B�L�E��

�&�R�O�M �T�H�E �E�X�A�M�P�L�E�� �W�E �C�A�N �E�X�T�R�A�C�T �A �G�E�N�E�R�A�L �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E�� �7�E �B�E�G�I�N �W�I�T�H �T�H�E
�C�A�S�E �I�N �W�H�I�C�H �T�H�E �Q�U�E�R�Y �I�N�V�O�L�V�E�S �A �S�I�N�G�L�E �V�A�R�I�A�B�L�E��X ��Cavity �I�N �T�H�E �E�X�A�M�P�L�E�	�� �,�E�T�( �B�E �T�H�E
�L�I�S�T �O�F �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S ���J�U�S�TToothache �I�N �T�H�E �E�X�A�M�P�L�E�	�� �L�E�T�H�B�E �T�H�E �L�I�S�T �O�F �O�B�S�E�R�V�E�D �V�A�L�U�E�S
�F�O�R �T�H�E�M�� �A�N�D �L�E�T�< �B�E �T�H�E �R�E�M�A�I�N�I�N�G �U�N�O�B�S�E�R�V�E�D �V�A�R�I�A�B�L�E�S ���J�U�S�TCatch �I�N �T�H�E �E�X�A�M�P�L�E�	�� �4�H�E
�Q�U�E�R�Y �I�S�3(X j �H) �A�N�D �C�A�N �B�E �E�V�A�L�U�A�T�E�D �A�S

�3(X j �H) = � �3(X; �H) = �
X

�\

�3(X; �H; �\) ; �����������	

�W�H�E�R�E �T�H�E �S�U�M�M�A�T�I�O�N �I�S �O�V�E�R �A�L�L �P�O�S�S�I�B�L�E�\�S ���I���E���� �A�L�L �P�O�S�S�I�B�L�E �C�O�M�B�I�N�A�T�I�O�N�S �O�F �V�A�L�U�E�S �O�F �T�H�E
�U�N�O�B�S�E�R�V�E�D �V�A�R�I�A�B�L�E�S�<�	�� �.�O�T�I�C�E �T�H�A�T �T�O�G�E�T�H�E�R �T�H�E �V�A�R�I�A�B�L�E�SX ���( �� �A�N�D�< �C�O�N�S�T�I�T�U�T�E �T�H�E �C�O�M�

�P�L�E�T�E �S�E�T �O�F �V�A�R�I�A�B�L�E�S �F�O�R �T�H�E �D�O�M�A�I�N�� �S�O�3(X; �H; �\) �I�S �S�I�M�P�L�Y �A �S�U�B�S�E�T �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S �F�R�O�M �T�H�E
�F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N��

�'�I�V�E�N �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �T�O �W�O�R�K �W�I�T�H�� �%�Q�U�A�T�I�O�N �����������	 �C�A�N �A�N�S�W�E�R �P�R�O�B�A�B�I�L�I�S�T�I�C
�Q�U�E�R�I�E�S �F�O�R �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E�S�� �)�T �D�O�E�S �N�O�T �S�C�A�L�E �W�E�L�L�� �H�O�W�E�V�E�R�� �F�O�R �A �D�O�M�A�I�N �D�E�S�C�R�I�B�E�D �B�Yn
�"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�S�� �I�T �R�E�Q�U�I�R�E�S �A�N �I�N�P�U�T �T�A�B�L�E �O�F �S�I�Z�EO(2n ) �A�N�D �T�A�K�E�SO(2n ) �T�I�M�E �T�O �P�R�O�C�E�S�S �T�H�E



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�T�A�B�L�E�� �)�N �A �R�E�A�L�I�S�T�I�C �P�R�O�B�L�E�M �W�E �C�O�U�L�D �E�A�S�I�L�Y �H�A�V�En > 100�� �M�A�K�I�N�GO(2n ) �I�M�P�R�A�C�T�I�C�A�L�� �4�H�E
�F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�N �T�A�B�U�L�A�R �F�O�R�M �I�S �J�U�S�T �N�O�T �A �P�R�A�C�T�I�C�A�L �T�O�O�L �F�O�R �B�U�I�L�D�I�N�G �R�E�A�S�O�N�I�N�G �S�Y�S�T�E�M�S��
�)�N�S�T�E�A�D�� �I�T �S�H�O�U�L�D �B�E �V�I�E�W�E�D �A�S �T�H�E �T�H�E�O�R�E�T�I�C�A�L �F�O�U�N�D�A�T�I�O�N �O�N �W�H�I�C�H �M�O�R�E �E�F�F�E�C�T�I�V�E �A�P�P�R�O�A�C�H�E�S
�M�A�Y �B�E �B�U�I�L�T�� �J�U�S�T �A�S �T�R�U�T�H �T�A�B�L�E�S �F�O�R�M�E�D �A �T�H�E�O�R�E�T�I�C�A�L �F�O�U�N�D�A�T�I�O�N �F�O�R �M�O�R�E �P�R�A�C�T�I�C�A�L �A�L�G�O�R�I�T�H�M�S
�L�I�K�E �$�0�,�,�� �4�H�E �R�E�M�A�I�N�D�E�R �O�F �T�H�I�S �C�H�A�P�T�E�R �I�N�T�R�O�D�U�C�E�S �S�O�M�E �O�F �T�H�E �B�A�S�I�C �I�D�E�A�S �R�E�Q�U�I�R�E�D �I�N
�P�R�E�P�A�R�A�T�I�O�N �F�O�R �T�H�E �D�E�V�E�L�O�P�M�E�N�T �O�F �R�E�A�L�I�S�T�I�C �S�Y�S�T�E�M�S �I�N �#�H�A�P�T�E�R ������

�������� �)�.�$�%�0�%�.�$�%�.�#�%

�,�E�T �U�S �E�X�P�A�N�D �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�N �&�I�G�U�R�E �������� �B�Y �A�D�D�I�N�G �A�F�O�U�R�T�H �V�A�R�I�A�B�L�E��Weather��
�4�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �T�H�E�N �B�E�C�O�M�E�S�3(Toothache; Catch; Cavity ; Weather)�� �W�H�I�C�H �H�A�S
2 � 2 � 2 � 4 = 32 �E�N�T�R�I�E�S�� �)�T �C�O�N�T�A�I�N�S �F�O�U�R �h�E�D�I�T�I�O�N�S�v �O�F �T�H�E �T�A�B�L�E �S�H�O�W�N �I�N �&�I�G�U�R�E ����������
�O�N�E �F�O�R �E�A�C�H �K�I�N�D �O�F �W�E�A�T�H�E�R�� �7�H�A�T �R�E�L�A�T�I�O�N�S�H�I�P �D�O �T�H�E�S�E �E�D�I�T�I�O�N�S �H�A�V�E �T�O �E�A�C�H �O�T�H�E�R �A�N�D �T�O
�T�H�E �O�R�I�G�I�N�A�L �T�H�R�E�E�
�V�A�R�I�A�B�L�E �T�A�B�L�E�� �&�O�R �E�X�A�M�P�L�E�� �H�O�W �A�R�EP(toothache; catch; cavity; cloudy)
�A�N�DP(toothache; catch; cavity) �R�E�L�A�T�E�D�� �7�E �C�A�N �U�S�E �T�H�E �P�R�O�D�U�C�T �R�U�L�E��

P(toothache; catch; cavity; cloudy)

= P(cloudy j toothache; catch; cavity)P(toothache; catch; cavity) :

�.�O�W�� �U�N�L�E�S�S �O�N�E �I�S �I�N �T�H�E �D�E�I�T�Y �B�U�S�I�N�E�S�S�� �O�N�E �S�H�O�U�L�D �N�O�T �I�M�A�G�I�N�E �T�H�A�T �O�N�E���S �D�E�N�T�A�L �P�R�O�B�L�E�M�S
�I�N�m�U�E�N�C�E �T�H�E �W�E�A�T�H�E�R�� �!�N�D �F�O�R �I�N�D�O�O�R �D�E�N�T�I�S�T�R�Y�� �A�T �L�E�A�S�T�� �I�T �S�E�E�M�S �S�A�F�E �T�O �S�A�Y �T�H�A�T �T�H�E �W�E�A�T�H�E�R
�D�O�E�S �N�O�T �I�N�m�U�E�N�C�E �T�H�E �D�E�N�T�A�L �V�A�R�I�A�B�L�E�S�� �4�H�E�R�E�F�O�R�E�� �T�H�E �F�O�L�L�O�W�I�N�G �A�S�S�E�R�T�I�O�N �S�E�E�M�S �R�E�A�S�O�N�A�B�L�E��

P(cloudy j toothache; catch; cavity) = P(cloudy) : �������������	

�&�R�O�M �T�H�I�S�� �W�E �C�A�N �D�E�D�U�C�E

P(toothache; catch; cavity; cloudy) = P(cloudy)P(toothache; catch; cavity) :

�! �S�I�M�I�L�A�R �E�Q�U�A�T�I�O�N �E�X�I�S�T�S �F�O�R�H�Y�H�U�\ �H�Q�W�U�\�I�N�3(Toothache; Catch; Cavity ; Weather)�� �)�N �F�A�C�T��
�W�E �C�A�N �W�R�I�T�E �T�H�E �G�E�N�E�R�A�L �E�Q�U�A�T�I�O�N

�3(Toothache; Catch; Cavity ; Weather) = �3(Toothache; Catch; Cavity )�3(Weather) :

�4�H�U�S�� �T�H�E �����
�E�L�E�M�E�N�T �T�A�B�L�E �F�O�R �F�O�U�R �V�A�R�I�A�B�L�E�S �C�A�N �B�E �C�O�N�S�T�R�U�C�T�E�D �F�R�O�M �O�N�E ���
�E�L�E�M�E�N�T �T�A�B�L�E
�A�N�D �O�N�E ���
�E�L�E�M�E�N�T �T�A�B�L�E�� �4�H�I�S �D�E�C�O�M�P�O�S�I�T�I�O�N �I�S �I�L�L�U�S�T�R�A�T�E�D �S�C�H�E�M�A�T�I�C�A�L�L�Y �I�N �&�I�G�U�R�E �����������A�	��

�4�H�E �P�R�O�P�E�R�T�Y �W�E �U�S�E�D �I�N �%�Q�U�A�T�I�O�N �������������	 �I�S �C�A�L�L�E�D�L�Q�G�H�S�H�Q�G�H�Q�F�H���A�L�S�O�P�D�U�J�L�Q�D�O �L�Q��INDEPENDENCE

�G�H�S�H�Q�G�H�Q�F�H�A�N�D�D�E�V�R�O�X�W�H �L�Q�G�H�S�H�Q�G�H�Q�F�H�	�� �)�N �P�A�R�T�I�C�U�L�A�R�� �T�H�E �W�E�A�T�H�E�R �I�S �I�N�D�E�P�E�N�D�E�N�T �O�F �O�N�E���S
�D�E�N�T�A�L �P�R�O�B�L�E�M�S�� �)�N�D�E�P�E�N�D�E�N�C�E �B�E�T�W�E�E�N �P�R�O�P�O�S�I�T�I�O�N�Sa �A�N�Db �C�A�N �B�E �W�R�I�T�T�E�N �A�S

P(a j b) = P(a) �O�RP(bj a) = P(b) �O�RP(a ^ b) = P(a)P(b) : �������������	

�!�L�L �T�H�E�S�E �F�O�R�M�S �A�R�E �E�Q�U�I�V�A�L�E�N�T ���%�X�E�R�C�I�S�E �����������	�� �)�N�D�E�P�E�N�D�E�N�C�E �B�E�T�W�E�E�N �V�A�R�I�A�B�L�E�SX �A�N�DY
�C�A�N �B�E �W�R�I�T�T�E�N �A�S �F�O�L�L�O�W�S ���A�G�A�I�N�� �T�H�E�S�E �A�R�E �A�L�L �E�Q�U�I�V�A�L�E�N�T�	��

�3(X j Y ) = �3(X ) �O�R�3(Y j X ) = �3(Y ) �O�R�3(X; Y ) = �3(X )�3(Y ) :

�)�N�D�E�P�E�N�D�E�N�C�E �A�S�S�E�R�T�I�O�N�S �A�R�E �U�S�U�A�L�L�Y �B�A�S�E�D �O�N �K�N�O�W�L�E�D�G�E �O�F �T�H�E �D�O�M�A�I�N�� �!�S �T�H�E �T�O�O�T�H�A�C�H�E�n
�W�E�A�T�H�E�R �E�X�A�M�P�L�E �I�L�L�U�S�T�R�A�T�E�S�� �T�H�E�Y �C�A�N �D�R�A�M�A�T�I�C�A�L�L�Y �R�E�D�U�C�E �T�H�E �A�M�O�U�N�T �O�F �I�N�F�O�R�M�A�T�I�O�N �N�E�C�

�E�S�S�A�R�Y �T�O �S�P�E�C�I�F�Y �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �)�F �T�H�E �C�O�M�P�L�E�T�E �S�E�T �O�F �V�A�R�I�A�B�L�E�S �C�A�N �B�E �D�I�V�I�D�E�D



�3�E�C�T�I�O�N ���������� �"�A�Y�E�S�� �2�U�L�E �A�N�D �)�T�S �5�S�E ������

�:�H�D�W�K�H�U
�7�R�R�W�K�D�F�K�H�&�D�W�F�K

�&�D�Y�L�W�\

�D�E�C�O�M�P�O�S�E�S
�I�N�T�O

�:�H�D�W�K�H�U�7�R�R�W�K�D�F�K�H �&�D�W�F�K
�&�D�Y�L�W�\

�D�E�C�O�M�P�O�S�E�S
�I�N�T�O

�&�R�L�Q�� �&�R�L�Q�Q

�&�R�L�Q�� �&�R�L�Q�Q

���A�	 ���B�	

�)�L�J�X�U�H ���������4�W�O �E�X�A�M�P�L�E�S �O�F �F�A�C�T�O�R�I�N�G �A �L�A�R�G�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�N�T�O �S�M�A�L�L�E�R �D�I�S�T�R�I�B�U�T�I�O�N�S��
�U�S�I�N�G �A�B�S�O�L�U�T�E �I�N�D�E�P�E�N�D�E�N�C�E�� ���A�	 �7�E�A�T�H�E�R �A�N�D �D�E�N�T�A�L �P�R�O�B�L�E�M�S �A�R�E �I�N�D�E�P�E�N�D�E�N�T�� ���B�	 �#�O�I�N
�m�I�P�S �A�R�E �I�N�D�E�P�E�N�D�E�N�T��

�I�N�T�O �I�N�D�E�P�E�N�D�E�N�T �S�U�B�S�E�T�S�� �T�H�E�N �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �C�A�N �B�E�I�D�F�W�R�U�H�G�I�N�T�O �S�E�P�A�R�A�T�E �J�O�I�N�T
�D�I�S�T�R�I�B�U�T�I�O�N�S �O�N �T�H�O�S�E �S�U�B�S�E�T�S�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �O�N �T�H�E �O�U�T�C�O�M�E �O�Fn
�I�N�D�E�P�E�N�D�E�N�T �C�O�I�N �m�I�P�S���3(C1; : : : ; Cn )�� �H�A�S2n �E�N�T�R�I�E�S�� �B�U�T �I�T �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �A�S �T�H�E �P�R�O�D�

�U�C�T �O�Fn �S�I�N�G�L�E�
�V�A�R�I�A�B�L�E �D�I�S�T�R�I�B�U�T�I�O�N�S�3(Ci )�� �)�N �A �M�O�R�E �P�R�A�C�T�I�C�A�L �V�E�I�N�� �T�H�E �I�N�D�E�P�E�N�D�E�N�C�E �O�F
�D�E�N�T�I�S�T�R�Y �A�N�D �M�E�T�E�O�R�O�L�O�G�Y �I�S �A �G�O�O�D �T�H�I�N�G�� �B�E�C�A�U�S�E �O�T�H�E�R�W�I�S�E �T�H�E �P�R�A�C�T�I�C�E �O�F �D�E�N�T�I�S�T�R�Y �M�I�G�H�T
�R�E�Q�U�I�R�E �I�N�T�I�M�A�T�E �K�N�O�W�L�E�D�G�E �O�F �M�E�T�E�O�R�O�L�O�G�Y�� �A�N�D �V�I�C�E �V�E�R�S�A��

�7�H�E�N �T�H�E�Y �A�R�E �A�V�A�I�L�A�B�L�E�� �T�H�E�N�� �I�N�D�E�P�E�N�D�E�N�C�E �A�S�S�E�R�T�I�O�N�S �C�A�N �H�E�L�P �I�N �R�E�D�U�C�I�N�G �T�H�E �S�I�Z�E �O�F
�T�H�E �D�O�M�A�I�N �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�N�D �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �I�N�F�E�R�E�N�C�E �P�R�O�B�L�E�M�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �C�L�E�A�N
�S�E�P�A�R�A�T�I�O�N �O�F �E�N�T�I�R�E �S�E�T�S �O�F �V�A�R�I�A�B�L�E�S �B�Y �I�N�D�E�P�E�N�D�E�N�C�E �I�S �Q�U�I�T�E �R�A�R�E�� �7�H�E�N�E�V�E�R �A �C�O�N�N�E�C�T�I�O�N��
�H�O�W�E�V�E�R �I�N�D�I�R�E�C�T�� �E�X�I�S�T�S �B�E�T�W�E�E�N �T�W�O �V�A�R�I�A�B�L�E�S�� �I�N�D�E�P�E�N�D�E�N�C�E �W�I�L�L �F�A�I�L �T�O �H�O�L�D�� �-�O�R�E�O�V�E�R��
�E�V�E�N �I�N�D�E�P�E�N�D�E�N�T �S�U�B�S�E�T�S �C�A�N �B�E �Q�U�I�T�E �L�A�R�G�E�ˆ�F�O�R �E�X�A�M�P�L�E�� �D�E�N�T�I�S�T�R�Y �M�I�G�H�T �I�N�V�O�L�V�E �D�O�Z�E�N�S �O�F
�D�I�S�E�A�S�E�S �A�N�D �H�U�N�D�R�E�D�S �O�F �S�Y�M�P�T�O�M�S�� �A�L�L �O�F �W�H�I�C�H �A�R�E �I�N�T�E�R�R�E�L�A�T�E�D�� �4�O �H�A�N�D�L�E �S�U�C�H �P�R�O�B�L�E�M�S��
�W�E �N�E�E�D �M�O�R�E �S�U�B�T�L�E �M�E�T�H�O�D�S �T�H�A�N �T�H�E �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �C�O�N�C�E�P�T �O�F �I�N�D�E�P�E�N�D�E�N�C�E��

�������� �"�!�9�%�3�� �2�5�,�% �!�.�$ �)�4�3�5�3�%

�/�N �P�A�G�E �������� �W�E �D�E�l�N�E�D �T�H�E�S�U�R�G�X�F�W �U�X�O�H�� �)�T �C�A�N �A�C�T�U�A�L�L�Y �B�E �W�R�I�T�T�E�N �I�N �T�W�O �F�O�R�M�S��

P(a ^ b) = P(a j b)P(b) �A�N�D P(a ^ b) = P(bj a)P(a) :

�%�Q�U�A�T�I�N�G �T�H�E �T�W�O �R�I�G�H�T�
�H�A�N�D �S�I�D�E�S �A�N�D �D�I�V�I�D�I�N�G �B�YP(a)�� �W�E �G�E�T

P(bj a) =
P(a j b)P(b)

P(a)
: �������������	

�4�H�I�S �E�Q�U�A�T�I�O�N �I�S �K�N�O�W�N �A�S�%�D�\�H�V�¶ �U�X�O�H���A�L�S�O �"�A�Y�E�S�� �L�A�W �O�R �"�A�Y�E�S�� �T�H�E�O�R�E�M�	�� �4�H�I�S �S�I�M�P�L�EBAYES' RULE

�E�Q�U�A�T�I�O�N �U�N�D�E�R�L�I�E�S �M�O�S�T �M�O�D�E�R�N �!�) �S�Y�S�T�E�M�S �F�O�R �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�E�R�E�N�C�E��



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�4�H�E �M�O�R�E �G�E�N�E�R�A�L �C�A�S�E �O�F �"�A�Y�E�S�� �R�U�L�E �F�O�R �M�U�L�T�I�V�A�L�U�E�D �V�A�R�I�A�B�L�E�S �C�A�N�B�E �W�R�I�T�T�E�N �I�N �T�H�E�3
�N�O�T�A�T�I�O�N �A�S �F�O�L�L�O�W�S��

�3(Y j X ) =
�3(X j Y )�3(Y )

�3(X )
;

�!�S �B�E�F�O�R�E�� �T�H�I�S �I�S �T�O �B�E �T�A�K�E�N �A�S �R�E�P�R�E�S�E�N�T�I�N�G �A �S�E�T �O�F �E�Q�U�A�T�I�O�N�S�� �E�A�C�H �D�E�A�L�I�N�G �W�I�T�H �S�P�E�C�I�l�C �V�A�L�

�U�E�S �O�F �T�H�E �V�A�R�I�A�B�L�E�S�� �7�E �W�I�L�L �A�L�S�O �H�A�V�E �O�C�C�A�S�I�O�N �T�O �U�S�E �A �M�O�R�E �G�E�N�E�R�A�L �V�E�R�S�I�O�N �C�O�N�D�I�T�I�O�N�A�L�I�Z�E�D
�O�N �S�O�M�E �B�A�C�K�G�R�O�U�N�D �E�V�I�D�E�N�C�E�H��

�3(Y j X; �H) =
�3(X j Y;�H)�3(Y j �H)

�3(X j �H)
: �������������	

������������ �$�S�S�O�\�L�Q�J �%�D�\�H�V�¶ �U�X�O�H�� �7�K�H �V�L�P�S�O�H �F�D�V�H

�/�N �T�H�E �S�U�R�F�A�C�E�� �"�A�Y�E�S�� �R�U�L�E �D�O�E�S �N�O�T �S�E�E�M �V�E�R�Y �U�S�E�F�U�L�� �)�T �A�L�L�O�W�S �U�S �T�O �C�O�M�P�U�T�E �T�H�E �S�I�N�G�L�E
�T�E�R�MP(bj a) �I�N �T�E�R�M�S �O�F �T�H�R�E�E �T�E�R�M�S��P(a j b)��P(b)�� �A�N�DP(a)�� �4�H�A�T �S�E�E�M�S �L�I�K�E �T�W�O �S�T�E�P�S
�B�A�C�K�W�A�R�D�S�� �B�U�T �"�A�Y�E�S�� �R�U�L�E �I�S �U�S�E�F�U�L �I�N �P�R�A�C�T�I�C�E �B�E�C�A�U�S�E �T�H�E�R�E �A�R�E �M�A�N�Y �C�A�S�E�S �W�H�E�R�E �W�E �D�O
�H�A�V�E �G�O�O�D �P�R�O�B�A�B�I�L�I�T�Y �E�S�T�I�M�A�T�E�S �F�O�R �T�H�E�S�E �T�H�R�E�E �N�U�M�B�E�R�S �A�N�D �N�E�E�D �T�O �C�O�M�P�U�T�E �T�H�E �F�O�U�R�T�H��
�/�F�T�E�N�� �W�E �P�E�R�C�E�I�V�E �A�S �E�V�I�D�E�N�C�E �T�H�E�H�I�I�H�F�W�O�F �S�O�M�E �U�N�K�N�O�W�N�F�D�X�V�H�A�N�D �W�E �W�O�U�L�D �L�I�K�E �T�O
�D�E�T�E�R�M�I�N�E �T�H�A�T �C�A�U�S�E�� �)�N �T�H�A�T �C�A�S�E�� �"�A�Y�E�S�� �R�U�L�E �B�E�C�O�M�E�S

P(causej �H�I�I�H�F�W) =
P(�H�I�I�H�F�Wj cause)P(cause)

P(�H�I�I�H�F�W)
:

�4�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�YP(�H�I�I�H�F�Wj cause) �Q�U�A�N�T�I�l�E�S �T�H�E �R�E�L�A�T�I�O�N�S�H�I�P �I�N �T�H�E�F�D�X�V�D�O�D�I�R�E�C�
CAUSAL

�T�I�O�N�� �W�H�E�R�E�A�SP(causej �H�I�I�H�F�W) �D�E�S�C�R�I�B�E�S �T�H�E�G�L�D�J�Q�R�V�W�L�F�D�I�R�E�C�T�I�O�N�� �)�N �A �T�A�S�K �S�U�C�H �A�S �M�E�D�I�C�A�LDIAGNOSTIC

�D�I�A�G�N�O�S�I�S�� �W�E �O�F�T�E�N �H�A�V�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �O�N �C�A�U�S�A�L �R�E�L�A�T�I�O�N�S�H�I�P�S ���T�H�A�T �I�S�� �T�H�E �D�O�C�T�O�R
�K�N�O�W�SP(symptomsj disease)�	 �A�N�D �W�A�N�T �T�O �D�E�R�I�V�E �A �D�I�A�G�N�O�S�I�S��P(diseasej symptoms)�� �&�O�R
�E�X�A�M�P�L�E�� �A �D�O�C�T�O�R �K�N�O�W�S �T�H�A�T �T�H�E �D�I�S�E�A�S�E �M�E�N�I�N�G�I�T�I�S �C�A�U�S�E�S �T�H�E �P�A�T�I�E�N�T �T�O �H�A�V�E �A �S�T�I�F�F �N�E�C�K��
�S�A�Y�� ������ �O�F �T�H�E �T�I�M�E�� �4�H�E �D�O�C�T�O�R �A�L�S�O �K�N�O�W�S �S�O�M�E �U�N�C�O�N�D�I�T�I�O�N�A�L �F�A�C�T�S�� �T�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�

�I�T�Y �T�H�A�T �A �P�A�T�I�E�N�T �H�A�S �M�E�N�I�N�G�I�T�I�S �I�S ������������������ �A�N�D �T�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A�N�Y �P�A�T�I�E�N�T �H�A�S �A
�S�T�I�F�F �N�E�C�K �I�S ������ �,�E�T�T�I�N�Gs �B�E �T�H�E �P�R�O�P�O�S�I�T�I�O�N �T�H�A�T �T�H�E �P�A�T�I�E�N�T �H�A�S �A �S�T�I�F�F �N�E�C�K �A�N�Dm �B�E �T�H�E
�P�R�O�P�O�S�I�T�I�O�N �T�H�A�T �T�H�E �P�A�T�I�E�N�T �H�A�S �M�E�N�I�N�G�I�T�I�S�� �W�E �H�A�V�E

P(s j m) = 0 :7

P(m) = 1 =50000

P(s) = 0 :01

P(m j s) =
P(s j m)P(m)

P(s)
=

0:7 � 1=50000
0:01

= 0 :0014 : �������������	

�4�H�A�T �I�S�� �W�E �E�X�P�E�C�T �L�E�S�S �T�H�A�N �� �I�N ������ �P�A�T�I�E�N�T�S �W�I�T�H �A �S�T�I�F�F �N�E�C�K �T�O �H�A�V�E �M�E�N�I�N�G�I�T�I�S�� �.�O�T�I�C�E �T�H�A�T
�E�V�E�N �T�H�O�U�G�H �A �S�T�I�F�F �N�E�C�K �I�S �Q�U�I�T�E �S�T�R�O�N�G�L�Y �I�N�D�I�C�A�T�E�D �B�Y �M�E�N�I�N�G�I�T�I�S ���W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������	�� �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �O�F �M�E�N�I�N�G�I�T�I�S �I�N �T�H�E �P�A�T�I�E�N�T �R�E�M�A�I�N�S �S�M�A�L�L�� �4�H�I�S �I�S �B�E�C�A�U�S�E �T�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �O�F
�S�T�I�F�F �N�E�C�K�S �I�S �M�U�C�H �H�I�G�H�E�R �T�H�A�N �T�H�A�T �O�F �M�E�N�I�N�G�I�T�I�S��

�3�E�C�T�I�O�N �������� �I�L�L�U�S�T�R�A�T�E�D �A �P�R�O�C�E�S�S �B�Y �W�H�I�C�H �O�N�E �C�A�N �A�V�O�I�D �A�S�S�E�S�S�I�N�G �T�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y
�O�F �T�H�E �E�V�I�D�E�N�C�E ���H�E�R�E��P(s)�	 �B�Y �I�N�S�T�E�A�D �C�O�M�P�U�T�I�N�G �A �P�O�S�T�E�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �F�O�R �E�A�C�H �V�A�L�U�E �O�F



�3�E�C�T�I�O�N ���������� �"�A�Y�E�S�� �2�U�L�E �A�N�D �)�T�S �5�S�E ������

�T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E ���H�E�R�E��m �A�N�D: m�	 �A�N�D �T�H�E�N �N�O�R�M�A�L�I�Z�I�N�G �T�H�E �R�E�S�U�L�T�S�� �4�H�E �S�A�M�E �P�R�O�C�E�S�S �C�A�N
�B�E �A�P�P�L�I�E�D �W�H�E�N �U�S�I�N�G �"�A�Y�E�S�� �R�U�L�E�� �7�E �H�A�V�E

�3(M j s) = � hP(s j m)P(m); P(s j : m)P(: m)i :

�4�H�U�S�� �T�O �U�S�E �T�H�I�S �A�P�P�R�O�A�C�H �W�E �N�E�E�D �T�O �E�S�T�I�M�A�T�EP(s j : m) �I�N�S�T�E�A�D �O�FP(s)�� �4�H�E�R�E �I�S �N�O �F�R�E�E
�L�U�N�C�H�ˆ�S�O�M�E�T�I�M�E�S �T�H�I�S �I�S �E�A�S�I�E�R�� �S�O�M�E�T�I�M�E�S �I�T �I�S �H�A�R�D�E�R�� �4�H�E �G�E�N�E�R�A�L �F�O�R�M �O�F �"�A�Y�E�S�� �R�U�L�E �W�I�T�H
�N�O�R�M�A�L�I�Z�A�T�I�O�N �I�S

�3(Y j X ) = � �3(X j Y )�3(Y ) ; �������������	

�W�H�E�R�E� �I�S �T�H�E �N�O�R�M�A�L�I�Z�A�T�I�O�N �C�O�N�S�T�A�N�T �N�E�E�D�E�D �T�O �M�A�K�E �T�H�E �E�N�T�R�I�E�S �I�N�3(Y j X ) �S�U�M �T�O ����
�/�N�E �O�B�V�I�O�U�S �Q�U�E�S�T�I�O�N �T�O �A�S�K �A�B�O�U�T �"�A�Y�E�S�� �R�U�L�E �I�S �W�H�Y �O�N�E �M�I�G�H�T �H�A�V�E �A�V�A�I�L�A�B�L�E �T�H�E

�C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �I�N �O�N�E �D�I�R�E�C�T�I�O�N�� �B�U�T �N�O�T �T�H�E �O�T�H�E�R�� �)�N �T�H�E �M�E�N�I�N�G�I�T�I�S �D�O�M�A�I�N�� �P�E�R�H�A�P�S
�T�H�E �D�O�C�T�O�R �K�N�O�W�S �T�H�A�T �A �S�T�I�F�F �N�E�C�K �I�M�P�L�I�E�S �M�E�N�I�N�G�I�T�I�S �I�N �� �O�U�T �O�F �������� �C�A�S�E�S�� �T�H�A�T �I�S�� �T�H�E �D�O�C�T�O�R
�H�A�S �Q�U�A�N�T�I�T�A�T�I�V�E �I�N�F�O�R�M�A�T�I�O�N �I�N �T�H�E�G�L�D�J�Q�R�V�W�L�F�D�I�R�E�C�T�I�O�N �F�R�O�M �S�Y�M�P�T�O�M�S �T�O �C�A�U�S�E�S�� �3�U�C�H �A
�D�O�C�T�O�R �H�A�S �N�O �N�E�E�D �T�O �U�S�E �"�A�Y�E�S�� �R�U�L�E�� �5�N�F�O�R�T�U�N�A�T�E�L�Y���G�L�D�J�Q�R�V�W�L�F �N�Q�R�Z�O�H�G�J�H �L�V �R�I�W�H�Q �P�R�U�H
�I�U�D�J�L�O�H �W�K�D�Q �F�D�X�V�D�O �N�Q�R�Z�O�H�G�J�H���)�F �T�H�E�R�E �I�S �A �S�U�D�D�E�N �E�P�I�D�E�M�I�C �O�F �M�E�N�I�N�G�I�T�I�S�� �T�H�E �U�N�C�O�N�D�I�T�I�O�N�A�L
�P�R�O�B�A�B�I�L�I�T�Y �O�F �M�E�N�I�N�G�I�T�I�S��P(m)�� �W�I�L�L �G�O �U�P�� �4�H�E �D�O�C�T�O�R �W�H�O �D�E�R�I�V�E�D �T�H�E �D�I�A�G�N�O�S�T�I�C �P�R�O�B�A�

�B�I�L�I�T�YP(m j s) �D�I�R�E�C�T�L�Y �F�R�O�M �S�T�A�T�I�S�T�I�C�A�L �O�B�S�E�R�V�A�T�I�O�N �O�F �P�A�T�I�E�N�T�S �B�E�F�O�R�E �T�H�E �E�P�I�D�E�M�I�C �W�I�L�L �H�A�V�E
�N�O �I�D�E�A �H�O�W �T�O �U�P�D�A�T�E �T�H�E �V�A�L�U�E�� �B�U�T �T�H�E �D�O�C�T�O�R �W�H�O �C�O�M�P�U�T�E�SP(m j s) �F�R�O�M �T�H�E �O�T�H�E�R �T�H�R�E�E
�V�A�L�U�E�S �W�I�L�L �S�E�E �T�H�A�TP(m j s) �S�H�O�U�L�D �G�O �U�P �P�R�O�P�O�R�T�I�O�N�A�T�E�L�Y �W�I�T�HP(m)�� �-�O�S�T �I�M�P�O�R�T�A�N�T�� �T�H�E
�C�A�U�S�A�L �I�N�F�O�R�M�A�T�I�O�NP(s j m) �I�S�X�Q�D�I�I�H�F�W�H�G�B�Y �T�H�E �E�P�I�D�E�M�I�C�� �B�E�C�A�U�S�E �I�T �S�I�M�P�L�Y �R�E�m�E�C�T�S �T�H�E �W�A�Y
�M�E�N�I�N�G�I�T�I�S �W�O�R�K�S�� �4�H�E �U�S�E �O�F �T�H�I�S �K�I�N�D �O�F �D�I�R�E�C�T �C�A�U�S�A�L �O�R �M�O�D�E�L�
�B�A�S�E�D �K�N�O�W�L�E�D�G�E �P�R�O�V�I�D�E�S
�T�H�E �C�R�U�C�I�A�L �R�O�B�U�S�T�N�E�S�S �N�E�E�D�E�D �T�O �M�A�K�E �P�R�O�B�A�B�I�L�I�S�T�I�C �S�Y�S�T�E�M�S �F�E�A�S�I�B�L�E �I�N �T�H�E �R�E�A�L �W�O�R�L�D��

������������ �8�V�L�Q�J �%�D�\�H�V�¶ �U�X�O�H�� �&�R�P�E�L�Q�L�Q�J �H�Y�L�G�H�Q�F�H

�7�E �H�A�V�E �S�E�E�N �T�H�A�T �"�A�Y�E�S�� �R�U�L�E �C�A�N �B�E �U�S�E�F�U�L �F�O�R �A�N�S�W�E�R�I�N�G �P�R�O�B�A�B�I�L�I�S�T�I�C �Q�U�E�R�I�E�S �C�O�N�D�I�T�I�O�N�E�D
�O�N �O�N�E �P�I�E�C�E �O�F �E�V�I�D�E�N�C�E�ˆ�F�O�R �E�X�A�M�P�L�E�� �T�H�E �S�T�I�F�F �N�E�C�K�� �)�N �P�A�R�T�I�C�U�L�A�R�� �W�E �H�A�V�E �A�R�G�U�E�D �T�H�A�T
�P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�O�R�M�A�T�I�O�N �I�S �O�F�T�E�N �A�V�A�I�L�A�B�L�E �I�N �T�H�E �F�O�R�MP(�H�I�I�H�F�Wj cause)�� �7�H�A�T �H�A�P�P�E�N�S �W�H�E�N
�W�E �H�A�V�E �T�W�O �O�R �M�O�R�E �P�I�E�C�E�S �O�F �E�V�I�D�E�N�C�E�� �&�O�R �E�X�A�M�P�L�E�� �W�H�A�T �C�A�N �A �D�E�N�T�I�S�T �C�O�N�C�L�U�D�E �I�F �H�E�R
�N�A�S�T�Y �S�T�E�E�L �P�R�O�B�E �C�A�T�C�H�E�S �I�N �T�H�E �A�C�H�I�N�G �T�O�O�T�H �O�F �A �P�A�T�I�E�N�T�� �)�F �W�E �K�N�O�W �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N
���&�I�G�U�R�E ���������	�� �W�E �C�A�N �R�E�A�D �O�F�F �T�H�E �A�N�S�W�E�R��

�3(Cavity j toothache^ catch) = � h0:108; 0:016i � h 0:871; 0:129i :

�7�E �K�N�O�W�� �H�O�W�E�V�E�R�� �T�H�A�T �S�U�C�H �A�N �A�P�P�R�O�A�C�H �D�O�E�S �N�O�T �S�C�A�L�E �U�P �T�O �L�A�R�G�E�R �N�U�M�B�E�R�S �O�F �V�A�R�I�A�B�L�E�S��
�7�E �C�A�N �T�R�Y �U�S�I�N�G �"�A�Y�E�S�� �R�U�L�E �T�O �R�E�F�O�R�M�U�L�A�T�E �T�H�E �P�R�O�B�L�E�M��

�3(Cavity j toothache^ catch)

= � �3(toothache^ catch j Cavity ) �3(Cavity ) : �������������	

�&�O�R �T�H�I�S �R�E�F�O�R�M�U�L�A�T�I�O�N �T�O �W�O�R�K�� �W�E �N�E�E�D �T�O �K�N�O�W �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �T�H�E �C�O�N�J�U�N�C�

�T�I�O�Ntoothache^ catch �F�O�R �E�A�C�H �V�A�L�U�E �O�FCavity �� �4�H�A�T �M�I�G�H�T �B�E �F�E�A�S�I�B�L�E �F�O�R �J�U�S�T �T�W�O �E�V�I�D�E�N�C�E
�V�A�R�I�A�B�L�E�S�� �B�U�T �A�G�A�I�N �I�T �D�O�E�S �N�O�T �S�C�A�L�E �U�P�� �)�F �T�H�E�R�E �A�R�En �P�O�S�S�I�B�L�E �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S ���8 �R�A�Y�S��
�D�I�E�T�� �O�R�A�L �H�Y�G�I�E�N�E�� �E�T�C���	�� �T�H�E�N �T�H�E�R�E �A�R�E2n �P�O�S�S�I�B�L�E �C�O�M�B�I�N�A�T�I�O�N�S �O�F �O�B�S�E�R�V�E�D �V�A�L�U�E�S �F�O�R �W�H�I�C�H
�W�E �W�O�U�L�D �N�E�E�D �T�O �K�N�O�W �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S�� �7�E �M�I�G�H�T �A�S �W�E�L�L �G�O �B�A�C�K �T�O �U�S�I�N�G �T�H�E
�F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �4�H�I�S �I�S �W�H�A�T �l�R�S�T �L�E�D �R�E�S�E�A�R�C�H�E�R�S �A�W�A�Y �F�R�O�M �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �T�O�W�A�R�D



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�A�P�P�R�O�X�I�M�A�T�E �M�E�T�H�O�D�S �F�O�R �E�V�I�D�E�N�C�E �C�O�M�B�I�N�A�T�I�O�N �T�H�A�T�� �W�H�I�L�E �G�I�V�I�N�G�I�N�C�O�R�R�E�C�T �A�N�S�W�E�R�S�� �R�E�Q�U�I�R�E
�F�E�W�E�R �N�U�M�B�E�R�S �T�O �G�I�V�E �A�N�Y �A�N�S�W�E�R �A�T �A�L�L��

�2�A�T�H�E�R �T�H�A�N �T�A�K�I�N�G �T�H�I�S �R�O�U�T�E�� �W�E �N�E�E�D �T�O �l�N�D �S�O�M�E �A�D�D�I�T�I�O�N�A�L �A�S�S�E�R�T�I�O�N�S �A�B�O�U�T �T�H�E
�D�O�M�A�I�N �T�H�A�T �W�I�L�L �E�N�A�B�L�E �U�S �T�O �S�I�M�P�L�I�F�Y �T�H�E �E�X�P�R�E�S�S�I�O�N�S�� �4�H�E �N�O�T�I�O�N �O�F�L�Q�G�H�S�H�Q�G�H�Q�F�H�I�N �3�E�C�

�T�I�O�N �������� �P�R�O�V�I�D�E�S �A �C�L�U�E�� �B�U�T �N�E�E�D�S �R�E�l�N�I�N�G�� �)�T �W�O�U�L�D �B�E �N�I�C�E �I�FToothache �A�N�DCatch �W�E�R�E
�I�N�D�E�P�E�N�D�E�N�T�� �B�U�T �T�H�E�Y �A�R�E �N�O�T�� �I�F �T�H�E �P�R�O�B�E �C�A�T�C�H�E�S �I�N �T�H�E �T�O�O�T�H�� �T�H�E�N �I�T �I�S �L�I�K�E�L�Y �T�H�A�T �T�H�E �T�O�O�T�H
�H�A�S �A �C�A�V�I�T�Y �A�N�D �T�H�A�T �T�H�E �C�A�V�I�T�Y �C�A�U�S�E�S �A �T�O�O�T�H�A�C�H�E�� �4�H�E�S�E �V�A�R�I�A�B�L�E�S�D�U�H�I�N�D�E�P�E�N�D�E�N�T�� �H�O�W�

�E�V�E�R���J�L�Y�H�Q �W�K�H �S�U�H�V�H�Q�F�H �R�U �W�K�H �D�E�V�H�Q�F�H �R�I �D �F�D�Y�L�W�\�� �%�A�C�H �I�S �D�I�R�E�C�T�L�Y �C�A�U�S�E�D �B�Y �T�H�E �C�A�V�I�T�Y�� �B�U�T
�N�E�I�T�H�E�R �H�A�S �A �D�I�R�E�C�T �E�F�F�E�C�T �O�N �T�H�E �O�T�H�E�R�� �T�O�O�T�H�A�C�H�E �D�E�P�E�N�D�S �O�N �T�H�E �S�T�A�T�E �O�F �T�H�E �N�E�R�V�E�S �I�N �T�H�E
�T�O�O�T�H�� �W�H�E�R�E�A�S �T�H�E �P�R�O�B�E���S �A�C�C�U�R�A�C�Y �D�E�P�E�N�D�S �O�N �T�H�E �D�E�N�T�I�S�T���S �S�K�I�L�L�� �T�O �W�H�I�C�H �T�H�E �T�O�O�T�H�A�C�H�E �I�S
�I�R�R�E�L�E�V�A�N�T���� �-�A�T�H�E�M�A�T�I�C�A�L�L�Y�� �T�H�I�S �P�R�O�P�E�R�T�Y �I�S �W�R�I�T�T�E�N �A�S

�3(toothache^ catch j Cavity ) = �3(toothachej Cavity )�3(catch j Cavity ) : �������������	

�4�H�I�S �E�Q�U�A�T�I�O�N �E�X�P�R�E�S�S�E�S �T�H�E�F�R�Q�G�L�W�L�R�Q�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�O�Ftoothache�A�N�Dcatch �G�I�V�E�NCavity ��CONDITIONAL
INDEPENDENCE

�7�E �C�A�N �P�L�U�G �I�T �I�N�T�O �%�Q�U�A�T�I�O�N �������������	 �T�O �O�B�T�A�I�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �C�A�V�I�T�Y��

�3(Cavity j toothache^ catch)

= � �3(toothachej Cavity ) �3(catch j Cavity ) �3(Cavity ) : �������������	

�.�O�W �T�H�E �I�N�F�O�R�M�A�T�I�O�N �R�E�Q�U�I�R�E�M�E�N�T�S �A�R�E �T�H�E �S�A�M�E �A�S �F�O�R �I�N�F�E�R�E�N�C�E�� �U�S�I�N�G �E�A�C�H �P�I�E�C�E �O�F �E�V�I�

�D�E�N�C�E �S�E�P�A�R�A�T�E�L�Y�� �T�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y�3(Cavity ) �F�O�R �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E �A�N�D �T�H�E �C�O�N�D�I�T�I�O�N�A�L
�P�R�O�B�A�B�I�L�I�T�Y �O�F �E�A�C�H �E�F�F�E�C�T�� �G�I�V�E�N �I�T�S �C�A�U�S�E��

�4�H�E �G�E�N�E�R�A�L �D�E�l�N�I�T�I�O�N �O�F�F�R�Q�G�L�W�L�R�Q�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�O�F �T�W�O �V�A�R�I�A�B�L�E�SX �A�N�DY �� �G�I�V�E�N �A
�T�H�I�R�D �V�A�R�I�A�B�L�EZ �� �I�S

�3(X; Y j Z ) = �3(X j Z )�3(Y j Z ) :

�)�N �T�H�E �D�E�N�T�I�S�T �D�O�M�A�I�N�� �F�O�R �E�X�A�M�P�L�E�� �I�T �S�E�E�M�S �R�E�A�S�O�N�A�B�L�E �T�O �A�S�S�E�R�T �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �O�F
�T�H�E �V�A�R�I�A�B�L�E�SToothache �A�N�DCatch�� �G�I�V�E�NCavity ��

�3(Toothache; Catch j Cavity ) = �3(Toothachej Cavity )�3(Catch j Cavity ) : �������������	

�.�O�T�I�C�E �T�H�A�T �T�H�I�S �A�S�S�E�R�T�I�O�N �I�S �S�O�M�E�W�H�A�T �S�T�R�O�N�G�E�R �T�H�A�N �%�Q�U�A�T�I�O�N �������������	�� �W�H�I�C�H �A�S�S�E�R�T�S �I�N�D�E�P�E�N�

�D�E�N�C�E �O�N�L�Y �F�O�R �S�P�E�C�I�l�C �V�A�L�U�E�S �O�FToothache �A�N�DCatch�� �!�S �W�I�T�H �A�B�S�O�L�U�T�E �I�N�D�E�P�E�N�D�E�N�C�E �I�N
�%�Q�U�A�T�I�O�N �������������	�� �T�H�E �E�Q�U�I�V�A�L�E�N�T �F�O�R�M�S

�3(X j Y; Z) = �3(X j Z ) �A�N�D�3(Y j X; Z ) = �3(Y j Z )

�C�A�N �A�L�S�O �B�E �U�S�E�D ���S�E�E �%�X�E�R�C�I�S�E �����������	�� �3�E�C�T�I�O�N �������� �S�H�O�W�E�D �T�H�A�T �A�B�S�O�L�U�T�E �I�N�D�E�P�E�N�D�E�N�C�E �A�S�

�S�E�R�T�I�O�N�S �A�L�L�O�W �A �D�E�C�O�M�P�O�S�I�T�I�O�N �O�F �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�N�T�O �M�U�C�H �S�M�A�L�L�E�R �P�I�E�C�E�S�� �)�T �T�U�R�N�S
�O�U�T �T�H�A�T �T�H�E �S�A�M�E �I�S �T�R�U�E �F�O�R �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �A�S�S�E�R�T�I�O�N�S�� �&�O�R �E�X�A�M�P�L�E�� �G�I�V�E�N �T�H�E
�A�S�S�E�R�T�I�O�N �I�N �%�Q�U�A�T�I�O�N �������������	�� �W�E �C�A�N �D�E�R�I�V�E �A �D�E�C�O�M�P�O�S�I�T�I�O�N �A�S �F�O�L�L�O�W�S��

�3(Toothache; Catch; Cavity )

= �3(Toothache; Catch j Cavity )�3(Cavity ) ���P�R�O�D�U�C�T �R�U�L�E�	

= �3(Toothachej Cavity )�3(Catch j Cavity )�3(Cavity ) ���U�S�I�N�G �����������	��

���4�H�E �R�E�A�D�E�R �C�A�N �E�A�S�I�L�Y �C�H�E�C�K �T�H�A�T �T�H�I�S �E�Q�U�A�T�I�O�N �D�O�E�S �I�N �F�A�C�T �H�O�L�D �I�N �&�I�G�U�R�E �����������	 �)�N �T�H�I�S �W�A�Y��
�T�H�E �O�R�I�G�I�N�A�L �L�A�R�G�E �T�A�B�L�E �I�S �D�E�C�O�M�P�O�S�E�D �I�N�T�O �T�H�R�E�E �S�M�A�L�L�E�R �T�A�B�L�E�S�� �4�H�E �O�R�I�G�I�N�A�L �T�A�B�L�E �H�A�S �S�E�V�E�N

5 �7�E �A�S�S�U�M�E �T�H�A�T �T�H�E �P�A�T�I�E�N�T �A�N�D �D�E�N�T�I�S�T �A�R�E �D�I�S�T�I�N�C�T �I�N�D�I�V�I�D�U�A�L�S��



�3�E�C�T�I�O�N ���������� �4�H�E �7�U�M�P�U�S �7�O�R�L�D �2�E�V�I�S�I�T�E�D ������

�I�N�D�E�P�E�N�D�E�N�T �N�U�M�B�E�R�S ��23 = 8 �E�N�T�R�I�E�S �I�N �T�H�E �T�A�B�L�E�� �B�U�T �T�H�E�Y �M�U�S�T �S�U�M �T�O ���� �S�O �� �A�R�E �I�N�D�E�P�E�N�

�D�E�N�T�	�� �4�H�E �S�M�A�L�L�E�R �T�A�B�L�E�S �C�O�N�T�A�I�N �l�V�E �I�N�D�E�P�E�N�D�E�N�T �N�U�M�B�E�R�S ���F�O�R �A �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y
�D�I�S�T�R�I�B�U�T�I�O�N�S �S�U�C�H �A�S�3(T jC �T�H�E�R�E �A�R�E �T�W�O �R�O�W�S �O�F �T�W�O �N�U�M�B�E�R�S�� �A�N�D �E�A�C�H �R�O�W �S�U�M�S �T�O ���� �S�O
�T�H�A�T���S �T�W�O �I�N�D�E�P�E�N�D�E�N�T �N�U�M�B�E�R�S�� �F�O�R �A �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �L�I�K�E�3(C) �T�H�E�R�E �I�S �O�N�L�Y �O�N�E �I�N�D�E�P�E�N�

�D�E�N�T �N�U�M�B�E�R�	�� �'�O�I�N�G �F�R�O�M �S�E�V�E�N �T�O �l�V�E �M�I�G�H�T �N�O�T �S�E�E�M �L�I�K�E �A �M�A�J�O�R �T�R�I�U�M�P�H�� �B�U�T �T�H�E �P�O�I�N�T
�I�S �T�H�A�T�� �F�O�Rn �S�Y�M�P�T�O�M�S �T�H�A�T �A�R�E �A�L�L �C�O�N�D�I�T�I�O�N�A�L�L�Y �I�N�D�E�P�E�N�D�E�N�T �G�I�V�E�NCavity �� �T�H�E �S�I�Z�E �O�F �T�H�E
�R�E�P�R�E�S�E�N�T�A�T�I�O�N �G�R�O�W�S �A�SO(n) �I�N�S�T�E�A�D �O�FO(2n )�� �4�H�A�T �M�E�A�N�S �T�H�A�T�F�R�Q�G�L�W�L�R�Q�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H
�D�V�V�H�U�W�L�R�Q�V �F�D�Q �D�O�O�R�Z �S�U�R�E�D�E�L�O�L�V�W�L�F �V�\�V�W�H�P�V �W�R �V�F�D�O�H �X�S�� �P�R�U�H�R�Y�H�U�� �W�K�H�\ �D�U�H �P�X�F�K �P�R�U�H �F�R�P��
�P�R�Q�O�\ �D�Y�D�L�O�D�E�O�H �W�K�D�Q �D�E�V�R�O�X�W�H �L�Q�G�H�S�H�Q�G�H�Q�F�H �D�V�V�H�U�W�L�R�Q�V���#�O�N�C�E�P�T�U�A�L�L�Y��Cavity �V�H�S�D�U�D�W�H�VSEPARATION

Toothache �A�N�DCatch �B�E�C�A�U�S�E �I�T �I�S �A �D�I�R�E�C�T �C�A�U�S�E �O�F �B�O�T�H �O�F �T�H�E�M�� �4�H�E �D�E�C�O�M�P�O�S�I�T�I�O�N �O�F
�L�A�R�G�E �P�R�O�B�A�B�I�L�I�S�T�I�C �D�O�M�A�I�N�S �I�N�T�O �W�E�A�K�L�Y �C�O�N�N�E�C�T�E�D �S�U�B�S�E�T�S �T�H�R�O�U�G�H �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E
�I�S �O�N�E �O�F �T�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �D�E�V�E�L�O�P�M�E�N�T�S �I�N �T�H�E �R�E�C�E�N�T �H�I�S�T�O�R�Y �O�F �!�)��
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���O�T�H�E�R �T�H�A�N �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E�	 �T�H�A�T �A�R�E �A�D�J�A�C�E�N�T �T�O �V�I�S�I�T�E�D �S�Q�U�A�R�E�S�� �I�N �T�H�I�S �C�A�S�E �J�U�S�T �;�������= �A�N�D
�;�������=�� �!�L�S�O�� �L�E�TOther �B�E �T�H�E �P�I�T �V�A�R�I�A�B�L�E�S �F�O�R �T�H�E �O�T�H�E�R �U�N�K�N�O�W�N �S�Q�U�A�R�E�S�� �I�N �T�H�I�S �C�A�S�E�� �T�H�E�R�E �A�R�E
���� �O�T�H�E�R �S�Q�U�A�R�E�S�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	�� �4�H�E �K�E�Y �I�N�S�I�G�H�T �I�S �T�H�A�T �T�H�E �O�B�S�E�R�V�E�D �B�R�E�E�Z�E�S �A�R�E
�F�R�Q�G�L�W�L�R�Q�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W�O�F �T�H�E �O�T�H�E�R �V�A�R�I�A�B�L�E�S�� �G�I�V�E�N �T�H�E �K�N�O�W�N�� �F�R�O�N�T�I�E�R�� �A�N�D �Q�U�E�R�Y �V�A�R�I�

�A�B�L�E�S�� �4�O �U�S�E �T�H�E �I�N�S�I�G�H�T�� �W�E �M�A�N�I�P�U�L�A�T�E �T�H�E �Q�U�E�R�Y �F�O�R�M�U�L�A �I�N�T�O �A �F�O�R�M �I�N �W�H�I�C�H �T�H�E �B�R�E�E�Z�E�S
�A�R�E �C�O�N�D�I�T�I�O�N�E�D �O�N �A�L�L �T�H�E �O�T�H�E�R �V�A�R�I�A�B�L�E�S�� �A�N�D �T�H�E�N �W�E �A�P�P�L�Y �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E��

�3(P1;3 j known; b)

= �
X

unknown

�3(P1;3; known; b;unknown) ���B�Y �%�Q�U�A�T�I�O�N �����������	�	

= �
X

unknown

�3(bj P1;3; known; unknown)�3(P1;3; known; unknown)

���B�Y �T�H�E �P�R�O�D�U�C�T �R�U�L�E�	

= �
X

frontier

X

other

�3(bj known; P1;3; frontier ; other)�3(P1;3; known; frontier ; other)

= �
X

frontier

X

other

�3(bj known; P1;3; frontier )�3(P1;3; known; frontier ; other) ;

�W�H�E�R�E �T�H�E �l�N�A�L �S�T�E�P �U�S�E�S �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E��b �I�S �I�N�D�E�P�E�N�D�E�N�T �O�Fother �G�I�V�E�Nknown��
P1;3�� �A�N�Dfrontier �� �.�O�W�� �T�H�E �l�R�S�T �T�E�R�M �I�N �T�H�I�S �E�X�P�R�E�S�S�I�O�N �D�O�E�S �N�O�T �D�E�P�E�N�D �O�N �T�H�EOther
�V�A�R�I�A�B�L�E�S�� �S�O �W�E �C�A�N �M�O�V�E �T�H�E �S�U�M�M�A�T�I�O�N �I�N�W�A�R�D��

�3(P1;3 j known; b)

= �
X

frontier

�3(bj known; P1;3; frontier )
X

other

�3(P1;3; known; frontier ; other) :

�"�Y �I�N�D�E�P�E�N�D�E�N�C�E�� �A�S �I�N �%�Q�U�A�T�I�O�N �������������	�� �T�H�E �P�R�I�O�R �T�E�R�M �C�A�N �B�E �F�A�C�T�O�R�E�D�� �A�N�D �T�H�E�N �T�H�E �T�E�R�M�S
�C�A�N �B�E �R�E�O�R�D�E�R�E�D��

�3(P1;3 j known; b)

= �
X

frontier

�3(bj known; P1;3; frontier )
X

other

�3(P1;3)P(known)P(frontier )P(other)

= � P (known)�3(P1;3)
X

frontier

�3(bj known; P1;3; frontier )P(frontier )
X

other

P(other)

= � 0�3(P1;3)
X

frontier

�3(bj known; P1;3; frontier )P(frontier ) ;



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

OK
 1,1  2,1  3,1

 1,2

OKOK

B

B

OK
 1,1  2,1

 1,2  2,2

OKOK

B

B

OK
 1,1  2,1  3,1

 1,2

OKOK

B

B

������ �X ������ �� �������� ������ �X ������ �� �������� ������ �X ������ �� ��������

OK
 1,1  2,1

 1,2

 1,3

OKOK

B

B

OK
 1,1  2,1  3,1

 1,2

 1,3

OKOK

B

B

������ �X ������ �� �������� ������ �X ������ �� ��������
���A�	 ���B�	

 2,2

 1,3

 3,1

 1,3

 2,2

 1,3

 3,1

 2,2  2,2

�)�L�J�X�U�H ���������#�O�N�S�I�S�T�E�N�T �M�O�D�E�L�S �F�O�R �T�H�E �F�R�O�N�T�I�E�R �V�A�R�I�A�B�L�E�SP2;2 �A�N�DP3;1�� �S�H�O�W�I�N�G
P(frontier ) �F�O�R �E�A�C�H �M�O�D�E�L�� ���A�	 �T�H�R�E�E �M�O�D�E�L�S �W�I�T�HP1;3 = true �S�H�O�W�I�N�G �T�W�O �O�R �T�H�R�E�E �P�I�T�S��
�A�N�D ���B�	 �T�W�O �M�O�D�E�L�S �W�I�T�HP1;3 = false �S�H�O�W�I�N�G �O�N�E �O�R �T�W�O �P�I�T�S��

�W�H�E�R�E �T�H�E �L�A�S�T �S�T�E�P �F�O�L�D�SP(known) �I�N�T�O �T�H�E �N�O�R�M�A�L�I�Z�I�N�G �C�O�N�S�T�A�N�T �A�N�D �U�S�E�S �T�H�E �F�A�C�T �T�H�A�TP
other P(other) �E�Q�U�A�L�S ����

�.�O�W�� �T�H�E�R�E �A�R�E �J�U�S�T �F�O�U�R �T�E�R�M�S �I�N �T�H�E �S�U�M�M�A�T�I�O�N �O�V�E�R �T�H�E �F�R�O�N�T�I�E�R �V�A�R�I�A�B�L�E�SP2;2 �A�N�D
P3;1�� �4�H�E �U�S�E �O�F �I�N�D�E�P�E�N�D�E�N�C�E �A�N�D �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �H�A�S �C�O�M�P�L�E�T�E�L�Y �E�L�I�M�I�N�A�T�E�D �T�H�E
�O�T�H�E�R �S�Q�U�A�R�E�S �F�R�O�M �C�O�N�S�I�D�E�R�A�T�I�O�N��

�.�O�T�I�C�E �T�H�A�T �T�H�E �E�X�P�R�E�S�S�I�O�N�3(bj known; P1;3; frontier ) �I�S �� �W�H�E�N �T�H�E �F�R�O�N�T�I�E�R �I�S �C�O�N�S�I�S�

�T�E�N�T �W�I�T�H �T�H�E �B�R�E�E�Z�E �O�B�S�E�R�V�A�T�I�O�N�S�� �A�N�D �� �O�T�H�E�R�W�I�S�E�� �4�H�U�S�� �F�O�R �E�A�C�H �V�A�L�U�E �O�FP1;3�� �W�E �S�U�M �O�V�E�R
�T�H�E�O�R�J�L�F�D�O �P�R�G�H�O�V�F�O�R �T�H�E �F�R�O�N�T�I�E�R �V�A�R�I�A�B�L�E�S �T�H�A�T �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �K�N�O�W�N �F�A�C�T�S�� ���#�O�M�

�P�A�R�E �W�I�T�H �T�H�E �E�N�U�M�E�R�A�T�I�O�N �O�V�E�R �M�O�D�E�L�S �I�N �&�I�G�U�R�E ������ �O�N �P�A�G�E ���������	 �4�H�E �M�O�D�E�L�S �A�N�D �T�H�E�I�R
�A�S�S�O�C�I�A�T�E�D �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�I�E�S�ˆP(frontier )�ˆ�A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �7�E �H�A�V�E

�3(P1;3 j known; b) = � 0h0:2(0:04 + 0:16 + 0:16); 0:8(0:04 + 0:16)i � h 0:31; 0:69i :

�4�H�A�T �I�S�� �;�������= ���A�N�D �;�������= �B�Y �S�Y�M�M�E�T�R�Y�	 �C�O�N�T�A�I�N�S �A �P�I�T �W�I�T�H �R�O�U�G�H�L�Y ������ �P�R�O�B�A�B�I�L�I�T�Y�� �! �S�I�M�I�L�A�R
�C�A�L�C�U�L�A�T�I�O�N�� �W�H�I�C�H �T�H�E �R�E�A�D�E�R �M�I�G�H�T �W�I�S�H �T�O �P�E�R�F�O�R�M�� �S�H�O�W�S �T�H�A�T �;�������= �C�O�N�T�A�I�N�S �A �P�I�T �W�I�T�H
�R�O�U�G�H�L�Y ������ �P�R�O�B�A�B�I�L�I�T�Y�� �4�H�E �W�U�M�P�U�S �A�G�E�N�T �S�H�O�U�L�D �D�E�l�N�I�T�E�L�Y �A�V�O�I�D �;�������=�� �.�O�T�E �T�H�A�T �O�U�R
�L�O�G�I�C�A�L �A�G�E�N�T �F�R�O�M �#�H�A�P�T�E�R �� �D�I�D �N�O�T �K�N�O�W �T�H�A�T �;�������= �W�A�S �W�O�R�S�E �T�H�A�N �T�H�E �O�T�H�E�R �S�Q�U�A�R�E�S�� �,�O�G�I�C
�C�A�N �T�E�L�L �U�S �T�H�A�T �I�T �I�S �U�N�K�N�O�W�N �W�H�E�T�H�E�R �T�H�E�R�E �I�S �A �P�I�T �I�N �;���� ���=�� �B�U�T �W�E �N�E�E�D �P�R�O�B�A�B�I�L�I�T�Y �T�O �T�E�L�L �U�S
�H�O�W �L�I�K�E�L�Y �I�T �I�S��

�7�H�A�T �T�H�I�S �S�E�C�T�I�O�N �H�A�S �S�H�O�W�N �I�S �T�H�A�T �E�V�E�N �S�E�E�M�I�N�G�L�Y �C�O�M�P�L�I�C�A�T�E�D �P�R�O�B�L�E�M�S �C�A�N �B�E �F�O�R�

�M�U�L�A�T�E�D �P�R�E�C�I�S�E�L�Y �I�N �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �A�N�D �S�O�L�V�E�D �W�I�T�H �S�I�M�P�L�E �A�L�G�O�R�I�T�H�M�S�� �4�O �G�E�T�H�I�¿�F�L�H�Q�W
�S�O�L�U�T�I�O�N�S�� �I�N�D�E�P�E�N�D�E�N�C�E �A�N�D �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �R�E�L�A�T�I�O�N�S�H�I�P�S �C�A�N �B�E �U�S�E�D �T�O �S�I�M�P�L�I�F�Y
�T�H�E �S�U�M�M�A�T�I�O�N�S �R�E�Q�U�I�R�E�D�� �4�H�E�S�E �R�E�L�A�T�I�O�N�S�H�I�P�S �O�F�T�E�N �C�O�R�R�E�S�P�O�N�D �T�O �O�U�R �N�A�T�U�R�A�L �U�N�D�E�R�S�T�A�N�D�I�N�G
�O�F �H�O�W �T�H�E �P�R�O�B�L�E�M �S�H�O�U�L�D �B�E �D�E�C�O�M�P�O�S�E�D�� �)�N �T�H�E �N�E�X�T �C�H�A�P�T�E�R�� �W�E �D�E�V�E�L�O�P �F�O�R�M�A�L �R�E�P�R�E�S�E�N�

�T�A�T�I�O�N�S �F�O�R �S�U�C�H �R�E�L�A�T�I�O�N�S�H�I�P�S �A�S �W�E�L�L �A�S �A�L�G�O�R�I�T�H�M�S �T�H�A�T �O�P�E�R�A�T�E �O�N �T�H�O�S�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �T�O
�P�E�R�F�O�R�M �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�E�R�E�N�C�E �E�F�l�C�I�E�N�T�L�Y��



�3�E�C�T�I�O�N ���������� �3�U�M�M�A�R�Y ������

�������� �3�5�-�-�!�2 �9

�4�H�I�S �C�H�A�P�T�E�R �H�A�S �S�U�G�G�E�S�T�E�D �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �A�S �A �S�U�I�T�A�B�L�E �F�O�U�N�D�A�T�I�O�N �F�O�R �U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G
�A�N�D �P�R�O�V�I�D�E�D �A �G�E�N�T�L�E �I�N�T�R�O�D�U�C�T�I�O�N �T�O �I�T�S �U�S�E��

� �5�N�C�E�R�T�A�I�N�T�Y �A�R�I�S�E�S �B�E�C�A�U�S�E �O�F �B�O�T�H �L�A�Z�I�N�E�S�S �A�N�D �I�G�N�O�R�A�N�C�E�� �)�T �I�S �I�N�E�S�C�A�P�A�B�L�E �I�N �C�O�M�P�L�E�X��
�N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C�� �O�R �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�S��

� �0�R�O�B�A�B�I�L�I�T�I�E�S �E�X�P�R�E�S�S �T�H�E �A�G�E�N�T���S �I�N�A�B�I�L�I�T�Y �T�O �R�E�A�C�H �A �D�E�l�N�I�T�E �D�E�C�I�S�I�O�N �R�E�G�A�R�D�I�N�G �T�H�E �T�R�U�T�H
�O�F �A �S�E�N�T�E�N�C�E�� �0�R�O�B�A�B�I�L�I�T�I�E�S �S�U�M�M�A�R�I�Z�E �T�H�E �A�G�E�N�T���S �B�E�L�I�E�F�S �R�E�L�A�T�I�V�E �T�O �T�H�E �E�V�I�D�E�N�C�E��

� �$�E�C�I�S�I�O�N �T�H�E�O�R�Y �C�O�M�B�I�N�E�S �T�H�E �A�G�E�N�T���S �B�E�L�I�E�F�S �A�N�D �D�E�S�I�R�E�S�� �D�E�l�N�I�N�G �T�H�E �B�E�S�T �A�C�T�I�O�N �A�S �T�H�E
�O�N�E �T�H�A�T �M�A�X�I�M�I�Z�E�S �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y��

� �"�A�S�I�C �P�R�O�B�A�B�I�L�I�T�Y �S�T�A�T�E�M�E�N�T�S �I�N�C�L�U�D�E�S�U�L�R�U �S�U�R�E�D�E�L�O�L�W�L�H�V�A�N�D�F�R�Q�G�L�W�L�R�Q�D�O �S�U�R�E�D�E�L�O�L�W�L�H�V
�O�V�E�R �S�I�M�P�L�E �A�N�D �C�O�M�P�L�E�X �P�R�O�P�O�S�I�T�I�O�N�S��

� �4�H�E �A�X�I�O�M�S �O�F �P�R�O�B�A�B�I�L�I�T�Y �C�O�N�S�T�R�A�I�N �T�H�E �P�O�S�S�I�B�L�E �A�S�S�I�G�N�M�E�N�T�S �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S �T�O �P�R�O�P�O�

�S�I�T�I�O�N�S�� �!�N �A�G�E�N�T �T�H�A�T �V�I�O�L�A�T�E�S �T�H�E �A�X�I�O�M�S �M�U�S�T �B�E�H�A�V�E �I�R�R�A�T�I�O�N�A�L�L�Y �I�N �S�O�M�E �C�A�S�E�S��

� �4�H�E�I�X�O�O �M�R�L�Q�W �S�U�R�E�D�E�L�O�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q�S�P�E�C�I�l�E�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �E�A�C�H �C�O�M�P�L�E�T�E �A�S�

�S�I�G�N�M�E�N�T �O�F �V�A�L�U�E�S �T�O �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S�� �)�T �I�S �U�S�U�A�L�L�Y �T�O�O �L�A�R�G�E �T�O �C�R�E�A�T�E �O�R �U�S�E �I�N �I�T�S
�E�X�P�L�I�C�I�T �F�O�R�M�� �B�U�T �W�H�E�N �I�T �I�S �A�V�A�I�L�A�B�L�E �I�T �C�A�N �B�E �U�S�E�D �T�O �A�N�S�W�E�R �Q�U�E�R�I�E�S �S�I�M�P�L�Y �B�Y �A�D�D�I�N�G
�U�P �E�N�T�R�I�E�S �F�O�R �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �T�H�E �Q�U�E�R�Y �P�R�O�P�O�S�I�T�I�O�N�S��

� �$�E�V�R�O�X�W�H �L�Q�G�H�S�H�Q�G�H�Q�F�H�B�E�T�W�E�E�N �S�U�B�S�E�T�S �O�F �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S �A�L�L�O�W�S �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�

�T�R�I�B�U�T�I�O�N �T�O �B�E �F�A�C�T�O�R�E�D �I�N�T�O �S�M�A�L�L�E�R �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�S�� �G�R�E�A�T�L�Y �R�E�D�U�C�I�N�G �I�T�S �C�O�M�P�L�E�X�I�T�Y��
�!�B�S�O�L�U�T�E �I�N�D�E�P�E�N�D�E�N�C�E �S�E�L�D�O�M �O�C�C�U�R�S �I�N �P�R�A�C�T�I�C�E��

� �%�D�\�H�V�¶ �U�X�O�H�A�L�L�O�W�S �U�N�K�N�O�W�N �P�R�O�B�A�B�I�L�I�T�I�E�S �T�O �B�E �C�O�M�P�U�T�E�D �F�R�O�M �K�N�O�W�N �C�O�N�D�I�T�I�O�N�A�L
�P�R�O�B�A�B�I�L�I�T�I�E�S�� �U�S�U�A�L�L�Y �I�N �T�H�E �C�A�U�S�A�L �D�I�R�E�C�T�I�O�N�� �!�P�P�L�Y�I�N�G �"�A�Y�E�S�� �R�U�L�E �W�I�T�H �M�A�N�Y �P�I�E�C�E�S �O�F
�E�V�I�D�E�N�C�E �R�U�N�S �I�N�T�O �T�H�E �S�A�M�E �S�C�A�L�I�N�G �P�R�O�B�L�E�M�S �A�S �D�O�E�S �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N��

� �&�R�Q�G�L�W�L�R�Q�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�B�R�O�U�G�H�T �A�B�O�U�T �B�Y �D�I�R�E�C�T �C�A�U�S�A�L �R�E�L�A�T�I�O�N�S�H�I�P�S �I�N �T�H�E �D�O�M�A�I�N
�M�I�G�H�T �A�L�L�O�W �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �T�O �B�E �F�A�C�T�O�R�E�D �I�N�T�O �S�M�A�L�L�E�R�� �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�

�B�U�T�I�O�N�S�� �4�H�E�Q�D�L�Y�H �%�D�\�H�V�M�O�D�E�L �A�S�S�U�M�E�S �T�H�E �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �O�F �A�L�L �E�F�F�E�C�T
�V�A�R�I�A�B�L�E�S�� �G�I�V�E�N �A �S�I�N�G�L�E �C�A�U�S�E �V�A�R�I�A�B�L�E�� �A�N�D �G�R�O�W�S �L�I�N�E�A�R�L�Y �W�I�T�H �T�H�E �N�U�M�B�E�R �O�F �E�F�F�E�C�T�S��

� �! �W�U�M�P�U�S�
�W�O�R�L�D �A�G�E�N�T �C�A�N �C�A�L�C�U�L�A�T�E �P�R�O�B�A�B�I�L�I�T�I�E�S �F�O�R �U�N�O�B�S�E�R�V�E�D �A�S�P�E�C�T�S �O�F �T�H�E �W�O�R�L�D��
�T�H�E�R�E�B�Y �I�M�P�R�O�V�I�N�G �O�N �T�H�E �D�E�C�I�S�I�O�N�S �O�F �A �P�U�R�E�L�Y �L�O�G�I�C�A�L �A�G�E�N�T�� �#�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E
�M�A�K�E�S �T�H�E�S�E �C�A�L�C�U�L�A�T�I�O�N�S �T�R�A�C�T�A�B�L�E��

�" �)�"�,�)�/�'�2�!�0�(�)�#�!�, �!�.�$ �( �)�3�4�/�2�)�#�!�, �. �/�4�%�3

�0�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �W�A�S �I�N�V�E�N�T�E�D �A�S �A �W�A�Y �O�F �A�N�A�L�Y�Z�I�N�G �G�A�M�E�S �O�F �C�H�A�N�C�E�� �)�N �A�B�O�U�T �������! ���$��
�T�H�E �)�N�D�I�A�N �M�A�T�H�E�M�A�T�I�C�I�A�N �-�A�H�A�V�I�R�A�C�A�R�Y�A �D�E�S�C�R�I�B�E�D �H�O�W �T�O �A�R�R�A�N�G�E �A �S�E�T �O�F �B�E�T�S �T�H�A�T �C�A�N���T �L�O�S�E
���W�H�A�T �W�E �N�O�W �C�A�L�L �A �$�U�T�C�H �B�O�O�K�	�� �)�N �%�U�R�O�P�E�� �T�H�E �l�R�S�T �S�I�G�N�I�l�C�A�N�T �S�Y�S�T�E�M�A�T�I�C �A�N�A�L�Y�S�E�S �W�E�R�E
�P�R�O�D�U�C�E�D �B�Y �'�I�R�O�L�A�M�O �#�A�R�D�A�N�O �A�R�O�U�N�D ���������� �A�L�T�H�O�U�G�H �P�U�B�L�I�C�A�T�I�O�N �W�A�S �P�O�S�T�H�U�M�O�U�S �����������	��
�"�Y �T�H�A�T �T�I�M�E�� �P�R�O�B�A�B�I�L�I�T�Y �H�A�D �B�E�E�N �E�S�T�A�B�L�I�S�H�E�D �A�S �A �M�A�T�H�E�M�A�T�I�C�A�L �D�I�S�C�I�P�L�I�N�E �D�U�E �T�O �A �S�E�R�I�E�S �O�F



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�R�E�S�U�L�T�S �E�S�T�A�B�L�I�S�H�E�D �I�N �A �F�A�M�O�U�S �C�O�R�R�E�S�P�O�N�D�E�N�C�E �B�E�T�W�E�E�N �"�L�A�I�S�E �0�A�S�C�A�L �A�N�D �0�I�E�R�R�E �D�E �&�E�R�M�A�T
�I�N ���������� �!�S �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �I�T�S�E�L�F�� �T�H�E �R�E�S�U�L�T�S �W�E�R�E �I�N�I�T�I�A�L�L�Y �M�O�T�I�V�A�T�E�D �B�Y �G�A�M�B�L�I�N�G �P�R�O�B�L�E�M�S
���S�E�E �%�X�E�R�C�I�S�E ���������	�� �4�H�E �l�R�S�T �P�U�B�L�I�S�H�E�D �T�E�X�T�B�O�O�K �O�N �P�R�O�B�A�B�I�L�I�T�Y �W�A�S�'�H �5�D�W�L�R�F�L�Q�L�L�V �L�Q �/�X�G�R
�$�O�H�D�H���(�U�Y�G�E�N�S�� ���������	�� �4�H�E �h�L�A�Z�I�N�E�S�S �A�N�D �I�G�N�O�R�A�N�C�E�v �V�I�E�W �O�F �U�N�C�E�R�T�A�I�N�T�Y �W�A�S �D�E�S�C�R�I�B�E�D
�B�Y �*�O�H�N �!�R�B�U�T�H�N�O�T �I�N �T�H�E �P�R�E�F�A�C�E �O�F �H�I�S �T�R�A�N�S�L�A�T�I�O�N �O�F �(�U�Y�G�E�N�S ���!�R�B�U�T�H�N�O�T�� ���������	�� �h�)�T �I�S
�I�M�P�O�S�S�I�B�L�E �F�O�R �A �$�I�E�� �W�I�T�H �S�U�C�H �D�E�T�E�R�M�I�N���D �F�O�R�C�E �A�N�D �D�I�R�E�C�T�I�O�N�� �N�O�T �T�O �F�A�L�L �O�N �S�U�C�H �D�E�T�E�R�M�I�N���D
�S�I�D�E�� �O�N�L�Y �) �D�O�N���T �K�N�O�W �T�H�E �F�O�R�C�E �A�N�D �D�I�R�E�C�T�I�O�N �W�H�I�C�H �M�A�K�E�S �I�T �F�A�L�L �O�N �S�U�C�H �D�E�T�E�R�M�I�N���D �S�I�D�E��
�A�N�D �T�H�E�R�E�F�O�R�E �) �C�A�L�L �I�T �#�H�A�N�C�E�� �W�H�I�C�H �I�S �N�O�T�H�I�N�G �B�U�T �T�H�E �W�A�N�T �O�F �A�R�T�������v

�,�A�P�L�A�C�E �����������	 �G�A�V�E �A�N �E�X�C�E�P�T�I�O�N�A�L�L�Y �A�C�C�U�R�A�T�E �A�N�D �M�O�D�E�R�N �O�V�E�R�V�I�E�W �O�F �P�R�O�B�A�B�I�L�I�T�Y�� �H�E
�W�A�S �T�H�E �l�R�S�T �T�O �U�S�E �T�H�E �E�X�A�M�P�L�E �h�T�A�K�E �T�W�O �U�R�N�S�� �! �A�N�D �"�� �T�H�E �l�R�S�T �C�O�N�T�A�I�N�I�N�G �F�O�U�R �W�H�I�T�E �A�N�D
�T�W�O �B�L�A�C�K �B�A�L�L�S�� �� �� �� �v �4�H�E �2�E�V�� �4�H�O�M�A�S �"�A�Y�E�S �����������n���������	 �I�N�T�R�O�D�U�C�E�D �T�H�E �R�U�L�E �F�O�R �R�E�A�S�O�N�I�N�G
�A�B�O�U�T �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �T�H�A�T �W�A�S �N�A�M�E�D �A�F�T�E�R �H�I�M ���"�A�Y�E�S�� ���������	�� �"�A�Y�E�S �O�N�L�Y �C�O�N�

�S�I�D�E�R�E�D �T�H�E �C�A�S�E �O�F �U�N�I�F�O�R�M �P�R�I�O�R�S�� �I�T �W�A�S �,�A�P�L�A�C�E �W�H�O �I�N�D�E�P�E�N�D�E�N�T�L�Y �D�E�V�E�L�O�P�E�D �T�H�E �G�E�N�E�R�A�L
�C�A�S�E�� �+�O�L�M�O�G�O�R�O�V ������������ �l�R�S�T �P�U�B�L�I�S�H�E�D �I�N �'�E�R�M�A�N �I�N ���������	 �P�R�E�S�E�N�T�E�D �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �I�N
�A �R�I�G�O�R�O�U�S�L�Y �A�X�I�O�M�A�T�I�C �F�R�A�M�E�W�O�R�K �F�O�R �T�H�E �l�R�S�T �T�I�M�E�� �2�|�E�N�Y�I �����������	 �L�A�T�E�R �G�A�V�E �A�N �A�X�I�O�M�A�T�I�C
�P�R�E�S�E�N�T�A�T�I�O�N �T�H�A�T �T�O�O�K �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y�� �R�A�T�H�E�R �T�H�A�N �A�B�S�O�L�U�T�E �P�R�O�B�A�B�I�L�I�T�Y�� �A�S �P�R�I�M�I�T�I�V�E��

�0�A�S�C�A�L �U�S�E�D �P�R�O�B�A�B�I�L�I�T�Y �I�N �W�A�Y�S �T�H�A�T �R�E�Q�U�I�R�E�D �B�O�T�H �T�H�E �O�B�J�E�C�T�I�V�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N�� �A�S �A �P�R�O�P�

�E�R�T�Y �O�F �T�H�E �W�O�R�L�D �B�A�S�E�D �O�N �S�Y�M�M�E�T�R�Y �O�R �R�E�L�A�T�I�V�E �F�R�E�Q�U�E�N�C�Y�� �A�N�D �T�H�E �S�U�B�J�E�C�T�I�V�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N��
�B�A�S�E�D �O�N �D�E�G�R�E�E �O�F �B�E�L�I�E�F�ˆ�T�H�E �F�O�R�M�E�R �I�N �H�I�S �A�N�A�L�Y�S�E�S �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N �G�A�M�E�S �O�F �C�H�A�N�C�E�� �T�H�E
�L�A�T�T�E�R �I�N �T�H�E �F�A�M�O�U�S �h�0�A�S�C�A�L���S �W�A�G�E�R�v �A�R�G�U�M�E�N�T �A�B�O�U�T �T�H�E �P�O�S�S�I�B�L�E �E�X�I�S�T�E�N�C�E �O�F �'�O�D�� �(�O�W�

�E�V�E�R�� �0�A�S�C�A�L �D�I�D �N�O�T �C�L�E�A�R�L�Y �R�E�A�L�I�Z�E �T�H�E �D�I�S�T�I�N�C�T�I�O�N �B�E�T�W�E�E�N �T�H�E�S�E �T�W�O �I�N�T�E�R�P�R�E�T�A�T�I�O�N�S�� �4�H�E
�D�I�S�T�I�N�C�T�I�O�N �W�A�S �l�R�S�T �D�R�A�W�N �C�L�E�A�R�L�Y �B�Y �*�A�M�E�S �"�E�R�N�O�U�L�L�I �����������n���������	��

�,�E�I�B�N�I�Z �I�N�T�R�O�D�U�C�E�D �T�H�E �h�C�L�A�S�S�I�C�A�L�v �N�O�T�I�O�N �O�F �P�R�O�B�A�B�I�L�I�T�Y �A�S �A �P�R�O�P�O�R�T�I�O�N �O�F �E�N�U�M�E�R�A�T�E�D��
�E�Q�U�A�L�L�Y �P�R�O�B�A�B�L�E �C�A�S�E�S�� �W�H�I�C�H �W�A�S �A�L�S�O �U�S�E�D �B�Y �"�E�R�N�O�U�L�L�I�� �A�L�T�H�O�U�G�H �I�T �W�A�S �B�R�O�U�G�H�T �T�O �P�R�O�M�I�

�N�E�N�C�E �B�Y �,�A�P�L�A�C�E �����������n���������	�� �4�H�I�S �N�O�T�I�O�N �I�S �A�M�B�I�G�U�O�U�S �B�E�T�W�E�E�N �T�H�E �F�R�E�Q�U�E�N�C�Y �I�N�T�E�R�P�R�E�T�A�

�T�I�O�N �A�N�D �T�H�E �S�U�B�J�E�C�T�I�V�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N�� �4�H�E �C�A�S�E�S �C�A�N �B�E �T�H�O�U�G�H�T �T�O �B�E �E�Q�U�A�L�L�Y �P�R�O�B�A�B�L�E �E�I�T�H�E�R
�B�E�C�A�U�S�E �O�F �A �N�A�T�U�R�A�L�� �P�H�Y�S�I�C�A�L �S�Y�M�M�E�T�R�Y �B�E�T�W�E�E�N �T�H�E�M�� �O�R �S�I�M�P�L�Y �B�E�C�A�U�S�E �W�E �D�O �N�O�T �H�A�V�E
�A�N�Y �K�N�O�W�L�E�D�G�E �T�H�A�T �W�O�U�L�D �L�E�A�D �U�S �T�O �C�O�N�S�I�D�E�R �O�N�E �M�O�R�E �P�R�O�B�A�B�L�E �T�H�A�N �A�N�O�T�H�E�R�� �4�H�E �U�S�E �O�F
�T�H�I�S �L�A�T�T�E�R�� �S�U�B�J�E�C�T�I�V�E �C�O�N�S�I�D�E�R�A�T�I�O�N �T�O �J�U�S�T�I�F�Y �A�S�S�I�G�N�I�N�G �E�Q�U�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �I�S �K�N�O�W�N �A�S �T�H�E
�S�U�L�Q�F�L�S�O�H �R�I �L�Q�G�L�I�I�H�U�H�Q�F�H�� �4�H�E �P�R�I�N�C�I�P�L�E �I�S �O�F�T�E�N �A�T�T�R�I�B�U�T�E�D �T�O �,�A�P�L�A�C�E�� �B�U�T �H�E �N�E�V�E�R �I�S�O�L�A�T�E�DPRINCIPLE OF

INDIFFERENCE

�T�H�E �P�R�I�N�C�I�P�L�E �E�X�P�L�I�C�I�T�L�Y�� �'�E�O�R�G�E �"�O�O�L�E �A�N�D �*�O�H�N �6�E�N�N �B�O�T�H �R�E�F�E�R�R�E�D �T�O �I�T �A�S �T�H�E�S�U�L�Q�F�L�S�O�H �R�I
�L�Q�V�X�I�¿�F�L�H�Q�W �U�H�D�V�R�Q�� �T�H�E �M�O�D�E�R�N �N�A�M�E �I�S �D�U�E �T�O �+�E�Y�N�E�S �����������	��

PRINCIPLE OF
INSUFFICIENT
REASON

�4�H�E �D�E�B�A�T�E �B�E�T�W�E�E�N �O�B�J�E�C�T�I�V�I�S�T�S �A�N�D �S�U�B�J�E�C�T�I�V�I�S�T�S �B�E�C�A�M�E �S�H�A�R�P�E�R �I�N �T�H�E �����T�H �C�E�N�T�U�R�Y��
�+�O�L�M�O�G�O�R�O�V �����������	�� �2�� �!�� �&�I�S�H�E�R �����������	�� �A�N�D �2�I�C�H�A�R�D �V�O�N �-�I�S�E�S �����������	 �W�E�R�E �A�D�V�O�C�A�T�E�S �O�F
�T�H�E �R�E�L�A�T�I�V�E �F�R�E�Q�U�E�N�C�Y �I�N�T�E�R�P�R�E�T�A�T�I�O�N�� �+�A�R�L �0�O�P�P�E�R���S ������������ �l�R�S�T �P�U�B�L�I�S�H�E�D �I�N �'�E�R�M�A�N �I�N ���������	
�h�P�R�O�P�E�N�S�I�T�Y�v �I�N�T�E�R�P�R�E�T�A�T�I�O�N �T�R�A�C�E�S �R�E�L�A�T�I�V�E �F�R�E�Q�U�E�N�C�I�E�S �T�O �A�N �U�N�D�E�R�L�Y�I�N�G �P�H�Y�S�I�C�A�L �S�Y�M�M�E�T�R�Y��
�&�R�A�N�K �2�A�M�S�E�Y �����������	�� �"�R�U�N�O �D�E �&�I�N�E�T�T�I �����������	�� �2�� �4�� �#�O�X �����������	�� �,�E�O�N�A�R�D �3�A�V�A�G�E �����������	��
�2�I�C�H�A�R�D �*�E�F�F�R�E�Y �����������	�� �A�N�D �%�� �4�� �*�A�Y�N�E�S �����������	 �I�N�T�E�R�P�R�E�T�E�D �P�R�O�B�A�B�I�L�I�T�I�E�S �A�S �T�H�E �D�E�G�R�E�E�S �O�F
�B�E�L�I�E�F �O�F �S�P�E�C�I�l�C �I�N�D�I�V�I�D�U�A�L�S�� �4�H�E�I�R �A�N�A�L�Y�S�E�S �O�F �D�E�G�R�E�E �O�F �B�E�L�I�E�F �W�E�R�E �C�L�O�S�E�L�Y �T�I�E�D �T�O �U�T�I�L�I�

�T�I�E�S �A�N�D �T�O �B�E�H�A�V�I�O�R�ˆ�S�P�E�C�I�l�C�A�L�L�Y�� �T�O �T�H�E �W�I�L�L�I�N�G�N�E�S�S �T�O �P�L�A�C�E �B�E�T�S�� �2�U�D�O�L�F �#�A�R�N�A�P�� �F�O�L�L�O�W�I�N�G
�,�E�I�B�N�I�Z �A�N�D �,�A�P�L�A�C�E�� �O�F�F�E�R�E�D �A �D�I�F�F�E�R�E�N�T �K�I�N�D �O�F �S�U�B�J�E�C�T�I�V�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N �O�F �P�R�O�B�A�B�I�L�I�T�Y�ˆ
�N�O�T �A�S �A�N�Y �A�C�T�U�A�L �I�N�D�I�V�I�D�U�A�L���S �D�E�G�R�E�E �O�F �B�E�L�I�E�F�� �B�U�T �A�S �T�H�E �D�E�G�R�E�E �O�F �B�E�L�I�E�F �T�H�A�T �A�N �I�D�E�A�L�I�Z�E�D
�I�N�D�I�V�I�D�U�A�L�V�K�R�X�O�G�H�A�V�E �I�N �A �P�A�R�T�I�C�U�L�A�R �P�R�O�P�O�S�I�T�I�O�Na�� �G�I�V�E�N �A �P�A�R�T�I�C�U�L�A�R �B�O�D�Y �O�F �E�V�I�D�E�N�C�E�H��



�"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S ������

�#�A�R�N�A�P �A�T�T�E�M�P�T�E�D �T�O �G�O �F�U�R�T�H�E�R �T�H�A�N �,�E�I�B�N�I�Z �O�R �,�A�P�L�A�C�E �B�Y �M�A�K�I�N�G �T�H�I�S �N�O�T�I�O�N �O�F �D�E�G�R�E�E �O�F
�F�R�Q�¿�U�P�D�W�L�R�Q�M�A�T�H�E�M�A�T�I�C�A�L�L�Y �P�R�E�C�I�S�E�� �A�S �A �L�O�G�I�C�A�L �R�E�L�A�T�I�O�N �B�E�T�W�E�E�Na �A�N�D�H�� �4�H�E �S�T�U�D�Y �O�F �T�H�I�SCONFIRMATION

�R�E�L�A�T�I�O�N �W�A�S �I�N�T�E�N�D�E�D �T�O �C�O�N�S�T�I�T�U�T�E �A �M�A�T�H�E�M�A�T�I�C�A�L �D�I�S�C�I�P�L�I�N�E �C�A�L�L�E�D�L�Q�G�X�F�W�L�Y�H �O�R�J�L�F�� �A�N�A�L�O�
INDUCTIVE LOGIC

�G�O�U�S �T�O �O�R�D�I�N�A�R�Y �D�E�D�U�C�T�I�V�E �L�O�G�I�C ���#�A�R�N�A�P�� ���������� ���������	�� �#�A�R�N�A�P �W�A�S �N�O�T �A�B�L�E �T�O �E�X�T�E�N�D �H�I�S
�I�N�D�U�C�T�I�V�E �L�O�G�I�C �M�U�C�H �B�E�Y�O�N�D �T�H�E �P�R�O�P�O�S�I�T�I�O�N�A�L �C�A�S�E�� �A�N�D �0�U�T�N�A�M �����������	 �S�H�O�W�E�D �B�Y �A�D�V�E�R�S�A�R�

�I�A�L �A�R�G�U�M�E�N�T�S �T�H�A�T �S�O�M�E �F�U�N�D�A�M�E�N�T�A�L �D�I�F�l�C�U�L�T�I�E�S �W�O�U�L�D �P�R�E�V�E�N�T �A �S�T�R�I�C�T �E�X�T�E�N�S�I�O�N �T�O �L�A�N�G�U�A�G�E�S
�C�A�P�A�B�L�E �O�F �E�X�P�R�E�S�S�I�N�G �A�R�I�T�H�M�E�T�I�C��

�#�O�X���S �T�H�E�O�R�E�M �����������	 �S�H�O�W�S �T�H�A�T �A�N�Y �S�Y�S�T�E�M �F�O�R �U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G �T�H�A�T �M�E�E�T�S �H�I�S �S�E�T
�O�F �A�S�S�U�M�P�T�I�O�N�S �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y�� �4�H�I�S �G�A�V�E �R�E�N�E�W�E�D �C�O�N�l�D�E�N�C�E �T�O �T�H�O�S�E
�W�H�O �A�L�R�E�A�D�Y �F�A�V�O�R�E�D �P�R�O�B�A�B�I�L�I�T�Y�� �B�U�T �O�T�H�E�R�S �W�E�R�E �N�O�T �C�O�N�V�I�N�C�E�D�� �P�O�I�N�T�I�N�G �T�O �T�H�E �A�S�S�U�M�P�T�I�O�N�S
���P�R�I�M�A�R�I�L�Y �T�H�A�T �B�E�L�I�E�F �M�U�S�T �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �S�I�N�G�L�E �N�U�M�B�E�R�� �A�N�D �T�H�U�S �T�H�E �B�E�L�I�E�F �I�N: p �M�U�S�T
�B�E �A �F�U�N�C�T�I�O�N �O�F �T�H�E �B�E�L�I�E�F �I�Np�	�� �(�A�L�P�E�R�N �����������	 �D�E�S�C�R�I�B�E�S �T�H�E �A�S�S�U�M�P�T�I�O�N�S �A�N�D �S�H�O�W�S �S�O�M�E
�G�A�P�S �I�N �#�O�X���S �O�R�I�G�I�N�A�L �F�O�R�M�U�L�A�T�I�O�N�� �(�O�R�N �����������	 �S�H�O�W�S �H�O�W �T�O �P�A�T�C�H �U�P �T�H�E �D�I�F�l�C�U�L�T�I�E�S��
�*�A�Y�N�E�S �����������	 �H�A�S �A �S�I�M�I�L�A�R �A�R�G�U�M�E�N�T �T�H�A�T �I�S �E�A�S�I�E�R �T�O �R�E�A�D��

�4�H�E �Q�U�E�S�T�I�O�N �O�F �R�E�F�E�R�E�N�C�E �C�L�A�S�S�E�S �I�S �C�L�O�S�E�L�Y �T�I�E�D �T�O �T�H�E �A�T�T�E�M�P�T �T�O �l�N�D �A�N �I�N�D�U�C�T�I�V�E �L�O�G�I�C��
�4�H�E �A�P�P�R�O�A�C�H �O�F �C�H�O�O�S�I�N�G �T�H�E �h�M�O�S�T �S�P�E�C�I�l�C�v �R�E�F�E�R�E�N�C�E �C�L�A�S�S �O�F �S�U�F�l�C�I�E�N�T �S�I�Z�E �W�A�S �F�O�R�M�A�L�L�Y
�P�R�O�P�O�S�E�D �B�Y �2�E�I�C�H�E�N�B�A�C�H �����������	�� �6�A�R�I�O�U�S �A�T�T�E�M�P�T�S �H�A�V�E �B�E�E�N �M�A�D�E�� �N�O�T�A�B�L�Y �B�Y �(�E�N�R�Y �+�Y�

�B�U�R�G ������������ ���������	�� �T�O �F�O�R�M�U�L�A�T�E �M�O�R�E �S�O�P�H�I�S�T�I�C�A�T�E�D �P�O�L�I�C�I�E�S �I�N �O�R�D�E�R �T�O �A�V�O�I�D �S�O�M�E �O�B�V�I�O�U�S
�F�A�L�L�A�C�I�E�S �T�H�A�T �A�R�I�S�E �W�I�T�H �2�E�I�C�H�E�N�B�A�C�H���S �R�U�L�E�� �B�U�T �S�U�C�H �A�P�P�R�O�A�C�H�E�S �R�E�M�A�I�N �S�O�M�E�W�H�A�T�D�G �K�R�F��
�-�O�R�E �R�E�C�E�N�T �W�O�R�K �B�Y �"�A�C�C�H�U�S�� �'�R�O�V�E�� �(�A�L�P�E�R�N�� �A�N�D �+�O�L�L�E�R �����������	 �E�X�T�E�N�D�S �#�A�R�N�A�P���S �M�E�T�H�O�D�S
�T�O �l�R�S�T�
�O�R�D�E�R �T�H�E�O�R�I�E�S�� �T�H�E�R�E�B�Y �A�V�O�I�D�I�N�G �M�A�N�Y �O�F �T�H�E �D�I�F�l�C�U�L�T�I�E�S �A�S�S�O�C�I�A�T�E�D �W�I�T�H �T�H�E �S�T�R�A�I�G�H�T�

�F�O�R�W�A�R�D �R�E�F�E�R�E�N�C�E�
�C�L�A�S�S �M�E�T�H�O�D�� �+�Y�B�U�R�G �A�N�D �4�E�N�G �����������	 �C�O�N�T�R�A�S�T �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�E�R�E�N�C�E
�W�I�T�H �N�O�N�M�O�N�O�T�O�N�I�C �L�O�G�I�C��

�"�A�Y�E�S�I�A�N �P�R�O�B�A�B�I�L�I�S�T�I�C �R�E�A�S�O�N�I�N�G �H�A�S �B�E�E�N �U�S�E�D �I�N �!�) �S�I�N�C�E �T�H�E ���������S�� �E�S�P�E�C�I�A�L�L�Y �I�N
�M�E�D�I�C�A�L �D�I�A�G�N�O�S�I�S�� �)�T �W�A�S �U�S�E�D �N�O�T �O�N�L�Y �T�O �M�A�K�E �A �D�I�A�G�N�O�S�I�S �F�R�O�M �A�V�A�I�L�A�B�L�E �E�V�I�D�E�N�C�E�� �B�U�T �A�L�S�O
�T�O �S�E�L�E�C�T �F�U�R�T�H�E�R �Q�U�E�S�T�I�O�N�S �A�N�D �T�E�S�T�S �B�Y �U�S�I�N�G �T�H�E �T�H�E�O�R�Y �O�F �I�N�F�O�R�M�A�T�I�O�N �V�A�L�U�E ���3�E�C�T�I�O�N ���������	
�W�H�E�N �A�V�A�I�L�A�B�L�E �E�V�I�D�E�N�C�E �W�A�S �I�N�C�O�N�C�L�U�S�I�V�E ���'�O�R�R�Y�� ���������� �'�O�R�R�Y�H�W �D�O���� ���������	�� �/�N�E �S�Y�S�T�E�M
�O�U�T�P�E�R�F�O�R�M�E�D �H�U�M�A�N �E�X�P�E�R�T�S �I�N �T�H�E �D�I�A�G�N�O�S�I�S �O�F �A�C�U�T�E �A�B�D�O�M�I�N�A�L �I�L�L�N�E�S�S�E�S ���D�E �$�O�M�B�A�L�H�W �D�O����
���������	�� �,�U�C�A�S�H�W �D�O�������������	 �G�I�V�E�S �A�N �O�V�E�R�V�I�E�W�� �4�H�E�S�E �E�A�R�L�Y �"�A�Y�E�S�I�A�N �S�Y�S�T�E�M�S �S�U�F�F�E�R�E�D �F�R�O�M �A
�N�U�M�B�E�R �O�F �P�R�O�B�L�E�M�S�� �H�O�W�E�V�E�R�� �"�E�C�A�U�S�E �T�H�E�Y �L�A�C�K�E�D �A�N�Y �T�H�E�O�R�E�T�I�C�A�L �M�O�D�E�L �O�F �T�H�E �C�O�N�D�I�T�I�O�N�S
�T�H�E�Y �W�E�R�E �D�I�A�G�N�O�S�I�N�G�� �T�H�E�Y �W�E�R�E �V�U�L�N�E�R�A�B�L�E �T�O �U�N�R�E�P�R�E�S�E�N�T�A�T�I�V�E �D�A�T�A �O�C�C�U�R�R�I�N�G �I�N �S�I�T�U�A�T�I�O�N�S
�F�O�R �W�H�I�C�H �O�N�L�Y �A �S�M�A�L�L �S�A�M�P�L�E �W�A�S �A�V�A�I�L�A�B�L�E ���D�E �$�O�M�B�A�L�H�W �D�O���� ���������	�� �%�V�E�N �M�O�R�E �F�U�N�D�A�M�E�N�

�T�A�L�L�Y�� �B�E�C�A�U�S�E �T�H�E�Y �L�A�C�K�E�D �A �C�O�N�C�I�S�E �F�O�R�M�A�L�I�S�M ���S�U�C�H �A�S �T�H�E �O�N�E �T�O �B�E �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R �����	
�F�O�R �R�E�P�R�E�S�E�N�T�I�N�G �A�N�D �U�S�I�N�G �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �I�N�F�O�R�M�A�T�I�O�N�� �T�H�E�Y �D�E�P�E�N�D�E�D �O�N �T�H�E �A�C�

�Q�U�I�S�I�T�I�O�N�� �S�T�O�R�A�G�E�� �A�N�D �P�R�O�C�E�S�S�I�N�G �O�F �E�N�O�R�M�O�U�S �T�A�B�L�E�S �O�F �P�R�O�B�A�B�I�L�I�S�T�I�C �D�A�T�A�� �"�E�C�A�U�S�E �O�F �T�H�E�S�E
�D�I�F�l�C�U�L�T�I�E�S�� �P�R�O�B�A�B�I�L�I�S�T�I�C �M�E�T�H�O�D�S �F�O�R �C�O�P�I�N�G �W�I�T�H �U�N�C�E�R�T�A�I�N�T�Y �F�E�L�L �O�U�T �O�F �F�A�V�O�R �I�N �!�) �F�R�O�M �T�H�E
���������S �T�O �T�H�E �M�I�D�
���������S�� �$�E�V�E�L�O�P�M�E�N�T�S �S�I�N�C�E �T�H�E �L�A�T�E ���������S �A�R�E �D�E�S�C�R�I�B�E�D �I�N �T�H�E �N�E�X�T �C�H�A�P�T�E�R��

�4�H�E �N�A�I�V�E �"�A�Y�E�S �M�O�D�E�L �F�O�R �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�S �H�A�S �B�E�E�N �S�T�U�D�I�E�D �E�X�T�E�N�S�I�V�E�L�Y �I�N �T�H�E �P�A�T�

�T�E�R�N �R�E�C�O�G�N�I�T�I�O�N �L�I�T�E�R�A�T�U�R�E �S�I�N�C�E �T�H�E ���������S ���$�U�D�A �A�N�D �(�A�R�T�� ���������	�� �)�T �H�A�S �A�L�S�O �B�E�E�N �U�S�E�D�� �O�F�T�E�N
�U�N�W�I�T�T�I�N�G�L�Y�� �I�N �I�N�F�O�R�M�A�T�I�O�N �R�E�T�R�I�E�V�A�L�� �B�E�G�I�N�N�I�N�G �W�I�T�H �T�H�E �W�O�R�K �O�F �-�A�R�O�N �����������	�� �4�H�E �P�R�O�B�A�

�B�I�L�I�S�T�I�C �F�O�U�N�D�A�T�I�O�N�S �O�F �T�H�I�S �T�E�C�H�N�I�Q�U�E�� �D�E�S�C�R�I�B�E�D �F�U�R�T�H�E�R �I�N �%�X�E�R�C�I�S�E ������������ �W�E�R�E �E�L�U�C�I�D�A�T�E�D �B�Y
�2�O�B�E�R�T�S�O�N �A�N�D �3�P�A�R�C�K �*�O�N�E�S �����������	�� �$�O�M�I�N�G�O�S �A�N�D �0�A�Z�Z�A�N�I �����������	 �P�R�O�V�I�D�E �A�N �E�X�P�L�A�N�A�T�I�O�N



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�F�O�R �T�H�E �S�U�R�P�R�I�S�I�N�G �S�U�C�C�E�S�S �O�F �N�A�I�V�E �"�A�Y�E�S�I�A�N �R�E�A�S�O�N�I�N�G �E�V�E�N �I�N �D�O�M�A�I�N�S �W�H�E�R�E �T�H�E �I�N�D�E�P�E�N�

�D�E�N�C�E �A�S�S�U�M�P�T�I�O�N�S �A�R�E �C�L�E�A�R�L�Y �V�I�O�L�A�T�E�D��

�4�H�E�R�E �A�R�E �M�A�N�Y �G�O�O�D �I�N�T�R�O�D�U�C�T�O�R�Y �T�E�X�T�B�O�O�K�S �O�N �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y�� �I�N�C�L�U�D�I�N�G �T�H�O�S�E �B�Y
�"�E�R�T�S�E�K�A�S �A�N�D �4�S�I�T�S�I�K�L�I�S �����������	 �A�N�D �'�R�I�N�S�T�E�A�D �A�N�D �3�N�E�L�L �����������	�� �$�E�'�R�O�O�T �A�N�D �3�C�H�E�R�V�I�S�H
�����������	 �O�F�F�E�R �A �C�O�M�B�I�N�E�D �I�N�T�R�O�D�U�C�T�I�O�N �T�O �P�R�O�B�A�B�I�L�I�T�Y �A�N�D �S�T�A�T�I�S�T�I�C�S �F�R�O�M �A �"�A�Y�E�S�I�A�N �S�T�A�N�D�

�P�O�I�N�T�� �2�I�C�H�A�R�D �(�A�M�M�I�N�G���S �����������	 �T�E�X�T�B�O�O�K �G�I�V�E�S �A �M�A�T�H�E�M�A�T�I�C�A�L�L�Y �S�O�P�H�I�S�T�I�C�A�T�E�D �I�N�T�R�O�D�U�C�

�T�I�O�N �T�O �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �F�R�O�M �T�H�E �S�T�A�N�D�P�O�I�N�T �O�F �A �P�R�O�P�E�N�S�I�T�Y �I�N�T�E�R�P�R�E�T�A�T�I�O�N �B�A�S�E�D �O�N �P�H�Y�S�I�C�A�L
�S�Y�M�M�E�T�R�Y�� �(�A�C�K�I�N�G �����������	 �A�N�D �(�A�L�D �����������	 �C�O�V�E�R �T�H�E �E�A�R�L�Y �H�I�S�T�O�R�Y �O�F �T�H�E �C�O�N�C�E�P�T �O�F �P�R�O�B�A�

�B�I�L�I�T�Y�� �"�E�R�N�S�T�E�I�N �����������	 �G�I�V�E�S �A�N �E�N�T�E�R�T�A�I�N�I�N�G �P�O�P�U�L�A�R �A�C�C�O�U�N�T �O�F �T�H�E �S�T�O�R�Y �O�F �R�I�S�K��

�%�8�%�2�#�)�3�%�3

�������� �3�H�O�W �F�R�O�M �l�R�S�T �P�R�I�N�C�I�P�L�E�S �T�H�A�TP(a j b^ a) = 1 ��

�������� �5�S�I�N�G �T�H�E �A�X�I�O�M�S �O�F �P�R�O�B�A�B�I�L�I�T�Y�� �P�R�O�V�E �T�H�A�T �A�N�Y �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�N �A �D�I�S�C�R�E�T�E
�R�A�N�D�O�M �V�A�R�I�A�B�L�E �M�U�S�T �S�U�M �T�O ����

�������� �&�O�R �E�A�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �S�T�A�T�E�M�E�N�T�S�� �E�I�T�H�E�R �P�R�O�V�E �I�T �I�S �T�R�U�E �O�R �G�I�V�E �A �C�O�U�N�T�E�R�E�X�A�M�P�L�E��

�D�� �)�FP(a j b; c) = P(bj a; c)�� �T�H�E�NP(a j c) = P(bj c)

�E�� �)�FP(a j b; c) = P(a)�� �T�H�E�NP(bj c) = P(b)

�F�� �)�FP(a j b) = P(a)�� �T�H�E�NP(a j b; c) = P(a j c)

�������� �7�O�U�L�D �I�T �B�E �R�A�T�I�O�N�A�L �F�O�R �A�N �A�G�E�N�T �T�O �H�O�L�D �T�H�E �T�H�R�E�E �B�E�L�I�E�F�SP(A) = 0 :4��P(B ) = 0 :3�� �A�N�D
P(A _ B ) = 0 :5�� �)�F �S�O�� �W�H�A�T �R�A�N�G�E �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S �W�O�U�L�D �B�E �R�A�T�I�O�N�A�L �F�O�R �T�H�E �A�G�E�N�T �T�O �H�O�L�D �F�O�R
A ^ B �� �-�A�K�E �U�P �A �T�A�B�L�E �L�I�K�E �T�H�E �O�N�E �I�N �&�I�G�U�R�E ���������� �A�N�D �S�H�O�W �H�O�W �I�T �S�U�P�P�O�R�T�S �Y�O�U�R �A�R�G�U�M�E�N�T
�A�B�O�U�T �R�A�T�I�O�N�A�L�I�T�Y�� �4�H�E�N �D�R�A�W �A�N�O�T�H�E�R �V�E�R�S�I�O�N �O�F �T�H�E �T�A�B�L�E �W�H�E�R�EP(A _ B ) = 0 :7�� �%�X�P�L�A�I�N
�W�H�Y �I�T �I�S �R�A�T�I�O�N�A�L �T�O �H�A�V�E �T�H�I�S �P�R�O�B�A�B�I�L�I�T�Y�� �E�V�E�N �T�H�O�U�G�H �T�H�E �T�A�B�L�E �S�H�O�W�S �O�N�E �C�A�S�E �T�H�A�T �I�S �A �L�O�S�S
�A�N�D �T�H�R�E�E �T�H�A�T �J�U�S�T �B�R�E�A�K �E�V�E�N�� ���+�L�Q�W���W�H�A�T �I�S �!�G�E�N�T �� �C�O�M�M�I�T�T�E�D �T�O �A�B�O�U�T �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F
�E�A�C�H �O�F �T�H�E �F�O�U�R �C�A�S�E�S�� �E�S�P�E�C�I�A�L�L�Y �T�H�E �C�A�S�E �T�H�A�T �I�S �A �L�O�S�S���	

�������� �4�H�I�S �Q�U�E�S�T�I�O�N �D�E�A�L�S �W�I�T�H �T�H�E �P�R�O�P�E�R�T�I�E�S �O�F �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �D�E�l�N�E�D �O�N �P�A�G�E ������ �A�S
�A�S�S�I�G�N�M�E�N�T�S �T�O �A�L�L �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S�� �7�E �W�I�L�L �W�O�R�K �W�I�T�H �P�R�O�P�O�S�I�T�I�O�N�S �T�H�A�T �C�O�R�R�E�S�P�O�N�D �T�O
�E�X�A�C�T�L�Y �O�N�E �P�O�S�S�I�B�L�E �W�O�R�L�D �B�E�C�A�U�S�E �T�H�E�Y �P�I�N �D�O�W�N �T�H�E �A�S�S�I�G�N�M�E�N�T�S �O�F �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S�� �)�N
�P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y�� �S�U�C�H �P�R�O�P�O�S�I�T�I�O�N�S �A�R�E �C�A�L�L�E�D�D�W�R�P�L�F �H�Y�H�Q�W�V�� �&�O�R �E�X�A�M�P�L�E�� �W�I�T�H �"�O�O�L�E�A�NATOMIC EVENT

�V�A�R�I�A�B�L�E�SX 1��X 2��X 3�� �T�H�E �P�R�O�P�O�S�I�T�I�O�Nx1 ^ : x2 ^ : x3 �l�X�E�S �T�H�E �A�S�S�I�G�N�M�E�N�T �O�F �T�H�E �V�A�R�I�A�B�L�E�S��
�I�N �T�H�E �L�A�N�G�U�A�G�E �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �W�E �W�O�U�L�D �S�A�Y �I�T �H�A�S �E�X�A�C�T�L�Y �O�N�E �M�O�D�E�L��

�D�� �0�R�O�V�E�� �F�O�R �T�H�E �C�A�S�E �O�Fn �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�S�� �T�H�A�T �A�N�Y �T�W�O �D�I�S�T�I�N�C�T �A�T�O�M�I�C �E�V�E�N�T�S �A�R�E
�M�U�T�U�A�L�L�Y �E�X�C�L�U�S�I�V�E�� �T�H�A�T �I�S�� �T�H�E�I�R �C�O�N�J�U�N�C�T�I�O�N �I�S �E�Q�U�I�V�A�L�E�N�T �T�Ofalse��

�E�� �0�R�O�V�E �T�H�A�T �T�H�E �D�I�S�J�U�N�C�T�I�O�N �O�F �A�L�L �P�O�S�S�I�B�L�E �A�T�O�M�I�C �E�V�E�N�T�S �I�S �L�O�G�I�C�A�L�L�Y �E�Q�U�I�V�A�L�E�N�T �T�Otrue��

�F�� �0�R�O�V�E �T�H�A�T �A�N�Y �P�R�O�P�O�S�I�T�I�O�N �I�S �L�O�G�I�C�A�L�L�Y �E�Q�U�I�V�A�L�E�N�T �T�O �T�H�E �D�I�S�J�U�N�C�T�I�O�N �O�F �T�H�E �A�T�O�M�I�C �E�V�E�N�T�S
�T�H�A�T �E�N�T�A�I�L �I�T�S �T�R�U�T�H��



�%�X�E�R�C�I�S�E�S ������

�������� �0�R�O�V�E �%�Q�U�A�T�I�O�N �����������	 �F�R�O�M �%�Q�U�A�T�I�O�N�S �����������	 �A�N�D �����������	��

�������� �#�O�N�S�I�D�E�R �T�H�E �S�E�T �O�F �A�L�L �P�O�S�S�I�B�L�E �l�V�E�
�C�A�R�D �P�O�K�E�R �H�A�N�D�S �D�E�A�L�T �F�A�I�R�L�Y �F�R�O�M �A �S�T�A�N�D�A�R�D �D�E�C�K
�O�F �l�F�T�Y�
�T�W�O �C�A�R�D�S��

�D�� �(�O�W �M�A�N�Y �A�T�O�M�I�C �E�V�E�N�T�S �A�R�E �T�H�E�R�E �I�N �T�H�E �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N ���I���E���� �H�O�W �M�A�N�Y
�l�V�E�
�C�A�R�D �H�A�N�D�S �A�R�E �T�H�E�R�E�	��

�E�� �7�H�A�T �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �E�A�C�H �A�T�O�M�I�C �E�V�E�N�T��
�F�� �7�H�A�T �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �B�E�I�N�G �D�E�A�L�T �A �R�O�Y�A�L �S�T�R�A�I�G�H�T �m�U�S�H�� �&�O�U�R �O�F �A �K�I�N�D��

�������� �'�I�V�E�N �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �C�A�L�C�U�L�A�T�E �T�H�E �F�O�L�L�O�W�I�N�G��

�D�� �3(toothache) ��
�E�� �3(Catch) ��
�F�� �3(Cavity j catch) ��
�G�� �3(Cavity j toothache_ catch) ��

�������� �)�N �H�I�S �L�E�T�T�E�R �O�F �!�U�G�U�S�T ������ ���������� �0�A�S�C�A�L �W�A�S �T�R�Y�I�N�G �T�O �S�H�O�W �H�O�W �A �P�O�T �O�F �M�O�N�E�Y �S�H�O�U�L�D
�B�E �A�L�L�O�C�A�T�E�D �W�H�E�N �A �G�A�M�B�L�I�N�G �G�A�M�E �M�U�S�T �E�N�D �P�R�E�M�A�T�U�R�E�L�Y�� �)�M�A�G�I�N�E �A �G�A�M�E �W�H�E�R�E �E�A�C�H �T�U�R�N
�C�O�N�S�I�S�T�S �O�F �T�H�E �R�O�L�L �O�F �A �D�I�E�� �P�L�A�Y�E�R�( �G�E�T�S �A �P�O�I�N�T �W�H�E�N �T�H�E �D�I�E �I�S �E�V�E�N�� �A�N�D �P�L�A�Y�E�R�2 �G�E�T�S �A
�P�O�I�N�T �W�H�E�N �T�H�E �D�I�E �I�S �O�D�D�� �4�H�E �l�R�S�T �P�L�A�Y�E�R �T�O �G�E�T �� �P�O�I�N�T�S �W�I�N�S �T�H�E �P�O�T�� �3�U�P�P�O�S�E �T�H�E �G�A�M�E �I�S
�I�N�T�E�R�R�U�P�T�E�D �W�I�T�H�( �L�E�A�D�I�N�G ���n���� �(�O�W �S�H�O�U�L�D �T�H�E �M�O�N�E�Y �B�E �F�A�I�R�L�Y �S�P�L�I�T �I�N �T�H�I�S �C�A�S�E�� �7�H�A�T �I�S
�T�H�E �G�E�N�E�R�A�L �F�O�R�M�U�L�A�� ���&�E�R�M�A�T �A�N�D �0�A�S�C�A�L �M�A�D�E �S�E�V�E�R�A�L �E�R�R�O�R�S �B�E�F�O�R�E �S�O�L�V�I�N�G �T�H�E �P�R�O�B�L�E�M�� �B�U�T
�Y�O�U �S�H�O�U�L�D �B�E �A�B�L�E �T�O �G�E�T �I�T �R�I�G�H�T �T�H�E �l�R�S�T �T�I�M�E���	

���������� �$�E�C�I�D�I�N�G �T�O �P�U�T �O�U�R �K�N�O�W�L�E�D�G�E �O�F �P�R�O�B�A�B�I�L�I�T�Y �T�O �G�O�O�D �U�S�E�� �W�E �E�N�C�O�U�N�T�E�R �A �S�L�O�T �M�A�

�C�H�I�N�E �W�I�T�H �T�H�R�E�E �I�N�D�E�P�E�N�D�E�N�T�L�Y �T�U�R�N�I�N�G �R�E�E�L�S�� �E�A�C�H �P�R�O�D�U�C�I�N�G �O�N�E �O�F �T�H�E �F�O�U�R �S�Y�M�B�O�L�S�"�!�2 ��
�"�%�,�,�� �,�%�-�/�. �� �O�R�#�(�%�2�2�9�W�I�T�H �E�Q�U�A�L �P�R�O�B�A�B�I�L�I�T�Y�� �4�H�E �S�L�O�T �M�A�C�H�I�N�E �H�A�S �T�H�E �F�O�L�L�O�W�I�N�G �P�A�Y�

�O�U�T �S�C�H�E�M�E �F�O�R �A �B�E�T �O�F �� �C�O�I�N ���W�H�E�R�E �h���v �D�E�N�O�T�E�S �T�H�A�T �W�E �D�O�N���T �C�A�R�E �W�H�A�T �C�O�M�E�S �U�P �F�O�R �T�H�A�T
�W�H�E�E�L�	��

�"�!�2 ���"�!�2 ���"�!�2 �P�A�Y�S ���� �C�O�I�N�S
�"�%�,�,���"�%�,�,���"�%�,�, �P�A�Y�S ���� �C�O�I�N�S
�,�%�-�/�. ���,�%�-�/�. ���,�%�-�/�. �P�A�Y�S �� �C�O�I�N�S
�#�(�%�2�2�9���#�(�%�2�2�9���#�(�%�2�2�9�P�A�Y�S �� �C�O�I�N�S
�#�(�%�2�2�9���#�(�%�2�2�9���� �P�A�Y�S �� �C�O�I�N�S
�#�(�%�2�2�9�������� �P�A�Y�S �� �C�O�I�N

�D�� �#�O�M�P�U�T�E �T�H�E �E�X�P�E�C�T�E�D �h�P�A�Y�B�A�C�K�v �P�E�R�C�E�N�T�A�G�E �O�F �T�H�E �M�A�C�H�I�N�E�� �)�N �O�T�H�E�R �W�O�R�D�S�� �F�O�R �E�A�C�H
�C�O�I�N �P�L�A�Y�E�D�� �W�H�A�T �I�S �T�H�E �E�X�P�E�C�T�E�D �C�O�I�N �R�E�T�U�R�N��

�E�� �#�O�M�P�U�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �P�L�A�Y�I�N�G �T�H�E �S�L�O�T �M�A�C�H�I�N�E �O�N�C�E �W�I�L�L �R�E�S�U�L�T �I�N �A �W�I�N��
�F�� �%�S�T�I�M�A�T�E �T�H�E �M�E�A�N �A�N�D �M�E�D�I�A�N �N�U�M�B�E�R �O�F �P�L�A�Y�S �Y�O�U �C�A�N �E�X�P�E�C�T �T�O �M�A�K�E �U�N�T�I�L �Y�O�U �G�O

�B�R�O�K�E�� �I�F �Y�O�U �S�T�A�R�T �W�I�T�H �� �C�O�I�N�S�� �9�O�U �C�A�N �R�U�N �A �S�I�M�U�L�A�T�I�O�N �T�O �E�S�T�I�M�A�T�E �T�H�I�S�� �R�A�T�H�E�R �T�H�A�N
�T�R�Y�I�N�G �T�O �C�O�M�P�U�T�E �A�N �E�X�A�C�T �A�N�S�W�E�R��

���������� �7�E �W�I�S�H �T�O �T�R�A�N�S�M�I�T �A�Nn�
�B�I�T �M�E�S�S�A�G�E �T�O �A �R�E�C�E�I�V�I�N�G �A�G�E�N�T�� �4�H�E �B�I�T�S �I�N �T�H�E �M�E�S�S�A�G�E �A�R�E
�I�N�D�E�P�E�N�D�E�N�T�L�Y �C�O�R�R�U�P�T�E�D ���m�I�P�P�E�D�	 �D�U�R�I�N�G �T�R�A�N�S�M�I�S�S�I�O�N �W�I�T�H� �P�R�O�B�A�B�I�L�I�T�Y �E�A�C�H�� �7�I�T�H �A�N �E�X�T�R�A



������ �#�H�A�P�T�E�R ������ �1�U�A�N�T�I�F�Y�I�N�G �5�N�C�E�R�T�A�I�N�T�Y

�P�A�R�I�T�Y �B�I�T �S�E�N�T �A�L�O�N�G �W�I�T�H �T�H�E �O�R�I�G�I�N�A�L �I�N�F�O�R�M�A�T�I�O�N�� �A �M�E�S�S�A�G�E �C�A�N�B�E �C�O�R�R�E�C�T�E�D �B�Y �T�H�E �R�E�C�E�I�V�E�R
�I�F �A�T �M�O�S�T �O�N�E �B�I�T �I�N �T�H�E �E�N�T�I�R�E �M�E�S�S�A�G�E ���I�N�C�L�U�D�I�N�G �T�H�E �P�A�R�I�T�Y �B�I�T�	 �H�A�S �B�E�E�N �C�O�R�R�U�P�T�E�D�� �3�U�P�P�O�S�E
�W�E �W�A�N�T �T�O �E�N�S�U�R�E �T�H�A�T �T�H�E �C�O�R�R�E�C�T �M�E�S�S�A�G�E �I�S �R�E�C�E�I�V�E�D �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �A�T �L�E�A�S�T1� � �� �7�H�A�T �I�S
�T�H�E �M�A�X�I�M�U�M �F�E�A�S�I�B�L�E �V�A�L�U�E �O�Fn�� �#�A�L�C�U�L�A�T�E �T�H�I�S �V�A�L�U�E �F�O�R �T�H�E �C�A�S�E� = 0 :002��� = 0 :01��

���������� �3�H�O�W �T�H�A�T �T�H�E �T�H�R�E�E �F�O�R�M�S �O�F �I�N�D�E�P�E�N�D�E�N�C�E �I�N �%�Q�U�A�T�I�O�N �������������	 �A�R�E �E�Q�U�I�V�A�L�E�N�T��

���������� �#�O�N�S�I�D�E�R �T�W�O �M�E�D�I�C�A�L �T�E�S�T�S�� �! �A�N�D �"�� �F�O�R �A �V�I�R�U�S�� �4�E�S�T �! �I�S ������ �E�F�F�E�C�T�I�V�E �A�T �R�E�C�O�G�

�N�I�Z�I�N�G �T�H�E �V�I�R�U�S �W�H�E�N �I�T �I�S �P�R�E�S�E�N�T�� �B�U�T �H�A�S �A ������ �F�A�L�S�E �P�O�S�I�T�I�V�E �R�A�T�E ���I�N�D�I�C�A�T�I�N�G �T�H�A�T �T�H�E �V�I�R�U�S
�I�S �P�R�E�S�E�N�T�� �W�H�E�N �I�T �I�S �N�O�T�	�� �4�E�S�T �" �I�S ������ �E�F�F�E�C�T�I�V�E �A�T �R�E�C�O�G�N�I�Z�I�N�G �T�H�E �V�I�R�U�S�� �B�U�T �H�A�S �A ���� �F�A�L�S�E
�P�O�S�I�T�I�V�E �R�A�T�E�� �4�H�E �T�W�O �T�E�S�T�S �U�S�E �I�N�D�E�P�E�N�D�E�N�T �M�E�T�H�O�D�S �O�F �I�D�E�N�T�I�F�Y�I�N�G �T�H�E �V�I�R�U�S�� �4�H�E �V�I�R�U�S �I�S
�C�A�R�R�I�E�D �B�Y ���� �O�F �A�L�L �P�E�O�P�L�E�� �3�A�Y �T�H�A�T �A �P�E�R�S�O�N �I�S �T�E�S�T�E�D �F�O�R �T�H�E �V�I�R�U�S �U�S�I�N�G �O�N�L�Y �O�N�E �O�F �T�H�E �T�E�S�T�S��
�A�N�D �T�H�A�T �T�E�S�T �C�O�M�E�S �B�A�C�K �P�O�S�I�T�I�V�E �F�O�R �C�A�R�R�Y�I�N�G �T�H�E �V�I�R�U�S�� �7�H�I�C�H �T�E�S�T �R�E�T�U�R�N�I�N�G �P�O�S�I�T�I�V�E �I�S �M�O�R�E
�I�N�D�I�C�A�T�I�V�E �O�F �S�O�M�E�O�N�E �R�E�A�L�L�Y �C�A�R�R�Y�I�N�G �T�H�E �V�I�R�U�S�� �*�U�S�T�I�F�Y �Y�O�U�R �A�N�S�W�E�R �M�A�T�H�E�M�A�T�I�C�A�L�L�Y��

���������� �3�U�P�P�O�S�E �Y�O�U �A�R�E �G�I�V�E�N �A �C�O�I�N �T�H�A�T �L�A�N�D�Sheads �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Yx �A�N�Dtails �W�I�T�H
�P�R�O�B�A�B�I�L�I�T�Y1 � x�� �!�R�E �T�H�E �O�U�T�C�O�M�E�S �O�F �S�U�C�C�E�S�S�I�V�E �m�I�P�S �O�F �T�H�E �C�O�I�N �I�N�D�E�P�E�N�D�E�N�T �O�F �E�A�C�H
�O�T�H�E�R �G�I�V�E�N �T�H�A�T �Y�O�U �K�N�O�W �T�H�E �V�A�L�U�E �O�Fx�� �!�R�E �T�H�E �O�U�T�C�O�M�E�S �O�F �S�U�C�C�E�S�S�I�V�E �m�I�P�S �O�F �T�H�E �C�O�I�N
�I�N�D�E�P�E�N�D�E�N�T �O�F �E�A�C�H �O�T�H�E�R �I�F �Y�O�U �D�O�Q�R�W�K�N�O�W �T�H�E �V�A�L�U�E �O�Fx�� �*�U�S�T�I�F�Y �Y�O�U�R �A�N�S�W�E�R��

���������� �!�F�T�E�R �Y�O�U�R �Y�E�A�R�L�Y �C�H�E�C�K�U�P�� �T�H�E �D�O�C�T�O�R �H�A�S �B�A�D �N�E�W�S �A�N�D �G�O�O�D �N�E�W�S�� �4�H�E �B�A�D �N�E�W�S
�I�S �T�H�A�T �Y�O�U �T�E�S�T�E�D �P�O�S�I�T�I�V�E �F�O�R �A �S�E�R�I�O�U�S �D�I�S�E�A�S�E �A�N�D �T�H�A�T �T�H�E �T�E�S�T �I�S ������ �A�C�C�U�R�A�T�E ���I���E���� �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �O�F �T�E�S�T�I�N�G �P�O�S�I�T�I�V�E �W�H�E�N �Y�O�U �D�O �H�A�V�E �T�H�E �D�I�S�E�A�S�E �I�S ���������� �A�S �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F
�T�E�S�T�I�N�G �N�E�G�A�T�I�V�E �W�H�E�N �Y�O�U �D�O�N���T �H�A�V�E �T�H�E �D�I�S�E�A�S�E�	�� �4�H�E �G�O�O�D �N�E�W�S �I�S �T�H�A�T �T�H�I�S �I�S �A �R�A�R�E �D�I�S�E�A�S�E��
�S�T�R�I�K�I�N�G �O�N�L�Y �� �I�N �������������� �P�E�O�P�L�E �O�F �Y�O�U�R �A�G�E�� �7�H�Y �I�S �I�T �G�O�O�D �N�E�W�S �T�H�A�T �T�H�E �D�I�S�E�A�S�E �I�S �R�A�R�E��
�7�H�A�T �A�R�E �T�H�E �C�H�A�N�C�E�S �T�H�A�T �Y�O�U �A�C�T�U�A�L�L�Y �H�A�V�E �T�H�E �D�I�S�E�A�S�E��

���������� �)�T �I�S �Q�U�I�T�E �O�F�T�E�N �U�S�E�F�U�L �T�O �C�O�N�S�I�D�E�R �T�H�E �E�F�F�E�C�T �O�F �S�O�M�E �S�P�E�C�I�l�C �P�R�O�P�O�S�I�T�I�O�N�S �I�N �T�H�E
�C�O�N�T�E�X�T �O�F �S�O�M�E �G�E�N�E�R�A�L �B�A�C�K�G�R�O�U�N�D �E�V�I�D�E�N�C�E �T�H�A�T �R�E�M�A�I�N�S �l�X�E�D�� �R�A�T�H�E�R �T�H�A�N �I�N �T�H�E �C�O�M�P�L�E�T�E
�A�B�S�E�N�C�E �O�F �I�N�F�O�R�M�A�T�I�O�N�� �4�H�E �F�O�L�L�O�W�I�N�G �Q�U�E�S�T�I�O�N�S �A�S�K �Y�O�U �T�O �P�R�O�V�E �M�O�R�E �G�E�N�E�R�A�L �V�E�R�S�I�O�N�S �O�F
�T�H�E �P�R�O�D�U�C�T �R�U�L�E �A�N�D �"�A�Y�E�S�� �R�U�L�E�� �W�I�T�H �R�E�S�P�E�C�T �T�O �S�O�M�E �B�A�C�K�G�R�O�U�N�D �E�V�I�D�E�N�C�E�H��

�D�� �0�R�O�V�E �T�H�E �C�O�N�D�I�T�I�O�N�A�L�I�Z�E�D �V�E�R�S�I�O�N �O�F �T�H�E �G�E�N�E�R�A�L �P�R�O�D�U�C�T �R�U�L�E��

�3(X; Y j �H) = �3(X j Y;�H)�3(Y j �H) :

�E�� �0�R�O�V�E �T�H�E �C�O�N�D�I�T�I�O�N�A�L�I�Z�E�D �V�E�R�S�I�O�N �O�F �"�A�Y�E�S�� �R�U�L�E �I�N �%�Q�U�A�T�I�O�N �������������	��

���������� �3�H�O�W �T�H�A�T �T�H�E �S�T�A�T�E�M�E�N�T �O�F �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E

�3(X; Y j Z ) = �3(X j Z )�3(Y j Z )

�I�S �E�Q�U�I�V�A�L�E�N�T �T�O �E�A�C�H �O�F �T�H�E �S�T�A�T�E�M�E�N�T�S

�3(X j Y; Z) = �3(X j Z ) �A�N�D�3(B j X; Z ) = �3(Y j Z ) :

���������� �)�N �T�H�I�S �E�X�E�R�C�I�S�E�� �Y�O�U �W�I�L�L �C�O�M�P�L�E�T�E �T�H�E �N�O�R�M�A�L�I�Z�A�T�I�O�N �C�A�L�C�U�L�A�T�I�O�N �F�O�R �T�H�E �M�E�N�I�N�G�I�T�I�S
�E�X�A�M�P�L�E�� �&�I�R�S�T�� �M�A�K�E �U�P �A �S�U�I�T�A�B�L�E �V�A�L�U�E �F�O�RP(s j : m)�� �A�N�D �U�S�E �I�T �T�O �C�A�L�C�U�L�A�T�E �U�N�N�O�R�M�A�L�I�Z�E�D
�V�A�L�U�E�S �F�O�RP(m j s) �A�N�DP(: m j s) ���I���E���� �I�G�N�O�R�I�N�G �T�H�EP(s) �T�E�R�M �I�N �T�H�E �"�A�Y�E�S�� �R�U�L�E �E�X�P�R�E�S�S�I�O�N��
�%�Q�U�A�T�I�O�N �������������	�	�� �.�O�W �N�O�R�M�A�L�I�Z�E �T�H�E�S�E �V�A�L�U�E�S �S�O �T�H�A�T �T�H�E�Y �A�D�D �T�O ����



�%�X�E�R�C�I�S�E�S ������

���������� �4�H�I�S �E�X�E�R�C�I�S�E �I�N�V�E�S�T�I�G�A�T�E�S �T�H�E �W�A�Y �I�N �W�H�I�C�H �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �R�E�L�A�T�I�O�N�S�H�I�P�S
�A�F�F�E�C�T �T�H�E �A�M�O�U�N�T �O�F �I�N�F�O�R�M�A�T�I�O�N �N�E�E�D�E�D �F�O�R �P�R�O�B�A�B�I�L�I�S�T�I�C �C�A�L�C�U�L�A�T�I�O�N�S��

�D�� �3�U�P�P�O�S�E �W�E �W�I�S�H �T�O �C�A�L�C�U�L�A�T�EP(h j e1; e2) �A�N�D �W�E �H�A�V�E �N�O �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E
�I�N�F�O�R�M�A�T�I�O�N�� �7�H�I�C�H �O�F �T�H�E �F�O�L�L�O�W�I�N�G �S�E�T�S �O�F �N�U�M�B�E�R�S �A�R�E �S�U�F�l�C�I�E�N�T �F�O�R �T�H�E �C�A�L�C�U�L�A�T�I�O�N��

���I�	�3(E1; E2)���3(H )���3(E1 j H )���3(E2 j H )
���I�I�	�3(E1; E2)���3(H )���3(E1; E2 j H )

���I�I�I�	�3(H )���3(E1 j H )���3(E2 j H )

�E�� �3�U�P�P�O�S�E �W�E �K�N�O�W �T�H�A�T�3(E1 j H; E 2) = �3(E1 j H ) �F�O�R �A�L�L �V�A�L�U�E�S �O�FH ��E1��E2�� �.�O�W
�W�H�I�C�H �O�F �T�H�E �T�H�R�E�E �S�E�T�S �A�R�E �S�U�F�l�C�I�E�N�T��

���������� �,�E�TX ��Y ��Z �B�E �"�O�O�L�E�A�N �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S�� �,�A�B�E�L �T�H�E �E�I�G�H�T �E�N�T�R�I�E�S �I�N �T�H�E �J�O�I�N�T �D�I�S�

�T�R�I�B�U�T�I�O�N�3(X; Y; Z ) �A�Sa �T�H�R�O�U�G�Hh�� �%�X�P�R�E�S�S �T�H�E �S�T�A�T�E�M�E�N�T �T�H�A�TX �A�N�DY �A�R�E �C�O�N�D�I�T�I�O�N�A�L�L�Y
�I�N�D�E�P�E�N�D�E�N�T �G�I�V�E�NZ �� �A�S �A �S�E�T �O�F �E�Q�U�A�T�I�O�N�S �R�E�L�A�T�I�N�Ga �T�H�R�O�U�G�Hh�� �(�O�W �M�A�N�Y�Q�R�Q�U�H�G�X�Q�G�D�Q�W
�E�Q�U�A�T�I�O�N�S �A�R�E �T�H�E�R�E��

���������� �7�R�I�T�E �O�U�T �A �G�E�N�E�R�A�L �A�L�G�O�R�I�T�H�M �F�O�R �A�N�S�W�E�R�I�N�G �Q�U�E�R�I�E�S �O�F �T�H�E �F�O�R�M�3(Causej �H)�� �U�S�I�N�G
�A �N�A�I�V�E �"�A�Y�E�S �D�I�S�T�R�I�B�U�T�I�O�N�� �!�S�S�U�M�E �T�H�A�T �T�H�E �E�V�I�D�E�N�C�E�H�M�A�Y �A�S�S�I�G�N �V�A�L�U�E�S �T�O�D�Q�\ �V�X�E�V�H�W�O�F �T�H�E
�E�F�F�E�C�T �V�A�R�I�A�B�L�E�S��

���������� �4�E�X�T �C�A�T�E�G�O�R�I�Z�A�T�I�O�N �I�S �T�H�E �T�A�S�K �O�F �A�S�S�I�G�N�I�N�G �A �G�I�V�E�N �D�O�C�U�M�E�N�T �T�O �O�N�E �O�F �A �l�X�E�D �S�E�T �O�F
�C�A�T�E�G�O�R�I�E�S �O�N �T�H�E �B�A�S�I�S �O�F �T�H�E �T�E�X�T �I�T �C�O�N�T�A�I�N�S�� �.�A�I�V�E �"�A�Y�E�S �M�O�D�E�L�S �A�R�E �O�F�T�E�N �U�S�E�D �F�O�R �T�H�I�S
�T�A�S�K�� �)�N �T�H�E�S�E �M�O�D�E�L�S�� �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E �I�S �T�H�E �D�O�C�U�M�E�N�T �C�A�T�E�G�O�R�Y�� �A�N�D �T�H�E �h�E�F�F�E�C�T�v �V�A�R�I�A�B�L�E�S
�A�R�E �T�H�E �P�R�E�S�E�N�C�E �O�R �A�B�S�E�N�C�E �O�F �E�A�C�H �W�O�R�D �I�N �T�H�E �L�A�N�G�U�A�G�E�� �T�H�E �A�S�S�U�M�P�T�I�O�N �I�S �T�H�A�T �W�O�R�D�S �O�C�C�U�R
�I�N�D�E�P�E�N�D�E�N�T�L�Y �I�N �D�O�C�U�M�E�N�T�S�� �W�I�T�H �F�R�E�Q�U�E�N�C�I�E�S �D�E�T�E�R�M�I�N�E�D �B�Y �T�H�E �D�O�C�U�M�E�N�T �C�A�T�E�G�O�R�Y��

�D�� �%�X�P�L�A�I�N �P�R�E�C�I�S�E�L�Y �H�O�W �S�U�C�H �A �M�O�D�E�L �C�A�N �B�E �C�O�N�S�T�R�U�C�T�E�D�� �G�I�V�E�N �A�S �h�T�R�A�I�N�I�N�G �D�A�T�A�v �A �S�E�T
�O�F �D�O�C�U�M�E�N�T�S �T�H�A�T �H�A�V�E �B�E�E�N �A�S�S�I�G�N�E�D �T�O �C�A�T�E�G�O�R�I�E�S��

�E�� �%�X�P�L�A�I�N �P�R�E�C�I�S�E�L�Y �H�O�W �T�O �C�A�T�E�G�O�R�I�Z�E �A �N�E�W �D�O�C�U�M�E�N�T��
�F�� �)�S �T�H�E �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �A�S�S�U�M�P�T�I�O�N �R�E�A�S�O�N�A�B�L�E�� �$�I�S�C�U�S�S��

���������� �)�N �O�U�R �A�N�A�L�Y�S�I�S �O�F �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �W�E �U�S�E�D �T�H�E �F�A�C�T �T�H�A�T �E�A�C�H �S�Q�U�A�R�E �C�O�N�T�A�I�N�S �A
�P�I�T �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �I�N�D�E�P�E�N�D�E�N�T�L�Y �O�F �T�H�E �C�O�N�T�E�N�T�S �O�F �T�H�E �O�T�H�E�R �S�Q�U�A�R�E�S�� �3�U�P�P�O�S�E �I�N�S�T�E�A�D
�T�H�A�T �E�X�A�C�T�L�YN=5 �P�I�T�S �A�R�E �S�C�A�T�T�E�R�E�D �A�T �R�A�N�D�O�M �A�M�O�N�G �T�H�EN �S�Q�U�A�R�E�S �O�T�H�E�R �T�H�A�N �;�������=�� �!�R�E
�T�H�E �V�A�R�I�A�B�L�E�SPi;j �A�N�DPk;l �S�T�I�L�L �I�N�D�E�P�E�N�D�E�N�T�� �7�H�A�T �I�S �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�3(P1;1; : : : ; P4;4)
�N�O�W�� �2�E�D�O �T�H�E �C�A�L�C�U�L�A�T�I�O�N �F�O�R �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �P�I�T�S �I�N �;�������= �A�N�D �;�������=��

���������� �2�E�D�O �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �C�A�L�C�U�L�A�T�I�O�N �F�O�R �P�I�T�S �I�N �;�������= �A�N�D �;�������=�� �A�S�S�U�M�I�N�G �T�H�A�T �E�A�C�H �S�Q�U�A�R�E
�C�O�N�T�A�I�N�S �A �P�I�T �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ���������� �I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �O�T�H�E�R �S�Q�U�A�R�E�S�� �7�H�A�T �C�A�N �Y�O�U �S�A�Y
�A�B�O�U�T �T�H�E �R�E�L�A�T�I�V�E �P�E�R�F�O�R�M�A�N�C�E �O�F �A �L�O�G�I�C�A�L �V�E�R�S�U�S �A �P�R�O�B�A�B�I�L�I�S�T�I�C �A�G�E�N�T �I�N �T�H�I�S �C�A�S�E��

���������� �)�M�P�L�E�M�E�N�T �A �H�Y�B�R�I�D �P�R�O�B�A�B�I�L�I�S�T�I�C �A�G�E�N�T �F�O�R �T�H�E �W�U�M�P�U�S �W�O�R�L�D�� �B�A�S�E�D �O�N �T�H�E �H�Y�B�R�I�D
�A�G�E�N�T �I�N �&�I�G�U�R�E �������� �A�N�D �T�H�E �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E �O�U�T�L�I�N�E�D �I�N �T�H�I�S �C�H�A�P�T�E�R��



���� �0�2�/�"�!�"�)�,�)�3�4�)�#
�2�%�!�3�/�.�)�.�'

�,�Q �Z�K�L�F�K �Z�H �H�[�S�O�D�L�Q �K�R�Z �W�R �E�X�L�O�G �Q�H�W�Z�R�U�N �P�R�G�H�O�V �W�R �U�H�D�V�R�Q �X�Q�G�H�U �X�Q�F�H�U�W�D�L�Q�W�\
�D�F�F�R�U�G�L�Q�J �W�R �W�K�H �O�D�Z�V �R�I �S�U�R�E�D�E�L�O�L�W�\ �W�K�H�R�U�\��

�#�H�A�P�T�E�R ���� �I�N�T�R�O�D�U�C�E�D �T�H�E �B�A�S�I�C �E�L�E�M�E�N�T�S �O�F �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �A�N�D �N�O�T�E�D �T�H�E �I�M�P�O�R�T�A�N�C�E �O�F
�I�N�D�E�P�E�N�D�E�N�C�E �A�N�D �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �R�E�L�A�T�I�O�N�S�H�I�P�S �I�N �S�I�M�P�L�I�F�Y�I�N�G �P�R�O�B�A�B�I�L�I�S�T�I�C �R�E�P�R�E�

�S�E�N�T�A�T�I�O�N�S �O�F �T�H�E �W�O�R�L�D�� �4�H�I�S �C�H�A�P�T�E�R �I�N�T�R�O�D�U�C�E�S �A �S�Y�S�T�E�M�A�T�I�C �W�A�Y �T�O �R�E�P�R�E�S�E�N�T �S�U�C�H �R�E�L�A�T�I�O�N�

�S�H�I�P�S �E�X�P�L�I�C�I�T�L�Y �I�N �T�H�E �F�O�R�M �O�F�%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N�V�� �7�E �D�E�l�N�E �T�H�E �S�Y�N�T�A�X �A�N�D �S�E�M�A�N�T�I�C�S �O�F
�T�H�E�S�E �N�E�T�W�O�R�K�S �A�N�D �S�H�O�W �H�O�W �T�H�E�Y �C�A�N �B�E �U�S�E�D �T�O �C�A�P�T�U�R�E �U�N�C�E�R�T�A�I�N �K�N�O�W�L�E�D�G�E �I�N �A �N�A�T�U�

�R�A�L �A�N�D �E�F�l�C�I�E�N�T �W�A�Y�� �7�E �T�H�E�N �S�H�O�W �H�O�W �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�E�R�E�N�C�E�� �A�L�T�H�O�U�G�H �C�O�M�P�U�T�A�T�I�O�N�A�L�L�Y
�I�N�T�R�A�C�T�A�B�L�E �I�N �T�H�E �W�O�R�S�T �C�A�S�E�� �C�A�N �B�E �D�O�N�E �E�F�l�C�I�E�N�T�L�Y �I�N �M�A�N�Y �P�R�A�C�T�I�C�A�L �S�I�T�U�A�T�I�O�N�S�� �7�E �A�L�S�O
�D�E�S�C�R�I�B�E �A �V�A�R�I�E�T�Y �O�F �A�P�P�R�O�X�I�M�A�T�E �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S �T�H�A�T �A�R�E �O�F�T�E�N �A�P�P�L�I�C�A�B�L�E �W�H�E�N �E�X�A�C�T
�I�N�F�E�R�E�N�C�E �I�S �I�N�F�E�A�S�I�B�L�E�� �7�E �E�X�P�L�O�R�E �W�A�Y�S �I�N �W�H�I�C�H �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �C�A�N �B�E �A�P�P�L�I�E�D �T�O �W�O�R�L�D�S
�W�I�T�H �O�B�J�E�C�T�S �A�N�D �R�E�L�A�T�I�O�N�S�ˆ�T�H�A�T �I�S�� �T�O�¿�U�V�W���R�U�G�H�U�� �A�S �O�P�P�O�S�E�D �T�O�S�U�R�S�R�V�L�W�L�R�Q�D�O�� �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S��
�&�I�N�A�L�L�Y�� �W�E �S�U�R�V�E�Y �A�L�T�E�R�N�A�T�I�V�E �A�P�P�R�O�A�C�H�E�S �T�O �U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G��

�������� �2�%�0�2�%�3�%�.�4�)�.�'�+�.�/�7�,�%�$�'�% �)�. �!�. �5�.�#�%�2�4�!�)�.�$�/�-�!�)�.

�)�N �#�H�A�P�T�E�R ������ �W�E �S�A�W �T�H�A�T �T�H�E �F�U�L�L �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �C�A�N �A�N�S�W�E�R �A�N�Y �Q�U�E�S�T�I�O�N �A�B�O�U�T
�T�H�E �D�O�M�A�I�N�� �B�U�T �C�A�N �B�E�C�O�M�E �I�N�T�R�A�C�T�A�B�L�Y �L�A�R�G�E �A�S �T�H�E �N�U�M�B�E�R �O�F �V�A�R�I�A�B�L�E�S �G�R�O�W�S�� �&�U�R�T�H�E�R�M�O�R�E��
�S�P�E�C�I�F�Y�I�N�G �P�R�O�B�A�B�I�L�I�T�I�E�S �F�O�R �P�O�S�S�I�B�L�E �W�O�R�L�D�S �O�N�E �B�Y �O�N�E �I�S �U�N�N�A�T�U�R�A�L �A�N�D �T�E�D�I�O�U�S��

�7�E �A�L�S�O �S�A�W �T�H�A�T �I�N�D�E�P�E�N�D�E�N�C�E �A�N�D �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �R�E�L�A�T�I�O�N�S�H�I�P�S �A�M�O�N�G �V�A�R�I�

�A�B�L�E�S �C�A�N �G�R�E�A�T�L�Y �R�E�D�U�C�E �T�H�E �N�U�M�B�E�R �O�F �P�R�O�B�A�B�I�L�I�T�I�E�S �T�H�A�T �N�E�E�D �T�O �B�E �S�P�E�C�I�l�E�D �I�N �O�R�D�E�R �T�O �D�E�l�N�E
�T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �4�H�I�S �S�E�C�T�I�O�N �I�N�T�R�O�D�U�C�E�S �A �D�A�T�A �S�T�R�U�C�T�U�R�E �C�A�L�L�E�D �A�%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N��BAYESIAN NETWORK

�T�O �R�E�P�R�E�S�E�N�T �T�H�E �D�E�P�E�N�D�E�N�C�I�E�S �A�M�O�N�G �V�A�R�I�A�B�L�E�S�� �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �C�A�N �R�E�P�R�E�S�E�N�T �E�S�S�E�N�T�I�A�L�L�Y
�D�Q�\�F�U�L�L �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �A�N�D �I�N �M�A�N�Y �C�A�S�E�S �C�A�N �D�O �S�O �V�E�R�Y �C�O�N�C�I�S�E�L�Y��

1 �4�H�I�S �I�S �T�H�E �M�O�S�T �C�O�M�M�O�N �N�A�M�E�� �B�U�T �T�H�E�R�E �A�R�E �M�A�N�Y �S�Y�N�O�N�Y�M�S�� �I�N�C�L�U�D�I�N�G�E�H�O�L�H�I �Q�H�W�Z�R�U�N���S�U�R�E�D�E�L�O�L�V�W�L�F �Q�H�W��
�Z�R�U�N�� �F�D�X�V�D�O �Q�H�W�Z�R�U�N�� �A�N�D�N�Q�R�Z�O�H�G�J�H �P�D�S�� �)�N �S�T�A�T�I�S�T�I�C�S�� �T�H�E �T�E�R�M�J�U�D�S�K�L�F�D�O �P�R�G�H�O�R�E�F�E�R�S �T�O �A �S�O�M�E�W�H�A�T
�B�R�O�A�D�E�R �C�L�A�S�S �T�H�A�T �I�N�C�L�U�D�E�S �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �!�N �E�X�T�E�N�S�I�O�N �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �C�A�L�L�E�D �A�G�H�F�L�V�L�R�Q �Q�H�W�Z�R�U�N�O�R
�L�Q�À�X�H�Q�F�H �G�L�D�J�U�D�P�I�S �C�O�V�E�R�E�D �I�N �#�H�A�P�T�E�R ������

������



�3�E�C�T�I�O�N ���������� �2�E�P�R�E�S�E�N�T�I�N�G �+�N�O�W�L�E�D�G�E �I�N �A�N �5�N�C�E�R�T�A�I�N �$�O�M�A�I�N������
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�N�U�M�B�E�R�� �A�S �I�N �&�I�G�U�R�E ���������� �)�N �G�E�N�E�R�A�L�� �A �T�A�B�L�E �F�O�R �A �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E �W�I�T�Hk �"�O�O�L�E�A�N �P�A�R�E�N�T�S
�C�O�N�T�A�I�N�S2k �I�N�D�E�P�E�N�D�E�N�T�L�Y �S�P�E�C�I�l�A�B�L�E �P�R�O�B�A�B�I�L�I�T�I�E�S�� �! �N�O�D�E �W�I�T�H �N�O �P�A�R�E�N�T�S �H�A�S �O�N�L�Y �O�N�E �R�O�W��
�R�E�P�R�E�S�E�N�T�I�N�G �T�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �E�A�C�H �P�O�S�S�I�B�L�E �V�A�L�U�E �O�F �T�H�E �V�A�R�I�A�B�L�E��

�.�O�T�I�C�E �T�H�A�T �T�H�E �N�E�T�W�O�R�K �D�O�E�S �N�O�T �H�A�V�E �N�O�D�E�S �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �-�A�R�Y���S �C�U�R�R�E�N�T�L�Y �L�I�S�T�E�N�I�N�G
�T�O �L�O�U�D �M�U�S�I�C �O�R �T�O �T�H�E �T�E�L�E�P�H�O�N�E �R�I�N�G�I�N�G �A�N�D �C�O�N�F�U�S�I�N�G �*�O�H�N�� �4�H�E�S�E �F�A�C�T�O�R�S �A�R�E �S�U�M�M�A�R�I�Z�E�D
�I�N �T�H�E �U�N�C�E�R�T�A�I�N�T�Y �A�S�S�O�C�I�A�T�E�D �W�I�T�H �T�H�E �L�I�N�K�S �F�R�O�MAlarm �T�OJohnCalls �A�N�DMaryCalls �� �4�H�I�S
�S�H�O�W�S �B�O�T�H �L�A�Z�I�N�E�S�S �A�N�D �I�G�N�O�R�A�N�C�E �I�N �O�P�E�R�A�T�I�O�N�� �I�T �W�O�U�L�D �B�E �A �L�O�T �O�F �W�O�R�K �T�O �l�N�D �O�U�T �W�H�Y �T�H�O�S�E
�F�A�C�T�O�R�S �W�O�U�L�D �B�E �M�O�R�E �O�R �L�E�S�S �L�I�K�E�L�Y �I�N �A�N�Y �P�A�R�T�I�C�U�L�A�R �C�A�S�E�� �A�N�D �W�E �H�A�V�E �N�O �R�E�A�S�O�N�A�B�L�E �W�A�Y �T�O
�O�B�T�A�I�N �T�H�E �R�E�L�E�V�A�N�T �I�N�F�O�R�M�A�T�I�O�N �A�N�Y�W�A�Y�� �4�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �A�C�T�U�A�L�L�Y �S�U�M�M�A�R�I�Z�E �A�S�R�W�H�Q�W�L�D�O�O�\



�3�E�C�T�I�O�N ���������� �4�H�E �3�E�M�A�N�T�I�C�S �O�F �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S ������

�L�Q�¿�Q�L�W�H�S�E�T �O�F �C�I�R�C�U�M�S�T�A�N�C�E�S �I�N �W�H�I�C�H �T�H�E �A�L�A�R�M �M�I�G�H�T �F�A�I�L �T�O �G�O �O�F�F ���H�I�G�H �H�U�M�I�D�I�T�Y�� �P�O�W�E�R
�F�A�I�L�U�R�E�� �D�E�A�D �B�A�T�T�E�R�Y�� �C�U�T �W�I�R�E�S�� �A �D�E�A�D �M�O�U�S�E �S�T�U�C�K �I�N�S�I�D�E �T�H�E �B�E�L�L�� �E�T�C���	 �O�R �*�O�H�N �O�R �-�A�R�Y
�M�I�G�H�T �F�A�I�L �T�O �C�A�L�L �A�N�D �R�E�P�O�R�T �I�T ���O�U�T �T�O �L�U�N�C�H�� �O�N �V�A�C�A�T�I�O�N�� �T�E�M�P�O�R�A�R�I�L�Y �D�E�A�F�� �P�A�S�S�I�N�G �H�E�L�I�C�O�P�T�E�R��
�E�T�C���	�� �)�N �T�H�I�S �W�A�Y�� �A �S�M�A�L�L �A�G�E�N�T �C�A�N �C�O�P�E �W�I�T�H �A �V�E�R�Y �L�A�R�G�E �W�O�R�L�D�� �A�T �L�E�A�S�T �A�P�P�R�O�X�I�M�A�T�E�L�Y�� �4�H�E
�D�E�G�R�E�E �O�F �A�P�P�R�O�X�I�M�A�T�I�O�N �C�A�N �B�E �I�M�P�R�O�V�E�D �I�F �W�E �I�N�T�R�O�D�U�C�E �A�D�D�I�T�I�O�N�A�L �R�E�L�E�V�A�N�T �I�N�F�O�R�M�A�T�I�O�N��

�������� �4�(�%�3�%�-�!�.�4�)�#�3 �/�&�" �!�9�%�3�)�!�.�. �%�4�7�/�2�+�3

�4�H�E �P�R�E�V�I�O�U�S �S�E�C�T�I�O�N �D�E�S�C�R�I�B�E�D �W�H�A�T �A �N�E�T�W�O�R�K �I�S�� �B�U�T �N�O�T �W�H�A�T �I�T �M�E�A�N�S�� �4�H�E�R�E �A�R�E �T�W�O
�W�A�Y�S �I�N �W�H�I�C�H �O�N�E �C�A�N �U�N�D�E�R�S�T�A�N�D �T�H�E �S�E�M�A�N�T�I�C�S �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �4�H�E �l�R�S�T �I�S �T�O �S�E�E
�T�H�E �N�E�T�W�O�R�K �A�S �A �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N�� �4�H�E �S�E�C�O�N�D �I�S �T�O �V�I�E�W
�I�T �A�S �A�N �E�N�C�O�D�I�N�G �O�F �A �C�O�L�L�E�C�T�I�O�N �O�F �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �S�T�A�T�E�M�E�N�T�S�� �4�H�E �T�W�O �V�I�E�W�S �A�R�E
�E�Q�U�I�V�A�L�E�N�T�� �B�U�T �T�H�E �l�R�S�T �T�U�R�N�S �O�U�T �T�O �B�E �H�E�L�P�F�U�L �I�N �U�N�D�E�R�S�T�A�N�D�I�N�G �H�O�W �T�O�F�R�Q�V�W�U�X�F�W�N�E�T�W�O�R�K�S��
�W�H�E�R�E�A�S �T�H�E �S�E�C�O�N�D �I�S �H�E�L�P�F�U�L �I�N �D�E�S�I�G�N�I�N�G �I�N�F�E�R�E�N�C�E �P�R�O�C�E�D�U�R�E�S��

������������ �5�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �I�X�O�O �M�R�L�Q�W �G�L�V�W�U�L�E�X�W�L�R�Q

�6�I�E�W�E�D �A�S �A �P�I�E�C�E �O�F �h�S�Y�N�T�A�X���v �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �I�S �A �D�I�R�E�C�T�E�D �A�C�Y�C�L�I�C �G�R�A�P�H �W�I�T�H �S�O�M�E
�N�U�M�E�R�I�C �P�A�R�A�M�E�T�E�R�S �A�T�T�A�C�H�E�D �T�O �E�A�C�H �N�O�D�E�� �/�N�E �W�A�Y �T�O �D�E�l�N�E �W�H�A�T �T�H�E �N�E�T�W�O�R�K �M�E�A�N�S�ˆ�I�T�S
�S�E�M�A�N�T�I�C�S�ˆ�I�S �T�O �D�E�l�N�E �T�H�E �W�A�Y �I�N �W�H�I�C�H �I�T �R�E�P�R�E�S�E�N�T�S �A �S�P�E�C�I�l�C �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �A�L�L �T�H�E
�V�A�R�I�A�B�L�E�S�� �4�O �D�O �T�H�I�S�� �W�E �l�R�S�T �N�E�E�D �T�O �R�E�T�R�A�C�T ���T�E�M�P�O�R�A�R�I�L�Y�	 �W�H�A�T �W�E �S�A�I�D �E�A�R�L�I�E�R �A�B�O�U�T �T�H�E �P�A�

�R�A�M�E�T�E�R�S �A�S�S�O�C�I�A�T�E�D �W�I�T�H �E�A�C�H �N�O�D�E�� �7�E �S�A�I�D �T�H�A�T �T�H�O�S�E �P�A�R�A�M�E�T�E�R�S �C�O�R�R�E�S�P�O�N�D �T�O �C�O�N�D�I�T�I�O�N�A�L
�P�R�O�B�A�B�I�L�I�T�I�E�S�3(X i j Parents(X i )) �� �T�H�I�S �I�S �A �T�R�U�E �S�T�A�T�E�M�E�N�T�� �B�U�T �U�N�T�I�L �W�E �A�S�S�I�G�N �S�E�M�A�N�T�I�C�S �T�O
�T�H�E �N�E�T�W�O�R�K �A�S �A �W�H�O�L�E�� �W�E �S�H�O�U�L�D �T�H�I�N�K �O�F �T�H�E�M �J�U�S�T �A�S �N�U�M�B�E�R�S� (X i j Parents(X i )) ��

�! �G�E�N�E�R�I�C �E�N�T�R�Y �I�N �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �C�O�N�J�U�N�C�T�I�O�N �O�F �P�A�R�T�I�C�U�L�A�R
�A�S�S�I�G�N�M�E�N�T�S �T�O �E�A�C�H �V�A�R�I�A�B�L�E�� �S�U�C�H �A�SP(X 1 = x1 ^ : : : ^ X n = xn )�� �7�E �U�S�E �T�H�E �N�O�T�A�T�I�O�N
P(x1; : : : ; xn ) �A�S �A�N �A�B�B�R�E�V�I�A�T�I�O�N �F�O�R �T�H�I�S�� �4�H�E �V�A�L�U�E �O�F �T�H�I�S �E�N�T�R�Y �I�S �G�I�V�E�N �B�Y �T�H�E �F�O�R�M�U�L�A

P(x1; : : : ; xn ) =
nY

i = 1

� (x i j parents(X i )) ; �����������	

�W�H�E�R�Eparents(X i ) �D�E�N�O�T�E�S �T�H�E �V�A�L�U�E�S �O�FParents(X i ) �T�H�A�T �A�P�P�E�A�R �I�Nx1; : : : ; xn �� �4�H�U�S��
�E�A�C�H �E�N�T�R�Y �I�N �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�S �R�E�P�R�E�S�E�N�T�E�D �B�Y �T�H�E �P�R�O�D�U�C�T �O�F �T�H�E �A�P�P�R�O�P�R�I�A�T�E �E�L�E�M�E�N�T�S
�O�F �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E�S ���#�0�4�S�	 �I�N �T�H�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K��

�&�R�O�M �T�H�I�S �D�E�l�N�I�T�I�O�N�� �I�T �I�S �E�A�S�Y �T�O �P�R�O�V�E �T�H�A�T �T�H�E �P�A�R�A�M�E�T�E�R�S� (X i j Parents(X i )) �A�R�E
�E�X�A�C�T�L�Y �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S�3(X i j Parents(X i )) �I�M�P�L�I�E�D �B�Y �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N
���S�E�E �%�X�E�R�C�I�S�E ���������	�� �(�E�N�C�E�� �W�E �C�A�N �R�E�W�R�I�T�E �%�Q�U�A�T�I�O�N �����������	 �A�S

P(x1; : : : ; xn ) =
nY

i = 1

P(x i j parents(X i )) : �����������	

�)�N �O�T�H�E�R �W�O�R�D�S�� �T�H�E �T�A�B�L�E�S �W�E �H�A�V�E �B�E�E�N �C�A�L�L�I�N�G �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E�S �R�E�A�L�L�Y�D�U�H�C�O�N�

�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E�S �A�C�C�O�R�D�I�N�G �T�O �T�H�E �S�E�M�A�N�T�I�C�S �D�E�l�N�E�D �I�N �%�Q�U�A�T�I�O�N �����������	��

�4�O �I�L�L�U�S�T�R�A�T�E �T�H�I�S�� �W�E �C�A�N �C�A�L�C�U�L�A�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �A�L�A�R�M �H�A�S �S�O�U�N�D�E�D�� �B�U�T �N�E�I�T�H�E�R
�A �B�U�R�G�L�A�R�Y �N�O�R �A�N �E�A�R�T�H�Q�U�A�K�E �H�A�S �O�C�C�U�R�R�E�D�� �A�N�D �B�O�T�H �*�O�H�N �A�N�D �-�A�R�Y �C�A�L�L�� �7�E �M�U�L�T�I�P�L�Y �E�N�T�R�I�E�S



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�F�R�O�M �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N ���U�S�I�N�G �S�I�N�G�L�E�
�L�E�T�T�E�R �N�A�M�E�S �F�O�R �T�H�E �V�A�R�I�A�B�L�E�S�	��

P(j; m; a; : b;: e) = P(j j a)P(m j a)P(a j : b^ : e)P(: b)P(: e)

= 0 :90 � 0:70� 0:001� 0:999� 0:998 = 0:000628:

�3�E�C�T�I�O�N �������� �E�X�P�L�A�I�N�E�D �T�H�A�T �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �C�A�N �B�E �U�S�E�D �T�O �A�N�S�W�E�R �A�N�Y �Q�U�E�R�Y �A�B�O�U�T
�T�H�E �D�O�M�A�I�N�� �)�F �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �I�S �A �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �T�H�E�N �I�T �T�O�O �C�A�N
�B�E �U�S�E�D �T�O �A�N�S�W�E�R �A�N�Y �Q�U�E�R�Y�� �B�Y �S�U�M�M�I�N�G �A�L�L �T�H�E �R�E�L�E�V�A�N�T �J�O�I�N�T �E�N�T�R�I�E�S�� �3�E�C�T�I�O�N �������� �E�X�P�L�A�I�N�S
�H�O�W �T�O �D�O �T�H�I�S�� �B�U�T �A�L�S�O �D�E�S�C�R�I�B�E�S �M�E�T�H�O�D�S �T�H�A�T �A�R�E �M�U�C�H �M�O�R�E �E�F�l�C�I�E�N�T��

�$ �P�H�W�K�R�G �I�R�U �F�R�Q�V�W�U�X�F�W�L�Q�J �%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N�V

�%�Q�U�A�T�I�O�N �����������	 �D�E�l�N�E�S �W�H�A�T �A �G�I�V�E�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �M�E�A�N�S�� �4�H�E �N�E�X�T �S�T�E�P �I�S �T�O �E�X�P�L�A�I�N
�H�O�W �T�O�F�R�Q�V�W�U�X�F�W�A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �I�N �S�U�C�H �A �W�A�Y �T�H�A�T �T�H�E �R�E�S�U�L�T�I�N�G �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�S �A
�G�O�O�D �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �A �G�I�V�E�N �D�O�M�A�I�N�� �7�E �W�I�L�L �N�O�W �S�H�O�W �T�H�A�T �%�Q�U�A�T�I�O�N �����������	 �I�M�P�L�I�E�S �C�E�R�T�A�I�N
�C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �R�E�L�A�T�I�O�N�S�H�I�P�S �T�H�A�T �C�A�N �B�E �U�S�E�D �T�O �G�U�I�D�E �T�H�E �K�N�O�W�L�E�D�G�E �E�N�G�I�N�E�E�R �I�N
�C�O�N�S�T�R�U�C�T�I�N�G �T�H�E �T�O�P�O�L�O�G�Y �O�F �T�H�E �N�E�T�W�O�R�K�� �&�I�R�S�T�� �W�E �R�E�W�R�I�T�E �T�H�E �E�N�T�R�I�E�S �I�N �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N
�I�N �T�E�R�M�S �O�F �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y�� �U�S�I�N�G �T�H�E �P�R�O�D�U�C�T �R�U�L�E ���S�E�E �P�A�G�E �������	��

P(x1; : : : ; xn ) = P(xn j xn� 1; : : : ; x1)P(xn� 1; : : : ; x1) :

�4�H�E�N �W�E �R�E�P�E�A�T �T�H�E �P�R�O�C�E�S�S�� �R�E�D�U�C�I�N�G �E�A�C�H �C�O�N�J�U�N�C�T�I�V�E �P�R�O�B�A�B�I�L�I�T�Y �T�O �A �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y
�A�N�D �A �S�M�A�L�L�E�R �C�O�N�J�U�N�C�T�I�O�N�� �7�E �E�N�D �U�P �W�I�T�H �O�N�E �B�I�G �P�R�O�D�U�C�T��

P(x1; : : : ; xn ) = P(xn j xn� 1; : : : ; x1)P(xn� 1 j xn� 2; : : : ; x1) � � � P(x2 j x1)P(x1)

=
nY

i = 1

P(x i j x i � 1; : : : ; x1) :

�4�H�I�S �I�D�E�N�T�I�T�Y �I�S �C�A�L�L�E�D �T�H�E�F�K�D�L�Q �U�X�O�H�� �)�T �H�O�L�D�S �F�O�R �A�N�Y �S�E�T �O�F �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S�� �#�O�M�P�A�R�I�N�G �I�TCHAIN RULE

�W�I�T�H �%�Q�U�A�T�I�O�N �����������	�� �W�E �S�E�E �T�H�A�T �T�H�E �S�P�E�C�I�l�C�A�T�I�O�N �O�F �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �T�H�E
�G�E�N�E�R�A�L �A�S�S�E�R�T�I�O�N �T�H�A�T�� �F�O�R �E�V�E�R�Y �V�A�R�I�A�B�L�EX i �I�N �T�H�E �N�E�T�W�O�R�K��

�3(X i j X i � 1; : : : ; X 1) = �3(X i j Parents(X i )) ; �����������	

�P�R�O�V�I�D�E�D �T�H�A�TParents(X i ) � f X i � 1; : : : ; X 1g�� �4�H�I�S �L�A�S�T �C�O�N�D�I�T�I�O�N �I�S �S�A�T�I�S�l�E�D �B�Y �N�U�M�B�E�R�I�N�G
�T�H�E �N�O�D�E�S �I�N �A �W�A�Y �T�H�A�T �I�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �P�A�R�T�I�A�L �O�R�D�E�R �I�M�P�L�I�C�I�T �I�N �T�H�E �G�R�A�P�H �S�T�R�U�C�T�U�R�E��

�7�H�A�T �%�Q�U�A�T�I�O�N �����������	 �S�A�Y�S �I�S �T�H�A�T �T�H�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �I�S �A �C�O�R�R�E�C�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F
�T�H�E �D�O�M�A�I�N �O�N�L�Y �I�F �E�A�C�H �N�O�D�E �I�S �C�O�N�D�I�T�I�O�N�A�L�L�Y �I�N�D�E�P�E�N�D�E�N�T �O�F �I�T�S �O�T�H�E�R �P�R�E�D�E�C�E�S�S�O�R�S �I�N �T�H�E
�N�O�D�E �O�R�D�E�R�I�N�G�� �G�I�V�E�N �I�T�S �P�A�R�E�N�T�S�� �7�E �C�A�N �S�A�T�I�S�F�Y �T�H�I�S �C�O�N�D�I�T�I�O�N �W�I�T�H �T�H�I�S �M�E�T�H�O�D�O�L�O�G�Y��

���� �1�R�G�H�V���&�I�R�S�T �D�E�T�E�R�M�I�N�E �T�H�E �S�E�T �O�F �V�A�R�I�A�B�L�E�S �T�H�A�T �A�R�E �R�E�Q�U�I�R�E�D �T�O �M�O�D�E�L �T�H�E �D�O�M�A�I�N�� �.�O�W
�O�R�D�E�R �T�H�E�M��f X 1; : : : ; X ng�� �!�N�Y �O�R�D�E�R �W�I�L�L �W�O�R�K�� �B�U�T �T�H�E �R�E�S�U�L�T�I�N�G �N�E�T�W�O�R�K �W�I�L�L �B�E �M�O�R�E
�C�O�M�P�A�C�T �I�F �T�H�E �V�A�R�I�A�B�L�E�S �A�R�E �O�R�D�E�R�E�D �S�U�C�H �T�H�A�T �C�A�U�S�E�S �P�R�E�C�E�D�E �E�F�F�E�C�T�S��

���� �/�L�Q�N�V���&�O�Ri �� �� �T�On �D�O��

� �#�H�O�O�S�E�� �F�R�O�MX 1; : : : ; X i � 1�� �A �M�I�N�I�M�A�L �S�E�T �O�F �P�A�R�E�N�T�S �F�O�RX i �� �S�U�C�H �T�H�A�T �%�Q�U�A�

�T�I�O�N �����������	 �I�S �S�A�T�I�S�l�E�D��

� �&�O�R �E�A�C�H �P�A�R�E�N�T �I�N�S�E�R�T �A �L�I�N�K �F�R�O�M �T�H�E �P�A�R�E�N�T �T�OX i ��
� �#�0�4�S�� �7�R�I�T�E �D�O�W�N �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E���3(X i jParents(X i )) ��



�3�E�C�T�I�O�N ���������� �4�H�E �3�E�M�A�N�T�I�C�S �O�F �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S ������

�)�N�T�U�I�T�I�V�E�L�Y�� �T�H�E �P�A�R�E�N�T�S �O�F �N�O�D�EX i �S�H�O�U�L�D �C�O�N�T�A�I�N �A�L�L �T�H�O�S�E �N�O�D�E�S �I�NX 1; : : : ; X i � 1 �T�H�A�T
�G�L�U�H�F�W�O�\ �L�Q�À�X�H�Q�F�HX i �� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �W�E �H�A�V�E �C�O�M�P�L�E�T�E�D �T�H�E �N�E�T�W�O�R�K �I�N �&�I�G�U�R�E ��������
�E�X�C�E�P�T �F�O�R �T�H�E �C�H�O�I�C�E �O�F �P�A�R�E�N�T�S �F�O�RMaryCalls��MaryCalls �I�S �C�E�R�T�A�I�N�L�Y �I�N�m�U�E�N�C�E�D �B�Y �W�H�E�T�H�E�R
�T�H�E�R�E �I�S �ABurglary �O�R �A�NEarthquake�� �B�U�T �N�O�T�G�L�U�H�F�W�O�\�I�N�m�U�E�N�C�E�D�� �)�N�T�U�I�T�I�V�E�L�Y�� �O�U�R �K�N�O�W�L�E�D�G�E
�O�F �T�H�E �D�O�M�A�I�N �T�E�L�L�S �U�S �T�H�A�T �T�H�E�S�E �E�V�E�N�T�S �I�N�m�U�E�N�C�E �-�A�R�Y���S �C�A�L�L�I�N�G �B�E�H�A�V�I�O�R �O�N�L�Y �T�H�R�O�U�G�H �T�H�E�I�R
�E�F�F�E�C�T �O�N �T�H�E �A�L�A�R�M�� �!�L�S�O�� �G�I�V�E�N �T�H�E �S�T�A�T�E �O�F �T�H�E �A�L�A�R�M�� �W�H�E�T�H�E�R �*�O�H�N �C�A�L�L�S �H�A�S �N�O �I�N�m�U�E�N�C�E �O�N
�-�A�R�Y���S �C�A�L�L�I�N�G�� �&�O�R�M�A�L�L�Y �S�P�E�A�K�I�N�G�� �W�E �B�E�L�I�E�V�E �T�H�A�T �T�H�E �F�O�L�L�O�W�I�N�G �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E
�S�T�A�T�E�M�E�N�T �H�O�L�D�S��

�3(MaryCalls j JohnCalls; Alarm ; Earthquake; Burglary ) = �3(MaryCalls j Alarm ) :

�4�H�U�S��Alarm �W�I�L�L �B�E �T�H�E �O�N�L�Y �P�A�R�E�N�T �N�O�D�E �F�O�RMaryCalls ��
�"�E�C�A�U�S�E �E�A�C�H �N�O�D�E �I�S �C�O�N�N�E�C�T�E�D �O�N�L�Y �T�O �E�A�R�L�I�E�R �N�O�D�E�S�� �T�H�I�S �C�O�N�S�T�R�U�C�T�I�O�N �M�E�T�H�O�D �G�U�A�R�A�N�


�T�E�E�S �T�H�A�T �T�H�E �N�E�T�W�O�R�K �I�S �A�C�Y�C�L�I�C�� �!�N�O�T�H�E�R �I�M�P�O�R�T�A�N�T �P�R�O�P�E�R�T�Y �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �I�S �T�H�A�T �T�H�E�Y
�C�O�N�T�A�I�N �N�O �R�E�D�U�N�D�A�N�T �P�R�O�B�A�B�I�L�I�T�Y �V�A�L�U�E�S�� �)�F �T�H�E�R�E �I�S �N�O �R�E�D�U�N�D�A�N�C�Y�� �T�H�E�N �T�H�E�R�E �I�S �N�O �C�H�A�N�C�E
�F�O�R �I�N�C�O�N�S�I�S�T�E�N�C�Y���L�W �L�V �L�P�S�R�V�V�L�E�O�H �I�R�U �W�K�H �N�Q�R�Z�O�H�G�J�H �H�Q�J�L�Q�H�H�U �R�U �G�R�P�D�L�Q �H�[�S�H�U�W �W�R �F�U�H�D�W�H �D
�%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N �W�K�D�W �Y�L�R�O�D�W�H�V �W�K�H �D�[�L�R�P�V �R�I �S�U�R�E�D�E�L�O�L�W�\��

�&�R�P�S�D�F�W�Q�H�V�V �D�Q�G �Q�R�G�H �R�U�G�H�U�L�Q�J

�!�S �W�E�L�L �A�S �B�E�I�N�G �A �C�O�M�P�L�E�T�E �A�N�D �N�O�N�R�E�D�U�N�D�A�N�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �D�O�M�A�I�N�� �A �"�A�Y�E�S�I�A�N �N�E�T�

�W�O�R�K �C�A�N �O�F�T�E�N �B�E �F�A�R �M�O�R�E�F�R�P�S�D�F�W�T�H�A�N �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �4�H�I�S �P�R�O�P�E�R�T�Y �I�S �W�H�A�T
�M�A�K�E�S �I�T �F�E�A�S�I�B�L�E �T�O �H�A�N�D�L�E �D�O�M�A�I�N�S �W�I�T�H �M�A�N�Y �V�A�R�I�A�B�L�E�S�� �4�H�E �C�O�M�P�A�C�T�N�E�S�S �O�F �"�A�Y�E�S�I�A�N �N�E�T�

�W�O�R�K�S �I�S �A�N �E�X�A�M�P�L�E �O�F �A �G�E�N�E�R�A�L �P�R�O�P�E�R�T�Y �O�F�O�R�F�D�O�O�\ �V�W�U�X�F�W�X�U�H�G���A�L�S�O �C�A�L�L�E�D�V�S�D�U�V�H�	 �S�Y�S�T�E�M�S��LOCALLY

STRUCTURED

SPARSE �)�N �A �L�O�C�A�L�L�Y �S�T�R�U�C�T�U�R�E�D �S�Y�S�T�E�M�� �E�A�C�H �S�U�B�C�O�M�P�O�N�E�N�T �I�N�T�E�R�A�C�T�S �D�I�R�E�C�T�L�Y �W�I�T�H �O�N�L�Y �A �B�O�U�N�D�E�D
�N�U�M�B�E�R �O�F �O�T�H�E�R �C�O�M�P�O�N�E�N�T�S�� �R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �T�O�T�A�L �N�U�M�B�E�R �O�F �C�O�M�P�O�N�E�N�T�S�� �,�O�C�A�L �S�T�R�U�C�T�U�R�E
�I�S �U�S�U�A�L�L�Y �A�S�S�O�C�I�A�T�E�D �W�I�T�H �L�I�N�E�A�R �R�A�T�H�E�R �T�H�A�N �E�X�P�O�N�E�N�T�I�A�L �G�R�O�W�T�H �I�N �C�O�M�P�L�E�X�I�T�Y�� �)�N �T�H�E �C�A�S�E �O�F
�"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �I�T �I�S �R�E�A�S�O�N�A�B�L�E �T�O �S�U�P�P�O�S�E �T�H�A�T �I�N �M�O�S�T �D�O�M�A�I�N�S �E�A�C�H �R�A�N�D�O�M �V�A�R�I�A�B�L�E
�I�S �D�I�R�E�C�T�L�Y �I�N�m�U�E�N�C�E�D �B�Y �A�T �M�O�S�Tk �O�T�H�E�R�S�� �F�O�R �S�O�M�E �C�O�N�S�T�A�N�Tk�� �)�F �W�E �A�S�S�U�M�En �"�O�O�L�E�A�N
�V�A�R�I�A�B�L�E�S �F�O�R �S�I�M�P�L�I�C�I�T�Y�� �T�H�E�N �T�H�E �A�M�O�U�N�T �O�F �I�N�F�O�R�M�A�T�I�O�N �N�E�E�D�E�D �T�O �S�P�E�C�I�F�Y �E�A�C�H �C�O�N�D�I�T�I�O�N�A�L
�P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E �W�I�L�L �B�E �A�T �M�O�S�T2k �N�U�M�B�E�R�S�� �A�N�D �T�H�E �C�O�M�P�L�E�T�E �N�E�T�W�O�R�K �C�A�N �B�E �S�P�E�C�I�l�E�D �B�Y
n2k �N�U�M�B�E�R�S�� �)�N �C�O�N�T�R�A�S�T�� �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �C�O�N�T�A�I�N�S2n �N�U�M�B�E�R�S�� �4�O �M�A�K�E �T�H�I�S �C�O�N�C�R�E�T�E��
�S�U�P�P�O�S�E �W�E �H�A�V�En = 30 �N�O�D�E�S�� �E�A�C�H �W�I�T�H �l�V�E �P�A�R�E�N�T�S ��k = 5 �	�� �4�H�E�N �T�H�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K
�R�E�Q�U�I�R�E�S ������ �N�U�M�B�E�R�S�� �B�U�T �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �R�E�Q�U�I�R�E�S �O�V�E�R �A �B�I�L�L�I�O�N��

�4�H�E�R�E �A�R�E �D�O�M�A�I�N�S �I�N �W�H�I�C�H �E�A�C�H �V�A�R�I�A�B�L�E �C�A�N �B�E �I�N�m�U�E�N�C�E�D �D�I�R�E�C�T�L�Y �B�Y �A�L�L �T�H�E �O�T�H�E�R�S��
�S�O �T�H�A�T �T�H�E �N�E�T�W�O�R�K �I�S �F�U�L�L�Y �C�O�N�N�E�C�T�E�D�� �4�H�E�N �S�P�E�C�I�F�Y�I�N�G �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E�S �R�E�
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�P�A�R�E�N�T�S �A�R�E �I�N�H�I�B�I�T�E�D�� �A�N�D �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �T�H�I�S �I�S �T�H�E �P�R�O�D�U�C�T �O�F �T�H�E �I�N�H�I�B�I�T�I�O�N �P�R�O�B�A�B�I�L�I�T�I�E�S
q �F�O�R �E�A�C�H �P�A�R�E�N�T�� �,�E�T �U�S �S�U�P�P�O�S�E �T�H�E�S�E �I�N�D�I�V�I�D�U�A�L �I�N�H�I�B�I�T�I�O�N �P�R�O�B�A�B�I�L�I�T�I�E�S �A�R�E �A�S �F�O�L�L�O�W�S��

qcold = P(: fever j cold; : 
u ; : malaria ) = 0 :6 ;

q
u = P(: fever j : cold; 
u ; : malaria ) = 0 :2 ;

qmalaria = P(: fever j : cold; : 
u ; malaria ) = 0 :1 :

�4�H�E�N�� �F�R�O�M �T�H�I�S �I�N�F�O�R�M�A�T�I�O�N �A�N�D �T�H�E �N�O�I�S�Y�
�/�2 �A�S�S�U�M�P�T�I�O�N�S�� �T�H�E �E�N�T�I�R�E �#�0�4 �C�A�N �B�E �B�U�I�L�T�� �4�H�E
�G�E�N�E�R�A�L �R�U�L�E �I�S �T�H�A�T

P(x i j parents(X i )) = 1 �
Y

f j :X j = true g

qj ;

�W�H�E�R�E �T�H�E �P�R�O�D�U�C�T �I�S �T�A�K�E�N �O�V�E�R �T�H�E �P�A�R�E�N�T�S �T�H�A�T �A�R�E �S�E�T �T�O �T�R�U�E �F�O�R �T�H�A�T �R�O�W �O�F �T�H�E �#�0�4�� �4�H�E
�F�O�L�L�O�W�I�N�G �T�A�B�L�E �I�L�L�U�S�T�R�A�T�E�S �T�H�I�S �C�A�L�C�U�L�A�T�I�O�N��

Cold Flu Malaria P(Fever) P(: Fever)

�& �& �& 0:0 1:0
�& �& �4 0:9 ������
�& �4 �& 0:8 ������
�& �4 �4 0:98 0:02 = 0:2 � 0:1
�4 �& �& 0:4 ������
�4 �& �4 0:94 0:06 = 0:6 � 0:1
�4 �4 �& 0:88 0:12 = 0:6 � 0:2
�4 �4 �4 0:988 0:012 = 0:6 � 0:2 � 0:1

�)�N �G�E�N�E�R�A�L�� �N�O�I�S�Y �L�O�G�I�C�A�L �R�E�L�A�T�I�O�N�S�H�I�P�S �I�N �W�H�I�C�H �A �V�A�R�I�A�B�L�E �D�E�P�E�N�D�S �O�Nk �P�A�R�E�N�T�S �C�A�N �B�E �D�E�

�S�C�R�I�B�E�D �U�S�I�N�GO(k) �P�A�R�A�M�E�T�E�R�S �I�N�S�T�E�A�D �O�FO(2k ) �F�O�R �T�H�E �F�U�L�L �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E��
�4�H�I�S �M�A�K�E�S �A�S�S�E�S�S�M�E�N�T �A�N�D �L�E�A�R�N�I�N�G �M�U�C�H �E�A�S�I�E�R�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �#�0�#�3 �N�E�T�W�O�R�K ���0�R�A�D�

�H�A�N�H�W �D�O���� ���������	 �U�S�E�S �N�O�I�S�Y�
�/�2 �A�N�D �N�O�I�S�Y�
�-�!�8 �D�I�S�T�R�I�B�U�T�I�O�N�S �T�O �M�O�D�E�L �R�E�L�A�T�I�O�N�S�H�I�P�S �A�M�O�N�G
�D�I�S�E�A�S�E�S �A�N�D �S�Y�M�P�T�O�M�S �I�N �I�N�T�E�R�N�A�L �M�E�D�I�C�I�N�E�� �7�I�T�H ������ �N�O�D�E�S �A�N�D ������ �L�I�N�K�S�� �I�T �R�E�Q�U�I�R�E�S �O�N�L�Y
���������� �V�A�L�U�E�S �I�N�S�T�E�A�D �O�F ���������������������� �F�O�R �A �N�E�T�W�O�R�K �W�I�T�H �F�U�L�L �#�0�4�S��

�%�D�\�H�V�L�D�Q �Q�H�W�V �Z�L�W�K �F�R�Q�W�L�Q�X�R�X�V �Y�D�U�L�D�E�O�H�V

�-�A�N�Y �R�E�A�L�
�W�O�R�L�D �P�R�O�B�L�E�M�S �I�N�V�O�L�V�E �C�O�N�T�I�N�U�O�U�S �Q�U�A�N�T�I�T�I�E�S�� �S�U�C�H �A�S �H�E�I�G�H�T�� �M�A�S�S�� �T�E�M�P�E�R�A�T�U�R�E��
�A�N�D �M�O�N�E�Y�� �I�N �F�A�C�T�� �M�U�C�H �O�F �S�T�A�T�I�S�T�I�C�S �D�E�A�L�S �W�I�T�H �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S �W�H�O�S�E �D�O�M�A�I�N�S �A�R�E �C�O�N�T�I�N�

�U�O�U�S�� �"�Y �D�E�l�N�I�T�I�O�N�� �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �H�A�V�E �A�N �I�N�l�N�I�T�E �N�U�M�B�E�R �O�F �P�O�S�S�I�B�L�E �V�A�L�U�E�S�� �S�O �I�T �I�S
�I�M�P�O�S�S�I�B�L�E �T�O �S�P�E�C�I�F�Y �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �E�X�P�L�I�C�I�T�L�Y �F�O�R �E�A�C�H �V�A�L�U�E�� �/�N�E �P�O�S�S�I�B�L�E �W�A�Y �T�O
�H�A�N�D�L�E �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �I�S �T�O �A�V�O�I�D �T�H�E�M �B�Y �U�S�I�N�G�G�L�V�F�U�H�W�L�]�D�W�L�R�Q�ˆ�T�H�A�T �I�S�� �D�I�V�I�D�I�N�G �U�P �T�H�EDISCRETIZATION



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�+�D�U�Y�H�V�W�6�X�E�V�L�G�\

�%�X�\�V

�&�R�V�W

�)�L�J�X�U�H ���������! �S�I�M�P�L�E �N�E�T�W�O�R�K �W�I�T�H �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E�S ��Subsidy�A�N�DBuys�	 �A�N�D �C�O�N�T�I�N�U�O�U�S
�V�A�R�I�A�B�L�E�S ��Harvest �A�N�DCost�	��

�P�O�S�S�I�B�L�E �V�A�L�U�E�S �I�N�T�O �A �l�X�E�D �S�E�T �O�F �I�N�T�E�R�V�A�L�S�� �&�O�R �E�X�A�M�P�L�E�� �T�E�M�P�E�R�A�T�U�R�E�S �C�O�U�L�D �B�E �D�I�V�I�D�E�D �I�N�T�O
��< 0oC�	�� ��0oC� 100oC�	�� �A�N�D ��> 100oC�	�� �$�I�S�C�R�E�T�I�Z�A�T�I�O�N �I�S �S�O�M�E�T�I�M�E�S �A�N �A�D�E�Q�U�A�T�E �S�O�L�U�T�I�O�N��
�B�U�T �O�F�T�E�N �R�E�S�U�L�T�S �I�N �A �C�O�N�S�I�D�E�R�A�B�L�E �L�O�S�S �O�F �A�C�C�U�R�A�C�Y �A�N�D �V�E�R�Y �L�A�R�G�E �#�0�4�S�� �4�H�E �M�O�S�T �C�O�M�

�M�O�N �S�O�L�U�T�I�O�N �I�S �T�O �D�E�l�N�E �S�T�A�N�D�A�R�D �F�A�M�I�L�I�E�S �O�F �P�R�O�B�A�B�I�L�I�T�Y �D�E�N�S�I�T�Y �F�U�N�C�T�I�O�N�S ���S�E�E �!�P�P�E�N�D�I�X �!�	
�T�H�A�T �A�R�E �S�P�E�C�I�l�E�D �B�Y �A �l�N�I�T�E �N�U�M�B�E�R �O�F�S�D�U�D�P�H�W�H�U�V�� �&�O�R �E�X�A�M�P�L�E�� �A �'�A�U�S�S�I�A�N ���O�R �N�O�R�M�A�L�	PARAMETER

�D�I�S�T�R�I�B�U�T�I�O�NN (�; � 2)(x) �H�A�S �T�H�E �M�E�A�N� �A�N�D �T�H�E �V�A�R�I�A�N�C�E� 2 �A�S �P�A�R�A�M�E�T�E�R�S�� �9�E�T �A�N�O�T�H�E�R
�S�O�L�U�T�I�O�N�ˆ�S�O�M�E�T�I�M�E�S �C�A�L�L�E�D �A�Q�R�Q�S�D�U�D�P�H�W�U�L�F�R�E�P�R�E�S�E�N�T�A�T�I�O�N�ˆ�I�S �T�O �D�E�l�N�E �T�H�E �C�O�N�D�I�T�I�O�N�A�LNONPARAMETRIC

�D�I�S�T�R�I�B�U�T�I�O�N �I�M�P�L�I�C�I�T�L�Y �W�I�T�H �A �C�O�L�L�E�C�T�I�O�N �O�F �I�N�S�T�A�N�C�E�S�� �E�A�C�H �C�O�N�T�A�I�N�I�N�G �S�P�E�C�I�l�C �V�A�L�U�E�S �O�F �T�H�E
�P�A�R�E�N�T �A�N�D �C�H�I�L�D �V�A�R�I�A�B�L�E�S�� �7�E �E�X�P�L�O�R�E �T�H�I�S �A�P�P�R�O�A�C�H �F�U�R�T�H�E�R �I�N �#�H�A�P�T�E�R ������

�! �N�E�T�W�O�R�K �W�I�T�H �B�O�T�H �D�I�S�C�R�E�T�E �A�N�D �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �I�S �C�A�L�L�E�D �A�K�\�E�U�L�G �%�D�\�H�V�L�D�Q
�Q�H�W�Z�R�U�N�� �4�O �S�P�E�C�I�F�Y �A �H�Y�B�R�I�D �N�E�T�W�O�R�K�� �W�E �H�A�V�E �T�O �S�P�E�C�I�F�Y �T�W�O �N�E�W �K�I�N�D�S �O�F �D�I�S�T�R�I�B�U�T�I�O�N�S��HYBRID BAYESIAN

NETWORK

�T�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �A �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E �G�I�V�E�N �D�I�S�C�R�E�T�E �O�R �C�O�N�T�I�N�U�O�U�S �P�A�R�E�N�T�S��
�A�N�D �T�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �A �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E �G�I�V�E�N �C�O�N�T�I�N�U�O�U�S �P�A�R�E�N�T�S�� �#�O�N�S�I�D�E�R �T�H�E
�S�I�M�P�L�E �E�X�A�M�P�L�E �I�N �&�I�G�U�R�E ���������� �I�N �W�H�I�C�H �A �C�U�S�T�O�M�E�R �B�U�Y�S �S�O�M�E �F�R�U�I�T �D�E�P�E�N�D�I�N�G �O�N �I�T�S �C�O�S�T��
�W�H�I�C�H �D�E�P�E�N�D�S �I�N �T�U�R�N �O�N �T�H�E �S�I�Z�E �O�F �T�H�E �H�A�R�V�E�S�T �A�N�D �W�H�E�T�H�E�R �T�H�E �G�O�V�E�R�N�M�E�N�T���S �S�U�B�S�I�D�Y �S�C�H�E�M�E
�I�S �O�P�E�R�A�T�I�N�G�� �4�H�E �V�A�R�I�A�B�L�ECost �I�S �C�O�N�T�I�N�U�O�U�S �A�N�D �H�A�S �C�O�N�T�I�N�U�O�U�S �A�N�D �D�I�S�C�R�E�T�E �P�A�R�E�N�T�S�� �T�H�E
�V�A�R�I�A�B�L�EBuys �I�S �D�I�S�C�R�E�T�E �A�N�D �H�A�S �A �C�O�N�T�I�N�U�O�U�S �P�A�R�E�N�T��

�&�O�R �T�H�ECost �V�A�R�I�A�B�L�E�� �W�E �N�E�E�D �T�O �S�P�E�C�I�F�Y�3(Cost j Harvest; Subsidy)�� �4�H�E �D�I�S�C�R�E�T�E
�P�A�R�E�N�T �I�S �H�A�N�D�L�E�D �B�Y �E�N�U�M�E�R�A�T�I�O�N�ˆ�T�H�A�T �I�S�� �B�Y �S�P�E�C�I�F�Y�I�N�G �B�O�T�HP(Cost j Harvest; subsidy)
�A�N�DP(Cost j Harvest; : subsidy)�� �4�O �H�A�N�D�L�EHarvest�� �W�E �S�P�E�C�I�F�Y �H�O�W �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R
�T�H�E �C�O�S�Tc �D�E�P�E�N�D�S �O�N �T�H�E �C�O�N�T�I�N�U�O�U�S �V�A�L�U�Eh �O�FHarvest�� �)�N �O�T�H�E�R �W�O�R�D�S�� �W�E �S�P�E�C�I�F�Y �T�H�E
�S�D�U�D�P�H�W�H�U�V�O�F �T�H�E �C�O�S�T �D�I�S�T�R�I�B�U�T�I�O�N �A�S �A �F�U�N�C�T�I�O�N �O�Fh�� �4�H�E �M�O�S�T �C�O�M�M�O�N �C�H�O�I�C�E �I�S �T�H�E�O�L�Q�H�D�U
�*�D�X�V�V�L�D�Q�D�I�S�T�R�I�B�U�T�I�O�N�� �I�N �W�H�I�C�H �T�H�E �C�H�I�L�D �H�A�S �A �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N �W�H�O�S�E �M�E�A�N� �V�A�R�I�E�SLINEAR GAUSSIAN

�L�I�N�E�A�R�L�Y �W�I�T�H �T�H�E �V�A�L�U�E �O�F �T�H�E �P�A�R�E�N�T �A�N�D �W�H�O�S�E �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N� �I�S �l�X�E�D�� �7�E �N�E�E�D �T�W�O
�D�I�S�T�R�I�B�U�T�I�O�N�S�� �O�N�E �F�O�Rsubsidy�A�N�D �O�N�E �F�O�R: subsidy�� �W�I�T�H �D�I�F�F�E�R�E�N�T �P�A�R�A�M�E�T�E�R�S��

P(cj h; subsidy) = N (at h + bt ; � 2
t )(c) =

1

� t
p

2�
e

� 1
2

�
c� ( a t h + bt )

� t

� 2

P(cj h; : subsidy) = N (af h + bf ; � 2
f )(c) =

1

� f
p

2�
e

� 1
2

�
c� ( a f h + bf )

� f

� 2

:

�&�O�R �T�H�I�S �E�X�A�M�P�L�E�� �T�H�E�N�� �T�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RCost �I�S �S�P�E�C�I�l�E�D �B�Y �N�A�M�I�N�G �T�H�E �L�I�N�E�A�R
�'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N �A�N�D �P�R�O�V�I�D�I�N�G �T�H�E �P�A�R�A�M�E�T�E�R�Sat ��bt ��� t ��af ��bf �� �A�N�D� f �� �&�I�G�U�R�E�S �����������A�	
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�)�L�J�X�U�H ���������4�H�E �G�R�A�P�H�S �I�N ���A�	 �A�N�D ���B�	 �S�H�O�W �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�RCost �A�S �A
�F�U�N�C�T�I�O�N �O�FHarvest �S�I�Z�E�� �W�I�T�HSubsidy �T�R�U�E �A�N�D �F�A�L�S�E�� �R�E�S�P�E�C�T�I�V�E�L�Y�� �'�R�A�P�H ���C�	 �S�H�O�W�S �T�H�E
�D�I�S�T�R�I�B�U�T�I�O�NP(Cost j Harvest)�� �O�B�T�A�I�N�E�D �B�Y �S�U�M�M�I�N�G �O�V�E�R �T�H�E �T�W�O �S�U�B�S�I�D�Y �C�A�S�E�S��

�A�N�D ���B�	 �S�H�O�W �T�H�E�S�E �T�W�O �R�E�L�A�T�I�O�N�S�H�I�P�S�� �.�O�T�I�C�E �T�H�A�T �I�N �E�A�C�H �C�A�S�E �T�H�E �S�L�O�P�E �I�S �N�E�G�A�T�I�V�E�� �B�E�C�A�U�S�E
�C�O�S�T �D�E�C�R�E�A�S�E�S �A�S �S�U�P�P�L�Y �I�N�C�R�E�A�S�E�S�� ���/�F �C�O�U�R�S�E�� �T�H�E �A�S�S�U�M�P�T�I�O�N �O�F �L�I�N�E�A�R�I�T�Y �I�M�P�L�I�E�S �T�H�A�T �T�H�E
�C�O�S�T �B�E�C�O�M�E�S �N�E�G�A�T�I�V�E �A�T �S�O�M�E �P�O�I�N�T�� �T�H�E �L�I�N�E�A�R �M�O�D�E�L �I�S �R�E�A�S�O�N�A�B�L�E �O�N�L�Y �I�F �T�H�E �H�A�R�V�E�S�T �S�I�Z�E �I�S
�L�I�M�I�T�E�D �T�O �A �N�A�R�R�O�W �R�A�N�G�E���	 �&�I�G�U�R�E �����������C�	 �S�H�O�W�S �T�H�E �D�I�S�T�R�I�B�U�T�I�O�NP(cj h)�� �A�V�E�R�A�G�I�N�G �O�V�E�R �T�H�E
�T�W�O �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�FSubsidy�A�N�D �A�S�S�U�M�I�N�G �T�H�A�T �E�A�C�H �H�A�S �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �������� �4�H�I�S �S�H�O�W�S
�T�H�A�T �E�V�E�N �W�I�T�H �V�E�R�Y �S�I�M�P�L�E �M�O�D�E�L�S�� �Q�U�I�T�E �I�N�T�E�R�E�S�T�I�N�G �D�I�S�T�R�I�B�U�T�I�O�N�S �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D��

�4�H�E �L�I�N�E�A�R �'�A�U�S�S�I�A�N �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �H�A�S �S�O�M�E �S�P�E�C�I�A�L �P�R�O�P�E�R�T�I�E�S�� �! �N�E�T�W�O�R�K
�C�O�N�T�A�I�N�I�N�G �O�N�L�Y �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �W�I�T�H �L�I�N�E�A�R �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�S �H�A�S �A �J�O�I�N�T �D�I�S�T�R�I�B�U�

�T�I�O�N �T�H�A�T �I�S �A �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N ���S�E�E �!�P�P�E�N�D�I�X �!�	 �O�V�E�R �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S ���%�X�E�R�

�C�I�S�E ���������	�� �&�U�R�T�H�E�R�M�O�R�E�� �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �G�I�V�E�N �A�N�Y �E�V�I�D�E�N�C�E �A�L�S�O �H�A�S �T�H�I�S �P�R�O�P�E�R�T�Y����

�7�H�E�N �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E�S �A�R�E �A�D�D�E�D �A�S �P�A�R�E�N�T�S ���N�O�T �A�S �C�H�I�L�D�R�E�N�	 �O�F �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S�� �T�H�E
�N�E�T�W�O�R�K �D�E�l�N�E�S �A�F�R�Q�G�L�W�L�R�Q�D�O �*�D�X�V�V�L�D�Q�� �O�R �#�'�� �D�I�S�T�R�I�B�U�T�I�O�N�� �G�I�V�E�N �A�N�Y �A�S�S�I�G�N�M�E�N�T �T�O �T�H�ECONDITIONAL

GAUSSIAN

�D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E�S�� �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �T�H�E �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �I�S �A �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N��
�.�O�W �W�E �T�U�R�N �T�O �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N�S �F�O�R �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E�S �W�I�T�H �C�O�N�T�I�N�U�O�U�S �P�A�R�E�N�T�S�� �#�O�N�


�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E�� �T�H�EBuys �N�O�D�E �I�N �&�I�G�U�R�E ���������� �)�T �S�E�E�M�S �R�E�A�S�O�N�A�B�L�E �T�O �A�S�S�U�M�E �T�H�A�T �T�H�E
�C�U�S�T�O�M�E�R �W�I�L�L �B�U�Y �I�F �T�H�E �C�O�S�T �I�S �L�O�W �A�N�D �W�I�L�L �N�O�T �B�U�Y �I�F �I�T �I�S �H�I�G�H �A�N�D �T�H�A�T �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F
�B�U�Y�I�N�G �V�A�R�I�E�S �S�M�O�O�T�H�L�Y �I�N �S�O�M�E �I�N�T�E�R�M�E�D�I�A�T�E �R�E�G�I�O�N�� �)�N �O�T�H�E�R �W�O�R�D�S�� �T�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�

�T�I�O�N �I�S �L�I�K�E �A �h�S�O�F�T�v �T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�N�� �/�N�E �W�A�Y �T�O �M�A�K�E �S�O�F�T �T�H�R�E�S�H�O�L�D�S �I�S �T�O �U�S�E �T�H�E�L�Q�W�H�J�U�D�O
�O�F �T�H�E �S�T�A�N�D�A�R�D �N�O�R�M�A�L �D�I�S�T�R�I�B�U�T�I�O�N��

�( x) =
Z x

�1
N (0; 1)(x)dx :

�4�H�E�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�FBuys �G�I�V�E�NCost �M�I�G�H�T �B�E

P(buysj Cost = c) = �(( � c + � )=� ) ;

�W�H�I�C�H �M�E�A�N�S �T�H�A�T �T�H�E �C�O�S�T �T�H�R�E�S�H�O�L�D �O�C�C�U�R�S �A�R�O�U�N�D� �� �T�H�E �W�I�D�T�H �O�F �T�H�E �T�H�R�E�S�H�O�L�D �R�E�G�I�O�N �I�S �P�R�O�

�P�O�R�T�I�O�N�A�L �T�O� �� �A�N�D �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �B�U�Y�I�N�G �D�E�C�R�E�A�S�E�S �A�S �C�O�S�T �I�N�C�R�E�A�S�E�S�� �4�H�I�S�S�U�R�E�L�W �G�L�V�W�U�L��

3 �)�T �F�O�L�L�O�W�S �T�H�A�T �I�N�F�E�R�E�N�C�E �I�N �L�I�N�E�A�R �'�A�U�S�S�I�A�N �N�E�T�W�O�R�K�S �T�A�K�E�S �O�N�L�YO(n3) �T�I�M�E �I�N �T�H�E �W�O�R�S�T �C�A�S�E�� �R�E�G�A�R�D�L�E�S�S �O�F �T�H�E
�N�E�T�W�O�R�K �T�O�P�O�L�O�G�Y�� �)�N �3�E�C�T�I�O�N ���������� �W�E �S�E�E �T�H�A�T �I�N�F�E�R�E�N�C�E �F�O�R �N�E�T�W�O�R�K�S �O�F �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E�S �I�S �.�0�
�H�A�R�D��
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��

������

������

������

������

��

�� �� �� �� �� ���� ����

�3
���

F
�	

�#�O�S�T�F

��

������

������

������

������

��

�� �� �� �� �� ���� ����

�3
���

E
�X

�\�
V

�\�
F

�	

�#�O�S�T�F

�,�O�G�I�T
�0�R�O�B�I�T

���A�	 ���B�	

�)�L�J�X�U�H �����������A�	 �! �N�O�R�M�A�L ���'�A�U�S�S�I�A�N�	 �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �T�H�E �C�O�S�T �T�H�R�E�S�H�O�L�D�� �C�E�N�T�E�R�E�D �O�N
� = 6 :0 �W�I�T�H �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N� = 1 :0�� ���B�	 �,�O�G�I�T �A�N�D �P�R�O�B�I�T �D�I�S�T�R�I�B�U�T�I�O�N�S �F�O�R �T�H�E �P�R�O�B�A�B�I�L�I�T�Y
�O�Fbuys�G�I�V�E�Ncost�� �F�O�R �T�H�E �P�A�R�A�M�E�T�E�R�S� = 6 :0 �A�N�D� = 1 :0��

�E�X�W�L�R�Q���P�R�O�N�O�U�N�C�E�D �h�P�R�O�
�B�I�T�v �A�N�D �S�H�O�R�T �F�O�R �h�P�R�O�B�A�B�I�L�I�T�Y �U�N�I�T�v�	 �I�S �I�L�L�U�S�T�R�A�T�E�D �I�N �&�I�G�U�R�E �����������A�	��PROBIT
DISTRIBUTION

�4�H�E �F�O�R�M �C�A�N �B�E �J�U�S�T�I�l�E�D �B�Y �P�R�O�P�O�S�I�N�G �T�H�A�T �T�H�E �U�N�D�E�R�L�Y�I�N�G �D�E�C�I�S�I�O�N �P�R�O�C�E�S�S �H�A�S �A �H�A�R�D �T�H�R�E�S�H�

�O�L�D�� �B�U�T �T�H�A�T �T�H�E �P�R�E�C�I�S�E �L�O�C�A�T�I�O�N �O�F �T�H�E �T�H�R�E�S�H�O�L�D �I�S �S�U�B�J�E�C�T �T�O �R�A�N�D�O�M �'�A�U�S�S�I�A�N �N�O�I�S�E��

�!�N �A�L�T�E�R�N�A�T�I�V�E �T�O �T�H�E �P�R�O�B�I�T �M�O�D�E�L �I�S �T�H�E�O�R�J�L�W �G�L�V�W�U�L�E�X�W�L�R�Q���P�R�O�N�O�U�N�C�E�D �h�L�O�W�
�J�I�T�v�	�� �)�TLOGIT DISTRIBUTION

�U�S�E�S �T�H�E�O�R�J�L�V�W�L�F �I�X�Q�F�W�L�R�Q1=(1 + e� x ) �T�O �P�R�O�D�U�C�E �A �S�O�F�T �T�H�R�E�S�H�O�L�D��LOGISTIC FUNCTION

P(buysj Cost = c) =
1

1 + exp(� 2� c+ �
� )

:

�4�H�I�S �I�S �I�L�L�U�S�T�R�A�T�E�D �I�N �&�I�G�U�R�E �����������B�	�� �4�H�E �T�W�O �D�I�S�T�R�I�B�U�T�I�O�N�S �L�O�O�K �S�I�M�I�L�A�R�� �B�U�T �T�H�E �L�O�G�I�T �A�C�T�U�A�L�L�Y
�H�A�S �M�U�C�H �L�O�N�G�E�R �h�T�A�I�L�S���v �4�H�E �P�R�O�B�I�T �I�S �O�F�T�E�N �A �B�E�T�T�E�R �l�T �T�O �R�E�A�L �S�I�T�U�A�T�I�O�N�S�� �B�U�T �T�H�E �L�O�G�I�T �I�S �S�O�M�E�

�T�I�M�E�S �E�A�S�I�E�R �T�O �D�E�A�L �W�I�T�H �M�A�T�H�E�M�A�T�I�C�A�L�L�Y�� �)�T �I�S �U�S�E�D �W�I�D�E�L�Y �I�N �N�E�U�R�A�L �N�E�T�W�O�R�K�S ���#�H�A�P�T�E�R �����	��
�"�O�T�H �P�R�O�B�I�T �A�N�D �L�O�G�I�T �C�A�N �B�E �G�E�N�E�R�A�L�I�Z�E�D �T�O �H�A�N�D�L�E �M�U�L�T�I�P�L�E �C�O�N�T�I�N�U�O�U�S �P�A�R�E�N�T�S �B�Y �T�A�K�I�N�G �A
�L�I�N�E�A�R �C�O�M�B�I�N�A�T�I�O�N �O�F �T�H�E �P�A�R�E�N�T �V�A�L�U�E�S��

�������� �%�8�!�#�4 �)�.�&�%�2�%�.�#�% �)�.�" �!�9�%�3�)�!�.�. �%�4�7�/�2�+�3

�4�H�E �B�A�S�I�C �T�A�S�K �F�O�R �A�N�Y �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�E�R�E�N�C�E �S�Y�S�T�E�M �I�S �T�O �C�O�M�P�U�T�E �T�H�E �P�O�S�T�E�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y
�D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �A �S�E�T �O�F�T�X�H�U�\ �Y�D�U�L�D�E�O�H�V�� �G�I�V�E�N �S�O�M�E �O�B�S�E�R�V�E�D�H�Y�H�Q�W�ˆ�T�H�A�T �I�S�� �S�O�M�E �A�S�S�I�G�N�
EVENT

�M�E�N�T �O�F �V�A�L�U�E�S �T�O �A �S�E�T �O�F�H�Y�L�G�H�Q�F�H �Y�D�U�L�D�E�O�H�V�� �4�O �S�I�M�P�L�I�F�Y �T�H�E �P�R�E�S�E�N�T�A�T�I�O�N�� �W�E �W�I�L�L �C�O�N�S�I�D�E�R
�O�N�L�Y �O�N�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E �A�T �A �T�I�M�E�� �T�H�E �A�L�G�O�R�I�T�H�M�S �C�A�N �E�A�S�I�L�Y �B�E �E�X�T�E�N�D�E�D �T�O �Q�U�E�R�I�E�S �W�I�T�H �M�U�L�

�T�I�P�L�E �V�A�R�I�A�B�L�E�S�� �7�E �W�I�L�L �U�S�E �T�H�E �N�O�T�A�T�I�O�N �F�R�O�M �#�H�A�P�T�E�R ������X �D�E�N�O�T�E�S �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E���(
�D�E�N�O�T�E�S �T�H�E �S�E�T �O�F �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�SE1; : : : ; Em �� �A�N�D�H�I�S �A �P�A�R�T�I�C�U�L�A�R �O�B�S�E�R�V�E�D �E�V�E�N�T���< �W�I�L�L
�D�E�N�O�T�E�S �T�H�E �N�O�N�E�V�I�D�E�N�C�E�� �N�O�N�Q�U�E�R�Y �V�A�R�I�A�B�L�E�SY1; : : : ; Yl ���C�A�L�L�E�D �T�H�E�K�L�G�G�H�Q �Y�D�U�L�D�E�O�H�V�	�� �4�H�U�S��HIDDEN VARIABLE

�T�H�E �C�O�M�P�L�E�T�E �S�E�T �O�F �V�A�R�I�A�B�L�E�S �I�S�; = f X g [ �( [ �<�� �! �T�Y�P�I�C�A�L �Q�U�E�R�Y �A�S�K�S �F�O�R �T�H�E �P�O�S�T�E�R�I�O�R
�P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N�3(X j �H)��



�3�E�C�T�I�O�N ���������� �%�X�A�C�T �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S ������

�)�N �T�H�E �B�U�R�G�L�A�R�Y �N�E�T�W�O�R�K�� �W�E �M�I�G�H�T �O�B�S�E�R�V�E �T�H�E �E�V�E�N�T �I�N �W�H�I�C�HJohnCalls = true �A�N�D
MaryCalls = true�� �7�E �C�O�U�L�D �T�H�E�N �A�S�K �F�O�R�� �S�A�Y�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A �B�U�R�G�L�A�R�Y �H�A�S �O�C�C�U�R�R�E�D��

�3(Burglary j JohnCalls= true; MaryCalls = true) = h0:284; 0:716i :

�)�N �T�H�I�S �S�E�C�T�I�O�N �W�E �D�I�S�C�U�S�S �E�X�A�C�T �A�L�G�O�R�I�T�H�M�S �F�O�R �C�O�M�P�U�T�I�N�G �P�O�S�T�E�R�I�O�R �P�R�O�B�A�B�I�L�I�T�I�E�S �A�N�D �W�I�L�L
�C�O�N�S�I�D�E�R �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�I�S �T�A�S�K�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�E �G�E�N�E�R�A�L �C�A�S�E �I�S �I�N�T�R�A�C�T�A�B�L�E�� �S�O �3�E�C�

�T�I�O�N �������� �C�O�V�E�R�S �M�E�T�H�O�D�S �F�O�R �A�P�P�R�O�X�I�M�A�T�E �I�N�F�E�R�E�N�C�E��

������������ �,�Q�I�H�U�H�Q�F�H �E�\ �H�Q�X�P�H�U�D�W�L�R�Q

�#�H�A�P�T�E�R ���� �E�X�P�L�A�I�N�E�D �T�H�A�T �A�N�Y �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �C�A�N �B�E �C�O�M�P�U�T�E�D �B�Y �S�U�M�M�I�N�G �T�E�R�M�S
�F�R�O�M �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �-�O�R�E �S�P�E�C�I�l�C�A�L�L�Y�� �A �Q�U�E�R�Y�3(X j �H) �C�A�N �B�E �A�N�S�W�E�R�E�D �U�S�I�N�G
�%�Q�U�A�T�I�O�N �����������	�� �W�H�I�C�H �W�E �R�E�P�E�A�T �H�E�R�E �F�O�R �C�O�N�V�E�N�I�E�N�C�E��

�3(X j �H) = � �3(X; �H) = �
X

�\

�3(X; �H; �\) :

�.�O�W�� �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �G�I�V�E�S �A �C�O�M�P�L�E�T�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �-�O�R�E
�S�P�E�C�I�l�C�A�L�L�Y�� �%�Q�U�A�T�I�O�N �����������	 �O�N �P�A�G�E ������ �S�H�O�W�S �T�H�A�T �T�H�E �T�E�R�M�SP(x; �H; �\) �I�N �T�H�E �J�O�I�N�T �D�I�S�T�R�I�

�B�U�T�I�O�N �C�A�N �B�E �W�R�I�T�T�E�N �A�S �P�R�O�D�U�C�T�S �O�F �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �F�R�O�M �T�H�E �N�E�T�W�O�R�K�� �4�H�E�R�E�F�O�R�E���D
�T�X�H�U�\ �F�D�Q �E�H �D�Q�V�Z�H�U�H�G �X�V�L�Q�J �D �%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N �E�\ �F�R�P�S�X�W�L�Q�J �V�X�P�V �R�I�S�U�R�G�X�F�W�V �R�I �F�R�Q�G�L��
�W�L�R�Q�D�O �S�U�R�E�D�E�L�O�L�W�L�H�V �I�U�R�P �W�K�H �Q�H�W�Z�R�U�N��

�#�O�N�S�I�D�E�R �T�H�E �Q�U�E�R�Y�3(Burglary j JohnCalls= true; MaryCalls = true)�� �4�H�E �H�I�D�D�E�N
�V�A�R�I�A�B�L�E�S �F�O�R �T�H�I�S �Q�U�E�R�Y �A�R�EEarthquake �A�N�DAlarm �� �&�R�O�M �%�Q�U�A�T�I�O�N �����������	�� �U�S�I�N�G �I�N�I�T�I�A�L
�L�E�T�T�E�R�S �F�O�R �T�H�E �V�A�R�I�A�B�L�E�S �T�O �S�H�O�R�T�E�N �T�H�E �E�X�P�R�E�S�S�I�O�N�S�� �W�E �H�A�V�E��

�3(B j j; m ) = � �3(B; j; m ) = �
X

e

X

a

�3(B; j; m; e; a; ) :

�4�H�E �S�E�M�A�N�T�I�C�S �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S ���%�Q�U�A�T�I�O�N �����������	�	 �T�H�E�N �G�I�V�E�S �U�S �A�N �E�X�P�R�E�S�S�I�O�N �I�N �T�E�R�M�S
�O�F �#�0�4 �E�N�T�R�I�E�S�� �&�O�R �S�I�M�P�L�I�C�I�T�Y�� �W�E �D�O �T�H�I�S �J�U�S�T �F�O�RBurglary = true��

P(bj j; m ) = �
X

e

X

a

P(b)P(e)P(a j b; e)P(j j a)P(m j a) :

�4�O �C�O�M�P�U�T�E �T�H�I�S �E�X�P�R�E�S�S�I�O�N�� �W�E �H�A�V�E �T�O �A�D�D �F�O�U�R �T�E�R�M�S�� �E�A�C�H �C�O�M�P�U�T�E�D �B�Y �M�U�L�T�I�P�L�Y�I�N�G �l�V�E
�N�U�M�B�E�R�S�� �)�N �T�H�E �W�O�R�S�T �C�A�S�E�� �W�H�E�R�E �W�E �H�A�V�E �T�O �S�U�M �O�U�T �A�L�M�O�S�T �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S�� �T�H�E �C�O�M�P�L�E�X�I�T�Y
�O�F �T�H�E �A�L�G�O�R�I�T�H�M �F�O�R �A �N�E�T�W�O�R�K �W�I�T�Hn �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�S �I�SO(n2n )��

�!�N �I�M�P�R�O�V�E�M�E�N�T �C�A�N �B�E �O�B�T�A�I�N�E�D �F�R�O�M �T�H�E �F�O�L�L�O�W�I�N�G �S�I�M�P�L�E �O�B�S�E�R�V�A�T�I�O�N�S�� �T�H�EP(b)
�T�E�R�M �I�S �A �C�O�N�S�T�A�N�T �A�N�D �C�A�N �B�E �M�O�V�E�D �O�U�T�S�I�D�E �T�H�E �S�U�M�M�A�T�I�O�N�S �O�V�E�Ra �A�N�De�� �A�N�D �T�H�EP(e) �T�E�R�M
�C�A�N �B�E �M�O�V�E�D �O�U�T�S�I�D�E �T�H�E �S�U�M�M�A�T�I�O�N �O�V�E�Ra�� �(�E�N�C�E�� �W�E �H�A�V�E

P(bj j; m ) = � P (b)
X

e

P(e)
X

a

P(a j b; e)P(j j a)P(m j a) : �����������	

�4�H�I�S �E�X�P�R�E�S�S�I�O�N �C�A�N �B�E �E�V�A�L�U�A�T�E�D �B�Y �L�O�O�P�I�N�G �T�H�R�O�U�G�H �T�H�E �V�A�R�I�A�B�L�E�S �I�N �O�R�D�E�R�� �M�U�L�T�I�P�L�Y�I�N�G �#�0�4
�E�N�T�R�I�E�S �A�S �W�E �G�O�� �&�O�R �E�A�C�H �S�U�M�M�A�T�I�O�N�� �W�E �A�L�S�O �N�E�E�D �T�O �L�O�O�P �O�V�E�R �T�H�E �V�A�R�I�A�B�L�E���S �P�O�S�S�I�B�L�E

4 �!�N �E�X�P�R�E�S�S�I�O�N �S�U�C�H �A�S
P

e P(a; e) �M�E�A�N�S �T�O �S�U�MP(A = a; E = e) �F�O�R �A�L�L �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�Fe�� �7�H�E�NE �I�S
�"�O�O�L�E�A�N�� �T�H�E�R�E �I�S �A�N �A�M�B�I�G�U�I�T�Y �I�N �T�H�A�TP(e) �I�S �U�S�E�D �T�O �M�E�A�N �B�O�T�HP(E = true ) �A�N�DP(E = e)�� �B�U�T �I�T �S�H�O�U�L�D �B�E
�C�L�E�A�R �F�R�O�M �C�O�N�T�E�X�T �W�H�I�C�H �I�S �I�N�T�E�N�D�E�D�� �I�N �P�A�R�T�I�C�U�L�A�R�� �I�N �T�H�E �C�O�N�T�E�X�T �O�F �A �S�U�M �T�H�E �L�A�T�T�E�R �I�S �I�N�T�E�N�D�E�D��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�V�A�L�U�E�S�� �4�H�E �S�T�R�U�C�T�U�R�E �O�F �T�H�I�S �C�O�M�P�U�T�A�T�I�O�N �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������5�S�I�N�G �T�H�E �N�U�M�B�E�R�S �F�R�O�M
�&�I�G�U�R�E ���������� �W�E �O�B�T�A�I�NP(bj j; m ) = � � 0:00059224�� �4�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �C�O�M�P�U�T�A�T�I�O�N �F�O�R
: b �Y�I�E�L�D�S� � 0:0014919�� �H�E�N�C�E��

�3(B j j; m ) = � h0:00059224; 0:0014919i � h 0:284; 0:716i :

�4�H�A�T �I�S�� �T�H�E �C�H�A�N�C�E �O�F �A �B�U�R�G�L�A�R�Y�� �G�I�V�E�N �C�A�L�L�S �F�R�O�M �B�O�T�H �N�E�I�G�H�B�O�R�S�� �I�S �A�B�O�U�T ��������
�4�H�E �E�V�A�L�U�A�T�I�O�N �P�R�O�C�E�S�S �F�O�R �T�H�E �E�X�P�R�E�S�S�I�O�N �I�N �%�Q�U�A�T�I�O�N �����������	 �I�S �S�H�O�W�N �A�S �A�N �E�X�P�R�E�S�S�I�O�N

�T�R�E�E �I�N �&�I�G�U�R�E ���������� �4�H�E �%�.�5�-�%�2�!�4�)�/�.�
�! �3�+�A�L�G�O�R�I�T�H�M �I�N �&�I�G�U�R�E �������� �E�V�A�L�U�A�T�E�S �S�U�C�H �T�R�E�E�S
�U�S�I�N�G �D�E�P�T�H�
�l�R�S�T �R�E�C�U�R�S�I�O�N�� �4�H�E �A�L�G�O�R�I�T�H�M �I�S �V�E�R�Y �S�I�M�I�L�A�R �I�N �S�T�R�U�C�T�U�R�E �T�O �T�H�E �B�A�C�K�T�R�A�C�K�I�N�G �A�L�

�G�O�R�I�T�H�M �F�O�R �S�O�L�V�I�N�G �#�3�0�S ���&�I�G�U�R�E �������	 �A�N�D �T�H�E �$�0�,�, �A�L�G�O�R�I�T�H�M �F�O�R �S�A�T�I�S�l�A�B�I�L�I�T�Y ���&�I�G�U�R�E ���������	��

�4�H�E �S�P�A�C�E �C�O�M�P�L�E�X�I�T�Y �O�F �%�.�5�-�%�2�!�4�)�/�.�
�! �3�+�I�S �O�N�L�Y �L�I�N�E�A�R �I�N �T�H�E �N�U�M�B�E�R �O�F �V�A�R�I�A�B�L�E�S��
�T�H�E �A�L�G�O�R�I�T�H�M �S�U�M�S �O�V�E�R �T�H�E �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �W�I�T�H�O�U�T �E�V�E�R �C�O�N�S�T�R�U�C�T�I�N�G �I�T �E�X�P�L�I�C�I�T�L�Y�� �5�N�

�F�O�R�T�U�N�A�T�E�L�Y�� �I�T�S �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �F�O�R �A �N�E�T�W�O�R�K �W�I�T�Hn �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�S �I�S �A�L�W�A�Y�SO(2n )�ˆ
�B�E�T�T�E�R �T�H�A�N �T�H�EO(n 2n ) �F�O�R �T�H�E �S�I�M�P�L�E �A�P�P�R�O�A�C�H �D�E�S�C�R�I�B�E�D �E�A�R�L�I�E�R�� �B�U�T �S�T�I�L�L �R�A�T�H�E�R �G�R�I�M��

�.�O�T�E �T�H�A�T �T�H�E �T�R�E�E �I�N �&�I�G�U�R�E �������� �M�A�K�E�S �E�X�P�L�I�C�I�T �T�H�E�U�H�S�H�D�W�H�G �V�X�E�H�[�S�U�H�V�V�L�R�Q�V�E�V�A�L�U�

�A�T�E�D �B�Y �T�H�E �A�L�G�O�R�I�T�H�M�� �4�H�E �P�R�O�D�U�C�T�SP(j j a)P(m j a) �A�N�DP(j j : a)P(m j : a) �A�R�E �C�O�M�P�U�T�E�D
�T�W�I�C�E�� �O�N�C�E �F�O�R �E�A�C�H �V�A�L�U�E �O�Fe�� �4�H�E �N�E�X�T �S�E�C�T�I�O�N �D�E�S�C�R�I�B�E�S �A �G�E�N�E�R�A�L �M�E�T�H�O�D �T�H�A�T �A�V�O�I�D�S �S�U�C�H
�W�A�S�T�E�D �C�O�M�P�U�T�A�T�I�O�N�S��

������������ �7�K�H �Y�D�U�L�D�E�O�H �H�O�L�P�L�Q�D�W�L�R�Q �D�O�J�R�U�L�W�K�P

�4�H�E �E�N�U�M�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �C�A�N �B�E �I�M�P�R�O�V�E�D �S�U�B�S�T�A�N�T�I�A�L�L�Y �B�Y �E�L�I�M�I�N�A�T�I�N�G �R�E�P�E�A�T�E�D �C�A�L�C�U�L�A�

�T�I�O�N�S �O�F �T�H�E �K�I�N�D �I�L�L�U�S�T�R�A�T�E�D �I�N �&�I�G�U�R�E ���������� �4�H�E �I�D�E�A �I�S �S�I�M�P�L�E�� �D�O �T�H�E �C�A�L�C�U�L�A�T�I�O�N �O�N�C�E �A�N�D
�S�A�V�E �T�H�E �R�E�S�U�L�T�S �F�O�R �L�A�T�E�R �U�S�E�� �4�H�I�S �I�S �A �F�O�R�M �O�F �D�Y�N�A�M�I�C �P�R�O�G�R�A�M�M�I�N�G�� �4�H�E�R�E �A�R�E �S�E�V�E�R�A�L �V�E�R�

�S�I�O�N�S �O�F �T�H�I�S �A�P�P�R�O�A�C�H�� �W�E �P�R�E�S�E�N�T �T�H�E�Y�D�U�L�D�E�O�H �H�O�L�P�L�Q�D�W�L�R�Q�A�L�G�O�R�I�T�H�M�� �W�H�I�C�H �I�S �T�H�E �S�I�M�P�L�E�S�T��VARIABLE

ELIMINATION

�6�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �W�O�R�K�S �B�Y �E�V�A�L�U�A�T�I�N�G �E�X�P�R�E�S�S�I�O�N�S �S�U�C�H �A�S �%�Q�U�A�T�I�O�N �����������	 �I�N�U�L�J�K�W���W�R���O�H�I�W
�O�R�D�E�R ���T�H�A�T �I�S���E�R�W�W�R�P �X�S�I�N �&�I�G�U�R�E ���������	�� �)�N�T�E�R�M�E�D�I�A�T�E �R�E�S�U�L�T�S �A�R�E �S�T�O�R�E�D�� �A�N�D �S�U�M�M�A�T�I�O�N�S �O�V�E�R
�E�A�C�H �V�A�R�I�A�B�L�E �A�R�E �D�O�N�E �O�N�L�Y �F�O�R �T�H�O�S�E �P�O�R�T�I�O�N�S �O�F �T�H�E �E�X�P�R�E�S�S�I�O�N �T�H�A�T �D�E�P�E�N�D �O�N �T�H�E �V�A�R�I�A�B�L�E��

�,�E�T �U�S �I�L�L�U�S�T�R�A�T�E �T�H�I�S �P�R�O�C�E�S�S �F�O�R �T�H�E �B�U�R�G�L�A�R�Y �N�E�T�W�O�R�K�� �7�E �E�V�A�L�U�A�T�E �T�H�E �E�X�P�R�E�S�S�I�O�N

�3(B j j; m ) = � �3(B )
| {z }
�I1 (B )

X

e

P(e)
| {z }
�I2 (E )

X

a

�3(a j B; e)
| {z }
�I3(A;B;E )

P(j j a)
| {z }

�I4(A )

P(m j a)
| {z }

�I5 (A )

:

�.�O�T�I�C�E �T�H�A�T �W�E �H�A�V�E �A�N�N�O�T�A�T�E�D �E�A�C�H �P�A�R�T �O�F �T�H�E �E�X�P�R�E�S�S�I�O�N �W�I�T�H �T�H�E �N�A�M�E �O�F �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G
�I�D�F�W�R�U�� �E�A�C�H �F�A�C�T�O�R �I�S �A �M�A�T�R�I�X �I�N�D�E�X�E�D �B�Y �T�H�E �V�A�L�U�E�S �O�F �I�T�S �A�R�G�U�M�E�N�T �V�A�R�I�A�B�L�E�S�� �&�O�R �E�X�A�M�P�L�E��FACTOR

�T�H�E �F�A�C�T�O�R�S�I4(A) �A�N�D�I5(A) �C�O�R�R�E�S�P�O�N�D�I�N�G �T�OP(j j a) �A�N�DP(m j a) �D�E�P�E�N�D �J�U�S�T �O�NA �B�E�C�A�U�S�E
J �A�N�DM �A�R�E �l�X�E�D �B�Y �T�H�E �Q�U�E�R�Y�� �4�H�E�Y �A�R�E �T�H�E�R�E�F�O�R�E �T�W�O�
�E�L�E�M�E�N�T �V�E�C�T�O�R�S��

�I4(A) =
�

P(j j a)
P(j j : a)

�
=

�
0:90
0:05

�
�I5(A) =

�
P(m j a)

P(m j : a)

�
=

�
0:70
0:01

�
:

�I3(A; B; E ) �W�I�L�L �B�E �A2� 2� 2 �M�A�T�R�I�X�� �W�H�I�C�H �I�S �H�A�R�D �T�O �S�H�O�W �O�N �T�H�E �P�R�I�N�T�E�D �P�A�G�E�� ���4�H�E �h�l�R�S�T�v
�E�L�E�M�E�N�T �I�S �G�I�V�E�N �B�YP(a j b; e) = 0 :95 �A�N�D �T�H�E �h�L�A�S�T�v �B�YP(: a j : b;: e) = 0 :999���	 �)�N �T�E�R�M�S �O�F
�F�A�C�T�O�R�S�� �T�H�E �Q�U�E�R�Y �E�X�P�R�E�S�S�I�O�N �I�S �W�R�I�T�T�E�N �A�S

�3(B j j; m ) = � �I1(B ) �
X

e

�I2(E) �
X

a

�I3(A; B; E ) � �I4(A) � �I5(A)



�3�E�C�T�I�O�N ���������� �%�X�A�C�T �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S ������

�3���M�\�D�	
������

�3���P�\�D�	
������ ������

�3���P�\�¤�D�	

������
�3���M�\�¤�D�	 �3�� �M�\�D�	

������

�3���P�\�D�	
������ ������

�3���P�\�¤�D�	

������
�3���M�\�¤�D�	

�3���E�	
��������

�3���H�	
��������

�3���¤�H�	
��������

�3���D�\�E���H�	
������ ������

�3���¤�D�\�E���¤�H�	
������
�3���¤�D�\�E���H�	

������
�3���D�\�E���¤�H�	

�)�L�J�X�U�H ���������4�H�E �S�T�R�U�C�T�U�R�E �O�F �T�H�E �E�X�P�R�E�S�S�I�O�N �S�H�O�W�N �I�N �%�Q�U�A�T�I�O�N �����������	�� �4�H�E �E�V�A�L�U�A�T�I�O�N
�P�R�O�C�E�E�D�S �T�O�P �D�O�W�N�� �M�U�L�T�I�P�L�Y�I�N�G �V�A�L�U�E�S �A�L�O�N�G �E�A�C�H �P�A�T�H �A�N�D �S�U�M�M�I�N�G �A�T �T�H�E �h���v �N�O�D�E�S�� �.�O�T�I�C�E
�T�H�E �R�E�P�E�T�I�T�I�O�N �O�F �T�H�E �P�A�T�H�S �F�O�Rj �A�N�Dm��

�I�X�Q�F�W�L�R�Q�%�.�5�-�%�2�!�4�)�/�. �
�! �3�+��X ���H��bn�	�U�H�W�X�U�Q�V�A �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�RX
�L�Q�S�X�W�V��X �� �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E

�H�� �O�B�S�E�R�V�E�D �V�A�L�U�E�S �F�O�R �V�A�R�I�A�B�L�E�S�(
bn�� �A �"�A�Y�E�S �N�E�T �W�I�T�H �V�A�R�I�A�B�L�E�Sf X g [ �( [ �< �� �� �< � �K�L�G�G�H�Q �Y�D�U�L�D�E�O�H�V�� ��

�4(X )  �A �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�RX �� �I�N�I�T�I�A�L�L�Y �E�M�P�T�Y
�I�R�U �H�D�F�K�V�A�L�U�Ex i �O�FX �G�R

�4(x i )  �%�.�5�-�%�2�!�4�%�
�! �,�, ��bn���6�!�2�3���Hx i �	
�W�H�E�R�E�Hx i �I�S�H�E�X�T�E�N�D�E�D �W�I�T�HX = x i

�U�H�W�X�U�Q�. �/�2�-�!�,�)�:�%���4(X )�	

�I�X�Q�F�W�L�R�Q�%�.�5�-�%�2�!�4�%�
�! �,�, ��vars���H�	�U�H�W�X�U�Q�V�A �R�E�A�L �N�U�M�B�E�R
�L�I�%�-�0�4�9����vars�	 �W�K�H�Q �U�H�W�X�U�Q������
Y  �&�)�2�3�4��vars�	
�L�IY �H�A�S �V�A�L�U�Ey �I�N�H

�W�K�H�Q �U�H�W�X�U�QP(y j parents(Y )) � �%�.�5�-�%�2�!�4�%�
�! �,�, ���2�%�3�4��vars�	���H�	
�H�O�V�H �U�H�W�X�U�Q

P
y P(y j parents(Y)) � �%�.�5�-�%�2�!�4�%�
�! �,�, ���2�%�3�4��vars�	���Hy �	

�W�H�E�R�E�Hy �I�S�H�E�X�T�E�N�D�E�D �W�I�T�HY = y

�)�L�J�X�U�H ���������4�H�E �E�N�U�M�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �A�N�S�W�E�R�I�N�G �Q�U�E�R�I�E�S �O�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�W�H�E�R�E �T�H�E �h� �v �O�P�E�R�A�T�O�R �I�S �N�O�T �O�R�D�I�N�A�R�Y �M�A�T�R�I�X �M�U�L�T�I�P�L�I�C�A�T�I�O�N �B�U�T �I�N�S�T�E�A�D �T�H�E�S�R�L�Q�W�Z�L�V�H �S�U�R�G��
�X�F�W�O�P�E�R�A�T�I�O�N�� �T�O �B�E �D�E�S�C�R�I�B�E�D �S�H�O�R�T�L�Y��POINTWISE

PRODUCT

�4�H�E �P�R�O�C�E�S�S �O�F �E�V�A�L�U�A�T�I�O�N �I�S �A �P�R�O�C�E�S�S �O�F �S�U�M�M�I�N�G �O�U�T �V�A�R�I�A�B�L�E�S ���R�I�G�H�T �T�O �L�E�F�T�	 �F�R�O�M
�P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T�S �O�F �F�A�C�T�O�R�S �T�O �P�R�O�D�U�C�E �N�E�W �F�A�C�T�O�R�S�� �E�V�E�N�T�U�A�L�L�Y �Y�I�E�L�D�I�N�G �A �F�A�C�T�O�R �T�H�A�T �I�S �T�H�E
�S�O�L�U�T�I�O�N�� �I���E���� �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E�� �4�H�E �S�T�E�P�S �A�R�E �A�S �F�O�L�L�O�W�S��

� �&�I�R�S�T�� �W�E �S�U�M �O�U�TA �F�R�O�M �T�H�E �P�R�O�D�U�C�T �O�F�I3���I4�� �A�N�D�I5�� �4�H�I�S �G�I�V�E�S �U�S �A �N�E�W2 � 2 �F�A�C�T�O�R
�I6(B; E ) �W�H�O�S�E �I�N�D�I�C�E�S �R�A�N�G�E �O�V�E�R �J�U�S�TB �A�N�DE��

�I6(B; E ) =
X

a

�I3(A; B; E ) � �I4(A) � �I5(A)

= ( �I3(a; B; E ) � �I4(a) � �I5(a)) + ( �I3(: a; B; E ) � �I4(: a) � �I5(: a)) :

�.�O�W �W�E �A�R�E �L�E�F�T �W�I�T�H �T�H�E �E�X�P�R�E�S�S�I�O�N

�3(B j j; m ) = � �I1(B ) �
X

e

�I2(E) � �I6(B; E ) :

� �.�E�X�T�� �W�E �S�U�M �O�U�TE �F�R�O�M �T�H�E �P�R�O�D�U�C�T �O�F�I2 �A�N�D�I6��

�I7(B ) =
X

e

�I2(E) � �I6(B; E )

= �I2(e) � �I6(B; e) + �I2(: e) � �I6(B; : e) :

�4�H�I�S �L�E�A�V�E�S �T�H�E �E�X�P�R�E�S�S�I�O�N

�3(B j j; m ) = � �I1(B ) � �I7(B )

�W�H�I�C�H �C�A�N �B�E �E�V�A�L�U�A�T�E�D �B�Y �T�A�K�I�N�G �T�H�E �P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T �A�N�D �N�O�R�M�A�L�I�Z�I�N�G �T�H�E �R�E�S�U�L�T��

�%�X�A�M�I�N�I�N�G �T�H�I�S �S�E�Q�U�E�N�C�E�� �W�E �S�E�E �T�H�A�T �T�W�O �B�A�S�I�C �C�O�M�P�U�T�A�T�I�O�N�A�L �O�P�E�R�A�T�I�O�N�S �A�R�E �R�E�Q�U�I�R�E�D�� �P�O�I�N�T�

�W�I�S�E �P�R�O�D�U�C�T �O�F �A �P�A�I�R �O�F �F�A�C�T�O�R�S�� �A�N�D �S�U�M�M�I�N�G �O�U�T �A �V�A�R�I�A�B�L�E �F�R�O�M �A �P�R�O�D�U�C�T �O�F �F�A�C�T�O�R�S�� �4�H�E
�N�E�X�T �S�E�C�T�I�O�N �D�E�S�C�R�I�B�E�S �E�A�C�H �O�F �T�H�E�S�E �O�P�E�R�A�T�I�O�N�S��

�2�S�H�U�D�W�L�R�Q�V �R�Q �I�D�F�W�R�U�V

�4�H�E �P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T �O�F �T�W�O �F�A�C�T�O�R�S�I1 �A�N�D�I2 �Y�I�E�L�D�S �A �N�E�W �F�A�C�T�O�R�I �W�H�O�S�E �V�A�R�I�A�B�L�E�S �A�R�E
�T�H�E�X�Q�L�R�Q�O�F �T�H�E �V�A�R�I�A�B�L�E�S �I�N�I1 �A�N�D�I2 �A�N�D �W�H�O�S�E �E�L�E�M�E�N�T�S �A�R�E �G�I�V�E�N �B�Y �T�H�E �P�R�O�D�U�C�T �O�F �T�H�E
�C�O�R�R�E�S�P�O�N�D�I�N�G �E�L�E�M�E�N�T�S �I�N �T�H�E �T�W�O �F�A�C�T�O�R�S�� �3�U�P�P�O�S�E �T�H�E �T�W�O �F�A�C�T�O�R�S �H�A�V�E �V�A�R�I�A�B�L�E�SY1; : : : ; Yk

�I�N �C�O�M�M�O�N�� �4�H�E�N �W�E �H�A�V�E

�I(X 1 : : : X j ; Y1 : : : Yk ; Z1 : : : Z l ) = �I1(X 1 : : : X j ; Y1 : : : Yk ) �I2(Y1 : : : Yk ; Z ; : : : Z l ):

�)�F �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S �A�R�E �B�I�N�A�R�Y�� �T�H�E�N�I1 �A�N�D�I2 �H�A�V�E2j + k �A�N�D2k+ l �E�N�T�R�I�E�S�� �R�E�S�P�E�C�T�I�V�E�L�Y�� �A�N�D
�T�H�E �P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T �H�A�S2j + k+ l �E�N�T�R�I�E�S�� �&�O�R �E�X�A�M�P�L�E�� �G�I�V�E�N �T�W�O �F�A�C�T�O�R�S�I1(A; B ) �A�N�D
�I2(B; C )�� �T�H�E �P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T�I1 � �I2 = �I3(A; B; C ) �H�A�S21+1+1 = 8 �E�N�T�R�I�E�S�� �A�S �I�L�L�U�S�T�R�A�T�E�D
�I�N �&�I�G�U�R�E ������������ �.�O�T�I�C�E �T�H�A�T �T�H�E �F�A�C�T�O�R �R�E�S�U�L�T�I�N�G �F�R�O�M �A �P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T �C�A�N �C�O�N�T�A�I�N �M�O�R�E
�V�A�R�I�A�B�L�E�S �T�H�A�N �A�N�Y �O�F �T�H�E �F�A�C�T�O�R�S �B�E�I�N�G �M�U�L�T�I�P�L�I�E�D �A�N�D �T�H�A�T �T�H�E �S�I�Z�E �O�F �A �F�A�C�T�O�R �I�S �E�X�P�O�N�E�N�T�I�A�L �I�N
�T�H�E �N�U�M�B�E�R �O�F �V�A�R�I�A�B�L�E�S�� �4�H�I�S �I�S �W�H�E�R�E �B�O�T�H �S�P�A�C�E �A�N�D �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �A�R�I�S�E �I�N �T�H�E �V�A�R�I�A�B�L�E
�E�L�I�M�I�N�A�T�I�O�N �A�L�G�O�R�I�T�H�M��



�3�E�C�T�I�O�N ���������� �%�X�A�C�T �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S ������

A B �I1(A; B ) B C �I2(B; C ) A B C �I3(A; B; C )

�4 �4 ���� �4 �4 ���� �4 �4 �4 :3 � :2 = :06
�4 �& ���� �4 �& ���� �4 �4 �& :3 � :8 = :24
�& �4 ���� �& �4 ���� �4 �& �4 :7 � :6 = :42
�& �& ���� �& �& ���� �4 �& �& :7 � :4 = :28

�& �4 �4 :9 � :2 = :18
�& �4 �& :9 � :8 = :72
�& �& �4 :1 � :6 = :06
�& �& �& :1 � :4 = :04

�)�L�J�X�U�H �����������)�L�L�U�S�T�R�A�T�I�N�G �P�O�I�N�T�W�I�S�E �M�U�L�T�I�P�L�I�C�A�T�I�O�N���I1(A; B ) � �I2(B; C ) = �I3(A; B; C )��

�3�U�M�M�I�N�G �O�U�T �A �V�A�R�I�A�B�L�E �F�R�O�M �A �P�R�O�D�U�C�T �O�F �F�A�C�T�O�R�S �I�S �D�O�N�E �B�Y �A�D�D�I�N�G �U�P�T�H�E �S�U�B�M�A�T�R�I�C�E�S
�F�O�R�M�E�D �B�Y �l�X�I�N�G �T�H�E �V�A�R�I�A�B�L�E �T�O �E�A�C�H �O�F �I�T�S �V�A�L�U�E�S �I�N �T�U�R�N�� �&�O�R �E�X�A�M�P�L�E�� �T�O �S�U�M �O�U�TA �F�R�O�M
�I3(A; B; C )�� �W�E �W�R�I�T�E

�I(B; C ) =
X

a

�I3(A; B; C ) = �I3(a; B; C ) + �I3(: a; B; C )

=
�

:06 :24
:42 :28

�
+

�
:18 :72
:06 :04

�
=

�
:24 :96
:48 :32

�
:

�4�H�E �O�N�L�Y �T�R�I�C�K �I�S �T�O �N�O�T�I�C�E �T�H�A�T �A�N�Y �F�A�C�T�O�R �T�H�A�T �D�O�E�S�Q�R�W�D�E�P�E�N�D �O�N �T�H�E �V�A�R�I�A�B�L�E �T�O �B�E �S�U�M�M�E�D
�O�U�T �C�A�N �B�E �M�O�V�E�D �O�U�T�S�I�D�E �T�H�E �S�U�M�M�A�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �W�E�R�E �T�O �S�U�M �O�U�TE �l�R�S�T �I�N �T�H�E
�B�U�R�G�L�A�R�Y �N�E�T�W�O�R�K�� �T�H�E �R�E�L�E�V�A�N�T �P�A�R�T �O�F �T�H�E �E�X�P�R�E�S�S�I�O�N �W�O�U�L�D �B�E

X

e

�I2(E) � �I3(A; B; E ) � �I4(A) � �I5(A) = �I4(A) � �I5(A) �
X

e

�I2(E) � �I3(A; B; E ) :

�.�O�W �T�H�E �P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T �I�N�S�I�D�E �T�H�E �S�U�M�M�A�T�I�O�N �I�S �C�O�M�P�U�T�E�D�� �A�N�D �T�H�E �V�A�R�I�A�B�L�E �I�S �S�U�M�M�E�D
�O�U�T �O�F �T�H�E �R�E�S�U�L�T�I�N�G �M�A�T�R�I�X��

�.�O�T�I�C�E �T�H�A�T �M�A�T�R�I�C�E�S �A�R�E�Q�R�W�M�U�L�T�I�P�L�I�E�D �U�N�T�I�L �W�E �N�E�E�D �T�O �S�U�M �O�U�T �A �V�A�R�I�A�B�L�E �F�R�O�M �T�H�E
�A�C�C�U�M�U�L�A�T�E�D �P�R�O�D�U�C�T�� �!�T �T�H�A�T �P�O�I�N�T�� �W�E �M�U�L�T�I�P�L�Y �J�U�S�T �T�H�O�S�E �M�A�T�R�I�C�E�S �T�H�A�T �I�N�C�L�U�D�E �T�H�E �V�A�R�I�A�B�L�E
�T�O �B�E �S�U�M�M�E�D �O�U�T�� �'�I�V�E�N �F�U�N�C�T�I�O�N�S �F�O�R �P�O�I�N�T�W�I�S�E �P�R�O�D�U�C�T �A�N�D �S�U�M�M�I�N�G �O�U�T�� �T�H�E �V�A�R�I�A�B�L�E
�E�L�I�M�I�N�A�T�I�O�N �A�L�G�O�R�I�T�H�M �I�T�S�E�L�F �C�A�N �B�E �W�R�I�T�T�E�N �Q�U�I�T�E �S�I�M�P�L�Y�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������

�9�D�U�L�D�E�O�H �R�U�G�H�U�L�Q�J �D�Q�G �Y�D�U�L�D�E�O�H �U�H�O�H�Y�D�Q�F�H

�4�H�E �A�L�G�O�R�I�T�H�M �I�N �&�I�G�U�R�E ���������� �I�N�C�L�U�D�E�S �A�N �U�N�S�P�E�C�I�l�E�D �/�2�$�%�2�F�U�N�C�T�I�O�N �T�O �C�H�O�O�S�E �A�N �O�R�D�E�R�I�N�G
�F�O�R �T�H�E �V�A�R�I�A�B�L�E�S�� �%�V�E�R�Y �C�H�O�I�C�E �O�F �O�R�D�E�R�I�N�G �Y�I�E�L�D�S �A �V�A�L�I�D �A�L�G�O�R�I�T�H�M�� �B�U�T �D�I�F�F�E�R�E�N�T �O�R�D�E�R�I�N�G�S
�C�A�U�S�E �D�I�F�F�E�R�E�N�T �I�N�T�E�R�M�E�D�I�A�T�E �F�A�C�T�O�R�S �T�O �B�E �G�E�N�E�R�A�T�E�D �D�U�R�I�N�G �T�H�E �C�A�L�C�U�L�A�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �I�N
�T�H�E �C�A�L�C�U�L�A�T�I�O�N �S�H�O�W�N �P�R�E�V�I�O�U�S�L�Y�� �W�E �E�L�I�M�I�N�A�T�E�DA �B�E�F�O�R�EE�� �I�F �W�E �D�O �I�T �T�H�E �O�T�H�E�R �W�A�Y�� �T�H�E
�C�A�L�C�U�L�A�T�I�O�N �B�E�C�O�M�E�S

�3(B j j; m ) = � �I1(B ) �
X

a

�I4(A) � �I5(A) �
X

e

�I2(E) � �I3(A; B; E ) ;

�D�U�R�I�N�G �W�H�I�C�H �A �N�E�W �F�A�C�T�O�R�I6(A; B ) �W�I�L�L �B�E �G�E�N�E�R�A�T�E�D��
�)�N �G�E�N�E�R�A�L�� �T�H�E �T�I�M�E �A�N�D �S�P�A�C�E �R�E�Q�U�I�R�E�M�E�N�T�S �O�F �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �A�R�E �D�O�M�I�N�A�T�E�D �B�Y

�T�H�E �S�I�Z�E �O�F �T�H�E �L�A�R�G�E�S�T �F�A�C�T�O�R �C�O�N�S�T�R�U�C�T�E�D �D�U�R�I�N�G �T�H�E �O�P�E�R�A�T�I�O�N �O�F �T�H�E �A�L�G�O�R�I�T�H�M�� �4�H�I�S �I�N �T�U�R�N



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�I�X�Q�F�W�L�R�Q�%�,�)�-�)�. �!�4�)�/�. �
�! �3�+��X ���H��bn�	�U�H�W�X�U�Q�V�A �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�RX
�L�Q�S�X�W�V��X �� �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E

�H�� �O�B�S�E�R�V�E�D �V�A�L�U�E�S �F�O�R �V�A�R�I�A�B�L�E�S�(
bn�� �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �S�P�E�C�I�F�Y�I�N�G �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�3(X 1; : : : ; X n )

factors  [ ]
�I�R�U �H�D�F�Kvar �L�Q�/ �2�$�%�2��bn���6�!�2�3�	 �G�R

factors  [�- �!�+�%�
�&�!�#�4�/�2(var ; �H)jfactors]
�L�Ivar �I�S �A �H�I�D�D�E�N �V�A�R�I�A�B�L�E�W�K�H�Qfactors  �3�5�- �
�/ �5�4��var ��factors�	

�U�H�W�X�U�Q�. �/�2�-�!�,�)�:�%���0�/�)�.�4�7�)�3�%�
�0�2�/�$�5�#�4��factors�	�	

�)�L�J�X�U�H �����������4�H�E �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �I�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S��

�I�S �D�E�T�E�R�M�I�N�E�D �B�Y �T�H�E �O�R�D�E�R �O�F �E�L�I�M�I�N�A�T�I�O�N �O�F �V�A�R�I�A�B�L�E�S �A�N�D �B�Y �T�H�E �S�T�R�U�C�T�U�R�E �O�F �T�H�E �N�E�T�W�O�R�K��
�)�T �T�U�R�N�S �O�U�T �T�O �B�E �I�N�T�R�A�C�T�A�B�L�E �T�O �D�E�T�E�R�M�I�N�E �T�H�E �O�P�T�I�M�A�L �O�R�D�E�R�I�N�G�� �B�U�T �S�E�V�E�R�A�L �G�O�O�D �H�E�U�R�I�S�T�I�C�S
�A�R�E �A�V�A�I�L�A�B�L�E�� �/�N�E �F�A�I�R�L�Y �E�F�F�E�C�T�I�V�E �M�E�T�H�O�D �I�S �A �G�R�E�E�D�Y �O�N�E�� �E�L�I�M�I�N�A�T�E �W�H�I�C�H�E�V�E�R �V�A�R�I�A�B�L�E
�M�I�N�I�M�I�Z�E�S �T�H�E �S�I�Z�E �O�F �T�H�E �N�E�X�T �F�A�C�T�O�R �T�O �B�E �C�O�N�S�T�R�U�C�T�E�D��

�,�E�T �U�S �C�O�N�S�I�D�E�R �O�N�E �M�O�R�E �Q�U�E�R�Y���3(JohnCalls j Burglary = true)�� �!�S �U�S�U�A�L�� �T�H�E �l�R�S�T
�S�T�E�P �I�S �T�O �W�R�I�T�E �O�U�T �T�H�E �N�E�S�T�E�D �S�U�M�M�A�T�I�O�N��

�3(J j b) = � P (b)
X

e

P(e)
X

a

P(a j b; e)�3(J j a)
X

m

P(m j a) :

�%�V�A�L�U�A�T�I�N�G �T�H�I�S �E�X�P�R�E�S�S�I�O�N �F�R�O�M �R�I�G�H�T �T�O �L�E�F�T�� �W�E �N�O�T�I�C�E �S�O�M�E�T�H�I�N�G �I�N�T�E�R�E�S�T�I�N�G��
P

m P(m j a)
�I�S �E�Q�U�A�L �T�O �� �B�Y �D�E�l�N�I�T�I�O�N�� �(�E�N�C�E�� �T�H�E�R�E �W�A�S �N�O �N�E�E�D �T�O �I�N�C�L�U�D�E �I�T �I�N �T�H�E �l�R�S�T �P�L�A�C�E�� �T�H�E �V�A�R�I�

�A�B�L�EM �I�S�L�U�U�H�O�H�Y�D�Q�W�T�O �T�H�I�S �Q�U�E�R�Y�� �!�N�O�T�H�E�R �W�A�Y �O�F �S�A�Y�I�N�G �T�H�I�S �I�S �T�H�A�T �T�H�E �R�E�S�U�L�T �O�F �T�H�E �Q�U�E�R�Y
P(JohnCalls j Burglary = true) �I�S �U�N�C�H�A�N�G�E�D �I�F �W�E �R�E�M�O�V�EMaryCalls �F�R�O�M �T�H�E �N�E�T�W�O�R�K
�A�L�T�O�G�E�T�H�E�R�� �)�N �G�E�N�E�R�A�L�� �W�E �C�A�N �R�E�M�O�V�E �A�N�Y �L�E�A�F �N�O�D�E �T�H�A�T �I�S �N�O�T �A �Q�U�E�R�Y �V�A�R�I�A�B�L�E �O�R �A�N �E�V�I�D�E�N�C�E
�V�A�R�I�A�B�L�E�� �!�F�T�E�R �I�T�S �R�E�M�O�V�A�L�� �T�H�E�R�E �M�A�Y �B�E �S�O�M�E �M�O�R�E �L�E�A�F �N�O�D�E�S�� �A�N�D �T�H�E�S�E �T�O�O �M�A�Y �B�E �I�R�R�E�L�E�

�V�A�N�T�� �#�O�N�T�I�N�U�I�N�G �T�H�I�S �P�R�O�C�E�S�S�� �W�E �E�V�E�N�T�U�A�L�L�Y �l�N�D �T�H�A�T�H�Y�H�U�\ �Y�D�U�L�D�E�O�H �W�K�D�W �L�V �Q�R�W �D�Q �D�Q�F�H�V�W�R�U
�R�I �D �T�X�H�U�\ �Y�D�U�L�D�E�O�H �R�U �H�Y�L�G�H�Q�F�H �Y�D�U�L�D�E�O�H �L�V �L�U�U�H�O�H�Y�D�Q�W �W�R �W�K�H �T�X�H�U�\�� �! �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N
�A�L�G�O�R�I�T�H�M �C�A�N �T�H�E�R�E�F�O�R�E �R�E�M�O�V�E �A�L�L �T�H�E�S�E �V�A�R�I�A�B�L�E�S �B�E�F�O�R�E �E�V�A�L�U�A�T�I�N�G �T�H�E �Q�U�E�R�Y��

������������ �7�K�H �F�R�P�S�O�H�[�L�W�\ �R�I �H�[�D�F�W �L�Q�I�H�U�H�Q�F�H

�4�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �E�X�A�C�T �I�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �D�E�P�E�N�D�S �S�T�R�O�N�G�L�Y �O�N �T�H�E �S�T�R�U�C�T�U�R�E �O�F
�T�H�E �N�E�T�W�O�R�K�� �4�H�E �B�U�R�G�L�A�R�Y �N�E�T�W�O�R�K �O�F �&�I�G�U�R�E �������� �B�E�L�O�N�G�S �T�O �T�H�E �F�A�M�I�L�Y �O�F �N�E�T�W�O�R�K�S �I�N �W�H�I�C�H
�T�H�E�R�E �I�S �A�T �M�O�S�T �O�N�E �U�N�D�I�R�E�C�T�E�D �P�A�T�H �B�E�T�W�E�E�N �A�N�Y �T�W�O �N�O�D�E�S �I�N �T�H�E �N�E�T�W�O�R�K�� �4�H�E�S�E �A�R�E �C�A�L�L�E�D
�V�L�Q�J�O�\ �F�R�Q�Q�H�F�W�H�G�N�E�T�W�O�R�K�S �O�R�S�R�O�\�W�U�H�H�V�� �A�N�D �T�H�E�Y �H�A�V�E �A �P�A�R�T�I�C�U�L�A�R�L�Y �N�I�C�E �P�R�O�P�E�R�T�Y���7�K�H �W�L�P�HSINGLY CONNECTED

POLYTREE �D�Q�G �V�S�D�F�H �F�R�P�S�O�H�[�L�W�\ �R�I �H�[�D�F�W �L�Q�I�H�U�H�Q�F�H �L�Q �S�R�O�\�W�U�H�H�V �L�V �O�L�Q�H�D�U �L�Q �W�K�H �V�L�]�H �R�I �W�K�H �Q�H�W�Z�R�U�N���(�E�R�E��
�T�H�E �S�I�Z�E �I�S �D�E�l�N�E�D �A�S �T�H�E �N�U�M�B�E�R �O�F �#�0�4 �E�N�T�R�I�E�S�� �I�F �T�H�E �N�U�M�B�E�R �O�F �P�A�R�E�N�T�S �O�F �E�A�C�H �N�O�D�E �I�S
�B�O�U�N�D�E�D �B�Y �A �C�O�N�S�T�A�N�T�� �T�H�E�N �T�H�E �C�O�M�P�L�E�X�I�T�Y �W�I�L�L �A�L�S�O �B�E �L�I�N�E�A�R �I�N �T�H�E �N�U�M�B�E�R �O�F �N�O�D�E�S��

�&�O�R�P�X�O�W�L�S�O�\ �F�R�Q�Q�H�F�W�H�G�N�E�T�W�O�R�K�S�� �S�U�C�H �A�S �T�H�A�T �O�F �&�I�G�U�R�E �������������A�	�� �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�NMULTIPLY
CONNECTED

�C�A�N �H�A�V�E �E�X�P�O�N�E�N�T�I�A�L �T�I�M�E �A�N�D �S�P�A�C�E �C�O�M�P�L�E�X�I�T�Y �I�N �T�H�E �W�O�R�S�T �C�A�S�E�� �E�V�E�N �W�H�E�N �T�H�E �N�U�M�B�E�R
�O�F �P�A�R�E�N�T�S �P�E�R �N�O�D�E �I�S �B�O�U�N�D�E�D�� �4�H�I�S �I�S �N�O�T �S�U�R�P�R�I�S�I�N�G �W�H�E�N �O�N�E �C�O�N�S�I�D�E�R�S �T�H�A�T�E�H�F�D�X�V�H �L�W
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�A�N�D �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ������ �I�T �W�I�L�L �R�E�T�U�R�Ntails �� �'�I�V�E�N �A �S�O�U�R�C�E �O�F �R�A�N�D�O�M �N�U�M�B�E�R�S �U�N�I�F�O�R�M�L�Y
�D�I�S�T�R�I�B�U�T�E�D �I�N �T�H�E �R�A�N�G�E[0; 1]�� �I�T �I�S �A �S�I�M�P�L�E �M�A�T�T�E�R �T�O �S�A�M�P�L�E �A�N�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�N �A �S�I�N�G�L�E
�V�A�R�I�A�B�L�E�� �W�H�E�T�H�E�R �D�I�S�C�R�E�T�E �O�R �C�O�N�T�I�N�U�O�U�S�� ���3�E�E �%�X�E�R�C�I�S�E �������������	

�4�H�E �S�I�M�P�L�E�S�T �K�I�N�D �O�F �R�A�N�D�O�M �S�A�M�P�L�I�N�G �P�R�O�C�E�S�S �F�O�R �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �G�E�N�E�R�A�T�E�S �E�V�E�N�T�S
�F�R�O�M �A �N�E�T�W�O�R�K �T�H�A�T �H�A�S �N�O �E�V�I�D�E�N�C�E �A�S�S�O�C�I�A�T�E�D �W�I�T�H �I�T�� �4�H�E �I�D�E�A �I�S �T�O �S�A�M�P�L�E �E�A�C�H �V�A�R�I�A�B�L�E
�I�N �T�U�R�N�� �I�N �T�O�P�O�L�O�G�I�C�A�L �O�R�D�E�R�� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �F�R�O�M �W�H�I�C�H �T�H�E �V�A�L�U�E �I�S �S�A�M�P�L�E�D �I�S
�C�O�N�D�I�T�I�O�N�E�D �O�N �T�H�E �V�A�L�U�E�S �A�L�R�E�A�D�Y �A�S�S�I�G�N�E�D �T�O �T�H�E �V�A�R�I�A�B�L�E���S �P�A�R�E�N�T�S�� �4�H�I�S �A�L�G�O�R�I�T�H�M �I�S �S�H�O�W�N
�I�N �&�I�G�U�R�E ������������ �7�E �C�A�N �I�L�L�U�S�T�R�A�T�E �I�T�S �O�P�E�R�A�T�I�O�N �O�N �T�H�E �N�E�T�W�O�R�K �I�N �&�I�G�U�R�E �������������A�	�� �A�S�S�U�M�I�N�G
�A�N �O�R�D�E�R�I�N�G[Cloudy; Sprinkler ; Rain ; WetGrass]��

���� �3�A�M�P�L�E �F�R�O�M�3(Cloudy) = h0:5; 0:5i �� �V�A�L�U�E �I�Strue��
���� �3�A�M�P�L�E �F�R�O�M�3(Sprinkler j Cloudy = true) = h0:1; 0:9i �� �V�A�L�U�E �I�Sfalse��
���� �3�A�M�P�L�E �F�R�O�M�3(Rain j Cloudy = true) = h0:8; 0:2i �� �V�A�L�U�E �I�Strue��
���� �3�A�M�P�L�E �F�R�O�M�3(WetGrass j Sprinkler = false; Rain = true) = h0:9; 0:1i �� �V�A�L�U�E �I�Strue��

�)�N �T�H�I�S �C�A�S�E�� �0�2�)�/�2�
�3�!�-�0�,�% �R�E�T�U�R�N�S �T�H�E �E�V�E�N�T[true; false; true; true ]��



�3�E�C�T�I�O�N ���������� �!�P�P�R�O�X�I�M�A�T�E �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S������

�I�X�Q�F�W�L�R�Q�0�2�)�/�2�
�3�! �-�0�,�%��bn�	�U�H�W�X�U�Q�V�A�N �E�V�E�N�T �S�A�M�P�L�E�D �F�R�O�M �T�H�E �P�R�I�O�R �S�P�E�C�I�l�E�D �B�Ybn
�L�Q�S�X�W�V��bn�� �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �S�P�E�C�I�F�Y�I�N�G �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�3(X 1; : : : ; X n )

�[  �A�N �E�V�E�N�T �W�I�T�Hn �E�L�E�M�E�N�T�S
�I�R�U�H�D�F�K�V�A�R�I�A�B�L�EX i �L�QX 1; : : : ; X n �G�R

�[[i ]  �A �R�A�N�D�O�M �S�A�M�P�L�E �F�R�O�M�3(X i j parents(X i ))
�U�H�W�X�U�Q �[

�)�L�J�X�U�H �����������! �S�A�M�P�L�I�N�G �A�L�G�O�R�I�T�H�M �T�H�A�T �G�E�N�E�R�A�T�E�S �E�V�E�N�T�S �F�R�O�M �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�� �%�A�C�H
�V�A�R�I�A�B�L�E �I�S �S�A�M�P�L�E�D �A�C�C�O�R�D�I�N�G �T�O �T�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �G�I�V�E�N �T�H�E �V�A�L�U�E�S �A�L�R�E�A�D�Y �S�A�M�P�L�E�D
�F�O�R �T�H�E �V�A�R�I�A�B�L�E���S �P�A�R�E�N�T�S��

�)�T �I�S �E�A�S�Y �T�O �S�E�E �T�H�A�T �0�2�)�/�2�
�3�! �-�0�,�%�G�E�N�E�R�A�T�E�S �S�A�M�P�L�E�S �F�R�O�M �T�H�E �P�R�I�O�R �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N
�S�P�E�C�I�l�E�D �B�Y �T�H�E �N�E�T�W�O�R�K�� �&�I�R�S�T�� �L�E�TSPS (x1; : : : ; xn ) �B�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A �S�P�E�C�I�l�C �E�V�E�N�T �I�S
�G�E�N�E�R�A�T�E�D �B�Y �T�H�E �0�2�)�/�2�
�3�!�-�0�,�% �A�L�G�O�R�I�T�H�M���-�X�V�W �O�R�R�N�L�Q�J �D�W �W�K�H �V�D�P�S�O�L�Q�J �S�U�R�F�H�V�V�� �W�E �H�A�V�E

SPS (x1 : : : xn ) =
nY

i = 1

P(x i j parents(X i ))

�B�E�C�A�U�S�E �E�A�C�H �S�A�M�P�L�I�N�G �S�T�E�P �D�E�P�E�N�D�S �O�N�L�Y �O�N �T�H�E �P�A�R�E�N�T �V�A�L�U�E�S�� �4�H�I�S �E�X�P�R�E�S�S�I�O�N �S�H�O�U�L�D �L�O�O�K
�F�A�M�I�L�I�A�R�� �B�E�C�A�U�S�E �I�T �I�S �A�L�S�O �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �T�H�E �E�V�E�N�T �A�C�C�O�R�D�I�N�G �T�O �T�H�E �"�A�Y�E�S�I�A�N �N�E�T���S �R�E�P�R�E�

�S�E�N�T�A�T�I�O�N �O�F �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �A�S �S�T�A�T�E�D �I�N �%�Q�U�A�T�I�O�N �����������	�� �4�H�A�T �I�S�� �W�E �H�A�V�E

SPS (x1 : : : xn ) = P(x1 : : : xn ) :

�4�H�I�S �S�I�M�P�L�E �F�A�C�T �M�A�K�E�S �I�T �E�A�S�Y �T�O �A�N�S�W�E�R �Q�U�E�S�T�I�O�N�S �B�Y �U�S�I�N�G �S�A�M�P�L�E�S��
�)�N �A�N�Y �S�A�M�P�L�I�N�G �A�L�G�O�R�I�T�H�M�� �T�H�E �A�N�S�W�E�R�S �A�R�E �C�O�M�P�U�T�E�D �B�Y �C�O�U�N�T�I�N�G �T�H�E �A�C�T�U�A�L �S�A�M�P�L�E�S

�G�E�N�E�R�A�T�E�D�� �3�U�P�P�O�S�E �T�H�E�R�E �A�R�EN �T�O�T�A�L �S�A�M�P�L�E�S�� �A�N�D �L�E�TNPS (x1; : : : ; xn ) �B�E �T�H�E �N�U�M�B�E�R �O�F
�T�I�M�E�S �T�H�E �S�P�E�C�I�l�C �E�V�E�N�Tx1; : : : ; xn �O�C�C�U�R�S �I�N �T�H�E �S�E�T �O�F �S�A�M�P�L�E�S�� �7�E �E�X�P�E�C�T �T�H�I�S �N�U�M�B�E�R�� �A�S �A
�F�R�A�C�T�I�O�N �O�F �T�H�E �T�O�T�A�L�� �T�O �C�O�N�V�E�R�G�E �I�N �T�H�E �L�I�M�I�T �T�O �I�T�S �E�X�P�E�C�T�E�D �V�A�L�U�E �A�C�C�O�R�D�I�N�G �T�O �T�H�E �S�A�M�P�L�I�N�G
�P�R�O�B�A�B�I�L�I�T�Y��

lim
N !1

NPS (x1; : : : ; xn )
N

= SPS (x1; : : : ; xn ) = P(x1; : : : ; xn ) : �����������	

�&�O�R �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R �T�H�E �E�V�E�N�T �P�R�O�D�U�C�E�D �E�A�R�L�I�E�R��[true; false; true; true]�� �4�H�E �S�A�M�P�L�I�N�G
�P�R�O�B�A�B�I�L�I�T�Y �F�O�R �T�H�I�S �E�V�E�N�T �I�S

SPS (true ; false; true ; true) = 0 :5 � 0:9 � 0:8 � 0:9 = 0:324:

�(�E�N�C�E�� �I�N �T�H�E �L�I�M�I�T �O�F �L�A�R�G�EN �� �W�E �E�X�P�E�C�T ���������� �O�F �T�H�E �S�A�M�P�L�E�S �T�O �B�E �O�F �T�H�I�S �E�V�E�N�T��
�7�H�E�N�E�V�E�R �W�E �U�S�E �A�N �A�P�P�R�O�X�I�M�A�T�E �E�Q�U�A�L�I�T�Y ���h� �v�	 �I�N �W�H�A�T �F�O�L�L�O�W�S�� �W�E �M�E�A�N �I�T �I�N �E�X�A�C�T�L�Y

�T�H�I�S �S�E�N�S�E�ˆ�T�H�A�T �T�H�E �E�S�T�I�M�A�T�E�D �P�R�O�B�A�B�I�L�I�T�Y �B�E�C�O�M�E�S �E�X�A�C�T �I�N �T�H�E �L�A�R�G�E�
�S�A�M�P�L�E �L�I�M�I�T�� �3�U�C�H �A�N
�E�S�T�I�M�A�T�E �I�S �C�A�L�L�E�D�F�R�Q�V�L�V�W�H�Q�W�� �&�O�R �E�X�A�M�P�L�E�� �O�N�E �C�A�N �P�R�O�D�U�C�E �A �C�O�N�S�I�S�T�E�N�T �E�S�T�I�M�A�T�E �O�F �T�H�ECONSISTENT

�P�R�O�B�A�B�I�L�I�T�Y �O�F �A�N�Y �P�A�R�T�I�A�L�L�Y �S�P�E�C�I�l�E�D �E�V�E�N�Tx1; : : : ; xm �� �W�H�E�R�Em � n�� �A�S �F�O�L�L�O�W�S��

P(x1; : : : ; xm ) � NPS (x1; : : : ; xm )=N : �����������	

�4�H�A�T �I�S�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �T�H�E �E�V�E�N�T �C�A�N �B�E �E�S�T�I�M�A�T�E�D �A�S �T�H�E �F�R�A�C�T�I�O�N �O�F �A�L�L �C�O�M�P�L�E�T�E �E�V�E�N�T�S
�G�E�N�E�R�A�T�E�D �B�Y �T�H�E �S�A�M�P�L�I�N�G �P�R�O�C�E�S�S �T�H�A�T �M�A�T�C�H �T�H�E �P�A�R�T�I�A�L�L�Y �S�P�E�C�I�l�E�D �E�V�E�N�T�� �&�O�R �E�X�A�M�P�L�E�� �I�F



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�W�E �G�E�N�E�R�A�T�E �������� �S�A�M�P�L�E�S �F�R�O�M �T�H�E �S�P�R�I�N�K�L�E�R �N�E�T�W�O�R�K�� �A�N�D ������ �O�F �T�H�E�M �H�A�V�ERain = true��
�T�H�E�N �T�H�E �E�S�T�I�M�A�T�E�D �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�A�I�N�� �W�R�I�T�T�E�N �A�SP̂(Rain = true)�� �I�S ������������

�5�H�M�H�F�W�L�R�Q �V�D�P�S�O�L�Q�J �L�Q �%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N�V

�5�H�M�H�F�W�L�R�Q �V�D�P�S�O�L�Q�J�I�S �A �G�E�N�E�R�A�L �M�E�T�H�O�D �F�O�R �P�R�O�D�U�C�I�N�G �S�A�M�P�L�E�S �F�R�O�M �A �H�A�R�D�
�T�O�
�S�A�M�P�L�E �D�I�S�T�R�I�
REJECTION
SAMPLING

�B�U�T�I�O�N �G�I�V�E�N �A�N �E�A�S�Y�
�T�O�
�S�A�M�P�L�E �D�I�S�T�R�I�B�U�T�I�O�N�� �)�N �I�T�S �S�I�M�P�L�E�S�T �F�O�R�M�� �I�T �C�A�N �B�E �U�S�E�D �T�O �C�O�M�P�U�T�E
�C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S�ˆ�T�H�A�T �I�S�� �T�O �D�E�T�E�R�M�I�N�EP(X j �H)�� �4�H�E �2�%�*�%�#�4�)�/�.�
�3�!�-�0�,�)�.�' �A�L�G�O�

�R�I�T�H�M �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������ �&�I�R�S�T�� �I�T �G�E�N�E�R�A�T�E�S �S�A�M�P�L�E�S �F�R�O�M �T�H�E �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �S�P�E�C�I�l�E�D
�B�Y �T�H�E �N�E�T�W�O�R�K�� �4�H�E�N�� �I�T �R�E�J�E�C�T�S �A�L�L �T�H�O�S�E �T�H�A�T �D�O �N�O�T �M�A�T�C�H �T�H�E �E�V�I�D�E�N�C�E�� �&�I�N�A�L�L�Y�� �T�H�E �E�S�T�I�M�A�T�E
P̂(X = x j �H) �I�S �O�B�T�A�I�N�E�D �B�Y �C�O�U�N�T�I�N�G �H�O�W �O�F�T�E�NX = x �O�C�C�U�R�S �I�N �T�H�E �R�E�M�A�I�N�I�N�G �S�A�M�P�L�E�S��

�,�E�T̂�3(X j �H) �B�E �T�H�E �E�S�T�I�M�A�T�E�D �D�I�S�T�R�I�B�U�T�I�O�N �T�H�A�T �T�H�E �A�L�G�O�R�I�T�H�M �R�E�T�U�R�N�S�� �&�R�O�M �T�H�E �D�E�l�N�I�T�I�O�N
�O�F �T�H�E �A�L�G�O�R�I�T�H�M�� �W�E �H�A�V�E

�̂3(X j �H) = � �1PS (X; �H) =
�1PS (X; �H)

NPS (�H)
:

�&�R�O�M�%�Q�U�A�T�I�O�N �����������	�� �T�H�I�S �B�E�C�O�M�E�S

�̂3(X j �H) �
�3(X; �H)

P(�H)
= �3(X j �H) :

�4�H�A�T �I�S�� �R�E�J�E�C�T�I�O�N �S�A�M�P�L�I�N�G �P�R�O�D�U�C�E�S �A �C�O�N�S�I�S�T�E�N�T �E�S�T�I�M�A�T�E �O�F �T�H�E �T�R�U�E �P�R�O�B�A�B�I�L�I�T�Y��
�#�O�N�T�I�N�U�I�N�G �W�I�T�H �O�U�R �E�X�A�M�P�L�E �F�R�O�M �&�I�G�U�R�E �������������A�	�� �L�E�T �U�S �A�S�S�U�M�E �T�H�A�T �W�E �W�I�S�H �T�O �E�S�T�I�


�M�A�T�E�3(Rain j Sprinkler = true)�� �U�S�I�N�G ������ �S�A�M�P�L�E�S�� �/�F �T�H�E ������ �T�H�A�T �W�E �G�E�N�E�R�A�T�E�� �S�U�P�P�O�S�E
�T�H�A�T ���� �H�A�V�ESprinkler = false �A�N�D �A�R�E �R�E�J�E�C�T�E�D�� �W�H�I�L�E ���� �H�A�V�ESprinkler = true�� �O�F �T�H�E ������
�� �H�A�V�ERain = true �A�N�D ���� �H�A�V�ERain = false�� �(�E�N�C�E��

�3(Rain j Sprinkler = true) � �. �/�2�-�!�,�)�:�%(h8; 19i ) = h0:296; 0:704i :

�4�H�E �T�R�U�E �A�N�S�W�E�R �I�Sh0:3; 0:7i �� �!�S �M�O�R�E �S�A�M�P�L�E�S �A�R�E �C�O�L�L�E�C�T�E�D�� �T�H�E �E�S�T�I�M�A�T�E �W�I�L�L �C�O�N�V�E�R�G�E �T�O
�T�H�E �T�R�U�E �A�N�S�W�E�R�� �4�H�E �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N �O�F �T�H�E �E�R�R�O�R �I�N �E�A�C�H �P�R�O�B�A�B�I�L�I�T�Y �W�I�L�L �B�E �P�R�O�P�O�R�T�I�O�N�A�L
�T�O1=

p
n�� �W�H�E�R�En �I�S �T�H�E �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S �U�S�E�D �I�N �T�H�E �E�S�T�I�M�A�T�E��

�4�H�E�B�I�G�G�E�S�T �P�R�O�B�L�E�M �W�I�T�H �R�E�J�E�C�T�I�O�N �S�A�M�P�L�I�N�G �I�S �T�H�A�T �I�T �R�E�J�E�C�T�S �S�O �M�A�N�Y �S�A�M�P�L�E�S�� �4�H�E
�F�R�A�C�T�I�O�N �O�F �S�A�M�P�L�E�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �E�V�I�D�E�N�C�E�H�D�R�O�P�S �E�X�P�O�N�E�N�T�I�A�L�L�Y �A�S �T�H�E �N�U�M�B�E�R �O�F �E�V�I�

�D�E�N�C�E �V�A�R�I�A�B�L�E�S �G�R�O�W�S�� �S�O �T�H�E �P�R�O�C�E�D�U�R�E �I�S �S�I�M�P�L�Y �U�N�U�S�A�B�L�E �F�O�R �C�O�M�P�L�E�X �P�R�O�B�L�E�M�S��

�.�O�T�I�C�E �T�H�A�T �R�E�J�E�C�T�I�O�N �S�A�M�P�L�I�N�G �I�S �V�E�R�Y �S�I�M�I�L�A�R �T�O �T�H�E �E�S�T�I�M�A�T�I�O�N �O�F �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�

�T�I�E�S �D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �R�E�A�L �W�O�R�L�D�� �&�O�R �E�X�A�M�P�L�E�� �T�O �E�S�T�I�M�A�T�E�3(Rain j RedSkyAtNight= true)��
�O�N�E �C�A�N �S�I�M�P�L�Y �C�O�U�N�T �H�O�W �O�F�T�E�N �I�T �R�A�I�N�S �A�F�T�E�R �A �R�E�D �S�K�Y �I�S �O�B�S�E�R�V�E�D �T�H�E �P�R�E�V�I�O�U�S �E�V�E�N�I�N�G�ˆ
�I�G�N�O�R�I�N�G �T�H�O�S�E �E�V�E�N�I�N�G�S �W�H�E�N �T�H�E �S�K�Y �I�S �N�O�T �R�E�D�� ���(�E�R�E�� �T�H�E �W�O�R�L�D �I�T�S�E�L�F �P�L�A�Y�S �T�H�E �R�O�L�E �O�F
�T�H�E �S�A�M�P�L�E�
�G�E�N�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M���	 �/�B�V�I�O�U�S�L�Y�� �T�H�I�S �C�O�U�L�D �T�A�K�E �A �L�O�N�G �T�I�M�E �I�F �T�H�E �S�K�Y �I�S �V�E�R�Y
�S�E�L�D�O�M �R�E�D�� �A�N�D �T�H�A�T �I�S �T�H�E �W�E�A�K�N�E�S�S �O�F �R�E�J�E�C�T�I�O�N �S�A�M�P�L�I�N�G��

�/�L�N�H�O�L�K�R�R�G �Z�H�L�J�K�W�L�Q�J

�/�L�N�H�O�L�K�R�R�G �Z�H�L�J�K�W�L�Q�J�A�V�O�I�D�S �T�H�E �I�N�E�F�l�C�I�E�N�C�Y �O�F �R�E�J�E�C�T�I�O�N �S�A�M�P�L�I�N�G �B�Y �G�E�N�E�R�A�T�I�N�G �O�N�L�Y �E�V�E�N�T�SLIKELIHOOD
WEIGHTING

�T�H�A�T �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �E�V�I�D�E�N�C�E�H�� �)�T �I�S �A �P�A�R�T�I�C�U�L�A�R �I�N�S�T�A�N�C�E �O�F �T�H�E �G�E�N�E�R�A�L �S�T�A�T�I�S�T�I�C�A�L
�T�E�C�H�N�I�Q�U�E �O�F�L�P�S�R�U�W�D�Q�F�H �V�D�P�S�O�L�Q�J�� �T�A�I�L�O�R�E�D �F�O�R �I�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �7�E �B�E�G�I�N �B�YIMPORTANCE

SAMPLING



�3�E�C�T�I�O�N ���������� �!�P�P�R�O�X�I�M�A�T�E �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S������

�I�X�Q�F�W�L�R�Q�2�%�*�%�#�4�)�/�. �
�3�!�-�0�,�)�.�' ��X ���H��bn��N �	�U�H�W�X�U�Q�V�A�N �E�S�T�I�M�A�T�E �O�F�3(X j�H)
�L�Q�S�X�W�V��X �� �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E

�H�� �O�B�S�E�R�V�E�D �V�A�L�U�E�S �F�O�R �V�A�R�I�A�B�L�E�S�(
bn�� �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K
N �� �T�H�E �T�O�T�A�L �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S �T�O �B�E �G�E�N�E�R�A�T�E�D

�O�R�F�D�O �Y�D�U�L�D�E�O�H�V�� �1�� �A �V�E�C�T�O�R �O�F �C�O�U�N�T�S �F�O�R �E�A�C�H �V�A�L�U�E �O�FX �� �I�N�I�T�I�A�L�L�Y �Z�E�R�O

�I�R�Uj �� �� �T�ON �G�R
�[  �0�2�)�/�2�
�3�!�-�0�,�%��bn�	
�L�I �[�I�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H�H �W�K�H�Q

�1�;x�= �1�;x�=���� �W�H�E�R�Ex �I�S �T�H�E �V�A�L�U�E �O�FX �I�N�[
�U�H�W�X�U�Q�. �/�2�-�!�,�)�:�%(�1)

�)�L�J�X�U�H �����������4�H�E �R�E�J�E�C�T�I�O�N�
�S�A�M�P�L�I�N�G �A�L�G�O�R�I�T�H�M �F�O�R �A�N�S�W�E�R�I�N�G �Q�U�E�R�I�E�S �G�I�V�E�N �E�V�I�D�E�N�C�E �I�N �A
�"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K��

�D�E�S�C�R�I�B�I�N�G �H�O�W �T�H�E �A�L�G�O�R�I�T�H�M �W�O�R�K�S�� �T�H�E�N �W�E �S�H�O�W �T�H�A�T �I�T �W�O�R�K�S �C�O�R�R�E�C�T�L�Y�ˆ�T�H�A�T �I�S�� �G�E�N�E�R�A�T�E�S
�C�O�N�S�I�S�T�E�N�T �P�R�O�B�A�B�I�L�I�T�Y �E�S�T�I�M�A�T�E�S��

�, �)�+�%�,�)�(�/�/�$�
�7�%�)�'�(�4�)�.�' ���S�E�E �&�I�G�U�R�E �����������	 �l�X�E�S �T�H�E �V�A�L�U�E�S �F�O�R �T�H�E �E�V�I�D�E�N�C�E �V�A�R�I�

�A�B�L�E�S�( �A�N�D �S�A�M�P�L�E�S �O�N�L�Y �T�H�E �N�O�N�E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S�� �4�H�I�S �G�U�A�R�A�N�T�E�E�S �T�H�A�T �E�A�C�H �E�V�E�N�T �G�E�N�E�R�

�A�T�E�D �I�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �E�V�I�D�E�N�C�E�� �.�O�T �A�L�L �E�V�E�N�T�S �A�R�E �E�Q�U�A�L�� �H�O�W�E�V�E�R�� �"�E�F�O�R�E �T�A�L�L�Y�I�N�G �T�H�E
�C�O�U�N�T�S �I�N �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E�� �E�A�C�H �E�V�E�N�T �I�S �W�E�I�G�H�T�E�D �B�Y �T�H�E�O�L�N�H�O�L�K�R�R�G�T�H�A�T
�T�H�E �E�V�E�N�T �A�C�C�O�R�D�S �T�O �T�H�E �E�V�I�D�E�N�C�E�� �A�S �M�E�A�S�U�R�E�D �B�Y �T�H�E �P�R�O�D�U�C�T �O�F �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S
�F�O�R �E�A�C�H �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�� �G�I�V�E�N �I�T�S �P�A�R�E�N�T�S�� �)�N�T�U�I�T�I�V�E�L�Y�� �E�V�E�N�T�S �I�N �W�H�I�C�H �T�H�E �A�C�T�U�A�L �E�V�I�D�E�N�C�E
�A�P�P�E�A�R�S �U�N�L�I�K�E�L�Y �S�H�O�U�L�D �B�E �G�I�V�E�N �L�E�S�S �W�E�I�G�H�T��

�,�E�T �U�S �A�P�P�L�Y �T�H�E �A�L�G�O�R�I�T�H�M �T�O �T�H�E �N�E�T�W�O�R�K �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	�� �W�I�T�H �T�H�E �Q�U�E�R�Y
�3(Rain j Cloudy = true; WetGrass= true) �A�N�D �T�H�E �O�R�D�E�R�I�N�G�&�O�R�X�G�\���6�S�U�L�Q�N�O�H�U���5�D�L�Q���:�H�W��
�*�U�D�V�V�� ���!�N�Y �T�O�P�O�L�O�G�I�C�A�L �O�R�D�E�R�I�N�G �W�I�L�L �D�O���	 �4�H�E �P�R�O�C�E�S�S �G�O�E�S �A�S �F�O�L�L�O�W�S�� �&�I�R�S�T�� �T�H�E �W�E�I�G�H�Tw
�I�S �S�E�T �T�O �������� �4�H�E�N �A�N �E�V�E�N�T �I�S �G�E�N�E�R�A�T�E�D��

���� Cloudy �I�S �A�N �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E �W�I�T�H �V�A�L�U�Etrue�� �4�H�E�R�E�F�O�R�E�� �W�E �S�E�T

w  w � P(Cloudy = true) = 0 :5 :

���� Sprinkler �I�S �N�O�T �A�N �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�� �S�O �S�A�M�P�L�E �F�R�O�M�3(Sprinkler j Cloudy = true) =
h0:1; 0:9i �� �S�U�P�P�O�S�E �T�H�I�S �R�E�T�U�R�N�Sfalse��

���� �3�I�M�I�L�A�R�L�Y�� �S�A�M�P�L�E �F�R�O�M�3(Rain j Cloudy = true) = h0:8; 0:2i �� �S�U�P�P�O�S�E �T�H�I�S �R�E�T�U�R�N�S
true��

���� WetGrass �I�S �A�N �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E �W�I�T�H �V�A�L�U�Etrue�� �4�H�E�R�E�F�O�R�E�� �W�E �S�E�T

w  w � P(WetGrass = true j Sprinkler = false; Rain = true) = 0 :45 :

�(�E�R�E �7�%�)�'�(�4�%�$�
�3�!�-�0�,�% �R�E�T�U�R�N�S �T�H�E �E�V�E�N�T[true; false; true; true] �W�I�T�H �W�E�I�G�H�T ���������� �A�N�D
�T�H�I�S �I�S �T�A�L�L�I�E�D �U�N�D�E�RRain = true��

�4�O �U�N�D�E�R�S�T�A�N�D �W�H�Y �L�I�K�E�L�I�H�O�O�D �W�E�I�G�H�T�I�N�G �W�O�R�K�S�� �W�E �S�T�A�R�T �B�Y �E�X�A�M�I�N�I�N�G �T�H�E �S�A�M�P�L�I�N�G
�P�R�O�B�A�B�I�L�I�T�YSWS �F�O�R �7�%�)�'�(�4�%�$�
�3�!�-�0�,�%�� �2�E�M�E�M�B�E�R �T�H�A�T �T�H�E �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S�( �A�R�E �l�X�E�D



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�I�X�Q�F�W�L�R�Q�, �)�+�%�,�)�(�/�/�$ �
�7�%�)�'�(�4�)�.�'��X ���H��bn��N �	�U�H�W�X�U�Q�V�A�N �E�S�T�I�M�A�T�E �O�F�3(X j�H)
�L�Q�S�X�W�V��X �� �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�E

�H�� �O�B�S�E�R�V�E�D �V�A�L�U�E�S �F�O�R �V�A�R�I�A�B�L�E�S�(
bn�� �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �S�P�E�C�I�F�Y�I�N�G �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�3(X 1; : : : ; X n )
N �� �T�H�E �T�O�T�A�L �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S �T�O �B�E �G�E�N�E�R�A�T�E�D

�O�R�F�D�O �Y�D�U�L�D�E�O�H�V�� �:�� �A �V�E�C�T�O�R �O�F �W�E�I�G�H�T�E�D �C�O�U�N�T�S �F�O�R �E�A�C�H �V�A�L�U�E �O�FX �� �I�N�I�T�I�A�L�L�Y �Z�E�R�O

�I�R�Uj �� �� �T�ON �G�R
�[��w  �7 �%�)�'�(�4�%�$�
�3�!�-�0�,�%��bn���H�	
�:[ x]  �:[ x] + w �W�H�E�R�Ex �I�S �T�H�E �V�A�L�U�E �O�FX �I�N�[

�U�H�W�X�U�Q�. �/�2�-�!�,�)�:�%(�:)

�I�X�Q�F�W�L�R�Q�7 �%�)�'�(�4�%�$�
�3�!�-�0�,�%��bn���H�	�U�H�W�X�U�Q�V�A�N �E�V�E�N�T �A�N�D �A �W�E�I�G�H�T

w  �����[  �A�N �E�V�E�N�T �W�I�T�Hn �E�L�E�M�E�N�T�S �I�N�I�T�I�A�L�I�Z�E�D �F�R�O�M�H
�I�R�U�H�D�F�K�V�A�R�I�A�B�L�EX i �L�QX 1; : : : ; X n �G�R

�L�IX i �I�S �A�N �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E �W�I�T�H �V�A�L�U�Ex i �I�N�H
�W�K�H�Qw  w � P(X i = x i j parents(X i ))
�H�O�V�H �[[i ]  �A �R�A�N�D�O�M �S�A�M�P�L�E �F�R�O�M�3(X i j parents(X i ))

�U�H�W�X�U�Q �[��w

�)�L�J�X�U�H �����������4�H�E �L�I�K�E�L�I�H�O�O�D�
�W�E�I�G�H�T�I�N�G �A�L�G�O�R�I�T�H�M �F�O�R �I�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �)�N
�7 �%�)�'�(�4�%�$�
�3�!�-�0�,�%�� �E�A�C�H �N�O�N�E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E �I�S �S�A�M�P�L�E�D �A�C�C�O�R�D�I�N�G �T�O �T�H�E �C�O�N�D�I�T�I�O�N�A�L
�D�I�S�T�R�I�B�U�T�I�O�N �G�I�V�E�N �T�H�E �V�A�L�U�E�S �A�L�R�E�A�D�Y �S�A�M�P�L�E�D �F�O�R �T�H�E �V�A�R�I�A�B�L�E���S �P�A�R�E�N�T�S�� �W�H�I�L�E �A �W�E�I�G�H�T �I�S
�A�C�C�U�M�U�L�A�T�E�D �B�A�S�E�D �O�N �T�H�E �L�I�K�E�L�I�H�O�O�D �F�O�R �E�A�C�H �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E��

�W�I�T�H �V�A�L�U�E�S�H�� �7�E �C�A�L�L �T�H�E �N�O�N�E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S�= ���I�N�C�L�U�D�I�N�G �T�H�E �Q�U�E�R�Y �V�A�R�I�A�B�L�EX �	�� �4�H�E
�A�L�G�O�R�I�T�H�M �S�A�M�P�L�E�S �E�A�C�H �V�A�R�I�A�B�L�E �I�N�=�G�I�V�E�N �I�T�S �P�A�R�E�N�T �V�A�L�U�E�S��

SWS (�]; �H) =
lY

i = 1

P(zi j parents(Z i )) : �����������	

�.�O�T�I�C�E �T�H�A�TParents(Z i ) �C�A�N �I�N�C�L�U�D�E �B�O�T�H �N�O�N�E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S �A�N�D �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S�� �5�N�

�L�I�K�E �T�H�E �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�NP(�])�� �T�H�E �D�I�S�T�R�I�B�U�T�I�O�NSWS �P�A�Y�S �S�O�M�E �A�T�T�E�N�T�I�O�N �T�O �T�H�E �E�V�I�D�E�N�C�E�� �T�H�E
�S�A�M�P�L�E�D �V�A�L�U�E�S �F�O�R �E�A�C�HZ i �W�I�L�L �B�E �I�N�m�U�E�N�C�E�D �B�Y �E�V�I�D�E�N�C�E �A�M�O�N�GZ i ���S �A�N�C�E�S�T�O�R�S�� �&�O�R �E�X�A�M�

�P�L�E�� �W�H�E�N �S�A�M�P�L�I�N�GSprinkler �T�H�E �A�L�G�O�R�I�T�H�M �P�A�Y�S �A�T�T�E�N�T�I�O�N �T�O �T�H�E �E�V�I�D�E�N�C�ECloudy = true �I�N
�I�T�S �P�A�R�E�N�T �V�A�R�I�A�B�L�E�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D��SWS �P�A�Y�S �L�E�S�S �A�T�T�E�N�T�I�O�N �T�O �T�H�E �E�V�I�D�E�N�C�E �T�H�A�N �D�O�E�S �T�H�E
�T�R�U�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�NP(�] j �H)�� �B�E�C�A�U�S�E �T�H�E �S�A�M�P�L�E�D �V�A�L�U�E�S �F�O�R �E�A�C�HZ i �L�J�Q�R�U�H�E�V�I�D�E�N�C�E
�A�M�O�N�GZ i ���S �N�O�N�
�A�N�C�E�S�T�O�R�S���� �&�O�R �E�X�A�M�P�L�E�� �W�H�E�N �S�A�M�P�L�I�N�GSprinkler �A�N�DRain �T�H�E �A�L�G�O�R�I�T�H�M
�I�G�N�O�R�E�S �T�H�E �E�V�I�D�E�N�C�E �I�N �T�H�E �C�H�I�L�D �V�A�R�I�A�B�L�EWetGrass= true�� �T�H�I�S �M�E�A�N�S �I�T �W�I�L�L �G�E�N�E�R�A�T�E �M�A�N�Y
�S�A�M�P�L�E�S �W�I�T�HSprinkler = false �A�N�DRain = false �D�E�S�P�I�T�E �T�H�E �F�A�C�T �T�H�A�T �T�H�E �E�V�I�D�E�N�C�E �A�C�T�U�A�L�L�Y
�R�U�L�E�S �O�U�T �T�H�I�S �C�A�S�E��
5 �)�D�E�A�L�L�Y�� �W�E �W�O�U�L�D �L�I�K�E �T�O �U�S�E �A �S�A�M�P�L�I�N�G �D�I�S�T�R�I�B�U�T�I�O�N �E�Q�U�A�L �T�O �T�H�E �T�R�U�E �P�O�S�T�E�R�I�O�RP(�] j �H)�� �T�O �T�A�K�E �A�L�L �T�H�E �E�V�I�D�E�N�C�E
�I�N�T�O �A�C�C�O�U�N�T�� �4�H�I�S �C�A�N�N�O�T �B�E �D�O�N�E �E�F�l�C�I�E�N�T�L�Y�� �H�O�W�E�V�E�R�� �)�F �I�T �C�O�U�L�D�� �T�H�E�N �W�E �C�O�U�L�D �A�P�P�R�O�X�I�M�A�T�E �T�H�E �D�E�S�I�R�E�D
�P�R�O�B�A�B�I�L�I�T�Y �T�O �A�R�B�I�T�R�A�R�Y �A�C�C�U�R�A�C�Y �W�I�T�H �A �P�O�L�Y�N�O�M�I�A�L �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S�� �)�T �C�A�N �B�E �S�H�O�W�N �T�H�A�T �N�O �S�U�C�H �P�O�L�Y�N�O�M�I�A�L�

�T�I�M�E �A�P�P�R�O�X�I�M�A�T�I�O�N �S�C�H�E�M�E �C�A�N �E�X�I�S�T��



�3�E�C�T�I�O�N ���������� �!�P�P�R�O�X�I�M�A�T�E �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S������

�4�H�E �L�I�K�E�L�I�H�O�O�D �W�E�I�G�H�Tw �M�A�K�E�S�U�P �F�O�R �T�H�E �D�I�F�F�E�R�E�N�C�E �B�E�T�W�E�E�N �T�H�E �A�C�T�U�A�L �A�N�D �D�E�S�I�R�E�D
�S�A�M�P�L�I�N�G �D�I�S�T�R�I�B�U�T�I�O�N�S�� �4�H�E �W�E�I�G�H�T �F�O�R �A �G�I�V�E�N �S�A�M�P�L�E�[�� �C�O�M�P�O�S�E�D �F�R�O�M�] �A�N�D�H�� �I�S �T�H�E
�P�R�O�D�U�C�T �O�F �T�H�E �L�I�K�E�L�I�H�O�O�D�S �F�O�R �E�A�C�H �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E �G�I�V�E�N �I�T�S �P�A�R�E�N�T�S ���S�O�M�E �O�R �A�L�L �O�F �W�H�I�C�H
�M�A�Y �B�E �A�M�O�N�G �T�H�EZ i �S�	��

w(�]; �H) =
mY

i = 1

P(ei j parents(E i )) : �����������	

�-�U�L�T�I�P�L�Y�I�N�G �%�Q�U�A�T�I�O�N�S �����������	 �A�N�D �����������	�� �W�E �S�E�E �T�H�A�T �T�H�E�Z�H�L�J�K�W�H�G�P�R�O�B�A�B�I�L�I�T�Y �O�F �A �S�A�M�P�L�E �H�A�S
�T�H�E �P�A�R�T�I�C�U�L�A�R�L�Y �C�O�N�V�E�N�I�E�N�T �F�O�R�M

SWS (�]; �H)w(�]; �H) =
lY

i = 1

P(zi j parents(Z i ))
mY

i = 1

P(ei j parents(E i ))

= P(�]; �H) �����������	

�B�E�C�A�U�S�E �T�H�E �T�W�O �P�R�O�D�U�C�T�S �C�O�V�E�R �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S �I�N �T�H�E �N�E�T�W�O�R�K�� �A�L�L�O�W�I�N�G �U�S �T�O �U�S�E �%�Q�U�A�

�T�I�O�N �����������	 �F�O�R �T�H�E �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y��

�.�O�W �I�T �I�S �E�A�S�Y �T�O �S�H�O�W �T�H�A�T �L�I�K�E�L�I�H�O�O�D �W�E�I�G�H�T�I�N�G �E�S�T�I�M�A�T�E�S �A�R�E �C�O�N�S�I�S�T�E�N�T�� �&�O�R �A�N�Y
�P�A�R�T�I�C�U�L�A�R �V�A�L�U�Ex �O�FX �� �T�H�E �E�S�T�I�M�A�T�E�D �P�O�S�T�E�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �C�A�N �B�E �C�A�L�C�U�L�A�T�E�D �A�S �F�O�L�L�O�W�S��

P̂ (x j �H) = �
X

�\

NWS (x; �\; �H)w(x; �\; �H) �F�R�O�M �,�)�+�%�,�)�(�/�/�$�
�7�%�)�'�(�4�)�.�'

� � 0
X

�\

SWS (x; �\; �H)w(x; �\; �H) �F�O�R �L�A�R�G�EN

= � 0
X

�\

P(x; �\; �H) �B�Y �%�Q�U�A�T�I�O�N �����������	

= � 0P(x; �H) = P(x j �H) :

�(�E�N�C�E�� �L�I�K�E�L�I�H�O�O�D �W�E�I�G�H�T�I�N�G �R�E�T�U�R�N�S �C�O�N�S�I�S�T�E�N�T �E�S�T�I�M�A�T�E�S��
�"�E�C�A�U�S�E �L�I�K�E�L�I�H�O�O�D �W�E�I�G�H�T�I�N�G �U�S�E�S �A�L�L �T�H�E �S�A�M�P�L�E�S �G�E�N�E�R�A�T�E�D�� �I�T �C�A�N �B�E �M�U�C�H �M�O�R�E �E�F�


�l�C�I�E�N�T �T�H�A�N �R�E�J�E�C�T�I�O�N �S�A�M�P�L�I�N�G�� �)�T �W�I�L�L�� �H�O�W�E�V�E�R�� �S�U�F�F�E�R �A �D�E�G�R�A�D�A�T�I�O�N �I�N �P�E�R�F�O�R�M�A�N�C�E �A�S �T�H�E
�N�U�M�B�E�R �O�F �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S �I�N�C�R�E�A�S�E�S�� �4�H�I�S �I�S �B�E�C�A�U�S�E �M�O�S�T �S�A�M�P�L�E�S �W�I�L�L �H�A�V�E �V�E�R�Y �L�O�W
�W�E�I�G�H�T�S �A�N�D �H�E�N�C�E �T�H�E �W�E�I�G�H�T�E�D �E�S�T�I�M�A�T�E �W�I�L�L �B�E �D�O�M�I�N�A�T�E�D �B�Y �T�H�E �T�I�N�Y �F�R�A�C�T�I�O�N �O�F �S�A�M�P�L�E�S
�T�H�A�T �A�C�C�O�R�D �M�O�R�E �T�H�A�N �A�N �I�N�l�N�I�T�E�S�I�M�A�L �L�I�K�E�L�I�H�O�O�D �T�O �T�H�E �E�V�I�D�E�N�C�E�� �4�H�E �P�R�O�B�L�E�M �I�S �E�X�A�C�E�R�B�A�T�E�D
�I�F �T�H�E �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S �O�C�C�U�R �L�A�T�E �I�N �T�H�E �V�A�R�I�A�B�L�E �O�R�D�E�R�I�N�G�� �B�E�C�A�U�S�E �T�H�E�N �T�H�E �N�O�N�E�V�I�D�E�N�C�E
�V�A�R�I�A�B�L�E�S �W�I�L�L �H�A�V�E �N�O �E�V�I�D�E�N�C�E �I�N �T�H�E�I�R �P�A�R�E�N�T�S �A�N�D �A�N�C�E�S�T�O�R�S �T�O �G�U�I�D�E �T�H�E �G�E�N�E�R�A�T�I�O�N �O�F �S�A�M�

�P�L�E�S�� �4�H�I�S �M�E�A�N�S �T�H�E �S�A�M�P�L�E�S �W�I�L�L �B�E �S�I�M�U�L�A�T�I�O�N�S �T�H�A�T �B�E�A�R �L�I�T�T�L�E �R�E�S�E�M�B�L�A�N�C�E �T�O �T�H�E �R�E�A�L�I�T�Y
�S�U�G�G�E�S�T�E�D �B�Y �T�H�E �E�V�I�D�E�N�C�E��

������������ �,�Q�I�H�U�H�Q�F�H �E�\ �0�D�U�N�R�Y �F�K�D�L�Q �V�L�P�X�O�D�W�L�R�Q

�0�D�U�N�R�Y �F�K�D�L�Q �0�R�Q�W�H �&�D�U�O�R���-�#�-�#�	 �A�L�G�O�R�I�T�H�M�S �W�O�R�K �Q�U�I�T�E �D�I�F�F�E�R�E�N�T�L�Y �F�R�O�M �R�E�J�E�C�T�I�O�N �S�A�M�
MARKOV CHAIN
MONTE CARLO

�P�L�I�N�G �A�N�D �L�I�K�E�L�I�H�O�O�D �W�E�I�G�H�T�I�N�G�� �)�N�S�T�E�A�D �O�F �G�E�N�E�R�A�T�I�N�G �E�A�C�H �S�A�M�P�L�E �F�R�O�M �S�C�R�A�T�C�H�� �-�#�-�# �A�L�

�G�O�R�I�T�H�M�S �G�E�N�E�R�A�T�E �E�A�C�H �S�A�M�P�L�E �B�Y �M�A�K�I�N�G �A �R�A�N�D�O�M �C�H�A�N�G�E �T�O �T�H�E �P�R�E�C�E�D�I�N�G �S�A�M�P�L�E�� �)�T �I�S
�T�H�E�R�E�F�O�R�E �H�E�L�P�F�U�L �T�O �T�H�I�N�K �O�F �A�N �-�#�-�# �A�L�G�O�R�I�T�H�M �A�S �B�E�I�N�G �I�N �A �P�A�R�T�I�C�U�L�A�R�F�X�U�U�H�Q�W �V�W�D�W�H�S�P�E�C�I�

�F�Y�I�N�G �A �V�A�L�U�E �F�O�R �E�V�E�R�Y �V�A�R�I�A�B�L�E �A�N�D �G�E�N�E�R�A�T�I�N�G �A�Q�H�[�W �V�W�D�W�H�B�Y �M�A�K�I�N�G �R�A�N�D�O�M �C�H�A�N�G�E�S �T�O �T�H�E



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�C�U�R�R�E�N�T �S�T�A�T�E�� ���)�F �T�H�I�S �R�E�M�I�N�D�S �Y�O�U �O�F �S�I�M�U�L�A�T�E�D �A�N�N�E�A�L�I�N�G �F�R�O�M �#�H�A�P�T�E�R �� �O�R �7�!�,�+ �3�!�4 �F�R�O�M
�#�H�A�P�T�E�R ���� �T�H�A�T �I�S �B�E�C�A�U�S�E �B�O�T�H �A�R�E �M�E�M�B�E�R�S �O�F �T�H�E �-�#�-�# �F�A�M�I�L�Y���	 �(�E�R�E �W�E �D�E�S�C�R�I�B�E �A �P�A�R�

�T�I�C�U�L�A�R �F�O�R�M �O�F �-�#�-�# �C�A�L�L�E�D�*�L�E�E�V �V�D�P�S�O�L�Q�J�� �W�H�I�C�H �I�S �E�S�P�E�C�I�A�L�L�Y �W�E�L�L �S�U�I�T�E�D �F�O�R �"�A�Y�E�S�I�A�NGIBBS SAMPLING

�N�E�T�W�O�R�K�S�� ���/�T�H�E�R �F�O�R�M�S�� �S�O�M�E �O�F �T�H�E�M �S�I�G�N�I�l�C�A�N�T�L�Y �M�O�R�E �P�O�W�E�R�F�U�L�� �A�R�E �D�I�S�C�U�S�S�E�D �I�N �T�H�E �N�O�T�E�S
�A�T �T�H�E �E�N�D �O�F �T�H�E �C�H�A�P�T�E�R���	 �7�E �W�I�L�L �l�R�S�T �D�E�S�C�R�I�B�E �W�H�A�T �T�H�E �A�L�G�O�R�I�T�H�M �D�O�E�S�� �T�H�E�N �W�E �W�I�L�L �E�X�P�L�A�I�N
�W�H�Y �I�T �W�O�R�K�S��

�*�L�E�E�V �V�D�P�S�O�L�Q�J �L�Q �%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N�V

�4�H�E �'�I�B�B�S �S�A�M�P�L�I�N�G �A�L�G�O�R�I�T�H�M �F�O�R �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �S�T�A�R�T�S �W�I�T�H �A�N �A�R�B�I�T�R�A�R�Y �S�T�A�T�E ���W�I�T�H �T�H�E
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�A�T�I�O�N�S �O�F �P�R�O�D�U�C�T�S �B�A�S�E�D �O�N �R�E�C�O�M�M�E�N�D�A�T�I�O�N�S �R�E�C�E�I�V�E�D �F�R�O�M �I�T�S �C�U�S�T�O�M�E�R�S�� �4�H�E �E�V�A�L�U�A�T�I�O�N
�W�I�L�L �T�A�K�E �T�H�E �F�O�R�M �O�F �A �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �T�H�E �Q�U�A�L�I�T�Y �O�F �T�H�E �B�O�O�K�� �G�I�V�E�N �T�H�E �A�V�A�I�L�

�A�B�L�E �E�V�I�D�E�N�C�E�� �4�H�E �S�I�M�P�L�E�S�T �S�O�L�U�T�I�O�N �T�O �B�A�S�E �T�H�E �E�V�A�L�U�A�T�I�O�N �O�N �T�H�E �A�V�E�R�A�G�E �R�E�C�O�M�M�E�N�D�A�T�I�O�N��
�P�E�R�H�A�P�S �W�I�T�H �A �V�A�R�I�A�N�C�E �D�E�T�E�R�M�I�N�E�D �B�Y �T�H�E �N�U�M�B�E�R �O�F �R�E�C�O�M�M�E�N�D�A�T�I�O�N�S�� �B�U�T �T�H�I�S �F�A�I�L�S �T�O �T�A�K�E
�I�N�T�O �A�C�C�O�U�N�T �T�H�E �F�A�C�T �T�H�A�T �S�O�M�E �C�U�S�T�O�M�E�R�S �A�R�E �K�I�N�D�E�R �T�H�A�N �O�T�H�E�R�S �A�N�D �S�O�M�E �A�R�E �L�E�S�S �H�O�N�E�S�T �T�H�A�N
�O�T�H�E�R�S�� �+�I�N�D �C�U�S�T�O�M�E�R�S �T�E�N�D �T�O �G�I�V�E �H�I�G�H �R�E�C�O�M�M�E�N�D�A�T�I�O�N�S �E�V�E�N �T�O �F�A�I�R�L�Y �M�E�D�I�O�C�R�E �B�O�O�K�S��
�W�H�I�L�E �D�I�S�H�O�N�E�S�T �C�U�S�T�O�M�E�R�S �G�I�V�E �V�E�R�Y �H�I�G�H �O�R �V�E�R�Y �L�O�W �R�E�C�O�M�M�E�N�D�A�T�I�O�N�S �F�O�R �R�E�A�S�O�N�S �O�T�H�E�R
�T�H�A�N �Q�U�A�L�I�T�Y�ˆ�F�O�R �E�X�A�M�P�L�E�� �T�H�E�Y �M�I�G�H�T �W�O�R�K �F�O�R �A �P�U�B�L�I�S�H�E�R����

�&�O�R �A �S�I�N�G�L�E �C�U�S�T�O�M�E�RC1�� �R�E�C�O�M�M�E�N�D�I�N�G �A �S�I�N�G�L�E �B�O�O�KB1�� �T�H�E �"�A�Y�E�S �N�E�T �M�I�G�H�T �L�O�O�K
�L�I�K�E �T�H�E �O�N�E �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	�� ���*�U�S�T �A�S �I�N �3�E�C�T�I�O�N �������� �E�X�P�R�E�S�S�I�O�N�S �W�I�T�H �P�A�R�E�N�T�H�E�S�E�S
�S�U�C�H �A�SHonest(C1) �A�R�E �J�U�S�T �F�A�N�C�Y �S�Y�M�B�O�L�S�ˆ�I�N �T�H�I�S �C�A�S�E�� �F�A�N�C�Y �N�A�M�E�S �F�O�R �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S���	

6 �! �G�A�M�E�T�H�E�O�R�I�S�T �W�O�U�L�D �A�D�V�I�S�E �A �D�I�S�H�O�N�E�S�T �C�U�S�T�O�M�E�R �T�O �A�V�O�I�D �D�E�T�E�C�T�I�O�N �B�Y �O�C�C�A�S�I�O�N�A�L�L�Y �R�E�C�O�M�M�E�N�D�I�N�G �A �G�O�O�D
�B�O�O�K �F�R�O�M �A �C�O�M�P�E�T�I�T�O�R�� �3�E�E �#�H�A�P�T�E�R ������



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�7�I�T�H �T�W�O �C�U�S�T�O�M�E�R�S �A�N�D �T�W�O �B�O�O�K�S�� �T�H�E �"�A�Y�E�S �N�E�T �L�O�O�K�S �L�I�K�E �T�H�E �O�N�E �I�N�&�I�G�U�R�E �������������B�	�� �&�O�R
�L�A�R�G�E�R �N�U�M�B�E�R�S �O�F �B�O�O�K�S �A�N�D �C�U�S�T�O�M�E�R�S�� �I�T �B�E�C�O�M�E�S �C�O�M�P�L�E�T�E�L�Y �I�M�P�R�A�C�T�I�C�A�L �T�O �S�P�E�C�I�F�Y �T�H�E
�N�E�T�W�O�R�K �B�Y �H�A�N�D��

�&�O�R�T�U�N�A�T�E�L�Y�� �T�H�E �N�E�T�W�O�R�K �H�A�S �A �L�O�T �O�F �R�E�P�E�A�T�E�D �S�T�R�U�C�T�U�R�E�� �%�A�C�HRecommendation(c; b)
�V�A�R�I�A�B�L�E �H�A�S �A�S �I�T�S �P�A�R�E�N�T�S �T�H�E �V�A�R�I�A�B�L�E�SHonest(c)��Kindness(c)�� �A�N�DQuality (b)�� �-�O�R�E�O�V�E�R��
�T�H�E �#�0�4�S �F�O�R �A�L�L �T�H�ERecommendation(c; b) �V�A�R�I�A�B�L�E�S �A�R�E �I�D�E�N�T�I�C�A�L�� �A�S �A�R�E �T�H�O�S�E �F�O�R �A�L�L �T�H�E
Honest(c) �V�A�R�I�A�B�L�E�S�� �A�N�D �S�O �O�N�� �4�H�E �S�I�T�U�A�T�I�O�N �S�E�E�M�S �T�A�I�L�O�R�
�M�A�D�E �F�O�R �A �l�R�S�T�
�O�R�D�E�R �L�A�N�G�U�A�G�E��
�7�E �W�O�U�L�D �L�I�K�E �T�O �S�A�Y �S�O�M�E�T�H�I�N�G �L�I�K�E

Recommendation(c; b) � RecCPT(Honest(c); Kindness(c); Quality (b))

�W�I�T�H �T�H�E �I�N�T�E�N�D�E�D �M�E�A�N�I�N�G �T�H�A�T �A �C�U�S�T�O�M�E�R���S �R�E�C�O�M�M�E�N�D�A�T�I�O�N �F�O�R �A �B�O�O�K �D�E�P�E�N�D�S �O�N �T�H�E
�C�U�S�T�O�M�E�R���S �H�O�N�E�S�T�Y �A�N�D �K�I�N�D�N�E�S�S �A�N�D �T�H�E �B�O�O�K���S �Q�U�A�L�I�T�Y �A�C�C�O�R�D�I�N�G �T�O �S�O�M�E �l�X�E�D �#�0�4�� �4�H�I�S
�S�E�C�T�I�O�N �D�E�V�E�L�O�P�S �A �L�A�N�G�U�A�G�E �T�H�A�T �L�E�T�S �U�S �S�A�Y �E�X�A�C�T�L�Y �T�H�I�S�� �A�N�D �A �L�O�T �M�O�R�E �B�E�S�I�D�E�S��

������������ �3�R�V�V�L�E�O�H �Z�R�U�O�G�V

�2�E�C�A�L�L �F�R�O�M �#�H�A�P�T�E�R ���� �T�H�A�T �A �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �D�E�l�N�E�S �A �S�E�T
 �O�F �P�O�S�S�I�B�L�E �W�O�R�L�D�S �W�I�T�H
�A �P�R�O�B�A�B�I�L�I�T�YP(! ) �F�O�R �E�A�C�H �W�O�R�L�D! �� �&�O�R �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �A�R�E �A�S�

�S�I�G�N�M�E�N�T�S �O�F �V�A�L�U�E�S �T�O �V�A�R�I�A�B�L�E�S�� �F�O�R �T�H�E �"�O�O�L�E�A�N �C�A�S�E �I�N �P�A�R�T�I�C�U�L�A�R�� �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �A�R�E
�I�D�E�N�T�I�C�A�L �T�O �T�H�O�S�E �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C�� �&�O�R �A �l�R�S�T�
�O�R�D�E�R �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�� �T�H�E�N�� �I�T �S�E�E�M�S
�W�E �N�E�E�D �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �T�O �B�E �T�H�O�S�E �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�ˆ�T�H�A�T �I�S�� �A �S�E�T �O�F �O�B�J�E�C�T�S �W�I�T�H
�R�E�L�A�T�I�O�N�S �A�M�O�N�G �T�H�E�M �A�N�D �A�N �I�N�T�E�R�P�R�E�T�A�T�I�O�N �T�H�A�T �M�A�P�S �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �T�O �O�B�J�E�C�T�S�� �P�R�E�D�I�C�A�T�E
�S�Y�M�B�O�L�S �T�O �R�E�L�A�T�I�O�N�S�� �A�N�D �F�U�N�C�T�I�O�N �S�Y�M�B�O�L�S �T�O �F�U�N�C�T�I�O�N�S �O�N �T�H�O�S�E �O�B�J�E�C�T�S�� ���3�E�E �3�E�C�T�I�O�N ���������	
�4�H�E �M�O�D�E�L �A�L�S�O �N�E�E�D�S �T�O �D�E�l�N�E �A �P�R�O�B�A�B�I�L�I�T�Y �F�O�R �E�A�C�H �S�U�C�H �P�O�S�S�I�B�L�E �W�O�R�L�D�� �J�U�S�T �A�S �A �"�A�Y�E�S�I�A�N
�N�E�T�W�O�R�K �D�E�l�N�E�S �A �P�R�O�B�A�B�I�L�I�T�Y �F�O�R �E�A�C�H �A�S�S�I�G�N�M�E�N�T �O�F �V�A�L�U�E�S �T�O �V�A�R�I�A�B�L�E�S��

�,�E�T �U�S �S�U�P�P�O�S�E�� �F�O�R �A �M�O�M�E�N�T�� �T�H�A�T �W�E �H�A�V�E �l�G�U�R�E�D �O�U�T �H�O�W �T�O �D�O �T�H�I�S�� �4�H�E�N�� �A�S �U�S�U�A�L
���S�E�E �P�A�G�E �������	�� �W�E �C�A�N �O�B�T�A�I�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A�N�Y �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�A�L �S�E�N�T�E�N�C�E� �A�S �A �S�U�M
�O�V�E�R �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �W�H�E�R�E �I�T �I�S �T�R�U�E��

P(� ) =
X

! :� �I�S �T�R�U�E �I�N!

P(! ) : �������������	

�#�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�SP(� j �H) �C�A�N �B�E �O�B�T�A�I�N�E�D �S�I�M�I�L�A�R�L�Y�� �S�O �W�E �C�A�N�� �I�N �P�R�I�N�C�I�P�L�E�� �A�S�K �A�N�Y
�Q�U�E�S�T�I�O�N �W�E �W�A�N�T �O�F �O�U�R �M�O�D�E�L�ˆ�E���G���� �h�7�H�I�C�H �B�O�O�K�S �A�R�E �M�O�S�T �L�I�K�E�L�Y �T�O �B�E �R�E�C�O�M�M�E�N�D�E�D
�H�I�G�H�L�Y �B�Y �D�I�S�H�O�N�E�S�T �C�U�S�T�O�M�E�R�S���v�ˆ�A�N�D �G�E�T �A�N �A�N�S�W�E�R�� �3�O �F�A�R�� �S�O �G�O�O�D��

�4�H�E�R�E �I�S�� �H�O�W�E�V�E�R�� �A �P�R�O�B�L�E�M�� �T�H�E �S�E�T �O�F �l�R�S�T�
�O�R�D�E�R �M�O�D�E�L�S �I�S �I�N�l�N�I�T�E�� �7�E �S�A�W �T�H�I�S
�E�X�P�L�I�C�I�T�L�Y �I�N �&�I�G�U�R�E ������ �O�N �P�A�G�E �������� �W�H�I�C�H �W�E �S�H�O�W �A�G�A�I�N �I�N �&�I�G�U�R�E ���������� ���T�O�P�	�� �4�H�I�S �M�E�A�N�S
�T�H�A�T �����	 �T�H�E �S�U�M�M�A�T�I�O�N �I�N �%�Q�U�A�T�I�O�N �������������	 �C�O�U�L�D �B�E �I�N�F�E�A�S�I�B�L�E�� �A�N�D �����	 �S�P�E�C�I�F�Y�I�N�G �A �C�O�M�P�L�E�T�E��
�C�O�N�S�I�S�T�E�N�T �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �A�N �I�N�l�N�I�T�E �S�E�T �O�F �W�O�R�L�D�S �C�O�U�L�D �B�E �V�E�R�Y �D�I�F�l�C�U�L�T��

�3�E�C�T�I�O�N ������������ �E�X�P�L�O�R�E�S �O�N�E �A�P�P�R�O�A�C�H �T�O �D�E�A�L�I�N�G �W�I�T�H �T�H�I�S �P�R�O�B�L�E�M�� �4�H�E �I�D�E�A �I�S �T�O
�B�O�R�R�O�W �N�O�T �F�R�O�M �T�H�E �S�T�A�N�D�A�R�D �S�E�M�A�N�T�I�C�S �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �B�U�T �F�R�O�M �T�H�E�G�D�W�D�E�D�V�H �V�H�P�D�Q��
�W�L�F�V�D�E�l�N�E�D �I�N �3�E�C�T�I�O�N ���������� ���P�A�G�E �������	�� �4�H�E �D�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S �M�A�K�E�S �T�H�E�X�Q�L�T�X�H �Q�D�P�H�V
�D�V�V�X�P�S�W�L�R�Q�ˆ�H�E�R�E�� �W�E �A�D�O�P�T �I�T �F�O�R �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S�� �)�T �A�L�S�O �A�S�S�U�M�E�S�G�R�P�D�L�Q �F�O�R�V�X�U�H�ˆ
�T�H�E�R�E �A�R�E �N�O �M�O�R�E �O�B�J�E�C�T�S �T�H�A�N �T�H�O�S�E �T�H�A�T �A�R�E �N�A�M�E�D�� �7�E �C�A�N �T�H�E�N �G�U�A�R�A�N�T�E�E �A �l�N�I�T�E �S�E�T �O�F
�P�O�S�S�I�B�L�E �W�O�R�L�D�S �B�Y �M�A�K�I�N�G �T�H�E �S�E�T �O�F �O�B�J�E�C�T�S �I�N �E�A�C�H �W�O�R�L�D �B�E �E�X�A�C�T�L�Y �T�H�E �S�E�T �O�F �C�O�N�S�T�A�N�T



�3�E�C�T�I�O�N ���������� �2�E�L�A�T�I�O�N�A�L �A�N�D �&�I�R�S�T�
�/�R�D�E�R �0�R�O�B�A�B�I�L�I�T�Y �-�O�D�E�L�S������
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�)�L�J�X�U�H �����������4�O�P�� �3�O�M�E �M�E�M�B�E�R�S �O�F �T�H�E �S�E�T �O�F �A�L�L �P�O�S�S�I�B�L�E �W�O�R�L�D�S �F�O�R �A �L�A�N�G�U�A�G�E �W�I�T�H �T�W�O
�C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S��R �A�N�DJ �� �A�N�D �O�N�E �B�I�N�A�R�Y �R�E�L�A�T�I�O�N �S�Y�M�B�O�L�� �U�N�D�E�R �T�H�E �S�T�A�N�D�A�R�D �S�E�M�A�N�T�I�C�S �F�O�R
�l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �"�O�T�T�O�M�� �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �U�N�D�E�R �D�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S�� �4�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N
�O�F �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �I�S �l�X�E�D�� �A�N�D �T�H�E�R�E �I�S �A �D�I�S�T�I�N�C�T �O�B�J�E�C�T �F�O�R �E�A�C�H �C�O�N�S�T�A�N�T �S�Y�M�B�O�L��

�S�Y�M�B�O�L�S �T�H�A�T �A�R�E �U�S�E�D�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� ���B�O�T�T�O�M�	�� �T�H�E�R�E �I�S �N�O �U�N�C�E�R�T�A�I�N�T�Y �A�B�O�U�T �T�H�E
�M�A�P�P�I�N�G �F�R�O�M �S�Y�M�B�O�L�S �T�O �O�B�J�E�C�T�S �O�R �A�B�O�U�T �T�H�E �O�B�J�E�C�T�S �T�H�A�T �E�X�I�S�T�� �7�E �W�I�L�L �C�A�L�L �M�O�D�E�L�S �D�E�l�N�E�D
�I�N �T�H�I�S �W�A�Y�U�H�O�D�W�L�R�Q�D�O �S�U�R�E�D�E�L�O�L�W�\ �P�R�G�H�O�V�� �O�R �2�0�-�S���� �4�H�E �M�O�S�T �S�I�G�N�I�l�C�A�N�T �D�I�F�F�E�R�E�N�C�E �B�E�
RELATIONAL

PROBABILITY MODEL

�T�W�E�E�N �T�H�E �S�E�M�A�N�T�I�C�S �O�F �2�0�-�S �A�N�D �T�H�E �D�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S �I�N�T�R�O�D�U�C�E�D �I�N �3�E�C�T�I�O�N ���������� �I�S �T�H�A�T
�2�0�-�S �D�O �N�O�T �M�A�K�E �T�H�E �C�L�O�S�E�D�
�W�O�R�L�D �A�S�S�U�M�P�T�I�O�N�ˆ�O�B�V�I�O�U�S�L�Y�� �A�S�S�U�M�I�N�G �T�H�A�T �E�V�E�R�Y �U�N�K�N�O�W�N
�F�A�C�T �I�S �F�A�L�S�E �D�O�E�S�N���T �M�A�K�E �S�E�N�S�E �I�N �A �P�R�O�B�A�B�I�L�I�S�T�I�C �R�E�A�S�O�N�I�N�G �S�Y�S�T�E�M��

�7�H�E�N �T�H�E �U�N�D�E�R�L�Y�I�N�G �A�S�S�U�M�P�T�I�O�N�S �O�F �D�A�T�A�B�A�S�E �S�E�M�A�N�T�I�C�S �F�A�I�L �T�O �H�O�L�D�� �2�0�-�S �W�O�N���T �W�O�R�K
�W�E�L�L�� �&�O�R �E�X�A�M�P�L�E�� �A �B�O�O�K �R�E�T�A�I�L�E�R �M�I�G�H�T �U�S�E �A�N �)�3�"�. ���)�N�T�E�R�N�A�T�I�O�N�A�L �3�T�A�N�D�A�R�D �"�O�O�K �.�U�M�B�E�R�	
�A�S �A �C�O�N�S�T�A�N�T �S�Y�M�B�O�L �T�O �N�A�M�E �E�A�C�H �B�O�O�K�� �E�V�E�N �T�H�O�U�G�H �A �G�I�V�E�N �h�L�O�G�I�C�A�L�v �B�O�O�K ���E���G���� �h�'�O�N�E
�7�I�T�H �T�H�E �7�I�N�D�v�	 �M�A�Y �H�A�V�E �S�E�V�E�R�A�L �)�3�"�.�S�� �)�T �W�O�U�L�D �M�A�K�E �S�E�N�S�E �T�O �A�G�G�R�E�G�A�T�E �R�E�C�O�M�M�E�N�D�A�

�T�I�O�N�S �A�C�R�O�S�S �M�U�L�T�I�P�L�E �)�3�"�.�S�� �B�U�T �T�H�E �R�E�T�A�I�L�E�R �M�A�Y �N�O�T �K�N�O�W �F�O�R �S�U�R�E �W�H�I�C�H �)�3�"�.�S �A�R�E �R�E�A�L�L�Y
�T�H�E �S�A�M�E �B�O�O�K�� ���.�O�T�E �T�H�A�T �W�E �A�R�E �N�O�T �R�E�I�F�Y�I�N�G �T�H�E�L�Q�G�L�Y�L�G�X�D�O �F�R�S�L�H�V�O�F �T�H�E �B�O�O�K�� �W�H�I�C�H �M�I�G�H�T
�B�E �N�E�C�E�S�S�A�R�Y �F�O�R �U�S�E�D�
�B�O�O�K �S�A�L�E�S�� �C�A�R �S�A�L�E�S�� �A�N�D �S�O �O�N���	 �7�O�R�S�E �S�T�I�L�L�� �E�A�C�H �C�U�S�T�O�M�E�R �I�S �I�D�E�N�

�T�I�l�E�D �B�Y �A �L�O�G�I�N �)�$�� �B�U�T �A �D�I�S�H�O�N�E�S�T �C�U�S�T�O�M�E�R �M�A�Y �H�A�V�E �T�H�O�U�S�A�N�D�S �O�F �)�$�S�� �)�N �T�H�E �C�O�M�P�U�T�E�R
�S�E�C�U�R�I�T�Y �l�E�L�D�� �T�H�E�S�E �M�U�L�T�I�P�L�E �)�$�S �A�R�E �C�A�L�L�E�D�V�L�E�\�O�V�A�N�D �T�H�E�I�R �U�S�E �T�O �C�O�N�F�O�U�N�D �A �R�E�P�U�T�A�T�I�O�N �S�Y�S�
SIBYL

�T�E�M �I�S �C�A�L�L�E�D �A�V�L�E�\�O �D�W�W�D�F�N�� �4�H�U�S�� �E�V�E�N �A �S�I�M�P�L�E �A�P�P�L�I�C�A�T�I�O�N �I�N �A �R�E�L�A�T�I�V�E�L�Y �W�E�L�L�
�D�E�l�N�E�D��SIBYL ATTACK

�O�N�L�I�N�E �D�O�M�A�I�N �I�N�V�O�L�V�E�S �B�O�T�H�H�[�L�V�W�H�Q�F�H �X�Q�F�H�U�W�D�L�Q�W�\���W�H�A�T �A�R�E �T�H�E �R�E�A�L �B�O�O�K�S �A�N�D �C�U�S�T�O�M�E�R�SEXISTENCE
UNCERTAINTY

�U�N�D�E�R�L�Y�I�N�G �T�H�E �O�B�S�E�R�V�E�D �D�A�T�A�	 �A�N�D�L�G�H�Q�W�L�W�\ �X�Q�F�H�U�W�D�L�Q�W�\���W�H�I�C�H �S�Y�M�B�O�L �R�E�A�L�L�Y �R�E�F�E�R �T�O �T�H�EIDENTITY
UNCERTAINTY

�S�A�M�E �O�B�J�E�C�T�	�� �7�E �N�E�E�D �T�O �B�I�T�E �T�H�E �B�U�L�L�E�T �A�N�D �D�E�l�N�E �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�S �B�A�S�E�D �O�N �T�H�E �S�T�A�N�D�A�R�D
�S�E�M�A�N�T�I�C�S �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �F�O�R �W�H�I�C�H �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S �V�A�R�Y �I�N �T�H�E �O�B�J�E�C�T�S �T�H�E�Y �C�O�N�T�A�I�N
�A�N�D �I�N �T�H�E �M�A�P�P�I�N�G�S �F�R�O�M �S�Y�M�B�O�L�S �T�O �O�B�J�E�C�T�S�� �3�E�C�T�I�O�N ������������ �S�H�O�W�S �H�O�W �T�O �D�O �T�H�I�S��

7 �4�H�E �N�A�M�E�U�H�O�D�W�L�R�Q�D�O �S�U�R�E�D�E�L�O�L�W�\ �P�R�G�H�O�W�A�S �G�I�V�E�N �B�Y �0�F�E�F�F�E�R �����������	 �T�O �A �S�L�I�G�H�T�L�Y �D�I�F�F�E�R�E�N�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �B�U�T
�T�H�E �U�N�D�E�R�L�Y�I�N�G �I�D�E�A�S �A�R�E �T�H�E �S�A�M�E��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

������������ �5�H�O�D�W�L�R�Q�D�O �S�U�R�E�D�E�L�O�L�W�\ �P�R�G�H�O�V

�,�I�K�E �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �2�0�-�S �H�A�V�E �C�O�N�S�T�A�N�T�� �F�U�N�C�T�I�O�N�� �A�N�D �P�R�E�D�I�C�A�T�E �S�Y�M�B�O�L�S�� ���)�T �T�U�R�N�S �O�U�T �T�O
�B�E �E�A�S�I�E�R �T�O �V�I�E�W �P�R�E�D�I�C�A�T�E�S �A�S �F�U�N�C�T�I�O�N�S �T�H�A�T �R�E�T�U�R�Ntrue �O�Rfalse���	 �7�E �W�I�L�L �A�L�S�O �A�S�S�U�M�E �A
�W�\�S�H �V�L�J�Q�D�W�X�U�H�F�O�R �E�A�C�H �F�U�N�C�T�I�O�N�� �T�H�A�T �I�S�� �A �S�P�E�C�I�l�C�A�T�I�O�N �O�F �T�H�E �T�Y�P�E �O�F �E�A�C�H �A�R�G�U�M�E�N�T �A�N�D �T�H�ETYPE SIGNATURE

�F�U�N�C�T�I�O�N���S �V�A�L�U�E�� �)�F �T�H�E �T�Y�P�E �O�F �E�A�C�H �O�B�J�E�C�T �I�S �K�N�O�W�N�� �M�A�N�Y �S�P�U�R�I�O�U�S �P�O�S�S�I�B�L�E �W�O�R�L�D�S �A�R�E �E�L�I�M�

�I�N�A�T�E�D �B�Y �T�H�I�S �M�E�C�H�A�N�I�S�M�� �&�O�R �T�H�E �B�O�O�K�
�R�E�C�O�M�M�E�N�D�A�T�I�O�N �D�O�M�A�I�N�� �T�H�E �T�Y�P�E�S �A�R�ECustomer
�A�N�DBook�� �A�N�D �T�H�E �T�Y�P�E �S�I�G�N�A�T�U�R�E�S �F�O�R �T�H�E �F�U�N�C�T�I�O�N�S �A�N�D �P�R�E�D�I�C�A�T�E�S �A�R�E �A�S �F�O�L�L�O�W�S��

Honest : Customer ! f true ; falsegKindness : Customer ! f 1; 2; 3; 4; 5g
Quality : Book ! f 1; 2; 3; 4; 5g
Recommendation: Customer � Book ! f 1; 2; 3; 4; 5g

�4�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �W�I�L�L �B�E �W�H�A�T�E�V�E�R �C�U�S�T�O�M�E�R �A�N�D �B�O�O�K �N�A�M�E�S �A�P�P�E�A�R �I�N �T�H�E �R�E�T�A�I�L�E�R���S �D�A�T�A
�S�E�T�� �)�N �T�H�E �E�X�A�M�P�L�E �G�I�V�E�N �E�A�R�L�I�E�R ���&�I�G�U�R�E �������������B�	�	�� �T�H�E�S�E �W�E�R�EC1; C2 �A�N�DB1; B2��

�'�I�V�E�N �T�H�E �C�O�N�S�T�A�N�T�S �A�N�D �T�H�E�I�R �T�Y�P�E�S�� �T�O�G�E�T�H�E�R �W�I�T�H �T�H�E �F�U�N�C�T�I�O�N�S �A�N�D �T�H�E�I�R �T�Y�P�E �S�I�G�N�A�

�T�U�R�E�S�� �T�H�E �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S �O�F �T�H�E �2�0�- �A�R�E �O�B�T�A�I�N�E�D �B�Y �I�N�S�T�A�N�T�I�A�T�I�N�G �E�A�C�H �F�U�N�C�T�I�O�N �W�I�T�H �E�A�C�H
�P�O�S�S�I�B�L�E �C�O�M�B�I�N�A�T�I�O�N �O�F �O�B�J�E�C�T�S��Honest(C1)�� Quality (B2)�� Recommendation(C1; B2)��
�A�N�D �S�O �O�N�� �4�H�E�S�E �A�R�E �E�X�A�C�T�L�Y �T�H�E �V�A�R�I�A�B�L�E�S �A�P�P�E�A�R�I�N�G �I�N �&�I�G�U�R�E �������������B�	�� �"�E�C�A�U�S�E �E�A�C�H �T�Y�P�E
�H�A�S �O�N�L�Y �l�N�I�T�E�L�Y �M�A�N�Y �I�N�S�T�A�N�C�E�S�� �T�H�E �N�U�M�B�E�R �O�F �B�A�S�I�C �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S �I�S �A�L�S�O �l�N�I�T�E��

�4�O �C�O�M�P�L�E�T�E �T�H�E �2�0�-�� �W�E �H�A�V�E �T�O �W�R�I�T�E �T�H�E �D�E�P�E�N�D�E�N�C�I�E�S �T�H�A�T �G�O�V�E�R�N �T�H�E�S�E �R�A�N�D�O�M
�V�A�R�I�A�B�L�E�S�� �4�H�E�R�E �I�S �O�N�E �D�E�P�E�N�D�E�N�C�Y �S�T�A�T�E�M�E�N�T �F�O�R �E�A�C�H �F�U�N�C�T�I�O�N�� �W�H�E�R�E �E�A�C�H �A�R�G�U�M�E�N�T �O�F �T�H�E
�F�U�N�C�T�I�O�N �I�S �A �L�O�G�I�C�A�L �V�A�R�I�A�B�L�E ���I���E���� �A �V�A�R�I�A�B�L�E �T�H�A�T �R�A�N�G�E�S �O�V�E�R �O�B�J�E�C�T�S�� �A�S �I�N �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�	��

Honest(c) � h 0:99; 0:01i
Kindness(c) � h 0:1; 0:1; 0:2; 0:3; 0:3i
Quality (b) � h 0:05; 0:2; 0:4; 0:2; 0:15i
Recommendation(c; b) � RecCPT(Honest(c); Kindness(c); Quality (b))

�W�H�E�R�ERecCPT �I�S �A �S�E�P�A�R�A�T�E�L�Y �D�E�l�N�E�D �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �W�I�T�H2� 5� 5 = 50 �R�O�W�S��
�E�A�C�H �W�I�T�H �� �E�N�T�R�I�E�S�� �4�H�E �S�E�M�A�N�T�I�C�S �O�F �T�H�E �2�0�- �C�A�N �B�E �O�B�T�A�I�N�E�D �B�Y �I�N�S�T�A�N�T�I�A�T�I�N�G �T�H�E�S�E �D�E�

�P�E�N�D�E�N�C�I�E�S �F�O�R �A�L�L �K�N�O�W�N �C�O�N�S�T�A�N�T�S�� �G�I�V�I�N�G �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K ���A�S �I�N �&�I�G�U�R�E �������������B�	�	 �T�H�A�T
�D�E�l�N�E�S �A �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �T�H�E �2�0�-���S �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S����

�7�E �C�A�N �R�E�l�N�E �T�H�E �M�O�D�E�L �B�Y �I�N�T�R�O�D�U�C�I�N�G �A�F�R�Q�W�H�[�W���V�S�H�F�L�¿�F �L�Q�G�H�S�H�Q�G�H�Q�F�H�T�O �R�E�m�E�C�T �T�H�ECONTEXT­SPECIFIC
INDEPENDENCE

�F�A�C�T �T�H�A�T �D�I�S�H�O�N�E�S�T �C�U�S�T�O�M�E�R�S �I�G�N�O�R�E �Q�U�A�L�I�T�Y �W�H�E�N �G�I�V�I�N�G �A �R�E�C�O�M�M�E�N�D�A�T�I�O�N�� �M�O�R�E�O�V�E�R�� �K�I�N�D�

�N�E�S�S �P�L�A�Y�S �N�O �R�O�L�E �I�N �T�H�E�I�R �D�E�C�I�S�I�O�N�S�� �! �C�O�N�T�E�X�T�
�S�P�E�C�I�l�C �I�N�D�E�P�E�N�D�E�N�C�E �A�L�L�O�W�S �A �V�A�R�I�A�B�L�E �T�O �B�E
�I�N�D�E�P�E�N�D�E�N�T �O�F �S�O�M�E �O�F �I�T�S �P�A�R�E�N�T�S �G�I�V�E�N �C�E�R�T�A�I�N �V�A�L�U�E�S �O�F �O�T�H�E�R�S�� �T�H�U�S��Recommendation(c; b)
�I�S �I�N�D�E�P�E�N�D�E�N�T �O�FKindness(c) �A�N�DQuality (b) �W�H�E�NHonest(c) = false��

Recommendation(c; b) � �L�IHonest(c) �W�K�H�Q

HonestRecCPT(Kindness(c); Quality (b))

�H�O�V�Hh0:4; 0:1; 0:0; 0:1; 0:4i :

8 �3�O�M�E �T�E�C�H�N�I�C�A�L �C�O�N�D�I�T�I�O�N�S �M�U�S�T �B�E �O�B�S�E�R�V�E�D �T�O �G�U�A�R�A�N�T�E�E �T�H�A�T �T�H�E �2�0�- �D�E�l�N�E�S �A �P�R�O�P�E�R �D�I�S�T�R�I�B�U�T�I�O�N�� �&�I�R�S�T��
�T�H�E �D�E�P�E�N�D�E�N�C�I�E�S �M�U�S�T �B�E�D�F�\�F�O�L�F�� �O�T�H�E�R�W�I�S�E �T�H�E �R�E�S�U�L�T�I�N�G �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �W�I�L�L �H�A�V�E �C�Y�C�L�E�S �A�N�D �W�I�L�L �N�O�T �D�E�l�N�E
�A �P�R�O�P�E�R �D�I�S�T�R�I�B�U�T�I�O�N�� �3�E�C�O�N�D�� �T�H�E �D�E�P�E�N�D�E�N�C�I�E�S �M�U�S�T �B�E�Z�H�O�O���I�R�X�Q�G�H�G�� �T�H�A�T �I�S�� �T�H�E�R�E �C�A�N �B�E �N�O �I�N�l�N�I�T�E �A�N�C�E�S�T�O�R
�C�H�A�I�N�S�� �S�U�C�H �A�S �M�I�G�H�T �A�R�I�S�E �F�R�O�M �R�E�C�U�R�S�I�V�E �D�E�P�E�N�D�E�N�C�I�E�S�� �5�N�D�E�R �S�O�M�E �C�I�R�C�U�M�S�T�A�N�C�E�S ���S�E�E �%�X�E�R�C�I�S�E ���������	�� �A �l�X�E�D�

�P�O�I�N�T �C�A�L�C�U�L�A�T�I�O�N �Y�I�E�L�D�S �A �W�E�L�L�
�D�E�l�N�E�D �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �F�O�R �A �R�E�C�U�R�S�I�V�E �2�0�-��



�3�E�C�T�I�O�N ���������� �2�E�L�A�T�I�O�N�A�L �A�N�D �&�I�R�S�T�
�/�R�D�E�R �0�R�O�B�A�B�I�L�I�T�Y �-�O�D�E�L�S������

�5�H�F�R�P�P�H�Q�G�D�W�L�R�Q���&�������%���	

�+�R�Q�H�V�W�\���&���	 �.�L�Q�G�Q�H�V�V���&���	�4�X�D�O�L�W�\���%���	

�5�H�F�R�P�P�H�Q�G�D�W�L�R�Q���&�������%���	

�4�X�D�O�L�W�\���%���	

�)�D�Q���&�������$���	 �)�D�Q���&�������$���	 �$�X�W�K�R�U���%���	

�)�L�J�X�U�H �����������&�R�A�G�M�E�N�T �O�F �T�H�E �E�Q�U�I�V�A�L�E�N�T �"�A�Y�E�S �N�E�T �W�H�E�NAuthor (B2) �I�S �U�N�K�N�O�W�N��

�4�H�I�S �K�I�N�D �O�F �D�E�P�E�N�D�E�N�C�Y �M�A�Y �L�O�O�K �L�I�K�E �A�N �O�R�D�I�N�A�R�Y �I�F�n�T�H�E�N�n�E�L�S�E �S�T�A�T�E�M�E�N�T �O�N �A �P�R�O�G�R�A�M�M�I�N�G
�L�A�N�G�U�A�G�E�� �B�U�T �T�H�E�R�E �I�S �A �K�E�Y �D�I�F�F�E�R�E�N�C�E�� �T�H�E �I�N�F�E�R�E�N�C�E �E�N�G�I�N�E�G�R�H�V�Q�¶�W �Q�H�F�H�V�V�D�U�L�O�\ �N�Q�R�Z �W�K�H
�Y�D�O�X�H �R�I �W�K�H �F�R�Q�G�L�W�L�R�Q�D�O �W�H�V�W��

�7�E �C�A�N �E�L�A�B�O�R�A�T�E �T�H�I�S �M�O�D�E�L �I�N �E�N�D�L�E�S�S �W�A�Y�S �T�O �M�A�K�E �I�T �M�O�R�E �R�E�A�L�I�S�T�I�C�� �&�O�R �E�X�A�M�P�L�E��
�S�U�P�P�O�S�E �T�H�A�T �A�N �H�O�N�E�S�T �C�U�S�T�O�M�E�R �W�H�O �I�S �A �F�A�N �O�F �A �B�O�O�K���S �A�U�T�H�O�R �A�L�W�A�Y�S �G�I�V�E�S �T�H�E �B�O�O�K �A ����
�R�E�G�A�R�D�L�E�S�S �O�F �Q�U�A�L�I�T�Y��

Recommendation(c; b) � �L�IHonest(c) �W�K�H�Q

�L�IFan(c;Author (b)) �W�K�H�QExactly(5)

�H�O�V�HHonestRecCPT(Kindness(c); Quality (b))

�H�O�V�Hh0:4; 0:1; 0:0; 0:1; 0:4i

�!�G�A�I�N�� �T�H�E �C�O�N�D�I�T�I�O�N�A�L �T�E�S�TFan(c;Author (b)) �I�S �U�N�K�N�O�W�N�� �B�U�T �I�F �A �C�U�S�T�O�M�E�R �G�I�V�E�S �O�N�L�Y ���S �T�O
�A �P�A�R�T�I�C�U�L�A�R �A�U�T�H�O�R���S �B�O�O�K�S �A�N�D �I�S �N�O�T �O�T�H�E�R�W�I�S�E �E�S�P�E�C�I�A�L�L�Y �K�I�N�D�� �T�H�E�N �T�H�E �P�O�S�T�E�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y
�T�H�A�T �T�H�E �C�U�S�T�O�M�E�R �I�S �A �F�A�N �O�F �T�H�A�T �A�U�T�H�O�R �W�I�L�L �B�E �H�I�G�H�� �&�U�R�T�H�E�R�M�O�R�E�� �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N
�W�I�L�L �T�E�N�D �T�O �D�I�S�C�O�U�N�T �T�H�E �C�U�S�T�O�M�E�R���S ���S �I�N �E�V�A�L�U�A�T�I�N�G �T�H�E �Q�U�A�L�I�T�Y �O�F �T�H�A�T �A�U�T�H�O�R���S �B�O�O�K�S��

�)�N �T�H�E �P�R�E�C�E�D�I�N�G �E�X�A�M�P�L�E�� �W�E �I�M�P�L�I�C�I�T�L�Y �A�S�S�U�M�E�D �T�H�A�T �T�H�E �V�A�L�U�E �O�FAuthor (b) �I�S �K�N�O�W�N
�F�O�R �E�V�E�R�Yb�� �B�U�T �T�H�I�S �M�A�Y �N�O�T �B�E �T�H�E �C�A�S�E�� �(�O�W �C�A�N �T�H�E �S�Y�S�T�E�M �R�E�A�S�O�N �A�B�O�U�T �W�H�E�T�H�E�R�� �S�A�Y��C1

�I�S �A �F�A�N �O�FAuthor (B2) �W�H�E�NAuthor (B2) �I�S �U�N�K�N�O�W�N�� �4�H�E �A�N�S�W�E�R �I�S �T�H�A�T �T�H�E �S�Y�S�T�E�M �M�A�Y
�H�A�V�E �T�O �R�E�A�S�O�N �A�B�O�U�T�D�O�O �S�R�V�V�L�E�O�H �D�X�W�K�R�U�V�� �3�U�P�P�O�S�E ���T�O �K�E�E�P �T�H�I�N�G�S �S�I�M�P�L�E�	 �T�H�A�T �T�H�E�R�E �A�R�E �J�U�S�T
�T�W�O �A�U�T�H�O�R�S��A1 �A�N�DA2�� �4�H�E�NAuthor (B2) �I�S �A �R�A�N�D�O�M �V�A�R�I�A�B�L�E �W�I�T�H �T�W�O �P�O�S�S�I�B�L�E �V�A�L�U�E�S��
A1 �A�N�DA2�� �A�N�D �I�T �I�S �A �P�A�R�E�N�T �O�FRecommendation(C1; B2)�� �4�H�E �V�A�R�I�A�B�L�E�SFan(C1; A1) �A�N�D
Fan(C1; A2) �A�R�E �P�A�R�E�N�T�S �T�O�O�� �4�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RRecommendation(C1; B2) �I�S
�T�H�E�N �E�S�S�E�N�T�I�A�L�L�Y �A�P�X�O�W�L�S�O�H�[�H�U�I�N �W�H�I�C�H �T�H�EAuthor (B2) �P�A�R�E�N�T �A�C�T�S �A�S �A �S�E�L�E�C�T�O�R �T�O �C�H�O�O�S�EMULTIPLEXER

�W�H�I�C�H �O�FFan(C1; A1) �A�N�DFan(C1; A2) �A�C�T�U�A�L�L�Y �G�E�T�S �T�O �I�N�m�U�E�N�C�E �T�H�E �R�E�C�O�M�M�E�N�D�A�T�I�O�N�� �!
�F�R�A�G�M�E�N�T �O�F �T�H�E �E�Q�U�I�V�A�L�E�N�T �"�A�Y�E�S �N�E�T �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������ �5�N�C�E�R�T�A�I�N�T�Y �I�N �T�H�E �V�A�L�U�E
�O�FAuthor (B2)�� �W�H�I�C�H �A�F�F�E�C�T�S �T�H�E �D�E�P�E�N�D�E�N�C�Y �S�T�R�U�C�T�U�R�E �O�F �T�H�E �N�E�T�W�O�R�K�� �I�S �A�N �I�N�S�T�A�N�C�E �O�F
�U�H�O�D�W�L�R�Q�D�O �X�Q�F�H�U�W�D�L�Q�W�\��RELATIONAL

UNCERTAINTY

�)�N �C�A�S�E �Y�O�U �A�R�E �W�O�N�D�E�R�I�N�G �H�O�W �T�H�E �S�Y�S�T�E�M �C�A�N �P�O�S�S�I�B�L�Y �W�O�R�K �O�U�T �W�H�O �T�H�E �A�U�T�H�O�R �O�F
B2 �I�S�� �C�O�N�S�I�D�E�R �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �T�H�A�T �T�H�R�E�E �O�T�H�E�R �C�U�S�T�O�M�E�R�S �A�R�E �F�A�N�S �O�FA1 ���A�N�D �H�A�V�E �N�O �O�T�H�E�R
�F�A�V�O�R�I�T�E �A�U�T�H�O�R�S �I�N �C�O�M�M�O�N�	 �A�N�D �A�L�L �T�H�R�E�E �H�A�V�E �G�I�V�E�NB2 �A ���� �E�V�E�N �T�H�O�U�G�H �M�O�S�T �O�T�H�E�R �C�U�S�

�T�O�M�E�R�S �l�N�D �I�T �Q�U�I�T�E �D�I�S�M�A�L�� �)�N �T�H�A�T �C�A�S�E�� �I�T �I�S �E�X�T�R�E�M�E�L�Y �L�I�K�E�L�Y �T�H�A�TA1 �I�S �T�H�E �A�U�T�H�O�R �O�FB2��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�4�H�E �E�M�E�R�G�E�N�C�E �O�F �S�O�P�H�I�S�T�I�C�A�T�E�D �R�E�A�S�O�N�I�N�G �L�I�K�E �T�H�I�S �F�R�O�M �A�N �2�0�- �M�O�D�E�L �O�F �J�U�S�T �A �F�E�W �L�I�N�E�S
�I�S �A�N �I�N�T�R�I�G�U�I�N�G �E�X�A�M�P�L�E �O�F �H�O�W �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�m�U�E�N�C�E�S �S�P�R�E�A�D �T�H�R�O�U�G�H �T�H�E �W�E�B �O�F �I�N�T�E�R�C�O�N�

�N�E�C�T�I�O�N�S �A�M�O�N�G �O�B�J�E�C�T�S �I�N �T�H�E �M�O�D�E�L�� �!�S �M�O�R�E �D�E�P�E�N�D�E�N�C�I�E�S �A�N�D �M�O�R�E �O�B�J�E�C�T�S �A�R�E �A�D�D�E�D�� �T�H�E
�P�I�C�T�U�R�E �C�O�N�V�E�Y�E�D �B�Y �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�F�T�E�N �B�E�C�O�M�E�S �C�L�E�A�R�E�R �A�N�D �C�L�E�A�R�E�R��

�4�H�E �N�E�X�T �Q�U�E�S�T�I�O�N �I�S �H�O�W �T�O �D�O �I�N�F�E�R�E�N�C�E �I�N �2�0�-�S�� �/�N�E �A�P�P�R�O�A�C�H �I�S �T�O �C�O�L�L�E�C�T �T�H�E
�E�V�I�D�E�N�C�E �A�N�D �Q�U�E�R�Y �A�N�D �T�H�E �C�O�N�S�T�A�N�T �S�Y�M�B�O�L�S �T�H�E�R�E�I�N�� �C�O�N�S�T�R�U�C�T �T�H�E �E�Q�U�I�V�A�L�E�N�T �"�A�Y�E�S �N�E�T��
�A�N�D �A�P�P�L�Y �A�N�Y �O�F �T�H�E �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�S �D�I�S�C�U�S�S�E�D �I�N �T�H�I�S �C�H�A�P�T�E�R�� �4�H�I�S �T�E�C�H�N�I�Q�U�E �I�S �C�A�L�L�E�D
�X�Q�U�R�O�O�L�Q�J�� �4�H�E �O�B�V�I�O�U�S �D�R�A�W�B�A�C�K �I�S �T�H�A�T �T�H�E �R�E�S�U�L�T�I�N�G �"�A�Y�E�S �N�E�T �M�A�Y �B�E �V�E�R�Y �L�A�R�G�E�� �&�U�R�T�H�E�R�
UNROLLING

�M�O�R�E�� �I�F �T�H�E�R�E �A�R�E �M�A�N�Y �C�A�N�D�I�D�A�T�E �O�B�J�E�C�T�S �F�O�R �A�N �U�N�K�N�O�W�N �R�E�L�A�T�I�O�N �O�R �F�U�N�C�T�I�O�N�ˆ�F�O�R �E�X�A�M�P�L�E��
�T�H�E �U�N�K�N�O�W�N �A�U�T�H�O�R �O�FB2�ˆ�T�H�E�N �S�O�M�E �V�A�R�I�A�B�L�E�S �I�N �T�H�E �N�E�T�W�O�R�K �M�A�Y �H�A�V�E �M�A�N�Y �P�A�R�E�N�T�S��

�&�O�R�T�U�N�A�T�E�L�Y�� �M�U�C�H �C�A�N �B�E �D�O�N�E �T�O �I�M�P�R�O�V�E �O�N �G�E�N�E�R�I�C �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S�� �&�I�R�S�T�� �T�H�E
�P�R�E�S�E�N�C�E �O�F �R�E�P�E�A�T�E�D �S�U�B�S�T�R�U�C�T�U�R�E �I�N �T�H�E �U�N�R�O�L�L�E�D �"�A�Y�E�S �N�E�T �M�E�A�N�S �T�H�A�T �M�A�N�Y �O�F �T�H�E �F�A�C�T�O�R�S
�C�O�N�S�T�R�U�C�T�E�D �D�U�R�I�N�G �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N ���A�N�D �S�I�M�I�L�A�R �K�I�N�D�S �O�F �T�A�B�L�E�S �C�O�N�S�T�R�U�C�T�E�D �B�Y �C�L�U�S�T�E�R�

�I�N�G �A�L�G�O�R�I�T�H�M�S�	 �W�I�L�L �B�E �I�D�E�N�T�I�C�A�L�� �E�F�F�E�C�T�I�V�E �C�A�C�H�I�N�G �S�C�H�E�M�E�S �H�A�V�E �Y�I�E�L�D�E�D �S�P�E�E�D�U�P�S �O�F �T�H�R�E�E
�O�R�D�E�R�S �O�F �M�A�G�N�I�T�U�D�E �F�O�R �L�A�R�G�E �N�E�T�W�O�R�K�S�� �3�E�C�O�N�D�� �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�S �D�E�V�E�L�O�P�E�D �T�O �T�A�K�E �A�D�V�A�N�

�T�A�G�E �O�F �C�O�N�T�E�X�T�
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�E�X�A�M�P�L�E�� �A�SA 7! 0:9 B ��

�#�O�N�S�I�D�E�R �T�H�E �W�E�T�
�G�R�A�S�S �S�I�T�U�A�T�I�O�N �F�R�O�M �&�I�G�U�R�E �������������A�	 ���P�A�G�E �������	�� �)�F �W�E �W�A�N�T�E�D �T�O �B�E
�A�B�L�E �T�O �D�O �B�O�T�H �C�A�U�S�A�L �A�N�D �D�I�A�G�N�O�S�T�I�C �R�E�A�S�O�N�I�N�G�� �W�E �W�O�U�L�D �N�E�E�D �T�H�E �T�W�O �R�U�L�E�S

Rain 7! WetGrass �A�N�D WetGrass 7! Rain :

�4�H�E�S�E �T�W�O �R�U�L�E�S �F�O�R�M �A �F�E�E�D�B�A�C�K �L�O�O�P�� �E�V�I�D�E�N�C�E �F�O�RRain �I�N�C�R�E�A�S�E�S �T�H�E �B�E�L�I�E�F �I�NWetGrass��
�W�H�I�C�H �I�N �T�U�R�N �I�N�C�R�E�A�S�E�S �T�H�E �B�E�L�I�E�F �I�NRain �E�V�E�N �M�O�R�E�� �#�L�E�A�R�L�Y�� �U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G �S�Y�S�T�E�M�S
�N�E�E�D �T�O �K�E�E�P �T�R�A�C�K �O�F �T�H�E �P�A�T�H�S �A�L�O�N�G �W�H�I�C�H �E�V�I�D�E�N�C�E �I�S �P�R�O�P�A�G�A�T�E�D��

�)�N�T�E�R�C�A�U�S�A�L �R�E�A�S�O�N�I�N�G ���O�R �E�X�P�L�A�I�N�I�N�G �A�W�A�Y�	 �I�S �A�L�S�O �T�R�I�C�K�Y�� �#�O�N�S�I�D�E�R �W�H�A�T �H�A�P�P�E�N�S �W�H�E�N
�W�E �H�A�V�E �T�H�E �T�W�O �R�U�L�E�S

Sprinkler 7! WetGrass �A�N�D WetGrass 7! Rain :

�3�U�P�P�O�S�E �W�E �S�E�E �T�H�A�T �T�H�E �S�P�R�I�N�K�L�E�R �I�S �O�N�� �#�H�A�I�N�I�N�G �F�O�R�W�A�R�D �T�H�R�O�U�G�H �O�U�R �R�U�L�E�S�� �T�H�I�S �I�N�C�R�E�A�S�E�S �T�H�E
�B�E�L�I�E�F �T�H�A�T �T�H�E �G�R�A�S�S �W�I�L�L �B�E �W�E�T�� �W�H�I�C�H �I�N �T�U�R�N �I�N�C�R�E�A�S�E�S �T�H�E �B�E�L�I�E�F �T�H�A�T �I�T �I�S �R�A�I�N�I�N�G�� �"�U�T �T�H�I�S
�I�S �R�I�D�I�C�U�L�O�U�S�� �T�H�E �F�A�C�T �T�H�A�T �T�H�E �S�P�R�I�N�K�L�E�R �I�S �O�N �E�X�P�L�A�I�N�S �A�W�A�Y �T�H�E �W�E�T �G�R�A�S�S �A�N�D �S�H�O�U�L�D�U�H�G�X�F�H
�T�H�E �B�E�L�I�E�F �I�N �R�A�I�N�� �! �T�R�U�T�H�
�F�U�N�C�T�I�O�N�A�L �S�Y�S�T�E�M �A�C�T�S �A�S �I�F �I�T �A�L�S�O �B�E�L�I�E�V�E�SSprinkler 7! Rain ��

�'�I�V�E�N �T�H�E�S�E �D�I�F�l�C�U�L�T�I�E�S�� �H�O�W �C�A�N �T�R�U�T�H�
�F�U�N�C�T�I�O�N�A�L �S�Y�S�T�E�M�S �B�E �M�A�D�E �U�S�E�F�U�L �I�N �P�R�A�C�T�I�C�E��
�4�H�E �A�N�S�W�E�R �L�I�E�S �I�N �R�E�S�T�R�I�C�T�I�N�G �T�H�E �T�A�S�K �A�N�D �I�N �C�A�R�E�F�U�L�L�Y �E�N�G�I�N�E�E�R�I�N�G �T�H�E �R�U�L�E �B�A�S�E �S�O �T�H�A�T �U�N�

�D�E�S�I�R�A�B�L�E �I�N�T�E�R�A�C�T�I�O�N�S �D�O �N�O�T �O�C�C�U�R�� �4�H�E �M�O�S�T �F�A�M�O�U�S �E�X�A�M�P�L�E �O�F �A �T�R�U�T�H�
�F�U�N�C�T�I�O�N�A�L �S�Y�S�T�E�M
�F�O�R �U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G �I�S �T�H�E�F�H�U�W�D�L�Q�W�\ �I�D�F�W�R�U�V�M�O�D�E�L�� �W�H�I�C�H �W�A�S �D�E�V�E�L�O�P�E�D �F�O�R �T�H�E �-�9�#�)�.CERTAINTY FACTOR

�M�E�D�I�C�A�L �D�I�A�G�N�O�S�I�S �P�R�O�G�R�A�M �A�N�D �W�A�S �W�I�D�E�L�Y �U�S�E�D �I�N �E�X�P�E�R�T �S�Y�S�T�E�M�S �O�F �T�H�E �L�A�T�E ���������S �A�N�D
���������S�� �!�L�M�O�S�T �A�L�L �U�S�E�S �O�F �C�E�R�T�A�I�N�T�Y �F�A�C�T�O�R�S �I�N�V�O�L�V�E�D �R�U�L�E �S�E�T�S �T�H�A�T �W�E�R�E �E�I�T�H�E�R �P�U�R�E�L�Y �D�I�A�G�N�O�S�

�T�I�C ���A�S �I�N �-�9�#�)�.�	 �O�R �P�U�R�E�L�Y �C�A�U�S�A�L�� �&�U�R�T�H�E�R�M�O�R�E�� �E�V�I�D�E�N�C�E �W�A�S �E�N�T�E�R�E�D �O�N�L�Y �A�T �T�H�E �h�R�O�O�T�S�v
�O�F �T�H�E �R�U�L�E �S�E�T�� �A�N�D �M�O�S�T �R�U�L�E �S�E�T�S �W�E�R�E �S�I�N�G�L�Y �C�O�N�N�E�C�T�E�D�� �(�E�C�K�E�R�M�A�N �����������	 �H�A�S �S�H�O�W�N �T�H�A�T��



�3�E�C�T�I�O�N ���������� �/�T�H�E�R �!�P�P�R�O�A�C�H�E�S �T�O �5�N�C�E�R�T�A�I�N �2�E�A�S�O�N�I�N�G������

�U�N�D�E�R �T�H�E�S�E �C�I�R�C�U�M�S�T�A�N�C�E�S�� �A �M�I�N�O�R �V�A�R�I�A�T�I�O�N �O�N �C�E�R�T�A�I�N�T�Y�
�F�A�C�T�O�R �I�N�F�E�R�E�N�C�E �W�A�S �E�X�A�C�T�L�Y �E�Q�U�I�V�

�A�L�E�N�T �T�O �"�A�Y�E�S�I�A�N �I�N�F�E�R�E�N�C�E �O�N �P�O�L�Y�T�R�E�E�S�� �)�N �O�T�H�E�R �C�I�R�C�U�M�S�T�A�N�C�E�S�� �C�E�R�T�A�I�N�T�Y �F�A�C�T�O�R�S �C�O�U�L�D �Y�I�E�L�D
�D�I�S�A�S�T�R�O�U�S�L�Y �I�N�C�O�R�R�E�C�T �D�E�G�R�E�E�S �O�F �B�E�L�I�E�F �T�H�R�O�U�G�H �O�V�E�R�C�O�U�N�T�I�N�G �O�F �E�V�I�D�E�N�C�E�� �!�S �R�U�L�E �S�E�T�S �B�E�

�C�A�M�E �L�A�R�G�E�R�� �U�N�D�E�S�I�R�A�B�L�E �I�N�T�E�R�A�C�T�I�O�N�S �B�E�T�W�E�E�N �R�U�L�E�S �B�E�C�A�M�E �M�O�R�E �C�O�M�M�O�N�� �A�N�D �P�R�A�C�T�I�T�I�O�N�E�R�S
�F�O�U�N�D �T�H�A�T �T�H�E �C�E�R�T�A�I�N�T�Y �F�A�C�T�O�R�S �O�F �M�A�N�Y �O�T�H�E�R �R�U�L�E�S �H�A�D �T�O �B�E �h�T�W�E�A�K�E�D�v �W�H�E�N �N�E�W �R�U�L�E�S �W�E�R�E
�A�D�D�E�D�� �&�O�R �T�H�E�S�E �R�E�A�S�O�N�S�� �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �H�A�V�E �L�A�R�G�E�L�Y �S�U�P�P�L�A�N�T�E�D �R�U�L�E�
�B�A�S�E�D �M�E�T�H�O�D�S �F�O�R
�U�N�C�E�R�T�A�I�N �R�E�A�S�O�N�I�N�G��

������������ �5�H�S�U�H�V�H�Q�W�L�Q�J �L�J�Q�R�U�D�Q�F�H�� �'�H�P�S�V�W�H�U�±�6�K�D�I�H�U �W�K�H�R�U�\

�4�H�E�'�H�P�S�V�W�H�U�±�6�K�D�I�H�U �W�K�H�R�U�\�I�S �D�E�S�I�G�N�E�D �T�O �D�E�A�L �W�I�T�H �T�H�E �D�I�S�T�I�N�C�T�I�O�N �B�E�T�W�E�E�N�X�Q�F�H�U�W�D�L�Q�W�\DEMPSTER–SHAFER
THEORY

�A�N�D�L�J�Q�R�U�D�Q�F�H�� �2�A�T�H�E�R �T�H�A�N �C�O�M�P�U�T�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �P�R�O�P�O�S�I�T�I�O�N�� �I�T �C�O�M�P�U�T�E�S �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �E�V�I�D�E�N�C�E �S�U�P�P�O�R�T�S �T�H�E �P�R�O�P�O�S�I�T�I�O�N�� �4�H�I�S �M�E�A�S�U�R�E �O�F �B�E�L�I�E�F �I�S �C�A�L�L�E�D �A
�E�H�O�L�H�I �I�X�Q�F�W�L�R�Q�� �W�R�I�T�T�E�NBel(X )��BELIEF FUNCTION

�7�E �R�E�T�U�R�N �T�O �C�O�I�N �m�I�P�P�I�N�G �F�O�R �A�N �E�X�A�M�P�L�E �O�F �B�E�L�I�E�F �F�U�N�C�T�I�O�N�S�� �3�U�P�P�O�S�E �Y�O�U �P�I�C�K �A
�C�O�I�N �F�R�O�M �A �M�A�G�I�C�I�A�N���S �P�O�C�K�E�T�� �'�I�V�E�N �T�H�A�T �T�H�E �C�O�I�N �M�I�G�H�T �O�R �M�I�G�H�T �N�O�T �B�E �F�A�I�R�� �W�H�A�T �B�E�L�I�E�F
�S�H�O�U�L�D �Y�O�U �A�S�C�R�I�B�E �T�O �T�H�E �E�V�E�N�T �T�H�A�T �I�T �C�O�M�E�S �U�P �H�E�A�D�S�� �$�E�M�P�S�T�E�R�n�3�H�A�F�E�R �T�H�E�O�R�Y �S�A�Y�S �T�H�A�T
�B�E�C�A�U�S�E �Y�O�U �H�A�V�E �N�O �E�V�I�D�E�N�C�E �E�I�T�H�E�R �W�A�Y�� �Y�O�U �H�A�V�E �T�O �S�A�Y �T�H�A�T �T�H�E �B�E�L�I�E�FBel(Heads) = 0
�A�N�D �A�L�S�O �T�H�A�TBel(: Heads) = 0 �� �4�H�I�S �M�A�K�E�S �$�E�M�P�S�T�E�R�n�3�H�A�F�E�R �R�E�A�S�O�N�I�N�G �S�Y�S�T�E�M�S �S�K�E�P�T�I�C�A�L
�I�N �A �W�A�Y �T�H�A�T �H�A�S �S�O�M�E �I�N�T�U�I�T�I�V�E �A�P�P�E�A�L�� �.�O�W �S�U�P�P�O�S�E �Y�O�U �H�A�V�E �A�N �E�X�P�E�R�T �A�T �Y�O�U�R �D�I�S�P�O�S�A�L
�W�H�O �T�E�S�T�I�l�E�S �W�I�T�H ������ �C�E�R�T�A�I�N�T�Y �T�H�A�T �T�H�E �C�O�I�N �I�S �F�A�I�R ���I���E���� �H�E �I�S ������ �S�U�R�E �T�H�A�TP(Heads) =
0:5�	�� �4�H�E�N �$�E�M�P�S�T�E�R�n�3�H�A�F�E�R �T�H�E�O�R�Y �G�I�V�E�SBel(Heads) = 0 :9 � 0:5 = 0:45 �A�N�D �L�I�K�E�W�I�S�E
Bel(: Heads) = 0 :45�� �4�H�E�R�E �I�S �S�T�I�L�L �A ���� �P�E�R�C�E�N�T�A�G�E �P�O�I�N�T �h�G�A�P�v �T�H�A�T �I�S �N�O�T �A�C�C�O�U�N�T�E�D �F�O�R �B�Y
�T�H�E �E�V�I�D�E�N�C�E��

�4�H�E �M�A�T�H�E�M�A�T�I�C�A�L �U�N�D�E�R�P�I�N�N�I�N�G�S �O�F �$�E�M�P�S�T�E�R�n�3�H�A�F�E�R �T�H�E�O�R�Y �H�A�V�E �A �S�I�M�I�L�A�R �m�A�V�O�R �T�O
�T�H�O�S�E �O�F �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y�� �T�H�E �M�A�I�N �D�I�F�F�E�R�E�N�C�E �I�S �T�H�A�T�� �I�N�S�T�E�A�D �O�F �A�S�S�I�G�N�I�N�G �P�R�O�B�A�B�I�L�I�T�I�E�S
�T�O �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �T�H�E �T�H�E�O�R�Y �A�S�S�I�G�N�S�P�D�V�V�H�V�T�O�V�H�W�V�O�F �P�O�S�S�I�B�L�E �W�O�R�L�D�� �T�H�A�T �I�S�� �T�O �E�V�E�N�T�S��MASS

�4�H�E �M�A�S�S�E�S �S�T�I�L�L �M�U�S�T �A�D�D �T�O �� �O�V�E�R �A�L�L �P�O�S�S�I�B�L�E �E�V�E�N�T�S��Bel(A) �I�S �D�E�l�N�E�D �T�O �B�E �T�H�E �S�U�M �O�F
�M�A�S�S�E�S �F�O�R �A�L�L �E�V�E�N�T�S �T�H�A�T �A�R�E �S�U�B�S�E�T�S �O�F ���I���E���� �T�H�A�T �E�N�T�A�I�L�	A�� �I�N�C�L�U�D�I�N�GA �I�T�S�E�L�F�� �7�I�T�H �T�H�I�S
�D�E�l�N�I�T�I�O�N��Bel(A) �A�N�DBel(: A) �S�U�M �T�O�D�W �P�R�V�W���� �A�N�D �T�H�E �G�A�P�ˆ�T�H�E �I�N�T�E�R�V�A�L �B�E�T�W�E�E�NBel(A)
�A�N�D1 � Bel(: A)�ˆ�I�S �O�F�T�E�N �I�N�T�E�R�P�R�E�T�E�D �A�S �B�O�U�N�D�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�FA��

�!�S �W�I�T�H �D�E�F�A�U�L�T �R�E�A�S�O�N�I�N�G�� �T�H�E�R�E �I�S �A �P�R�O�B�L�E�M �I�N �C�O�N�N�E�C�T�I�N�G �B�E�L�I�E�F�S �T�O �A�C�T�I�O�N�S�� �7�H�E�N�E�V�E�R
�T�H�E�R�E �I�S �A �G�A�P �I�N �T�H�E �B�E�L�I�E�F�S�� �T�H�E�N �A �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M �C�A�N �B�E �D�E�l�N�E�D �S�U�C�H �T�H�A�T �A �$�E�M�P�S�T�E�R�n
�3�H�A�F�E�R �S�Y�S�T�E�M �I�S �U�N�A�B�L�E �T�O �M�A�K�E �A �D�E�C�I�S�I�O�N�� �)�N �F�A�C�T�� �T�H�E �N�O�T�I�O�N �O�F �U�T�I�L�I�T�Y �I�N �T�H�E �$�E�M�P�S�T�E�R�n
�3�H�A�F�E�R �M�O�D�E�L �I�S �N�O�T �Y�E�T �W�E�L�L �U�N�D�E�R�S�T�O�O�D �B�E�C�A�U�S�E �T�H�E �M�E�A�N�I�N�G�S �O�F �M�A�S�S�E�S �A�N�D �B�E�L�I�E�F�S �T�H�E�M�

�S�E�L�V�E�S �H�A�V�E �Y�E�T �T�O �B�E �U�N�D�E�R�S�T�O�O�D�� �0�E�A�R�L �����������	 �H�A�S �A�R�G�U�E�D �T�H�A�TBel(A) �S�H�O�U�L�D �B�E �I�N�T�E�R�P�R�E�T�E�D
�N�O�T �A�S �A �D�E�G�R�E�E �O�F �B�E�L�I�E�F �I�NA �B�U�T �A�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �A�S�S�I�G�N�E�D �T�O �A�L�L �T�H�E �P�O�S�S�I�B�L�E �W�O�R�L�D�S ���N�O�W
�I�N�T�E�R�P�R�E�T�E�D �A�S �L�O�G�I�C�A�L �T�H�E�O�R�I�E�S�	 �I�N �W�H�I�C�HA �I�S�S�U�R�Y�D�E�O�H�� �7�H�I�L�E �T�H�E�R�E �A�R�E �C�A�S�E�S �I�N �W�H�I�C�H �T�H�I�S
�Q�U�A�N�T�I�T�Y �M�I�G�H�T �B�E �O�F �I�N�T�E�R�E�S�T�� �I�T �I�S �N�O�T �T�H�E �S�A�M�E �A�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�TA �I�S �T�R�U�E��

�! �"�A�Y�E�S�I�A�N �A�N�A�L�Y�S�I�S �O�F �T�H�E �C�O�I�N�
�m�I�P�P�I�N�G �E�X�A�M�P�L�E �W�O�U�L�D �S�U�G�G�E�S�T �T�H�A�T �N�O �N�E�W �F�O�R�M�A�L�I�S�M
�I�S �N�E�C�E�S�S�A�R�Y �T�O �H�A�N�D�L�E �S�U�C�H �C�A�S�E�S�� �4�H�E �M�O�D�E�L �W�O�U�L�D �H�A�V�E �T�W�O �V�A�R�I�A�B�L�E�S�� �T�H�EBias �O�F �T�H�E �C�O�I�N
���A �N�U�M�B�E�R �B�E�T�W�E�E�N �� �A�N�D ���� �W�H�E�R�E �� �I�S �A �C�O�I�N �T�H�A�T �A�L�W�A�Y�S �S�H�O�W�S �T�A�I�L�S �A�N�D �� �A �C�O�I�N �T�H�A�T �A�L�W�A�Y�S
�S�H�O�W�S �H�E�A�D�S�	 �A�N�D �T�H�E �O�U�T�C�O�M�E �O�F �T�H�E �N�E�X�TFlip �� �4�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RBias



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�W�O�U�L�D �R�E�m�E�C�T �O�U�R �B�E�L�I�E�F�S �B�A�S�E�D �O�N �T�H�E �S�O�U�R�C�E �O�F �T�H�E �C�O�I�N ���T�H�E �M�A�G�I�C�I�A�N���S �P�O�C�K�E�T�	�� �S�O�M�E �S�M�A�L�L
�P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �I�T �I�S �F�A�I�R �A�N�D �S�O�M�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �I�T �I�S �H�E�A�V�I�L�Y �B�I�A�S�E�D �T�O�W�A�R�D �H�E�A�D�S �O�R �T�A�I�L�S��
�4�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N�3(Flip j Bias) �S�I�M�P�L�Y �D�E�l�N�E�S �H�O�W �T�H�E �B�I�A�S �O�P�E�R�A�T�E�S�� �)�F�3(Bias )
�I�S �S�Y�M�M�E�T�R�I�C �A�B�O�U�T �������� �T�H�E�N �O�U�R �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �F�O�R �T�H�E �m�I�P �I�S

P(Flip = heads) =
Z 1

0
P(Bias = x)P(Flip = headsj Bias = x) dx = 0 :5 :

�4�H�I�S �I�S �T�H�E �S�A�M�E �P�R�E�D�I�C�T�I�O�N �A�S �I�F �W�E �B�E�L�I�E�V�E �S�T�R�O�N�G�L�Y �T�H�A�T �T�H�E �C�O�I�N �I�S �F�A�I�R�� �B�U�T �T�H�A�T �D�O�E�S�Q�R�W
�M�E�A�N �T�H�A�T �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �T�R�E�A�T�S �T�H�E �T�W�O �S�I�T�U�A�T�I�O�N�S �I�D�E�N�T�I�C�A�L�L�Y�� �4�H�E �D�I�F�F�E�R�E�N�C�E �A�R�I�S�E�S�D�I�W�H�U
�T�H�E �m�I�P�S �I�N �C�O�M�P�U�T�I�N�G �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RBias�� �)�F �T�H�E �C�O�I�N �C�A�M�E �F�R�O�M �A �B�A�N�K�� �T�H�E�N
�S�E�E�I�N�G �I�T �C�O�M�E �U�P �H�E�A�D�S �T�H�R�E�E �T�I�M�E�S �R�U�N�N�I�N�G �W�O�U�L�D �H�A�V�E �A�L�M�O�S�T �N�O �E�F�F�E�C�T �O�N �O�U�R �S�T�R�O�N�G �P�R�I�O�R
�B�E�L�I�E�F �I�N �I�T�S �F�A�I�R�N�E�S�S�� �B�U�T �I�F �T�H�E �C�O�I�N �C�O�M�E�S �F�R�O�M �T�H�E �M�A�G�I�C�I�A�N���S �P�O�C�K�E�T�� �T�H�E �S�A�M�E �E�V�I�D�E�N�C�E
�W�I�L�L �L�E�A�D �T�O �A �S�T�R�O�N�G�E�R �P�O�S�T�E�R�I�O�R �B�E�L�I�E�F �T�H�A�T �T�H�E �C�O�I�N �I�S �B�I�A�S�E�D �T�O�W�A�R�D �H�E�A�D�S�� �4�H�U�S�� �A �"�A�Y�E�S�I�A�N
�A�P�P�R�O�A�C�H �E�X�P�R�E�S�S�E�S �O�U�R �h�I�G�N�O�R�A�N�C�E�v �I�N �T�E�R�M�S �O�F �H�O�W �O�U�R �B�E�L�I�E�F�S �W�O�U�L�D �C�H�A�N�G�E �I�N �T�H�E �F�A�C�E �O�F
�F�U�T�U�R�E �I�N�F�O�R�M�A�T�I�O�N �G�A�T�H�E�R�I�N�G��

������������ �5�H�S�U�H�V�H�Q�W�L�Q�J �Y�D�J�X�H�Q�H�V�V�� �)�X�]�]�\ �V�H�W�V �D�Q�G �I�X�]�]�\ �O�R�J�L�F

�)�X�]�]�\ �V�H�W �W�K�H�R�U�\�I�S �A �M�E�A�N�S �O�F �S�P�E�C�I�F�Y�I�N�G �H�O�W �W�E�L�L �A�N �O�B�J�E�C�T �S�A�T�I�S�l�E�S �A �V�A�G�U�E �D�E�S�C�R�I�P�T�I�O�N��FUZZY SET THEORY

�&�O�R �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R �T�H�E �P�R�O�P�O�S�I�T�I�O�N �h�.�A�T�E �I�S �T�A�L�L���v �)�S �T�H�I�S �T�R�U�E �I�F �.�A�T�E �I�S50 1000�� �-�O�S�T
�P�E�O�P�L�E �W�O�U�L�D �H�E�S�I�T�A�T�E �T�O �A�N�S�W�E�R �h�T�R�U�E�v �O�R �h�F�A�L�S�E���v �P�R�E�F�E�R�R�I�N�G �T�O �S�A�Y�� �h�S�O�R�T �O�F���v �.�O�T�E �T�H�A�T �T�H�I�S
�I�S �N�O�T �A �Q�U�E�S�T�I�O�N �O�F �U�N�C�E�R�T�A�I�N�T�Y �A�B�O�U�T �T�H�E �E�X�T�E�R�N�A�L �W�O�R�L�D�ˆ�W�E �A�R�E �S�U�R�E �O�F �.�A�T�E���S �H�E�I�G�H�T�� �4�H�E
�I�S�S�U�E �I�S �T�H�A�T �T�H�E �L�I�N�G�U�I�S�T�I�C �T�E�R�M �h�T�A�L�L�v �D�O�E�S �N�O�T �R�E�F�E�R �T�O �A �S�H�A�R�P �D�E�M�A�R�C�A�T�I�O�N �O�F �O�B�J�E�C�T�S �I�N�T�O �T�W�O
�C�L�A�S�S�E�S�ˆ�T�H�E�R�E �A�R�E�G�H�J�U�H�H�V�O�F �T�A�L�L�N�E�S�S�� �&�O�R �T�H�I�S �R�E�A�S�O�N���I�X�]�]�\ �V�H�W �W�K�H�R�U�\ �L�V �Q�R�W �D �P�H�W�K�R�G �I�R�U
�X�Q�F�H�U�W�D�L�Q �U�H�D�V�R�Q�L�Q�J �D�W �D�O�O���2�A�T�H�E�R�� �F�U�Z�Z�Y �S�E�T �T�H�E�O�R�Y �T�R�E�A�T�STall �A�S �A �F�U�Z�Z�Y �P�R�E�D�I�C�A�T�E �A�N�D �S�A�Y�S
�T�H�A�T �T�H�E �T�R�U�T�H �V�A�L�U�E �O�FTall (Nate) �I�S �A �N�U�M�B�E�R �B�E�T�W�E�E�N �� �A�N�D ���� �R�A�T�H�E�R �T�H�A�N �B�E�I�N�G �J�U�S�Ttrue
�O�Rfalse�� �4�H�E �N�A�M�E �h�F�U�Z�Z�Y �S�E�T�v �D�E�R�I�V�E�S �F�R�O�M �T�H�E �I�N�T�E�R�P�R�E�T�A�T�I�O�N �O�F �T�H�E �P�R�E�D�I�C�A�T�E �A�S �I�M�P�L�I�C�I�T�L�Y
�D�E�l�N�I�N�G �A �S�E�T �O�F �I�T�S �M�E�M�B�E�R�S�ˆ�A �S�E�T �T�H�A�T �D�O�E�S �N�O�T �H�A�V�E �S�H�A�R�P �B�O�U�N�D�A�R�I�E�S��

�)�X�]�]�\ �O�R�J�L�F�I�S �A �M�E�T�H�O�D �F�O�R �R�E�A�S�O�N�I�N�G �W�I�T�H �L�O�G�I�C�A�L �E�X�P�R�E�S�S�I�O�N�S �D�E�S�C�R�I�B�I�N�G �M�E�M�B�E�R�S�H�I�PFUZZY LOGIC

�I�N �F�U�Z�Z�Y �S�E�T�S�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �C�O�M�P�L�E�X �S�E�N�T�E�N�C�ETall (Nate) ^ Heavy(Nate) �H�A�S �A �F�U�Z�Z�Y
�T�R�U�T�H �V�A�L�U�E �T�H�A�T �I�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �T�R�U�T�H �V�A�L�U�E�S �O�F �I�T�S �C�O�M�P�O�N�E�N�T�S�� �4�H�E �S�T�A�N�D�A�R�D �R�U�L�E�S �F�O�R
�E�V�A�L�U�A�T�I�N�G �T�H�E �F�U�Z�Z�Y �T�R�U�T�H��T �� �O�F �A �C�O�M�P�L�E�X �S�E�N�T�E�N�C�E �A�R�E

T(A ^ B ) = min( T(A); T(B ))
T(A _ B ) = max( T(A); T(B ))
T(: A) = 1 � T(A) :

�&�U�Z�Z�Y �L�O�G�I�C �I�S �T�H�E�R�E�F�O�R�E �A �T�R�U�T�H�
�F�U�N�C�T�I�O�N�A�L �S�Y�S�T�E�M�ˆ�A �F�A�C�T �T�H�A�T �C�A�U�S�E�S �S�E�R�I�O�U�S �D�I�F�l�C�U�L�T�I�E�S��
�&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �T�H�A�TT(Tall (Nate)) = 0 :6 �A�N�DT(Heavy(Nate)) = 0 :4�� �4�H�E�N �W�E �H�A�V�E
T(Tall (Nate) ^ Heavy(Nate)) = 0 :4�� �W�H�I�C�H �S�E�E�M�S �R�E�A�S�O�N�A�B�L�E�� �B�U�T �W�E �A�L�S�O �G�E�T �T�H�E �R�E�S�U�L�T
T(Tall (Nate) ^ : Tall (Nate)) = 0 :4�� �W�H�I�C�H �D�O�E�S �N�O�T�� �#�L�E�A�R�L�Y�� �T�H�E �P�R�O�B�L�E�M �A�R�I�S�E�S �F�R�O�M �T�H�E
�I�N�A�B�I�L�I�T�Y �O�F �A �T�R�U�T�H�
�F�U�N�C�T�I�O�N�A�L �A�P�P�R�O�A�C�H �T�O �T�A�K�E �I�N�T�O �A�C�C�O�U�N�T �T�H�E �C�O�R�R�E�L�A�T�I�O�N�S �O�R �A�N�T�I�C�O�R�R�E�L�A�T�I�O�N�S
�A�M�O�N�G �T�H�E �C�O�M�P�O�N�E�N�T �P�R�O�P�O�S�I�T�I�O�N�S��

�)�X�]�]�\ �F�R�Q�W�U�R�O�I�S �A �M�E�T�H�O�D�O�L�O�G�Y �F�O�R �C�O�N�S�T�R�U�C�T�I�N�G �C�O�N�T�R�O�L �S�Y�S�T�E�M�S �I�N �W�H�I�C�H �T�H�E �M�A�P�P�I�N�GFUZZY CONTROL

�B�E�T�W�E�E�N �R�E�A�L�
�V�A�L�U�E�D �I�N�P�U�T �A�N�D �O�U�T�P�U�T �P�A�R�A�M�E�T�E�R�S �I�S �R�E�P�R�E�S�E�N�T�E�D �B�Y �F�U�Z�Z�Y �R�U�L�E�S�� �&�U�Z�Z�Y �C�O�N�

�T�R�O�L �H�A�S �B�E�E�N �V�E�R�Y �S�U�C�C�E�S�S�F�U�L �I�N �C�O�M�M�E�R�C�I�A�L �P�R�O�D�U�C�T�S �S�U�C�H �A�S �A�U�T�O�M�A�T�I�C �T�R�A�N�S�M�I�S�S�I�O�N�S�� �V�I�D�E�O



�3�E�C�T�I�O�N ���������� �3�U�M�M�A�R�Y ������

�C�A�M�E�R�A�S�� �A�N�D �E�L�E�C�T�R�I�C �S�H�A�V�E�R�S�� �#�R�I�T�I�C�S ���S�E�E�� �E���G���� �%�L�K�A�N�� ���������	 �A�R�G�U�E �T�H�A�T �T�H�E�S�E �A�P�P�L�I�C�A�T�I�O�N�S
�A�R�E �S�U�C�C�E�S�S�F�U�L �B�E�C�A�U�S�E �T�H�E�Y �H�A�V�E �S�M�A�L�L �R�U�L�E �B�A�S�E�S�� �N�O �C�H�A�I�N�I�N�G �O�F �I�N�F�E�R�E�N�C�E�S�� �A�N�D �T�U�N�A�B�L�E
�P�A�R�A�M�E�T�E�R�S �T�H�A�T �C�A�N �B�E �A�D�J�U�S�T�E�D �T�O �I�M�P�R�O�V�E �T�H�E �S�Y�S�T�E�M���S �P�E�R�F�O�R�M�A�N�C�E�� �4�H�E �F�A�C�T �T�H�A�T �T�H�E�Y �A�R�E
�I�M�P�L�E�M�E�N�T�E�D �W�I�T�H �F�U�Z�Z�Y �O�P�E�R�A�T�O�R�S �M�I�G�H�T �B�E �I�N�C�I�D�E�N�T�A�L �T�O �T�H�E�I�R �S�U�C�C�E�S�S�� �T�H�E �K�E�Y �I�S �S�I�M�P�L�Y �T�O
�P�R�O�V�I�D�E �A �C�O�N�C�I�S�E �A�N�D �I�N�T�U�I�T�I�V�E �W�A�Y �T�O �S�P�E�C�I�F�Y �A �S�M�O�O�T�H�L�Y �I�N�T�E�R�P�O�L�A�T�E�D�� �R�E�A�L�
�V�A�L�U�E�D �F�U�N�C�T�I�O�N��

�4�H�E�R�E �H�A�V�E �B�E�E�N �A�T�T�E�M�P�T�S �T�O �P�R�O�V�I�D�E �A�N �E�X�P�L�A�N�A�T�I�O�N �O�F �F�U�Z�Z�Y �L�O�G�I�C �I�N �T�E�R�M�S �O�F �P�R�O�B�A�B�I�L�

�I�T�Y �T�H�E�O�R�Y�� �/�N�E �I�D�E�A �I�S �T�O �V�I�E�W �A�S�S�E�R�T�I�O�N�S �S�U�C�H �A�S �h�.�A�T�E �I�S �4�A�L�L�v �A�S �D�I�S�C�R�E�T�E �O�B�S�E�R�V�A�T�I�O�N�S �M�A�D�E
�C�O�N�C�E�R�N�I�N�G �A �C�O�N�T�I�N�U�O�U�S �H�I�D�D�E�N �V�A�R�I�A�B�L�E�� �.�A�T�E���S �A�C�T�U�A�LHeight�� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �S�P�E�C�I�

�l�E�SP(�/�B�S�E�R�V�E�R �S�A�Y�S �.�A�T�E �I�S �T�A�L�Lj Height)�� �P�E�R�H�A�P�S �U�S�I�N�G �A�S�U�R�E�L�W �G�L�V�W�U�L�E�X�W�L�R�Q�A�S �D�E�S�C�R�I�B�E�D
�O�N �P�A�G�E �������� �! �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �.�A�T�E���S �H�E�I�G�H�T �C�A�N �T�H�E�N �B�E �C�A�L�C�U�L�A�T�E�D �I�N �T�H�E �U�S�U�A�L
�W�A�Y�� �F�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �M�O�D�E�L �I�S �P�A�R�T �O�F �A �H�Y�B�R�I�D �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�� �3�U�C�H �A�N �A�P�P�R�O�A�C�H �I�S �N�O�T
�T�R�U�T�H�
�F�U�N�C�T�I�O�N�A�L�� �O�F �C�O�U�R�S�E�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N

P(�/�B�S�E�R�V�E�R �S�A�Y�S �.�A�T�E �I�S �T�A�L�L �A�N�D �H�E�A�V�Yj Height; Weight)

�A�L�L�O�W�S �F�O�R �I�N�T�E�R�A�C�T�I�O�N�S �B�E�T�W�E�E�N �H�E�I�G�H�T �A�N�D �W�E�I�G�H�T �I�N �T�H�E �C�A�U�S�I�N�G �O�F �T�H�E �O�B�S�E�R�V�A�T�I�O�N�� �4�H�U�S��
�S�O�M�E�O�N�E �W�H�O �I�S �E�I�G�H�T �F�E�E�T �T�A�L�L �A�N�D �W�E�I�G�H�S ������ �P�O�U�N�D�S �I�S �V�E�R�Y �U�N�L�I�K�E�L�Y �T�O �B�E �C�A�L�L�E�D �h�T�A�L�L �A�N�D
�H�E�A�V�Y���v �E�V�E�N �T�H�O�U�G�H �h�E�I�G�H�T �F�E�E�T�v �C�O�U�N�T�S �A�S �h�T�A�L�L�v �A�N�D �h������ �P�O�U�N�D�S�v �C�O�U�N�T�S �A�S �h�H�E�A�V�Y���v

�&�U�Z�Z�Y �P�R�E�D�I�C�A�T�E�S �C�A�N �A�L�S�O �B�E �G�I�V�E�N �A �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�T�E�R�P�R�E�T�A�T�I�O�N �I�N �T�E�R�M�S �O�F�U�D�Q�G�R�P
�V�H�W�V�ˆ�T�H�A�T �I�S�� �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S �W�H�O�S�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �A�R�E �S�E�T�S �O�F �O�B�J�E�C�T�S�� �&�O�R �E�X�A�M�P�L�E��TallRANDOM SET

�I�S �A �R�A�N�D�O�M �S�E�T �W�H�O�S�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �A�R�E �S�E�T�S �O�F �P�E�O�P�L�E�� �4�H�E �P�R�O�B�A�B�I�L�I�T�YP(Tall = S1)��
�W�H�E�R�ES1 �I�S �S�O�M�E �P�A�R�T�I�C�U�L�A�R �S�E�T �O�F �P�E�O�P�L�E�� �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �E�X�A�C�T�L�Y �T�H�A�T �S�E�T �W�O�U�L�D �B�E
�I�D�E�N�T�I�l�E�D �A�S �h�T�A�L�L�v �B�Y �A�N �O�B�S�E�R�V�E�R�� �4�H�E�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �h�.�A�T�E �I�S �T�A�L�L�v �I�S �T�H�E �S�U�M �O�F �T�H�E
�P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �A�L�L �T�H�E �S�E�T�S �O�F �W�H�I�C�H �.�A�T�E �I�S �A �M�E�M�B�E�R��

�"�O�T�H �T�H�E �H�Y�B�R�I�D �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �A�P�P�R�O�A�C�H �A�N�D �T�H�E �R�A�N�D�O�M �S�E�T�S �A�P�P�R�O�A�C�H �A�P�P�E�A�R �T�O
�C�A�P�T�U�R�E �A�S�P�E�C�T�S �O�F �F�U�Z�Z�I�N�E�S�S �W�I�T�H�O�U�T �I�N�T�R�O�D�U�C�I�N�G �D�E�G�R�E�E�S �O�F �T�R�U�T�H�� �.�O�N�E�T�H�E�L�E�S�S�� �T�H�E�R�E �R�E�M�A�I�N
�M�A�N�Y �O�P�E�N �I�S�S�U�E�S �C�O�N�C�E�R�N�I�N�G �T�H�E �P�R�O�P�E�R �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �L�I�N�G�U�I�S�T�I�C �O�B�S�E�R�V�A�T�I�O�N�S �A�N�D �C�O�N�T�I�N�

�U�O�U�S �Q�U�A�N�T�I�T�I�E�S�ˆ�I�S�S�U�E�S �T�H�A�T �H�A�V�E �B�E�E�N �N�E�G�L�E�C�T�E�D �B�Y �M�O�S�T �O�U�T�S�I�D�E �T�H�E �F�U�Z�Z�Y �C�O�M�M�U�N�I�T�Y��

�������� �3�5�-�-�!�2�9

�4�H�I�S �C�H�A�P�T�E�R �H�A�S �D�E�S�C�R�I�B�E�D�%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N�V�� �A �W�E�L�L�
�D�E�V�E�L�O�P�E�D �R�E�P�R�E�S�E�N�T�A�T�I�O�N �F�O�R �U�N�C�E�R�T�A�I�N
�K�N�O�W�L�E�D�G�E�� �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �P�L�A�Y �A �R�O�L�E �R�O�U�G�H�L�Y �A�N�A�L�O�G�O�U�S �T�O �T�H�A�T �O�F �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C
�F�O�R �D�E�l�N�I�T�E �K�N�O�W�L�E�D�G�E��

� �! �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �I�S �A �D�I�R�E�C�T�E�D �A�C�Y�C�L�I�C �G�R�A�P�H �W�H�O�S�E �N�O�D�E�S �C�O�R�R�E�S�P�O�N�D �T�O �R�A�N�D�O�M
�V�A�R�I�A�B�L�E�S�� �E�A�C�H �N�O�D�E �H�A�S �A �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �T�H�E �N�O�D�E�� �G�I�V�E�N �I�T�S �P�A�R�E�N�T�S��

� �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �P�R�O�V�I�D�E �A �C�O�N�C�I�S�E �W�A�Y �T�O �R�E�P�R�E�S�E�N�T�F�R�Q�G�L�W�L�R�Q�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H�R�E�L�A�

�T�I�O�N�S�H�I�P�S �I�N �T�H�E �D�O�M�A�I�N��

� �! �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �S�P�E�C�I�l�E�S �A �F�U�L�L �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�� �E�A�C�H �J�O�I�N�T �E�N�T�R�Y �I�S �D�E�l�N�E�D �A�S �T�H�E
�P�R�O�D�U�C�T �O�F �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �E�N�T�R�I�E�S �I�N �T�H�E �L�O�C�A�L �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N�S�� �! �"�A�Y�E�S�I�A�N
�N�E�T�W�O�R�K �I�S �O�F�T�E�N �E�X�P�O�N�E�N�T�I�A�L�L�Y �S�M�A�L�L�E�R �T�H�A�N �A�N �E�X�P�L�I�C�I�T�L�Y �E�N�U�M�E�R�A�T�E�D �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N��

� �-�A�N�Y �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N�S �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �C�O�M�P�A�C�T�L�Y �B�Y �C�A�N�O�N�I�C�A�L �F�A�M�I�L�I�E�S �O�F



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�D�I�S�T�R�I�B�U�T�I�O�N�S���+�\�E�U�L�G �%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N�V�� �W�H�I�C�H �I�N�C�L�U�D�E �B�O�T�H �D�I�S�C�R�E�T�E �A�N�D �C�O�N�T�I�N�U�O�U�S
�V�A�R�I�A�B�L�E�S�� �U�S�E �A �V�A�R�I�E�T�Y �O�F �C�A�N�O�N�I�C�A�L �D�I�S�T�R�I�B�U�T�I�O�N�S��

� �)�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �M�E�A�N�S �C�O�M�P�U�T�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�F �A �S�E�T
�O�F �Q�U�E�R�Y �V�A�R�I�A�B�L�E�S�� �G�I�V�E�N �A �S�E�T �O�F �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S�� �%�X�A�C�T �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S�� �S�U�C�H
�A�S�Y�D�U�L�D�E�O�H �H�O�L�P�L�Q�D�W�L�R�Q�� �E�V�A�L�U�A�T�E �S�U�M�S �O�F �P�R�O�D�U�C�T�S �O�F �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �A�S �E�F�l�

�C�I�E�N�T�L�Y �A�S �P�O�S�S�I�B�L�E��

� �)�N�S�R�O�\�W�U�H�H�V���S�I�N�G�L�Y �C�O�N�N�E�C�T�E�D �N�E�T�W�O�R�K�S�	�� �E�X�A�C�T �I�N�F�E�R�E�N�C�E �T�A�K�E�S �T�I�M�E �L�I�N�E�A�R �I�N �T�H�E �S�I�Z�E
�O�F �T�H�E �N�E�T�W�O�R�K�� �)�N �T�H�E �G�E�N�E�R�A�L �C�A�S�E�� �T�H�E �P�R�O�B�L�E�M �I�S �I�N�T�R�A�C�T�A�B�L�E��

� �3�T�O�C�H�A�S�T�I�C �A�P�P�R�O�X�I�M�A�T�I�O�N �T�E�C�H�N�I�Q�U�E�S �S�U�C�H �A�S�O�L�N�H�O�L�K�R�R�G �Z�H�L�J�K�W�L�Q�J�A�N�D�0�D�U�N�R�Y �F�K�D�L�Q
�0�R�Q�W�H �&�D�U�O�R�C�A�N �G�I�V�E �R�E�A�S�O�N�A�B�L�E �E�S�T�I�M�A�T�E�S �O�F �T�H�E �T�R�U�E �P�O�S�T�E�R�I�O�R �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N �A �N�E�T�

�W�O�R�K �A�N�D �C�A�N �C�O�P�E �W�I�T�H �M�U�C�H �L�A�R�G�E�R �N�E�T�W�O�R�K�S �T�H�A�N �C�A�N �E�X�A�C�T �A�L�G�O�R�I�T�H�M�S��

� �0�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �C�A�N �B�E �C�O�M�B�I�N�E�D �W�I�T�H �R�E�P�R�E�S�E�N�T�A�T�I�O�N�A�L �I�D�E�A�S �F�R�O�M �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �T�O
�P�R�O�D�U�C�E �V�E�R�Y �P�O�W�E�R�F�U�L �S�Y�S�T�E�M�S �F�O�R �R�E�A�S�O�N�I�N�G �U�N�D�E�R �U�N�C�E�R�T�A�I�N�T�Y���5�H�O�D�W�L�R�Q�D�O �S�U�R�E�D�E�L�O��
�L�W�\ �P�R�G�H�O�V���2�0�-�S�	 �I�N�C�L�U�D�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�A�L �R�E�S�T�R�I�C�T�I�O�N�S �T�H�A�T �G�U�A�R�A�N�T�E�E �A �W�E�L�L�
�D�E�l�N�E�D
�P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �T�H�A�T �C�A�N �B�E �E�X�P�R�E�S�S�E�D �A�S �A�N �E�Q�U�I�V�A�L�E�N�T �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K���2�S�H�Q��
�X�Q�L�Y�H�U�V�H �S�U�R�E�D�E�L�O�L�W�\ �P�R�G�H�O�V�H�A�N�D�L�E�H�[�L�V�W�H�Q�F�H�A�N�D�L�G�H�Q�W�L�W�\ �X�Q�F�H�U�W�D�L�Q�W�\�� �D�E�l�N�I�N�G �P�R�O�B�

�A�B�I�L�T�Y �D�I�S�T�R�I�B�U�T�I�O�N�S �O�V�E�R �T�H�E �I�N�l�N�I�T�E �S�P�A�C�E �O�F �l�R�S�T�
�O�R�D�E�R �P�O�S�S�I�B�L�E �W�O�R�L�D�S��

� �6�A�R�I�O�U�S �A�L�T�E�R�N�A�T�I�V�E �S�Y�S�T�E�M�S �F�O�R �R�E�A�S�O�N�I�N�G �U�N�D�E�R �U�N�C�E�R�T�A�I�N�T�Y �H�A�V�E �B�E�E�N �S�U�G�G�E�S�T�E�D�� �'�E�N�

�E�R�A�L�L�Y �S�P�E�A�K�I�N�G���W�U�X�W�K���I�X�Q�F�W�L�R�Q�D�O�S�Y�S�T�E�M�S �A�R�E �N�O�T �W�E�L�L �S�U�I�T�E�D �F�O�R �S�U�C�H �R�E�A�S�O�N�I�N�G��

�" �)�"�,�)�/�'�2�!�0�(�)�#�!�, �!�.�$ �( �)�3�4�/�2�)�#�!�, �. �/�4�%�3

�4�H�E �U�S�E �O�F �N�E�T�W�O�R�K�S �T�O �R�E�P�R�E�S�E�N�T �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�O�R�M�A�T�I�O�N �B�E�G�A�N �E�A�R�L�Y �I�N �T�H�E �����T�H �C�E�N�T�U�R�Y��
�W�I�T�H �T�H�E �W�O�R�K �O�F �3�E�W�A�L�L �7�R�I�G�H�T �O�N �T�H�E �P�R�O�B�A�B�I�L�I�S�T�I�C �A�N�A�L�Y�S�I�S �O�F �G�E�N�E�T�I�C �I�N�H�E�R�I�T�A�N�C�E �A�N�D �A�N�

�I�M�A�L �G�R�O�W�T�H �F�A�C�T�O�R�S ���7�R�I�G�H�T�� ���������� ���������	�� �)�� �*�� �'�O�O�D �����������	�� �I�N �C�O�L�L�A�B�O�R�A�T�I�O�N �W�I�T�H �!�L�A�N
�4�U�R�I�N�G�� �D�E�V�E�L�O�P�E�D �P�R�O�B�A�B�I�L�I�S�T�I�C �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �A�N�D �"�A�Y�E�S�I�A�N �I�N�F�E�R�E�N�C�E �M�E�T�H�O�D�S �T�H�A�T �C�O�U�L�D
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�T�O �B�E �C�O�M�P�L�E�T�E�L�Y �I�N�D�E�P�E�N�D�E�N�T�� �4�H�I�S �I�D�E�A �W�A�S �A�P�P�L�I�E�D �T�O �S�O�L�V�E �L�A�R�G�E�U�N�D�I�R�E�C�T�E�D �-�A�R�K�O�V �N�E�T�

�W�O�R�K�S ���0�E�T�E�R�S�O�N �A�N�D �!�N�D�E�R�S�O�N�� ���������� �0�A�R�I�S�I�� ���������	�� �3�A�U�L�H�W �D�O�������������	 �D�E�V�E�L�O�P�E�D �T�H�E �M�A�T�H�

�E�M�A�T�I�C�A�L �F�O�U�N�D�A�T�I�O�N�S �F�O�R �A�P�P�L�Y�I�N�G �V�A�R�I�A�T�I�O�N�A�L �M�E�T�H�O�D�S �T�O �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �A�N�D �O�B�T�A�I�N�E�D
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�B�O�U�N�D �A�P�P�R�O�X�I�M�A�T�I�O�N�S �F�O�R �S�I�G�M�O�I�D �N�E�T�W�O�R�K�S �W�I�T�H �T�H�E �U�S�E �O�F �M�E�A�N�
�l�E�L�D �M�E�T�H�

�O�D�S�� �*�A�A�K�K�O�L�A �A�N�D �*�O�R�D�A�N �����������	 �E�X�T�E�N�D�E�D �T�H�E �M�E�T�H�O�D�O�L�O�G�Y �T�O �O�B�T�A�I�N �B�O�T�H �L�O�W�E�R �A�N�D �U�P�P�E�R
�B�O�U�N�D�S�� �3�I�N�C�E �T�H�E�S�E �E�A�R�L�Y �P�A�P�E�R�S�� �V�A�R�I�A�T�I�O�N�A�L �M�E�T�H�O�D�S �H�A�V�E �B�E�E�N �A�P�P�L�I�E�D �T�O �M�A�N�Y �S�P�E�C�I�l�C
�F�A�M�I�L�I�E�S �O�F �M�O�D�E�L�S�� �4�H�E �R�E�M�A�R�K�A�B�L�E �P�A�P�E�R �B�Y �7�A�I�N�W�R�I�G�H�T �A�N�D �*�O�R�D�A�N �����������	 �P�R�O�V�I�D�E�S �A �U�N�I�

�F�Y�I�N�G �T�H�E�O�R�E�T�I�C�A�L �A�N�A�L�Y�S�I�S �O�F �T�H�E �L�I�T�E�R�A�T�U�R�E �O�N �V�A�R�I�A�T�I�O�N�A�L �M�E�T�H�O�D�S��
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�M�E�S�S�A�G�E�
�P�A�S�S�I�N�G �A�L�G�O�R�I�T�H�M �����������A�	�� �4�H�I�S �A�L�G�O�R�I�T�H�M �C�A�N �B�E �A�P�P�L�I�E�D �T�O �G�E�N�E�R�A�L �N�E�T�W�O�R�K�S�� �A�S
�S�U�G�G�E�S�T�E�D �B�Y �0�E�A�R�L �����������	�� �4�H�E �R�E�S�U�L�T�S �M�I�G�H�T �B�E �I�N�C�O�R�R�E�C�T�� �O�R �T�H�E �A�L�G�O�R�I�T�H�M �M�I�G�H�T �F�A�I�L �T�O �T�E�R�

�M�I�N�A�T�E�� �B�U�T �I�N �M�A�N�Y �C�A�S�E�S�� �T�H�E �V�A�L�U�E�S �O�B�T�A�I�N�E�D �A�R�E �C�L�O�S�E �T�O �T�H�E �T�R�U�E �V�A�L�U�E�S�� �,�I�T�T�L�E �A�T�T�E�N�T�I�O�N
�W�A�S �P�A�I�D �T�O �T�H�I�S �S�O�
�C�A�L�L�E�D�E�H�O�L�H�I �S�U�R�S�D�J�D�W�L�R�Q���O�R �"�0�	 �A�P�P�R�O�A�C�H �U�N�T�I�L �-�C�%�L�I�E�C�E�H�W �D�O�������������	BELIEF

PROPAGATION

�O�B�S�E�R�V�E�D �T�H�A�T �M�E�S�S�A�G�E �P�A�S�S�I�N�G �I�N �A �M�U�L�T�I�P�L�Y �C�O�N�N�E�C�T�E�D �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �W�A�S �E�X�A�C�T�L�Y �T�H�E
�C�O�M�P�U�T�A�T�I�O�N �P�E�R�F�O�R�M�E�D �B�Y �T�H�E�W�X�U�E�R �G�H�F�R�G�L�Q�J�A�L�G�O�R�I�T�H�M ���"�E�R�R�O�U�H�W �D�O���� ���������	�� �W�H�I�C�H �P�R�O�
TURBO DECODING

�V�I�D�E�D �A �M�A�J�O�R �B�R�E�A�K�T�H�R�O�U�G�H �I�N �T�H�E �D�E�S�I�G�N �O�F �E�F�l�C�I�E�N�T �E�R�R�O�R�
�C�O�R�R�E�C�T�I�N�G �C�O�D�E�S�� �4�H�E �I�M�P�L�I�C�A�T�I�O�N
�I�S �T�H�A�T �"�0 �I�S �B�O�T�H �F�A�S�T �A�N�D �A�C�C�U�R�A�T�E �O�N �T�H�E �V�E�R�Y �L�A�R�G�E �A�N�D �V�E�R�Y �H�I�G�H�L�Y �C�O�N�N�E�C�T�E�D �N�E�T�W�O�R�K�S �U�S�E�D
�F�O�R �D�E�C�O�D�I�N�G �A�N�D �M�I�G�H�T �T�H�E�R�E�F�O�R�E �B�E �U�S�E�F�U�L �M�O�R�E �G�E�N�E�R�A�L�L�Y�� �-�U�R�P�H�Y�H�W �D�O�������������	 �P�R�E�S�E�N�T�E�D �A
�P�R�O�M�I�S�I�N�G �E�M�P�I�R�I�C�A�L �S�T�U�D�Y �O�F �"�0���S �P�E�R�F�O�R�M�A�N�C�E�� �A�N�D �7�E�I�S�S �A�N�D �&�R�E�E�M�A�N �����������	 �E�S�T�A�B�L�I�S�H�E�D
�S�T�R�O�N�G �C�O�N�V�E�R�G�E�N�C�E �R�E�S�U�L�T�S �F�O�R �"�0 �O�N �L�I�N�E�A�R �'�A�U�S�S�I�A�N �N�E�T�W�O�R�K�S�� �7�E�I�S�S �����������B�	 �S�H�O�W�S �H�O�W �A�N
�A�P�P�R�O�X�I�M�A�T�I�O�N �C�A�L�L�E�D �L�O�O�P�Y �B�E�L�I�E�F �P�R�O�P�A�G�A�T�I�O�N �W�O�R�K�S�� �A�N�D �W�H�E�N �T�H�E �A�P�P�R�O�X�I�M�A�T�I�O�N �I�S �C�O�R�R�E�C�T��
�9�E�D�I�D�I�A�H�W �D�O�������������	 �M�A�D�E �F�U�R�T�H�E�R �C�O�N�N�E�C�T�I�O�N�S �B�E�T�W�E�E�N �L�O�O�P�Y �P�R�O�P�A�G�A�T�I�O�N �A�N�D �I�D�E�A�S �F�R�O�M
�S�T�A�T�I�S�T�I�C�A�L �P�H�Y�S�I�C�S��

�4�H�E �C�O�N�N�E�C�T�I�O�N �B�E�T�W�E�E�N �P�R�O�B�A�B�I�L�I�T�Y �A�N�D �l�R�S�T�
�O�R�D�E�R �L�A�N�G�U�A�G�E�S �W�A�S �l�R�S�T �S�T�U�D�I�E�D �B�Y �#�A�R�

�N�A�P �����������	�� �'�A�I�F�M�A�N �����������	 �A�N�D �3�C�O�T�T �A�N�D �+�R�A�U�S�S �����������	 �D�E�l�N�E�D �A �L�A�N�G�U�A�G�E �I�N �W�H�I�C�H �P�R�O�B�A�

�B�I�L�I�T�I�E�S �C�O�U�L�D �B�E �A�S�S�O�C�I�A�T�E�D �W�I�T�H �l�R�S�T�
�O�R�D�E�R �S�E�N�T�E�N�C�E�S �A�N�D �F�O�R �W�H�I�C�H �M�O�D�E�L�S �W�E�R�E �P�R�O�B�A�B�I�L�I�T�Y
�M�E�A�S�U�R�E�S �O�N �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �7�I�T�H�I�N �!�)�� �T�H�I�S �I�D�E�A �W�A�S �D�E�V�E�L�O�P�E�D �F�O�R �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C
�B�Y �.�I�L�S�S�O�N �����������	 �A�N�D �F�O�R �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �B�Y �(�A�L�P�E�R�N �����������	�� �4�H�E �l�R�S�T �E�X�T�E�N�S�I�V�E �I�N�V�E�S�

�T�I�G�A�T�I�O�N �O�F �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �I�S�S�U�E�S �I�N �S�U�C�H �L�A�N�G�U�A�G�E�S �W�A�S �C�A�R�R�I�E�D �O�U�T �B�Y �"�A�C�C�H�U�S
�����������	�� �4�H�E �B�A�S�I�C �I�D�E�A �I�S �T�H�A�T �E�A�C�H �S�E�N�T�E�N�C�E �I�N �T�H�E �K�N�O�W�L�E�D�G�E �B�A�S�E �E�X�P�R�E�S�S�E�D �A�F�R�Q�V�W�U�D�L�Q�W�O�N
�T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �P�O�S�S�I�B�L�E �W�O�R�L�D�S�� �O�N�E �S�E�N�T�E�N�C�E �E�N�T�A�I�L�S �A�N�O�T�H�E�R �I�F �I�T �E�X�P�R�E�S�S�E�S �A �S�T�R�O�N�G�E�R
�C�O�N�S�T�R�A�I�N�T�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �S�E�N�T�E�N�C�E8 x P (Hungry (x)) > 0:2 �R�U�L�E�S �O�U�T �D�I�S�T�R�I�B�U�T�I�O�N�S
�I�N �W�H�I�C�H �A�N�Y �O�B�J�E�C�T �I�S �H�U�N�G�R�Y �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �L�E�S�S �T�H�A�N �������� �T�H�U�S�� �I�T �E�N�T�A�I�L�S �T�H�E �S�E�N�T�E�N�C�E
8 x P (Hungry (x)) > 0:1�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �W�R�I�T�I�N�G �A�F�R�Q�V�L�V�W�H�Q�W�S�E�T �O�F �S�E�N�T�E�N�C�E�S �I�N �T�H�E�S�E
�L�A�N�G�U�A�G�E�S �I�S �Q�U�I�T�E �D�I�F�l�C�U�L�T �A�N�D �C�O�N�S�T�R�U�C�T�I�N�G �A �U�N�I�Q�U�E �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �N�E�A�R�L�Y �I�M�P�O�S�S�I�B�L�E
�U�N�L�E�S�S �O�N�E �A�D�O�P�T�S �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �A�P�P�R�O�A�C�H �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �B�Y �W�R�I�T�I�N�G �S�U�I�T�A�B�L�E �S�E�N�

�T�E�N�C�E�S �A�B�O�U�T �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S��

�"�E�G�I�N�N�I�N�G �I�N �T�H�E �E�A�R�L�Y ���������S�� �R�E�S�E�A�R�C�H�E�R�S �W�O�R�K�I�N�G �O�N �C�O�M�P�L�E�X �A�P�P�L�I�C�A�T�I�O�N�S �N�O�T�I�C�E�D
�T�H�E �E�X�P�R�E�S�S�I�V�E �L�I�M�I�T�A�T�I�O�N�S �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �A�N�D �D�E�V�E�L�O�P�E�D �V�A�R�I�O�U�S �L�A�N�G�U�A�G�E�S �F�O�R �W�R�I�T�I�N�G
�h�T�E�M�P�L�A�T�E�S�v �W�I�T�H �L�O�G�I�C�A�L �V�A�R�I�A�B�L�E�S�� �F�R�O�M �W�H�I�C�H �L�A�R�G�E �N�E�T�W�O�R�K�S �C�O�U�L�D �B�E �C�O�N�S�T�R�U�C�T�E�D �A�U�T�O�M�A�T�

�I�C�A�L�L�Y �F�O�R �E�A�C�H �P�R�O�B�L�E�M �I�N�S�T�A�N�C�E ���"�R�E�E�S�E�� ���������� �7�E�L�L�M�A�N�H�W �D�O���� ���������	�� �4�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T
�S�U�C�H �L�A�N�G�U�A�G�E �W�A�S �"�5�'�3 ���"�A�Y�E�S�I�A�N �I�N�F�E�R�E�N�C�E �5�S�I�N�G �'�I�B�B�S �3�A�M�P�L�I�N�G�	 ���'�I�L�K�S�H�W �D�O���� ���������	��
�W�H�I�C�H �C�O�M�B�I�N�E�D �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �W�I�T�H �T�H�E�L�Q�G�H�[�H�G �U�D�Q�G�R�P �Y�D�U�L�D�E�O�H�N�O�T�A�T�I�O�N �C�O�M�M�O�N �I�NINDEXED RANDOM

VARIABLE



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�S�T�A�T�I�S�T�I�C�S�� ���)�N �"�5�'�3�� �A�N�I�N�D�E�X�E�D �R�A�N�D�O�M �V�A�R�I�A�B�L�E �L�O�O�K�S �L�I�K�EX [i ]�� �W�H�E�R�Ei �H�A�S �A �D�E�l�N�E�D �I�N�T�E�G�E�R
�R�A�N�G�E���	 �4�H�E�S�E �L�A�N�G�U�A�G�E�S �I�N�H�E�R�I�T�E�D �T�H�E �K�E�Y �P�R�O�P�E�R�T�Y �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �E�V�E�R�Y �W�E�L�L�
�F�O�R�M�E�D
�K�N�O�W�L�E�D�G�E �B�A�S�E �D�E�l�N�E�S �A �U�N�I�Q�U�E�� �C�O�N�S�I�S�T�E�N�T �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�� �,�A�N�G�U�A�G�E�S �W�I�T�H �W�E�L�L�
�D�E�l�N�E�D
�S�E�M�A�N�T�I�C�S �B�A�S�E�D �O�N �U�N�I�Q�U�E �N�A�M�E�S �A�N�D �D�O�M�A�I�N �C�L�O�S�U�R�E �D�R�E�W �O�N �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�A�L �C�A�P�A�

�B�I�L�I�T�I�E�S �O�F �L�O�G�I�C �P�R�O�G�R�A�M�M�I�N�G ���0�O�O�L�E�� ���������� �3�A�T�O �A�N�D �+�A�M�E�Y�A�� ���������� �+�E�R�S�T�I�N�G�H�W �D�O���� ���������	
�A�N�D �S�E�M�A�N�T�I�C �N�E�T�W�O�R�K�S ���+�O�L�L�E�R �A�N�D �0�F�E�F�F�E�R�� ���������� �0�F�E�F�F�E�R�� ���������	�� �0�F�E�F�F�E�R �����������	 �W�E�N�T �O�N �T�O
�D�E�V�E�L�O�P �)�"�!�, �� �W�H�I�C�H �R�E�P�R�E�S�E�N�T�S �l�R�S�T�
�O�R�D�E�R �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�S �A�S �P�R�O�B�A�B�I�L�I�S�T�I�C �P�R�O�G�R�A�M�S �I�N �A
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�O�F �P�R�O�V�I�D�I�N�G �E�X�A�C�T �I�N�P�U�T�S �T�O �I�N�T�E�L�L�I�G�E�N�T �S�Y�S�T�E�M�S�� �4�H�E �T�E�X�T �B�Y �:�I�M�M�E�R�M�A�N�N �����������	 �P�R�O�V�I�D�E�S
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�N�E�T�W�O�R�K�S �A�S �A �M�E�T�H�O�D �F�O�R �R�E�P�R�E�S�E�N�T�I�N�G �A�N�D �U�S�I�N�G �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �I�N�F�O�R�M�A�T�I�O�N�� �4�H�I�S
�R�E�S�U�R�G�E�N�C�E �D�I�D �N�O�T �C�O�M�E �W�I�T�H�O�U�T �A �l�G�H�T�� �0�E�T�E�R �#�H�E�E�S�E�M�A�N���S �����������	 �P�U�G�N�A�C�I�O�U�S �h�)�N �$�E�F�E�N�S�E
�O�F �0�R�O�B�A�B�I�L�I�T�Y�v �A�N�D �H�I�S �L�A�T�E�R �A�R�T�I�C�L�E �h�!�N �)�N�Q�U�I�R�Y �I�N�T�O �#�O�M�P�U�T�E�R �5�N�D�E�R�S�T�A�N�D�I�N�G�v ���#�H�E�E�S�E�M�A�N��
���������� �W�I�T�H �C�O�M�M�E�N�T�A�R�I�E�S�	 �G�I�V�E �S�O�M�E�T�H�I�N�G �O�F �T�H�E �m�A�V�O�R �O�F �T�H�E �D�E�B�A�T�E�� �%�U�G�E�N�E �#�H�A�R�N�I�A�K
�H�E�L�P�E�D �P�R�E�S�E�N�T �T�H�E �I�D�E�A�S �T�O �!�) �R�E�S�E�A�R�C�H�E�R�S �W�I�T�H �A �P�O�P�U�L�A�R �A�R�T�I�C�L�E�� �h�"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �W�I�T�H�

�O�U�T �T�E�A�R�S�v���� �����������	�� �A�N�D �B�O�O�K �����������	�� �4�H�E �B�O�O�K �B�Y �$�E�A�N �A�N�D �7�E�L�L�M�A�N �����������	 �A�L�S�O �H�E�L�P�E�D
�I�N�T�R�O�D�U�C�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �T�O �!�) �R�E�S�E�A�R�C�H�E�R�S�� �/�N�E �O�F �T�H�E �P�R�I�N�C�I�P�A�L �P�H�I�L�O�S�O�P�H�I�C�A�L �O�B�J�E�C�T�I�O�N�S
�O�F �T�H�E �L�O�G�I�C�I�S�T�S �W�A�S �T�H�A�T �T�H�E �N�U�M�E�R�I�C�A�L �C�A�L�C�U�L�A�T�I�O�N�S �T�H�A�T �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �W�A�S �T�H�O�U�G�H�T �T�O �R�E�

�Q�U�I�R�E �W�E�R�E �N�O�T �A�P�P�A�R�E�N�T �T�O �I�N�T�R�O�S�P�E�C�T�I�O�N �A�N�D �P�R�E�S�U�M�E�D �A�N �U�N�R�E�A�L�I�S�T�I�C �L�E�V�E�L �O�F �P�R�E�C�I�S�I�O�N �I�N �O�U�R
�U�N�C�E�R�T�A�I�N �K�N�O�W�L�E�D�G�E�� �4�H�E �D�E�V�E�L�O�P�M�E�N�T �O�F�T�X�D�O�L�W�D�W�L�Y�H �S�U�R�E�D�E�L�O�L�V�W�L�F �Q�H�W�Z�R�U�N�V���7�E�L�L�M�A�N��
���������A�	 �P�R�O�V�I�D�E�D �A �P�U�R�E�L�Y �Q�U�A�L�I�T�A�T�I�V�E �A�B�S�T�R�A�C�T�I�O�N �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �U�S�I�N�G �T�H�E �N�O�T�I�O�N �O�F
�P�O�S�I�T�I�V�E �A�N�D �N�E�G�A�T�I�V�E �I�N�m�U�E�N�C�E�S �B�E�T�W�E�E�N �V�A�R�I�A�B�L�E�S�� �7�E�L�L�M�A�N �S�H�O�W�S �T�H�A�T �I�N �M�A�N�Y �C�A�S�E�S �S�U�C�H
�I�N�F�O�R�M�A�T�I�O�N �I�S �S�U�F�l�C�I�E�N�T �F�O�R �O�P�T�I�M�A�L �D�E�C�I�S�I�O�N �M�A�K�I�N�G �W�I�T�H�O�U�T �T�H�E �N�E�E�D �F�O�R �T�H�E �P�R�E�C�I�S�E �S�P�E�C�

�I�l�C�A�T�I�O�N �O�F �P�R�O�B�A�B�I�L�I�T�Y �V�A�L�U�E�S�� �'�O�L�D�S�Z�M�I�D�T �A�N�D �0�E�A�R�L �����������	 �T�A�K�E �A �S�I�M�I�L�A�R �A�P�P�R�O�A�C�H�� �7�O�R�K
�B�Y �!�D�N�A�N �$�A�R�W�I�C�H�E �A�N�D �-�A�T�T �'�I�N�S�B�E�R�G �����������	 �E�X�T�R�A�C�T�S �T�H�E �B�A�S�I�C �P�R�O�P�E�R�T�I�E�S �O�F �C�O�N�D�I�T�I�O�N�I�N�G
�A�N�D �E�V�I�D�E�N�C�E �C�O�M�B�I�N�A�T�I�O�N �F�R�O�M �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �A�N�D �S�H�O�W�S �T�H�A�T �T�H�E�Y �C�A�N �A�L�S�O �B�E �A�P�P�L�I�E�D �I�N
�L�O�G�I�C�A�L �A�N�D �D�E�F�A�U�L�T �R�E�A�S�O�N�I�N�G�� �/�F�T�E�N�� �P�R�O�G�R�A�M�S �S�P�E�A�K �L�O�U�D�E�R �T�H�A�N �W�O�R�D�S�� �A�N�D �T�H�E �R�E�A�D�Y �A�V�A�I�L�
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�A�B�I�L�I�T�Y �O�F �H�I�G�H�
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�A�D�O�P�T�I�O�N �O�F �T�H�E �T�E�C�H�N�O�L�O�G�Y��

�4�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �S�I�N�G�L�E �P�U�B�L�I�C�A�T�I�O�N �I�N �T�H�E �G�R�O�W�T�H �O�F �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �W�A�S �U�N�D�O�U�B�T�

�E�D�L�Y �T�H�E �T�E�X�T�3�U�R�E�D�E�L�O�L�V�W�L�F �5�H�D�V�R�Q�L�Q�J �L�Q �,�Q�W�H�O�O�L�J�H�Q�W �6�\�V�W�H�P�V���0�E�A�R�L�� ���������	�� �3�E�V�E�R�A�L �E�X�C�E�L�L�E�N�T
�T�E�X�T�S ���,�A�U�R�I�T�Z�E�N�� ���������� �*�E�N�S�E�N�� ���������� �+�O�R�B �A�N�D �.�I�C�H�O�L�S�O�N�� ���������� �*�E�N�S�E�N�� ���������� �$�A�R�W�I�C�H�E��
���������� �+�O�L�L�E�R �A�N�D �&�R�I�E�D�M�A�N�� ���������	 �P�R�O�V�I�D�E �T�H�O�R�O�U�G�H �T�R�E�A�T�M�E�N�T�S �O�F �T�H�E �T�O�P�I�C�S �W�E �H�A�V�E �C�O�V�

�E�R�E�D �I�N �T�H�I�S �C�H�A�P�T�E�R�� �.�E�W �R�E�S�E�A�R�C�H �O�N �P�R�O�B�A�B�I�L�I�S�T�I�C �R�E�A�S�O�N�I�N�G �A�P�P�E�A�R�S �B�O�T�H �I�N �M�A�I�N�S�T�R�E�A�M
�!�) �J�O�U�R�N�A�L�S�� �S�U�C�H �A�S�$�U�W�L�¿�F�L�D�O �,�Q�W�H�O�O�L�J�H�Q�F�H�A�N�D �T�H�E�-�R�X�U�Q�D�O �R�I �$�, �5�H�V�H�D�U�F�K�� �A�N�D �I�N �M�O�R�E �S�P�E�

�C�I�A�L�I�Z�E�D �J�O�U�R�N�A�L�S�� �S�U�C�H �A�S �T�H�E�,�Q�W�H�U�Q�D�W�L�R�Q�D�O �-�R�X�U�Q�D�O �R�I �$�S�S�U�R�[�L�P�D�W�H �5�H�D�V�R�Q�L�Q�J�� �-�A�N�Y �P�A�P�E�R�S
�O�N �G�R�A�P�H�I�C�A�L �M�O�D�E�L�S�� �W�H�I�C�H �I�N�C�L�U�D�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �A�P�P�E�A�R �I�N �S�T�A�T�I�S�T�I�C�A�L �J�O�U�R�N�A�L�S�� �4�H�E
�P�R�O�C�E�E�D�I�N�G�S �O�F �T�H�E �C�O�N�F�E�R�E�N�C�E�S �O�N �5�N�C�E�R�T�A�I�N�T�Y �I�N �!�R�T�I�l�C�I�A�L �)�N�T�E�L�L�I�G�E�N�C�E ���5�!�)�	�� �.�E�U�R�A�L �)�N�F�O�R�

�M�A�T�I�O�N �0�R�O�C�E�S�S�I�N�G �3�Y�S�T�E�M�S ���.�)�0�3�	�� �A�N�D �!�R�T�I�l�C�I�A�L �)�N�T�E�L�L�I�G�E�N�C�E �A�N�D �3�T�A�T�I�S�T�I�C�S ���!�)�3�4�!�4�3�	 �A�R�E
�E�X�C�E�L�L�E�N�T �S�O�U�R�C�E�S �F�O�R �C�U�R�R�E�N�T �R�E�S�E�A�R�C�H��
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�T�I�O�N�S �����������	 �A�N�D �����������	 ���P�A�G�E�S ������ �A�N�D �������	 �T�O �E�X�P�R�E�S�S �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y
P(z j y) �A�S �T�H�E �R�A�T�I�O �O�F �T�W�O �S�U�M�S�� �E�A�C�H �O�V�E�R �E�N�T�R�I�E�S �I�N �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�3(X; Y; Z )��

�E�� �.�O�W �U�S�E �%�Q�U�A�T�I�O�N �����������	 �T�O �W�R�I�T�E �T�H�I�S �E�X�P�R�E�S�S�I�O�N �I�N �T�E�R�M�S �O�F �T�H�E �N�E�T�W�O�R�K �P�A�R�A�M�E�T�E�R�S
� (X )��� (Y j X )�� �A�N�D� (Z j Y )��

�F�� �.�E�X�T�� �E�X�P�A�N�D �O�U�T �T�H�E �S�U�M�M�A�T�I�O�N�S �I�N �Y�O�U�R �E�X�P�R�E�S�S�I�O�N �F�R�O�M �P�A�R�T ���B�	�� �W�R�I�T�I�N�G �O�U�T �E�X�P�L�I�C�I�T�L�Y
�T�H�E �T�E�R�M�S �F�O�R �T�H�E �T�R�U�E �A�N�D �F�A�L�S�E �V�A�L�U�E�S �O�F �E�A�C�H �S�U�M�M�E�D �V�A�R�I�A�B�L�E�� �!�S�S�U�M�I�N�G �T�H�A�T �A�L�L
�N�E�T�W�O�R�K �P�A�R�A�M�E�T�E�R�S �S�A�T�I�S�F�Y �T�H�E �C�O�N�S�T�R�A�I�N�T

P
x i

� (x i j parents(X i )) = 1 �� �S�H�O�W �T�H�A�T �T�H�E
�R�E�S�U�L�T�I�N�G �E�X�P�R�E�S�S�I�O�N �R�E�D�U�C�E�S �T�O� (x j y)��

�G�� �'�E�N�E�R�A�L�I�Z�E �T�H�I�S �D�E�R�I�V�A�T�I�O�N �T�O �S�H�O�W �T�H�A�T� (X i j Parents(X i )) = �3(X i j Parents(X i ))
�F�O�R �A�N�Y �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K��



�%�X�E�R�C�I�S�E�S ������

�������� �4�H�E �O�P�E�R�A�T�I�O�N �O�F�D�U�F �U�H�Y�H�U�V�D�O�I�N �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �A�L�L�O�W�S �U�S �T�O �C�H�A�N�G�E �T�H�E �D�I�R�E�C�T�I�O�NARC REVERSAL

�O�F �A�N �A�R�CX ! Y �W�H�I�L�E �P�R�E�S�E�R�V�I�N�G �T�H�E �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �T�H�A�T �T�H�E �N�E�T�W�O�R�K �R�E�P�R�E�

�S�E�N�T�S ���3�H�A�C�H�T�E�R�� ���������	�� �!�R�C �R�E�V�E�R�S�A�L �M�A�Y �R�E�Q�U�I�R�E �I�N�T�R�O�D�U�C�I�N�G �N�E�W �A�R�C�S�� �A�L�L �T�H�E �P�A�R�E�N�T�S �O�FX
�A�L�S�O �B�E�C�O�M�E �P�A�R�E�N�T�S �O�FY �� �A�N�D �A�L�L �P�A�R�E�N�T�S �O�FY �A�L�S�O �B�E�C�O�M�E �P�A�R�E�N�T�S �O�FX ��

�D�� �!�S�S�U�M�E �T�H�A�TX �A�N�DY �S�T�A�R�T �W�I�T�Hm �A�N�Dn �P�A�R�E�N�T�S�� �R�E�S�P�E�C�T�I�V�E�L�Y�� �A�N�D �T�H�A�T �A�L�L �V�A�R�I�A�B�L�E�S
�H�A�V�Ek �V�A�L�U�E�S�� �"�Y �C�A�L�C�U�L�A�T�I�N�G �T�H�E �C�H�A�N�G�E �I�N �S�I�Z�E �F�O�R �T�H�E �#�0�4�S �O�FX �A�N�DY �� �S�H�O�W �T�H�A�T �T�H�E
�T�O�T�A�L �N�U�M�B�E�R �O�F �P�A�R�A�M�E�T�E�R�S �I�N �T�H�E �N�E�T�W�O�R�K �C�A�N�N�O�T �D�E�C�R�E�A�S�E �D�U�R�I�N�G �A�R�C �R�E�V�E�R�S�A�L�� ���+�L�Q�W��
�T�H�E �P�A�R�E�N�T�S �O�FX �A�N�DY �N�E�E�D �N�O�T �B�E �D�I�S�J�O�I�N�T���	

�E�� �5�N�D�E�R �W�H�A�T �C�I�R�C�U�M�S�T�A�N�C�E�S �C�A�N �T�H�E �T�O�T�A�L �N�U�M�B�E�R �R�E�M�A�I�N �C�O�N�S�T�A�N�T��
�F�� �,�E�T �T�H�E �P�A�R�E�N�T�S �O�FX �B�E�8 [ �9 �A�N�D �T�H�E �P�A�R�E�N�T�S �O�FY �B�E�9 [ �: �� �W�H�E�R�E�8 �A�N�D�: �A�R�E

�D�I�S�J�O�I�N�T�� �4�H�E �F�O�R�M�U�L�A�S �F�O�R �T�H�E �N�E�W �#�0�4�S �A�F�T�E�R �A�R�C �R�E�V�E�R�S�A�L �A�R�E �A�S �F�O�L�L�O�W�S��

�3(Y j �8; �9; �: ) =
X

x

�3(Y j �9; �: ; x) �3(x j �8; �9)

�3(X j �8; �9; �: ; Y ) = �3(Y j X; �9; �: )�3(X j �8; �9)=�3(Y j �8; �9; �: ) :

�0�R�O�V�E �T�H�A�T �T�H�E �N�E�W �N�E�T�W�O�R�K �E�X�P�R�E�S�S�E�S �T�H�E �S�A�M�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �A�L�L �V�A�R�I�A�B�L�E�S �A�S
�T�H�E �O�R�I�G�I�N�A�L �N�E�T�W�O�R�K��

�������� �#�O�N�S�I�D�E�R �T�H�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �I�N �&�I�G�U�R�E ����������

�D�� �)�F �N�O �E�V�I�D�E�N�C�E �I�S �O�B�S�E�R�V�E�D�� �A�R�EBurglary �A�N�DEarthquake�I�N�D�E�P�E�N�D�E�N�T�� �0�R�O�V�E �T�H�I�S �F�R�O�M
�T�H�E �N�U�M�E�R�I�C�A�L �S�E�M�A�N�T�I�C�S �A�N�D �F�R�O�M �T�H�E �T�O�P�O�L�O�G�I�C�A�L �S�E�M�A�N�T�I�C�S��

�E�� �)�F �W�E �O�B�S�E�R�V�EAlarm = true�� �A�R�EBurglary �A�N�DEarthquake�I�N�D�E�P�E�N�D�E�N�T�� �*�U�S�T�I�F�Y �Y�O�U�R
�A�N�S�W�E�R �B�Y �C�A�L�C�U�L�A�T�I�N�G �W�H�E�T�H�E�R �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N�V�O�L�V�E�D �S�A�T�I�S�F�Y �T�H�E �D�E�l�N�I�T�I�O�N �O�F �C�O�N�D�I�

�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E��

�+�P�R�W�K�H�U �+�I�D�W�K�H�U

�+�F�K�L�O�G

�P�R�W�K�H�U�* �I�D�W�K�H�U�*

�F�K�L�O�G�*

�+�P�R�W�K�H�U �+�I�D�W�K�H�U

�+�F�K�L�O�G

�P�R�W�K�H�U�* �I�D�W�K�H�U�*

�F�K�L�O�G�*

�+�P�R�W�K�H�U �+�I�D�W�K�H�U

�+�F�K�L�O�G

�P�R�W�K�H�U�* �I�D�W�K�H�U�*

�F�K�L�O�G�*

���A�	 ���B�	 ���C�	

�)�L�J�X�U�H �����������4�H�R�E�E�P�O�S�S�I�B�L�E �S�T�R�U�C�T�U�R�E�S �F�O�R �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �D�E�S�C�R�I�B�I�N�G �G�E�N�E�T�I�C �I�N�H�E�R�I�

�T�A�N�C�E �O�F �H�A�N�D�E�D�N�E�S�S��

�������� �,�E�TH x �B�E �A �R�A�N�D�O�M �V�A�R�I�A�B�L�E �D�E�N�O�T�I�N�G �T�H�E �H�A�N�D�E�D�N�E�S�S �O�F �A�N �I�N�D�I�V�I�D�U�A�Lx�� �W�I�T�H �P�O�S�S�I�B�L�E
�V�A�L�U�E�Sl �O�Rr �� �! �C�O�M�M�O�N �H�Y�P�O�T�H�E�S�I�S �I�S �T�H�A�T �L�E�F�T�
 �O�R �R�I�G�H�T�
�H�A�N�D�E�D�N�E�S�S �I�S �I�N�H�E�R�I�T�E�D �B�Y �A �S�I�M�P�L�E
�M�E�C�H�A�N�I�S�M�� �T�H�A�T �I�S�� �P�E�R�H�A�P�S �T�H�E�R�E �I�S �A �G�E�N�EGx �� �A�L�S�O �W�I�T�H �V�A�L�U�E�Sl �O�Rr �� �A�N�D �P�E�R�H�A�P�S �A�C�T�U�A�L



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�H�A�N�D�E�D�N�E�S�S �T�U�R�N�S �O�U�T �M�O�S�T�L�Y �T�H�E �S�A�M�E ���W�I�T�H �S�O�M�E �P�R�O�B�A�B�I�L�I�T�Ys�	 �A�S �T�H�E �G�E�N�E �A�N �I�N�D�I�V�I�D�U�A�L
�P�O�S�S�E�S�S�E�S�� �&�U�R�T�H�E�R�M�O�R�E�� �P�E�R�H�A�P�S �T�H�E �G�E�N�E �I�T�S�E�L�F �I�S �E�Q�U�A�L�L�Y �L�I�K�E�L�Y �T�O �B�E �I�N�H�E�R�I�T�E�D �F�R�O�M �E�I�T�H�E�R
�O�F �A�N �I�N�D�I�V�I�D�U�A�L���S �P�A�R�E�N�T�S�� �W�I�T�H �A �S�M�A�L�L �N�O�N�Z�E�R�O �P�R�O�B�A�B�I�L�I�T�Ym �O�F �A �R�A�N�D�O�M �M�U�T�A�T�I�O�N �m�I�P�P�I�N�G
�T�H�E �H�A�N�D�E�D�N�E�S�S��

�D�� �7�H�I�C�H �O�F �T�H�E �T�H�R�E�E �N�E�T�W�O�R�K�S �I�N �&�I�G�U�R�E ���������� �C�L�A�I�M �T�H�A�T�3(Gfather ; Gmother ; Gchild ) =
�3(Gfather )�3(Gmother )�3(Gchild )��

�E�� �7�H�I�C�H �O�F �T�H�E �T�H�R�E�E �N�E�T�W�O�R�K�S �M�A�K�E �I�N�D�E�P�E�N�D�E�N�C�E �C�L�A�I�M�S �T�H�A�T �A�R�E �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E
�H�Y�P�O�T�H�E�S�I�S �A�B�O�U�T �T�H�E �I�N�H�E�R�I�T�A�N�C�E �O�F �H�A�N�D�E�D�N�E�S�S��

�F�� �7�H�I�C�H �O�F �T�H�E �T�H�R�E�E �N�E�T�W�O�R�K�S �I�S �T�H�E �B�E�S�T �D�E�S�C�R�I�P�T�I�O�N �O�F �T�H�E �H�Y�P�O�T�H�E�S�I�S��

�G�� �7�R�I�T�E �D�O�W�N �T�H�E �#�0�4 �F�O�R �T�H�EGchild �N�O�D�E �I�N �N�E�T�W�O�R�K ���A�	�� �I�N �T�E�R�M�S �O�Fs �A�N�Dm��

�H�� �3�U�P�P�O�S�E �T�H�A�TP(Gfather = l) = P(Gmother = l) = q�� �)�N �N�E�T�W�O�R�K ���A�	�� �D�E�R�I�V�E �A�N �E�X�P�R�E�S�

�S�I�O�N �F�O�RP(Gchild = l) �I�N �T�E�R�M�S �O�Fm �A�N�Dq �O�N�L�Y�� �B�Y �C�O�N�D�I�T�I�O�N�I�N�G �O�N �I�T�S �P�A�R�E�N�T �N�O�D�E�S��

�I�� �5�N�D�E�R �C�O�N�D�I�T�I�O�N�S �O�F �G�E�N�E�T�I�C �E�Q�U�I�L�I�B�R�I�U�M�� �W�E �E�X�P�E�C�T �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �O�F �G�E�N�E�S �T�O �B�E �T�H�E
�S�A�M�E �A�C�R�O�S�S �G�E�N�E�R�A�T�I�O�N�S�� �5�S�E �T�H�I�S �T�O �C�A�L�C�U�L�A�T�E �T�H�E �V�A�L�U�E �O�Fq�� �A�N�D�� �G�I�V�E�N �W�H�A�T �Y�O�U �K�N�O�W
�A�B�O�U�T �H�A�N�D�E�D�N�E�S�S �I�N �H�U�M�A�N�S�� �E�X�P�L�A�I�N �W�H�Y �T�H�E �H�Y�P�O�T�H�E�S�I�S �D�E�S�C�R�I�B�E�D �A�T �T�H�E �B�E�G�I�N�N�I�N�G �O�F
�T�H�I�S �Q�U�E�S�T�I�O�N �M�U�S�T �B�E �W�R�O�N�G��

�������� �4�H�E�0�D�U�N�R�Y �E�O�D�Q�N�H�W�O�F �A �V�A�R�I�A�B�L�E �I�S �D�E�l�N�E�D �O�N �P�A�G�E �������� �0�R�O�V�E �T�H�A�T �A �V�A�R�I�A�B�L�E
�I�S �I�N�D�E�P�E�N�D�E�N�T �O�F �A�L�L �O�T�H�E�R �V�A�R�I�A�B�L�E�S �I�N �T�H�E �N�E�T�W�O�R�K�� �G�I�V�E�N �I�T�S �-�A�R�K�O�V �B�L�A�N�K�E�T �A�N�D �D�E�R�I�V�E
�%�Q�U�A�T�I�O�N �������������	 ���P�A�G�E �������	��

�5�D�G�L�R

�%�D�W�W�H�U�\

�,�J�Q�L�W�L�R�Q �*�D�V

�6�W�D�U�W�V

�0�R�Y�H�V

�)�L�J�X�U�H �����������! �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �D�E�S�C�R�I�B�I�N�G �S�O�M�E �F�E�A�T�U�R�E�S �O�F �A �C�A�R���S �E�L�E�C�T�R�I�C�A�L �S�Y�S�T�E�M
�A�N�D �E�N�G�I�N�E�� �%�A�C�H �V�A�R�I�A�B�L�E �I�S �"�O�O�L�E�A�N�� �A�N�D �T�H�Etrue �V�A�L�U�E �I�N�D�I�C�A�T�E�S �T�H�A�T �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G
�A�S�P�E�C�T �O�F �T�H�E �V�E�H�I�C�L�E �I�S �I�N �W�O�R�K�I�N�G �O�R�D�E�R��

�������� �#�O�N�S�I�D�E�R �T�H�E �N�E�T�W�O�R�K �F�O�R �C�A�R �D�I�A�G�N�O�S�I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������

�D�� �%�X�T�E�N�D �T�H�E �N�E�T�W�O�R�K �W�I�T�H �T�H�E �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�SIcyWeather �A�N�DStarterMotor ��

�E�� �'�I�V�E �R�E�A�S�O�N�A�B�L�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E�S �F�O�R �A�L�L �T�H�E �N�O�D�E�S��



�%�X�E�R�C�I�S�E�S ������

�F�� �(�O�W �M�A�N�Y �I�N�D�E�P�E�N�D�E�N�T �V�A�L�U�E�S �A�R�E �C�O�N�T�A�I�N�E�D �I�N �T�H�E �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R
�E�I�G�H�T �"�O�O�L�E�A�N �N�O�D�E�S�� �A�S�S�U�M�I�N�G �T�H�A�T �N�O �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �R�E�L�A�T�I�O�N�S �A�R�E �K�N�O�W�N
�T�O �H�O�L�D �A�M�O�N�G �T�H�E�M��

�G�� �(�O�W �M�A�N�Y �I�N�D�E�P�E�N�D�E�N�T �P�R�O�B�A�B�I�L�I�T�Y �V�A�L�U�E�S �D�O �Y�O�U�R �N�E�T�W�O�R�K �T�A�B�L�E�S �C�O�N�T�A�I�N��

�H�� �4�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RStarts �C�O�U�L�D �B�E �D�E�S�C�R�I�B�E�D �A�S �A�Q�R�L�V�\���$�1�'�D�I�S�T�R�I�B�U�T�I�O�N��
�$�E�l�N�E �T�H�I�S �F�A�M�I�L�Y �I�N �G�E�N�E�R�A�L �A�N�D �R�E�L�A�T�E �I�T �T�O �T�H�E �N�O�I�S�Y�
�/�2 �D�I�S�T�R�I�B�U�T�I�O�N��

�������� �#�O�N�S�I�D�E�R �A �S�I�M�P�L�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �W�I�T�H �R�O�O�T �V�A�R�I�A�B�L�E�SCold��Flu �� �A�N�DMalaria �A�N�D
�C�H�I�L�D �V�A�R�I�A�B�L�EFever�� �W�I�T�H �A �N�O�I�S�Y�
�/�2 �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RFever �A�S �D�E�S�C�R�I�B�E�D �I�N �3�E�C�

�T�I�O�N ���������� �"�Y �A�D�D�I�N�G �A�P�P�R�O�P�R�I�A�T�E �A�U�X�I�L�I�A�R�Y �V�A�R�I�A�B�L�E�S �F�O�R �I�N�H�I�B�I�T�I�O�N �E�V�E�N�T�S �A�N�D �F�E�V�E�R�
�I�N�D�U�C�I�N�G
�E�V�E�N�T�S�� �C�O�N�S�T�R�U�C�T �A�N �E�Q�U�I�V�A�L�E�N�T �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �W�H�O�S�E �#�0�4�S ���E�X�C�E�P�T �F�O�R �R�O�O�T �V�A�R�I�A�B�L�E�S�	 �A�R�E
�D�E�T�E�R�M�I�N�I�S�T�I�C�� �$�E�l�N�E �T�H�E �#�0�4�S �A�N�D �P�R�O�V�E �E�Q�U�I�V�A�L�E�N�C�E��

�������� �#�O�N�S�I�D�E�R �T�H�E �F�A�M�I�L�Y �O�F �L�I�N�E�A�R �'�A�U�S�S�I�A�N �N�E�T�W�O�R�K�S�� �A�S �D�E�l�N�E�D �O�N �P�A�G�E ��������

�D�� �)�N �A �T�W�O�
�V�A�R�I�A�B�L�E �N�E�T�W�O�R�K�� �L�E�TX 1 �B�E �T�H�E �P�A�R�E�N�T �O�FX 2�� �L�E�TX 1 �H�A�V�E �A �'�A�U�S�S�I�A�N �P�R�I�O�R��
�A�N�D �L�E�T�3(X 2 j X 1) �B�E �A �L�I�N�E�A�R �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�� �3�H�O�W �T�H�A�T �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N
P(X 1; X 2) �I�S �A �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N�� �A�N�D �C�A�L�C�U�L�A�T�E �I�T�S �C�O�V�A�R�I�A�N�C�E �M�A�T�R�I�X��

�E�� �0�R�O�V�E �B�Y �I�N�D�U�C�T�I�O�N �T�H�A�T �T�H�E �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �A �G�E�N�E�R�A�L �L�I�N�E�A�R �'�A�U�S�S�I�A�N �N�E�T�W�O�R�K �O�N
X 1; : : : ; X n �I�S �A�L�S�O �A �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N��

���������� �4�H�E �P�R�O�B�I�T �D�I�S�T�R�I�B�U�T�I�O�N �D�E�l�N�E�D �O�N �P�A�G�E ������ �D�E�S�C�R�I�B�E�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R
�A �"�O�O�L�E�A�N �C�H�I�L�D�� �G�I�V�E�N �A �S�I�N�G�L�E �C�O�N�T�I�N�U�O�U�S �P�A�R�E�N�T��

�D�� �(�O�W �M�I�G�H�T �T�H�E �D�E�l�N�I�T�I�O�N �B�E �E�X�T�E�N�D�E�D �T�O �C�O�V�E�R �M�U�L�T�I�P�L�E �C�O�N�T�I�N�U�O�U�S �P�A�R�E�N�T�S��

�E�� �(�O�W �M�I�G�H�T �I�T �B�E �E�X�T�E�N�D�E�D �T�O �H�A�N�D�L�E �A�P�X�O�W�L�Y�D�O�X�H�G�C�H�I�L�D �V�A�R�I�A�B�L�E�� �#�O�N�S�I�D�E�R �B�O�T�H �C�A�S�E�S
�W�H�E�R�E �T�H�E �C�H�I�L�D���S �V�A�L�U�E�S �A�R�E �O�R�D�E�R�E�D ���A�S �I�N �S�E�L�E�C�T�I�N�G �A �G�E�A�R �W�H�I�L�E �D�R�I�V�I�N�G�� �D�E�P�E�N�D�I�N�G
�O�N �S�P�E�E�D�� �S�L�O�P�E�� �D�E�S�I�R�E�D �A�C�C�E�L�E�R�A�T�I�O�N�� �E�T�C���	 �A�N�D �C�A�S�E�S �W�H�E�R�E �T�H�E�Y �A�R�E �U�N�O�R�D�E�R�E�D ���A�S �I�N
�S�E�L�E�C�T�I�N�G �B�U�S�� �T�R�A�I�N�� �O�R �C�A�R �T�O �G�E�T �T�O �W�O�R�K�	�� ���+�L�Q�W�� �#�O�N�S�I�D�E�R �W�A�Y�S �T�O �D�I�V�I�D�E �T�H�E �P�O�S�S�I�B�L�E
�V�A�L�U�E�S �I�N�T�O �T�W�O �S�E�T�S�� �T�O �M�I�M�I�C �A �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E���	

���������� �)�N �Y�O�U�R �L�O�C�A�L �N�U�C�L�E�A�R �P�O�W�E�R �S�T�A�T�I�O�N�� �T�H�E�R�E �I�S �A�N �A�L�A�R�M �T�H�A�T �S�E�N�S�E�S �W�H�E�N �A �T�E�M�P�E�R�A�T�U�R�E
�G�A�U�G�E �E�X�C�E�E�D�S �A �G�I�V�E�N �T�H�R�E�S�H�O�L�D�� �4�H�E �G�A�U�G�E �M�E�A�S�U�R�E�S �T�H�E �T�E�M�P�E�R�A�T�U�R�E �O�F �T�H�E �C�O�R�E�� �#�O�N�S�I�D�E�R
�T�H�E �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�SA ���A�L�A�R�M �S�O�U�N�D�S�	��FA ���A�L�A�R�M �I�S �F�A�U�L�T�Y�	�� �A�N�DFG ���G�A�U�G�E �I�S �F�A�U�L�T�Y�	 �A�N�D
�T�H�E �M�U�L�T�I�V�A�L�U�E�D �N�O�D�E�SG ���G�A�U�G�E �R�E�A�D�I�N�G�	 �A�N�DT ���A�C�T�U�A�L �C�O�R�E �T�E�M�P�E�R�A�T�U�R�E�	��

�D�� �$�R�A�W �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �F�O�R �T�H�I�S �D�O�M�A�I�N�� �G�I�V�E�N �T�H�A�T �T�H�E �G�A�U�G�E �I�S �M�O�R�E �L�I�K�E�L�Y �T�O �F�A�I�L
�W�H�E�N �T�H�E �C�O�R�E �T�E�M�P�E�R�A�T�U�R�E �G�E�T�S �T�O�O �H�I�G�H��

�E�� �)�S �Y�O�U�R �N�E�T�W�O�R�K �A �P�O�L�Y�T�R�E�E�� �7�H�Y �O�R �W�H�Y �N�O�T��

�F�� �3�U�P�P�O�S�E �T�H�E�R�E �A�R�E �J�U�S�T �T�W�O �P�O�S�S�I�B�L�E �A�C�T�U�A�L �A�N�D �M�E�A�S�U�R�E�D �T�E�M�P�E�R�A�T�U�R�E�S�� �N�O�R�M�A�L �A�N�D �H�I�G�H��
�T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �G�A�U�G�E �G�I�V�E�S �T�H�E �C�O�R�R�E�C�T �T�E�M�P�E�R�A�T�U�R�E �I�Sx �W�H�E�N �I�T �I�S �W�O�R�K�I�N�G�� �B�U�T
y �W�H�E�N �I�T �I�S �F�A�U�L�T�Y�� �'�I�V�E �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E �A�S�S�O�C�I�A�T�E�D �W�I�T�HG��

�G�� �3�U�P�P�O�S�E �T�H�E �A�L�A�R�M �W�O�R�K�S �C�O�R�R�E�C�T�L�Y �U�N�L�E�S�S �I�T �I�S �F�A�U�L�T�Y�� �I�N �W�H�I�C�H �C�A�S�E �I�T �N�E�V�E�R �S�O�U�N�D�S��
�'�I�V�E �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E �A�S�S�O�C�I�A�T�E�D �W�I�T�HA��
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�)�L�J�X�U�H �����������4�H�R�E�E�P�O�S�S�I�B�L�E �N�E�T�W�O�R�K�S �F�O�R �T�H�E �T�E�L�E�S�C�O�P�E �P�R�O�B�L�E�M��

�H�� �3�U�P�P�O�S�E �T�H�E �A�L�A�R�M �A�N�D �G�A�U�G�E �A�R�E �W�O�R�K�I�N�G �A�N�D �T�H�E �A�L�A�R�M �S�O�U�N�D�S�� �#�A�L�C�U�L�A�T�E �A�N �E�X�P�R�E�S�

�S�I�O�N�F�O�R �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �T�E�M�P�E�R�A�T�U�R�E �O�F �T�H�E �C�O�R�E �I�S �T�O�O �H�I�G�H�� �I�N �T�E�R�M�S �O�F �T�H�E
�V�A�R�I�O�U�S �C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N �T�H�E �N�E�T�W�O�R�K��

���������� �4�W�O �A�S�T�R�O�N�O�M�E�R�S �I�N �D�I�F�F�E�R�E�N�T �P�A�R�T�S �O�F �T�H�E �W�O�R�L�D �M�A�K�E �M�E�A�S�U�R�E�M�E�N�T�SM 1 �A�N�DM 2 �O�F
�T�H�E �N�U�M�B�E�R �O�F �S�T�A�R�SN �I�N �S�O�M�E �S�M�A�L�L �R�E�G�I�O�N �O�F �T�H�E �S�K�Y�� �U�S�I�N�G �T�H�E�I�R �T�E�L�E�S�C�O�P�E�S�� �.�O�R�M�A�L�L�Y�� �T�H�E�R�E
�I�S �A �S�M�A�L�L �P�O�S�S�I�B�I�L�I�T�Ye �O�F �E�R�R�O�R �B�Y �U�P �T�O �O�N�E �S�T�A�R �I�N �E�A�C�H �D�I�R�E�C�T�I�O�N�� �%�A�C�H �T�E�L�E�S�C�O�P�E �C�A�N �A�L�S�O
���W�I�T�H �A �M�U�C�H �S�M�A�L�L�E�R �P�R�O�B�A�B�I�L�I�T�Yf �	 �B�E �B�A�D�L�Y �O�U�T �O�F �F�O�C�U�S ���E�V�E�N�T�SF1 �A�N�DF2�	�� �I�N �W�H�I�C�H �C�A�S�E
�T�H�E �S�C�I�E�N�T�I�S�T �W�I�L�L �U�N�D�E�R�C�O�U�N�T �B�Y �T�H�R�E�E �O�R �M�O�R�E �S�T�A�R�S ���O�R �I�FN �I�S �L�E�S�S �T�H�A�N ���� �F�A�I�L �T�O �D�E�T�E�C�T �A�N�Y
�S�T�A�R�S �A�T �A�L�L�	�� �#�O�N�S�I�D�E�R �T�H�E �T�H�R�E�E �N�E�T�W�O�R�K�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������

�D�� �7�H�I�C�H �O�F �T�H�E�S�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �A�R�E �C�O�R�R�E�C�T ���B�U�T �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �E�F�l�C�I�E�N�T�	 �R�E�P�R�E�S�E�N�

�T�A�T�I�O�N�S �O�F �T�H�E �P�R�E�C�E�D�I�N�G �I�N�F�O�R�M�A�T�I�O�N��

�E�� �7�H�I�C�H �I�S �T�H�E �B�E�S�T �N�E�T�W�O�R�K�� �%�X�P�L�A�I�N��
�F�� �7�R�I�T�E �O�U�T �A �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R�3(M 1 j N )�� �F�O�R �T�H�E �C�A�S�E �W�H�E�R�EN 2 f 1; 2; 3g �A�N�D

M 1 2 f 0; 1; 2; 3; 4g�� �%�A�C�H �E�N�T�R�Y �I�N �T�H�E �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N �S�H�O�U�L�D �B�E �E�X�P�R�E�S�S�E�D �A�S �A
�F�U�N�C�T�I�O�N �O�F �T�H�E �P�A�R�A�M�E�T�E�R�Se �A�N�D���O�Rf ��

�G�� �3�U�P�P�O�S�EM 1 = 1 �A�N�DM 2 = 3 �� �7�H�A�T �A�R�E �T�H�E�S�R�V�V�L�E�O�H�N�U�M�B�E�R�S �O�F �S�T�A�R�S �I�F �Y�O�U �A�S�S�U�M�E �N�O
�P�R�I�O�R �C�O�N�S�T�R�A�I�N�T �O�N �T�H�E �V�A�L�U�E�S �O�FN ��

�H�� �7�H�A�T �I�S �T�H�E�P�R�V�W �O�L�N�H�O�\�N�U�M�B�E�R �O�F �S�T�A�R�S�� �G�I�V�E�N �T�H�E�S�E �O�B�S�E�R�V�A�T�I�O�N�S�� �%�X�P�L�A�I�N �H�O�W �T�O
�C�O�M�P�U�T�E �T�H�I�S�� �O�R �I�F �I�T �I�S �N�O�T �P�O�S�S�I�B�L�E �T�O �C�O�M�P�U�T�E�� �E�X�P�L�A�I�N �W�H�A�T �A�D�D�I�T�I�O�N�A�L �I�N�F�O�R�M�A�T�I�O�N �I�S
�N�E�E�D�E�D �A�N�D �H�O�W �I�T �W�O�U�L�D �A�F�F�E�C�T �T�H�E �R�E�S�U�L�T��

���������� �#�O�N�S�I�D�E�R �T�H�E �"�A�Y�E�S �N�E�T �S�H�O�W�N �I�N �&�I�G�U�R�E ������������

�D�� �7�H�I�C�H�� �I�F �A�N�Y�� �O�F �T�H�E �F�O�L�L�O�W�I�N�G �A�R�E �A�S�S�E�R�T�E�D �B�Y �T�H�E �N�E�T�W�O�R�K�V�W�U�X�F�W�X�U�H���I�G�N�O�R�I�N�G �T�H�E �#�0�4�S
�F�O�R �N�O�W�	��

���I�	�3(B; I; M ) = �3(B )�3(I )�3(M )��
���I�I�	�3(J j G) = �3(J j G; I )��

���I�I�I�	�3(M j G; B; I ) = �3(M j G; B; I; J )��
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�)�L�J�X�U�H �����������! �S�I�M�P�L�E �"�A�Y�E�S �N�E�T �W�I�T�H �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�SB = BrokeElectionLaw��
I = Indicted ��M = PoliticallyMotivatedProsecutor ��G = FoundGuilty ��J = Jailed��

�E�� �#�A�L�C�U�L�A�T�E �T�H�E �V�A�L�U�E �O�FP(b; i; m; : g; j )��
�F�� �#�A�L�C�U�L�A�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �S�O�M�E�O�N�E �G�O�E�S �T�O �J�A�I�L �G�I�V�E�N �T�H�A�T �T�H�E�Y �B�R�O�K�E �T�H�E �L�A�W�� �H�A�V�E

�B�E�E�N �I�N�D�I�C�T�E�D�� �A�N�D �F�A�C�E �A �P�O�L�I�T�I�C�A�L�L�Y �M�O�T�I�V�A�T�E�D �P�R�O�S�E�C�U�T�O�R��
�G�� �! �F�R�Q�W�H�[�W���V�S�H�F�L�¿�F �L�Q�G�H�S�H�Q�G�H�Q�F�H���S�E�E �P�A�G�E �������	 �A�L�L�O�W�S �A �V�A�R�I�A�B�L�E �T�O �B�E �I�N�D�E�P�E�N�D�E�N�T

�O�F �S�O�M�E �O�F �I�T�S �P�A�R�E�N�T�S �G�I�V�E�N �C�E�R�T�A�I�N �V�A�L�U�E�S �O�F �O�T�H�E�R�S�� �)�N �A�D�D�I�T�I�O�N �T�O �T�H�E �U�S�U�A�L �C�O�N�D�I�T�I�O�N�A�L
�I�N�D�E�P�E�N�D�E�N�C�E�S �G�I�V�E�N �B�Y �T�H�E �G�R�A�P�H �S�T�R�U�C�T�U�R�E�� �W�H�A�T �C�O�N�T�E�X�T�
�S�P�E�C�I�l�C �I�N�D�E�P�E�N�D�E�N�C�E�S �E�X�I�S�T
�I�N �T�H�E �"�A�Y�E�S �N�E�T �I�N �&�I�G�U�R�E ������������

�H�� �3�U�P�P�O�S�E �W�E �W�A�N�T �T�O �A�D�D �T�H�E �V�A�R�I�A�B�L�EP = PresidentialPardon �T�O �T�H�E �N�E�T�W�O�R�K�� �D�R�A�W �T�H�E
�N�E�W �N�E�T�W�O�R�K �A�N�D �B�R�I�E�m�Y �E�X�P�L�A�I�N �A�N�Y �L�I�N�K�S �Y�O�U �A�D�D��

���������� �#�O�N�S�I�D�E�R �T�H�E �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �A�L�G�O�R�I�T�H�M �I�N �&�I�G�U�R�E ���������� ���P�A�G�E �������	��

�D�� �3�E�C�T�I�O�N �������� �A�P�P�L�I�E�S �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �T�O �T�H�E �Q�U�E�R�Y

�3(Burglary j JohnCalls= true; MaryCalls = true) :

�0�E�R�F�O�R�M �T�H�E �C�A�L�C�U�L�A�T�I�O�N�S �I�N�D�I�C�A�T�E�D �A�N�D �C�H�E�C�K �T�H�A�T �T�H�E �A�N�S�W�E�R �I�S �C�O�R�R�E�C�T��
�E�� �#�O�U�N�T �T�H�E �N�U�M�B�E�R �O�F �A�R�I�T�H�M�E�T�I�C �O�P�E�R�A�T�I�O�N�S �P�E�R�F�O�R�M�E�D�� �A�N�D �C�O�M�P�A�R�E �I�T �W�I�T�H �T�H�E �N�U�M�B�E�R

�P�E�R�F�O�R�M�E�D �B�Y �T�H�E �E�N�U�M�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M��
�F�� �3�U�P�P�O�S�E �A �N�E�T�W�O�R�K �H�A�S �T�H�E �F�O�R�M �O�F �A�F�K�D�L�Q�� �A �S�E�Q�U�E�N�C�E �O�F �"�O�O�L�E�A�N �V�A�R�I�A�B�L�E�SX 1; : : : ; X n

�W�H�E�R�EParents(X i ) = f X i � 1g �F�O�Ri = 2 ; : : : ; n�� �7�H�A�T �I�S �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �C�O�M�P�U�T�I�N�G
�3(X 1 j X n = true) �U�S�I�N�G �E�N�U�M�E�R�A�T�I�O�N�� �5�S�I�N�G �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N��

�G�� �0�R�O�V�E �T�H�A�T �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �R�U�N�N�I�N�G �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �O�N �A �P�O�L�Y�T�R�E�E �N�E�T�W�O�R�K �I�S �L�I�N�E�A�R
�I�N �T�H�E �S�I�Z�E �O�F �T�H�E �T�R�E�E �F�O�R �A�N�Y �V�A�R�I�A�B�L�E �O�R�D�E�R�I�N�G �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �N�E�T�W�O�R�K �S�T�R�U�C�T�U�R�E��

���������� �)�N�V�E�S�T�I�G�A�T�E �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �E�X�A�C�T �I�N�F�E�R�E�N�C�E �I�N �G�E�N�E�R�A�L �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S��

�D�� �0�R�O�V�E �T�H�A�T �A�N�Y ���
�3�!�4 �P�R�O�B�L�E�M �C�A�N �B�E �R�E�D�U�C�E�D �T�O �E�X�A�C�T �I�N�F�E�R�E�N�C�E �I�N �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K
�C�O�N�S�T�R�U�C�T�E�D �T�O �R�E�P�R�E�S�E�N�T �T�H�E �P�A�R�T�I�C�U�L�A�R �P�R�O�B�L�E�M �A�N�D �H�E�N�C�E �T�H�A�T �E�X�A�C�T �I�N�F�E�R�E�N�C�E �I�S �.�0�




������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G

�H�A�R�D�� ���+�L�Q�W�� �#�O�N�S�I�D�E�R �A �N�E�T�W�O�R�K �W�I�T�H �O�N�E �V�A�R�I�A�B�L�E �F�O�R �E�A�C�H �P�R�O�P�O�S�I�T�I�O�N �S�Y�M�B�O�L�� �O�N�E �F�O�R
�E�A�C�H �C�L�A�U�S�E�� �A�N�D �O�N�E �F�O�R �T�H�E �C�O�N�J�U�N�C�T�I�O�N �O�F �C�L�A�U�S�E�S���	

�E�� �4�H�E �P�R�O�B�L�E�M �O�F �C�O�U�N�T�I�N�G �T�H�E �N�U�M�B�E�R �O�F �S�A�T�I�S�F�Y�I�N�G �A�S�S�I�G�N�M�E�N�T�S �F�O�R �A ���
�3�!�4 �P�R�O�B�L�E�M �I�S
���0�
�C�O�M�P�L�E�T�E�� �3�H�O�W �T�H�A�T �E�X�A�C�T �I�N�F�E�R�E�N�C�E �I�S �A�T �L�E�A�S�T �A�S �H�A�R�D �A�S �T�H�I�S��

���������� �#�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F �G�E�N�E�R�A�T�I�N�G �A �R�A�N�D�O�M �S�A�M�P�L�E �F�R�O�M �A �S�P�E�C�I�l�E�D �D�I�S�T�R�I�B�U�T�I�O�N
�O�N �A �S�I�N�G�L�E �V�A�R�I�A�B�L�E�� �!�S�S�U�M�E �Y�O�U �H�A�V�E �A �R�A�N�D�O�M �N�U�M�B�E�R �G�E�N�E�R�A�T�O�R �T�H�A�T �R�E�T�U�R�N�S �A �R�A�N�D�O�M
�N�U�M�B�E�R �U�N�I�F�O�R�M�L�Y �D�I�S�T�R�I�B�U�T�E�D �B�E�T�W�E�E�N �� �A�N�D ����

�D�� �,�E�TX �B�E �A �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E �W�I�T�HP(X = x i ) = pi �F�O�Ri 2 f 1; : : : ; kg�� �4�H�E�F�X�P�X�O�D�W�L�Y�H
�G�L�V�W�U�L�E�X�W�L�R�Q�O�FX �G�I�V�E�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�TX 2 f x1; : : : ; x j g �F�O�R �E�A�C�H �P�O�S�S�I�B�L�Ej �� ���3�E�ECUMULATIVE

DISTRIBUTION

�A�L�S�O �!�P�P�E�N�D�I�X �!���	 �%�X�P�L�A�I�N �H�O�W �T�O �C�A�L�C�U�L�A�T�E �T�H�E �C�U�M�U�L�A�T�I�V�E �D�I�S�T�R�I�B�U�T�I�O�N �I�NO(k) �T�I�M�E
�A�N�D �H�O�W �T�O �G�E�N�E�R�A�T�E �A �S�I�N�G�L�E �S�A�M�P�L�E �O�FX �F�R�O�M �I�T�� �#�A�N �T�H�E �L�A�T�T�E�R �B�E �D�O�N�E �I�N �L�E�S�S �T�H�A�N
O(k) �T�I�M�E��

�E�� �.�O�W �S�U�P�P�O�S�E �W�E �W�A�N�T �T�O �G�E�N�E�R�A�T�EN �S�A�M�P�L�E�S �O�FX �� �W�H�E�R�EN � k�� �%�X�P�L�A�I�N �H�O�W �T�O �D�O
�T�H�I�S �W�I�T�H �A�N �E�X�P�E�C�T�E�D �R�U�N �T�I�M�E �P�E�R �S�A�M�P�L�E �T�H�A�T �I�S�F�R�Q�V�W�D�Q�W���I���E���� �I�N�D�E�P�E�N�D�E�N�T �O�Fk�	��

�F�� �.�O�W �C�O�N�S�I�D�E�R �A �C�O�N�T�I�N�U�O�U�S�
�V�A�L�U�E�D �V�A�R�I�A�B�L�E �W�I�T�H �A �P�A�R�A�M�E�T�E�R�I�Z�E�D �D�I�S�T�R�I�B�U�T�I�O�N ���E���G����
�'�A�U�S�S�I�A�N�	�� �(�O�W �C�A�N �S�A�M�P�L�E�S �B�E �G�E�N�E�R�A�T�E�D �F�R�O�M �S�U�C�H �A �D�I�S�T�R�I�B�U�T�I�O�N��

�G�� �3�U�P�P�O�S�E �Y�O�U �W�A�N�T �T�O �Q�U�E�R�Y �A �C�O�N�T�I�N�U�O�U�S�
�V�A�L�U�E�D �V�A�R�I�A�B�L�E �A�N�D �Y�O�U �A�R�E �U�S�I�N�G �A �S�A�M�P�L�I�N�G
�A�L�G�O�R�I�T�H�M �S�U�C�H �A�S �,�)�+�%�,�)�(�/�/�$�7 �%�)�'�(�4�)�.�'�T�O �D�O �T�H�E �I�N�F�E�R�E�N�C�E�� �(�O�W �W�O�U�L�D �Y�O�U �H�A�V�E
�T�O �M�O�D�I�F�Y �T�H�E �Q�U�E�R�Y�
�A�N�S�W�E�R�I�N�G �P�R�O�C�E�S�S��

���������� �#�O�N�S�I�D�E�R �T�H�E �Q�U�E�R�Y�3(Rain j Sprinkler = true; WetGrass = true) �I�N �&�I�G�U�R�E �������������A�	
���P�A�G�E �������	 �A�N�D �H�O�W �'�I�B�B�S �S�A�M�P�L�I�N�G �C�A�N �A�N�S�W�E�R �I�T��

�D�� �(�O�W �M�A�N�Y �S�T�A�T�E�S �D�O�E�S �T�H�E �-�A�R�K�O�V �C�H�A�I�N �H�A�V�E��
�E�� �#�A�L�C�U�L�A�T�E �T�H�E�W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[ �4�C�O�N�T�A�I�N�I�N�Gq(�\ ! �\0) �F�O�R �A�L�L�\���\0��
�F�� �7�H�A�T �D�O�E�S�42�� �T�H�E �S�Q�U�A�R�E �O�F �T�H�E �T�R�A�N�S�I�T�I�O�N �M�A�T�R�I�X�� �R�E�P�R�E�S�E�N�T��
�G�� �7�H�A�T �A�B�O�U�T�4n �A�Sn ! 1 ��
�H�� �%�X�P�L�A�I�N �H�O�W �T�O �D�O �P�R�O�B�A�B�I�L�I�S�T�I�C �I�N�F�E�R�E�N�C�E �I�N �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �A�S�S�U�M�I�N�G �T�H�A�T�4n �I�S

�A�V�A�I�L�A�B�L�E�� �)�S �T�H�I�S �A �P�R�A�C�T�I�C�A�L �W�A�Y �T�O �D�O �I�N�F�E�R�E�N�C�E��

���������� �4�H�I�S �E�X�E�R�C�I�S�E �E�X�P�L�O�R�E�S �T�H�E �S�T�A�T�I�O�N�A�R�Y �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �'�I�B�B�S �S�A�M�P�L�I�N�G �M�E�T�H�O�D�S��

�D�� �4�H�E �C�O�N�V�E�X �C�O�M�P�O�S�I�T�I�O�N[�; q 1; 1 � �; q 2] �O�Fq1 �A�N�Dq2 �I�S �A �T�R�A�N�S�I�T�I�O�N �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�

�B�U�T�I�O�N �T�H�A�T �l�R�S�T �C�H�O�O�S�E�S �O�N�E �O�Fq1 �A�N�Dq2 �W�I�T�H �P�R�O�B�A�B�I�L�I�T�I�E�S� �A�N�D1 � � �� �R�E�S�P�E�C�T�I�V�E�L�Y��
�A�N�D �T�H�E�N �A�P�P�L�I�E�S �W�H�I�C�H�E�V�E�R �I�S �C�H�O�S�E�N�� �0�R�O�V�E �T�H�A�T �I�Fq1 �A�N�Dq2 �A�R�E �I�N �D�E�T�A�I�L�E�D �B�A�L�A�N�C�E
�W�I�T�H� �� �T�H�E�N �T�H�E�I�R �C�O�N�V�E�X �C�O�M�P�O�S�I�T�I�O�N �I�S �A�L�S�O �I�N �D�E�T�A�I�L�E�D �B�A�L�A�N�C�E �W�I�T�H� �� ���1�R�W�H�� �T�H�I�S
�R�E�S�U�L�T �J�U�S�T�I�l�E�S �A �V�A�R�I�A�N�T �O�F �'�)�"�"�3�
�! �3�+�I�N �W�H�I�C�H �V�A�R�I�A�B�L�E�S �A�R�E �C�H�O�S�E�N �A�T �R�A�N�D�O�M �R�A�T�H�E�R
�T�H�A�N �S�A�M�P�L�E�D �I�N �A �l�X�E�D �S�E�Q�U�E�N�C�E���	

�E�� �0�R�O�V�E �T�H�A�T �I�F �E�A�C�H �O�Fq1 �A�N�Dq2 �H�A�S� �A�S �I�T�S �S�T�A�T�I�O�N�A�R�Y �D�I�S�T�R�I�B�U�T�I�O�N�� �T�H�E�N �T�H�E �S�E�Q�U�E�N�T�I�A�L
�C�O�M�P�O�S�I�T�I�O�Nq= q1 � q2 �A�L�S�O �H�A�S� �A�S �I�T�S �S�T�A�T�I�O�N�A�R�Y �D�I�S�T�R�I�B�U�T�I�O�N��
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�A�D�D�I�N�G �S�T�A�T�E �V�A�R�I�A�B�L�E�S �M�I�G�H�T �I�M�P�R�O�V�E �T�H�E �S�Y�S�T�E�M���S �P�R�E�D�I�C�T�I�V�E �P�O�W�E�R �B�U�T �A�L�S�O �I�N�C�R�E�A�S�E�S �T�H�E
�P�R�E�D�I�C�T�I�O�N�U�H�T�X�L�U�H�P�H�Q�W�V�� �W�E �N�O�W �H�A�V�E �T�O �P�R�E�D�I�C�T �T�H�E �N�E�W �V�A�R�I�A�B�L�E�S �A�S �W�E�L�L�� �4�H�U�S�� �W�E �A�R�E
�L�O�O�K�I�N�G �F�O�R �A �h�S�E�L�F�
�S�U�F�l�C�I�E�N�T�v �S�E�T �O�F �V�A�R�I�A�B�L�E�S�� �W�H�I�C�H �R�E�A�L�L�Y �M�E�A�N�S �T�H�A�T �W�E �H�A�V�E �T�O �U�N�D�E�R�S�T�A�N�D
�T�H�E �h�P�H�Y�S�I�C�S�v �O�F �T�H�E �P�R�O�C�E�S�S �B�E�I�N�G �M�O�D�E�L�E�D�� �4�H�E �R�E�Q�U�I�R�E�M�E�N�T �F�O�R �A�C�C�U�R�A�T�E �M�O�D�E�L�I�N�G �O�F �T�H�E
�P�R�O�C�E�S�S �I�S �O�B�V�I�O�U�S�L�Y �L�E�S�S�E�N�E�D �I�F �W�E �C�A�N �A�D�D �N�E�W �S�E�N�S�O�R�S ���E���G���� �M�E�A�S�U�R�E�M�E�N�T�S �O�F �T�E�M�P�E�R�A�T�U�R�E
�A�N�D �P�R�E�S�S�U�R�E�	 �T�H�A�T �P�R�O�V�I�D�E �I�N�F�O�R�M�A�T�I�O�N �D�I�R�E�C�T�L�Y �A�B�O�U�T �T�H�E �N�E�W �S�T�A�T�E �V�A�R�I�A�B�L�E�S��

�#�O�N�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �P�R�O�B�L�E�M �O�F �T�R�A�C�K�I�N�G �A �R�O�B�O�T �W�A�N�D�E�R�I�N�G �R�A�N�D�O�M�L�Y�O�N �T�H�E �8�n�9
�P�L�A�N�E�� �/�N�E �M�I�G�H�T �P�R�O�P�O�S�E �T�H�A�T �T�H�E �P�O�S�I�T�I�O�N �A�N�D �V�E�L�O�C�I�T�Y �A�R�E �A �S�U�F�l�C�I�E�N�T �S�E�T�O�F �S�T�A�T�E �V�A�R�I�A�B�L�E�S��
�O�N�E �C�A�N �S�I�M�P�L�Y �U�S�E �.�E�W�T�O�N���S �L�A�W�S �T�O �C�A�L�C�U�L�A�T�E �T�H�E �N�E�W �P�O�S�I�T�I�O�N�� �A�N�D �T�H�E �V�E�L�O�C�I�T�Y �M�A�Y �C�H�A�N�G�E
�U�N�P�R�E�D�I�C�T�A�B�L�Y�� �)�F �T�H�E �R�O�B�O�T �I�S �B�A�T�T�E�R�Y�
�P�O�W�E�R�E�D�� �H�O�W�E�V�E�R�� �T�H�E�N �B�A�T�T�E�R�Y �E�X�H�A�U�S�T�I�O�N �W�O�U�L�D �T�E�N�D �T�O
�H�A�V�E �A �S�Y�S�T�E�M�A�T�I�C �E�F�F�E�C�T �O�N �T�H�E �C�H�A�N�G�E �I�N �V�E�L�O�C�I�T�Y�� �"�E�C�A�U�S�E �T�H�I�S �I�N �T�U�R�N �D�E�P�E�N�D�S �O�N �H�O�W �M�U�C�H
�P�O�W�E�R �W�A�S �U�S�E�D �B�Y �A�L�L �P�R�E�V�I�O�U�S �M�A�N�E�U�V�E�R�S�� �T�H�E �-�A�R�K�O�V �P�R�O�P�E�R�T�Y �I�S �V�I�O�L�A�T�E�D���7�E �C�A�N �R�E�S�T�O�R�E
�T�H�E �-�A�R�K�O�V �P�R�O�P�E�R�T�Y �B�Y �I�N�C�L�U�D�I�N�G �T�H�E �C�H�A�R�G�E �L�E�V�E�LBattery t �A�S �O�N�E �O�F �T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S �T�H�A�T
�M�A�K�E �U�P�; t �� �4�H�I�S �H�E�L�P�S �I�N �P�R�E�D�I�C�T�I�N�G �T�H�E �M�O�T�I�O�N �O�F �T�H�E �R�O�B�O�T�� �B�U�T �I�N �T�U�R�N �R�E�Q�U�I�R�E�S �A �M�O�D�E�L
�F�O�R �P�R�E�D�I�C�T�I�N�GBattery t �F�R�O�MBattery tŠ 1 �A�N�D �T�H�E �V�E�L�O�C�I�T�Y�� �)�N �S�O�M�E �C�A�S�E�S�� �T�H�A�T �C�A�N �B�E �D�O�N�E
�R�E�L�I�A�B�L�Y�� �B�U�T �M�O�R�E �O�F�T�E�N �W�E �l�N�D �T�H�A�T �E�R�R�O�R �A�C�C�U�M�U�L�A�T�E�S �O�V�E�R �T�I�M�E�� �)�N �T�H�A�T �C�A�S�E�� �A�C�C�U�R�A�C�Y �C�A�N
�B�E �I�M�P�R�O�V�E�D �B�Y�D�G�G�L�Q�J �D �Q�H�Z �V�H�Q�V�R�U�F�O�R �T�H�E �B�A�T�T�E�R�Y �L�E�V�E�L��

�������� �)�.�&�%�2�%�.�#�% �)�.�4�%�-�0�/�2�!�,�- �/�$�%�,�3

�(�A�V�I�N�G �S�E�T �U�P �T�H�E �S�T�R�U�C�T�U�R�E �O�F �A �G�E�N�E�R�I�C �T�E�M�P�O�R�A�L �M�O�D�E�L�� �W�E �C�A�N �F�O�R�M�U�L�A�T�E �T�H�E �B�A�S�I�C �I�N�F�E�R�E�N�C�E
�T�A�S�K�S �T�H�A�T �M�U�S�T �B�E �S�O�L�V�E�D��

€ �)�L�O�W�H�U�L�Q�J�� �4�H�I�S �I�S �T�H�E �T�A�S�K �O�F �C�O�M�P�U�T�I�N�G �T�H�E�E�H�O�L�H�I �V�W�D�W�H�ˆ�T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�NFILTERING

BELIEF STATE �O�V�E�R �T�H�E �M�O�S�T �R�E�C�E�N�T �S�T�A�T�E�ˆ�G�I�V�E�N �A�L�L �E�V�I�D�E�N�C�E �T�O �D�A�T�E�� �&�I�L�T�E�R�I�N�G�� �I�S �A�L�S�O �C�A�L�L�E�D�V�W�D�W�H
�H�V�W�L�P�D�W�L�R�Q�� �)�N �O�U�R �E�X�A�M�P�L�E�� �W�E �W�I�S�H �T�O �C�O�M�P�U�T�E�3(�; t | �H1:t )�� �)�N �T�H�E �U�M�B�R�E�L�L�A �E�X�A�M�P�L�E��STATE ESTIMATION

�T�H�I�S �W�O�U�L�D �M�E�A�N �C�O�M�P�U�T�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�A�I�N �T�O�D�A�Y�� �G�I�V�E�N �A�L�L �T�H�E �O�B�S�E�R�V�A�T�I�O�N�S �O�F
�T�H�E �U�M�B�R�E�L�L�A �C�A�R�R�I�E�R �M�A�D�E �S�O �F�A�R�� �&�I�L�T�E�R�I�N�G �I�S �W�H�A�T �A �R�A�T�I�O�N�A�L �A�G�E�N�T �D�O�E�S �T�O�K�E�E�P �T�R�A�C�K
�O�F �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �S�O �T�H�A�T �R�A�T�I�O�N�A�L �D�E�C�I�S�I�O�N�S �C�A�N �B�E �M�A�D�E�� �)�T �T�U�R�N�S �O�U�T �T�H�A� T � A� N � A� L� M� O� S� T
�I�D�E�N�T�I�C�A�L �C�A�L�C�U�L�A�T�I�O�N �P�R�O�V�I�D�E�S �T�H�E �L�I�K�E�L�I�H�O�O�D �O�F �T�H�E �E�V�I�D�E�N�C�E �S�E�Q�U�E�N�C�E��P(�H1:t )��

€ �3�U�H�G�L�F�W�L�R�Q�� �4�H�I�S �I�S �T�H�E �T�A�S�K �O�F �C�O�M�P�U�T�I�N�G �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �T�H�E�I�X�W�X�U�H�S�T�A�T�E��PREDICTION

�G�I�V�E�N �A�L�L �E�V�I�D�E�N�C�E �T�O �D�A�T�E�� �4�H�A�T �I�S�� �W�E �W�I�S�H �T�O �C�O�M�P�U�T�E�3(�; t+ k | �H1:t ) �F�O�R �S�O�M�Ek > 0��
�)�N �T�H�E �U�M�B�R�E�L�L�A �E�X�A�M�P�L�E�� �T�H�I�S �M�I�G�H�T �M�E�A�N �C�O�M�P�U�T�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�A�I�N�T�H�R�E�E �D�A�Y�S
�F�R�O�M �N�O�W�� �G�I�V�E�N �A�L�L �T�H�E �O�B�S�E�R�V�A�T�I�O�N�S �T�O �D�A�T�E�� �0�R�E�D�I�C�T�I�O�N �I�S �U�S�E�F�U�L �F�O�R �E�V�A�L�U�A�T�I�N�G �P�O�S�S�I�B�L�E
�C�O�U�R�S�E�S �O�F �A�C�T�I�O�N �B�A�S�E�D �O�N �T�H�E�I�R �E�X�P�E�C�T�E�D �O�U�T�C�O�M�E�S��

2 �4�H�E �T�E�R�M �h�l�L�T�E�R�I�N�G�v �R�E�F�E�R�S �T�O �T�H�E �R�O�O�T�S �O�F �T�H�I�S �P�R�O�B�L�E�M �I�N �E�A�R�L�Y �W�O�R�K �O�N �S�I�G�N�A�L �P�R�O�C�E�S�S�I�N�G�� �W�H�E�R�E �T�H�E �P�R�O�B�L�E�M
�I�S �T�O �l�L�T�E�R �O�U�T �T�H�E �N�O�I�S�E �I�N �A �S�I�G�N�A�L �B�Y �E�S�T�I�M�A�T�I�N�G �I�T�S �U�N�D�E�R�L�Y�I�N�G �P�R�O�P�E�R�T�I�E�S��



�3�E�C�T�I�O�N ���������� �)�N�F�E�R�E�N�C�E �I�N �4�E�M�P�O�R�A�L �-�O�D�E�L�S ������

€ �6�P�R�R�W�K�L�Q�J�� �4�H�I�S �I�S �T�H�E �T�A�S�K �O�F �C�O�M�P�U�T�I�N�G �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �A�S�D�V�W�S�T�A�T�E��SMOOTHING

�G�I�V�E�N �A�L�L �E�V�I�D�E�N�C�E �U�P �T�O �T�H�E �P�R�E�S�E�N�T�� �4�H�A�T �I�S�� �W�E �W�I�S�H �T�O �C�O�M�P�U�T�E�3(�; k | �H1:t ) �F�O�R �S�O�M�Ek
�S�U�C�H �T�H�A�T0 � k < t �� �)�N �T�H�E �U�M�B�R�E�L�L�A �E�X�A�M�P�L�E�� �I�T �M�I�G�H�T �M�E�A�N �C�O�M�P�U�T�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�Y
�T�H�A�T �I�T �R�A�I�N�E�D �L�A�S�T �7�E�D�N�E�S�D�A�Y�� �G�I�V�E�N �A�L�L �T�H�E �O�B�S�E�R�V�A�T�I�O�N�S �O�F �T�H�E �U�M�B�R�E�L�L�A �C�A�R�R�I�E�R �M�A�D�E
�U�P �T�O �T�O�D�A�Y�� �3�M�O�O�T�H�I�N�G �P�R�O�V�I�D�E�S �A �B�E�T�T�E�R �E�S�T�I�M�A�T�E �O�F �T�H�E �S�T�A�T�E �T�H�A�N �W�A�S �A�V�A�I�L�A�B�L�E �A�T �T�H�E
�T�I�M�E�� �B�E�C�A�U�S�E �I�T �I�N�C�O�R�P�O�R�A�T�E�S �M�O�R�E �E�V�I�D�E�N�C�E����

€ �0�R�V�W �O�L�N�H�O�\ �H�[�S�O�D�Q�D�W�L�R�Q�� �'�I�V�E�N �A �S�E�Q�U�E�N�C�E �O�F �O�B�S�E�R�V�A�T�I�O�N�S�� �W�E �M�I�G�H�T �W�I�S�H �T�O �l�N�D �T�H�E
�S�E�Q�U�E�N�C�E �O�F �S�T�A�T�E�S �T�H�A�T �I�S �M�O�S�T �L�I�K�E�L�Y �T�O �H�A�V�E �G�E�N�E�R�A�T�E�D �T�H�O�S�E �O�B�S�E�R�V�A�T�I�O�N�S�� �4�H�A�T �I�S�� �W�E
�W�I�S�H �T�O �C�O�M�P�U�T�Eargmax�[1: t

P(�[1:t | �H1:t )�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �U�M�B�R�E�L�L�A �A�P�P�E�A�R�S �O�N �E�A�C�H
�O�F �T�H�E �l�R�S�T �T�H�R�E�E �D�A�Y�S �A�N�D �I�S �A�B�S�E�N�T �O�N �T�H�E �F�O�U�R�T�H�� �T�H�E�N �T�H�E �M�O�S�T �L�I�K�E�L�Y �E�X�P�L�A�N�A�T�I�O�N �I�S �T�H�A�T
�I�T �R�A�I�N�E�D �O�N �T�H�E �l�R�S�T �T�H�R�E�E �D�A�Y�S �A�N�D �D�I�D �N�O�T �R�A�I�N �O�N �T�H�E �F�O�U�R�T�H�� �!�L�G�O�R�I�T�H�M�S �F�O�R �T�H�I�S �T�A�S�K
�A�R�E �U�S�E�F�U�L �I�N �M�A�N�Y �A�P�P�L�I�C�A�T�I�O�N�S�� �I�N�C�L�U�D�I�N�G �S�P�E�E�C�H �R�E�C�O�G�N�I�T�I�O�N�ˆ�W�H�E�R�E �T�H�E�A�I�M �I�S �T�O �l�N�D
�T�H�E �M�O�S�T �L�I�K�E�L�Y �S�E�Q�U�E�N�C�E �O�F �W�O�R�D�S�� �G�I�V�E�N �A �S�E�R�I�E�S �O�F �S�O�U�N�D�S�ˆ�A�N�D �T�H�E �R�E�C�O�N�S�T�R�U�C�T�I�O�N �O�F
�B�I�T �S�T�R�I�N�G�S �T�R�A�N�S�M�I�T�T�E�D �O�V�E�R �A �N�O�I�S�Y �C�H�A�N�N�E�L��

�)�N �A�D�D�I�T�I�O�N �T�O �T�H�E�S�E �I�N�F�E�R�E�N�C�E �T�A�S�K�S�� �W�E �A�L�S�O �H�A�V�E

€ �/�H�D�U�Q�L�Q�J�� �4�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S�� �I�F �N�O�T �Y�E�T �K�N�O�W�N�� �C�A�N �B�E �L�E�A�R�N�E�D �F�R�O�M
�O�B�S�E�R�V�A�T�I�O�N�S�� �*�U�S�T �A�S �W�I�T�H �S�T�A�T�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �D�Y�N�A�M�I�C �"�A�Y�E�S �N�E�T �L�E�A�R�N�I�N�G �C�A�N �B�E
�D�O�N�E �A�S �A �B�Y�
�P�R�O�D�U�C�T �O�F �I�N�F�E�R�E�N�C�E�� �)�N�F�E�R�E�N�C�E �P�R�O�V�I�D�E�S �A�N �E�S�T�I�M�A�T�E �O�F �W�H�A�T �T�R�A�N�S�I�T�I�O�N�S
�A�C�T�U�A�L�L�Y �O�C�C�U�R�R�E�D �A�N�D �O�F �W�H�A�T �S�T�A�T�E�S �G�E�N�E�R�A�T�E�D �T�H�E �S�E�N�S�O�R �R�E�A�D�I�N�G�S�� �A�N�D �T�H�E�S�E �E�S�T�I�M�A�T�E�S
�C�A�N �B�E �U�S�E�D �T�O �U�P�D�A�T�E �T�H�E �M�O�D�E�L�S�� �4�H�E �U�P�D�A�T�E�D �M�O�D�E�L�S �P�R�O�V�I�D�E �N�E�W �E�S�T�I�M�A�T�E�S���A�N�D �T�H�E
�P�R�O�C�E�S�S �I�T�E�R�A�T�E�S �T�O �C�O�N�V�E�R�G�E�N�C�E�� �4�H�E �O�V�E�R�A�L�L �P�R�O�C�E�S�S �I�S �A�N �I�N�S�T�A�N�C�E �O�F �T�H�E �E�X�P�E�C�T�A�T�I�O�N�

�M�A�X�I�M�I�Z�A�T�I�O�N �O�R�(�0 �D�O�J�R�U�L�W�K�P�� ���3�E�E �3�E�C�T�I�O�N �����������	

�.�O�T�E �T�H�A�T �L�E�A�R�N�I�N�G �R�E�Q�U�I�R�E�S �S�M�O�O�T�H�I�N�G�� �R�A�T�H�E�R �T�H�A�N �l�L�T�E�R�I�N�G�� �B�E�C�A�U�S�E �S�M�O�O�T�H�I�N�G �P�R�O�V�I�D�E�S �B�E�T�

�T�E�R �E�S�T�I�M�A�T�E�S �O�F �T�H�E �S�T�A�T�E�S �O�F �T�H�E �P�R�O�C�E�S�S�� �,�E�A�R�N�I�N�G �W�I�T�H �l�L�T�E�R�I�N�G �C�A�N �F�A�I�L �T�O �C�O�N�V�E�R�G�E �C�O�R�R�E�C�T�L�Y��
�C�O�N�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �P�R�O�B�L�E�M �O�F �L�E�A�R�N�I�N�G �T�O �S�O�L�V�E �M�U�R�D�E�R�S�� �U�N�L�E�S�S �Y�O�U �A�R�E �A�N �E�Y�E�W�I�T�

�N�E�S�S�� �S�M�O�O�T�H�I�N�G �I�S�D�O�Z�D�\�V�R�E�Q�U�I�R�E�D �T�O �I�N�F�E�R �W�H�A�T �H�A�P�P�E�N�E�D �A�T �T�H�E �M�U�R�D�E�R �S�C�E�N�E �F�R�O�M �T�H�E
�O�B�S�E�R�V�A�B�L�E �V�A�R�I�A�B�L�E�S��

�4�H�E �R�E�M�A�I�N�D�E�R �O�F �T�H�I�S �S�E�C�T�I�O�N �D�E�S�C�R�I�B�E�S �G�E�N�E�R�I�C �A�L�G�O�R�I�T�H�M�S �F�O�R �T�H�E �F�O�U�R �I�N�F�E�R�E�N�C�E �T�A�S�K�S��
�I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �P�A�R�T�I�C�U�L�A�R �K�I�N�D �O�F �M�O�D�E�L �E�M�P�L�O�Y�E�D�� �)�M�P�R�O�V�E�M�E�N�T�S �S�P�E�C�I�l�C �T�O �E�A�C�H �M�O�D�E�L
�A�R�E �D�E�S�C�R�I�B�E�D �I�N �S�U�B�S�E�Q�U�E�N�T �S�E�C�T�I�O�N�S��

������������ �)�L�O�W�H�U�L�Q�J �D�Q�G �S�U�H�G�L�F�W�L�R�Q

�!�S �W�E �P�O�I�N�T�E�D �O�U�T �I�N �3�E�C�T�I�O�N ������������ �A �U�S�E�F�U�L �l�L�T�E�R�I�N�G �A�L�G�O�R�I�T�H�M �N�E�E�D�S �T�O �M�A�I�N�T�A�I�N �A �C�U�R�R�E�N�T
�S�T�A�T�E �E�S�T�I�M�A�T�E �A�N�D �U�P�D�A�T�E �I�T�� �R�A�T�H�E�R �T�H�A�N �G�O�I�N�G �B�A�C�K �O�V�E�R �T�H�E �E�N�T�I�R�E �H�I�S�T�O�R�Y �O�F �P�E�R�C�E�P�T�S �F�O�R �E�A�C�H
�U�P�D�A�T�E�� ���/�T�H�E�R�W�I�S�E�� �T�H�E �C�O�S�T �O�F �E�A�C�H �U�P�D�A�T�E �I�N�C�R�E�A�S�E�S �A�S �T�I�M�E �G�O�E�S �B�Y���	 �)�N �O�T�H�E�R �W�O�R�D�S�� �G�I�V�E�N
�T�H�E �R�E�S�U�L�T �O�F �l�L�T�E�R�I�N�G �U�P �T�O �T�I�M�Et�� �T�H�E �A�G�E�N�T �N�E�E�D�S �T�O �C�O�M�P�U�T�E �T�H�E �R�E�S�U�L�T �F�O�Rt + 1 �F�R�O�M �T�H�E
�N�E�W �E�V�I�D�E�N�C�E�Ht+1 ��

�3(�; t+1 | �H1:t+1 ) = f (�Ht+1 , �3(�; t | �H1:t )) ,

�F�O�R �S�O�M�E �F�U�N�C�T�I�O�Nf �� �4�H�I�S �P�R�O�C�E�S�S �I�S �C�A�L�L�E�D�U�H�F�X�U�V�L�Y�H �H�V�W�L�P�D�W�L�R�Q�� �7�E �C�A�N �V�I�E�W �T�H�E �C�A�L�C�U�L�A�T�I�O�NRECURSIVE
ESTIMATION

3 �)�N �P�A�R�T�I�C�U�L�A�R�� �W�H�E�N �T�R�A�C�K�I�N�G �A �M�O�V�I�N�G �O�B�J�E�C�T �W�I�T�H �I�N�A�C�C�U�R�A�T�E �P�O�S�I�T�I�O�N �O�B�S�E�R�V�A�T�I�O�N�S�� �S�M�O�O�T�H�I�N�G �G�I�V�E�S �A �S�M�O�O�T�H�E�R
�E�S�T�I�M�A�T�E�D �T�R�A�J�E�C�T�O�R�Y �T�H�A�N �l�L�T�E�R�I�N�G�ˆ�H�E�N�C�E �T�H�E �N�A�M�E��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�A�S �B�E�I�N�G �C�O�M�P�O�S�E�D �O�F �T�W�O �P�A�R�T�S�� �l�R�S�T�� �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �D�I�S�T�R�I�B�U�T�I�O�N �I�S �P�R�O�J�E�C�T�E�D �F�O�R�W�A�R�D �F�R�O�M
t �T�Ot +1 �� �T�H�E�N �I�T �I�S �U�P�D�A�T�E�D �U�S�I�N�G �T�H�E �N�E�W �E�V�I�D�E�N�C�E�Ht+1 �� �4�H�I�S �T�W�O�
�P�A�R�T �P�R�O�C�E�S�S �E�M�E�R�G�E�S �Q�U�I�T�E
�S�I�M�P�L�Y �W�H�E�N �T�H�E �F�O�R�M�U�L�A �I�S �R�E�A�R�R�A�N�G�E�D��

�3(�; t+1 | �H1:t+1 ) = �3(�; t+1 | �H1:t , �Ht+1 ) ���D�I�V�I�D�I�N�G �U�P �T�H�E �E�V�I�D�E�N�C�E�	

= � �3(�Ht+1 | �; t+1 , �H1:t ) �3(�; t+1 | �H1:t ) ���U�S�I�N�G �"�A�Y�E�S�� �R�U�L�E�	

= � �3(�Ht+1 | �; t+1 ) �3(�; t+1 | �H1:t ) ���B�Y �T�H�E �S�E�N�S�O�R �-�A�R�K�O�V �A�S�S�U�M�P�T�I�O�N�	�� �����������	

�(�E�R�E �A�N�D �T�H�R�O�U�G�H�O�U�T �T�H�I�S �C�H�A�P�T�E�R��� �I�S �A �N�O�R�M�A�L�I�Z�I�N�G �C�O�N�S�T�A�N�T �U�S�E�D �T�O �M�A�K�E �P�R�O�B�A�B�I�L�I�T�I�E�S �S�U�M
�U�P �T�O ���� �4�H�E �S�E�C�O�N�D �T�E�R�M���3(�; t+1 | �H1:t ) �R�E�P�R�E�S�E�N�T�S �A �O�N�E�
�S�T�E�P �P�R�E�D�I�C�T�I�O�N �O�F �T�H�E �N�E�X�T �S�T�A�T�E��
�A�N�D �T�H�E �l�R�S�T �T�E�R�M �U�P�D�A�T�E�S �T�H�I�S �W�I�T�H �T�H�E �N�E�W �E�V�I�D�E�N�C�E�� �N�O�T�I�C�E �T�H�A�T�3(�Ht+1 | �; t+1 ) �I�S �O�B�T�A�I�N�A�B�L�E
�D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �S�E�N�S�O�R �M�O�D�E�L�� �.�O�W �W�E �O�B�T�A�I�N �T�H�E �O�N�E�
�S�T�E�P �P�R�E�D�I�C�T�I�O�N �F�O�R �T�H�E �N�E�X�T �S�T�A�T�E �B�Y
�C�O�N�D�I�T�I�O�N�I�N�G �O�N �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�; t ��

�3(�; t+1 | �H1:t+1 ) = � �3(�Ht+1 | �; t+1 )
�

�[t

�3(�; t+1 | �[t , �H1:t )P(�[t | �H1:t )

= � �3(�Ht+1 | �; t+1 )
�

�[t

�3(�; t+1 | �[t )P(�[t | �H1:t ) ���-�A�R�K�O�V �A�S�S�U�M�P�T�I�O�N�	�� �����������	

�7�I�T�H�I�N �T�H�E �S�U�M�M�A�T�I�O�N�� �T�H�E �l�R�S�T �F�A�C�T�O�R �C�O�M�E�S �F�R�O�M �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �A�N�D �T�H�E �S�E�C�O�N�D �C�O�M�E�S
�F�R�O�M �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �D�I�S�T�R�I�B�U�T�I�O�N�� �(�E�N�C�E�� �W�E �H�A�V�E �T�H�E �D�E�S�I�R�E�D �R�E�C�U�R�S�I�V�E �F�O�R�M�U�L�A�T�I�O�N�� �7�E �C�A�N
�T�H�I�N�K �O�F �T�H�E �l�L�T�E�R�E�D �E�S�T�I�M�A�T�E�3(�; t | �H1:t ) �A�S �A �h�M�E�S�S�A�G�E�v�I1:t �T�H�A�T �I�S �P�R�O�P�A�G�A�T�E�D �F�O�R�W�A�R�D �A�L�O�N�G
�T�H�E �S�E�Q�U�E�N�C�E�� �M�O�D�I�l�E�D �B�Y �E�A�C�H �T�R�A�N�S�I�T�I�O�N �A�N�D �U�P�D�A�T�E�D �B�Y �E�A�C�H �N�E�W �O�B�S�E�R�V�A�T�I�O�N�� �4�H�E �P�R�O�C�E�S�S
�I�S �G�I�V�E�N �B�Y

�I1:t+1 = � �&�/�2�7�!�2�$(�I1:t , �Ht+1 ) ,

�W�H�E�R�E �&�/�2�7�!�2�$�I�M�P�L�E�M�E�N�T�S �T�H�E �U�P�D�A�T�E �D�E�S�C�R�I�B�E�D �I�N �%�Q�U�A�T�I�O�N �����������	 �A�N�D �T�H�E �P�R�O�C�E�S�S �B�E�G�I�N�S
�W�I�T�H�I1:0 = �3(�; 0)�� �7�H�E�N �A�L�L �T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S �A�R�E �D�I�S�C�R�E�T�E�� �T�H�E �T�I�M�E �F�O�R �E�A�C�H �U�P�D�A�T�E �I�S
�C�O�N�S�T�A�N�T ���I���E���� �I�N�D�E�P�E�N�D�E�N�T �O�Ft�	�� �A�N�D �T�H�E �S�P�A�C�E �R�E�Q�U�I�R�E�D �I�S �A�L�S�O �C�O�N�S�T�A�N�T�� ���4�H�E �C�O�N�S�T�A�N�T�S
�D�E�P�E�N�D�� �O�F �C�O�U�R�S�E�� �O�N �T�H�E �S�I�Z�E �O�F �T�H�E �S�T�A�T�E �S�P�A�C�E �A�N�D �T�H�E �S�P�E�C�I�l�C �T�Y�P�E �O�F �T�H�E �T�E�M�P�O�R�A�L �M�O�D�E�L
�I�N �Q�U�E�S�T�I�O�N���	�7�K�H �W�L�P�H �D�Q�G �V�S�D�F�H �U�H�T�X�L�U�H�P�H�Q�W�V �I�R�U �X�S�G�D�W�L�Q�J �P�X�V�W �E�H �F�R�Q�V�W�D�Q�W �L�I �D�Q �D�J�H�Q�W �Z�L�W�K
�O�L�P�L�W�H�G �P�H�P�R�U�\ �L�V �W�R �N�H�H�S �W�U�D�F�N �R�I �W�K�H �F�X�U�U�H�Q�W �V�W�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�Y�H�U �D�Q �X�Q�E�R�X�Q�G�H�G �V�H�T�X�H�Q�F�H
�R�I �R�E�V�H�U�Y�D�W�L�R�Q�V��

�,�E�T �U�S �I�L�L�U�S�T�R�A�T�E �T�H�E �l�L�T�E�R�I�N�G �P�R�O�C�E�S�S �F�O�R �T�W�O �S�T�E�P�S �I�N �T�H�E �B�A�S�I�C �U�M�B�R�E�L�L�A �E�X�A�M�P�L�E ���&�I�G�

�U�R�E �����������	 �4�H�A�T �I�S�� �W�E �W�I�L�L �C�O�M�P�U�T�E�3(R2 | u1:2) �A�S �F�O�L�L�O�W�S��

€ �/�N �D�A�Y ���� �W�E �H�A�V�E �N�O �O�B�S�E�R�V�A�T�I�O�N�S�� �O�N�L�Y �T�H�E �S�E�C�U�R�I�T�Y �G�U�A�R�D���S �P�R�I�O�R �B�E�L�I�E�F�S���L�E�T���S �A�S�S�U�M�E
�T�H�A�T �C�O�N�S�I�S�T�S �O�F�3(R0) = �0.5, 0.5� ��

€ �/�N �D�A�Y ���� �T�H�E �U�M�B�R�E�L�L�A �A�P�P�E�A�R�S�� �S�OU1 = true�� �4�H�E �P�R�E�D�I�C�T�I�O�N �F�R�O�Mt = 0 �T�Ot = 1 �I�S

�3(R1) =
�

r 0

�3(R1 | r 0)P(r 0)

= �0.7, 0.3� × 0.5 + �0.3, 0.7� × 0.5 = �0.5, 0.5� .

�4�H�E�N �T�H�E �U�P�D�A�T�E �S�T�E�P �S�I�M�P�L�Y �M�U�L�T�I�P�L�I�E�S �B�Y �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �T�H�E �E�V�I�D�E�N�C�E �F�O�Rt = 1 �A�N�D
�N�O�R�M�A�L�I�Z�E�S�� �A�S �S�H�O�W�N �I�N �%�Q�U�A�T�I�O�N �����������	��

�3(R1 | u1) = � �3(u1 | R1)�3(R1) = � � 0.9, 0.2��0 .5, 0.5�

= � � 0.45, 0.1� � � 0.818, 0.182� .



�3�E�C�T�I�O�N ���������� �)�N�F�E�R�E�N�C�E �I�N �4�E�M�P�O�R�A�L �-�O�D�E�L�S ������

€ �/�N �D�A�Y ���� �T�H�E �U�M�B�R�E�L�L�A �A�P�P�E�A�R�S�� �S�OU2 = true�� �4�H�E �P�R�E�D�I�C�T�I�O�N �F�R�O�Mt = 1 �T�Ot = 2 �I�S

�3(R2 | u1) =
�

r 1

�3(R2 | r 1)P(r 1 | u1)

= �0.7, 0.3� × 0.818 + �0.3, 0.7� × 0.182 � � 0.627, 0.373� ,

�A�N�D �U�P�D�A�T�I�N�G �I�T �W�I�T�H �T�H�E �E�V�I�D�E�N�C�E �F�O�Rt = 2 �G�I�V�E�S

�3(R2 | u1, u2) = � �3(u2 | R2)�3(R2 | u1) = � � 0.9, 0.2��0 .627, 0.373�

= � � 0.565, 0.075� � � 0.883, 0.117� .

�)�N�T�U�I�T�I�V�E�L�Y�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�A�I�N �I�N�C�R�E�A�S�E�S �F�R�O�M �D�A�Y �� �T�O �D�A�Y �� �B�E�C�A�U�S�E �R�A�I�N �P�E�R�S�I�S�T�S�� �%�X�E�R�

�C�I�S�E �����������A�	 �A�S�K�S �Y�O�U �T�O �I�N�V�E�S�T�I�G�A�T�E �T�H�I�S �T�E�N�D�E�N�C�Y �F�U�R�T�H�E�R��

�4�H�E �T�A�S�K �O�F�S�U�H�G�L�F�W�L�R�Q�C�A�N �B�E �S�E�E�N �S�I�M�P�L�Y �A�S �l�L�T�E�R�I�N�G �W�I�T�H�O�U�T �T�H�E �A�D�D�I�T�I�O�N �O�F �N�E�W
�E�V�I�D�E�N�C�E�� �)�N �F�A�C�T�� �T�H�E �l�L�T�E�R�I�N�G �P�R�O�C�E�S�S �A�L�R�E�A�D�Y �I�N�C�O�R�P�O�R�A�T�E�S �A �O�N�E�
�S�T�E�P �P�R�E�D�I�C�T�I�O�N�� �A�N�D �I�T �I�S
�E�A�S�Y �T�O �D�E�R�I�V�E �T�H�E �F�O�L�L�O�W�I�N�G �R�E�C�U�R�S�I�V�E �C�O�M�P�U�T�A�T�I�O�N �F�O�R �P�R�E�D�I�C�T�I�N�G �T�H�E �S�T�A�T�E �A�Tt + k + 1 �F�R�O�M
�A �P�R�E�D�I�C�T�I�O�N �F�O�Rt + k��

�3(�; t+ k+1 | �H1:t ) =
�

�[t + k

�3(�; t+ k+1 | �[t+ k )P(�[t+ k | �H1:t ) . �����������	

�.�A�T�U�R�A�L�L�Y�� �T�H�I�S �C�O�M�P�U�T�A�T�I�O�N �I�N�V�O�L�V�E�S �O�N�L�Y �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �A�N�D �N�O�T �T�H�E �S�E�N�S�O�R �M�O�D�E�L��
�)�T �I�S �I�N�T�E�R�E�S�T�I�N�G �T�O �C�O�N�S�I�D�E�R �W�H�A�T �H�A�P�P�E�N�S �A�S �W�E �T�R�Y �T�O �P�R�E�D�I�C�T �F�U�R�T�H�E�R �A�N�D �F�U�R�T�H�E�R �I�N�T�O

�T�H�E �F�U�T�U�R�E�� �!�S �%�X�E�R�C�I�S�E �����������B�	 �S�H�O�W�S�� �T�H�E �P�R�E�D�I�C�T�E�D �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �R�A�I� N � C� O� N� V� E� R� G� E� S � T� O � A
�l�X�E�D �P�O�I�N�T�0.5, 0.5� �� �A�F�T�E�R �W�H�I�C�H �I�T �R�E�M�A�I�N�S �C�O�N�S�T�A�N�T �F�O�R �A�L�L �T�I�M�E�� �4�H�I�S �I�S �T�H�E�V�W�D�W�L�R�Q�D�U�\
�G�L�V�W�U�L�E�X�W�L�R�Q�O�F �T�H�E �-�A�R�K�O�V �P�R�O�C�E�S�S �D�E�l�N�E�D �B�Y �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� ���3�E�E �A�L�S�O �P�A�G�E ���������	 �!
�G�R�E�A�T �D�E�A�L �I�S �K�N�O�W�N �A�B�O�U�T �T�H�E �P�R�O�P�E�R�T�I�E�S �O�F �S�U�C�H �D�I�S�T�R�I�B�U�T�I�O�N�S �A�N�D �A�B�O�U�T �T�H�E�P�L�[�L�Q�J �W�L�P�H�ˆMIXING TIME

�R�O�U�G�H�L�Y�� �T�H�E �T�I�M�E �T�A�K�E�N �T�O �R�E�A�C�H �T�H�E �l�X�E�D �P�O�I�N�T�� �)�N �P�R�A�C�T�I�C�A�L �T�E�R�M�S�� �T�H�I�S �D�O�O�M�S �T�O �F�A�I�L�U�R�E �A�N�Y
�A�T�T�E�M�P�T �T�O �P�R�E�D�I�C�T �T�H�E�D�F�W�X�D�O�S�T�A�T�E �F�O�R �A �N�U�M�B�E�R �O�F �S�T�E�P�S �T�H�A�T �I�S �M�O�R�E �T�H�A�N �A �S�M�A�L�L �F�R�A�C�T�I�O�N �O�F
�T�H�E �M�I�X�I�N�G �T�I�M�E�� �U�N�L�E�S�S �T�H�E �S�T�A�T�I�O�N�A�R�Y �D�I�S�T�R�I�B�U�T�I�O�N �I�T�S�E�L�F �I�S �S�T�R�O�N�G�L�Y �P�E�A�K�E�D �I�N �A �S�M�A�L�L �A�R�E�A �O�F
�T�H�E �S�T�A�T�E �S�P�A�C�E�� �4�H�E �M�O�R�E �U�N�C�E�R�T�A�I�N�T�Y �T�H�E�R�E �I�S �I�N �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �T�H�E �S�H�O�R�T�E�R �W�I�L�L �B�E �T�H�E
�M�I�X�I�N�G �T�I�M�E �A�N�D �T�H�E �M�O�R�E �T�H�E �F�U�T�U�R�E �I�S �O�B�S�C�U�R�E�D��

�)�N �A�D�D�I�T�I�O�N �T�O �l�L�T�E�R�I�N�G �A�N�D �P�R�E�D�I�C�T�I�O�N�� �W�E �C�A�N �U�S�E �A �F�O�R�W�A�R�D �R�E�C�U�R�S�I�O�N �T�O �C�O�M�P�U�T�E �T�H�E
�O�L�N�H�O�L�K�R�R�G�O�F �T�H�E �E�V�I�D�E�N�C�E �S�E�Q�U�E�N�C�E��P(�H1:t )�� �4�H�I�S �I�S �A �U�S�E�F�U�L �Q�U�A�N�T�I�T�Y �I�F �W�E �W�A�N�T �T�O �C�O�M�P�A�R�E
�D�I�F�F�E�R�E�N�T �T�E�M�P�O�R�A�L �M�O�D�E�L�S �T�H�A�T �M�I�G�H�T �H�A�V�E �P�R�O�D�U�C�E�D �T�H�E �S�A�M�E �E�V�I�D�E�N�C�E �S�E�Q�U�E�N�C�E ���E���G���� �T�W�O
�D�I�F�F�E�R�E�N�T �M�O�D�E�L�S �F�O�R �T�H�E �P�E�R�S�I�S�T�E�N�C�E �O�F �R�A�I�N�	�� �&�O�R �T�H�I�S �R�E�C�U�R�S�I�O�N�� �W�E �U�S�E �A �L�I�K�E�L�I�H�O�O�D �M�E�S�S�A�G�E
� 1:t (�; t ) = �3(�; t , �H1:t )�� �)�T �I�S �A �S�I�M�P�L�E �E�X�E�R�C�I�S�E �T�O �S�H�O�W �T�H�A�T �T�H�E �M�E�S�S�A�G�E �C�A�L�C�U�L�A�T�I�O�N �I�S �I�D�E�N�T�I�C�A�L
�T�O �T�H�A�T �F�O�R �l�L�T�E�R�I�N�G��

� 1:t+1 = �&�/�2�7�!�2�$(� 1:t , �Ht+1 ) .

�(�A�V�I�N�G �C�O�M�P�U�T�E�D� 1:t �� �W�E �O�B�T�A�I�N �T�H�E �A�C�T�U�A�L �L�I�K�E�L�I�H�O�O�D �B�Y �S�U�M�M�I�N�G �O�U�T�; t ��

L 1:t = P(�H1:t ) =
�

�[t

� 1:t (�[t ) . �����������	

�.�O�T�I�C�E �T�H�A�T �T�H�E �L�I�K�E�L�I�H�O�O�D �M�E�S�S�A�G�E �R�E�P�R�E�S�E�N�T�S �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �L�O�N�G�E�R �A�N�D �L�O�N�G�E�R �E�V�I�D�E�N�C�E
�S�E�Q�U�E�N�C�E�S �A�S �T�I�M�E �G�O�E�S �B�Y �A�N�D �S�O �B�E�C�O�M�E�S �N�U�M�E�R�I�C�A�L�L�Y �S�M�A�L�L�E�R �A�N�D �S�M�A�L�L�E�R�� �L�E�A�D�I�N�G �T�O �U�N�D�E�R�

�m�O�W �P�R�O�B�L�E�M�S �W�I�T�H �m�O�A�T�I�N�G�
�P�O�I�N�T �A�R�I�T�H�M�E�T�I�C�� �4�H�I�S �I�S �A�N �I�M�P�O�R�T�A�N�T �P�R�O�B�L�E�M�I�N �P�R�A�C�T�I�C�E�� �B�U�T
�W�E �S�H�A�L�L �N�O�T �G�O �I�N�T�O �S�O�L�U�T�I�O�N�S �H�E�R�E��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�; ��

�( ��
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�( �N

�; �W

�( �W

�)�L�J�X�U�H ���������3�M�O�O�T�H�I�N�G �C�O�M�P�U�T�E�S�3(�; k | �H1:t )�� �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�F �T�H�E �S�T�A�T�E �A�T
�S�O�M�E �P�A�S�T �T�I�M�Ek �G�I�V�E�N �A �C�O�M�P�L�E�T�E �S�E�Q�U�E�N�C�E �O�F �O�B�S�E�R�V�A�T�I�O�N�S �F�R�O�M1 �T�Ot��

������������ �6�P�R�R�W�K�L�Q�J

�!�S �W�E �S�A�I�D �E�A�R�L�I�E�R�� �S�M�O�O�T�H�I�N�G �I�S �T�H�E �P�R�O�C�E�S�S �O�F �C�O�M�P�U�T�I�N�G �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N�O�V�E�R �P�A�S�T �S�T�A�T�E�S
�G�I�V�E�N �E�V�I�D�E�N�C�E �U�P �T�O �T�H�E �P�R�E�S�E�N�T�� �T�H�A�T �I�S���3(�; k | �H1:t ) �F�O�R0 � k < t �� ���3�E�E �&�I�G�U�R�E �����������	
�)�N �A�N�T�I�C�I�P�A�T�I�O�N �O�F �A�N�O�T�H�E�R �R�E�C�U�R�S�I�V�E �M�E�S�S�A�G�E�
�P�A�S�S�I�N�G �A�P�P�R�O�A�C�H�� �W�E �C�A�N �S�P�L�I�T �T�H�E �C�O�M�P�U�T�A�T�I�O�N
�I�N�T�O �T�W�O �P�A�R�T�S�ˆ�T�H�E �E�V�I�D�E�N�C�E �U�P �T�Ok �A�N�D �T�H�E �E�V�I�D�E�N�C�E �F�R�O�Mk + 1 �T�Ot��

�3(�; k | �H1:t ) = �3(�; k | �H1:k , �Hk+1: t )

= � �3(�; k | �H1:k )�3(�Hk+1: t | �; k , �H1:k ) ���U�S�I�N�G �"�A�Y�E�S�� �R�U�L�E�	

= � �3(�; k | �H1:k )�3(�Hk+1: t | �; k) ���U�S�I�N�G �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E�	

= � �I1:k × �Ek+1: t . �����������	

�W�H�E�R�E �h× �v �R�E�P�R�E�S�E�N�T�S �P�O�I�N�T�W�I�S�E �M�U�L�T�I�P�L�I�C�A�T�I�O�N �O�F �V�E�C�T�O�R�S�� �(�E�R�E �W�E �H�A�V�E �D�E�l�N�E�D �A �h�B�A�C�K�

�W�A�R�D�v �M�E�S�S�A�G�E�Ek+1: t = �3(�Hk+1: t | �; k)�� �A�N�A�L�O�G�O�U�S �T�O �T�H�E �F�O�R�W�A�R�D �M�E�S�S�A�G�E�I1:k � � � 4� H� E � F� O� R� W� A� R� D
�M�E�S�S�A�G�E�I1:k �C�A�N �B�E �C�O�M�P�U�T�E�D �B�Y �l�L�T�E�R�I�N�G �F�O�R�W�A�R�D �F�R�O�M �� �T�Ok�� �A�S �G�I�V�E�N �B�Y �%�Q�U�A�T�I�O�N �����������	��
�)�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�E �B�A�C�K�W�A�R�D �M�E�S�S�A�G�E�Ek+1: t �C�A�N �B�E �C�O�M�P�U�T�E�D �B�Y �A �R�E�C�U�R�S�I�V�E �P�R�O�C�E�S�S �T�H�A�T
�R�U�N�S�E�D�F�N�Z�D�U�G�F�R�O�Mt��

�3(�Hk+1: t | �; k) =
�

�[k +1

�3(�Hk+1: t | �; k , �[k+1 )�3(�[k+1 | �; k ) ���C�O�N�D�I�T�I�O�N�I�N�G �O�N�; k+1 �	

=
�

�[k +1

P(�Hk+1: t | �[k+1 )�3(�[k+1 | �; k) ���B�Y �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E�	

=
�

�[k +1

P(�Hk+1 , �Hk+2: t | �[k+1 )�3(�[k+1 | �; k )

=
�

�[k +1

P(�Hk+1 | �[k+1 )P(�Hk+2: t | �[k+1 )�3(�[k+1 | �; k ) , �����������	

�W�H�E�R�E �T�H�E �L�A�S�T �S�T�E�P �F�O�L�L�O�W�S �B�Y �T�H�E �C�O�N�D�I�T�I�O�N�A�L �I�N�D�E�P�E�N�D�E�N�C�E �O�F�Hk+1 �A�N�D�Hk+2: t � � � G� I� V� E� N�; k+1 ��
�/�F �T�H�E �T�H�R�E�E �F�A�C�T�O�R�S �I�N �T�H�I�S �S�U�M�M�A�T�I�O�N�� �T�H�E �l�R�S�T �A�N�D �T�H�I�R�D �A�R�E �O�B�T�A�I�N�E�D �D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �M�O�D�E�L��
�A�N�D �T�H�E �S�E�C�O�N�D �I�S �T�H�E �h�R�E�C�U�R�S�I�V�E �C�A�L�L���v �5�S�I�N�G �T�H�E �M�E�S�S�A�G�E �N�O�T�A�T�I�O�N�� �W�E �H�A�V�E

�Ek+1: t = �"�!�#�+�7�!�2�$(�Ek+2: t , �Hk+1 ) ,

�W�H�E�R�E �"�!�#�+�7�!�2�$ �I�M�P�L�E�M�E�N�T�S �T�H�E �U�P�D�A�T�E �D�E�S�C�R�I�B�E�D �I�N �%�Q�U�A�T�I�O�N �����������	�� �!�S �W�I�T�H �T�H�E �F�O�R�W�A�R�D
�R�E�C�U�R�S�I�O�N�� �T�H�E �T�I�M�E �A�N�D �S�P�A�C�E �N�E�E�D�E�D �F�O�R �E�A�C�H �U�P�D�A�T�E �A�R�E �C�O�N�S�T�A�N�T �A�N�D �T�H�U�S �I�N�D�E�P�E�N�D�E�N�T �O�Ft��

�7�E �C�A�N �N�O�W �S�E�E �T�H�A�T �T�H�E �T�W�O �T�E�R�M�S �I�N �%�Q�U�A�T�I�O�N �����������	 �C�A�N �B�O�T�H �B�E �C�O�M�P�U�T�E�D �B�Y �R�E�C�U�R�

�S�I�O�N�S �T�H�R�O�U�G�H �T�I�M�E�� �O�N�E �R�U�N�N�I�N�G �F�O�R�W�A�R�D �F�R�O�M1 �T�Ok �A�N�D �U�S�I�N�G �T�H�E �l�L�T�E�R�I�N�G �E�Q�U�A�T�I�O�N �����������	



�3�E�C�T�I�O�N ���������� �)�N�F�E�R�E�N�C�E �I�N �4�E�M�P�O�R�A�L �-�O�D�E�L�S ������

�A�N�D �T�H�E �O�T�H�E�R �R�U�N�N�I�N�G �B�A�C�K�W�A�R�D �F�R�O�Mt �T�Ok + 1 �A�N�D �U�S�I�N�G �%�Q�U�A�T�I�O�N �����������	�� �.�O�T�E �T�H�A�T �T�H�E
�B�A�C�K�W�A�R�D �P�H�A�S�E �I�S �I�N�I�T�I�A�L�I�Z�E�D �W�I�T�H�Et+1: t = �3(�Ht+1: t | �; t ) = �3( | �; t )��� � � W� H� E� R� E�� �I�S �A �V�E�C�T�O�R �O�F
���S�� ���"�E�C�A�U�S�E�Ht+1: t �I�S �A�N �E�M�P�T�Y �S�E�Q�U�E�N�C�E�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �O�B�S�E�R�V�I�N�G �I�T �I�S �����	

�,�E�T �U�S �N�O�W �A�P�P�L�Y �T�H�I�S �A�L�G�O�R�I�T�H�M �T�O �T�H�E �U�M�B�R�E�L�L�A �E�X�A�M�P�L�E�� �C�O�M�P�U�T�I�N�G �T�H�E �S�M�O�O�T�H�E�D
�E�S�T�I�M�A�T�E �F�O�R �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�A�I�N �A�T �T�I�M�Ek = 1 �� �G�I�V�E�N �T�H�E �U�M�B�R�E�L�L�A �O�B�S�E�R�V�A�T�I�O�N�S �O�N �D�A�Y�S ��
�A�N�D ���� �&�R�O�M �%�Q�U�A�T�I�O�N �����������	�� �T�H�I�S �I�S �G�I�V�E�N �B�Y

�3(R1 | u1, u2) = � �3(R1 | u1) �3(u2 | R1) . �������������	

�4�H�E �l�R�S�T �T�E�R�M �W�E �A�L�R�E�A�D�Y �K�N�O�W �T�O �B�E� .818, .182� �� �F�R�O�M �T�H�E �F�O�R�W�A�R�D �l�L�T�E�R�I�N�G �P�R�O�C�E�S�S �D�E�

�S�C�R�I�B�E�D �E�A�R�L�I�E�R�� �4�H�E �S�E�C�O�N�D �T�E�R�M �C�A�N �B�E �C�O�M�P�U�T�E�D �B�Y �A�P�P�L�Y�I�N�G �T�H�E �B�A�C�K�W�A�R�D �R�E�C�U�R�S�I�O�N �I�N
�%�Q�U�A�T�I�O�N �����������	��

�3(u2 | R1) =
�

r 2

P(u2 | r 2)P( | r 2)�3(r 2 | R1)

= (0 .9× 1× � 0.7, 0.3� ) + (0 .2× 1× � 0.3, 0.7� ) = �0.69, 0.41� .

�0�L�U�G�G�I�N�G �T�H�I�S �I�N�T�O �%�Q�U�A�T�I�O�N �������������	�� �W�E �l�N�D �T�H�A�T �T�H�E �S�M�O�O�T�H�E�D �E�S�T�I�M�A�T�E �F�O�R�R�A�I�N �O�N �D�A�Y �� �I�S

�3(R1 | u1, u2) = � � 0.818, 0.182� × � 0.69, 0.41� � � 0.883, 0.117� .

�4�H�U�S�� �T�H�E �S�M�O�O�T�H�E�D �E�S�T�I�M�A�T�E �F�O�R �R�A�I�N �O�N �D�A�Y �� �I�S�K�L�J�K�H�U�T�H�A�N �T�H�E �l�L�T�E�R�E�D �E�S�T�I�M�A�T�E �������������	 �I�N
�T�H�I�S �C�A�S�E�� �4�H�I�S �I�S �B�E�C�A�U�S�E �T�H�E �U�M�B�R�E�L�L�A �O�N �D�A�Y �� �M�A�K�E�S �I�T �M�O�R�E �L�I�K�E�L�Y �T�O �H�A�V�E �R�A�I�N�E�D �O�N �D�A�Y
���� �I�N �T�U�R�N�� �B�E�C�A�U�S�E �R�A�I�N �T�E�N�D�S �T�O �P�E�R�S�I�S�T�� �T�H�A�T �M�A�K�E�S �I�T �M�O�R�E �L�I�K�E�L�Y �T�O �H�A�V�E �R�A�I�N�E�D �O�N �D�A�Y ����

�"�O�T�H �T�H�E �F�O�R�W�A�R�D �A�N�D �B�A�C�K�W�A�R�D �R�E�C�U�R�S�I�O�N�S �T�A�K�E �A �C�O�N�S�T�A�N�T �A�M�O�U�N�T �O�F �T�I�M�E �P�E�R�S�T�E�P��
�H�E�N�C�E�� �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �S�M�O�O�T�H�I�N�G �W�I�T�H �R�E�S�P�E�C�T �T�O �E�V�I�D�E�N�C�E�H1:t �I�SO(t)�� �4�H�I�S �I�S �T�H�E
�C�O�M�P�L�E�X�I�T�Y �F�O�R �S�M�O�O�T�H�I�N�G �A�T �A �P�A�R�T�I�C�U�L�A�R �T�I�M�E �S�T�E�Pk�� �)�F �W�E �W�A�N�T �T�O �S�M�O�O�T�H �T�H�E �W�H�O�L�E �S�E�

�Q�U�E�N�C�E�� �O�N�E �O�B�V�I�O�U�S �M�E�T�H�O�D �I�S �S�I�M�P�L�Y �T�O �R�U�N �T�H�E �W�H�O�L�E �S�M�O�O�T�H�I�N�G �P�R�O�C�E�S�S �O�N�C�E �F�O�R �E�A�C�H
�T�I�M�E �S�T�E�P �T�O �B�E �S�M�O�O�T�H�E�D�� �4�H�I�S �R�E�S�U�L�T�S �I�N �A �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�FO(t2)�� �! �B�E�T�T�E�R �A�P�P�R�O�A�C�H
�U�S�E�S �A �S�I�M�P�L�E �A�P�P�L�I�C�A�T�I�O�N �O�F �D�Y�N�A�M�I�C �P�R�O�G�R�A�M�M�I�N�G �T�O �R�E�D�U�C�E �T�H�E �C�O�M�P�L�E�X�I�T�Y�T�OO(t)� � � ! � C� L� U� E
�A�P�P�E�A�R�S �I�N �T�H�E �P�R�E�C�E�D�I�N�G �A�N�A�L�Y�S�I�S �O�F �T�H�E �U�M�B�R�E�L�L�A �E�X�A�M�P�L�E�� �W�H�E�R�E �W�E �W�E�R�E �A�B�L�E �T�O �R�E�U�S�E �T�H�E
�R�E�S�U�L�T�S �O�F �T�H�E �F�O�R�W�A�R�D�
�l�L�T�E�R�I�N�G �P�H�A�S�E�� �4�H�E �K�E�Y �T�O �T�H�E �L�I�N�E�A�R�
�T�I�M�E �A�L�G�O�R�I�T�H�M �I�S �T�O�U�H�F�R�U�G �W�K�H
�U�H�V�X�O�W�V�O�F �F�O�R�W�A�R�D �l�L�T�E�R�I�N�G �O�V�E�R �T�H�E �W�H�O�L�E �S�E�Q�U�E�N�C�E�� �4�H�E�N �W�E �R�U�N �T�H�E �B�A�C�K�W�A�R�D �R�E�C�U�R�S�I�O�N
�F�R�O�Mt �D�O�W�N �T�O ���� �C�O�M�P�U�T�I�N�G �T�H�E �S�M�O�O�T�H�E�D �E�S�T�I�M�A�T�E �A�T �E�A�C�H �S�T�E�Pk �F�R�O�M �T�H�E �C�O�M�P�U�T�E�D �B�A�C�K�

�W�A�R�D �M�E�S�S�A�G�E�Ek+1: t �A�N�D �T�H�E �S�T�O�R�E�D �F�O�R�W�A�R�D �M�E�S�S�A�G�E�I1:k �� �4�H�E �A�L�G�O�R�I�T�H�M�� �A�P�T�L�Y �C�A�L�L�E�D �T�H�E
�I�R�U�Z�D�U�G�±�E�D�F�N�Z�D�U�G �D�O�J�R�U�L�W�K�P�� �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ����������
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�4�H�E �A�L�E�R�T �R�E�A�D�E�R �W�I�L�L �H�A�V�E �S�P�O�T�T�E�D �T�H�A�T �T�H�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �S�T�R�U�C�T�U�R�E �S�H�O�W�N �I�N �&�I�G�

�U�R�E �������� �I�S �A�S�R�O�\�W�U�H�H�A�S �D�E�l�N�E�D �O�N �P�A�G�E �������� �4�H�I�S �M�E�A�N�S �T�H�A�T �A �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �A�P�P�L�I�C�A�T�I�O�N
�O�F �T�H�E �C�L�U�S�T�E�R�I�N�G �A�L�G�O�R�I�T�H�M �A�L�S�O �Y�I�E�L�D�S �A �L�I�N�E�A�R�
�T�I�M�E �A�L�G�O�R�I�T�H�M �T�H�A�T �C�O�M�P�U�T�E�S �S�M�O�O�T�H�E�D �E�S�

�T�I�M�A�T�E�S �F�O�R �T�H�E �E�N�T�I�R�E �S�E�Q�U�E�N�C�E�� �)�T �I�S �N�O�W �U�N�D�E�R�S�T�O�O�D �T�H�A�T �T�H�E �F�O�R�W�A�R�D�n�B�A�C�K�W�A�R�D �A�L�G�O�R�I�T�H�M
�I�S �I�N �F�A�C�T �A �S�P�E�C�I�A�L �C�A�S�E �O�F �T�H�E �P�O�L�Y�T�R�E�E �P�R�O�P�A�G�A�T�I�O�N �A�L�G�O�R�I�T�H�M �U�S�E�D �W�I�T�H �C�L�U�S�T�E�R�I�N�G �M�E�T�H�O�D�S
���A�L�T�H�O�U�G�H �T�H�E �T�W�O �W�E�R�E �D�E�V�E�L�O�P�E�D �I�N�D�E�P�E�N�D�E�N�T�L�Y�	��

�4�H�E �F�O�R�W�A�R�D�n�B�A�C�K�W�A�R�D �A�L�G�O�R�I�T�H�M �F�O�R�M�S �T�H�E �C�O�M�P�U�T�A�T�I�O�N�A�L �B�A�C�K�B�O�N�E �F�O�R �M�A�N�Y �A�P�P�L�I�C�A�

�T�I�O�N�S �T�H�A�T �D�E�A�L �W�I�T�H �S�E�Q�U�E�N�C�E�S �O�F �N�O�I�S�Y �O�B�S�E�R�V�A�T�I�O�N�S�� �!�S �D�E�S�C�R�I�B�E�D �S�O �F�A�R���I�T �H�A�S �T�W�O �P�R�A�C�T�I�C�A�L
�D�R�A�W�B�A�C�K�S�� �4�H�E �l�R�S�T �I�S �T�H�A�T �I�T�S �S�P�A�C�E �C�O�M�P�L�E�X�I�T�Y �C�A�N �B�E �T�O�O �H�I�G�H �W�H�E�N �T�H�E �S�T�A�T�E �S�P�A�C�E �I�S �L�A�R�G�E
�A�N�D �T�H�E �S�E�Q�U�E�N�C�E�S �A�R�E �L�O�N�G�� �)�T �U�S�E�SO(|�I|t) �S�P�A�C�E �W�H�E�R�E|�I| �I�S �T�H�E �S�I�Z�E �O�F �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F
�T�H�E �F�O�R�W�A�R�D �M�E�S�S�A�G�E�� �4�H�E �S�P�A�C�E �R�E�Q�U�I�R�E�M�E�N�T �C�A�N �B�E �R�E�D�U�C�E�D �T�OO(|�I| log t) �W�I�T�H �A �C�O�N�C�O�M�I�




������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�T�A�N�T �I�N�C�R�E�A�S�E �I�N �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �B�Y �A �F�A�C�T�O�R �O�Flog t�� �A�S �S�H�O�W�N �I�N �%�X�E�R�C�I�S�E ���������� �)�N �S�O�M�E
�C�A�S�E�S ���S�E�E �3�E�C�T�I�O�N ���������	�� �A �C�O�N�S�T�A�N�T�
�S�P�A�C�E �A�L�G�O�R�I�T�H�M �C�A�N �B�E �U�S�E�D��

�4�H�E �S�E�C�O�N�D �D�R�A�W�B�A�C�K �O�F �T�H�E �B�A�S�I�C �A�L�G�O�R�I�T�H�M �I�S �T�H�A�T �I�T �N�E�E�D�S �T�O �B�E �M�O�D�I�l�E�D �T�O �W�O�R�K
�I�N �A�N�R�Q�O�L�Q�H�S�E�T�T�I�N�G �W�H�E�R�E �S�M�O�O�T�H�E�D �E�S�T�I�M�A�T�E�S �M�U�S�T �B�E �C�O�M�P�U�T�E�D �F�O�R �E�A�R�L�I�E�R �T�I�M�E �S�L�I�C�E�S�A�S
�N�E�W �O�B�S�E�R�V�A�T�I�O�N�S �A�R�E �C�O�N�T�I�N�U�O�U�S�L�Y �A�D�D�E�D �T�O �T�H�E �E�N�D �O�F �T�H�E �S�E�Q�U�E�N�C�E�� �4�H�E �M�O�S�T �C�O�M�M�O�N
�R�E�Q�U�I�R�E�M�E�N�T �I�S �F�O�R�¿�[�H�G���O�D�J �V�P�R�R�W�K�L�Q�J�� �W�H�I�C�H �R�E�Q�U�I�R�E�S �C�O�M�P�U�T�I�N�G �T�H�E �S�M�O�O�T�H�E�D �E�S�T�I�M�A�T�EFIXED-LAG

SMOOTHING

�3(�; tŠ d | �H1:t ) �F�O�R �l�X�E�Dd�� �4�H�A�T �I�S�� �S�M�O�O�T�H�I�N�G �I�S �D�O�N�E �F�O�R �T�H�E �T�I�M�E �S�L�I�C�Ed �S�T�E�P�S �B�E�H�I�N�D �T�H�E
�C�U�R�R�E�N�T �T�I�M�Et� � � A� St �I�N�C�R�E�A�S�E�S�� �T�H�E �S�M�O�O�T�H�I�N�G �H�A�S �T�O �K�E�E�P �U�P�� �/�B�V�I�O�U�S�L�Y�� �W�E �C�A�N �R�U�N �T�H�E
�F�O�R�W�A�R�D�n�B�A�C�K�W�A�R�D �A�L�G�O�R�I�T�H�M �O�V�E�R �T�H�Ed�
�S�T�E�P �h�W�I�N�D�O�W�v �A�S �E�A�C�H �N�E�W �O�B�S�E�R�V�A�T�I�O�N �I�S �A�D�D�E�D��
�B�U�T �T�H�I�S �S�E�E�M�S �I�N�E�F�l�C�I�E�N�T�� �)�N �3�E�C�T�I�O�N ���������� �W�E �W�I�L�L �S�E�E �T�H�A�T �l�X�E�D�
�L�A�G �S�M�O�O�T�H�I�N�G �C�A�N�� �I�N �S�O�M�E
�C�A�S�E�S�� �B�E �D�O�N�E �I�N �C�O�N�S�T�A�N�T �T�I�M�E �P�E�R �U�P�D�A�T�E�� �I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �L�A�Gd��

������������ �)�L�Q�G�L�Q�J �W�K�H �P�R�V�W �O�L�N�H�O�\ �V�H�T�X�H�Q�F�H

�3�U�P�P�O�S�E �T�H�A�T[true, true, false, true , true] �I�S �T�H�E �U�M�B�R�E�L�L�A �S�E�Q�U�E�N�C�E �F�O�R �T�H�E �S�E�C�U�R�I�T�Y �G�U�A�R�D���S
�l�R�S�T �l�V�E �D�A�Y�S �O�N �T�H�E �J�O�B�� �7�H�A�T �I�S �T�H�E �W�E�A�T�H�E�R �S�E�Q�U�E�N�C�E �M�O�S�T �L�I�K�E�L�Y �T�O �E�X�P�L�A�I�N �T�H�I�S�� �$�O�E�S
�T�H�E �A�B�S�E�N�C�E �O�F �T�H�E �U�M�B�R�E�L�L�A �O�N �D�A�Y �� �M�E�A�N �T�H�A�T �I�T �W�A�S�N���T �R�A�I�N�I�N�G�� �O�R �D�I�D �T�H�E �D�I�R�E�C�T�O�R �F�O�R�G�E�T
�T�O �B�R�I�N�G �I�T�� �)�F �I�T �D�I�D�N���T �R�A�I�N �O�N �D�A�Y ���� �P�E�R�H�A�P�S ���B�E�C�A�U�S�E �W�E�A�T�H�E�R �T�E�N�D�S �T�O �P�E�R�S�I�S�T�	 �I�T �D�I�D�N���T
�R�A�I�N �O�N �D�A�Y �� �E�I�T�H�E�R�� �B�U�T �T�H�E �D�I�R�E�C�T�O�R �B�R�O�U�G�H�T �T�H�E �U�M�B�R�E�L�L�A �J�U�S�T �I�N �C�A�S�E�� �)�N �A�L�L�� �T�H�E�R�E �A�R�E25

�P�O�S�S�I�B�L�E �W�E�A�T�H�E�R �S�E�Q�U�E�N�C�E�S �W�E �C�O�U�L�D �P�I�C�K�� �)�S �T�H�E�R�E �A �W�A�Y �T�O �l�N�D �T�H�E �M�O�S�T �L�I�K�E�L�Y �O�N�E�� �S�H�O�R�T �O�F
�E�N�U�M�E�R�A�T�I�N�G �A�L�L �O�F �T�H�E�M��

�7�E �C�O�U�L�D �T�R�Y �T�H�I�S �L�I�N�E�A�R�
�T�I�M�E �P�R�O�C�E�D�U�R�E�� �U�S�E �S�M�O�O�T�H�I�N�G �T�O �l�N�D �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N
�F�O�R �T�H�E �W�E�A�T�H�E�R �A�T �E�A�C�H �T�I�M�E �S�T�E�P�� �T�H�E�N �C�O�N�S�T�R�U�C�T �T�H�E �S�E�Q�U�E�N�C�E�� �U�S�I�N�G �A�T �E�A�C� H � S� T� E� P � T� H� E � W� E� A� T� H� E� R
�T�H�A�T �I�S �M�O�S�T �L�I�K�E�L�Y �A�C�C�O�R�D�I�N�G �T�O �T�H�E �P�O�S�T�E�R�I�O�R�� �3�U�C�H �A�N �A�P�P�R�O�A�C�H �S�H�O�U�L�D �S�E�T�O�F�F �A�L�A�R�M �B�E�L�L�S
�I�N �T�H�E �R�E�A�D�E�R���S �H�E�A�D�� �B�E�C�A�U�S�E �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N�S �C�O�M�P�U�T�E�D �B�Y �S�M�O�O�T�H�I�N�G �A�R�E �D�I�S�T�R�I�


�I�X�Q�F�W�L�R�Q�&�/�2�7�!�2�$�
�"�!�#�+�7�!�2�$���H�Y��prior �	�U�H�W�X�U�Q�V�A �V�E�C�T�O�R �O�F �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N�S
�L�Q�S�X�W�V���H�Y�� �A �V�E�C�T�O�R �O�F �E�V�I�D�E�N�C�E �V�A�L�U�E�S �F�O�R �S�T�E�P�S1, . . . , t

prior �� �T�H�E �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�N �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E���3(�; 0)
�O�R�F�D�O �Y�D�U�L�D�E�O�H�V�� �I�Y�� �A �V�E�C�T�O�R �O�F �F�O�R�W�A�R�D �M�E�S�S�A�G�E�S �F�O�R �S�T�E�P�S0, . . . , t

�E�� �A �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �B�A�C�K�W�A�R�D �M�E�S�S�A�G�E�� �I�N�I�T�I�A�L�L�Y �A�L�L ���S
�V�Y�� �A �V�E�C�T�O�R �O�F �S�M�O�O�T�H�E�D �E�S�T�I�M�A�T�E�S �F�O�R �S�T�E�P�S1, . . . , t

�I�Y[0] � prior
�I�R�Ui = 1 �W�Rt �G�R

�I�Y[i ] � �&�/�2�7�!�2�$(�I�Y[i Š 1], �H�Y[i ])
�I�R�Ui = t �G�R�Z�Q�W�R�� �G�R

�V�Y[i ] � �. �/�2�-�!�,�)�:�%(�I�Y[i ] × �E)
�E� �"�!�#�+�7�!�2�$(�E, �H�Y[i ])

�U�H�W�X�U�Q �V�Y

�)�L�J�X�U�H ���������4�H�E �F�O�R�W�A�R�D�n�B�A�C�K�W�A�R�D �A�L�G�O�R�I�T�H�M �F�O�R �S�M�O�O�T�H�I�N�G�� �C�O�M�P�U�T�I�N�G �P�O�S�T�E�R�I�O�R �P�R�O�B�

�A�B�I�L�I�T�I�E�S �O�F �A �S�E�Q�U�E�N�C�E �O�F �S�T�A�T�E�S �G�I�V�E�N �A �S�E�Q�U�E�N�C�E �O�F �O�B�S�E�R�V�A�T�I�O�N�S�� �4�H�E �&�/�2�7�!�2�$ �A�N�D
�"�!�#�+�7�!�2�$ �O�P�E�R�A�T�O�R�S �A�R�E �D�E�l�N�E�D �B�Y �%�Q�U�A�T�I�O�N�S �����������	 �A�N�D �����������	�� �R�E�S�P�E�C�T�I�V�E�L�Y��



�3�E�C�T�I�O�N ���������� �)�N�F�E�R�E�N�C�E �I�N �4�E�M�P�O�R�A�L �-�O�D�E�L�S ������
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�W�U�X�H
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�W�U�X�H
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�)�L�J�X�U�H �����������A�	 �0�O�S�S�I�B�L�E �S�T�A�T�E �S�E�Q�U�E�N�C�E�S �F�O�RRain t �C�A�N �B�E �V�I�E�W�E�D �A�S �P�A�T�H�S �T�H�R�O�U�G�H �A �G�R�A�P�H
�O�F �T�H�E �P�O�S�S�I�B�L�E �S�T�A�T�E�S �A�T �E�A�C�H �T�I�M�E �S�T�E�P�� ���3�T�A�T�E�S �A�R�E �S�H�O�W�N �A�S �R�E�C�T�A�N�G�L�E�S �T�O�A�V�O�I�D �C�O�N�F�U�S�I�O�N
�W�I�T�H �N�O�D�E�S �I�N �A �"�A�Y�E�S �N�E�T���	 ���B�	 �/�P�E�R�A�T�I�O�N �O�F �T�H�E �6�I�T�E�R�B�I �A�L�G�O�R�I�T�H�M �F�O�R �T�H�E �U�M�B�R�E�L�L�A �O�B�S�E�R�

�V�A�T�I�O�N �S�E�Q�U�E�N�C�E[true, true, false, true, true]�� �&�O�R �E�A�C�Ht�� �W�E �H�A�V�E �S�H�O�W�N �T�H�E �V�A�L�U�E�S �O�F �T�H�E
�M�E�S�S�A�G�E�P1:t �� �W�H�I�C�H �G�I�V�E�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �T�H�E �B�E�S�T �S�E�Q�U�E�N�C�E �R�E�A�C�H�I�N�G �E�A�C�H �S�T�A�T�E �A�T �T�I�M�Et��
�!�L�S�O�� �F�O�R �E�A�C�H �S�T�A�T�E�� �T�H�E �B�O�L�D �A�R�R�O�W �L�E�A�D�I�N�G �I�N�T�O �I�T �I�N�D�I�C�A�T�E�S �I�T�S �B�E�S�T �P�R�E�D�E�C�E�S�S�O�R �A�S �M�E�A�S�U�R�E�D
�B�Y �T�H�E �P�R�O�D�U�C�T �O�F �T�H�E �P�R�E�C�E�D�I�N�G �S�E�Q�U�E�N�C�E �P�R�O�B�A�B�I�L�I�T�Y �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N �P�R�O�B�A�B�I�L�I�T�Y�� �&�O�L�L�O�W�I�N�G
�T�H�E �B�O�L�D �A�R�R�O�W�S �B�A�C�K �F�R�O�M �T�H�E �M�O�S�T �L�I�K�E�L�Y �S�T�A�T�E �I�N�P1:5 �G�I�V�E�S �T�H�E �M�O�S�T �L�I�K�E�L�Y �S�E�Q�U�E�N�C�E��

�B�U�T�I�O�N�S �O�V�E�R�V�L�Q�J�O�H�T�I�M�E �S�T�E�P�S�� �W�H�E�R�E�A�S �T�O �l�N�D �T�H�E �M�O�S�T �L�I�K�E�L�Y�V�H�T�X�H�Q�F�H�W�E �M�U�S�T �C�O�N�S�I�D�E�R
�M�R�L�Q�W�P�R�O�B�A�B�I�L�I�T�I�E�S �O�V�E�R �A�L�L �T�H�E �T�I�M�E �S�T�E�P�S�� �4�H�E �R�E�S�U�L�T�S �C�A�N �I�N �F�A�C�T �B�E �Q�U�I�T�E �D�I�F�F�E�R�E�N�T�� ���3�E�E
�%�X�E�R�C�I�S�E �����������	

�4�H�E�R�E�L�V�A �L�I�N�E�A�R�
�T�I�M�E �A�L�G�O�R�I�T�H�M �F�O�R �l�N�D�I�N�G �T�H�E �M�O�S�T �L�I�K�E�L�Y �S�E�Q�U�E�N�C�E�� �B�U�T �I�T �R�E�Q�U�I�R�E�S �A
�L�I�T�T�L�E �M�O�R�E �T�H�O�U�G�H�T�� �)�T �R�E�L�I�E�S �O�N �T�H�E �S�A�M�E �-�A�R�K�O�V �P�R�O�P�E�R�T�Y �T�H�A�T �Y�I�E�L�D�E�D �E�F�l�C�I�E�N�T �A�L�G�O�R�I�T�H�M�S �F�O�R
�l�L�T�E�R�I�N�G �A�N�D �S�M�O�O�T�H�I�N�G�� �4�H�E �E�A�S�I�E�S�T �W�A�Y �T�O �T�H�I�N�K �A�B�O�U�T �T�H�E �P�R�O�B�L�E�M �I�S �T�O �V�I�E�W �E�A�C�H �S�E�Q�U�E�N�C�E
�A�S �A�S�D�W�K�T�H�R�O�U�G�H �A �G�R�A�P�H �W�H�O�S�E �N�O�D�E�S �A�R�E �T�H�E �P�O�S�S�I�B�L�E�V�W�D�W�H�V�A�T �E�A�C�H �T�I�M�E �S�T�E�P�� �3�U�C�H �A
�G�R�A�P�H �I�S �S�H�O�W�N �F�O�R �T�H�E �U�M�B�R�E�L�L�A �W�O�R�L�D �I�N �&�I�G�U�R�E �����������A�	�� �.�O�W �C�O�N�S�I�D�E�R �T�H�E �T�A�S�K �O�F �l�N�D�I�N�G
�T�H�E �M�O�S�T �L�I�K�E�L�Y �P�A�T�H �T�H�R�O�U�G�H �T�H�I�S �G�R�A�P�H�� �W�H�E�R�E �T�H�E �L�I�K�E�L�I�H�O�O�D �O�F �A�N�Y �P�A�T�H �I�S�T�H�E �P�R�O�D�U�C�T �O�F
�T�H�E �T�R�A�N�S�I�T�I�O�N �P�R�O�B�A�B�I�L�I�T�I�E�S �A�L�O�N�G �T�H�E �P�A�T�H �A�N�D �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �T�H�E �G�I�V�E�N �O�B�S�E�R�V�A�T�I�O�N�S �A�T
�E�A�C�H �S�T�A�T�E�� �,�E�T���S �F�O�C�U�S �I�N �P�A�R�T�I�C�U�L�A�R �O�N �P�A�T�H�S �T�H�A�T �R�E�A�C�H �T�H�E �S�T�A�T�ERain 5 = true�� �"�E�C�A�U�S�E �O�F
�T�H�E �-�A�R�K�O�V �P�R�O�P�E�R�T�Y�� �I�T �F�O�L�L�O�W�S �T�H�A�T �T�H�E �M�O�S�T �L�I�K�E�L�Y �P�A�T�H �T�O �T�H�E �S�T�A�T�ERain 5 = true �C�O�N�S�I�S�T�S �O�F
�T�H�E �M�O�S�T �L�I�K�E�L�Y �P�A�T�H �T�O�V�R�P�H�S�T�A�T�E �A�T �T�I�M�E �� �F�O�L�L�O�W�E�D �B�Y �A �T�R�A�N�S�I�T�I�O�N �T�ORain 5 = true� � � A� N� D � T� H� E
�S�T�A�T�E �A�T �T�I�M�E �� �T�H�A�T �W�I�L�L �B�E�C�O�M�E �P�A�R�T �O�F �T�H�E �P�A�T�H �T�ORain 5 = true �I�S �W�H�I�C�H�E�V�E�R �M�A�X�I�M�I�Z�E�S �T�H�E
�L�I�K�E�L�I�H�O�O�D �O�F �T�H�A�T �P�A�T�H�� �)�N �O�T�H�E�R �W�O�R�D�S���W�K�H�U�H �L�V �D �U�H�F�X�U�V�L�Y�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �P�R�V�W �O�L�N�H�O�\
�S�D�W�K�V �W�R �H�D�F�K �V�W�D�W�H�[t+1 �D�Q�G �P�R�V�W �O�L�N�H�O�\ �S�D�W�K�V �W�R �H�D�F�K �V�W�D�W�H�[t ���7�E �C�A�N �W�R�I�T�E �T�H�I�S �R�E�L�A�T�I�O�N�S�H�I�P
�A�S �A�N �E�Q�U�A�T�I�O�N �C�O�N�N�E�C�T�I�N�G �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �T�H�E �P�A�T�H�S��

max
�[1 ...�[t

�3(�[1, . . . , �[t , �; t+1 | �H1:t+1 )

= � �3(�Ht+1 | �; t+1 ) max
�[t

�
�3(�; t+1 | �[t ) max

�[1...�[t Š1
P(�[1, . . . , �[tŠ 1, �[t | �H1:t )

�
. �������������	

�%�Q�U�A�T�I�O�N �������������	 �I�S�L�G�H�Q�W�L�F�D�O�T�O �T�H�E �l�L�T�E�R�I�N�G �E�Q�U�A�T�I�O�N �����������	 �E�X�C�E�P�T �T�H�A�T



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

���� �4�H�E �F�O�R�W�A�R�D �M�E�S�S�A�G�E�I1:t = �3(�; t | �H1:t ) �I�S �R�E�P�L�A�C�E�D �B�Y �T�H�E �M�E�S�S�A�G�E

�P1:t = max
�[1...�[t Š1

�3(�[1, . . . , �[tŠ 1, �; t | �H1:t ) ,

�T�H�A�T �I�S�� �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F �T�H�E �M�O�S�T �L�I�K�E�L�Y �P�A�T�H �T�O �E�A�C�H �S�T�A�T�E�[t � � � A� N� D

���� �T�H�E �S�U�M�M�A�T�I�O�N �O�V�E�R�[t �I�N �%�Q�U�A�T�I�O�N �����������	 �I�S �R�E�P�L�A�C�E�D �B�Y �T�H�E �M�A�X�I�M�I�Z�A�T�I�O�N �O�V�E�R�[t �I�N
�%�Q�U�A�T�I�O�N �������������	��

�4�H�U�S�� �T�H�E �A�L�G�O�R�I�T�H�M �F�O�R �C�O�M�P�U�T�I�N�G �T�H�E �M�O�S�T �L�I�K�E�L�Y �S�E�Q�U�E�N�C�E �I�S �S�I�M�I�L�A�R �T�O �l�L�T�E�R�I�N�G�� �I�T �R�U�N�S �F�O�R�

�W�A�R�D �A�L�O�N�G �T�H�E �S�E�Q�U�E�N�C�E�� �C�O�M�P�U�T�I�N�G �T�H�E�P �M�E�S�S�A�G�E �A�T �E�A�C�H �T�I�M�E �S�T�E�P�� �U�S�I�N�G �%�Q�U�A�T�I�O�N �������������	��
�4�H�E �P�R�O�G�R�E�S�S �O�F �T�H�I�S �C�O�M�P�U�T�A�T�I�O�N �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	�� �!�T �T�H�E �E�N�D�� �I�T �W�I�L�L �H�A�V�E �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �F�O�R �T�H�E �M�O�S�T �L�I�K�E�L�Y �S�E�Q�U�E�N�C�E �R�E�A�C�H�I�N�G�H�D�F�K�O�F �T�H�E �l�N�A�L �S�T�A�T�E�S�� �/�N�E �C�A�N �T�H�U�S �E�A�S�I�L�Y
�S�E�L�E�C�T �T�H�E �M�O�S�T �L�I�K�E�L�Y �S�E�Q�U�E�N�C�E �O�V�E�R�A�L�L ���T�H�E �S�T�A�T�E�S �O�U�T�L�I�N�E�D �I�N �B�O�L�D�	�� �)�N �O�R�D�E�R �T�O �I�D�E�N�T�I�F�Y �T�H�E
�A�C�T�U�A�L �S�E�Q�U�E�N�C�E�� �A�S �O�P�P�O�S�E�D �T�O �J�U�S�T �C�O�M�P�U�T�I�N�G �I�T�S �P�R�O�B�A�B�I�L�I�T�Y�� �T�H�E �A�L�G�O�R�I�T�H�M �W�I�L�L �A�L�S�O �N�E�E�D �T�O
�R�E�C�O�R�D�� �F�O�R �E�A�C�H �S�T�A�T�E�� �T�H�E �B�E�S�T �S�T�A�T�E �T�H�A�T �L�E�A�D�S �T�O �I�T�� �T�H�E�S�E �A�R�E �I�N�D�I�C�A�T�E�D �B�Y �T�H�E �B�O�L�D �A�R�R�O�W�S �I�N
�&�I�G�U�R�E �����������B�	�� �4�H�E �O�P�T�I�M�A�L �S�E�Q�U�E�N�C�E �I�S �I�D�E�N�T�I�l�E�D �B�Y �F�O�L�L�O�W�I�N�G �T�H�E�S�E �B�O�L�D�A�R�R�O�W�S �B�A�C�K�W�A�R�D�S
�F�R�O�M �T�H�E �B�E�S�T �l�N�A�L �S�T�A�T�E��

�4�H�E �A�L�G�O�R�I�T�H�M �W�E �H�A�V�E �J�U�S�T �D�E�S�C�R�I�B�E�D �I�S �C�A�L�L�E�D �T�H�E�9�L�W�H�U�E�L �D�O�J�R�U�L�W�K�P�� �A�F�T�E�R �I�T�S �I�N�V�E�N�T�O�R��VITERBI ALGORITHM

�,�I�K�E �T�H�E �l�L�T�E�R�I�N�G �A�L�G�O�R�I�T�H�M�� �I�T�S �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �I�S �L�I�N�E�A�R �I�Nt�� �T�H�E �L�E�N�G�T�H �O�F �T�H�E �S�E�Q�U�E�N�C�E��
�5�N�L�I�K�E �l�L�T�E�R�I�N�G�� �W�H�I�C�H �U�S�E�S �C�O�N�S�T�A�N�T �S�P�A�C�E�� �I�T�S �S�P�A�C�E �R�E�Q�U�I�R�E�M�E�N�T �I�S �A�L�S�O�L�I�N�E�A�R �I�Nt� � � 4� H� I� S
�I�S �B�E�C�A�U�S�E �T�H�E �6�I�T�E�R�B�I �A�L�G�O�R�I�T�H�M �N�E�E�D�S �T�O �K�E�E�P �T�H�E �P�O�I�N�T�E�R�S �T�H�A�T �I�D�E�N�T�I�F�Y �T�H�E �B�E�S�T �S�E�Q�U�E�N�C�E
�L�E�A�D�I�N�G �T�O �E�A�C�H �S�T�A�T�E��
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�4�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N �D�E�V�E�L�O�P�E�D �A�L�G�O�R�I�T�H�M�S �F�O�R �T�E�M�P�O�R�A�L �P�R�O�B�A�B�I�L�I�S�T�I�C �R�E�A�S�O�N�I�N�G �U�S�I�N�G �A �G�E�N�

�E�R�A�L �F�R�A�M�E�W�O�R�K �T�H�A�T �W�A�S �I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �S�P�E�C�I�l�C �F�O�R�M �O�F �T�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S��
�)�N �T�H�I�S �A�N�D �T�H�E �N�E�X�T �T�W�O �S�E�C�T�I�O�N�S�� �W�E �D�I�S�C�U�S�S �M�O�R�E �C�O�N�C�R�E�T�E �M�O�D�E�L�S �A�N�D �A�P�P�L�I�C�A�T�I�O�N�S �T�H�A�T
�I�L�L�U�S�T�R�A�T�E �T�H�E �P�O�W�E�R �O�F �T�H�E �B�A�S�I�C �A�L�G�O�R�I�T�H�M�S �A�N�D �I�N �S�O�M�E �C�A�S�E�S �A�L�L�O�W �F�U�R�T�H�E�R �I�M�P�R�O�V�E�M�E�N�T�S��

�7�E �B�E�G�I�N �W�I�T�H �T�H�E�K�L�G�G�H�Q �0�D�U�N�R�Y �P�R�G�H�O� � � O� R�+�0�0 �� �!�N �(�-�- �I�S �A �T�E�M�P�O�R�A�L �P�R�O�B�A�
HIDDEN MARKOV
MODEL

�B�I�L�I�S�T�I�C �M�O�D�E�L �I�N �W�H�I�C�H �T�H�E �S�T�A�T�E �O�F �T�H�E �P�R�O�C�E�S�S �I�S �D�E�S�C�R�I�B�E�D �B�Y �A�V�L�Q�J�O�H �G�L�V�F�U�H�W�H�R�A�N�D�O�M �V�A�R�I�

�A�B�L�E�� �4�H�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�F �T�H�E �V�A�R�I�A�B�L�E �A�R�E �T�H�E �P�O�S�S�I�B�L�E �S�T�A�T�E�S �O�F �T�H�E �W�O�R�L�D�� �4�H�E �U�M�B�R�E�L�L�A
�E�X�A�M�P�L�E �D�E�S�C�R�I�B�E�D �I�N �T�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N �I�S �T�H�E�R�E�F�O�R�E �A�N �(�-�-�� �S�I�N�C�E �I�T �H�A�S �J�U�S�T �O�N�E �S�T�A�T�E
�V�A�R�I�A�B�L�E��Rain t �� �7�H�A�T �H�A�P�P�E�N�S �I�F �Y�O�U �H�A�V�E �A �M�O�D�E�L �W�I�T�H �T�W�O �O�R �M�O�R�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �9�O�U �C�A�N
�S�T�I�L�L �l�T �I�T �I�N�T�O �T�H�E �(�-�- �F�R�A�M�E�W�O�R�K �B�Y �C�O�M�B�I�N�I�N�G �T�H�E �V�A�R�I�A�B�L�E�S �I�N�T�O �A �S�I�N�G�L�E �h�M�E�G�A�V�A�R�I�A�B�L�E�v
�W�H�O�S�E �V�A�L�U�E�S �A�R�E �A�L�L �P�O�S�S�I�B�L�E �T�U�P�L�E�S �O�F �V�A�L�U�E�S �O�F �T�H�E �I�N�D�I�V�I�D�U�A�L �S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �7�E �W�I�L�L �S�E�E
�T�H�A�T �T�H�E �R�E�S�T�R�I�C�T�E�D �S�T�R�U�C�T�U�R�E �O�F �(�-�-�S �A�L�L�O�W�S �F�O�R �A �S�I�M�P�L�E �A�N�D �E�L�E�G�A�N�T �M�A�T�R�I�X �I�M�P�L�E�M�E�N�T�A�T�I�O�N
�O�F �A�L�L �T�H�E �B�A�S�I�C �A�L�G�O�R�I�T�H�M�S����

4 �4�H�E �R�E�A�D�E�R �U�N�F�A�M�I�L�I�A�R �W�I�T�H �B�A�S�I�C �O�P�E�R�A�T�I�O�N�S �O�N �V�E�C�T�O�R�S �A�N�D �M�A�T�R�I�C�E�S �M�I�G�H�T�W�I�S�H �T�O �C�O�N�S�U�L�T �!�P�P�E�N�D�I�X �! �B�E�F�O�R�E
�P�R�O�C�E�E�D�I�N�G �W�I�T�H �T�H�I�S �S�E�C�T�I�O�N��



�3�E�C�T�I�O�N ���������� �(�I�D�D�E�N �-�A�R�K�O�V �-�O�D�E�L�S ������

������������ �6�L�P�S�O�L�¿�H�G �P�D�W�U�L�[ �D�O�J�R�U�L�W�K�P�V

�7�I�T�H �A �S�I�N�G�L�E�� �D�I�S�C�R�E�T�E �S�T�A�T�E �V�A�R�I�A�B�L�EX t �� �W�E �C�A�N �G�I�V�E �C�O�N�C�R�E�T�E �F�O�R�M �T�O �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S
�O�F �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �T�H�E �S�E�N�S�O�R �M�O�D�E�L�� �A�N�D �T�H�E �F�O�R�W�A�R�D �A�N�D �B�A�C�K�W�A�R�D �M�E�S�S�A�G�E�S�� �,�E�T �T�H�E
�S�T�A�T�E �V�A�R�I�A�B�L�EX t �H�A�V�E �V�A�L�U�E�S �D�E�N�O�T�E�D �B�Y �I�N�T�E�G�E�R�S1, . . . , S� � � W� H� E� R� ES �I�S �T�H�E �N�U�M�B�E�R �O�F �P�O�S�S�I�B�L�E
�S�T�A�T�E�S�� �4�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�3(X t | X tŠ 1) �B�E�C�O�M�E�S �A�NS × S �M�A�T�R�I�X�7� � � W� H� E� R� E

�7ij = P(X t = j | X tŠ 1 = i ) .

�4�H�A�T �I�S���7ij �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �T�R�A�N�S�I�T�I�O�N �F�R�O�M �S�T�A�T�Ei �T�O �S�T�A�T�Ej �� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �T�R�A�N�S�I�T�I�O�N
�M�A�T�R�I�X �F�O�R �T�H�E �U�M�B�R�E�L�L�A �W�O�R�L�D �I�S

�7 = �3(X t | X tŠ 1) =
�

0.7 0.3
0.3 0.7

�
.

�7�E �A�L�S�O �P�U�T �T�H�E �S�E�N�S�O�R �M�O�D�E�L �I�N �M�A�T�R�I�X �F�O�R�M�� �)�N �T�H�I�S �C�A�S�E�� �B�E�C�A�U�S�E �T�H�E �V�A�L�U�E �O�F �T�H�E �E�V�I�D�E�N�C�E
�V�A�R�I�A�B�L�EEt �I�S �K�N�O�W�N �A�T �T�I�M�Et ���C�A�L�L �I�Tet �	�� �W�E �N�E�E�D �O�N�L�Y �S�P�E�C�I�F�Y�� �F�O�R �E�A�C�H �S�T�A�T�E�� �H�O�W �L�I�K�E�L�Y �I�T
�I�S �T�H�A�T �T�H�E �S�T�A�T�E �C�A�U�S�E�Set �T�O �A�P�P�E�A�R�� �W�E �N�E�E�DP(et | X t = i ) �F�O�R �E�A�C�H �S�T�A�T�Ei �� �&�O�R �M�A�T�H�E�M�A�T�I�C�A�L
�C�O�N�V�E�N�I�E�N�C�E �W�E �P�L�A�C�E �T�H�E�S�E �V�A�L�U�E�S �I�N�T�O �A�NS × S �D�I�A�G�O�N�A�L �M�A�T�R�I�X���2t �W�H�O�S�Ei �T�H �D�I�A�G�O�N�A�L
�E�N�T�R�Y �I�SP(et | X t = i ) �A�N�D �W�H�O�S�E �O�T�H�E�R �E�N�T�R�I�E�S �A�R�E ���� �&�O�R �E�X�A�M�P�L�E�� �O�N �D�A�Y �� �I�N �T�H�E �U�M�B�R�E�L�L�A
�W�O�R�L�D �O�F �&�I�G�U�R�E ����������U1 = true�� �A�N�D �O�N �D�A�Y ����U3 = false�� �S�O�� �F�R�O�M �&�I�G�U�R�E ���������� �W�E �H�A�V�E

�21 =
�

0.9 0
0 0.2

�
; �23 =

�
0.1 0
0 0.8

�
.

�.�O�W�� �I�F �W�E �U�S�E �C�O�L�U�M�N �V�E�C�T�O�R�S �T�O �R�E�P�R�E�S�E�N�T �T�H�E �F�O�R�W�A�R�D �A�N�D �B�A�C�K�W�A�R�D �M�E�S�S�A�G�E�S�� �A�L�L �T�H�E �C�O�M�

�P�U�T�A�T�I�O�N�S �B�E�C�O�M�E �S�I�M�P�L�E �M�A�T�R�I�X�n�V�E�C�T�O�R �O�P�E�R�A�T�I�O�N�S�� �4�H�E �F�O�R�W�A�R�D �E�Q�U�A�T�I�O�N�����������	 �B�E�C�O�M�E�S

�I1:t+1 = � �2t+1 �7� �I1:t �������������	

�A�N�D �T�H�E �B�A�C�K�W�A�R�D �E�Q�U�A�T�I�O�N �����������	 �B�E�C�O�M�E�S

�Ek+1: t = �7�2k+1 �Ek+2: t . �������������	

�&�R�O�M �T�H�E�S�E �E�Q�U�A�T�I�O�N�S�� �W�E �C�A�N �S�E�E �T�H�A�T �T�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �F�O�R�W�A�R�D�n�B�A�C�K�W�A�R�D �A�L�G�O�

�R�I�T�H�M ���&�I�G�U�R�E ���������	 �A�P�P�L�I�E�D �T�O �A �S�E�Q�U�E�N�C�E �O�F �L�E�N�G�T�Ht �I�SO(S2t)�� �B�E�C�A�U�S�E �E�A�C�H �S�T�E�P �R�E�Q�U�I�R�E�S
�M�U�L�T�I�P�L�Y�I�N�G �A�NS�
�E�L�E�M�E�N�T �V�E�C�T�O�R �B�Y �A�NS × S �M�A�T�R�I�X�� �4�H�E �S�P�A�C�E �R�E�Q�U�I�R�E�M�E�N�T �I�SO(St)� � � B� E� 

�C�A�U�S�E �T�H�E �F�O�R�W�A�R�D �P�A�S�S �S�T�O�R�E�St �V�E�C�T�O�R�S �O�F �S�I�Z�ES��

�"�E�S�I�D�E�S �P�R�O�V�I�D�I�N�G �A�N �E�L�E�G�A�N�T �D�E�S�C�R�I�P�T�I�O�N �O�F �T�H�E �l�L�T�E�R�I�N�G �A�N�D �S�M�O�O�T�H�I�N�G �A�L�G�O�R�I�T�H�M�S �F�O�R
�(�-�-�S�� �T�H�E �M�A�T�R�I�X �F�O�R�M�U�L�A�T�I�O�N �R�E�V�E�A�L�S �O�P�P�O�R�T�U�N�I�T�I�E�S �F�O�R �I�M�P�R�O�V�E�D �A�L�G�O�R�I�T�H�M�S�� �4�H�E �l�R�S�T �I�S
�A �S�I�M�P�L�E �V�A�R�I�A�T�I�O�N �O�N �T�H�E �F�O�R�W�A�R�D�n�B�A�C�K�W�A�R�D �A�L�G�O�R�I�T�H�M �T�H�A�T �A�L�L�O�W�S �S�M�O�O�T�H�I�N�G �T�O �B�E �C�A�R�R�I�E�D
�O�U�T �I�N�F�R�Q�V�W�D�Q�W�S�P�A�C�E�� �I�N�D�E�P�E�N�D�E�N�T�L�Y �O�F �T�H�E �L�E�N�G�T�H �O�F �T�H�E �S�E�Q�U�E�N�C�E�� �4�H�E �I�D�E�A �I�S �T�H�A�T �S�M�O�O�T�H�

�I�N�G �F�O�R �A�N�Y �P�A�R�T�I�C�U�L�A�R �T�I�M�E �S�L�I�C�Ek �R�E�Q�U�I�R�E�S �T�H�E �S�I�M�U�L�T�A�N�E�O�U�S �P�R�E�S�E�N�C�E �O�F �B�O�T�H �T�H�E �F�O�R�W�A�R�D �A�N�D
�B�A�C�K�W�A�R�D �M�E�S�S�A�G�E�S���I1:k �A�N�D�Ek+1: t �� �A�C�C�O�R�D�I�N�G �T�O �%�Q�U�A�T�I�O�N �����������	�� �4�H�E �F�O�R�W�A�R�D�n�B�A�C�K�W�A�R�D �A�L�

�G�O�R�I�T�H�M �A�C�H�I�E�V�E�S �T�H�I�S �B�Y �S�T�O�R�I�N�G �T�H�E�I�S �C�O�M�P�U�T�E�D �O�N �T�H�E �F�O�R�W�A�R�D �P�A�S�S �S�O �T�H�A�T �T�H�E�Y �A�R�E �A�V�A�I�L�A�B�L�E
�D�U�R�I�N�G �T�H�E �B�A�C�K�W�A�R�D �P�A�S�S�� �!�N�O�T�H�E�R �W�A�Y �T�O �A�C�H�I�E�V�E �T�H�I�S �I�S �W�I�T�H �A �S�I�N�G�L�E �P�A�S�S �T�H�A�T �P�R�O�P�A�G�A�T�E�S
�B�O�T�H�I�A�N�D�E�I�N �T�H�E �S�A�M�E �D�I�R�E�C�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �h�F�O�R�W�A�R�D�v �M�E�S�S�A�G�E�I�C�A�N �B�E �P�R�O�P�A�G�A�T�E�D
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�R�E�P�R�E�S�E�N�T�S �T�H�E �L�O�C�A�T�I�O�N �O�F �T�H�E �R�O�B�O�T �O�N �T�H�E �D�I�S�C�R�E�T�E �G�R�I�D�� �T�H�E �D�O�M�A�I�N �O�F �T�H�I�S �V�A�R�I�A�B�L�E �I�S �T�H�E
�S�E�T �O�F �E�M�P�T�Y �S�Q�U�A�R�E�S{ s1, . . . , sn } � � � ,� E� T � .�%�)�'�(�"�/�2�3(s) �B�E �T�H�E �S�E�T �O�F �E�M�P�T�Y �S�Q�U�A�R�E�S �T�H�A�T �A�R�E
�A�D�J�A�C�E�N�T �T�Os �A�N�D �L�E�TN (s) �B�E �T�H�E �S�I�Z�E �O�F �T�H�A�T �S�E�T�� �4�H�E�N �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �F�O�R�0�R�Y�H�A�C�T�I�O�N
�S�A�Y�S �T�H�A�T �T�H�E �R�O�B�O�T �I�S �E�Q�U�A�L�L�Y �L�I�K�E�L�Y �T�O �E�N�D �U�P �A�T �A�N�Y �N�E�I�G�H�B�O�R�I�N�G �S�Q�U�A�R�E��

P(X t+1 = j | X t = i ) = �7ij = (1 /N (i ) �I�Fj � �. �%�)�'�(�"�/�2�3(i ) �E�L�S�E0) .

�7�E �D�O�N���T �K�N�O�W �W�H�E�R�E �T�H�E �R�O�B�O�T �S�T�A�R�T�S�� �S�O �W�E �W�I�L�L �A�S�S�U�M�E �A �U�N�I�F�O�R�M �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �A�L�L �T�H�E
�S�Q�U�A�R�E�S�� �T�H�A�T �I�S��P(X 0 = i ) = 1 /n �� �&�O�R �T�H�E �P�A�R�T�I�C�U�L�A�R �E�N�V�I�R�O�N�M�E�N�T �W�E �C�O�N�S�I�D�E�R ���&�I�G�U�R�E ���������	��
n = 42 �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N �M�A�T�R�I�X�7 �H�A�S42× 42 = 1764 �E�N�T�R�I�E�S��

�4�H�E �S�E�N�S�O�R �V�A�R�I�A�B�L�EEt �H�A�S ���� �P�O�S�S�I�B�L�E �V�A�L�U�E�S�� �E�A�C�H �A �F�O�U�R�
�B�I�T �S�E�Q�U�E�N�C�E �G�I�V�I�N�G �T�H�E �P�R�E�S�

�E�N�C�E �O�R �A�B�S�E�N�C�E �O�F �A�N �O�B�S�T�A�C�L�E �I�N �A �P�A�R�T�I�C�U�L�A�R �C�O�M�P�A�S�S �D�I�R�E�C�T�I�O�N�� �7�E �W�I�L�L �U�S�E �T�H�E �N�O�T�A�T�I�O�N



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

���A�	 �0�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �R�O�B�O�T �L�O�C�A�T�I�O�N �A�F�T�E�RE1 = NSW

���B�	 �0�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �R�O�B�O�T �L�O�C�A�T�I�O�N �A�F�T�E�RE1 = NSW, E2 = NS

�)�L�J�X�U�H ���������0�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �R�O�B�O�T �L�O�C�A�T�I�O�N�� ���A�	 �O�N�E �O�B�S�E�R�V�A�T�I�O�NE1 = NSW ��
���B�	 �A�F�T�E�R �A �S�E�C�O�N�D �O�B�S�E�R�V�A�T�I�O�NE2 = NS�� �4�H�E �S�I�Z�E �O�F �E�A�C�H �D�I�S�K �C�O�R�R�E�S�P�O�N�D�S �T�O �T�H�E �P�R�O�B�A�B�I�L�I�T�Y
�T�H�A�T �T�H�E �R�O�B�O�T �I�S �A�T �T�H�A�T �L�O�C�A�T�I�O�N�� �4�H�E �S�E�N�S�O�R �E�R�R�O�R �R�A�T�E �I�S� = 0 .2��

NS�� �F�O�R �E�X�A�M�P�L�E�� �T�O �M�E�A�N �T�H�A�T �T�H�E �N�O�R�T�H �A�N�D �S�O�U�T�H �S�E�N�S�O�R�S �R�E�P�O�R�T �A�N �O�B�S�T�A�C�L�E �A�N�D �T�H�E �E�A�S�T �A�N�D
�W�E�S�T �D�O �N�O�T�� �3�U�P�P�O�S�E �T�H�A�T �E�A�C�H �S�E�N�S�O�R���S �E�R�R�O�R �R�A�T�E �I�S� �A�N�D �T�H�A�T �E�R�R�O�R�S �O�C�C�U�R �I�N�D�E�P�E�N�D�E�N�T�L�Y �F�O�R
�T�H�E �F�O�U�R �S�E�N�S�O�R �D�I�R�E�C�T�I�O�N�S�� �)�N �T�H�A�T �C�A�S�E�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �G�E�T�T�I�N�G �A�L�L �F�O�U�R �B�I�T�S �R�I�G�H�T �I�S(1 Š � )4

�A�N�D �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �G�E�T�T�I�N�G �T�H�E�M �A�L�L �W�R�O�N�G �I�S� 4� � � &� U� R� T� H� E� R� M� O� R� E� � � I� Fdit �I�S �T�H�E �D�I�S�C�R�E�P�A�N�C�Y�ˆ�T�H�E
�N�U�M�B�E�R �O�F �B�I�T�S �T�H�A�T �A�R�E �D�I�F�F�E�R�E�N�T�ˆ�B�E�T�W�E�E�N �T�H�E �T�R�U�E �V�A�L�U�E�S �F�O�R �S�Q�U�A�R�Ei �A�N�D �T�H�E �A�C�T�U�A�L �R�E�A�D�I�N�G
et �� �T�H�E�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A �R�O�B�O�T �I�N �S�Q�U�A�R�Ei �W�O�U�L�D �R�E�C�E�I�V�E �A �S�E�N�S�O�R �R�E�A�D�I�N�Get �I�S

P(Et = et | X t = i ) = �2t ii = (1 Š � )4Š dit � dit .

�&�O�R �E�X�A�M�P�L�E�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A �S�Q�U�A�R�E �W�I�T�H �O�B�S�T�A�C�L�E�S �T�O �T�H�E �N�O�R�T�H �A�N�D �S�O�U�T�H �W�O�U�L�D �P�R�O�D�U�C�E
�A �S�E�N�S�O�R �R�E�A�D�I�N�GNSE �I�S(1 Š � )3� 1��

�'�I�V�E�N �T�H�E �M�A�T�R�I�C�E�S�7 �A�N�D�2t �� �T�H�E �R�O�B�O�T �C�A�N �U�S�E �%�Q�U�A�T�I�O�N �������������	 �T�O �C�O�M�P�U�T�E �T�H�E �P�O�S�

�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �L�O�C�A�T�I�O�N�S�ˆ�T�H�A�T �I�S�� �T�O �W�O�R�K �O�U�T �W�H�E�R�E �I�T �I�S�� �&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E
�D�I�S�T�R�I�B�U�T�I�O�N�S�3(X 1 | E1 = NSW ) �A�N�D�3(X 2 | E1 = NSW, E2 = NS)�� �4�H�I�S �I�S �T�H�E �S�A�M�E �M�A�Z�E
�W�E �S�A�W �B�E�F�O�R�E �I�N �&�I�G�U�R�E �������� ���P�A�G�E �������	�� �B�U�T �T�H�E�R�E �W�E �U�S�E�D �L�O�G�I�C�A�L �l�L�T�E�R�I�N�G �T�O �l�N�D �T�H�E �L�O�C�A�

�T�I�O�N�S �T�H�A�T �W�E�R�E�S�R�V�V�L�E�O�H�� �A�S�S�U�M�I�N�G �P�E�R�F�E�C�T �S�E�N�S�I�N�G�� �4�H�O�S�E �S�A�M�E �L�O�C�A�T�I�O�N�S �A�R�E �S�T�I�L�L �T�H�E �M�O�S�T
�O�L�N�H�O�\�W�I�T�H �N�O�I�S�Y �S�E�N�S�I�N�G�� �B�U�T �N�O�W�H�Y�H�U�\�L�O�C�A�T�I�O�N �H�A�S �S�O�M�E �N�O�N�Z�E�R�O �P�R�O�B�A�B�I�L�I�T�Y��

�)�N �A�D�D�I�T�I�O�N �T�O �l�L�T�E�R�I�N�G �T�O �E�S�T�I�M�A�T�E �I�T�S �C�U�R�R�E�N�T �L�O�C�A�T�I�O�N�� �T�H�E �R�O�B�O�T �C�A�N �U�S�E�S�M�O�O�T�H�I�N�G
���%�Q�U�A�T�I�O�N �������������	�	 �T�O �W�O�R�K �O�U�T �W�H�E�R�E �I�T �W�A�S �A�T �A�N�Y �G�I�V�E�N �P�A�S�T �T�I�M�E�ˆ�F�O�R �E�X�A�M�P�L�E�� �W�H�E�R�E �I�T
�B�E�G�A�N �A�T �T�I�M�E ���ˆ�A�N�D �I�T �C�A�N �U�S�E �T�H�E �6�I�T�E�R�B�I �A�L�G�O�R�I�T�H�M �T�O �W�O�R�K �O�U�T �T�H�E �M�O�S�T �L�I�K�E�L�Y �P�A�T�H �I�T �H�A�S
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���A�	 ���B�	

�)�L�J�X�U�H ���������0�E�R�F�O�R�M�A�N�C�E �O�F �(�-�- �L�O�C�A�L�I�Z�A�T�I�O�N �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �L�E�N�G�T�H �O�F �T�H�E �O�B�S�E�R�V�A�

�T�I�O�N �S�E�Q�U�E�N�C�E �F�O�R �V�A�R�I�O�U�S �D�I�F�F�E�R�E�N�T �V�A�L�U�E�S �O�F �T�H�E �S�E�N�S�O�R �E�R�R�O�R �P�R�O�B�A�B�I�L�I�T�Y� �� �D�A�T�A �A�V�E�R�A�G�E�D �O�V�E�R
������ �R�U�N�S�� ���A�	 �4�H�E �L�O�C�A�L�I�Z�A�T�I�O�N �E�R�R�O�R�� �D�E�l�N�E�D �A�S �T�H�E �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E �F�R�O�M �T�H�E �T�R�U�E �L�O�C�A�T�I�O�N��
���B�	 �4�H�E �6�I�T�E�R�B�I �P�A�T�H �A�C�C�U�R�A�C�Y�� �D�E�l�N�E�D �A�S �T�H�E �F�R�A�C�T�I�O�N �O�F �C�O�R�R�E�C�T �S�T�A�T�E�S �O�N �T�H�E �6�I�T�E�R�B�I �P�A�T�H��

�T�A�K�E�N �T�O �G�E�T �W�H�E�R�E �I�T �I�S �N�O�W�� �&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E �L�O�C�A�L�I�Z�A�T�I�O�N �E�R�R�O�R �A�N�D �6�I�T�E�R�B�I �P�A�T�H �A�C�C�U�R�A�C�Y
�F�O�R �V�A�R�I�O�U�S �V�A�L�U�E�S �O�F �T�H�E �P�E�R�
�B�I�T �S�E�N�S�O�R �E�R�R�O�R �R�A�T�E� � � � %� V� E� N � W� H� E� N� �I�S �������ˆ�W�H�I�C�H �M�E�A�N�S �T�H�A�T
�T�H�E �O�V�E�R�A�L�L �S�E�N�S�O�R �R�E�A�D�I�N�G �I�S �W�R�O�N�G ������ �O�F �T�H�E �T�I�M�E�ˆ�T�H�E �R�O�B�O�T �I�S �U�S�U�A�L�L�Y �A�B�L�E �T�O �W�O�R�K �O�U�T �I�T�S
�L�O�C�A�T�I�O�N �W�I�T�H�I�N �T�W�O �S�Q�U�A�R�E�S �A�F�T�E�R ���� �O�B�S�E�R�V�A�T�I�O�N�S�� �4�H�I�S �I�S �B�E�C�A�U�S�E �O�F �T�H�E �A�L�G�O�R�I�T�H�M���S �A�B�I�L�I�T�Y
�T�O �I�N�T�E�G�R�A�T�E �E�V�I�D�E�N�C�E �O�V�E�R �T�I�M�E �A�N�D �T�O �T�A�K�E �I�N�T�O �A�C�C�O�U�N�T �T�H�E �P�R�O�B�A�B�I�L�I�S�T�I�C�C�O�N�S�T�R�A�I�N�T�S �I�M�P�O�S�E�D
�O�N �T�H�E �L�O�C�A�T�I�O�N �S�E�Q�U�E�N�C�E �B�Y �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �7�H�E�N� �I�S �������� �T�H�E �P�E�R�F�O�R�M�A�N�C�E �A�F�T�E�R
�A �H�A�L�F�
�D�O�Z�E�N �O�B�S�E�R�V�A�T�I�O�N�S �I�S �H�A�R�D �T�O �D�I�S�T�I�N�G�U�I�S�H �F�R�O�M �T�H�E �P�E�R�F�O�R�M�A�N�C�E �W�I�T�H �P�E�R�F�E�C�T �S�E�N�S�I�N�G��
�%�X�E�R�C�I�S�E �������� �A�S�K�S �Y�O�U �T�O �E�X�P�L�O�R�E �H�O�W �R�O�B�U�S�T �T�H�E �(�-�- �L�O�C�A�L�I�Z�A�T�I�O�N �A�L�G�O�R�I�T�H�M �I�S �T�O �E�R�R�O�R�S �I�N
�T�H�E �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N�3(X 0) �A�N�D �I�N �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �I�T�S�E�L�F�� �"�R�O�A�D�L�Y �S�P�E�A�K�I�N�G�� �H�I�G�H �L�E�V�E�L�S
�O�F �L�O�C�A�L�I�Z�A�T�I�O�N �A�N�D �P�A�T�H �A�C�C�U�R�A�C�Y �A�R�E �M�A�I�N�T�A�I�N�E�D �E�V�E�N �I�N �T�H�E �F�A�C�E �O�F �S�U�B�S�T�A�N�T�I�A�L �E�R�R�O�R�S �I�N �T�H�E
�M�O�D�E�L�S �U�S�E�D��

�4�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E �F�O�R �T�H�E �E�X�A�M�P�L�E �W�E �H�A�V�E �C�O�N�S�I�D�E�R�E�D �I�N �T�H�I�S �S�E�C�T�I�O�N �I�S �A �P�H�Y�S�I�C�A�L
�L�O�C�A�T�I�O�N �I�N �T�H�E �W�O�R�L�D�� �/�T�H�E�R �P�R�O�B�L�E�M�S �C�A�N�� �O�F �C�O�U�R�S�E�� �I�N�C�L�U�D�E �O�T�H�E�R �A�S�P�E�C�T�S �O�F �T�H�E �W�O�R�L�D��
�%�X�E�R�C�I�S�E �������� �A�S�K�S �Y�O�U �T�O �C�O�N�S�I�D�E�R �A �V�E�R�S�I�O�N �O�F �T�H�E �V�A�C�U�U�M �R�O�B�O�T �T�H�A�T �H�A�S �T�H�E�P�O�L�I�C�Y �O�F �G�O�I�N�G
�S�T�R�A�I�G�H�T �F�O�R �A�S �L�O�N�G �A�S �I�T �C�A�N�� �O�N�L�Y �W�H�E�N �I�T �E�N�C�O�U�N�T�E�R�S �A�N �O�B�S�T�A�C�L�E �D�O�E�S �I�T �C�H�A�N�G�E �T�O �A �N�E�W
���R�A�N�D�O�M�L�Y �S�E�L�E�C�T�E�D�	 �H�E�A�D�I�N�G�� �4�O �M�O�D�E�L �T�H�I�S �R�O�B�O�T�� �E�A�C�H �S�T�A�T�E �I�N �T�H�E �M�O�D�E�L �C�O�N�S�I�S�T�S �O�F �A
���O�R�F�D�W�L�R�Q�� �K�H�D�G�L�Q�J���P�A�I�R�� �&�O�R �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�N �&�I�G�U�R�E ���������� �W�H�I�C�H �H�A�S ���� �E�M�P�T�Y �S�Q�U�A�R�E�S��
�T�H�I�S �L�E�A�D�S �T�O ������ �S�T�A�T�E�S �A�N�D �A �T�R�A�N�S�I�T�I�O�N �M�A�T�R�I�X �W�I�T�H1682 = 28, 224�E�N�T�R�I�E�S�ˆ�S�T�I�L�L �A �M�A�N�A�G�E�A�B�L�E
�N�U�M�B�E�R�� �)�F �W�E �A�D�D �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �O�F �D�I�R�T �I�N �T�H�E �S�Q�U�A�R�E�S�� �T�H�E �N�U�M�B�E�R �O�F �S�T�A�T�E�S �I�S �M�U�L�T�I�P�L�I�E�D �B�Y
242 �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N �M�A�T�R�I�X �E�N�D�S �U�P �W�I�T�H �M�O�R�E �T�H�A�N1029 �E�N�T�R�I�E�S�ˆ�N�O �L�O�N�G�E�R �A �M�A�N�A�G�E�A�B�L�E
�N�U�M�B�E�R�� �3�E�C�T�I�O�N �������� �S�H�O�W�S �H�O�W �T�O �U�S�E �D�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �T�O �M�O�D�E�L �D�O�M�A�I�N�S �W�I�T�H
�M�A�N�Y �S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �)�F �W�E �A�L�L�O�W �T�H�E �R�O�B�O�T �T�O �M�O�V�E �C�O�N�T�I�N�U�O�U�S�L�Y �R�A�T�H�E�R �T�H�A�N �I�N �A �D�I�S�C�R�E�T�E
�G�R�I�D�� �T�H�E �N�U�M�B�E�R �O�F �S�T�A�T�E�S �B�E�C�O�M�E�S �I�N�l�N�I�T�E�� �T�H�E �N�E�X�T �S�E�C�T�I�O�N �S�H�O�W�S �H�O�W �T�O �H�A�N�D�L�E �T�H�I�S �C�A�S�E��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�������� �+�!�,�-�!�. �&�)�,�4�%�2�3

�)�M�A�G�I�N�E �W�A�T�C�H�I�N�G �A �S�M�A�L�L �B�I�R�D �m�Y�I�N�G �T�H�R�O�U�G�H �D�E�N�S�E �J�U�N�G�L�E �F�O�L�I�A�G�E �A�T �D�U�S�K�� �Y�O�U �G�L�I�M�P�S�E
�B�R�I�E�F�� �I�N�T�E�R�M�I�T�T�E�N�T �m�A�S�H�E�S �O�F �M�O�T�I�O�N�� �Y�O�U �T�R�Y �H�A�R�D �T�O �G�U�E�S�S �W�H�E�R�E �T�H�E �B�I�R�D �I� S � A� N� D � W� H� E� R� E � I� T � W� I� L� L
�A�P�P�E�A�R �N�E�X�T �S�O �T�H�A�T �Y�O�U �D�O�N���T �L�O�S�E �I�T�� �/�R �I�M�A�G�I�N�E �T�H�A�T �Y�O�U �A�R�E �A �7�O�R�L�D �7�A�R �)�) �R�A�D�A�R �O�P�E�R�A�T�O�R
�P�E�E�R�I�N�G �A�T �A �F�A�I�N�T�� �W�A�N�D�E�R�I�N�G �B�L�I�P �T�H�A�T �A�P�P�E�A�R�S �O�N�C�E �E�V�E�R�Y ���� �S�E�C�O�N�D�S �O�N �T�H�E �S�C�R�E�E�N�� �/�R�� �G�O�I�N�G
�B�A�C�K �F�U�R�T�H�E�R �S�T�I�L�L�� �I�M�A�G�I�N�E �Y�O�U �A�R�E �+�E�P�L�E�R �T�R�Y�I�N�G �T�O �R�E�C�O�N�S�T�R�U�C�T �T�H�E �M�O�T�I�O�N�S �O�F �T�H�E �P�L�A�N�E�T�S
�F�R�O�M �A �C�O�L�L�E�C�T�I�O�N �O�F �H�I�G�H�L�Y �I�N�A�C�C�U�R�A�T�E �A�N�G�U�L�A�R �O�B�S�E�R�V�A�T�I�O�N�S �T�A�K�E�N �A�T �I�R�R�E�G�U�L�A�R �A�N�D �I�M�P�R�E�C�I�S�E�L�Y
�M�E�A�S�U�R�E�D �I�N�T�E�R�V�A�L�S�� �)�N �A�L�L �T�H�E�S�E �C�A�S�E�S�� �Y�O�U �A�R�E �D�O�I�N�G �l�L�T�E�R�I�N�G�� �E�S�T�I�M�A�T�I�N�G �S�T�A�T�E �V�A�R�I�A�B�L�E�S ���H�E�R�E��
�P�O�S�I�T�I�O�N �A�N�D �V�E�L�O�C�I�T�Y�	 �F�R�O�M �N�O�I�S�Y �O�B�S�E�R�V�A�T�I�O�N�S �O�V�E�R �T�I�M�E�� �)�F �T�H�E �V�A�R�I�A�B�L�E�S �W�E�R�E �D�I�S�C�R�E�T�E�� �W�E
�C�O�U�L�D �M�O�D�E�L �T�H�E �S�Y�S�T�E�M �W�I�T�H �A �H�I�D�D�E�N �-�A�R�K�O�V �M�O�D�E�L�� �4�H�I�S �S�E�C�T�I�O�N �E�X�A�M�I�N�E�S �M�E�T�H�O�D�S �F�O�R
�H�A�N�D�L�I�N�G �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S�� �U�S�I�N�G �A�N �A�L�G�O�R�I�T�H�M �C�A�L�L�E�D�.�D�O�P�D�Q �¿�O�W�H�U�L�Q�J�� �A�F�T�E�R �O�N�E �O�F �I�T�SKALMAN FILTERING

�I�N�V�E�N�T�O�R�S�� �2�U�D�O�L�F �%�� �+�A�L�M�A�N��
�4�H�E �B�I�R�D���S �m�I�G�H�T �M�I�G�H�T �B�E �S�P�E�C�I�l�E�D �B�Y �S�I�X �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �A�T �E�A�C�H �T�I�M�E�P�O�I�N�T�� �T�H�R�E�E

�F�O�R �P�O�S�I�T�I�O�N(X t , Yt , Zt ) �A�N�D �T�H�R�E�E �F�O�R �V�E�L�O�C�I�T�Y( �X t , �Yt , �Zt )�� �7�E �W�I�L�L �N�E�E�D �S�U�I�T�A�B�L�E �C�O�N�D�I�T�I�O�N�A�L
�D�E�N�S�I�T�I�E�S �T�O �R�E�P�R�E�S�E�N�T �T�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S�� �A�S �I�N �#�H�A�P�T�E�R �������W�E �W�I�L�L �U�S�E�O�L�Q�H�D�U
�*�D�X�V�V�L�D�Q�D�I�S�T�R�I�B�U�T�I�O�N�S�� �4�H�I�S �M�E�A�N�S �T�H�A�T �T�H�E �N�E�X�T �S�T�A�T�E�; t+1 �M�U�S�T �B�E �A �L�I�N�E�A�R �F�U�N�C�T�I�O�N �O�F �T�H�E
�C�U�R�R�E�N�T �S�T�A�T�E�; t �� �P�L�U�S �S�O�M�E �'�A�U�S�S�I�A�N �N�O�I�S�E�� �A �C�O�N�D�I�T�I�O�N �T�H�A�T �T�U�R�N�S �O�U�T �T�O �B�E �Q�U�I�T�E �R�E�A�S�O�N�A�B�L� E � I� N
�P�R�A�C�T�I�C�E�� �#�O�N�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E�� �T�H�EX �
�C�O�O�R�D�I�N�A�T�E �O�F �T�H�E �B�I�R�D�� �I�G�N�O�R�I�N�G �T�H�E �O�T�H�E�R �C�O�O�R�D�I�N�A�T�E�S
�F�O�R �N�O�W�� �,�E�T �T�H�E �T�I�M�E �I�N�T�E�R�V�A�L �B�E�T�W�E�E�N �O�B�S�E�R�V�A�T�I�O�N�S �B�E� �� �A�N�D �A�S�S�U�M�E �C�O�N�S�T�A�N�T �V�E�L�O�C�I�T�Y
�D�U�R�I�N�G �T�H�E �I�N�T�E�R�V�A�L�� �T�H�E�N �T�H�E �P�O�S�I�T�I�O�N �U�P�D�A�T�E �I�S �G�I�V�E�N �B�YX t+� = X t + �X � �� �!�D�D�I�N�G �'�A�U�S�S�I�A�N
�N�O�I�S�E ���T�O �A�C�C�O�U�N�T �F�O�R �W�I�N�D �V�A�R�I�A�T�I�O�N�� �E�T�C���	�� �W�E �O�B�T�A�I�N �A �L�I�N�E�A�R �'�A�U�S�S�I�A�N �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L��

P(X t+� = xt+� | X t = xt , �X t = �xt ) = N (xt + �xt � , � 2)(x t+� ) .

�4�H�E �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �S�T�R�U�C�T�U�R�E �F�O�R �A �S�Y�S�T�E�M �W�I�T�H �P�O�S�I�T�I�O�N �V�E�C�T�O�R�; t �A�N�D �V�E�L�O�C�I�T�Y��; t �I�S �S�H�O�W�N
�I�N �&�I�G�U�R�E ���������� �.�O�T�E �T�H�A�T �T�H�I�S �I�S �A �V�E�R�Y �S�P�E�C�I�l�C �F�O�R�M �O�F �L�I�N�E�A�R �'�A�U�S�S�I�A�N �M�O�D�E�L�� �T�H�E �G�E�N�E�R�A�L
�F�O�R�M �W�I�L�L �B�E �D�E�S�C�R�I�B�E�D �L�A�T�E�R �I�N �T�H�I�S �S�E�C�T�I�O�N �A�N�D �C�O�V�E�R�S �A �V�A�S�T �A�R�R�A�Y �O�F �A�P�P�L�I�C�A�T�I�O�N�S �B�E�Y�O�N�D �T�H�E
�S�I�M�P�L�E �M�O�T�I�O�N �E�X�A�M�P�L�E�S �O�F �T�H�E �l�R�S�T �P�A�R�A�G�R�A�P�H�� �4�H�E �R�E�A�D�E�R �M�I�G�H�T �W�I�S�H �T�O �C�O�N�S�U�L�T �!�P�P�E�N�D�I�X �!
�F�O�R �S�O�M�E �O�F �T�H�E �M�A�T�H�E�M�A�T�I�C�A�L �P�R�O�P�E�R�T�I�E�S �O�F �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�S�� �F�O�R �O�U�R �I�M�M�E�D�I�A�T�E �P�U�R�

�P�O�S�E�S�� �T�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �I�S �T�H�A�T �A�P�X�O�W�L�Y�D�U�L�D�W�H �*�D�X�V�V�L�D�Q�D�I�S�T�R�I�B�U�T�I�O�N �F�O�Rd �V�A�R�I�A�B�L�E�S �I�SMULTIVARIATE

GAUSSIAN

�S�P�E�C�I�l�E�D �B�Y �Ad�
�E�L�E�M�E�N�T �M�E�A�Nµ �A�N�D �Ad× d �C�O�V�A�R�I�A�N�C�E �M�A�T�R�I�X� ��

������������ �8�S�G�D�W�L�Q�J �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q�V

�)�N �#�H�A�P�T�E�R ���� �O�N �P�A�G�E �������� �W�E �A�L�L�U�D�E�D �T�O �A �K�E�Y �P�R�O�P�E�R�T�Y �O�F �T�H�E �L�I�N�E�A�R �'�A�U�S�S�I�A�N�F�A�M�I�L�Y �O�F �D�I�S�

�T�R�I�B�U�T�I�O�N�S�� �I�T �R�E�M�A�I�N�S �C�L�O�S�E�D �U�N�D�E�R �T�H�E �S�T�A�N�D�A�R�D �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �O�P�E�R�A�T�I�O�N�S�� �(�E�R�E�� �W�E �M�A�K�E
�T�H�I�S �C�L�A�I�M �P�R�E�C�I�S�E �I�N �T�H�E �C�O�N�T�E�X�T �O�F �l�L�T�E�R�I�N�G �I�N �A �T�E�M�P�O�R�A�L �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�� �4�H�E �R�E�Q�U�I�R�E�D
�P�R�O�P�E�R�T�I�E�S �C�O�R�R�E�S�P�O�N�D �T�O �T�H�E �T�W�O�
�S�T�E�P �l�L�T�E�R�I�N�G �C�A�L�C�U�L�A�T�I�O�N �I�N �%�Q�U�A�T�I�O�N �����������	��

���� �)�F �T�H�E �C�U�R�R�E�N�T �D�I�S�T�R�I�B�U�T�I�O�N�3(�; t | �H1:t ) �I�S �'�A�U�S�S�I�A�N �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�3(�; t+1 | �[t )
�I�S �L�I�N�E�A�R �'�A�U�S�S�I�A�N�� �T�H�E�N �T�H�E �O�N�E�
�S�T�E�P �P�R�E�D�I�C�T�E�D �D�I�S�T�R�I�B�U�T�I�O�N �G�I�V�E�N �B�Y

�3(�; t+1 | �H1:t ) =
�

�[t
�3(�; t+1 | �[t )P(�[t | �H1:t ) d�[t �������������	

�I�S �A�L�S�O �A �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N��



�3�E�C�T�I�O�N ���������� �+�A�L�M�A�N �&�I�L�T�E�R�S ������

�W�= �W�����=

�W�; �W�����;

�W�; �W�����;

�)�L�J�X�U�H ���������"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �S�T�R�U�C�T�U�R�E �F�O�R �A �L�I�N�E�A�R �D�Y�N�A�M�I�C�A�L �S�Y�S�T�E�M �W�I�T�H �P�O�S�I�T�I�O�N�; t ��
�V�E�L�O�C�I�T�Y��; t �� �A�N�D �P�O�S�I�T�I�O�N �M�E�A�S�U�R�E�M�E�N�T�=t ��

���� �)�F �T�H�E �P�R�E�D�I�C�T�I�O�N�3(�; t+1 | �H1:t ) �I�S �'�A�U�S�S�I�A�N �A�N�D �T�H�E �S�E�N�S�O�R �M�O�D�E�L�3(�Ht+1 | �; t+1 ) �I�S �L�I�N�E�A�R
�'�A�U�S�S�I�A�N�� �T�H�E�N�� �A�F�T�E�R �C�O�N�D�I�T�I�O�N�I�N�G �O�N �T�H�E �N�E�W �E�V�I�D�E�N�C�E�� �T�H�E �U�P�D�A�T�E�D �D�I�S�T�R�I�B�U�T�I�O�N

�3(�; t+1 | �H1:t+1 ) = � �3(�Ht+1 | �; t+1 )�3(�; t+1 | �H1:t ) �������������	

�I�S �A�L�S�O �A �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N��

�4�H�U�S�� �T�H�E �&�/�2�7�!�2�$ �O�P�E�R�A�T�O�R �F�O�R �+�A�L�M�A�N �l�L�T�E�R�I�N�G �T�A�K�E�S �A �'�A�U�S�S�I�A�N �F�O�R�W�A�R�D �M�E�S�S�A�G�E�I1:t ��
�S�P�E�C�I�l�E�D �B�Y �A �M�E�A�Nµ t �A�N�D �C�O�V�A�R�I�A�N�C�E �M�A�T�R�I�X� t �� �A�N�D �P�R�O�D�U�C�E�S �A �N�E�W �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N
�F�O�R�W�A�R�D �M�E�S�S�A�G�E�I1:t+1 �� �S�P�E�C�I�l�E�D �B�Y �A �M�E�A�Nµ t+1 �A�N�D �C�O�V�A�R�I�A�N�C�E �M�A�T�R�I�X� t+1 � � � 3� O� � � I� F � W� E
�S�T�A�R�T �W�I�T�H �A �'�A�U�S�S�I�A�N �P�R�I�O�R�I1:0 = �3(�; 0) = N (µ 0, � 0)�� �l�L�T�E�R�I�N�G �W�I�T�H �A �L�I�N�E�A�R �'�A�U�S�S�I�A�N �M�O�D�E�L
�P�R�O�D�U�C�E�S �A �'�A�U�S�S�I�A�N �S�T�A�T�E �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �A�L�L �T�I�M�E��

�4�H�I�S �S�E�E�M�S �T�O �B�E �A �N�I�C�E�� �E�L�E�G�A�N�T �R�E�S�U�L�T�� �B�U�T �W�H�Y �I�S �I�T �S�O �I�M�P�O�R�T�A�N�T�� �4�H�E �R�E�A�S�O� N � I� S � T� H� A� T� �
�E�X�C�E�P�T �F�O�R �A �F�E�W �S�P�E�C�I�A�L �C�A�S�E�S �S�U�C�H �A�S �T�H�I�S���¿�O�W�H�U�L�Q�J �Z�L�W�K �F�R�Q�W�L�Q�X�R�X�V �R�U �K�\�E�U�L�G ���G�L�V�F�U�H�W�H �D�Q�G
�F�R�Q�W�L�Q�X�R�X�V�� �Q�H�W�Z�R�U�N�V �J�H�Q�H�U�D�W�H�V �V�W�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q�V �Z�K�R�V�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �J�U�R�Z�V �Z�L�W�K�R�X�W �E�R�X�Q�G
�R�Y�H�U �W�L�P�H���4�H�I�S �S�T�A�T�E�M�E�N�T �I�S �N�O�T �E�A�S�Y �T�O �P�R�O�V�E �I�N �G�E�N�E�R�A�L�� �B�U�T �%�X�E�R�C�I�S�E ���������� �S�H�O�W�S �W�H�A�T
�H�A�P�P�E�N�S �F�O�R �A �S�I�M�P�L�E �E�X�A�M�P�L�E��

������������ �$ �V�L�P�S�O�H �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �H�[�D�P�S�O�H

�7�E �H�A�V�E �S�A�I�D �T�H�A�T �T�H�E �&�/�2�7�!�2�$ �O�P�E�R�A�T�O�R �F�O�R �T�H�E �+�A�L�M�A�N �l�L�T�E�R �M�A�P�S �A �'�A�U�S�S�I�A�N �I�N�T�O �A �N�E�W
�'�A�U�S�S�I�A�N�� �4�H�I�S �T�R�A�N�S�L�A�T�E�S �I�N�T�O �C�O�M�P�U�T�I�N�G �A �N�E�W �M�E�A�N �A�N�D �C�O�V�A�R�I�A�N�C�E �M�A�T�R�I�X �F�R�O�M �T�H�E �P�R�E�V�I�

�O�U�S �M�E�A�N �A�N�D �C�O�V�A�R�I�A�N�C�E �M�A�T�R�I�X�� �$�E�R�I�V�I�N�G �T�H�E �U�P�D�A�T�E �R�U�L�E �I�N �T�H�E �G�E�N�E�R�A�L ���M�U�L�T�I�V�A�R�I�A�T�E�	 �C�A�S�E
�R�E�Q�U�I�R�E�S �R�A�T�H�E�R �A �L�O�T �O�F �L�I�N�E�A�R �A�L�G�E�B�R�A�� �S�O �W�E �W�I�L�L �S�T�I�C�K �T�O �A �V�E�R�Y �S�I�M�P�L�E �U�N�I�V�A�R�I�A�T�E �C�A�S�E �F�O�R �N�O�W��
�A�N�D �L�A�T�E�R �G�I�V�E �T�H�E �R�E�S�U�L�T�S �F�O�R �T�H�E �G�E�N�E�R�A�L �C�A�S�E�� �%�V�E�N �F�O�R �T�H�E �U�N�I�V�A�R�I�A�T�E �C�A�S�E�� �T�H�E �C�A�L�C�U�L�A�T�I�O�N�S
�A�R�E �S�O�M�E�W�H�A�T �T�E�D�I�O�U�S�� �B�U�T �W�E �F�E�E�L �T�H�A�T �T�H�E�Y �A�R�E �W�O�R�T�H �S�E�E�I�N�G �B�E�C�A�U�S�E �T�H�E �U�S�E�F�U�L�N�E�S�S �O�F �T�H�E
�+�A�L�M�A�N �l�L�T�E�R �I�S �T�I�E�D �S�O �I�N�T�I�M�A�T�E�L�Y �T�O �T�H�E �M�A�T�H�E�M�A�T�I�C�A�L �P�R�O�P�E�R�T�I�E�S �O�F �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�S��

�4�H�E �T�E�M�P�O�R�A�L �M�O�D�E�L �W�E �C�O�N�S�I�D�E�R �D�E�S�C�R�I�B�E�S �A�U�D�Q�G�R�P �Z�D�O�N�O�F �A �S�I�N�G�L�E �C�O�N�T�I�N�U�O�U�S �S�T�A�T�E
�V�A�R�I�A�B�L�EX t �W�I�T�H �A �N�O�I�S�Y �O�B�S�E�R�V�A�T�I�O�NZt �� �!�N �E�X�A�M�P�L�E �M�I�G�H�T �B�E �T�H�E �h�C�O�N�S�U�M�E�R �C�O�N�l�D�E�N�C�E�v �I�N�

�D�E�X�� �W�H�I�C�H �C�A�N �B�E �M�O�D�E�L�E�D �A�S �U�N�D�E�R�G�O�I�N�G �A �R�A�N�D�O�M �'�A�U�S�S�I�A�N�
�D�I�S�T�R�I�B�U�T�E�D �C�H�A�N�G�E �E�A�C�H �M�O�N�T�H
�A�N�D �I�S �M�E�A�S�U�R�E�D �B�Y �A �R�A�N�D�O�M �C�O�N�S�U�M�E�R �S�U�R�V�E�Y �T�H�A�T �A�L�S�O �I�N�T�R�O�D�U�C�E�S �'�A�U�S�S�I�A�N �S�A�M�P�L�I�N�G �N�O�I�S�E��



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�4�H�E �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �I�S �A�S�S�U�M�E�D �T�O �B�E �'�A�U�S�S�I�A�N �W�I�T�H �V�A�R�I�A�N�C�E� 2
0��

P(x0) = � e
Š 1

2

Œ
( x 0Šµ 0 ) 2

� 2
0

«

.

���&�O�R �S�I�M�P�L�I�C�I�T�Y�� �W�E �U�S�E �T�H�E �S�A�M�E �S�Y�M�B�O�L� �F�O�R �A�L�L �N�O�R�M�A�L�I�Z�I�N�G �C�O�N�S�T�A�N�T�S �I�N �T�H�I�S �S�E�C�T�I�O�N���	 �4�H�E
�T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �A�D�D�S �A �'�A�U�S�S�I�A�N �P�E�R�T�U�R�B�A�T�I�O�N �O�F �C�O�N�S�T�A�N�T �V�A�R�I�A�N�C�E� 2

x �T�O �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E��

P(xt+1 | xt ) = � e
Š 1

2

Œ
( x t +1 Šx t ) 2

� 2
x

«

.

�4�H�E �S�E�N�S�O�R �M�O�D�E�L �A�S�S�U�M�E�S �'�A�U�S�S�I�A�N �N�O�I�S�E �W�I�T�H �V�A�R�I�A�N�C�E� 2
z ��

P(zt | xt ) = � e
Š 1

2

Œ
( zt Šx t ) 2

� 2
z

«

.

�.�O�W�� �G�I�V�E�N �T�H�E �P�R�I�O�R�3(X 0)�� �T�H�E �O�N�E�
�S�T�E�P �P�R�E�D�I�C�T�E�D �D�I�S�T�R�I�B�U�T�I�O�N �C�O�M�E�S �F�R�O�M �%�Q�U�A�T�I�O�N �������������	��

P(x1) =
� �

Š�
P(x1 | x0)P(x0) dx0 = �

� �

Š�
e

Š 1
2

Œ
( x 1Šx 0) 2

� 2
x

«

e
Š 1

2

Œ
( x 0Šµ 0 ) 2

� 2
0

«

dx0

= �
� �

Š�
e

Š 1
2

Œ
� 2

0 ( x 1 Šx 0) 2 + � 2
x ( x 0Šµ 0 ) 2

� 2
0 � 2

x

«

dx0 .

�4�H�I�S �I�N�T�E�G�R�A�L �L�O�O�K�S �R�A�T�H�E�R �C�O�M�P�L�I�C�A�T�E�D�� �4�H�E �K�E�Y �T�O �P�R�O�G�R�E�S�S �I�S �T�O �N�O�T�I�C�E �T�H�A�T �T�H�E �E�X�P�O�N�E�N�T �I�S �T�H�E
�S�U�M �O�F �T�W�O �E�X�P�R�E�S�S�I�O�N�S �T�H�A�T �A�R�E�T�X�D�G�U�D�W�L�F�I�Nx0 �A�N�D �H�E�N�C�E �I�S �I�T�S�E�L�F �A �Q�U�A�D�R�A�T�I�C �I�Nx0� � � ! � S� I� M� P� L� E
�T�R�I�C�K �K�N�O�W�N �A�S�F�R�P�S�O�H�W�L�Q�J �W�K�H �V�T�X�D�U�H�A�L�L�O�W�S �T�H�E �R�E�W�R�I�T�I�N�G �O�F �A�N�Y �Q�U�A�D�R�A�T�I�Cax2

0 + bx0 + cCOMPLETING THE
SQUARE

�A�S �T�H�E �S�U�M �O�F �A �S�Q�U�A�R�E�D �T�E�R�Ma(x0 Š Š b
2a )2 �A�N�D �A �R�E�S�I�D�U�A�L �T�E�R�Mc Š b2

4a �T�H�A�T �I�S �I�N�D�E�P�E�N�D�E�N�T �O�F
x0�� �4�H�E �R�E�S�I�D�U�A�L �T�E�R�M �C�A�N �B�E �T�A�K�E�N �O�U�T�S�I�D�E �T�H�E �I�N�T�E�G�R�A�L�� �G�I�V�I�N�G �U�S

P(x1) = � e
Š 1

2

•
cŠ b2

4a

Ž � �

Š�
eŠ 1

2 (a(x0Š Šb
2a )2) dx0 .

�.�O�W �T�H�E �I�N�T�E�G�R�A�L �I�S �J�U�S�T �T�H�E �I�N�T�E�G�R�A�L �O�F �A �'�A�U�S�S�I�A�N �O�V�E�R �I�T�S �F�U�L�L �R�A�N�G�E�� �W�H�I�C�H �I�S �S�I�M�P�L�Y ���� �4�H�U�S��
�W�E �A�R�E �L�E�F�T �W�I�T�H �O�N�L�Y �T�H�E �R�E�S�I�D�U�A�L �T�E�R�M �F�R�O�M �T�H�E �Q�U�A�D�R�A�T�I�C�� �4�H�E�N�� �W�E �N�O�T�I�C�E �T�H�A�T �T�H�E �R�E�S�I�D�U�A�L
�T�E�R�M �I�S �A �Q�U�A�D�R�A�T�I�C �I�Nx1�� �I�N �F�A�C�T�� �A�F�T�E�R �S�I�M�P�L�I�l�C�A�T�I�O�N�� �W�E �O�B�T�A�I�N

P(x1) = � e
Š 1

2

Œ
( x 1Šµ 0 ) 2

� 2
0 + � 2

x

«

.

�4�H�A�T �I�S�� �T�H�E �O�N�E�
�S�T�E�P �P�R�E�D�I�C�T�E�D �D�I�S�T�R�I�B�U�T�I�O�N �I�S �A �'�A�U�S�S�I�A�N �W�I�T�H �T�H�E �S�A�M�E �M�E�A�Nµ0 �A�N�D �A �V�A�R�I�A�N�C�E
�E�Q�U�A�L �T�O �T�H�E �S�U�M �O�F �T�H�E �O�R�I�G�I�N�A�L �V�A�R�I�A�N�C�E� 2

0 �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N �V�A�R�I�A�N�C�E� 2
x ��

�4�O �C�O�M�P�L�E�T�E �T�H�E �U�P�D�A�T�E �S�T�E�P�� �W�E �N�E�E�D �T�O �C�O�N�D�I�T�I�O�N �O�N �T�H�E �O�B�S�E�R�V�A�T�I�O�N �A�T �T�H�E �l�R�S�T �T�I�M�E
�S�T�E�P�� �N�A�M�E�L�Y��z1�� �&�R�O�M �%�Q�U�A�T�I�O�N �������������	�� �T�H�I�S �I�S �G�I�V�E�N �B�Y

P(x1 | z1) = � P (z1 | x1)P(x1)

= � e
Š 1

2

Œ
( z1Šx 1 ) 2

� 2
z

«

e
Š 1

2

Œ
( x 1Šµ 0 ) 2

� 2
0 + � 2

x

«

.

�/�N�C�E �A�G�A�I�N�� �W�E �C�O�M�B�I�N�E �T�H�E �E�X�P�O�N�E�N�T�S �A�N�D �C�O�M�P�L�E�T�E �T�H�E �S�Q�U�A�R�E ���%�X�E�R�C�I�S�E �����������	�� �O�B�T�A�I�N�I�N�G

P(x1 | z1) = � e

Š 1
2

0

B
B
@

( x 1Š
( � 2

0 + � 2
x ) z1 + � 2

z µ 0
� 2

0 + � 2
x + � 2

z
) 2

( � 2
0 + � 2

x ) � 2
z / ( � 2

0 + � 2
x + � 2

z )

1

C
C
A

. �������������	
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�)�L�J�X�U�H �����������3�T�A�G�E�S �I�N �T�H�E �+�A�L�M�A�N �l�L�T�E�R �U�P�D�A�T�E �C�Y�C�L�E �F�O�R �A �R�A�N�D�O�M �W�A�L�K �W�I�T�H �A �P�R�I�O�R
�G�I�V�E�N �B�Yµ0 = 0 .0 �A�N�D� 0 = 1 .0�� �T�R�A�N�S�I�T�I�O�N �N�O�I�S�E �G�I�V�E�N �B�Y� x = 2 .0�� �S�E�N�S�O�R �N�O�I�S�E �G�I�V�E�N �B�Y
� z = 1 .0�� �A�N�D �A �l�R�S�T �O�B�S�E�R�V�A�T�I�O�Nz1 = 2 .5 ���M�A�R�K�E�D �O�N �T�H�Ex�
�A�X�I�S�	�� �.�O�T�I�C�E �H�O�W �T�H�E �P�R�E�D�I�C�T�I�O�N
P(x1) �I�S �m�A�T�T�E�N�E�D �O�U�T�� �R�E�L�A�T�I�V�E �T�OP(x0)�� �B�Y �T�H�E �T�R�A�N�S�I�T�I�O�N �N�O�I�S�E�� �.�O�T�I�C�E �A�L�S�O �T�H�A�T �T�H�E �M�E�A�N
�O�F �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�NP(x1 | z1) �I�S �S�L�I�G�H�T�L�Y �T�O �T�H�E �L�E�F�T �O�F �T�H�E �O�B�S�E�R�V�A�T�I�O�Nz1 �B�E�C�A�U�S�E �T�H�E
�M�E�A�N �I�S �A �W�E�I�G�H�T�E�D �A�V�E�R�A�G�E �O�F �T�H�E �P�R�E�D�I�C�T�I�O�N �A�N�D �T�H�E �O�B�S�E�R�V�A�T�I�O�N��

�4�H�U�S�� �A�F�T�E�R �O�N�E �U�P�D�A�T�E �C�Y�C�L�E�� �W�E �H�A�V�E �A �N�E�W �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E��
�&�R�O�M �T�H�E �'�A�U�S�S�I�A�N �F�O�R�M�U�L�A �I�N �%�Q�U�A�T�I�O�N �������������	�� �W�E �S�E�E �T�H�A�T �T�H�E �N�E�W �M�E�A�N �A�N�D �S�T�A�N�D�A�R�D

�D�E�V�I�A�T�I�O�N �C�A�N �B�E �C�A�L�C�U�L�A�T�E�D �F�R�O�M �T�H�E �O�L�D �M�E�A�N �A�N�D �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N �A�S �F�O�L�L�O�W�S��

µt+1 =
(� 2

t + � 2
x )zt+1 + � 2

zµt

� 2
t + � 2

x + � 2
z

�A�N�D � 2
t+1 =

(� 2
t + � 2

x )� 2
z

� 2
t + � 2

x + � 2
z
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�&�I�G�U�R�E ���������� �S�H�O�W�S �O�N�E �U�P�D�A�T�E �C�Y�C�L�E �F�O�R �P�A�R�T�I�C�U�L�A�R �V�A�L�U�E�S �O�F �T�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S��
�%�Q�U�A�T�I�O�N �������������	 �P�L�A�Y�S �E�X�A�C�T�L�Y �T�H�E �S�A�M�E �R�O�L�E �A�S �T�H�E �G�E�N�E�R�A�L �l�L�T�E�R�I�N�G �E�Q�U�A�T�I�O�N �����������	 �O�R

�T�H�E �(�-�- �l�L�T�E�R�I�N�G �E�Q�U�A�T�I�O�N �������������	�� �"�E�C�A�U�S�E �O�F �T�H�E �S�P�E�C�I�A�L �N�A�T�U�R�E �O�F �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�S��
�H�O�W�E�V�E�R�� �T�H�E �E�Q�U�A�T�I�O�N�S �H�A�V�E �S�O�M�E �I�N�T�E�R�E�S�T�I�N�G �A�D�D�I�T�I�O�N�A�L �P�R�O�P�E�R�T�I�E�S�� �&�I�R�S�T�� �W�E �C�A�N �I�N�T�E�R�P�R�E�T
�T�H�E �C�A�L�C�U�L�A�T�I�O�N �F�O�R �T�H�E �N�E�W �M�E�A�Nµt+1 �A�S �S�I�M�P�L�Y �A�Z�H�L�J�K�W�H�G �P�H�D�Q�O�F �T�H�E �N�E�W �O�B�S�E�R�V�A�T�I�O�N
zt+1 �A�N�D �T�H�E �O�L�D �M�E�A�Nµt �� �)�F �T�H�E �O�B�S�E�R�V�A�T�I�O�N �I�S �U�N�R�E�L�I�A�B�L�E�� �T�H�E�N� 2

z �I�S �L�A�R�G�E �A�N�D �W�E �P�A�Y �M�O�R�E
�A�T�T�E�N�T�I�O�N �T�O �T�H�E �O�L�D �M�E�A�N�� �I�F �T�H�E �O�L�D �M�E�A�N �I�S �U�N�R�E�L�I�A�B�L�E ��� 2

t �I�S �L�A�R�G�E�	 �O�R �T�H�E �P�R�O�C�E�S�S �I�S �H�I�G�H�L�Y
�U�N�P�R�E�D�I�C�T�A�B�L�E ��� 2

x �I�S �L�A�R�G�E�	�� �T�H�E�N �W�E �P�A�Y �M�O�R�E �A�T�T�E�N�T�I�O�N �T�O �T�H�E �O�B�S�E�R�V�A�T�I�O�N�� �3�E�C�O�N�D�� �N�O�T�I�C�E
�T�H�A�T �T�H�E �U�P�D�A�T�E �F�O�R �T�H�E �V�A�R�I�A�N�C�E� 2

t+1 �I�S�L�Q�G�H�S�H�Q�G�H�Q�W �R�I �W�K�H �R�E�V�H�U�Y�D�W�L�R�Q�� �7�E �C�A�N �T�H�E�R�E�F�O�R�E
�C�O�M�P�U�T�E �I�N �A�D�V�A�N�C�E �W�H�A�T �T�H�E �S�E�Q�U�E�N�C�E �O�F �V�A�R�I�A�N�C�E �V�A�L�U�E�S �W�I�L�L �B�E�� �4�H�I�R�D�� �T�H�E�S�E�Q�U�E�N�C�E �O�F
�V�A�R�I�A�N�C�E �V�A�L�U�E�S �C�O�N�V�E�R�G�E�S �Q�U�I�C�K�L�Y �T�O �A �l�X�E�D �V�A�L�U�E �T�H�A�T �D�E�P�E�N�D�S �O�N�L�Y �O�N� 2

x �A�N�D� 2
z �� �T�H�E�R�E�B�Y

�S�U�B�S�T�A�N�T�I�A�L�L�Y �S�I�M�P�L�I�F�Y�I�N�G �T�H�E �S�U�B�S�E�Q�U�E�N�T �C�A�L�C�U�L�A�T�I�O�N�S�� ���3�E�E �%�X�E�R�C�I�S�E �������������	

������������ �7�K�H �J�H�Q�H�U�D�O �F�D�V�H

�4�H�E �P�R�E�C�E�D�I�N�G �D�E�R�I�V�A�T�I�O�N �I�L�L�U�S�T�R�A�T�E�S �T�H�E �K�E�Y �P�R�O�P�E�R�T�Y �O�F �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�S �T�H�A�T �A�L�L�O�W�S
�+�A�L�M�A�N �l�L�T�E�R�I�N�G �T�O �W�O�R�K�� �T�H�E �F�A�C�T �T�H�A�T �T�H�E �E�X�P�O�N�E�N�T �I�S �A �Q�U�A�D�R�A�T�I�C �F�O�R�M�� �4�H�I�S �I�S �T�R�U�E �N�O�T �J�U�S�T
�F�O�R �T�H�E �U�N�I�V�A�R�I�A�T�E �C�A�S�E�� �T�H�E �F�U�L�L �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N �H�A�S�T�H�E �F�O�R�M

N (µ , � )(�[) = � e
Š 1

2

•
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Ž

.



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�-�U�L�T�I�P�L�Y�I�N�G �O�U�T �T�H�E �T�E�R�M�S �I�N �T�H�E �E�X�P�O�N�E�N�T �M�A�K�E�S �I�T �C�L�E�A�R �T�H�A�T �T�H�E �E�X�P�O�N�E�N�T �I�S �A�L�S�O �A �Q�U�A�D�R�A�T�I�C
�F�U�N�C�T�I�O�N �O�F �T�H�E �V�A�L�U�E�Sxi �I�N�[�� �!�S �I�N �T�H�E �U�N�I�V�A�R�I�A�T�E �C�A�S�E�� �T�H�E �l�L�T�E�R�I�N�G �U�P�D�A�T�E �P�R�E�S�E�R�V�E�S �T�H�E
�'�A�U�S�S�I�A�N �N�A�T�U�R�E �O�F �T�H�E �S�T�A�T�E �D�I�S�T�R�I�B�U�T�I�O�N��

�,�E�T �U�S �l�R�S�T �D�E�l�N�E �T�H�E �G�E�N�E�R�A�L �T�E�M�P�O�R�A�L �M�O�D�E�L �U�S�E�D �W�I�T�H �+�A�L�M�A�N �l�L�T�E�R�I�N�G�� �"�O�T� H � T� H� E � T� R� A� N� 

�S�I�T�I�O�N �M�O�D�E�L �A�N�D �T�H�E �S�E�N�S�O�R �M�O�D�E�L �A�L�L�O�W �F�O�R �A�O�L�Q�H�D�U�T�R�A�N�S�F�O�R�M�A�T�I�O�N �W�I�T�H �A�D�D�I�T�I�V�E �'�A�U�S�S�I�A�N
�N�O�I�S�E�� �4�H�U�S�� �W�E �H�A�V�E

P(�[t+1 | �[t ) = N (�)�[t , � x )(�[ t+1 )
P(�]t | �[t ) = N (�+�[t , � z)(�]t ) ,
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�W�H�E�R�E�) �A�N�D� x �A�R�E �M�A�T�R�I�C�E�S �D�E�S�C�R�I�B�I�N�G �T�H�E �L�I�N�E�A�R �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �A�N�D �T�R�A�N�S�I�T�I�O�N �N�O�I�S�E�C�O�

�V�A�R�I�A�N�C�E�� �A�N�D�+ �A�N�D� z �A�R�E �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �M�A�T�R�I�C�E�S �F�O�R �T�H�E �S�E�N�S�O�R �M�O�D�E�L�� �.�O�W �T�H�E �U�P�D�A�T�E
�E�Q�U�A�T�I�O�N�S �F�O�R �T�H�E �M�E�A�N �A�N�D �C�O�V�A�R�I�A�N�C�E�� �I�N �T�H�E�I�R �F�U�L�L�� �H�A�I�R�Y �H�O�R�R�I�B�L�E�N�E�S�S�� �A�R�E

µ t+1 = �)µ t + �. t+1 (�]t+1 Š �+�)µ t )
� t+1 = ( �,Š �. t+1 �+)(�) � t �)� + � x ) ,
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�W�H�E�R�E�. t+1 = ( �)� t �)� + � x )�+� (�+(�)� t �)� + � x )�+� + � z)Š 1 �I�S �C�A�L�L�E�D �T�H�E�.�D�O�P�D�Q �J�D�L�Q
�P�D�W�U�L�[�� �"�E�L�I�E�V�E �I�T �O�R �N�O�T�� �T�H�E�S�E �E�Q�U�A�T�I�O�N�S �M�A�K�E �S�O�M�E �I�N�T�U�I�T�I�V�E �S�E�N�S�E�� �&�O�R �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�RKALMAN GAIN

MATRIX

�T�H�E �U�P�D�A�T�E �F�O�R �T�H�E �M�E�A�N �S�T�A�T�E �E�S�T�I�M�A�T�Eµ � � � 4� H� E � T� E� R� M�)µ t �I�S �T�H�E�S�U�H�G�L�F�W�H�G�S�T�A�T�E �A�Tt + 1 � � � S� O
�+�)µ t �I�S �T�H�E�S�U�H�G�L�F�W�H�G�O�B�S�E�R�V�A�T�I�O�N�� �4�H�E�R�E�F�O�R�E�� �T�H�E �T�E�R�M�]t+1 Š �+�)µ t �R�E�P�R�E�S�E�N�T�S �T�H�E �E�R�R�O�R �I�N
�T�H�E �P�R�E�D�I�C�T�E�D �O�B�S�E�R�V�A�T�I�O�N�� �4�H�I�S �I�S �M�U�L�T�I�P�L�I�E�D �B�Y�. t+1 �T�O �C�O�R�R�E�C�T �T�H�E �P�R�E�D�I�C�T�E�D �S�T�A�T�E�� �H�E�N�C�E��
�. t+1 �I�S �A �M�E�A�S�U�R�E �O�F�K�R�Z �V�H�U�L�R�X�V�O�\ �W�R �W�D�N�H �W�K�H �Q�H�Z �R�E�V�H�U�Y�D�W�L�R�Q�R�E�L�A�T�I�V�E �T�O �T�H�E �P�R�E�D�I�C�T�I�O�N�� �!�S
�I�N �%�Q�U�A�T�I�O�N �������������	�� �W�E �A�L�S�O �H�A�V�E �T�H�E �P�R�O�P�E�R�T�Y �T�H�A�T �T�H�E �V�A�R�I�A�N�C�E �U�P�D�A�T�E �I�S �I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E
�O�B�S�E�R�V�A�T�I�O�N�S�� �4�H�E �S�E�Q�U�E�N�C�E �O�F �V�A�L�U�E�S �F�O�R� t �A�N�D�. t �C�A�N �T�H�E�R�E�F�O�R�E �B�E �C�O�M�P�U�T�E�D �O�F�m�I�N�E�� �A�N�D
�T�H�E �A�C�T�U�A�L �C�A�L�C�U�L�A�T�I�O�N�S �R�E�Q�U�I�R�E�D �D�U�R�I�N�G �O�N�L�I�N�E �T�R�A�C�K�I�N�G �A�R�E �Q�U�I�T�E �M�O�D�E�S�T��

�4�O �I�L�L�U�S�T�R�A�T�E �T�H�E�S�E �E�Q�U�A�T�I�O�N�S �A�T �W�O�R�K�� �W�E �H�A�V�E �A�P�P�L�I�E�D �T�H�E�M �T�O �T�H�E �P�R�O�B�L�E�M �O�F �T�R�A�C�K�I�N�G
�A�N �O�B�J�E�C�T �M�O�V�I�N�G �O�N �T�H�EX �nY �P�L�A�N�E�� �4�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S �A�R�E�; = ( X, Y, �X, �Y )� � � � S� O�)��� x ��
�+� � � A� N� D� z �A�R�E4× 4 �M�A�T�R�I�C�E�S�� �&�I�G�U�R�E �������������A�	 �S�H�O�W�S �T�H�E �T�R�U�E �T�R�A�J�E�C�T�O�R�Y�� �A �S�E�R�I�E�S �O�F �N�O�I�S�Y
�O�B�S�E�R�V�A�T�I�O�N�S�� �A�N�D �T�H�E �T�R�A�J�E�C�T�O�R�Y �E�S�T�I�M�A�T�E�D �B�Y �+�A�L�M�A�N �l�L�T�E�R�I�N�G�� �A�L�O�N�G �W�I�T�H �T�H�E �C�O�V�A�R�I�A�N�C�E�S
�I�N�D�I�C�A�T�E�D �B�Y �T�H�E �O�N�E�
�S�T�A�N�D�A�R�D�
�D�E�V�I�A�T�I�O�N �C�O�N�T�O�U�R�S�� �4�H�E �l�L�T�E�R�I�N�G �P�R�O�C�E�S�S�D�O�E�S �A �G�O�O�D �J�O�B �O�F
�T�R�A�C�K�I�N�G �T�H�E �A�C�T�U�A�L �M�O�T�I�O�N�� �A�N�D�� �A�S �E�X�P�E�C�T�E�D�� �T�H�E �V�A�R�I�A�N�C�E �Q�U�I�C�K�L�Y �R�E�A�C�H�E�S �A �l�X�E�D �P�O�I�N�T��

�7�E �C�A�N �A�L�S�O �D�E�R�I�V�E �E�Q�U�A�T�I�O�N�S �F�O�R�V�P�R�R�W�K�L�Q�J�A�S �W�E�L�L �A�S �l�L�T�E�R�I�N�G �W�I�T�H �L�I�N�E�A�R �'�A�U�S�S�I�A�N
�M�O�D�E�L�S�� �4�H�E �S�M�O�O�T�H�I�N�G �R�E�S�U�L�T�S �A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E �������������B�	�� �.�O�T�I�C�E �H�O�W �T�H�E�V�A�R�I�A�N�C�E �I�N �T�H�E
�P�O�S�I�T�I�O�N �E�S�T�I�M�A�T�E �I�S �S�H�A�R�P�L�Y �R�E�D�U�C�E�D�� �E�X�C�E�P�T �A�T �T�H�E �E�N�D�S �O�F �T�H�E �T�R�A�J�E�C�T�O�R�Y ���W�H�Y���	�� �A�N�D �T�H�A�T �T�H�E
�E�S�T�I�M�A�T�E�D �T�R�A�J�E�C�T�O�R�Y �I�S �M�U�C�H �S�M�O�O�T�H�E�R��

������������ �$�S�S�O�L�F�D�E�L�O�L�W�\ �R�I �.�D�O�P�D�Q �¿�O�W�H�U�L�Q�J

�4�H�E �+�A�L�M�A�N �l�L�T�E�R �A�N�D �I�T�S �E�L�A�B�O�R�A�T�I�O�N�S �A�R�E �U�S�E�D �I�N �A �V�A�S�T �A�R�R�A�Y �O�F �A�P�P�L�I�C�A�T�I�O�N�S�� �4�H�E �h�C�L�A�S�S�I�C�A�L�v
�A�P�P�L�I�C�A�T�I�O�N �I�S �I�N �R�A�D�A�R �T�R�A�C�K�I�N�G �O�F �A�I�R�C�R�A�F�T �A�N�D �M�I�S�S�I�L�E�S�� �2�E�L�A�T�E�D �A�P�P�L�I�C�A�T�I�O�N�S �I�N�C�L�U�D�E �A�C�O�U�S�T�I�C
�T�R�A�C�K�I�N�G �O�F �S�U�B�M�A�R�I�N�E�S �A�N�D �G�R�O�U�N�D �V�E�H�I�C�L�E�S �A�N�D �V�I�S�U�A�L �T�R�A�C�K�I�N�G �O�F �V�E�H�I�C�L�E�S �A�N�D �P�E�O�P�L�E�� �)�N �A
�S�L�I�G�H�T�L�Y �M�O�R�E �E�S�O�T�E�R�I�C �V�E�I�N�� �+�A�L�M�A�N �l�L�T�E�R�S �A�R�E �U�S�E�D �T�O �R�E�C�O�N�S�T�R�U�C�T �P�A�R�T�I�C�L�E �T�R�A�J�E�C�T�O�R�I�E�S �F�R�O�M
�B�U�B�B�L�E�
�C�H�A�M�B�E�R �P�H�O�T�O�G�R�A�P�H�S �A�N�D �O�C�E�A�N �C�U�R�R�E�N�T�S �F�R�O�M �S�A�T�E�L�L�I�T�E �S�U�R�F�A�C�E �M�E�A�S�U�R�E�M�E�N�T�S�� �4�H�E
�R�A�N�G�E �O�F �A�P�P�L�I�C�A�T�I�O�N �I�S �M�U�C�H �L�A�R�G�E�R �T�H�A�N �J�U�S�T �T�H�E �T�R�A�C�K�I�N�G �O�F �M�O�T�I�O�N�� �A�N�Y �S�Y�S�T�E�M �C�H�A�R�A�C�T�E�R�I�Z�E�D
�B�Y �C�O�N�T�I�N�U�O�U�S �S�T�A�T�E �V�A�R�I�A�B�L�E�S �A�N�D �N�O�I�S�Y �M�E�A�S�U�R�E�M�E�N�T�S �W�I�L�L �D�O�� �3�U�C�H �S�Y�S�T�E�M�S �I�N�C�L�U�D�E �P�U�L�P
�M�I�L�L�S�� �C�H�E�M�I�C�A�L �P�L�A�N�T�S�� �N�U�C�L�E�A�R �R�E�A�C�T�O�R�S�� �P�L�A�N�T �E�C�O�S�Y�S�T�E�M�S�� �A�N�D �N�A�T�I�O�N�A�L �E�C�O�N�O�M�I�E�S��
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���$���F�I�L�T�E�R�I�N�G ���$���S�M�O�O�T�H�I�N�G

�)�L�J�X�U�H �������������A�	 �2�E�S�U�L�T�S �O�F �+�A�L�M�A�N �l�L�T�E�R�I�N�G �F�O�R �A�N �O�B�J�E�C�T �M�O�V�I�N�G �O�N �T�H�EX �nY �P�L�A�N�E��
�S�H�O�W�I�N�G �T�H�E �T�R�U�E �T�R�A�J�E�C�T�O�R�Y ���L�E�F�T �T�O �R�I�G�H�T�	�� �A �S�E�R�I�E�S �O�F �N�O�I�S�Y �O�B�S�E�R�V�A�T�I�O�N�S�� �A�N�D �T�H�E �T�R�A�J�E�C�T�O�R�Y
�E�S�T�I�M�A�T�E�D �B�Y �+�A�L�M�A�N �l�L�T�E�R�I�N�G�� �6�A�R�I�A�N�C�E �I�N �T�H�E �P�O�S�I�T�I�O�N �E�S�T�I�M�A�T�E �I�S �I�N�D�I�C�A�T�E�D �B�Y �T�H�E �O�V�A�L�S�� ���B�	
�4�H�E �R�E�S�U�L�T�S �O�F �+�A�L�M�A�N �S�M�O�O�T�H�I�N�G �F�O�R �T�H�E �S�A�M�E �O�B�S�E�R�V�A�T�I�O�N �S�E�Q�U�E�N�C�E��

�4�H�E �F�A�C�T �T�H�A�T �+�A�L�M�A�N �l�L�T�E�R�I�N�G �C�A�N �B�E �A�P�P�L�I�E�D �T�O �A �S�Y�S�T�E�M �D�O�E�S �N�O�T �M�E�A�N �T�H�A�T �T�H� E � R� E� 

�S�U�L�T�S �W�I�L�L �B�E �V�A�L�I�D �O�R �U�S�E�F�U�L�� �4�H�E �A�S�S�U�M�P�T�I�O�N�S �M�A�D�E�ˆ�A �L�I�N�E�A�R �'�A�U�S�S�I�A�N �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R
�M�O�D�E�L�S�ˆ�A�R�E �V�E�R�Y �S�T�R�O�N�G�� �4�H�E�H�[�W�H�Q�G�H�G �.�D�O�P�D�Q �¿�O�W�H�U ���(�.�)���A�T�T�E�M�P�T�S �T�O �O�V�E�R�C�O�M�E �N�O�N�L�I�N�
EXTENDED KALMAN

FILTER (EKF)

�E�A�R�I�T�I�E�S �I�N �T�H�E �S�Y�S�T�E�M �B�E�I�N�G �M�O�D�E�L�E�D�� �! �S�Y�S�T�E�M �I�S�Q�R�Q�O�L�Q�H�D�U�I�F �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �C�A�N�N�O�TNONLINEAR

�B�E �D�E�S�C�R�I�B�E�D �A�S �A �M�A�T�R�I�X �M�U�L�T�I�P�L�I�C�A�T�I�O�N �O�F �T�H�E �S�T�A�T�E �V�E�C�T�O�R�� �A�S �I�N �%�Q�U�A�T�I�O�N�������������	�� �4�H�E �%�+�&
�W�O�R�K�S �B�Y �M�O�D�E�L�I�N�G �T�H�E �S�Y�S�T�E�M �A�S�O�R�F�D�O�O�\�L�I�N�E�A�R �I�N�[t �I�N �T�H�E �R�E�G�I�O�N �O�F�[t = µ t �� �T�H�E �M�E�A�N �O�F �T�H�E
�C�U�R�R�E�N�T �S�T�A�T�E �D�I�S�T�R�I�B�U�T�I�O�N�� �4�H�I�S �W�O�R�K�S �W�E�L�L �F�O�R �S�M�O�O�T�H�� �W�E�L�L�
�B�E�H�A�V�E�D �S�Y�S�T�E�M�S �A�N�D �A�L�L�O�W�S �T�H�E
�T�R�A�C�K�E�R �T�O �M�A�I�N�T�A�I�N �A�N�D �U�P�D�A�T�E �A �'�A�U�S�S�I�A�N �S�T�A�T�E �D�I�S�T�R�I�B�U�T�I�O�N �T�H�A�T �I�S �A �R�E�A�S�O�N�A�B�L�E �A�P�P�R�O�X�I�M�A�T�I�O�N
�T�O �T�H�E �T�R�U�E �P�O�S�T�E�R�I�O�R�� �! �D�E�T�A�I�L�E�D �E�X�A�M�P�L�E �I�S �G�I�V�E�N �I�N �#�H�A�P�T�E�R ������

�7�H�A�T �D�O�E�S �I�T �M�E�A�N �F�O�R �A �S�Y�S�T�E�M �T�O �B�E �h�U�N�S�M�O�O�T�H�v �O�R �h�P�O�O�R�L�Y �B�E�H�A�V�E�D�v�� �4�E�C�H�N�I�C�A�L�L�Y��
�I�T �M�E�A�N�S �T�H�A�T �T�H�E�R�E �I�S �S�I�G�N�I�l�C�A�N�T �N�O�N�L�I�N�E�A�R�I�T�Y �I�N �S�Y�S�T�E�M �R�E�S�P�O�N�S�E �W�I�T�H�I�N �T�H�E �R�E�G�I�O�N �T�H�A�T �I�S
�h�C�L�O�S�E�v ���A�C�C�O�R�D�I�N�G �T�O �T�H�E �C�O�V�A�R�I�A�N�C�E� t �	 �T�O �T�H�E �C�U�R�R�E�N�T �M�E�A�Nµ t �� �4�O �U�N�D�E�R�S�T�A�N�D �T�H�I�S �I�D�E�A
�I�N �N�O�N�T�E�C�H�N�I�C�A�L �T�E�R�M�S�� �C�O�N�S�I�D�E�R �T�H�E �E�X�A�M�P�L�E �O�F �T�R�Y�I�N�G �T�O �T�R�A�C�K �A �B�I�R�D �A�S �I�T �m�I�E�S �T�H�R�O�U�G�H �T�H�E
�J�U�N�G�L�E�� �4�H�E �B�I�R�D �A�P�P�E�A�R�S �T�O �B�E �H�E�A�D�I�N�G �A�T �H�I�G�H �S�P�E�E�D �S�T�R�A�I�G�H�T �F�O�R �A �T�R�E�E �T�R�U�N�K�� �4�H�E �+�A�L�M�A�N
�l�L�T�E�R�� �W�H�E�T�H�E�R �R�E�G�U�L�A�R �O�R �E�X�T�E�N�D�E�D�� �C�A�N �M�A�K�E �O�N�L�Y �A �'�A�U�S�S�I�A�N �P�R�E�D�I�C�T�I�O�N �O�F �T�H�E �L�O�C�A�T�I�O�N �O�F �T�H�E
�B�I�R�D�� �A�N�D �T�H�E �M�E�A�N �O�F �T�H�I�S �'�A�U�S�S�I�A�N �W�I�L�L �B�E �C�E�N�T�E�R�E�D �O�N �T�H�E �T�R�U�N�K�� �A�S �S�H�O�W�N �I�N�&�I�G�U�R�E �������������A�	��
�! �R�E�A�S�O�N�A�B�L�E �M�O�D�E�L �O�F �T�H�E �B�I�R�D�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �W�O�U�L�D �P�R�E�D�I�C�T �E�V�A�S�I�V�E �A�C�T�I�O�N �T�O �O�N�E �S�I�D�E �O�R
�T�H�E �O�T�H�E�R�� �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������������B�	�� �3�U�C�H �A �M�O�D�E�L �I�S �H�I�G�H�L�Y �N�O�N�L�I�N�E�A�R�� �B�E�C�A�U�S�E �T�H�E �B�I�R�D���S
�D�E�C�I�S�I�O�N �V�A�R�I�E�S �S�H�A�R�P�L�Y �D�E�P�E�N�D�I�N�G �O�N �I�T�S �P�R�E�C�I�S�E �L�O�C�A�T�I�O�N �R�E�L�A�T�I�V�E �T�O �T�H�E�T�R�U�N�K��

�4�O �H�A�N�D�L�E �E�X�A�M�P�L�E�S �L�I�K�E �T�H�E�S�E�� �W�E �C�L�E�A�R�L�Y �N�E�E�D �A �M�O�R�E �E�X�P�R�E�S�S�I�V�E �L�A�N�G�U�A�G�E �F�O�R �R�E�P�R�E�

�S�E�N�T�I�N�G �T�H�E �B�E�H�A�V�I�O�R �O�F �T�H�E �S�Y�S�T�E�M �B�E�I�N�G �M�O�D�E�L�E�D�� �7�I�T�H�I�N �T�H�E �C�O�N�T�R�O�L �T�H�E�O�R�Y �C�O�M�M�U�N�I�T�Y�� �F�O�R
�W�H�I�C�H �P�R�O�B�L�E�M�S �S�U�C�H �A�S �E�V�A�S�I�V�E �M�A�N�E�U�V�E�R�I�N�G �B�Y �A�I�R�C�R�A�F�T �R�A�I�S�E �T�H�E �S�A�M�E �K�I�N�D�S �O�F �D�I�F�l�C�U�L�T�I�E�S��
�T�H�E �S�T�A�N�D�A�R�D �S�O�L�U�T�I�O�N �I�S �T�H�E�V�Z�L�W�F�K�L�Q�J �.�D�O�P�D�Q �¿�O�W�H�U�� �)�N �T�H�I�S �A�P�P�R�O�A�C�H�� �M�U�L�T�I�P�L�E �+�A�L�M�A�N �l�L�
SWITCHING KALMAN

FILTER
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�)�L�J�X�U�H �����������! �B�I�R�D �m�Y�I�N�G �T�O�W�A�R�D �A �T�R�E�E ���T�O�P �V�I�E�W�S�	�� ���A�	 �! �+�A�L�M�A�N �l�L�T�E�R �W�I�L�L �P�R�E�D�I�C�T �T�H�E
�L�O�C�A�T�I�O�N �O�F �T�H�E �B�I�R�D �U�S�I�N�G �A �S�I�N�G�L�E �'�A�U�S�S�I�A�N �C�E�N�T�E�R�E�D �O�N �T�H�E �O�B�S�T�A�C�L�E�� ���B�	 �!�M�O�R�E �R�E�A�L�I�S�T�I�C
�M�O�D�E�L �A�L�L�O�W�S �F�O�R �T�H�E �B�I�R�D���S �E�V�A�S�I�V�E �A�C�T�I�O�N�� �P�R�E�D�I�C�T�I�N�G �T�H�A�T �I�T �W�I�L�L �m�Y �T�O �O�N�E �S�I�D�E �O�R �T�H�E �O�T�H�E�R��

�T�E�R�S �R�U�N �I�N �P�A�R�A�L�L�E�L�� �E�A�C�H �U�S�I�N�G �A �D�I�F�F�E�R�E�N�T �M�O�D�E�L �O�F �T�H�E �S�Y�S�T�E�M�ˆ�F�O�R �E�X�A�M�P�L�E�� �O�N�E �F�O�R �S�T�R�A�I�G�H�T
�m�I�G�H�T�� �O�N�E �F�O�R �S�H�A�R�P �L�E�F�T �T�U�R�N�S�� �A�N�D �O�N�E �F�O�R �S�H�A�R�P �R�I�G�H�T �T�U�R�N�S�� �! �W�E�I�G�H�T�E�D �S�U�M �O�F �P�R�E�D�I�C�T�I�O�N�S
�I�S �U�S�E�D�� �W�H�E�R�E �T�H�E �W�E�I�G�H�T �D�E�P�E�N�D�S �O�N �H�O�W �W�E�L�L �E�A�C�H �l�L�T�E�R �l�T�S �T�H�E �C�U�R�R�E�N�T �D�A�T�A�� �7�E �W�I�L�L �S�E�E
�I�N �T�H�E �N�E�X�T �S�E�C�T�I�O�N �T�H�A�T �T�H�I�S �I�S �S�I�M�P�L�Y �A �S�P�E�C�I�A�L �C�A�S�E �O�F �T�H�E �G�E�N�E�R�A�L �D�Y�N�A�M�I�C�"�A�Y�E�S�I�A�N �N�E�T�

�W�O�R�K �M�O�D�E�L�� �O�B�T�A�I�N�E�D �B�Y �A�D�D�I�N�G �A �D�I�S�C�R�E�T�E �h�M�A�N�E�U�V�E�R�v �S�T�A�T�E �V�A�R�I�A�B�L�E �T�O �T�H�E�N�E�T�W�O�R�K �S�H�O�W�N
�I�N �&�I�G�U�R�E ���������� �3�W�I�T�C�H�I�N�G �+�A�L�M�A�N �l�L�T�E�R�S �A�R�E �D�I�S�C�U�S�S�E�D �F�U�R�T�H�E�R �I�N �%�X�E�R�C�I�S�E������������
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�! �G�\�Q�D�P�L�F �%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N� � � O� R�'�%�1�� �I�S �A �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �T�H�A�T �R�E�P�R�E�S�E�N�T�S �A �T�E�M�P�O�R�A�LDYNAMIC BAYESIAN
NETWORK

�P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �O�F �T�H�E �K�I�N�D �D�E�S�C�R�I�B�E�D �I�N �3�E�C�T�I�O�N ���������� �7�E �H�A�V�E �A�L�R�E�A�D�Y �S�E�E�N �E�X�A�M�P�L�E�S �O�F
�$�"�.�S�� �T�H�E �U�M�B�R�E�L�L�A �N�E�T�W�O�R�K �I�N �&�I�G�U�R�E �������� �A�N�D �T�H�E �+�A�L�M�A�N �l�L�T�E�R �N�E�T�W�O�R�K �I�N �&�I�G�U�R�E ���������� �)�N
�G�E�N�E�R�A�L�� �E�A�C�H �S�L�I�C�E �O�F �A �$�"�. �C�A�N �H�A�V�E �A�N�Y �N�U�M�B�E�R �O�F �S�T�A�T�E �V�A�R�I�A�B�L�E�S�; t �A�N�D �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S
�( t �� �&�O�R �S�I�M�P�L�I�C�I�T�Y�� �W�E �A�S�S�U�M�E �T�H�A�T �T�H�E �V�A�R�I�A�B�L�E�S �A�N�D �T�H�E�I�R �L�I�N�K�S �A�R�E �E�X�A�C�T�L�Y �R�E�P�L�I�C�A�T�E�D �F�R�O�M
�S�L�I�C�E �T�O �S�L�I�C�E �A�N�D �T�H�A�T �T�H�E �$�"�. �R�E�P�R�E�S�E�N�T�S �A �l�R�S�T�
�O�R�D�E�R �-�A�R�K�O�V �P�R�O�C�E�S�S�� �S�O �T�H�A�T �E�A�C�H �V�A�R�I�A�B�L�E
�C�A�N �H�A�V�E �P�A�R�E�N�T�S �O�N�L�Y �I�N �I�T�S �O�W�N �S�L�I�C�E �O�R �T�H�E �I�M�M�E�D�I�A�T�E�L�Y �P�R�E�C�E�D�I�N�G �S�L�I�C�E��

�)�T �S�H�O�U�L�D �B�E �C�L�E�A�R �T�H�A�T �E�V�E�R�Y �H�I�D�D�E�N �-�A�R�K�O�V �M�O�D�E�L �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �A�S �A �$�"�.�W�I�T�H
�A �S�I�N�G�L�E �S�T�A�T�E �V�A�R�I�A�B�L�E �A�N�D �A �S�I�N�G�L�E �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�� �)�T �I�S �A�L�S�O �T�H�E �C�A�S�E �T�H�A�T �E�V�E�R�Y �D�I�S�C�R�E�T�E�

�V�A�R�I�A�B�L�E �$�"�. �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �A�S �A�N �(�-�-�� �A�S �E�X�P�L�A�I�N�E�D �I�N �3�E�C�T�I�O�N ���������� �W�E �C�A�N �C�O�M�B�I�N�E
�A�L�L �T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S �I�N �T�H�E �$�"�. �I�N�T�O �A �S�I�N�G�L�E �S�T�A�T�E �V�A�R�I�A�B�L�E �W�H�O�S�E �V�A�L�U�E�S �A�R�E �A�L�L �P�O�S�S�I�B�L�E
�T�U�P�L�E�S �O�F �V�A�L�U�E�S �O�F �T�H�E �I�N�D�I�V�I�D�U�A�L �S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �.�O�W�� �I�F �E�V�E�R�Y �(�-�- �I�S �A �$�"� . � A� N� D � E� V� E� R� Y
�$�"�. �C�A�N �B�E �T�R�A�N�S�L�A�T�E�D �I�N�T�O �A�N �(�-�-�� �W�H�A�T���S �T�H�E �D�I�F�F�E�R�E�N�C�E�� �4�H�E �D�I�F�F�E�R�E�N�C�E �I�S �T�H�A�T���E�\ �G�H��



�3�E�C�T�I�O�N ���������� �$�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S ������

�F�R�P�S�R�V�L�Q�J �W�K�H �V�W�D�W�H �R�I �D �F�R�P�S�O�H�[ �V�\�V�W�H�P �L�Q�W�R �L�W�V �F�R�Q�V�W�L�W�X�H�Q�W �Y�D�U�L�D�E�O�H�V�� �W�K�H �F�D�Q �W�D�N�H �D�G�Y�D�Q�W�D�J�H
�R�I�S�P�A�R�S�E�N�E�S�S�L�Q �W�K�H �W�H�P�S�R�U�D�O �S�U�R�E�D�E�L�O�L�W�\ �P�R�G�H�O���3�U�P�P�O�S�E�� �F�O�R �E�X�A�M�P�L�E�� �T�H�A�T �A �$�"�. �H�A�S ����
�"�O�O�L�E�A�N �S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �E�A�C�H �O�F �W�H�I�C�H �H�A�S �T�H�R�E�E �P�A�R�E�N�T�S �I�N �T�H�E �P�R�E�C�E�D�I�N�G �S�L�I�C�E�� �4�H�E�N �T�H�E
�$�"�. �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �H�A�S20× 23 = 160 �P�R�O�B�A�B�I�L�I�T�I�E�S�� �W�H�E�R�E�A�S �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �(�-�- �H�A�S
220 �S�T�A�T�E�S �A�N�D �T�H�E�R�E�F�O�R�E240�� �O�R �R�O�U�G�H�L�Y �A �T�R�I�L�L�I�O�N�� �P�R�O�B�A�B�I�L�I�T�I�E�S �I�N �T�H�E �T�R�A�N�S�I�T�I�O�N �M�A�T�R�I�X�� �4�H�I�S
�I�S �B�A�D �F�O�R �A�T �L�E�A�S�T �T�H�R�E�E �R�E�A�S�O�N�S�� �l�R�S�T�� �T�H�E �(�-�- �I�T�S�E�L�F �R�E�Q�U�I�R�E�S �M�U�C�H �M�O�R�E �S�P�A�C�E�� �S�E�C�O�N�D��
�T�H�E �H�U�G�E �T�R�A�N�S�I�T�I�O�N �M�A�T�R�I�X �M�A�K�E�S �(�-�- �I�N�F�E�R�E�N�C�E �M�U�C�H �M�O�R�E �E�X�P�E�N�S�I�V�E�� �A�N�D �T�H�I�R�D�� �T�H�E �P�R�O�B�

�L�E�M �O�F �L�E�A�R�N�I�N�G �S�U�C�H �A �H�U�G�E �N�U�M�B�E�R �O�F �P�A�R�A�M�E�T�E�R�S �M�A�K�E�S �T�H�E �P�U�R�E �(�-�- �M�O�D�E�L �U�N�S�U�I�T�A�B�L�E
�F�O�R �L�A�R�G�E �P�R�O�B�L�E�M�S�� �4�H�E �R�E�L�A�T�I�O�N�S�H�I�P �B�E�T�W�E�E�N �$�"�.�S �A�N�D �(�-�-�S �I�S �R�O�U�G�H�L�Y �A�N�A�L�O�G�O�U�S �T�O �T�H�E
�R�E�L�A�T�I�O�N�S�H�I�P �B�E�T�W�E�E�N �O�R�D�I�N�A�R�Y �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �A�N�D �F�U�L�L �T�A�B�U�L�A�T�E�D �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N�S��

�7�E �H�A�V�E �A�L�R�E�A�D�Y �E�X�P�L�A�I�N�E�D �T�H�A�T �E�V�E�R�Y �+�A�L�M�A�N �l�L�T�E�R �M�O�D�E�L �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D�I�N �A
�$�"�. �W�I�T�H �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �A�N�D �L�I�N�E�A�R �'�A�U�S�S�I�A�N �C�O�N�D�I�T�I�O�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N�S ���&�I�G�U�R�E ���������	��
�)�T �S�H�O�U�L�D �B�E �C�L�E�A�R �F�R�O�M �T�H�E �D�I�S�C�U�S�S�I�O�N �A�T �T�H�E �E�N�D �O�F �T�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N �T�H�A�T�Q�R�W�E�V�E�R�Y �$�"�.
�C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �+�A�L�M�A�N �l�L�T�E�R �M�O�D�E�L�� �)�N �A �+�A�L�M�A�N �l�L�T�E�R�� �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �D�I�S�T�R�I�B�U�T�I�O�N
�I�S �A�L�W�A�Y�S �A �S�I�N�G�L�E �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�ˆ�T�H�A�T �I�S�� �A �S�I�N�G�L�E �h�B�U�M�P�v �I�N �A �P�A�R�T�I�C�U�L�A�R
�L�O�C�A�T�I�O�N�� �$�"�.�S�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �C�A�N �M�O�D�E�L �A�R�B�I�T�R�A�R�Y �D�I�S�T�R�I�B�U�T�I�O�N�S�� �&�O�R �M�A�N�Y �R�E�A�L�
�W�O�R�L�D
�A�P�P�L�I�C�A�T�I�O�N�S�� �T�H�I�S �m�E�X�I�B�I�L�I�T�Y �I�S �E�S�S�E�N�T�I�A�L�� �#�O�N�S�I�D�E�R�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �C�U�R�R�E�N�T �L�O�C�A�T�I�O�N �O�F �M�Y
�K�E�Y�S�� �4�H�E�Y �M�I�G�H�T �B�E �I�N �M�Y �P�O�C�K�E�T�� �O�N �T�H�E �B�E�D�S�I�D�E �T�A�B�L�E�� �O�N �T�H�E �K�I�T�C�H�E�N �C�O�U�N�T�E�R�� �D�A�N�G�L�I�N�G
�F�R�O�M �T�H�E �F�R�O�N�T �D�O�O�R�� �O�R �L�O�C�K�E�D �I�N �T�H�E �C�A�R�� �! �S�I�N�G�L�E �'�A�U�S�S�I�A�N �B�U�M�P �T�H�A�T �I�N�C�L�U�D�E�D �A�L�L �T�H�E�S�E
�P�L�A�C�E�S �W�O�U�L�D �H�A�V�E �T�O �A�L�L�O�C�A�T�E �S�I�G�N�I�l�C�A�N�T �P�R�O�B�A�B�I�L�I�T�Y �T�O �T�H�E �K�E�Y�S �B�E�I�N�G �I�N �M�I�D�
�A�I�R �I�N �T�H�E �F�R�O�N�T
�H�A�L�L�� �!�S�P�E�C�T�S �O�F �T�H�E �R�E�A�L �W�O�R�L�D �S�U�C�H �A�S �P�U�R�P�O�S�I�V�E �A�G�E�N�T�S�� �O�B�S�T�A�C�L�E�S�� �A�N�D �P�O�C�K�E�T�S �I�N�T�R�O�D�U�C�E
�h�N�O�N�L�I�N�E�A�R�I�T�I�E�S�v �T�H�A�T �R�E�Q�U�I�R�E �C�O�M�B�I�N�A�T�I�O�N�S �O�F �D�I�S�C�R�E�T�E �A�N�D �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�S �I�N �O�R�D�E�R �T�O �G�E�T
�R�E�A�S�O�N�A�B�L�E �M�O�D�E�L�S��

������������ �&�R�Q�V�W�U�X�F�W�L�Q�J �'�%�1�V

�4�O �C�O�N�S�T�R�U�C�T �A �$�"�.�� �O�N�E �M�U�S�T �S�P�E�C�I�F�Y �T�H�R�E�E �K�I�N�D�S �O�F �I�N�F�O�R�M�A�T�I�O�N�� �T�H�E �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R
�T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S���3(�; 0)�� �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�3(�; t+1 | �; t )�� �A�N�D �T�H�E �S�E�N�S�O�R �M�O�D�E�L�3(�( t | �; t )��
�4�O �S�P�E�C�I�F�Y �T�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S�� �O�N�E �M�U�S�T �A�L�S�O �S�P�E�C�I�F�Y �T�H�E �T�O�P�O�L�O�G�Y �O�F �T�H�E �C�O�N�

�N�E�C�T�I�O�N�S �B�E�T�W�E�E�N �S�U�C�C�E�S�S�I�V�E �S�L�I�C�E�S �A�N�D �B�E�T�W�E�E�N �T�H�E �S�T�A�T�E �A�N�D �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S�� �"�E�C�A�U�S�E
�T�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S �A�R�E �A�S�S�U�M�E�D �T�O �B�E �S�T�A�T�I�O�N�A�R�Y�ˆ�T�H�E �S�A�M�E �F�O�R�A�L�Lt�ˆ�I�T �I�S �M�O�S�T
�C�O�N�V�E�N�I�E�N�T �S�I�M�P�L�Y �T�O �S�P�E�C�I�F�Y �T�H�E�M �F�O�R �T�H�E �l�R�S�T �S�L�I�C�E�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �C�O�M�P�L�E�T�E �$�"�. �S�P�E�C�I�

�l�C�A�T�I�O�N �F�O�R �T�H�E �U�M�B�R�E�L�L�A �W�O�R�L�D �I�S �G�I�V�E�N �B�Y �T�H�E �T�H�R�E�E�
�N�O�D�E �N�E�T�W�O�R�K �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	��
�&�R�O�M �T�H�I�S �S�P�E�C�I�l�C�A�T�I�O�N�� �T�H�E �C�O�M�P�L�E�T�E �$�"�. �W�I�T�H �A�N �U�N�B�O�U�N�D�E�D �N�U�M�B�E�R �O�F �T�I�M�E �S�L�I�C�E�S �C�A�N �B�E
�C�O�N�S�T�R�U�C�T�E�D �A�S �N�E�E�D�E�D �B�Y �C�O�P�Y�I�N�G �T�H�E �l�R�S�T �S�L�I�C�E��

�,�E�T �U�S �N�O�W �C�O�N�S�I�D�E�R �A �M�O�R�E �I�N�T�E�R�E�S�T�I�N�G �E�X�A�M�P�L�E�� �M�O�N�I�T�O�R�I�N�G �A �B�A�T�T�E�R�Y�
�P�O�W�E�R�E�D �R�O�B�O�T
�M�O�V�I�N�G �I�N �T�H�E �8�n�9 �P�L�A�N�E�� �A�S �I�N�T�R�O�D�U�C�E�D �A�T �T�H�E �E�N�D �O�F �3�E�C�T�I�O�N ���������� �&�I�R�S�T�� �W�E �N�E�E�D �S�T�A�T�E
�V�A�R�I�A�B�L�E�S�� �W�H�I�C�H �W�I�L�L �I�N�C�L�U�D�E �B�O�T�H�; t = ( X t , Yt ) �F�O�R �P�O�S�I�T�I�O�N �A�N�D��; t = ( �X t , �Yt ) �F�O�R �V�E�L�O�C�I�T�Y��
�7�E �A�S�S�U�M�E �S�O�M�E �M�E�T�H�O�D �O�F �M�E�A�S�U�R�I�N�G �P�O�S�I�T�I�O�N�ˆ�P�E�R�H�A�P�S �A �l�X�E�D �C�A�M�E�R�A �O�R �O�N�B�O�A�R�D �'�0�3
���'�L�O�B�A�L �0�O�S�I�T�I�O�N�I�N�G �3�Y�S�T�E�M�	�ˆ�Y�I�E�L�D�I�N�G �M�E�A�S�U�R�E�M�E�N�T�S�=t �� �4�H�E �P�O�S�I�T�I�O�N �A�T �T�H�E �N�E�X�T �T�I�M�E �S�T�E�P
�D�E�P�E�N�D�S �O�N �T�H�E �C�U�R�R�E�N�T �P�O�S�I�T�I�O�N �A�N�D �V�E�L�O�C�I�T�Y�� �A�S �I�N �T�H�E �S�T�A�N�D�A�R�D �+�A�L�M�A�N �l�L�T�E�R �M�O�D�E�L�� �4�H�E
�V�E�L�O�C�I�T�Y �A�T �T�H�E �N�E�X�T �S�T�E�P �D�E�P�E�N�D�S �O�N �T�H�E �C�U�R�R�E�N�T �V�E�L�O�C�I�T�Y �A�N�D �T�H�E �S�T�A�T�E �O�F �T�H�E �B�A�T�T�E�R�Y�� �7�E
�A�D�DBattery t �T�O �R�E�P�R�E�S�E�N�T �T�H�E �A�C�T�U�A�L �B�A�T�T�E�R�Y �C�H�A�R�G�E �L�E�V�E�L�� �W�H�I�C�H �H�A�S �A�S �P�A�R�E�N�T�S �T�H�E �P�R�E�V�I�O�U�S
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�)�L�J�X�U�H �������������A�	 �3�P�E�C�I�l�C�A�T�I�O�N �O�F �T�H�E �P�R�I�O�R�� �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �A�N�D �S�E�N�S�O�R �M�O�D�E�L �F�O�R �T�H�E
�U�M�B�R�E�L�L�A �$�"�.�� �!�L�L �S�U�B�S�E�Q�U�E�N�T �S�L�I�C�E�S �A�R�E �A�S�S�U�M�E�D �T�O �B�E �C�O�P�I�E�S �O�F �S�L�I�C�E ���� ���B�	� ! � S� I� M� P� L� E � $� "� .
�F�O�R �R�O�B�O�T �M�O�T�I�O�N �I�N �T�H�E �8�n�9 �P�L�A�N�E��

�B�A�T�T�E�R�Y �L�E�V�E�L �A�N�D �T�H�E �V�E�L�O�C�I�T�Y�� �A�N�D �W�E �A�D�DBMeter t �� �W�H�I�C�H �M�E�A�S�U�R�E�S �T�H�E �B�A�T�T�E�R�Y �C�H�A�R�G�E �L�E�V�E�L��
�4�H�I�S �G�I�V�E�S �U�S �T�H�E �B�A�S�I�C �M�O�D�E�L �S�H�O�W�N �I�N �&�I�G�U�R�E �������������B�	��

�)�T �I�S �W�O�R�T�H �L�O�O�K�I�N�G �I�N �M�O�R�E �D�E�P�T�H �A�T �T�H�E �N�A�T�U�R�E �O�F �T�H�E �S�E�N�S�O�R �M�O�D�E�L �F�O�RBMeter t � � � ,� E� T
�U�S �S�U�P�P�O�S�E�� �F�O�R �S�I�M�P�L�I�C�I�T�Y�� �T�H�A�T �B�O�T�HBattery t �A�N�DBMeter t �C�A�N �T�A�K�E �O�N �D�I�S�C�R�E�T�E �V�A�L�U�E�S ��
�T�H�R�O�U�G�H ���� �)�F �T�H�E �M�E�T�E�R �I�S �A�L�W�A�Y�S �A�C�C�U�R�A�T�E�� �T�H�E�N �T�H�E �#�0�4�3(BMeter t | Battery t ) �S�H�O�U�L�D �H�A�V�E
�P�R�O�B�A�B�I�L�I�T�I�E�S �O�F ������ �h�A�L�O�N�G �T�H�E �D�I�A�G�O�N�A�L�v �A�N�D �P�R�O�B�A�B�I�L�I�T�I�E�S �O�F ������ �E�L�S�E�W�H�E�R�E�� �)�N �R�E�A�L�I�T�Y�� �N�O�I�S�E
�A�L�W�A�Y�S �C�R�E�E�P�S �I�N�T�O �M�E�A�S�U�R�E�M�E�N�T�S�� �&�O�R �C�O�N�T�I�N�U�O�U�S �M�E�A�S�U�R�E�M�E�N�T�S�� �A �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N
�W�I�T�H �A �S�M�A�L�L �V�A�R�I�A�N�C�E �M�I�G�H�T �B�E �U�S�E�D���� �&�O�R �O�U�R �D�I�S�C�R�E�T�E �V�A�R�I�A�B�L�E�S�� �W�E �C�A�N �A�P�P�R�O�X�I�M�A�T�E �A
�'�A�U�S�S�I�A�N �U�S�I�N�G �A �D�I�S�T�R�I�B�U�T�I�O�N �I�N �W�H�I�C�H �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �E�R�R�O�R �D�R�O�P�S �O�F�F �I�N �T�H�E �A�P�P�R�O�P�R�I�A�T�E
�W�A�Y�� �S�O �T�H�A�T �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �L�A�R�G�E �E�R�R�O�R �I�S �V�E�R�Y �S�M�A�L�L�� �7�E �U�S�E �T�H�E �T�E�R�M�*�D�X�V�V�L�D�Q �H�U�U�R�U
�P�R�G�H�O�T�O �C�O�V�E�R �B�O�T�H �T�H�E �C�O�N�T�I�N�U�O�U�S �A�N�D �D�I�S�C�R�E�T�E �V�E�R�S�I�O�N�S��GAUSSIAN ERROR

MODEL

�!�N�Y�O�N�E �W�I�T�H �H�A�N�D�S�
�O�N �E�X�P�E�R�I�E�N�C�E �O�F �R�O�B�O�T�I�C�S�� �C�O�M�P�U�T�E�R�I�Z�E�D �P�R�O�C�E�S�S �C�O�N�T�R�O�L�� �O�R �O�T�H�E�R
�F�O�R�M�S �O�F �A�U�T�O�M�A�T�I�C �S�E�N�S�I�N�G �W�I�L�L �R�E�A�D�I�L�Y �T�E�S�T�I�F�Y �T�O �T�H�E �F�A�C�T �T�H�A�T �S�M�A�L�L �A�M�O�U�N�T�S �O�F �M�E�A�S�U�R�E�M�E�N�T
�N�O�I�S�E �A�R�E �O�F�T�E�N �T�H�E �L�E�A�S�T �O�F �O�N�E���S �P�R�O�B�L�E�M�S�� �2�E�A�L �S�E�N�S�O�R�S�I�D�L�O�� �7�H�E�N �A �S�E�N�S�O�R �F�A�I�L�S�� �I�T �D�O�E�S
�N�O�T �N�E�C�E�S�S�A�R�I�L�Y �S�E�N�D �A �S�I�G�N�A�L �S�A�Y�I�N�G�� �h�/�H�� �B�Y �T�H�E �W�A�Y�� �T�H�E �D�A�T�A �)���M �A�B�O�U�T �T�O �S�E�N�D �Y�O�U �I�S �A
�L�O�A�D �O�F �N�O�N�S�E�N�S�E���v �)�N�S�T�E�A�D�� �I�T �S�I�M�P�L�Y �S�E�N�D�S �T�H�E �N�O�N�S�E�N�S�E�� �4�H�E �S�I�M�P�L�E�S�T �K�I�N�D �O�F �F�A�I�L�U�R�E �I�S
�C�A�L�L�E�D �A�W�U�D�Q�V�L�H�Q�W �I�D�L�O�X�U�H�� �W�H�E�R�E �T�H�E �S�E�N�S�O�R �O�C�C�A�S�I�O�N�A�L�L�Y �D�E�C�I�D�E�S �T�O �S�E�N�D �S�O�M�E �N�O�N�S�E�N�S�E�� �&�O�RTRANSIENT FAILURE

�E�X�A�M�P�L�E�� �T�H�E �B�A�T�T�E�R�Y �L�E�V�E�L �S�E�N�S�O�R �M�I�G�H�T �H�A�V�E �A �H�A�B�I�T �O�F �S�E�N�D�I�N�G �A �Z�E�R�O �W�H�E�N �S�O�M�E�O�N�E �B�U�M�P�S
�T�H�E �R�O�B�O�T�� �E�V�E�N �I�F �T�H�E �B�A�T�T�E�R�Y �I�S �F�U�L�L�Y �C�H�A�R�G�E�D��

�,�E�T���S �S�E�E �W�H�A�T �H�A�P�P�E�N�S �W�H�E�N �A �T�R�A�N�S�I�E�N�T �F�A�I�L�U�R�E �O�C�C�U�R�S �W�I�T�H �A �'�A�U�S�S�I�A�N �E�R�R�O�R �M�O�D�E�L �T�H�A�T
�D�O�E�S�N���T �A�C�C�O�M�M�O�D�A�T�E �S�U�C�H �F�A�I�L�U�R�E�S�� �3�U�P�P�O�S�E�� �F�O�R �E�X�A�M�P�L�E�� �T�H�A�T �T�H�E �R�O�B�O�T �I�S �S�I�T�T�I�N�G �Q�U�I�E�T�L�Y �A�N�D
�O�B�S�E�R�V�E�S ���� �C�O�N�S�E�C�U�T�I�V�E �B�A�T�T�E�R�Y �R�E�A�D�I�N�G�S �O�F ���� �4�H�E�N �T�H�E �B�A�T�T�E�R�Y �M�E�T�E�R �H�A�S �A �T�E�M�P�O�R�A�R�Y �S�E�I�Z�U�R�E

5 �3�T�R�I�C�T�L�Y �S�P�E�A�K�I�N�G�� �A �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N �I�S �P�R�O�B�L�E�M�A�T�I�C �B�E�C�A�U�S�E �I�T �A�S�S�I�G�N�S �N�O�N�Z�E�R�O �P�R�O�B�A�B�I�L�I�T�Y �T�O �L�A�R�G�E �N�E�G�A�

�T�I�V�E �C�H�A�R�G�E �L�E�V�E�L�S�� �4�H�E�E�H�W�D �G�L�V�W�U�L�E�X�W�L�R�Q�I�S �S�O�M�E�T�I�M�E�S �A �B�E�T�T�E�R �C�H�O�I�C�E �F�O�R �A �V�A�R�I�A�B�L�E �W�H�O�S�E �R�A�N�G�E �I�S �R�E�S�T�R�I�C�T�E�D��



�3�E�C�T�I�O�N ���������� �$�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �.�E�T�W�O�R�K�S ������

�A�N�D �T�H�E �N�E�X�T �R�E�A�D�I�N�G �I�SBMeter 21 = 0 �� �7�H�A�T �W�I�L�L �T�H�E �S�I�M�P�L�E �'�A�U�S�S�I�A�N �E�R�R�O�R �M�O�D�E�L �L�E�A�D �U�S �T�O
�B�E�L�I�E�V�E �A�B�O�U�TBattery 21�� �!�C�C�O�R�D�I�N�G �T�O �"�A�Y�E�S�� �R�U�L�E�� �T�H�E �A�N�S�W�E�R �D�E�P�E�N�D�S �O�N �B�O�T�H �T�H�E �S�E�N�S�O�R
�M�O�D�E�L�3(BMeter 21 = 0 | Battery 21) �A�N�D �T�H�E �P�R�E�D�I�C�T�I�O�N�3(Battery 21 | BMeter 1:20)� � � )� F � T� H� E
�P�R�O�B�A�B�I�L�I�T�Y �O�F �A �L�A�R�G�E �S�E�N�S�O�R �E�R�R�O�R �I�S �S�I�G�N�I�l�C�A�N�T�L�Y �L�E�S�S �L�I�K�E�L�Y �T�H�A�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �A �T�R�A�N�S�I�T�I�O�N
�T�OBattery 21 = 0 �� �E�V�E�N �I�F �T�H�E �L�A�T�T�E�R �I�S �V�E�R�Y �U�N�L�I�K�E�L�Y�� �T�H�E�N �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �W�I�L�L�A�S�S�I�G�N
�A �H�I�G�H �P�R�O�B�A�B�I�L�I�T�Y �T�O �T�H�E �B�A�T�T�E�R�Y���S �B�E�I�N�G �E�M�P�T�Y�� �! �S�E�C�O�N�D �R�E�A�D�I�N�G �O�F �� �A�Tt = 22 �W�I�L�L �M�A�K�E
�T�H�I�S �C�O�N�C�L�U�S�I�O�N �A�L�M�O�S�T �C�E�R�T�A�I�N�� �)�F �T�H�E �T�R�A�N�S�I�E�N�T �F�A�I�L�U�R�E �T�H�E�N �D�I�S�A�P�P�E�A�R�S�A�N�D �T�H�E �R�E�A�D�I�N�G �R�E�T�U�R�N�S
�T�O �� �F�R�O�Mt = 23 �O�N�W�A�R�D�S�� �T�H�E �E�S�T�I�M�A�T�E �F�O�R �T�H�E �B�A�T�T�E�R�Y �L�E�V�E�L �W�I�L�L �Q�U�I�C�K�L�Y �R�E�T�U�R�N �T�O ���� �A�S �I�F �B�Y
�M�A�G�I�C�� �4�H�I�S �C�O�U�R�S�E �O�F �E�V�E�N�T�S �I�S �I�L�L�U�S�T�R�A�T�E�D �I�N �T�H�E �U�P�P�E�R �C�U�R�V�E �O�F �&�I�G�U�R�E �������������A�	�� �W�H�I�C�H �S�H�O�W�S
�T�H�E �E�X�P�E�C�T�E�D �V�A�L�U�E �O�FBattery t �O�V�E�R �T�I�M�E�� �U�S�I�N�G �A �D�I�S�C�R�E�T�E �'�A�U�S�S�I�A�N �E�R�R�O�R �M�O�D�E�L��

�$�E�S�P�I�T�E �T�H�E �R�E�C�O�V�E�R�Y�� �T�H�E�R�E �I�S �A �T�I�M�E ��t = 22�	 �W�H�E�N �T�H�E �R�O�B�O�T �I�S �C�O�N�V�I�N�C�E�D �T�H�A�T �I�T�S �B�A�T�T�E�R�Y
�I�S �E�M�P�T�Y�� �P�R�E�S�U�M�A�B�L�Y�� �T�H�E�N�� �I�T �S�H�O�U�L�D �S�E�N�D �O�U�T �A �M�A�Y�D�A�Y �S�I�G�N�A�L �A�N�D �S�H�U�T �D�O�W�N�� �!�L�A�S�� �I�T�S
�O�V�E�R�S�I�M�P�L�I�l�E�D �S�E�N�S�O�R �M�O�D�E�L �H�A�S �L�E�D �I�T �A�S�T�R�A�Y�� �(�O�W �C�A�N �T�H�I�S �B�E �l�X�E�D�� �#�O�N�S�I�D�E�R �A �F�A�M�I�L�I�A�R
�E�X�A�M�P�L�E �F�R�O�M �E�V�E�R�Y�D�A�Y �H�U�M�A�N �D�R�I�V�I�N�G�� �O�N �S�H�A�R�P �C�U�R�V�E�S �O�R �S�T�E�E�P �H�I�L�L�S�� �O�N�E���S�h�F�U�E�L �T�A�N�K �E�M�P�T�Y�v
�W�A�R�N�I�N�G �L�I�G�H�T �S�O�M�E�T�I�M�E�S �T�U�R�N�S �O�N�� �2�A�T�H�E�R �T�H�A�N �L�O�O�K�I�N�G �F�O�R �T�H�E �E�M�E�R�G�E�N�C�Y �P�H�O�N�E�� �O�N�E �S�I�M�P�L�Y
�R�E�C�A�L�L�S �T�H�A�T �T�H�E �F�U�E�L �G�A�U�G�E �S�O�M�E�T�I�M�E�S �G�I�V�E�S �A �V�E�R�Y �L�A�R�G�E �E�R�R�O�R �W�H�E�N �T�H�E �F�U�E�L�I�S �S�L�O�S�H�I�N�G �A�R�O�U�N�D
�I�N �T�H�E �T�A�N�K�� �4�H�E �M�O�R�A�L �O�F �T�H�E �S�T�O�R�Y �I�S �T�H�E �F�O�L�L�O�W�I�N�G���I�R�U �W�K�H �V�\�V�W�H�P �W�R �K�D�Q�G�O�H �V�H�Q�V�R�U �I�D�L�O�X�U�H
�S�U�R�S�H�U�O�\�� �W�K�H �V�H�Q�V�R�U �P�R�G�H�O �P�X�V�W �L�Q�F�O�X�G�H �W�K�H �S�R�V�V�L�E�L�O�L�W�\ �R�I �I�D�L�O�X�U�H��

�4�H�E �S�I�M�P�L�E�S�T �K�I�N�D �O�F �F�A�I�L�U�R�E �M�O�D�E�L �F�O�R �A �S�E�N�S�O�R �A�L�L�O�W�S �A �C�E�R�T�A�I�N �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E
�S�E�N�S�O�R �W�I�L�L �R�E�T�U�R�N �S�O�M�E �C�O�M�P�L�E�T�E�L�Y �I�N�C�O�R�R�E�C�T �V�A�L�U�E�� �R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �T�R�U�E �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D��
�&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E �B�A�T�T�E�R�Y �M�E�T�E�R �F�A�I�L�S �B�Y �R�E�T�U�R�N�I�N�G ���� �W�E �M�I�G�H�T �S�A�Y �T�H�A�T

P(BMeter t = 0 | Battery t = 5) = 0 .03 ,

�W�H�I�C�H �I�S �P�R�E�S�U�M�A�B�L�Y �M�U�C�H �L�A�R�G�E�R �T�H�A�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �A�S�S�I�G�N�E�D �B�Y �T�H�E �S�I�M�P�L�E �'�A�U�S�S�I�A�N �E�R�R�O�R
�M�O�D�E�L�� �,�E�T���S �C�A�L�L �T�H�I�S �T�H�E�W�U�D�Q�V�L�H�Q�W �I�D�L�O�X�U�H �P�R�G�H�O�� �(�O�W �D�O�E�S �I�T �H�E�L�P �W�H�E�N �W�E �A�R�E �F�A�C�E�DTRANSIENT FAILURE

MODEL

�W�I�T�H �A �R�E�A�D�I�N�G �O�F ���� �0�R�O�V�I�D�E�D �T�H�A�T �T�H�E�S�U�H�G�L�F�W�H�G�P�R�O�B�A�B�I�L�I�T�Y �O�F �A�N �E�M�P�T�Y �B�A�T�T�E�R�Y�� �A�C�C�O�R�D�I�N�G
�T�O �T�H�E �R�E�A�D�I�N�G�S �S�O �F�A�R�� �I�S �M�U�C�H �L�E�S�S �T�H�A�N ���������� �T�H�E�N �T�H�E �B�E�S�T �E�X�P�L�A�N�A�T�I�O�N �O�F �T�H�E �O�B�S�E�R�V�A�T�I�O�N
BMeter 21 = 0 �I�S �T�H�A�T �T�H�E �S�E�N�S�O�R �H�A�S �T�E�M�P�O�R�A�R�I�L�Y �F�A�I�L�E�D�� �)�N�T�U�I�T�I�V�E�L�Y�� �W�E �C�A�N �T�H�I�N�K �O�F �T�H�E �B�E�L�I�E�F
�A�B�O�U�T �T�H�E �B�A�T�T�E�R�Y �L�E�V�E�L �A�S �H�A�V�I�N�G �A �C�E�R�T�A�I�N �A�M�O�U�N�T �O�F �h�I�N�E�R�T�I�A�v �T�H�A�T �H�E�L�P�S �T�O �O�V�E�R�C�O�M�E �T�E�M�P�O�

�R�A�R�Y �B�L�I�P�S �I�N �T�H�E �M�E�T�E�R �R�E�A�D�I�N�G�� �4�H�E �U�P�P�E�R �C�U�R�V�E �I�N �&�I�G�U�R�E ������ �������B�	 �S�H�O�W�S �T�H�A�T �T�H�E �T�R�A�N�S�I�E�N�T
�F�A�I�L�U�R�E �M�O�D�E�L �C�A�N �H�A�N�D�L�E �T�R�A�N�S�I�E�N�T �F�A�I�L�U�R�E�S �W�I�T�H�O�U�T �A �C�A�T�A�S�T�R�O�P�H�I�C �C�H�A�N�G�E �I�N �B�E�L�I�E�F�S��

�3�O �M�U�C�H �F�O�R �T�E�M�P�O�R�A�R�Y �B�L�I�P�S�� �7�H�A�T �A�B�O�U�T �A �P�E�R�S�I�S�T�E�N�T �S�E�N�S�O�R �F�A�I�L�U�R�E�� �3�A�D�L�Y�� �F�A�I�L�U�R�E�S �O�F
�T�H�I�S �K�I�N�D �A�R�E �A�L�L �T�O�O �C�O�M�M�O�N�� �)�F �T�H�E �S�E�N�S�O�R �R�E�T�U�R�N�S ���� �R�E�A�D�I�N�G�S �O�F �� �F�O�L�L�O�W�E�D�B�Y ���� �R�E�A�D�I�N�G�S
�O�F ���� �T�H�E�N �T�H�E �T�R�A�N�S�I�E�N�T �S�E�N�S�O�R �F�A�I�L�U�R�E �M�O�D�E�L �D�E�S�C�R�I�B�E�D �I�N �T�H�E �P�R�E�C�E�D�I�N�G �P�A�R�A�G�R�A�P�H �W�I�L�L �R�E�S�U�L�T
�I�N �T�H�E �R�O�B�O�T �G�R�A�D�U�A�L�L�Y �C�O�M�I�N�G �T�O �B�E�L�I�E�V�E �T�H�A�T �I�T�S �B�A�T�T�E�R�Y �I�S �E�M�P�T�Y �W�H�E�N �I�N �F�A�C�T �I�T �M�A�Y �B�E �T�H�A�T
�T�H�E �M�E�T�E�R �H�A�S �F�A�I�L�E�D�� �4�H�E �L�O�W�E�R �C�U�R�V�E �I�N �&�I�G�U�R�E �������������B�	 �S�H�O�W�S �T�H�E �B�E�L�I�E�F �h�T�R�A�J�E�C�T�O�R�Y�v �F�O�R
�T�H�I�S �C�A�S�E�� �"�Yt = 25�ˆ�l�V�E �R�E�A�D�I�N�G�S �O�F ���ˆ�T�H�E �R�O�B�O�T �I�S �C�O�N�V�I�N�C�E�D �T�H�A�T �I�T�S �B�A�T�T�E�R�Y �I�S �E�M�P�T�Y��
�/�B�V�I�O�U�S�L�Y�� �W�E �W�O�U�L�D �P�R�E�F�E�R �T�H�E �R�O�B�O�T �T�O �B�E�L�I�E�V�E �T�H�A�T �I�T�S �B�A�T�T�E�R�Y �M�E�T�E�R �I�S �B�R�O�K�E�N�ˆ�I�F �I�N�D�E�E�D
�T�H�I�S �I�S �T�H�E �M�O�R�E �L�I�K�E�L�Y �E�V�E�N�T��

�5�N�S�U�R�P�R�I�S�I�N�G�L�Y�� �T�O �H�A�N�D�L�E �P�E�R�S�I�S�T�E�N�T �F�A�I�L�U�R�E�� �W�E �N�E�E�D �A�S�H�U�V�L�V�W�H�Q�W �I�D�L�O�X�U�H �P�R�G�H�O�T�H�A�TPERSISTENT
FAILURE MODEL

�D�E�S�C�R�I�B�E�S �H�O�W �T�H�E �S�E�N�S�O�R �B�E�H�A�V�E�S �U�N�D�E�R �N�O�R�M�A�L �C�O�N�D�I�T�I�O�N�S �A�N�D �A�F�T�E�R �F�A�I�L�U�R�E�� �4�O �D�O �T�H�I�S�� �W�E
�N�E�E�D �T�O �A�U�G�M�E�N�T �T�H�E �S�T�A�T�E �O�F �T�H�E �S�Y�S�T�E�M �W�I�T�H �A�N �A�D�D�I�T�I�O�N�A�L �V�A�R�I�A�B�L�E�� �S�A�Y��BMBroken � � � T� H� A� T
�D�E�S�C�R�I�B�E�S �T�H�E �S�T�A�T�U�S �O�F �T�H�E �B�A�T�T�E�R�Y �M�E�T�E�R�� �4�H�E �P�E�R�S�I�S�T�E�N�C�E �O�F �F�A�I�L�U�R�E �M�U�S�T�B�E �M�O�D�E�L�E�D �B�Y �A�N



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E
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�4�I�M�E���S�T�E�P

�(���%�D�W�W�H�U�\�W���\���������������������������������	

�(���%�D�W�W�H�U�\�W���\���������������������������������	

���A�	 ���B�	

�)�L�J�X�U�H �������������A�	 �5�P�P�E�R �C�U�R�V�E�� �T�R�A�J�E�C�T�O�R�Y �O�F �T�H�E �E�X�P�E�C�T�E�D �V�A�L�U�E �O�FBattery t �F�O�R �A�N �O�B�S�E�R�V�A�

�T�I�O�N �S�E�Q�U�E�N�C�E �C�O�N�S�I�S�T�I�N�G �O�F �A�L�L ���S �E�X�C�E�P�T �F�O�R ���S �A�Tt = 21 �A�N�Dt = 22�� �U�S�I�N�G �A �S�I�M�P�L�E �'�A�U�S�S�I�A�N
�E�R�R�O�R �M�O�D�E�L�� �,�O�W�E�R �C�U�R�V�E�� �T�R�A�J�E�C�T�O�R�Y �W�H�E�N �T�H�E �O�B�S�E�R�V�A�T�I�O�N �R�E�M�A�I�N�S �A�T �� �F�R�O�Mt = 21 �O�N�W�A�R�D�S��
���B�	 �4�H�E �S�A�M�E �E�X�P�E�R�I�M�E�N�T �R�U�N �W�I�T�H �T�H�E �T�R�A�N�S�I�E�N�T �F�A�I�L�U�R�E �M�O�D�E�L�� �.�O�T�I�C�E �T�H�A�T �T�H�E �T�R�A�N�S�I�E�N�T �F�A�I�L�

�U�R�E �I�S �H�A�N�D�L�E�D �W�E�L�L�� �B�U�T �T�H�E �P�E�R�S�I�S�T�E�N�T �F�A�I�L�U�R�E �R�E�S�U�L�T�S �I�N �E�X�C�E�S�S�I�V�E �P�E�S�S�I�M�I�S�M �A�B�O�U�T �T�H�E �B�A�T�T�E�R�Y
�C�H�A�R�G�E��
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�4�I�M�E���S�T�E�P

�(���%�D�W�W�H�U�\�W���\���������������������������������	

�(���%�D�W�W�H�U�\�W���\���������������������������������	

�3���%�0�%�U�R�N�H�Q�W���\���������������������������������	

�3���%�0�%�U�R�N�H�Q�W���\���������������������������������	

���A�	 ���B�	

�)�L�J�X�U�H �������������A�	 �! �$�"�. �F�R�A�G�M�E�N�T �S�H�O�W�I�N�G �T�H�E �S�E�N�S�O�R �S�T�A�T�U�S �V�A�R�I�A�B�L�E �R�E�Q�U�I�R�E�D �F�O�R �M�O�D�

�E�L�I�N�G �P�E�R�S�I�S�T�E�N�T �F�A�I�L�U�R�E �O�F �T�H�E �B�A�T�T�E�R�Y �S�E�N�S�O�R�� ���B�	 �5�P�P�E�R �C�U�R�V�E�S�� �T�R�A�J�E�C�T�O�R�I�E�S �O�F �T�H�E �E�X�P�E�C�T�E�D
�V�A�L�U�E �O�FBattery t �F�O�R �T�H�E �h�T�R�A�N�S�I�E�N�T �F�A�I�L�U�R�E�v �A�N�D �h�P�E�R�M�A�N�E�N�T �F�A�I�L�U�R�E�v �O�B�S�E�R�V�A�T�I�O�N�S �S�E�Q�U�E�N�C�E�S��
�,�O�W�E�R �C�U�R�V�E�S�� �P�R�O�B�A�B�I�L�I�T�Y �T�R�A�J�E�C�T�O�R�I�E�S �F�O�RBMBroken �G�I�V�E�N �T�H�E �T�W�O �O�B�S�E�R�V�A�T�I�O�N �S�E�Q�U�E�N�C�E�S��

�A�R�C �L�I�N�K�I�N�GBMBroken 0 �T�OBMBroken 1� � � 4� H� I� S�S�H�U�V�L�V�W�H�Q�F�H �D�U�F�H�A�S �A �#�0�4 �T�H�A�T �G�I�V�E�S �A �S�M�A�L�LPERSISTENCE ARC

�P�R�O�B�A�B�I�L�I�T�Y �O�F �F�A�I�L�U�R�E �I�N �A�N�Y �G�I�V�E�N �T�I�M�E �S�T�E�P�� �S�A�Y�� ������������ �B�U�T �S�P�E�C�I�l�E�S �T�H�A�T �T�H�E �S�E�N�S�O�R �S�T�A�Y�S
�B�R�O�K�E�N �O�N�C�E �I�T �B�R�E�A�K�S�� �7�H�E�N �T�H�E �S�E�N�S�O�R �I�S �/�+�� �T�H�E �S�E�N�S�O�R �M�O�D�E�L �F�O�RBMeter �I�S �I�D�E�N�T�I�C�A�L �T�O
�T�H�E �T�R�A�N�S�I�E�N�T �F�A�I�L�U�R�E �M�O�D�E�L�� �W�H�E�N �T�H�E �S�E�N�S�O�R �I�S �B�R�O�K�E�N�� �I�T �S�A�Y�SBMeter �I�S �A�L�W�A�Y�S ���� �R�E�G�A�R�D�L�E�S�S
�O�F �T�H�E �A�C�T�U�A�L �B�A�T�T�E�R�Y �C�H�A�R�G�E��
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�)�L�J�X�U�H �����������5�N�R�O�L�L�I�N�G �A �D�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�� �S�L�I�C�E�S �A�R�E �R�E�P�L�I�C�A�T�E�D �T�O �A�C�C�O�M�M�O�

�D�A�T�E �T�H�E �O�B�S�E�R�V�A�T�I�O�N �S�E�Q�U�E�N�C�EUmbrella1:3 �� �&�U�R�T�H�E�R �S�L�I�C�E�S �H�A�V�E �N�O �E�F�F�E�C�T �O�N �I�N�F�E�R�E�N�C�E�S �W�I�T�H�I�N
�T�H�E �O�B�S�E�R�V�A�T�I�O�N �P�E�R�I�O�D��

�4�H�E �P�E�R�S�I�S�T�E�N�T �F�A�I�L�U�R�E �M�O�D�E�L �F�O�R �T�H�E �B�A�T�T�E�R�Y �S�E�N�S�O�R �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	�� �)�T�S
�P�E�R�F�O�R�M�A�N�C�E �O�N �T�H�E �T�W�O �D�A�T�A �S�E�Q�U�E�N�C�E�S ���T�E�M�P�O�R�A�R�Y �B�L�I�P �A�N�D �P�E�R�S�I�S�T�E�N�T �F�A�I�L�U�R�E�	 �I�S �S�H�O�W�N �I�N
�&�I�G�U�R�E �������������B�	�� �4�H�E�R�E �A�R�E �S�E�V�E�R�A�L �T�H�I�N�G�S �T�O �N�O�T�I�C�E �A�B�O�U�T �T�H�E�S�E �C�U�R�V�E�S�� �&�I�R�S�T�� �I�N �T�H�E �C�A�S�E
�O�F �T�H�E �T�E�M�P�O�R�A�R�Y �B�L�I�P�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �S�E�N�S�O�R �I�S �B�R�O�K�E�N �R�I�S�E�S �S�I�G�N�I�l�C�A�N�T�L�Y �A�F�T�E�R �T�H�E
�S�E�C�O�N�D �� �R�E�A�D�I�N�G�� �B�U�T �I�M�M�E�D�I�A�T�E�L�Y �D�R�O�P�S �B�A�C�K �T�O �Z�E�R�O �O�N�C�E �A �� �I�S �O�B�S�E�R�V�E�D�� �3�E�C�O�N�D�� �I�N �T�H�E
�C�A�S�E �O�F �P�E�R�S�I�S�T�E�N�T �F�A�I�L�U�R�E�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �S�E�N�S�O�R �I�S �B�R�O�K�E�N �R�I�S�E�S �Q�U�I�C�K�L�Y �T�O �A�L�M�O�S�T ��
�A�N�D �S�T�A�Y�S �T�H�E�R�E�� �&�I�N�A�L�L�Y�� �O�N�C�E �T�H�E �S�E�N�S�O�R �I�S �K�N�O�W�N �T�O �B�E �B�R�O�K�E�N�� �T�H�E �R�O�B�O�T �C�A�N �O�N�L�Y �A�S�S�U�M�E
�T�H�A�T �I�T�S �B�A�T�T�E�R�Y �D�I�S�C�H�A�R�G�E�S �A�T �T�H�E �h�N�O�R�M�A�L�v �R�A�T�E�� �A�S �S�H�O�W�N �B�Y �T�H�E �G�R�A�D�U�A�L�L�Y �D�E�S�C�E�N�D�I�N�G �L�E�V�E�L �O�F
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�3�O �F�A�R�� �W�E �H�A�V�E �M�E�R�E�L�Y �S�C�R�A�T�C�H�E�D �T�H�E �S�U�R�F�A�C�E �O�F �T�H�E �P�R�O�B�L�E�M �O�F �R�E�P�R�E�S�E�N�T�I�N�G�C�O�M�P�L�E�X
�P�R�O�C�E�S�S�E�S�� �4�H�E �V�A�R�I�E�T�Y �O�F �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�S �I�S �H�U�G�E�� �E�N�C�O�M�P�A�S�S�I�N�G �T�O�P�I�C�S �A�S �D�I�S�P�A�R�A�T�E �A�S
�M�O�D�E�L�I�N�G �T�H�E �H�U�M�A�N �E�N�D�O�C�R�I�N�E �S�Y�S�T�E�M �A�N�D �M�O�D�E�L�I�N�G �M�U�L�T�I�P�L�E �V�E�H�I�C�L�E�S �D�R�I�V�I�N�G �O�N �A �F�R�E�E�W�A�Y��
�3�E�N�S�O�R �M�O�D�E�L�I�N�G �I�S �A�L�S�O �A �V�A�S�T �S�U�B�l�E�L�D �I�N �I�T�S�E�L�F�� �B�U�T �E�V�E�N �S�U�B�T�L�E �P�H�E�N�O�M�E�N�A�� �S�U�C�H �A�S �S�E�N�S�O�R
�D�R�I�F�T�� �S�U�D�D�E�N �D�E�C�A�L�I�B�R�A�T�I�O�N�� �A�N�D �T�H�E �E�F�F�E�C�T�S �O�F �E�X�O�G�E�N�O�U�S �C�O�N�D�I�T�I�O�N�S ���S�U�C�H �A�S �W�E�A�T�H�E�R�	 �O�N
�S�E�N�S�O�R �R�E�A�D�I�N�G�S�� �C�A�N �B�E �H�A�N�D�L�E�D �B�Y �E�X�P�L�I�C�I�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �W�I�T�H�I�N �D�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S��

������������ �(�[�D�F�W �L�Q�I�H�U�H�Q�F�H �L�Q �'�%�1�V

�(�A�V�I�N�G �S�K�E�T�C�H�E�D �S�O�M�E �I�D�E�A�S �F�O�R �R�E�P�R�E�S�E�N�T�I�N�G �C�O�M�P�L�E�X �P�R�O�C�E�S�S�E�S �A�S �$�"�.�S�� �W�E�N�O�W �T�U�R�N �T�O
�T�H�E �Q�U�E�S�T�I�O�N �O�F �I�N�F�E�R�E�N�C�E�� �)�N �A �S�E�N�S�E�� �T�H�I�S �Q�U�E�S�T�I�O�N �H�A�S �A�L�R�E�A�D�Y �B�E�E�N �A�N�S�W�E�R�E�D�� �D�Y�N�A�M�I�C
�"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�D�U�H�"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �A�N�D �W�E �A�L�R�E�A�D�Y �H�A�V�E �A�L�G�O�R�I�T�H�M�S �F�O�R �I�N�F�E�R�E�N�C�E �I�N
�"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �'�I�V�E�N �A �S�E�Q�U�E�N�C�E �O�F �O�B�S�E�R�V�A�T�I�O�N�S�� �O�N�E �C�A�N �C�O�N�S�T�R�U�C�T �T�H�E �F�U�L�L �"�A�Y�E�S�I�A�N
�N�E�T�W�O�R�K �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �A �$�"�. �B�Y �R�E�P�L�I�C�A�T�I�N�G �S�L�I�C�E�S �U�N�T�I�L �T�H�E �N�E�T�W�O�R�K �I�S�L�A�R�G�E �E�N�O�U�G�H �T�O
�A�C�C�O�M�M�O�D�A�T�E �T�H�E �O�B�S�E�R�V�A�T�I�O�N�S�� �A�S �I�N �&�I�G�U�R�E ������������ �4�H�I�S �T�E�C�H�N�I�Q�U�E�� �M�E�N�T�I�O�N�E�D �I�N �#�H�A�P�T�E�R ����
�I�N �T�H�E �C�O�N�T�E�X�T �O�F �R�E�L�A�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�S�� �I�S �C�A�L�L�E�D�X�Q�U�R�O�O�L�Q�J�� ���4�E�C�H�N�I�C�A�L�L�Y�� �T�H�E �$�"�. �I�S
�E�Q�U�I�V�A�L�E�N�T �T�O �T�H�E �S�E�M�I�
�I�N�l�N�I�T�E �N�E�T�W�O�R�K �O�B�T�A�I�N�E�D �B�Y �U�N�R�O�L�L�I�N�G �F�O�R�E�V�E�R�� �3�L�I�C�E�S �A�D�D�E�D �B�E�Y�O�N�D
�T�H�E �L�A�S�T �O�B�S�E�R�V�A�T�I�O�N �H�A�V�E �N�O �E�F�F�E�C�T �O�N �I�N�F�E�R�E�N�C�E�S �W�I�T�H�I�N �T�H�E �O�B�S�E�R�V�A�T�I�O�N �P�E�R�I�O�D �A�N�D �C�A�N �B�E
�O�M�I�T�T�E�D���	 �/�N�C�E �T�H�E �$�"�. �I�S �U�N�R�O�L�L�E�D�� �O�N�E �C�A�N �U�S�E �A�N�Y �O�F �T�H�E �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M�S�ˆ�V�A�R�I�A�B�L�E
�E�L�I�M�I�N�A�T�I�O�N�� �C�L�U�S�T�E�R�I�N�G �M�E�T�H�O�D�S�� �A�N�D �S�O �O�N�ˆ�D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R ������

�5�N�F�O�R�T�U�N�A�T�E�L�Y�� �A �N�A�I�V�E �A�P�P�L�I�C�A�T�I�O�N �O�F �U�N�R�O�L�L�I�N�G �W�O�U�L�D �N�O�T �B�E �P�A�R�T�I�C�U�L�A�R�L�Y �E�F�l�C�I�E�N�T�� �)�F
�W�E �W�A�N�T �T�O �P�E�R�F�O�R�M �l�L�T�E�R�I�N�G �O�R �S�M�O�O�T�H�I�N�G �W�I�T�H �A �L�O�N�G �S�E�Q�U�E�N�C�E �O�F �O�B�S�E�R�V�A�T�I�O�N�S�H1:t � � � T� H� E



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�U�N�R�O�L�L�E�D �N�E�T�W�O�R�K �W�O�U�L�D �R�E�Q�U�I�R�EO(t) �S�P�A�C�E �A�N�D �W�O�U�L�D �T�H�U�S �G�R�O�W �W�I�T�H�O�U�T �B�O�U�N�D �A�S �M�O�R�E
�O�B�S�E�R�V�A�T�I�O�N�S �W�E�R�E �A�D�D�E�D�� �-�O�R�E�O�V�E�R�� �I�F �W�E �S�I�M�P�L�Y �R�U�N �T�H�E �I�N�F�E�R�E�N�C�E �A�L�G�O�R�I�T�H�M �A�N�E�W �E�A�C�H
�T�I�M�E �A�N �O�B�S�E�R�V�A�T�I�O�N �I�S �A�D�D�E�D�� �T�H�E �I�N�F�E�R�E�N�C�E �T�I�M�E �P�E�R �U�P�D�A�T�E �W�I�L�L �A�L�S�O �I�N�C�R�E�A�S�E �A�SO(t)��

�,�O�O�K�I�N�G �B�A�C�K �T�O �3�E�C�T�I�O�N �������������� �W�E �S�E�E �T�H�A�T �C�O�N�S�T�A�N�T �T�I�M�E �A�N�D �S�P�A�C�E �P�E�R �l�L�T�E�R�I�N�G �U�P�D�A�T�E
�C�A�N �B�E �A�C�H�I�E�V�E�D �I�F �T�H�E �C�O�M�P�U�T�A�T�I�O�N �C�A�N �B�E �D�O�N�E �R�E�C�U�R�S�I�V�E�L�Y�� �%�S�S�E�N�T�I�A�L�L�Y�� �T�H�E �l�L�T�E�R�I�N�G �U�P�D�A�T�E
�I�N �%�Q�U�A�T�I�O�N �����������	 �W�O�R�K�S �B�Y�V�X�P�P�L�Q�J �R�X�W�T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S �O�F �T�H�E �P�R�E�V�I�O�U�S �T�I�M�E �S�T�E�P �T�O �G�E�T
�T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �F�O�R �T�H�E �N�E�W �T�I�M�E �S�T�E�P�� �3�U�M�M�I�N�G �O�U�T �V�A�R�I�A�B�L�E�S �I�S �E�X�A�C�T�L�Y �W�H�A�T �T�H�E�Y�D�U�L�D�E�O�H
�H�O�L�P�L�Q�D�W�L�R�Q���&�I�G�U�R�E �����������	 �A�L�G�O�R�I�T�H�M �D�O�E�S�� �A�N�D �I�T �T�U�R�N�S �O�U�T �T�H�A�T �R�U�N�N�I�N�G �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N
�W�I�T�H �T�H�E �V�A�R�I�A�B�L�E�S �I�N �T�E�M�P�O�R�A�L �O�R�D�E�R �E�X�A�C�T�L�Y �M�I�M�I�C�S �T�H�E �O�P�E�R�A�T�I�O�N �O�F �T�H�E �R�E�C�U�R�S�I�V�E �l�L�T�E�R�I�N�G
�U�P�D�A�T�E �I�N �%�Q�U�A�T�I�O�N �����������	�� �4�H�E �M�O�D�I�l�E�D �A�L�G�O�R�I�T�H�M �K�E�E�P�S �A�T �M�O�S�T �T�W�O �S�L�I�C�E�S �I� N � M� E� M� O� R� Y � A� T
�A�N�Y �O�N�E �T�I�M�E�� �S�T�A�R�T�I�N�G �W�I�T�H �S�L�I�C�E ���� �W�E �A�D�D �S�L�I�C�E ���� �T�H�E�N �S�U�M �O�U�T �S�L�I�C�E ���� �T�H�E�N�A�D�D �S�L�I�C�E ���� �T�H�E�N
�S�U�M �O�U�T �S�L�I�C�E ���� �A�N�D �S�O �O�N�� �)�N �T�H�I�S �W�A�Y�� �W�E �C�A�N �A�C�H�I�E�V�E �C�O�N�S�T�A�N�T �S�P�A�C�E �A�N�D �T�I�M�E �P�E�R �l�L�T�E�R�I�N�G
�U�P�D�A�T�E�� ���4�H�E �S�A�M�E �P�E�R�F�O�R�M�A�N�C�E �C�A�N �B�E �A�C�H�I�E�V�E�D �B�Y �S�U�I�T�A�B�L�E �M�O�D�I�l�C�A�T�I�O�N�S �T�O�T�H�E �C�L�U�S�T�E�R�I�N�G
�A�L�G�O�R�I�T�H�M���	 �%�X�E�R�C�I�S�E ���������� �A�S�K�S �Y�O�U �T�O �V�E�R�I�F�Y �T�H�I�S �F�A�C�T �F�O�R �T�H�E �U�M�B�R�E�L�L�A �N�E�T�W�O�R�K��

�3�O �M�U�C�H �F�O�R �T�H�E �G�O�O�D �N�E�W�S�� �N�O�W �F�O�R �T�H�E �B�A�D �N�E�W�S�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�E �h�C�O�N�S�T�A�N�T�v �F�O�R
�T�H�E �P�E�R�
�U�P�D�A�T�E �T�I�M�E �A�N�D �S�P�A�C�E �C�O�M�P�L�E�X�I�T�Y �I�S�� �I�N �A�L�M�O�S�T �A�L�L �C�A�S�E�S�� �E�X�P�O�N�E�N�T�I�A�L �I�N �T�H�E �N�U�M�B�E�R �O�F
�S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �7�H�A�T �H�A�P�P�E�N�S �I�S �T�H�A�T�� �A�S �T�H�E �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �P�R�O�C�E�E�D�S�� �T�H�E �F�A�C�T�O�R�S �G�R�O�W
�T�O �I�N�C�L�U�D�E �A�L�L �T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S ���O�R�� �M�O�R�E �P�R�E�C�I�S�E�L�Y�� �A�L�L �T�H�O�S�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S �T�H�A�T �H�A�V�E �P�A�R�E�N�T�S
�I�N �T�H�E �P�R�E�V�I�O�U�S �T�I�M�E �S�L�I�C�E�	�� �4�H�E �M�A�X�I�M�U�M �F�A�C�T�O�R �S�I�Z�E �I�SO(dn+ k) �A�N�D �T�H�E �T�O�T�A�L �U�P�D�A�T�E �C�O�S�T �P�E�R
�S�T�E�P �I�SO(ndn+ k)� � � W� H� E� R� Ed �I�S �T�H�E �D�O�M�A�I�N �S�I�Z�E �O�F �T�H�E �V�A�R�I�A�B�L�E�S �A�N�Dk �I�S �T�H�E �M�A�X�I�M�U�M �N�U�M�B�E�R
�O�F �P�A�R�E�N�T�S �O�F �A�N�Y �S�T�A�T�E �V�A�R�I�A�B�L�E��

�/�F �C�O�U�R�S�E�� �T�H�I�S �I�S �M�U�C�H �L�E�S�S �T�H�A�N �T�H�E �C�O�S�T �O�F �(�-�- �U�P�D�A�T�I�N�G�� �W�H�I�C�H �I�SO(d2n )� � � B� U� T � I� T
�I�S �S�T�I�L�L �I�N�F�E�A�S�I�B�L�E �F�O�R �L�A�R�G�E �N�U�M�B�E�R�S �O�F �V�A�R�I�A�B�L�E�S�� �4�H�I�S �G�R�I�M �F�A�C�T �I�S �S�O�M�E�W�H�A�T �H�A�R�D �T�O �A�C�C�E�P�T��
�7�H�A�T �I�T �M�E�A�N�S �I�S �T�H�A�T�H�Y�H�Q �W�K�R�X�J�K �Z�H �F�D�Q �X�V�H �'�%�1�V �W�R�R�E�P�R�E�S�E�N�T�Y�H�U�\ �F�R�P�S�O�H�[ �W�H�P�S�R�U�D�O
�S�U�R�F�H�V�V�H�V �Z�L�W�K �P�D�Q�\ �V�S�D�U�V�H�O�\ �F�R�Q�Q�H�F�W�H�G �Y�D�U�L�D�E�O�H�V�� �Z�H �F�D�Q�Q�R�W�R�E�A�S�O�N�H�I�¿�F�L�H�Q�W�O�\ �D�Q�G �H�[�D�F�W�O�\
�D�E�R�X�W �W�K�R�V�H �S�U�R�F�H�V�V�H�V���4�H�E �$�"�. �M�O�D�E�L �I�T�S�E�L�F�� �W�H�I�C�H �R�E�P�R�E�S�E�N�T�S �T�H�E �P�R�I�O�R �J�O�I�N�T �D�I�S�T�R�I�B�U�T�I�O�N
�O�V�E�R �A�L�L �T�H�E �V�A�R�I�A�B�L�E�S�� �I�S �F�A�C�T�O�R�A�B�L�E �I�N�T�O �I�T�S �C�O�N�S�T�I�T�U�E�N�T �#�0�4�S�� �B�U�T �T�H�E �P�O�S�T�E�R�I�O�R �J�O�I�N�T �D�I�S�T�R�I�B�U�

�T�I�O�N �C�O�N�D�I�T�I�O�N�E�D �O�N �A�N �O�B�S�E�R�V�A�T�I�O�N �S�E�Q�U�E�N�C�E�ˆ�T�H�A�T �I�S�� �T�H�E �F�O�R�W�A�R�D �M�E�S�S�A�G�E�ˆ�I�S �G�E�N�E�R�A�L�L�Y�Q�R�W
�F�A�C�T�O�R�A�B�L�E�� �3�O �F�A�R�� �N�O �O�N�E �H�A�S �F�O�U�N�D �A �W�A�Y �A�R�O�U�N�D �T�H�I�S �P�R�O�B�L�E�M�� �D�E�S�P�I�T�E �T�H�E �F�A�C�T �T�H�A�T �M�A�N�Y
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�I�S �S�E�L�E�C�T�E�D �I�S �P�R�O�P�O�R�T�I�O�N�A�L �T�O �I�T�S �W�E�I�G�H�T�� �4�H�E �N�E�W �S�A�M�P�L�E�S �A�R�E �U�N�W�E�I�G�H�T�E�D��

�4�H�E �A�L�G�O�R�I�T�H�M �I�S �S�H�O�W�N �I�N �D�E�T�A�I�L �I�N �&�I�G�U�R�E ������������ �A�N�D �I�T�S �O�P�E�R�A�T�I�O�N �F�O�R �T�H�E �U�M�B�R�E�L�L�A �$�"�. �I�S
�I�L�L�U�S�T�R�A�T�E�D �I�N �&�I�G�U�R�E ������������



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E

�I�X�Q�F�W�L�R�Q�0�!�2�4�)�#�,�%�
�&�)�,�4�%�2�)�.�'���H��N ��dbn�	�U�H�W�X�U�Q�V�A �S�E�T �O�F �S�A�M�P�L�E�S �F�O�R �T�H�E �N�E�X�T �T�I�M�E �S�T�E�P
�L�Q�S�X�W�V���H�� �T�H�E �N�E�W �I�N�C�O�M�I�N�G �E�V�I�D�E�N�C�E

N �� �T�H�E �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S �T�O �B�E �M�A�I�N�T�A�I�N�E�D
dbn�� �A �$�"�. �W�I�T�H �P�R�I�O�R�3(�; 0)�� �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�3(�; 1|�; 0)�� �S�E�N�S�O�R �M�O�D�E�L�3(�(1|�; 1)

�S�H�U�V�L�V�W�H�Q�W��S�� �A �V�E�C�T�O�R �O�F �S�A�M�P�L�E�S �O�F �S�I�Z�EN �� �I�N�I�T�I�A�L�L�Y �G�E�N�E�R�A�T�E�D �F�R�O�M�3(�; 0)
�O�R�F�D�O �Y�D�U�L�D�E�O�H�V��W �� �A �V�E�C�T�O�R �O�F �W�E�I�G�H�T�S �O�F �S�I�Z�EN

�I�R�Ui � � � � � T� ON �G�R
S�;i �=� �S�A�M�P�L�E �F�R�O�M�3(�; 1 | �; 0 = S[i ]) ���
 �S�T�E�P �� �
��
W �;i �=� �3(�H| �; 1 = S[i ]) ���
 �S�T�E�P �� �
��
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�)�L�J�X�U�H �����������4�H�E �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �A�L�G�O�R�I�T�H�M �I�M�P�L�E�M�E�N�T�E�D �A�S �A �R�E�C�U�R�S�I�V�E �U�P�D�A�T�E �O�P�

�E�R�A�T�I�O�N �W�I�T�H �S�T�A�T�E ���T�H�E �S�E�T �O�F �S�A�M�P�L�E�S�	�� �%�A�C�H �O�F �T�H�E �S�A�M�P�L�I�N�G �O�P�E�R�A�T�I�O�N�S �I�N�V�O�L�V�E�S �S�A�M�

�P�L�I�N�G �T�H�E �R�E�L�E�V�A�N�T �S�L�I�C�E �V�A�R�I�A�B�L�E�S �I�N �T�O�P�O�L�O�G�I�C�A�L �O�R�D�E�R�� �M�U�C�H �A�S �I�N �0�2�)�/�2�
�3�!�-�0�,�%� � � 4� H� E
�7 �%�)�'�(�4�%�$�
�3�!�-�0�,�%�
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�2�%�0�,�!�#�%�-�%�.�4�O�P�E�R�A�T�I�O�N �C�A�N �B�E �I�M�P�L�E�M�E�N�T�E�D �T�O �R�U�N �I�NO(N )
�E�X�P�E�C�T�E�D �T�I�M�E�� �4�H�E �S�T�E�P �N�U�M�B�E�R�S �R�E�F�E�R �T�O �T�H�E �D�E�S�C�R�I�P�T�I�O�N �I�N �T�H�E �T�E�X�T��

�W�U�X�H

�I�D�O�V�H

���A�	���0�R�O�P�A�G�A�T�E ���C�	���2�E�S�A�M�P�L�E

�5�D�L�Q�W �5�D�L�Q�W�����5�D�L�Q�W�����5�D�L�Q�W����

���B�	���7�E�I�G�H�T

�)�L�J�X�U�H �����������4�H�E �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �U�P�D�A�T�E �C�Y�C�L�E �F�O�R �T�H�E �U�M�B�R�E�L�L�A �$�"�. �W�I�T�HN = 10� � � S� H� O� W� 

�I�N�G �T�H�E �S�A�M�P�L�E �P�O�P�U�L�A�T�I�O�N�S �O�F �E�A�C�H �S�T�A�T�E�� ���A�	 �!�T �T�I�M�Et�� �� �S�A�M�P�L�E�S �I�N�D�I�C�A�T�Erain �A�N�D �� �I�N�D�I�C�A�T�E
¬rain �� �%�A�C�H �I�S �P�R�O�P�A�G�A�T�E�D �F�O�R�W�A�R�D �B�Y �S�A�M�P�L�I�N�G �T�H�E �N�E�X�T �S�T�A�T�E �T�H�R�O�U�G�H �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L��
�!�T �T�I�M�Et + 1 �� �� �S�A�M�P�L�E�S �I�N�D�I�C�A�T�Erain �A�N�D �� �I�N�D�I�C�A�T�E¬rain � � � �� B� 	¬umbrella �I�S �O�B�S�E�R�V�E�D �A�T
t + 1 �� �%�A�C�H �S�A�M�P�L�E �I�S �W�E�I�G�H�T�E�D �B�Y �I�T�S �L�I�K�E�L�I�H�O�O�D �F�O�R �T�H�E �O�B�S�E�R�V�A�T�I�O�N�� �A�S �I�N�D�I�C�A�T�E�D �B�Y �T�H�E �S�I�Z�E
�O�F �T�H�E �C�I�R�C�L�E�S�� ���C�	 �! �N�E�W �S�E�T �O�F ���� �S�A�M�P�L�E�S �I�S �G�E�N�E�R�A�T�E�D �B�Y �W�E�I�G�H�T�E�D �R�A�N�D�O�M �S�E�L�E�C�T�I�O�N �F�R�O�M
�T�H�E �C�U�R�R�E�N�T �S�E�T�� �R�E�S�U�L�T�I�N�G �I�N �� �S�A�M�P�L�E�S �T�H�A�T �I�N�D�I�C�A�T�Erain �A�N�D �� �T�H�A�T �I�N�D�I�C�A�T�E¬rain ��

�7�E �C�A�N �S�H�O�W �T�H�A�T �T�H�I�S �A�L�G�O�R�I�T�H�M �I�S �C�O�N�S�I�S�T�E�N�T�ˆ�G�I�V�E�S �T�H�E �C�O�R�R�E�C�T �P�R�O�B�A�B�I�L�I�T�I�E�S �A�SN �T�E�N�D�S
�T�O �I�N�l�N�I�T�Y�ˆ�B�Y �C�O�N�S�I�D�E�R�I�N�G �W�H�A�T �H�A�P�P�E�N�S �D�U�R�I�N�G �O�N�E �U�P�D�A�T�E �C�Y�C�L�E�� �7�E �A�S�S�U�M�E�T�H�A�T �T�H�E �S�A�M�P�L�E
�P�O�P�U�L�A�T�I�O�N �S�T�A�R�T�S �W�I�T�H �A �C�O�R�R�E�C�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �F�O�R�W�A�R�D �M�E�S�S�A�G�E�I1:t = �3(�; t | �H1:t ) �A�T
�T�I�M�Et�� �7�R�I�T�I�N�GN (�[t | �H1:t ) �F�O�R �T�H�E �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S �O�C�C�U�P�Y�I�N�G �S�T�A�T�E�[t �A�F�T�E�R �O�B�S�E�R�V�A�T�I�O�N�S
�H1:t �H�A�V�E �B�E�E�N �P�R�O�C�E�S�S�E�D�� �W�E �T�H�E�R�E�F�O�R�E �H�A�V�E

N (�[t | �H1:t )/N = P(�[t | �H1:t ) �������������	

�F�O�R �L�A�R�G�EN �� �.�O�W �W�E �P�R�O�P�A�G�A�T�E �E�A�C�H �S�A�M�P�L�E �F�O�R�W�A�R�D �B�Y �S�A�M�P�L�I�N�G �T�H�E �S�T�A�T�E �V�A�R�I�A�B�L�E�S �A�Tt + 1 ��
�G�I�V�E�N �T�H�E �V�A�L�U�E�S �F�O�R �T�H�E �S�A�M�P�L�E �A�Tt�� �4�H�E �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S �R�E�A�C�H�I�N�G �S�T�A�T�E�[t+1 �F�R�O�M �E�A�C�H



�3�E�C�T�I�O�N ���������� �+�E�E�P�I�N�G �4�R�A�C�K �O�F �-�A�N�Y �/�B�J�E�C�T�S ������

�[t �I�S �T�H�E �T�R�A�N�S�I�T�I�O�N �P�R�O�B�A�B�I�L�I�T�Y �T�I�M�E�S �T�H�E �P�O�P�U�L�A�T�I�O�N �O�F�[t �� �H�E�N�C�E�� �T�H�E �T�O�T�A�L �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S
�R�E�A�C�H�I�N�G�[t+1 �I�S

N (�[t+1 | �H1:t ) =
�

�[t

P(�[t+1 | �[t )N (�[t | �H1:t ) .

�.�O�W �W�E �W�E�I�G�H�T �E�A�C�H �S�A�M�P�L�E �B�Y �I�T�S �L�I�K�E�L�I�H�O�O�D �F�O�R �T�H�E �E�V�I�D�E�N�C�E �A�Tt +1 �� �! �S�A�M�P�L�E �I�N �S�T�A�T�E�[t+1

�R�E�C�E�I�V�E�S �W�E�I�G�H�TP(�Ht+1 | �[t+1 )�� �4�H�E �T�O�T�A�L �W�E�I�G�H�T �O�F �T�H�E �S�A�M�P�L�E�S �I�N�[t+1 �A�F�T�E�R �S�E�E�I�N�G�Ht+1 �I�S
�T�H�E�R�E�F�O�R�E

W (�[t+1 | �H1:t+1 ) = P(�Ht+1 | �[t+1 )N (�[t+1 | �H1:t ) .

�.�O�W �F�O�R �T�H�E �R�E�S�A�M�P�L�I�N�G �S�T�E�P�� �3�I�N�C�E �E�A�C�H �S�A�M�P�L�E �I�S �R�E�P�L�I�C�A�T�E�D �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �P�R�O�P�O�R�T�I�O�N�A�L
�T�O �I�T�S �W�E�I�G�H�T�� �T�H�E �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S �I�N �S�T�A�T�E�[t+1 �A�F�T�E�R �R�E�S�A�M�P�L�I�N�G �I�S �P�R�O�P�O�R�T�I�O�N�A�L �T�O �T�H�E �T�O�T�A�L
�W�E�I�G�H�T �I�N�[t+1 �B�E�F�O�R�E �R�E�S�A�M�P�L�I�N�G��

N (�[t+1 | �H1:t+1 )/N = � W (�[t+1 | �H1:t+1 )

= � P (�Ht+1 | �[t+1 )N (�[t+1 | �H1:t )

= � P (�Ht+1 | �[t+1 )
�

�[t

P(�[t+1 | �[t )N (�[t | �H1:t )

= � NP (�Ht+1 | �[t+1 )
�

�[t

P(�[t+1 | �[t )P(�[t | �H1:t ) ���B�Y �����������	

= � �P(�Ht+1 | �[t+1 )
�

�[t

P(�[t+1 | �[t )P(�[t | �H1:t )

= P(�[t+1 | �H1:t+1 ) ���B�Y ���������	��

�4�H�E�R�E�F�O�R�E �T�H�E �S�A�M�P�L�E �P�O�P�U�L�A�T�I�O�N �A�F�T�E�R �O�N�E �U�P�D�A�T�E �C�Y�C�L�E �C�O�R�R�E�C�T�L�Y �R�E�P�R�E�S�E�N�T�S �T�H�E �F�O�R�W�A�R�D �M�E�S�

�S�A�G�E �A�T �T�I�M�Et + 1 ��

�0�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �I�S�F�R�Q�V�L�V�W�H�Q�W�� �T�H�E�R�E�F�O�R�E�� �B�U�T �I�S �I�T�H�I�¿�F�L�H�Q�W�� �)�N �P�R�A�C�T�I�C�E�� �I�T �S�E�E�M�S �T�H�A�T �T�H�E
�A�N�S�W�E�R �I�S �Y�E�S�� �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �S�E�E�M�S �T�O �M�A�I�N�T�A�I�N �A �G�O�O�D �A�P�P�R�O�X�I�M�A�T�I�O�N �T�O�T�H�E �T�R�U�E �P�O�S�T�E�R�I�O�R
�U�S�I�N�G �A �C�O�N�S�T�A�N�T �N�U�M�B�E�R �O�F �S�A�M�P�L�E�S�� �5�N�D�E�R �C�E�R�T�A�I�N �A�S�S�U�M�P�T�I�O�N�S�ˆ�I�N �P�A�R�T�I�C�U�L�A�R�� �T�H�A�T �T�H�E �P�R�O�B�

�A�B�I�L�I�T�I�E�S �I�N �T�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S �A�R�E �S�T�R�I�C�T�L�Y �G�R�E�A�T�E�R �T�H�A�N �� �A�N�D �L�E�S�S �T�H�A�N ���ˆ�I�T �I�S
�P�O�S�S�I�B�L�E �T�O �P�R�O�V�E �T�H�A�T �T�H�E �A�P�P�R�O�X�I�M�A�T�I�O�N �M�A�I�N�T�A�I�N�S �B�O�U�N�D�E�D �E�R�R�O�R �W�I�T�H �H�I�G�H �P�R�O�B�A�B�I�L�I�T�Y�� �/�N
�T�H�E �P�R�A�C�T�I�C�A�L �S�I�D�E�� �T�H�E �R�A�N�G�E �O�F �A�P�P�L�I�C�A�T�I�O�N�S �H�A�S �G�R�O�W�N �T�O �I�N�C�L�U�D�E �M�A�N�Y �l�E�L�D�S �O�F �S�C�I�E�N�C�E �A�N�D
�E�N�G�I�N�E�E�R�I�N�G�� �S�O�M�E �R�E�F�E�R�E�N�C�E�S �A�R�E �G�I�V�E�N �A�T �T�H�E �E�N�D �O�F �T�H�E �C�H�A�P�T�E�R��
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�4�H�E �P�R�E�C�E�D�I�N�G �S�E�C�T�I�O�N�S �H�A�V�E �C�O�N�S�I�D�E�R�E�D�ˆ�W�I�T�H�O�U�T �M�E�N�T�I�O�N�I�N�G �I�T�ˆ�S�T�A�T�E �E�S�T�I�M�A�T�I�O�N �P�R�O�B�L�E�M�S
�I�N�V�O�L�V�I�N�G �A �S�I�N�G�L�E �O�B�J�E�C�T�� �)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �S�E�E �W�H�A�T �H�A�P�P�E�N�S �W�H�E�N �T�W�O �O�R �M�O�R�E �O�B�J�E�C�T�S
�G�E�N�E�R�A�T�E �T�H�E �O�B�S�E�R�V�A�T�I�O�N�S�� �7�H�A�T �M�A�K�E�S �T�H�I�S �C�A�S�E �D�I�F�F�E�R�E�N�T �F�R�O�M �P�L�A�I�N �O�L�D �S�T�A�T�E �E�S�T�I�M�A�T�I�O�N �I�S
�T�H�A�T �T�H�E�R�E �I�S �N�O�W �T�H�E �P�O�S�S�I�B�I�L�I�T�Y �O�F�X�Q�F�H�U�W�D�L�Q�W�\�A�B�O�U�T �W�H�I�C�H �O�B�J�E�C�T �G�E�N�E�R�A�T�E�D �W�H�I�C�H �O�B�S�E�R�V�A�
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�H�A�V�E �B�E�E�N �S�E�V�E�R�A�L �E�X�T�E�N�S�I�O�N�S �T�O �T�H�E �B�A�S�I�C �(�-�- �M�O�D�E�L�� �F�O�R �E�X�A�M�P�L�E �T�H�E �(�I�E�R�A�R�C�H�I�C�A�L �(�-�-
���&�I�N�E�H�W �D�O���� ���������	 �A�N�D �,�A�Y�E�R�E�D �(�-�- ���/�L�I�V�E�R�H�W �D�O���� ���������	 �I�N�T�R�O�D�U�C�E �S�T�R�U�C�T�U�R�E �B�A�C�K �I�N�T�O �T�H�E
�M�O�D�E�L�� �R�E�P�L�A�C�I�N�G �T�H�E �S�I�N�G�L�E �S�T�A�T�E �V�A�R�I�A�B�L�E �O�F �(�-�-�S��

�$�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S ���$�"�.�S�	 �C�A�N �B�E �V�I�E�W�E�D �A�S �A �S�P�A�R�S�E �E�N�C�O�D�I�N�G �O�F �A �-�A�R�K�O�V
�P�R�O�C�E�S�S �A�N�D �W�E�R�E �l�R�S�T �U�S�E�D �I�N �!�) �B�Y �$�E�A�N �A�N�D �+�A�N�A�Z�A�W�A �����������B�	�� �.�I�C�H�O�L�S�O�N �A�N�D�"�R�A�D�Y
�����������	�� �A�N�D �+�J�A�E�R�U�L�F�F �����������	�� �4�H�E �L�A�S�T �W�O�R�K �E�X�T�E�N�D�S �T�H�E �(�5�'�)�. �"�A�Y�E�S �N�E�T �S�Y�S�T�E�M �T�O �A�C�

�C�O�M�M�O�D�A�T�E �D�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �4�H�E �B�O�O�K �B�Y �$�E�A�N �A�N�D �7�E�L�L�M�A�N �����������	 �H�E�L�P�E�D
�P�O�P�U�L�A�R�I�Z�E �$�"�.�S �A�N�D �T�H�E �P�R�O�B�A�B�I�L�I�S�T�I�C �A�P�P�R�O�A�C�H �T�O �P�L�A�N�N�I�N�G �A�N�D �C�O�N�T�R�O�L �W�I�T�H�I�N �!�)�� �-�U�R�P�H�Y
�����������	 �P�R�O�V�I�D�E�S �A �T�H�O�R�O�U�G�H �A�N�A�L�Y�S�I�S �O�F �$�"�.�S��

�$�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �H�A�V�E �B�E�C�O�M�E �P�O�P�U�L�A�R �F�O�R �M�O�D�E�L�I�N�G �A �V�A�R�I�E�T�Y �O�F �C�O�M�

�P�L�E�X �M�O�T�I�O�N �P�R�O�C�E�S�S�E�S �I�N �C�O�M�P�U�T�E�R �V�I�S�I�O�N ���(�U�A�N�G�H�W �D�O���� ���������� �)�N�T�I�L�L�E �A�N�D �"�O�B�I�C�K�� ���������	��
�,�I�K�E �(�-�-�S�� �T�H�E�Y �H�A�V�E �F�O�U�N�D �A�P�P�L�I�C�A�T�I�O�N�S �I�N �S�P�E�E�C�H �R�E�C�O�G�N�I�T�I�O�N ���:�W�E�I�G �A�N�D �2�U�S�S�E�L�L�� ����������
�2�I�C�H�A�R�D�S�O�N�H�W �D�O���� ���������� �3�T�E�P�H�E�N�S�O�N�H�W �D�O���� ���������� �.�E�l�A�N�H�W �D�O���� ���������� �,�I�V�E�S�C�U�H�W �D�O���� ���������	�� �G�E�




�"�I�B�L�I�O�G�R�A�P�H�I�C�A�L �A�N�D �(�I�S�T�O�R�I�C�A�L �.�O�T�E�S ������

�N�O�M�I�C�S ���-�U�R�P�H�Y �A�N�D �-�I�A�N�� ���������� �0�E�R�R�I�N�H�W �D�O���� ���������� �(�U�S�M�E�I�E�R�� ���������	 �A�N�D �R�O�B�O�T �L�O�C�A�L�I�Z�A�T�I�O�N
���4�H�E�O�C�H�A�R�O�U�S�H�W �D�O���� ���������	�� �4�H�E �L�I�N�K �B�E�T�W�E�E�N �(�-�-�S �A�N�D �$�"�.�S�� �A�N�D �B�E�T�W�E�E�N �T�H�E �F�O�R�W�A�R�D�n
�B�A�C�K�W�A�R�D �A�L�G�O�R�I�T�H�M �A�N�D �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �P�R�O�P�A�G�A�T�I�O�N�� �W�A�S �M�A�D�E �E�X�P�L�I�C�I�T�L� Y � B� Y � 3� M� Y� T� H�H�W
�D�O�������������	�� �! �F�U�R�T�H�E�R �U�N�I�l�C�A�T�I�O�N �W�I�T�H �+�A�L�M�A�N �l�L�T�E�R�S ���A�N�D �O�T�H�E�R �S�T�A�T�I�S�T�I�C�A�L �M�O�D�E�L�S�	 �A�P�P�E�A�R�S �I�N
�2�O�W�E�I�S �A�N�D �'�H�A�H�R�A�M�A�N�I �����������	�� �0�R�O�C�E�D�U�R�E�S �E�X�I�S�T �F�O�R �L�E�A�R�N�I�N�G �T�H�E �P�A�R�A�M�E�T�E�R�S ���"�I�N�D�E�R�H�W �D�O����
���������A�� �'�H�A�H�R�A�M�A�N�I�� ���������	 �A�N�D �S�T�R�U�C�T�U�R�E�S ���&�R�I�E�D�M�A�N�H�W �D�O���� ���������	 �O�F �$�"�.�S��

�4�H�E �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �A�L�G�O�R�I�T�H�M �D�E�S�C�R�I�B�E�D �I�N �3�E�C�T�I�O�N �������� �H�A�S �A �P�A�R�T�I�C�U�L�A�R�L�Y �I�N�T�E�R�E�S�T�I�N�G
�H�I�S�T�O�R�Y�� �4�H�E �l�R�S�T �S�A�M�P�L�I�N�G �A�L�G�O�R�I�T�H�M�S �F�O�R �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G ���A�L�S�O �C�A�L�L�E�D�S�E�Q�U�E�N�T�I�A�L �-�O�N�T�E �#�A�R�L�O
�M�E�T�H�O�D�S�	 �W�E�R�E �D�E�V�E�L�O�P�E�D �I�N �T�H�E �C�O�N�T�R�O�L �T�H�E�O�R�Y �C�O�M�M�U�N�I�T�Y �B�Y �(�A�N�D�S�C�H�I�N �A�N�D �-�A�Y�N�E �����������	��
�A�N�D �T�H�E �R�E�S�A�M�P�L�I�N�G �I�D�E�A �T�H�A�T �I�S �T�H�E �C�O�R�E �O�F �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �A�P�P�E�A�R�E�D �I�N �A �2�U�S�S�I�A�N �C�O�N�T�R�O�L
�J�O�U�R�N�A�L ���:�A�R�I�T�S�K�I�I�H�W �D�O���� ���������	�� �)�T �W�A�S �L�A�T�E�R �R�E�I�N�V�E�N�T�E�D �I�N �S�T�A�T�I�S�T�I�C�S �A�S�V�H�T�X�H�Q�W�L�D�O �L�P�S�R�U�W�D�Q�F�H��
�V�D�P�S�O�L�Q�J �U�H�V�D�P�S�O�L�Q�J� � � O� R�6�,�5���2�U�B�I�N�� ���������� �,�I�U �A�N�D �#�H�E�N�� ���������	�� �I�N �C�O�N�T�R�O�L �T�H�E�O�R�Y �A�S �P�A�R�T�I�

�C�L�E �l�L�T�E�R�I�N�G ���'�O�R�D�O�N�H�W �D�O���� ���������� �'�O�R�D�O�N�� ���������	�� �I�N �!�) �A�S�V�X�U�Y�L�Y�D�O �R�I �W�K�H �¿�W�W�H�V�W���+�A�N�A�Z�A�W�A
�H�W �D�O���� ���������	�� �A�N�D �I�N �C�O�M�P�U�T�E�R �V�I�S�I�O�N �A�S�F�R�Q�G�H�Q�V�D�W�L�R�Q���)�S�A�R�D �A�N�D �"�L�A�K�E�� ���������	�� �4�H�E �P�A�P�E�R �B�Y
�+�A�N�A�Z�A�W�A�H�W �D�O�������������	 �I�N�C�L�U�D�E�S �A�N �I�M�P�R�O�V�E�M�E�N�T �C�A�L�L�E�D�H�Y�L�G�H�Q�F�H �U�H�Y�H�U�V�D�O�W�H�E�R�E�B�Y �T�H�E �S�T�A�T�EEVIDENCE

REVERSAL

�A�T �T�I�M�Et + 1 �I�S �S�A�M�P�L�E�D �C�O�N�D�I�T�I�O�N�A�L �O�N �B�O�T�H �T�H�E �S�T�A�T�E �A�T �T�I�M�Et �D�Q�G �W�K�H �H�Y�L�G�H�Q�F�H �D�W �W�L�P�Ht + 1 ��
�4�H�I�S �A�L�L�O�W�S �T�H�E �E�V�I�D�E�N�C�E �T�O �I�N�m�U�E�N�C�E �S�A�M�P�L�E �G�E�N�E�R�A�T�I�O�N �D�I�R�E�C�T�L�Y �A�N�D �W�A�S �P�R� O� V� E� D � B� Y � $� O� U� C� E� T
�����������	 �A�N�D �,�I�U �A�N�D �#�H�E�N �����������	 �T�O �R�E�D�U�C�E �T�H�E �A�P�P�R�O�X�I�M�A�T�I�O�N �E�R�R�O�R�� �0�A�R�T�I�C�L�E�l�L�T�E�R�I�N�G �H�A�S �B�E�E�N
�A�P�P�L�I�E�D �I�N �M�A�N�Y �A�R�E�A�S�� �I�N�C�L�U�D�I�N�G �T�R�A�C�K�I�N�G �C�O�M�P�L�E�X �M�O�T�I�O�N �P�A�T�T�E�R�N�S �I�N �V�I�D�E�O ���)�S�A�R�D �A�N�D �"�L�A�K�E��
���������	�� �P�R�E�D�I�C�T�I�N�G �T�H�E �S�T�O�C�K �M�A�R�K�E�T ���D�E �&�R�E�I�T�A�S�H�W �D�O���� ���������	�� �A�N�D �D�I�A�G�N�O�S�I�N�G �F�A�U�L�T�S �O�N �P�L�A�N�E�

�T�A�R�Y �R�O�V�E�R�S ���6�E�R�M�A�H�W �D�O���� ���������	�� �! �V�A�R�I�A�N�T �C�A�L�L�E�D �T�H�E�5�D�R���%�O�D�F�N�Z�H�O�O�L�]�H�G �S�D�U�W�L�F�O�H �¿�O�W�H�U�O�R

RAO-
BLACKWELLIZED
PARTICLE FILTER

�2�"�0�& ���$�O�U�C�E�T�H�W �D�O���� ���������� �-�U�R�P�H�Y �A�N�D �2�U�S�S�E�L�L�� ���������	 �A�P�P�L�I�E�S �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �T�O �A �S�U�B�S�E�T
�O�F �S�T�A�T�E �V�A�R�I�A�B�L�E�S �A�N�D�� �F�O�R �E�A�C�H �P�A�R�T�I�C�L�E�� �P�E�R�F�O�R�M�S �E�X�A�C�T �I�N�F�E�R�E�N�C�E �O�N �T�H�E�R�E�M�A�I�N�I�N�G �V�A�R�I�A�B�L�E�S
�C�O�N�D�I�T�I�O�N�E�D �O�N �T�H�E �V�A�L�U�E �S�E�Q�U�E�N�C�E �I�N �T�H�E �P�A�R�T�I�C�L�E�� �)�N �S�O�M�E �C�A�S�E�S �2�"�0�& �W�O�R�K�S�W�E�L�L �W�I�T�H �T�H�O�U�

�S�A�N�D�S �O�F �S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �!�N �A�P�P�L�I�C�A�T�I�O�N �O�F �2�"�0�& �T�O �L�O�C�A�L�I�Z�A�T�I�O�N �A�N�D �M�A�P�P�I�N�G �I�N �R�O�B�O�T�I�C�S �I�S
�D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R ������ �4�H�E �B�O�O�K �B�Y �$�O�U�C�E�T�H�W �D�O�������������	 �C�O�L�L�E�C�T�S �M�A�N�Y �I�M�P�O�R�T�A�N�T �P�A�P�E�R�S �O�N
�V�H�T�X�H�Q�W�L�D�O �0�R�Q�W�H �&�D�U�O�R���3�-�#�	 �A�L�G�O�R�I�T�H�M�S�� �O�F �W�H�I�C�H �P�A�R�T�I�C�L�E �l�L�T�E�R�I�N�G �I�S �T�H�E �M�O�S�T �I�M�P�O�R�T�A�N�TSEQUENTIAL MONTE

CARLO

�I�N�S�T�A�N�C�E�� �0�I�E�R�R�E �$�E�L �-�O�R�A�L �A�N�D �C�O�L�L�E�A�G�U�E�S �H�A�V�E �P�E�R�F�O�R�M�E�D �E�X�T�E�N�S�I�V�E �T�H�E�O�R�E�T�I�C�A�L �A�N�A�L�Y�S�E�S �O�F
�3�-�# �A�L�G�O�R�I�T�H�M�S ���$�E�L �-�O�R�A�L�� ���������� �$�E�L �-�O�R�A�L�H�W �D�O���� ���������	��

�-�#�-�# �M�E�T�H�O�D�S ���S�E�E �3�E�C�T�I�O�N �������������	 �C�A�N �B�E �A�P�P�L�I�E�D �T�O �T�H�E �l�L�T�E�R�I�N�G �P�R�O�B�L�E�M�� �F�O�R �E�X�

�A�M�P�L�E�� �'�I�B�B�S �S�A�M�P�L�I�N�G �C�A�N �B�E �A�P�P�L�I�E�D �D�I�R�E�C�T�L�Y �T�O �A�N �U�N�R�O�L�L�E�D �$�"�.�� �4�O �A�V�O�I�D �T�H�E �P�R�O�B�L�E�M �O�F
�I�N�C�R�E�A�S�I�N�G �U�P�D�A�T�E �T�I�M�E�S �A�S �T�H�E �U�N�R�O�L�L�E�D �N�E�T�W�O�R�K �G�R�O�W�S�� �T�H�E�G�H�F�D�\�H�G �0�&�0�&�l�L�T�E�R ���-�A�R�T�H�IDECAYED MCMC

�H�W �D�O���� ���������	 �P�R�E�F�E�R�S �T�O �S�A�M�P�L�E �M�O�R�E �R�E�C�E�N�T �S�T�A�T�E �V�A�R�I�A�B�L�E�S�� �W�I�T�H �A �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �D�E�C�A�Y�S �A�S
1/k 2 �F�O�R �A �V�A�R�I�A�B�L�Ek �S�T�E�P�S �I�N�T�O �T�H�E �P�A�S�T�� �$�E�C�A�Y�E�D �-�#�-�# �I�S �A �P�R�O�V�A�B�L�Y �N�O�N�D�I�V�E�R�G�E�N�T �l�L�T�E�R��
�.�O�N�D�I�V�E�R�G�E�N�C�E �T�H�E�O�R�E�M�S �C�A�N �A�L�S�O �B�E �O�B�T�A�I�N�E�D �F�O�R �C�E�R�T�A�I�N �T�Y�P�E�S �O�F�D�V�V�X�P�H�G���G�H�Q�V�L�W�\ �¿�O�W�H�U��ASSUMED-DENSITY

FILTER

�!�N �A�S�S�U�M�E�D�
�D�E�N�S�I�T�Y �l�L�T�E�R �A�S�S�U�M�E�S �T�H�A�T �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �S�T�A�T�E�S �A�T �T�I�M�Et �B�E�L�O�N�G�S
�T�O �A �P�A�R�T�I�C�U�L�A�R �l�N�I�T�E�L�Y �P�A�R�A�M�E�T�E�R�I�Z�E�D �F�A�M�I�L�Y�� �I�F �T�H�E �P�R�O�J�E�C�T�I�O�N �A�N�D �U�P�D�A�T�E �S�T�E�P�S �T�A�K�E �I�T �O�U�T�S�I�D�E
�T�H�I�S �F�A�M�I�L�Y�� �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �I�S �P�R�O�J�E�C�T�E�D �B�A�C�K �T�O �G�I�V�E �T�H�E �B�E�S�T �A�P�P�R�O�X�I�M�A�T�I�O�N �W�I�T�H�I�N �T�H�E �F�A�M�
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�'�I�V�E �A �S�I�M�I�L�A�R �E�Q�U�A�T�I�O�N �F�O�R �T�H�E �C�A�L�C�U�L�A�T�I�O�N �O�F �L�I�K�E�L�I�H�O�O�D�S�� �W�H�I�C�H �W�A�S �D�E�S�C�R�I�B�E�D �G�E�N�E�R�I�C�A�L�L�Y �I�N
�%�Q�U�A�T�I�O�N �����������	��

�������� �)�N �3�E�C�T�I�O�N �������������� �T�H�E �P�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �L�O�C�A�T�I�O�N�S �I�S �U�N�I�F�O�R�M �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N
�M�O�D�E�L �A�S�S�U�M�E�S �A�N �E�Q�U�A�L �P�R�O�B�A�B�I�L�I�T�Y �O�F �M�O�V�I�N�G �T�O �A�N�Y �N�E�I�G�H�B�O�R�I�N�G �S�Q�U�A�R�E�� �7�H�A�T �I�F �T�H�O�S�E
�A�S�S�U�M�P�T�I�O�N�S �A�R�E �W�R�O�N�G�� �3�U�P�P�O�S�E �T�H�A�T �T�H�E �I�N�I�T�I�A�L �L�O�C�A�T�I�O�N �I�S �A�C�T�U�A�L�L�Y �C�H�O�S�E�N �U�N�I�F�O�R�M�L�Y �F�R�O�M
�T�H�E �N�O�R�T�H�W�E�S�T �Q�U�A�D�R�A�N�T �O�F �T�H�E �R�O�O�M �A�N�D �T�H�E�0�R�Y�H�A�C�T�I�O�N �A�C�T�U�A�L�L�Y �T�E�N�D�S �T�O �M�O�V�E �S�O�U�T�H�E�A�S�T��
�+�E�E�P�I�N�G �T�H�E �(�-�- �M�O�D�E�L �l�X�E�D�� �E�X�P�L�O�R�E �T�H�E �E�F�F�E�C�T �O�N �L�O�C�A�L�I�Z�A�T�I�O�N �A�N�D �P�A�T�H �A�C�C�U�R�A�C�Y �A�S �T�H�E
�S�O�U�T�H�E�A�S�T�E�R�L�Y �T�E�N�D�E�N�C�Y �I�N�C�R�E�A�S�E�S�� �F�O�R �D�I�F�F�E�R�E�N�T �V�A�L�U�E�S �O�F� ��

�������� �#�O�N�S�I�D�E�R �A �V�E�R�S�I�O�N �O�F �T�H�E �V�A�C�U�U�M �R�O�B�O�T ���P�A�G�E �������	 �T�H�A�T �H�A�S �T�H�E �P�O�L�I�C�Y �O�F �G�O�I�N�G �S�T�R�A�I�G�H�T
�F�O�R �A�S �L�O�N�G �A�S �I�T �C�A�N�� �O�N�L�Y �W�H�E�N �I�T �E�N�C�O�U�N�T�E�R�S �A�N �O�B�S�T�A�C�L�E �D�O�E�S �I�T �C�H�A�N�G�E �T�O �A �N�E�W ���R�A�N�D�O�M�L�Y
�S�E�L�E�C�T�E�D�	 �H�E�A�D�I�N�G�� �4�O �M�O�D�E�L �T�H�I�S �R�O�B�O�T�� �E�A�C�H �S�T�A�T�E �I�N �T�H�E �M�O�D�E�L �C�O�N�S�I�S�T�S �O�F�A���O�R�F�D�W�L�R�Q�� �K�H�D�G��
�L�Q�J���P�A�I�R�� �)�M�P�L�E�M�E�N�T �T�H�I�S �M�O�D�E�L �A�N�D �S�E�E �H�O�W �W�E�L�L �T�H�E �6�I�T�E�R�B�I �A�L�G�O�R�I�T�H�M �C�A�N �T�R�A�C�K �A �R�O�B�O�T �W�I�T�H
�T�H�I�S �M�O�D�E�L�� �4�H�E �R�O�B�O�T���S �P�O�L�I�C�Y �I�S �M�O�R�E �C�O�N�S�T�R�A�I�N�E�D �T�H�A�N �T�H�E �R�A�N�D�O�M�
�W�A�L�K �R�O�B�O�T�� �D�O�E�S �T�H�A�T
�M�E�A�N �T�H�A�T �P�R�E�D�I�C�T�I�O�N�S �O�F �T�H�E �M�O�S�T �L�I�K�E�L�Y �P�A�T�H �A�R�E �M�O�R�E �A�C�C�U�R�A�T�E��

�������� �7�E �H�A�V�E �D�E�S�C�R�I�B�E�D �T�H�R�E�E �P�O�L�I�C�I�E�S �F�O�R �T�H�E �V�A�C�U�U�M �R�O�B�O�T�� �����	 �A �U�N�I�F�O�R�M �R�A�N�D�O�M�W�A�L�K�� �����	
�A �B�I�A�S �F�O�R �W�A�N�D�E�R�I�N�G �S�O�U�T�H�E�A�S�T�� �A�S �D�E�S�C�R�I�B�E�D �I�N �%�X�E�R�C�I�S�E ���������� �A�N�D �����	 �T�H�E �P�O�L�I�C�Y �D�E�S�C�R�I�B�E�D �I�N
�%�X�E�R�C�I�S�E ���������� �3�U�P�P�O�S�E �A�N �O�B�S�E�R�V�E�R �I�S �G�I�V�E�N �T�H�E �O�B�S�E�R�V�A�T�I�O�N �S�E�Q�U�E�N�C�E �F�R�O�M�A �V�A�C�U�U�M �R�O�B�O�T��
�B�U�T �I�S �N�O�T �S�U�R�E �W�H�I�C�H �O�F �T�H�E �T�H�R�E�E �P�O�L�I�C�I�E�S �T�H�E �R�O�B�O�T �I�S �F�O�L�L�O�W�I�N�G�� �7�H�A�T �A�P�P�R�O�A�C�H �S�H�O�U�L�D �T�H�E
�O�B�S�E�R�V�E�R �U�S�E �T�O �l�N�D �T�H�E �M�O�S�T �L�I�K�E�L�Y �P�A�T�H�� �G�I�V�E�N �T�H�E �O�B�S�E�R�V�A�T�I�O�N�S�� �)�M�P�L�E�M�E�N�T �T�H�E �A�P�P�R�O�A�C�H
�A�N�D �T�E�S�T �I�T�� �(�O�W �M�U�C�H �D�O�E�S �T�H�E �L�O�C�A�L�I�Z�A�T�I�O�N �A�C�C�U�R�A�C�Y �S�U�F�F�E�R�� �C�O�M�P�A�R�E�D �T�O �T�H�E �C�A�S�E �I�N �W�H�I�C�H
�T�H�E �O�B�S�E�R�V�E�R �K�N�O�W�S �W�H�I�C�H �P�O�L�I�C�Y �T�H�E �R�O�B�O�T �I�S �F�O�L�L�O�W�I�N�G��

�������� �4�H�I�S �E�X�E�R�C�I�S�E �I�S �C�O�N�C�E�R�N�E�D �W�I�T�H �l�L�T�E�R�I�N�G �I�N �A�N �E�N�V�I�R�O�N�M�E�N�T �W�I�T�H �N�O �L�A�N�D�M�A�R�K�S�� �#�O�N�

�S�I�D�E�R �A �V�A�C�U�U�M �R�O�B�O�T �I�N �A�N �E�M�P�T�Y �R�O�O�M�� �R�E�P�R�E�S�E�N�T�E�D �B�Y �A�Nn× m �R�E�C�T�A�N�G�U�L�A�R �G�R�I�D�� �4�H�E �R�O�B�O�T���S
�L�O�C�A�T�I�O�N �I�S �H�I�D�D�E�N�� �T�H�E �O�N�L�Y �E�V�I�D�E�N�C�E �A�V�A�I�L�A�B�L�E �T�O �T�H�E �O�B�S�E�R�V�E�R �I�S �A �N�O�I�S�Y �L�O�C�A�T�I�O�N �S�E�N�S�O�R �T�H�A�T
�G�I�V�E�S �A�N �A�P�P�R�O�X�I�M�A�T�I�O�N �T�O �T�H�E �R�O�B�O�T���S �L�O�C�A�T�I�O�N�� �)�F �T�H�E �R�O�B�O�T �I�S �A�T �L�O�C�A�T�I�O�N(x, y) �T�H�E�N �W�I�T�H
�P�R�O�B�A�B�I�L�I�T�Y ���� �T�H�E �S�E�N�S�O�R �G�I�V�E�S �T�H�E �C�O�R�R�E�C�T �L�O�C�A�T�I�O�N�� �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ������ �E�A�C�H �I�T �R�E�P�O�R�T�S �O�N�E
�O�F �T�H�E �� �L�O�C�A�T�I�O�N�S �I�M�M�E�D�I�A�T�E�L�Y �S�U�R�R�O�U�N�D�I�N�G(x, y)�� �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �E�A�C�H �I�T �R�E�P�O�R�T�S �O�N�E
�O�F �T�H�E ���� �L�O�C�A�T�I�O�N�S �T�H�A�T �S�U�R�R�O�U�N�D �T�H�O�S�E ���� �A�N�D �W�I�T�H �T�H�E �R�E�M�A�I�N�I�N�G �P�R�O�B�A�B�I�L�I�T�Y �O�F ���� �I�T �R�E�P�O�R�T�S



������ �#�H�A�P�T�E�R ������ �0�R�O�B�A�B�I�L�I�S�T�I�C �2�E�A�S�O�N�I�N�G �O�V�E�R �4�I�M�E
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�)�L�J�X�U�H �����������! �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �A �S�W�I�T�C�H�I�N�G �+�A�L�M�A�N �l�L�T�E�R�� �4�H�E
�S�W�I�T�C�H�I�N�G �V�A�R�I�A�B�L�ESt �I�S �A �D�I�S�C�R�E�T�E �S�T�A�T�E �V�A�R�I�A�B�L�E �W�H�O�S�E �V�A�L�U�E �D�E�T�E�R�M�I�N�E�S �T�H�E �T�R�A�N�S�I�T�I�O�N
�M�O�D�E�L �F�O�R �T�H�E �C�O�N�T�I�N�U�O�U�S �S�T�A�T�E �V�A�R�I�A�B�L�E�S�; t �� �&�O�R �A�N�Y �D�I�S�C�R�E�T�E �S�T�A�T�Ei �� �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L
�3(�; t +1 |�; t , St = i ) �I�S �A �L�I�N�E�A�R �'�A�U�S�S�I�A�N �M�O�D�E�L�� �J�U�S�T �A�S �I�N �A �R�E�G�U�L�A�R �+�A�L�M�A�N �l�L�T�E�R�� �4�H�E �T�R�A�N�

�S�I�T�I�O�N �M�O�D�E�L �F�O�R �T�H�E �D�I�S�C�R�E�T�E �S�T�A�T�E���3(St +1 |St )�� �C�A�N �B�E �T�H�O�U�G�H�T �O�F �A�S �A �M�A�T�R�I�X�� �A�S �I�N �A �H�I�D�D�E�N
�-�A�R�K�O�V �M�O�D�E�L��

�h�N�O �R�E�A�D�I�N�G���v �4�H�E �R�O�B�O�T���S �P�O�L�I�C�Y �I�S �T�O �P�I�C�K �A �D�I�R�E�C�T�I�O�N �A�N�D �F�O�L�L�O�W �I�T �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ���� �O�N
�E�A�C�H �S�T�E�P�� �T�H�E �R�O�B�O�T �S�W�I�T�C�H�E�S �T�O �A �R�A�N�D�O�M�L�Y �S�E�L�E�C�T�E�D �N�E�W �H�E�A�D�I�N�G �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ���� ���O�R �W�I�T�H
�P�R�O�B�A�B�I�L�I�T�Y �� �I�F �I�T �E�N�C�O�U�N�T�E�R�S �A �W�A�L�L�	�� �)�M�P�L�E�M�E�N�T �T�H�I�S �A�S �A�N �(�-�- �A�N�D �D�O �l�L�T�E�R�I�N�G �T�O �T�R�A�C�K �T�H�E
�R�O�B�O�T�� �(�O�W �A�C�C�U�R�A�T�E�L�Y �C�A�N �W�E �T�R�A�C�K �T�H�E �R�O�B�O�T���S �P�A�T�H��

���������� �/�F�T�E�N�� �W�E �W�I�S�H �T�O �M�O�N�I�T�O�R �A �C�O�N�T�I�N�U�O�U�S�
�S�T�A�T�E �S�Y�S�T�E�M �W�H�O�S�E �B�E�H�A�V�I�O�R �S�W�I�T�C�H�E�S �U�N�P�R�E�

�D�I�C�T�A�B�L�Y �A�M�O�N�G �A �S�E�T �O�Fk �D�I�S�T�I�N�C�T �h�M�O�D�E�S���v �&�O�R �E�X�A�M�P�L�E�� �A�N �A�I�R�C�R�A�F�T �T�R�Y�I�N�G �T�O �E�V�A�D�E �A �M�I�S�S�I�L�E
�C�A�N �E�X�E�C�U�T�E �A �S�E�R�I�E�S �O�F �D�I�S�T�I�N�C�T �M�A�N�E�U�V�E�R�S �T�H�A�T �T�H�E �M�I�S�S�I�L�E �M�A�Y �A�T�T�E�M�P�T �T�O �T�R�A�C�K�� �! �"�A�Y�E�S�I�A�N
�N�E�T�W�O�R�K �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �S�U�C�H �A�V�Z�L�W�F�K�L�Q�J �.�D�O�P�D�Q �¿�O�W�H�U�M�O�D�E�L �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������

�D�� �3�U�P�P�O�S�E �T�H�A�T �T�H�E �D�I�S�C�R�E�T�E �S�T�A�T�ESt �H�A�Sk �P�O�S�S�I�B�L�E �V�A�L�U�E�S �A�N�D �T�H�A�T �T�H�E �P�R�I�O�R �C�O�N�T�I�N�U�O�U�S
�S�T�A�T�E �E�S�T�I�M�A�T�E�3(�; 0) �I�S �A �M�U�L�T�I�V�A�R�I�A�T�E �'�A�U�S�S�I�A�N �D�I�S�T�R�I�B�U�T�I�O�N�� �3�H�O�W �T�H�A�T �T�H�E �P�R�E�D�I�C�T�I�O�N
�3(�; 1) �I�S �A�P�L�[�W�X�U�H �R�I �*�D�X�V�V�L�D�Q�V�ˆ�T�H�A�T �I�S�� �A �W�E�I�G�H�T�E�D �S�U�M �O�F �'�A�U�S�S�I�A�N�S �S�U�C�H �T�H�A�T �T�H�E
�W�E�I�G�H�T�S �S�U�M �T�O ����

�E�� �3�H�O�W �T�H�A�T �I�F �T�H�E �C�U�R�R�E�N�T �C�O�N�T�I�N�U�O�U�S �S�T�A�T�E �E�S�T�I�M�A�T�E�3(�; t |�H1:t ) �I�S �A �M�I�X�T�U�R�E �O�Fm �'�A�U�S�

�S�I�A�N�S�� �T�H�E�N �I�N �T�H�E �G�E�N�E�R�A�L �C�A�S�E �T�H�E �U�P�D�A�T�E�D �S�T�A�T�E �E�S�T�I�M�A�T�E�3(�; t+1 |�H1:t+1 ) �W�I�L�L �B�E �A �M�I�X�

�T�U�R�E �O�Fkm �'�A�U�S�S�I�A�N�S��

�F�� �7�H�A�T �A�S�P�E�C�T �O�F �T�H�E �T�E�M�P�O�R�A�L �P�R�O�C�E�S�S �D�O �T�H�E �W�E�I�G�H�T�S �I�N �T�H�E �'�A�U�S�S�I�A�N �M�I�X�T�U�R�E�R�E�P�R�E�S�E�N�T��

�4�H�E �R�E�S�U�L�T�S �I�N ���A�	 �A�N�D ���B�	 �S�H�O�W �T�H�A�T �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N �O�F �T�H�E �P�O�S�T�E�R�I�O�R �G�R�O�W�S �W�I�T�H�O�U�T �L�I�M�I�T �E�V�E�N
�F�O�R �S�W�I�T�C�H�I�N�G �+�A�L�M�A�N �l�L�T�E�R�S�� �W�H�I�C�H �A�R�E �A�M�O�N�G �T�H�E �S�I�M�P�L�E�S�T �H�Y�B�R�I�D �D�Y�N�A�M�I�C �M�O�D�E�L�S��

���������� �#�O�M�P�L�E�T�E �T�H�E �M�I�S�S�I�N�G �S�T�E�P �I�N �T�H�E �D�E�R�I�V�A�T�I�O�N �O�F �%�Q�U�A�T�I�O�N �������������	 �O�N �P�A�G�E ������� � � T� H� E � l� R� S� T
�U�P�D�A�T�E �S�T�E�P �F�O�R �T�H�E �O�N�E�
�D�I�M�E�N�S�I�O�N�A�L �+�A�L�M�A�N �l�L�T�E�R��

���������� �,�E�T �U�S �E�X�A�M�I�N�E �T�H�E �B�E�H�A�V�I�O�R �O�F �T�H�E �V�A�R�I�A�N�C�E �U�P�D�A�T�E �I�N �%�Q�U�A�T�I�O�N �������������	 ���P�A�G�E �������	��

�D�� �0�L�O�T �T�H�E �V�A�L�U�E �O�F� 2
t � A� S � A � F� U� N� C� T� I� O� N � O� Ft�� �G�I�V�E�N �V�A�R�I�O�U�S �V�A�L�U�E�S �F�O�R� 2

x �A�N�D� 2
z ��

�E�� �3�H�O�W �T�H�A�T �T�H�E �U�P�D�A�T�E �H�A�S �A �l�X�E�D �P�O�I�N�T� 2 �S�U�C�H �T�H�A�T� 2
t � � 2 �A�St � 	 �� �A�N�D �C�A�L�C�U�L�A�T�E

�T�H�E �V�A�L�U�E �O�F� 2��



�%�X�E�R�C�I�S�E�S ������

�F�� �'�I�V�E �A �Q�U�A�L�I�T�A�T�I�V�E �E�X�P�L�A�N�A�T�I�O�N �F�O�R �W�H�A�T �H�A�P�P�E�N�S �A�S� 2
x � 0 �A�N�D �A�S� 2

z � 0��

���������� �! �P�R�O�F�E�S�S�O�R �W�A�N�T�S �T�O �K�N�O�W �I�F �S�T�U�D�E�N�T�S �A�R�E �G�E�T�T�I�N�G �E�N�O�U�G�H �S�L�E�E�P�� �%�A�C�H �D�A�Y�� �T�H� E � P� R� O� 

�F�E�S�S�O�R �O�B�S�E�R�V�E�S �W�H�E�T�H�E�R �T�H�E �S�T�U�D�E�N�T�S �S�L�E�E�P �I�N �C�L�A�S�S�� �A�N�D �W�H�E�T�H�E�R �T�H�E�Y �H�A�V�E�R�E�D �E�Y�E�S�� �4�H�E
�P�R�O�F�E�S�S�O�R �H�A�S �T�H�E �F�O�L�L�O�W�I�N�G �D�O�M�A�I�N �T�H�E�O�R�Y��

€ �4�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �O�F �G�E�T�T�I�N�G �E�N�O�U�G�H �S�L�E�E�P�� �W�I�T�H �N�O �O�B�S�E�R�V�A�T�I�O�N�S�� �I�S ��������
€ �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �G�E�T�T�I�N�G �E�N�O�U�G�H �S�L�E�E�P �O�N �N�I�G�H�Tt �I�S ������ �G�I�V�E�N �T�H�A�T �T�H�E �S�T�U�D�E�N�T �G�O�T

�E�N�O�U�G�H �S�L�E�E�P �T�H�E �P�R�E�V�I�O�U�S �N�I�G�H�T�� �A�N�D ������ �I�F �N�O�T��
€ �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �H�A�V�I�N�G �R�E�D �E�Y�E�S �I�S ������ �I�F �T�H�E �S�T�U�D�E�N�T �G�O�T �E�N�O�U�G�H �S�L�E�E�P�� �A�N�D ������ �I�F �N�O�T��
€ �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �S�L�E�E�P�I�N�G �I�N �C�L�A�S�S �I�S ������ �I�F �T�H�E �S�T�U�D�E�N�T �G�O�T �E�N�O�U�G�H �S�L�E�E�P���A�N�D ������ �I�F �N�O�T��

�&�O�R�M�U�L�A�T�E �T�H�I�S �I�N�F�O�R�M�A�T�I�O�N �A�S �A �D�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �T�H�A�T �T�H�E �P�R�O�F�E�S�S�O�R �C�O�U�L�D �U�S�E �T�O
�l�L�T�E�R �O�R �P�R�E�D�I�C�T �F�R�O�M �A �S�E�Q�U�E�N�C�E �O�F �O�B�S�E�R�V�A�T�I�O�N�S�� �4�H�E�N �R�E�F�O�R�M�U�L�A�T�E �I�T �A�S �A �H�I�D�D�E�N �-�A�R�K�O�V
�M�O�D�E�L �T�H�A�T �H�A�S �O�N�L�Y �A �S�I�N�G�L�E �O�B�S�E�R�V�A�T�I�O�N �V�A�R�I�A�B�L�E�� �'�I�V�E �T�H�E �C�O�M�P�L�E�T�E �P�R�O�B�A�B�I�L�I�T�Y �T�A�B�L�E�S �F�O�R
�T�H�E �M�O�D�E�L��

���������� �&�O�R �T�H�E �$�"�. �S�P�E�C�I�l�E�D �I�N �%�X�E�R�C�I�S�E ���������� �A�N�D �F�O�R �T�H�E �E�V�I�D�E�N�C�E �V�A�L�U�E�S
�H1 = �N�O�T �R�E�D �E�Y�E�S�� �N�O�T �S�L�E�E�P�I�N�G �I�N �C�L�A�S�S
�H2 = �R�E�D �E�Y�E�S�� �N�O�T �S�L�E�E�P�I�N�G �I�N �C�L�A�S�S
�H3 = �R�E�D �E�Y�E�S�� �S�L�E�E�P�I�N�G �I�N �C�L�A�S�S

�P�E�R�F�O�R�M �T�H�E �F�O�L�L�O�W�I�N�G �C�O�M�P�U�T�A�T�I�O�N�S��

�D�� �3�T�A�T�E �E�S�T�I�M�A�T�I�O�N�� �#�O�M�P�U�T�EP(EnoughSleept |�H1:t ) �F�O�R �E�A�C�H �O�Ft = 1 , 2, 3��
�E�� �3�M�O�O�T�H�I�N�G�� �#�O�M�P�U�T�EP(EnoughSleept |�H1:3) �F�O�R �E�A�C�H �O�Ft = 1 , 2, 3��
�F�� �#�O�M�P�A�R�E �T�H�E �l�L�T�E�R�E�D �A�N�D �S�M�O�O�T�H�E�D �P�R�O�B�A�B�I�L�I�T�I�E�S �F�O�Rt = 1 �A�N�Dt = 2 ��

���������� �3�U�P�P�O�S�E �T�H�A�T �A �P�A�R�T�I�C�U�L�A�R �S�T�U�D�E�N�T �S�H�O�W�S �U�P �W�I�T�H �R�E�D �E�Y�E�S �A�N�D �S�L�E�E�P�S �I�N �C�L�A�S�S�E�V�E�R�Y �D�A�Y��
�'�I�V�E�N �T�H�E �M�O�D�E�L �D�E�S�C�R�I�B�E�D �I�N �%�X�E�R�C�I�S�E ������������ �E�X�P�L�A�I�N �W�H�Y �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �S�T�U�D�E�N�T �H�A�D
�E�N�O�U�G�H �S�L�E�E�P �T�H�E �P�R�E�V�I�O�U�S �N�I�G�H�T �C�O�N�V�E�R�G�E�S �T�O �A �l�X�E�D �P�O�I�N�T �R�A�T�H�E�R �T�H�A�N �C�O�N�T�I�N�U�I�N�G �T�O �G�O �D�O�W�N
�A�S �W�E �G�A�T�H�E�R �M�O�R�E �D�A�Y�S �O�F �E�V�I�D�E�N�C�E�� �7�H�A�T �I�S �T�H�E �l�X�E�D �P�O�I�N�T�� �!�N�S�W�E�R �T�H�I�S �B�O�T�H �N�U�M�E�R�I�C�A�L�L�Y
���B�Y �C�O�M�P�U�T�A�T�I�O�N�	 �A�N�D �A�N�A�L�Y�T�I�C�A�L�L�Y��

���������� �4�H�I�S �E�X�E�R�C�I�S�E �A�N�A�L�Y�Z�E�S �I�N �M�O�R�E �D�E�T�A�I�L �T�H�E �P�E�R�S�I�S�T�E�N�T�
�F�A�I�L�U�R�E �M�O�D�E�L �F�O�R �T�H�E �B�A�T�T�E�R�Y �S�E�N�

�S�O�R �I�N �&�I�G�U�R�E �������������A�	 ���P�A�G�E �������	��

�D�� �&�I�G�U�R�E �������������B�	 �S�T�O�P�S �A�Tt = 32�� �$�E�S�C�R�I�B�E �Q�U�A�L�I�T�A�T�I�V�E�L�Y �W�H�A�T �S�H�O�U�L�D �H�A�P�P�E�N �A�St � 	
�I�F �T�H�E �S�E�N�S�O�R �C�O�N�T�I�N�U�E�S �T�O �R�E�A�D ����

�E�� �3�U�P�P�O�S�E �T�H�A�T �T�H�E �E�X�T�E�R�N�A�L �T�E�M�P�E�R�A�T�U�R�E �A�F�F�E�C�T�S �T�H�E �B�A�T�T�E�R�Y �S�E�N�S�O�R �I�N �S�U�C�H�A �W�A�Y �T�H�A�T �T�R�A�N�

�S�I�E�N�T �F�A�I�L�U�R�E�S �B�E�C�O�M�E �M�O�R�E �L�I�K�E�L�Y �A�S �T�E�M�P�E�R�A�T�U�R�E �I�N�C�R�E�A�S�E�S�� �3�H�O�W �H�O�W �T�O �A�U�G�M�E�N�T �T�H�E
�$�"�. �S�T�R�U�C�T�U�R�E �I�N �&�I�G�U�R�E �������������A�	�� �A�N�D �E�X�P�L�A�I�N �A�N�Y �R�E�Q�U�I�R�E�D �C�H�A�N�G�E�S �T�O �T�H�E �#�0�4�S��

�F�� �'�I�V�E�N �T�H�E �N�E�W �N�E�T�W�O�R�K �S�T�R�U�C�T�U�R�E�� �C�A�N �B�A�T�T�E�R�Y �R�E�A�D�I�N�G�S �B�E �U�S�E�D �B�Y �T�H�E �R�O�B�O�T�T�O �I�N�F�E�R �T�H�E
�C�U�R�R�E�N�T �T�E�M�P�E�R�A�T�U�R�E��

���������� �#�O�N�S�I�D�E�R �A�P�P�L�Y�I�N�G �T�H�E �V�A�R�I�A�B�L�E �E�L�I�M�I�N�A�T�I�O�N �A�L�G�O�R�I�T�H�M �T�O �T�H�E �U�M�B�R�E�L�L�A �$�"�.�U�N�R�O�L�L�E�D
�F�O�R �T�H�R�E�E �S�L�I�C�E�S�� �W�H�E�R�E �T�H�E �Q�U�E�R�Y �I�S�3(R3|u1, u2, u3)�� �3�H�O�W �T�H�A�T �T�H�E �S�P�A�C�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E
�A�L�G�O�R�I�T�H�M�ˆ�T�H�E �S�I�Z�E �O�F �T�H�E �L�A�R�G�E�S�T �F�A�C�T�O�R�ˆ�I�S �T�H�E �S�A�M�E�� �R�E�G�A�R�D�L�E�S�S �O�F �W�H�E�T�H�E�R �T�H�E �R�A�I�N �V�A�R�I�A�B�L�E�S
�A�R�E �E�L�I�M�I�N�A�T�E�D �I�N �F�O�R�W�A�R�D �O�R �B�A�C�K�W�A�R�D �O�R�D�E�R��
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�,�Q �Z�K�L�F�K �Z�H �V�H�H �K�R�Z �D�Q �D�J�H�Q�W �V�K�R�X�O�G �P�D�N�H �G�H�F�L�V�L�R�Q�V �V�R �W�K�D�W �L�W �J�H�W�V �Z�K�D�W �L�W �Z�D�Q�W�V�²
�R�Q �D�Y�H�U�D�J�H�� �D�W �O�H�D�V�W��

�)�N �T�H�I�S �C�H�A�P�T�E�R�� �W�E �l�L�L �I�N �T�H�E �D�E�T�A�I�L�S �O�F �H�O�W �U�T�I�L�I�T�Y �T�H�E�O�R�Y �C�O�M�B�I�N�E�S �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �T�H�E�O�R�Y �T�O
�Y�I�E�L�D �A �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �A�G�E�N�T�ˆ�A�N �A�G�E�N�T �T�H�A�T �C�A�N �M�A�K�E �R�A�T�I�O�N�A�L �D�E�C�I�S�I�O�N�S �B�A�S�E�D �O�N �W�H�A�T �I�T
�B�E�L�I�E�V�E�S �A�N�D �W�H�A�T �I�T �W�A�N�T�S�� �3�U�C�H �A�N �A�G�E�N�T �C�A�N �M�A�K�E �D�E�C�I�S�I�O�N�S �I�N �C�O�N�T�E�X�T�S �I�N �W�H�I�C�H �U�N�C�E�R�T�A�I�N�T�Y
�A�N�D �C�O�N�m�I�C�T�I�N�G �G�O�A�L�S �L�E�A�V�E �A �L�O�G�I�C�A�L �A�G�E�N�T �W�I�T�H �N�O �W�A�Y �T�O �D�E�C�I�D�E�� �A �G�O�A�L�
�B�A�S�E�D �A�G�E�N�T �H�A�S �A
�B�I�N�A�R�Y �D�I�S�T�I�N�C�T�I�O�N �B�E�T�W�E�E�N �G�O�O�D ���G�O�A�L�	 �A�N�D �B�A�D ���N�O�N�
�G�O�A�L�	 �S�T�A�T�E�S�� �W�H�I�L�E �A �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C
�A�G�E�N�T �H�A�S �A �C�O�N�T�I�N�U�O�U�S �M�E�A�S�U�R�E �O�F �O�U�T�C�O�M�E �Q�U�A�L�I�T�Y��

�3�E�C�T�I�O�N �������� �I�N�T�R�O�D�U�C�E�S �T�H�E �B�A�S�I�C �P�R�I�N�C�I�P�L�E �O�F �D�E�C�I�S�I�O�N �T�H�E�O�R�Y�� �T�H�E �M�A�X�I�M�I�Z�A�T�I�O�N �O�F
�E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y�� �3�E�C�T�I�O�N �������� �S�H�O�W�S �T�H�A�T �T�H�E �B�E�H�A�V�I�O�R �O�F �A�N�Y �R�A�T�I�O�N�A�L �A�G�E�N�T �C�A�N �B�E �C�A�P�T�U�R�E�D
�B�Y �S�U�P�P�O�S�I�N�G �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�A�T �I�S �B�E�I�N�G �M�A�X�I�M�I�Z�E�D�� �3�E�C�T�I�O�N �������� �D�I�S�C�U�S�S�E�S �T�H�E �N�A�T�U�R�E �O�F
�U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S �I�N �M�O�R�E �D�E�T�A�I�L�� �A�N�D �I�N �P�A�R�T�I�C�U�L�A�R �T�H�E�I�R �R�E�L�A�T�I�O�N �T�O �I�N�D�I�V�I�D�U�A�L �Q�U�A�N�T�I�T�I�E�S �S�U�C�H �A�S
�M�O�N�E�Y�� �3�E�C�T�I�O�N �������� �S�H�O�W�S �H�O�W �T�O �H�A�N�D�L�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S �T�H�A�T �D�E�P�E�N�D �O�N �S�E�V�E�R�A�L �Q�U�A�N�T�I�T�I�E�S��
�)�N �3�E�C�T�I�O�N ���������� �W�E �D�E�S�C�R�I�B�E �T�H�E �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F �D�E�C�I�S�I�O�N�
�M�A�K�I�N�G �S�Y�S�T�E�M�S�� �)�N �P�A�R�T�I�C�U�L�A�R��
�W�E �I�N�T�R�O�D�U�C�E �A �F�O�R�M�A�L�I�S�M �C�A�L�L�E�D �A�G�H�F�L�V�L�R�Q �Q�H�W�Z�R�U�N���A�L�S�O �K�N�O�W�N �A�S �A�N�L�Q�À�X�H�Q�F�H �G�L�D�J�U�D�P�	
�T�H�A�T �E�X�T�E�N�D�S �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �B�Y �I�N�C�O�R�P�O�R�A�T�I�N�G �A�C�T�I�O�N�S �A�N�D �U�T�I�L�I�T�I�E�S�� �4�H�E �R�E�M�A�I�N�D�E�R �O�F �T�H�E
�C�H�A�P�T�E�R �D�I�S�C�U�S�S�E�S �I�S�S�U�E�S �T�H�A�T �A�R�I�S�E �I�N �A�P�P�L�I�C�A�T�I�O�N�S �O�F �D�E�C�I�S�I�O�N �T�H�E�O�R�Y �T�O �E�X�P�E�R�T �S�Y�S�T�E�M�S��

�������� �#�/�-�"�)�.�)�.�' �" �%�,�)�%�&�3 �!�.�$�$�%�3�)�2�%�3 �5�.�$�%�2�5�.�#�%�2�4�!�)�.�4�9

�$�E�C�I�S�I�O�N �T�H�E�O�R�Y�� �I�N �I�T�S �S�I�M�P�L�E�S�T �F�O�R�M�� �D�E�A�L�S �W�I�T�H �C�H�O�O�S�I�N�G �A�M�O�N�G �A�C�T�I�O�N�S �B�A�S�E�D �O�N �T�H�E �D�E�S�I�R�

�A�B�I�L�I�T�Y �O�F �T�H�E�I�R�L�P�P�H�G�L�D�W�H�O�U�T�C�O�M�E�S�� �T�H�A�T �I�S�� �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S �A�S�S�U�M�E�D �T�O �B�E �E�P�I�S�O�D�I�C �I�N �T�H�E
�S�E�N�S�E �D�E�l�N�E�D �O�N �P�A�G�E ������ ���4�H�I�S �A�S�S�U�M�P�T�I�O�N �I�S �R�E�L�A�X�E�D �I�N �#�H�A�P�T�E�R �������	 �)�N �#�H�A�P�T�E�R �� �W�E �U�S�E�D
�T�H�E �N�O�T�A�T�I�O�N �2�%�3�5�,�4��s0��a�	 �F�O�R �T�H�E �S�T�A�T�E �T�H�A�T �I�S �T�H�E �D�E�T�E�R�M�I�N�I�S�T�I�C �O�U�T�C�O�M�E �O�F �T�A�K�I�N�G �A�C�T�I�O�Na
�I�N �S�T�A�T�Es0�� �)�N �T�H�I�S �C�H�A�P�T�E�R �W�E �D�E�A�L �W�I�T�H �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�S��
�3�I�N�C�E �T�H�E �A�G�E�N�T �M�A�Y �N�O�T �K�N�O�W �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�� �W�E �O�M�I�T �I�T �A�N�D �D�E�l�N�E �2�%�3�5�,�4(a) �A�S �A�U�D�Q�G�R�P
�Y�D�U�L�D�E�O�H�W�H�O�S�E �V�A�L�U�E�S �A�R�E �T�H�E �P�O�S�S�I�B�L�E �O�U�T�C�O�M�E �S�T�A�T�E�S�� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �O�U�T�C�O�M�Es0�� �G�I�V�E�N
�E�V�I�D�E�N�C�E �O�B�S�E�R�V�A�T�I�O�N�S�H�� �I�S �W�R�I�T�T�E�N

P(�2�%�3�5�,�4(a) = s0j a; �H) ;

������



�3�E�C�T�I�O�N ���������� �4�H�E �"�A�S�I�S �O�F �5�T�I�L�I�T�Y �4�H�E�O�R�Y ������

�W�H�E�R�E �T�H�Ea �O�N �T�H�E�R�I�G�H�T�
�H�A�N�D �S�I�D�E �O�F �T�H�E �C�O�N�D�I�T�I�O�N�I�N�G �B�A�R �S�T�A�N�D�S �F�O�R �T�H�E �E�V�E�N�T �T�H�A�T �A�C�T�I�O�Na �I�S
�E�X�E�C�U�T�E�D����

�4�H�E �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S �A�R�E �C�A�P�T�U�R�E�D �B�Y �A�X�W�L�O�L�W�\ �I�X�Q�F�W�L�R�Q��U(s)�� �W�H�I�C�H �A�S�S�I�G�N�S �A �S�I�N�G�L�EUTILITY FUNCTION

�N�U�M�B�E�R �T�O �E�X�P�R�E�S�S �T�H�E �D�E�S�I�R�A�B�I�L�I�T�Y �O�F �A �S�T�A�T�E�� �4�H�E�H�[�S�H�F�W�H�G �X�W�L�O�L�W�\�O�F �A�N �A�C�T�I�O�N �G�I�V�E�N �T�H�E �E�V�I�
EXPECTED UTILITY

�D�E�N�C�E��EU (aj�H)�� �I�S �J�U�S�T �T�H�E �A�V�E�R�A�G�E �U�T�I�L�I�T�Y �V�A�L�U�E �O�F �T�H�E �O�U�T�C�O�M�E�S�� �W�E�I�G�H�T�E�D �B�Y �T�H�E �P�R�O�B�A�B�I�L�I�T�Y
�T�H�A�T �T�H�E �O�U�T�C�O�M�E �O�C�C�U�R�S��

EU (aj�H) =
X

s0

P(�2�%�3�5�,�4(a) = s0j a; �H) U(s0) : �����������	

�4�H�E �P�R�I�N�C�I�P�L�E �O�F�P�D�[�L�P�X�P �H�[�S�H�F�W�H�G �X�W�L�O�L�W�\���-�%�5�	 �S�A�Y�S �T�H�A�T �A �R�A�T�I�O�N�A�L �A�G�E�N�T �S�H�O�U�L�D �C�H�O�O�S�EMAXIMUM EXPECTED
UTILITY

�T�H�E �A�C�T�I�O�N �T�H�A�T �M�A�X�I�M�I�Z�E�S �T�H�E �A�G�E�N�T���S �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y��

action = argmax
a

EU (aj�H)

�)�N �A �S�E�N�S�E�� �T�H�E �-�%�5 �P�R�I�N�C�I�P�L�E �C�O�U�L�D �B�E �S�E�E�N �A�S �D�E�l�N�I�N�G �A�L�L �O�F �!�)�� �!�L�L �A�N �I�N�T�E�L�L�I�G�E�N�T �A�G�E�N�T �H�A�S
�T�O �D�O �I�S �C�A�L�C�U�L�A�T�E �T�H�E �V�A�R�I�O�U�S �Q�U�A�N�T�I�T�I�E�S�� �M�A�X�I�M�I�Z�E �U�T�I�L�I�T�Y �O�V�E�R �I�T�S �A�C�T�I�O�N�S�� �A�N�D �A�W�A�Y �I�T �G�O�E�S��
�"�U�T �T�H�I�S �D�O�E�S �N�O�T �M�E�A�N �T�H�A�T �T�H�E �!�) �P�R�O�B�L�E�M �I�S�V�R�O�Y�H�G�B�Y �T�H�E �D�E�l�N�I�T�I�O�N��

�4�H�E �-�%�5 �P�R�I�N�C�I�P�L�E�I�R�U�P�D�O�L�]�H�V�T�H�E �G�E�N�E�R�A�L �N�O�T�I�O�N �T�H�A�T �T�H�E �A�G�E�N�T �S�H�O�U�L�D �h�D�O �T�H�E �R�I�G�H�T
�T�H�I�N�G���v �B�U�T �G�O�E�S �O�N�L�Y �A �S�M�A�L�L �D�I�S�T�A�N�C�E �T�O�W�A�R�D �A �F�U�L�L�R�S�H�U�D�W�L�R�Q�D�O�L�]�D�W�L�R�Q�O�F �T�H�A�T �A�D�V�I�C�E�� �%�S�

�T�I�M�A�T�I�N�G �T�H�E �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D �R�E�Q�U�I�R�E�S �P�E�R�C�E�P�T�I�O�N�� �L�E�A�R�N�I�N�G�� �K�N�O�W�L�E�D�G�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�� �A�N�D
�I�N�F�E�R�E�N�C�E�� �#�O�M�P�U�T�I�N�GP(�2�%�3�5�,�4(a) j a; �H) �R�E�Q�U�I�R�E�S �A �C�O�M�P�L�E�T�E �C�A�U�S�A�L �M�O�D�E�L �O�F �T�H�E �W�O�R�L�D
�A�N�D�� �A�S �W�E �S�A�W �I�N �#�H�A�P�T�E�R ������ �.�0�
�H�A�R�D �I�N�F�E�R�E�N�C�E �I�N ���V�E�R�Y �L�A�R�G�E�	 �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �#�O�M�P�U�T�

�I�N�G �T�H�E �O�U�T�C�O�M�E �U�T�I�L�I�T�I�E�SU(s0) �O�F�T�E�N �R�E�Q�U�I�R�E�S �S�E�A�R�C�H�I�N�G �O�R �P�L�A�N�N�I�N�G�� �B�E�C�A�U�S�E �A�N �A�G�E�N�T �M�A�Y
�N�O�T �K�N�O�W �H�O�W �G�O�O�D �A �S�T�A�T�E �I�S �U�N�T�I�L �I�T �K�N�O�W�S �W�H�E�R�E �I�T �C�A�N �G�E�T �T�O �F�R�O�M �T�H�A�T �S�T�A�T�E�� �3�O�� �D�E�C�I�S�I�O�N
�T�H�E�O�R�Y �I�S �N�O�T �A �P�A�N�A�C�E�A �T�H�A�T �S�O�L�V�E�S �T�H�E �!�) �P�R�O�B�L�E�M�ˆ�B�U�T �I�T �D�O�E�S �P�R�O�V�I�D�E �A �U�S�E�F�U�L �F�R�A�M�E�W�O�R�K��

�4�H�E �-�%�5 �P�R�I�N�C�I�P�L�E �H�A�S �A �C�L�E�A�R �R�E�L�A�T�I�O�N �T�O �T�H�E �I�D�E�A �O�F �P�E�R�F�O�R�M�A�N�C�E �M�E�A�S�U�R�E�S �I�N�T�R�O�D�U�C�E�D
�I�N �#�H�A�P�T�E�R ���� �4�H�E �B�A�S�I�C �I�D�E�A �I�S �S�I�M�P�L�E�� �#�O�N�S�I�D�E�R �T�H�E �E�N�V�I�R�O�N�M�E�N�T�S �T�H�A�T �C�O�U�L�D �L�E�A�D �T�O �A�N
�A�G�E�N�T �H�A�V�I�N�G �A �G�I�V�E�N �P�E�R�C�E�P�T �H�I�S�T�O�R�Y�� �A�N�D �C�O�N�S�I�D�E�R �T�H�E �D�I�F�F�E�R�E�N�T �A�G�E�N�T�S �T�H�A�T �W�E �C�O�U�L�D �D�E�S�I�G�N��
�,�I �D�Q �D�J�H�Q�W �D�F�W�V �V�R �D�V �W�R �P�D�[�L�P�L�]�H �D �X�W�L�O�L�W�\ �I�X�Q�F�W�L�R�Q �W�K�D�W �F�R�U�U�H�F�W�O�\ �U�H�À�H�F�W�V �W�K�H �S�H�U�I�R�U�P�D�Q�F�H
�P�H�D�V�X�U�H�� �W�K�H�Q �W�K�H �D�J�H�Q�W �Z�L�O�O �D�F�K�L�H�Y�H �W�K�H �K�L�J�K�H�V�W �S�R�V�V�L�E�O�H �S�H�U�I�R�U�P�D�Q�F�H �V�F�R�U�H ���D�Y�H�U�D�J�H�G �R�Y�H�U
�D�O�O �W�K�H �S�R�V�V�L�E�O�H �H�Q�Y�L�U�R�Q�P�H�Q�W�V�����4�H�I�S �I�S �T�H�E �C�E�N�T�R�A�L �J�U�S�T�I�l�C�A�T�I�O�N �F�O�R �T�H�E �-�%�5 �P�R�I�N�C�I�P�L�E �I�T�S�E�L�F��
�7�H�I�L�E �T�H�E �C�L�A�I�M �M�A�Y �S�E�E�M �T�A�U�T�O�L�O�G�I�C�A�L�� �I�T �D�O�E�S �I�N �F�A�C�T �E�M�B�O�D�Y �A �V�E�R�Y �I�M�P�O�R�T�A�N�T �T�R�A�N�S�I�T�I�O�N
�F�R�O�M �A �G�L�O�B�A�L�� �E�X�T�E�R�N�A�L �C�R�I�T�E�R�I�O�N �O�F �R�A�T�I�O�N�A�L�I�T�Y�ˆ�T�H�E �P�E�R�F�O�R�M�A�N�C�E �M�E�A�S�U�R�E �O�V�E�R �E�N�V�I�R�O�N�M�E�N�T
�H�I�S�T�O�R�I�E�S�ˆ�T�O �A �L�O�C�A�L�� �I�N�T�E�R�N�A�L �C�R�I�T�E�R�I�O�N �I�N�V�O�L�V�I�N�G �T�H�E �M�A�X�I�M�I�Z�A�T�I�O�N �O�F �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �A�P�P�L�I�E�D
�T�O �T�H�E �N�E�X�T �S�T�A�T�E��

�������� �4�(�%�" �!�3�)�3 �/�&�5�4�)�,�)�4�9�4�(�%�/�2�9

�)�N�T�U�I�T�I�V�E�L�Y�� �T�H�E �P�R�I�N�C�I�P�L�E �O�F �-�A�X�I�M�U�M �%�X�P�E�C�T�E�D �5�T�I�L�I�T�Y ���-�%�5�	 �S�E�E�M�S �L�I�K�E �A �R�E�A�S�O�N�A�B�L�E �W�A�Y
�T�O �M�A�K�E �D�E�C�I�S�I�O�N�S�� �B�U�T �I�T �I�S �B�Y �N�O �M�E�A�N�S �O�B�V�I�O�U�S �T�H�A�T �I�T �I�S �T�H�E�R�Q�O�\�R�A�T�I�O�N�A�L �W�A�Y�� �!�F�T�E�R �A�L�L��
�W�H�Y �S�H�O�U�L�D �M�A�X�I�M�I�Z�I�N�G �T�H�E�D�Y�H�U�D�J�H�U�T�I�L�I�T�Y �B�E �S�O �S�P�E�C�I�A�L�� �7�H�A�T���S �W�R�O�N�G �W�I�T�H �A�N �A�G�E�N�T �T�H�A�T

1 �#�L�A�S�S�I�C�A�L �D�E�C�I�S�I�O�N �T�H�E�O�R�Y �L�E�A�V�E�S �T�H�E �C�U�R�R�E�N�T �S�T�A�T�ES0 �I�M�P�L�I�C�I�T�� �B�U�T �W�E �C�O�U�L�D �M�A�K�E �I�T �E�X�P�L�I�C�I�T �B�Y �W�R�I�T�I�N�G
P(�2�%�3�5�,�4(a) = s0 j a; �H) =

P
s P(�2�%�3�5�,�4(s; a) = s0 j a)P (S0 = s j �H)��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�M�A�X�I�M�I�Z�E�S �T�H�E �W�E�I�G�H�T�E�D �S�U�M �O�F �T�H�E �C�U�B�E�S �O�F �T�H�E �P�O�S�S�I�B�L�E �U�T�I�L�I�T�I�E�S���O�R �T�R�I�E�S �T�O �M�I�N�I�M�I�Z�E �T�H�E
�W�O�R�S�T �P�O�S�S�I�B�L�E �L�O�S�S�� �#�O�U�L�D �A�N �A�G�E�N�T �A�C�T �R�A�T�I�O�N�A�L�L�Y �J�U�S�T �B�Y �E�X�P�R�E�S�S�I�N�G �P�R�E�F�E�R�E�N�C�E�S �B�E�T�W�E�E�N
�S�T�A�T�E�S�� �W�I�T�H�O�U�T �G�I�V�I�N�G �T�H�E�M �N�U�M�E�R�I�C �V�A�L�U�E�S�� �&�I�N�A�L�L�Y�� �W�H�Y �S�H�O�U�L�D �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �W�I�T�H �T�H�E
�R�E�Q�U�I�R�E�D �P�R�O�P�E�R�T�I�E�S �E�X�I�S�T �A�T �A�L�L�� �7�E �S�H�A�L�L �S�E�E��

������������ �&�R�Q�V�W�U�D�L�Q�W�V �R�Q �U�D�W�L�R�Q�D�O �S�U�H�I�H�U�H�Q�F�H�V

�4�H�E�S�E �Q�U�E�S�T�I�O�N�S �C�A�N �B�E �A�N�S�W�E�R�E�D �B�Y �W�R�I�T�I�N�G �D�O�W�N �S�O�M�E �C�O�N�S�T�R�A�I�N�T�S �O�N �T�H�E �P�R�E�F�E�R�E�N�C�E�S �T�H�A�T �A
�R�A�T�I�O�N�A�L �A�G�E�N�T �S�H�O�U�L�D �H�A�V�E �A�N�D �T�H�E�N �S�H�O�W�I�N�G �T�H�A�T �T�H�E �-�%�5 �P�R�I�N�C�I�P�L�E �C�A�N �B�E �D�E�R�I�V�E�D �F�R�O�M �T�H�E
�C�O�N�S�T�R�A�I�N�T�S�� �7�E �U�S�E �T�H�E �F�O�L�L�O�W�I�N�G �N�O�T�A�T�I�O�N �T�O �D�E�S�C�R�I�B�E �A�N �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S��

A � B �T�H�E �A�G�E�N�T �P�R�E�F�E�R�SA �O�V�E�RB ��

A � B �T�H�E �A�G�E�N�T �I�S �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�NA �A�N�DB ��

A �� B �T�H�E �A�G�E�N�T �P�R�E�F�E�R�SA �O�V�E�RB �O�R �I�S �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�N �T�H�E�M��

�.�O�W �T�H�E �O�B�V�I�O�U�S �Q�U�E�S�T�I�O�N �I�S�� �W�H�A�T �S�O�R�T�S �O�F �T�H�I�N�G�S �A�R�EA �A�N�DB �� �4�H�E�Y �C�O�U�L�D �B�E �S�T�A�T�E�S �O�F �T�H�E
�W�O�R�L�D�� �B�U�T �M�O�R�E �O�F�T�E�N �T�H�A�N �N�O�T �T�H�E�R�E �I�S �U�N�C�E�R�T�A�I�N�T�Y �A�B�O�U�T �W�H�A�T �I�S �R�E�A�L�L�Y �B�E�I�N�G �O�F�F�E�R�E�D�� �&�O�R
�E�X�A�M�P�L�E�� �A�N �A�I�R�L�I�N�E �P�A�S�S�E�N�G�E�R �W�H�O �I�S �O�F�F�E�R�E�D �h�T�H�E �P�A�S�T�A �D�I�S�H �O�R �T�H�E �C�H�I�C�K�E�N�v �D�O�E�S �N�O�T �K�N�O�W
�W�H�A�T �L�U�R�K�S �B�E�N�E�A�T�H �T�H�E �T�I�N�F�O�I�L �C�O�V�E�R���� �4�H�E �P�A�S�T�A �C�O�U�L�D �B�E �D�E�L�I�C�I�O�U�S �O�R �C�O�N�G�E�A�L�E�D�� �T�H�E �C�H�I�C�K�E�N
�J�U�I�C�Y �O�R �O�V�E�R�C�O�O�K�E�D �B�E�Y�O�N�D �R�E�C�O�G�N�I�T�I�O�N�� �7�E �C�A�N �T�H�I�N�K �O�F �T�H�E �S�E�T �O�F �O�U�T�C�O�M�E�S �F�O�R �E�A�C�H �A�C�T�I�O�N
�A�S �A�O�R�W�W�H�U�\�ˆ�T�H�I�N�K �O�F �E�A�C�H �A�C�T�I�O�N �A�S �A �T�I�C�K�E�T�� �! �L�O�T�T�E�R�YL �W�I�T�H �P�O�S�S�I�B�L�E �O�U�T�C�O�M�E�SS1; : : : ; SnLOTTERY

�T�H�A�T �O�C�C�U�R �W�I�T�H �P�R�O�B�A�B�I�L�I�T�I�E�Sp1; : : : ; pn �I�S �W�R�I�T�T�E�N

L = [ p1; S1; p2; S2; : : : pn ; Sn ] :

�)�N �G�E�N�E�R�A�L�� �E�A�C�H �O�U�T�C�O�M�ESi �O�F �A �L�O�T�T�E�R�Y �C�A�N �B�E �E�I�T�H�E�R �A�N �A�T�O�M�I�C �S�T�A�T�E �O�R �A�N�O�T�H�E�R �L�O�T�T�E�R�Y�� �4�H�E
�P�R�I�M�A�R�Y �I�S�S�U�E �F�O�R �U�T�I�L�I�T�Y �T�H�E�O�R�Y �I�S �T�O �U�N�D�E�R�S�T�A�N�D �H�O�W �P�R�E�F�E�R�E�N�C�E�S �B�E�T�W�E�E�N �C�O�M�P�L�E�X �L�O�T�T�E�R�I�E�S
�A�R�E �R�E�L�A�T�E�D �T�O �P�R�E�F�E�R�E�N�C�E�S �B�E�T�W�E�E�N �T�H�E �U�N�D�E�R�L�Y�I�N�G �S�T�A�T�E�S �I�N �T�H�O�S�E �L�O�T�T�E�R�I�E�S�� �4�O �A�D�D�R�E�S�S �T�H�I�S
�I�S�S�U�E �W�E �L�I�S�T �S�I�X �C�O�N�S�T�R�A�I�N�T�S �T�H�A�T �W�E �R�E�Q�U�I�R�E �A�N�Y �R�E�A�S�O�N�A�B�L�E �P�R�E�F�E�R�E�N�C�E �R�E�L�A�T�I�O�N �T�O �O�B�E�Y��

� �2�U�G�H�U�D�E�L�O�L�W�\�� �'�I�V�E�N �A�N�Y �T�W�O �L�O�T�T�E�R�I�E�S�� �A �R�A�T�I�O�N�A�L �A�G�E�N�T �M�U�S�T �E�I�T�H�E�R �P�R�E�F�E�R �O�N�E �T�O �T�H�EORDERABILITY

�O�T�H�E�R �O�R �E�L�S�E �R�A�T�E �T�H�E �T�W�O �A�S �E�Q�U�A�L�L�Y �P�R�E�F�E�R�A�B�L�E�� �4�H�A�T �I�S�� �T�H�E �A�G�E�N�T �C�A�N�N�O�T �A�V�O�I�D �D�E�C�I�D�I�N�G��
�!�S �W�E �S�A�I�D �O�N �P�A�G�E �������� �R�E�F�U�S�I�N�G �T�O �B�E�T �I�S �L�I�K�E �R�E�F�U�S�I�N�G �T�O �A�L�L�O�W �T�I�M�E �T�O �P�A�S�S��

�%�X�A�C�T�L�Y �O�N�E �O�F(A � B ); (B � A); �O�R(A � B ) �H�O�L�D�S��

� �7�U�D�Q�V�L�W�L�Y�L�W�\�� �'�I�V�E�N �A�N�Y �T�H�R�E�E �L�O�T�T�E�R�I�E�S�� �I�F �A�N �A�G�E�N�T �P�R�E�F�E�R�SA �T�OB �A�N�D �P�R�E�F�E�R�SB �T�OC��TRANSITIVITY

�T�H�E�N �T�H�E �A�G�E�N�T �M�U�S�T �P�R�E�F�E�RA �T�OC��

(A � B ) ^ (B � C) ) (A � C) :

� �&�R�Q�W�L�Q�X�L�W�\�� �)�F �S�O�M�E �L�O�T�T�E�R�YB �I�S �B�E�T�W�E�E�NA �A�N�DC �I�N �P�R�E�F�E�R�E�N�C�E�� �T�H�E�N �T�H�E�R�E �I�S �S�O�M�ECONTINUITY

�P�R�O�B�A�B�I�L�I�T�Yp �F�O�R �W�H�I�C�H �T�H�E �R�A�T�I�O�N�A�L �A�G�E�N�T �W�I�L�L �B�E �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�N �G�E�T�T�I�N�GB �F�O�R �S�U�R�E
�A�N�D �T�H�E �L�O�T�T�E�R�Y �T�H�A�T �Y�I�E�L�D�SA �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Yp �A�N�DC �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y1 � p��

A � B � C ) 9 p [p; A; 1 � p; C] � B :

� �6�X�E�V�W�L�W�X�W�D�E�L�O�L�W�\�� �)�F �A�N �A�G�E�N�T �I�S �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�N �T�W�O �L�O�T�T�E�R�I�E�SA �A�N�DB �� �T�H�E�N �T�H�ESUBSTITUTABILITY

�A�G�E�N�T �I�S �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�N �T�W�O �M�O�R�E �C�O�M�P�L�E�X �L�O�T�T�E�R�I�E�S �T�H�A�T �A�R�E �T�H�E �S�A�M�E �E�X�C�E�P�T �T�H�A�TB

2 �7�E �A�P�O�L�O�G�I�Z�E �T�O �R�E�A�D�E�R�S �W�H�O�S�E �L�O�C�A�L �A�I�R�L�I�N�E�S �N�O �L�O�N�G�E�R �O�F�F�E�R �F�O�O�D �O�N �L�O�N�G �m�I�G�H�T�S��



�3�E�C�T�I�O�N ���������� �4�H�E �"�A�S�I�S �O�F �5�T�I�L�I�T�Y �4�H�E�O�R�Y ������

�I�S �S�U�B�S�T�I�T�U�T�E�D �F�O�RA �I�N �O�N�E�O�F �T�H�E�M�� �4�H�I�S �H�O�L�D�S �R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �A�N�D �T�H�E
�O�T�H�E�R �O�U�T�C�O�M�E���S�	 �I�N �T�H�E �L�O�T�T�E�R�I�E�S��

A � B ) [p; A; 1 � p; C] � [p; B; 1 � p; C] :

�4�H�I�S �A�L�S�O �H�O�L�D�S �I�F �W�E �S�U�B�S�T�I�T�U�T�E� �F�O�R� �I�N �T�H�I�S �A�X�I�O�M��
� �0�R�Q�R�W�R�Q�L�F�L�W�\�� �3�U�P�P�O�S�E �T�W�O �L�O�T�T�E�R�I�E�S �H�A�V�E �T�H�E �S�A�M�E �T�W�O �P�O�S�S�I�B�L�E �O�U�T�C�O�M�E�S��A �A�N�DB ��MONOTONICITY

�)�F �A�N �A�G�E�N�T �P�R�E�F�E�R�SA �T�OB �� �T�H�E�N �T�H�E �A�G�E�N�T �M�U�S�T �P�R�E�F�E�R �T�H�E �L�O�T�T�E�R�Y �T�H�A�T �H�A�S �A �H�I�G�H�E�R
�P�R�O�B�A�B�I�L�I�T�Y �F�O�RA ���A�N�D �V�I�C�E �V�E�R�S�A�	��

A � B ) (p > q , [p; A; 1 � p; B] � [q; A; 1 � q; B]) :

� �'�H�F�R�P�S�R�V�D�E�L�O�L�W�\�� �#�O�M�P�O�U�N�D �L�O�T�T�E�R�I�E�S �C�A�N �B�E �R�E�D�U�C�E�D �T�O �S�I�M�P�L�E�R �O�N�E�S �U�S�I�N�G �T�H�E �L�A�W�SDECOMPOSABILITY

�O�F �P�R�O�B�A�B�I�L�I�T�Y�� �4�H�I�S �H�A�S �B�E�E�N �C�A�L�L�E�D �T�H�E �h�N�O �F�U�N �I�N �G�A�M�B�L�I�N�G�v �R�U�L�E �B�E�C�A�U�S�E �I�T �S�A�Y�S �T�H�A�T
�T�W�O �C�O�N�S�E�C�U�T�I�V�E �L�O�T�T�E�R�I�E�S �C�A�N �B�E �C�O�M�P�R�E�S�S�E�D �I�N�T�O �A �S�I�N�G�L�E �E�Q�U�I�V�A�L�E�N�T �L�O�T�T�E�R�Y�� �A�S �S�H�O�W�N
�I�N �&�I�G�U�R�E �����������B�	����

[p; A; 1 � p; [q; B; 1 � q; C]] � [p; A; (1 � p)q; B; (1 � p)(1 � q); C] :

�4�H�E�S�E �C�O�N�S�T�R�A�I�N�T�S �A�R�E �K�N�O�W�N �A�S �T�H�E �A�X�I�O�M�S �O�F �U�T�I�L�I�T�Y �T�H�E�O�R�Y�� �%�A�C�H �A�X�I�O�M �C�A�N �B�E �M�O�T�I�V�A�T�E�D
�B�Y �S�H�O�W�I�N�G �T�H�A�T �A�N �A�G�E�N�T �T�H�A�T �V�I�O�L�A�T�E�S �I�T �W�I�L�L �E�X�H�I�B�I�T �P�A�T�E�N�T�L�Y �I�R�R�A�T�I�O�N�A�L �B�E�H�A�V�I�O�R �I�N �S�O�M�E
�S�I�T�U�A�T�I�O�N�S�� �&�O�R �E�X�A�M�P�L�E�� �W�E �C�A�N �M�O�T�I�V�A�T�E �T�R�A�N�S�I�T�I�V�I�T�Y �B�Y �M�A�K�I�N�G �A�N �A�G�E�N�T �W�I�T�H �N�O�N�T�R�A�N�S�I�T�I�V�E
�P�R�E�F�E�R�E�N�C�E�S �G�I�V�E �U�S �A�L�L �I�T�S �M�O�N�E�Y�� �3�U�P�P�O�S�E �T�H�A�T �T�H�E �A�G�E�N�T �H�A�S �T�H�E �N�O�N�T�R�A�N�S�I�T�I�V�E �P�R�E�F�E�R�E�N�C�E�S
A � B � C � A�� �W�H�E�R�EA��B �� �A�N�DC �A�R�E �G�O�O�D�S �T�H�A�T �C�A�N �B�E �F�R�E�E�L�Y �E�X�C�H�A�N�G�E�D�� �)�F �T�H�E �A�G�E�N�T
�C�U�R�R�E�N�T�L�Y �H�A�SA�� �T�H�E�N �W�E �C�O�U�L�D �O�F�F�E�R �T�O �T�R�A�D�EC �F�O�RA �P�L�U�S �O�N�E �C�E�N�T�� �4�H�E �A�G�E�N�T �P�R�E�F�E�R�SC��
�A�N�D �S�O �W�O�U�L�D �B�E �W�I�L�L�I�N�G �T�O �M�A�K�E �T�H�I�S �T�R�A�D�E�� �7�E �C�O�U�L�D �T�H�E�N �O�F�F�E�R �T�O �T�R�A�D�EB �F�O�RC�� �E�X�T�R�A�C�T�I�N�G
�A�N�O�T�H�E�R �C�E�N�T�� �A�N�D �l�N�A�L�L�Y �T�R�A�D�EA �F�O�RB �� �4�H�I�S �B�R�I�N�G�S �U�S �B�A�C�K �W�H�E�R�E �W�E �S�T�A�R�T�E�D �F�R�O�M�� �E�X�C�E�P�T
�T�H�A�T �T�H�E �A�G�E�N�T �H�A�S �G�I�V�E�N �U�S �T�H�R�E�E �C�E�N�T�S ���&�I�G�U�R�E �����������A�	�	�� �7�E �C�A�N �K�E�E�P �G�O�I�N�G �A�R�O�U�N�D �T�H�E �C�Y�C�L�E
�U�N�T�I�L �T�H�E �A�G�E�N�T �H�A�S �N�O �M�O�N�E�Y �A�T �A�L�L�� �#�L�E�A�R�L�Y�� �T�H�E �A�G�E�N�T �H�A�S �A�C�T�E�D �I�R�R�A�T�I�O�N�A�L�L�Y �I�N �T�H�I�S �C�A�S�E��

������������ �3�U�H�I�H�U�H�Q�F�H�V �O�H�D�G �W�R �X�W�L�O�L�W�\

�.�O�T�I�C�E �T�H�A�T �T�H�E �A�X�I�O�M�S �O�F �U�T�I�L�I�T�Y �T�H�E�O�R�Y �A�R�E �R�E�A�L�L�Y �A�X�I�O�M�S �A�B�O�U�T �P�R�E�F�E�R�E�N�C�E�S�ˆ�T�H�E�Y �S�A�Y �N�O�T�H�I�N�G
�A�B�O�U�T �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�� �"�U�T �I�N �F�A�C�T �F�R�O�M �T�H�E �A�X�I�O�M�S �O�F �U�T�I�L�I�T�Y �W�E �C�A�N �D�E�R�I�V�E �T�H�E �F�O�L�L�O�W�I�N�G
�C�O�N�S�E�Q�U�E�N�C�E�S ���F�O�R �T�H�E �P�R�O�O�F�� �S�E�E �V�O�N �.�E�U�M�A�N�N �A�N�D �-�O�R�G�E�N�S�T�E�R�N�� ���������	��

� �(�[�L�V�W�H�Q�F�H �R�I �8�W�L�O�L�W�\ �)�X�Q�F�W�L�R�Q�� �)�F �A�N �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S �O�B�E�Y �T�H�E �A�X�I�O�M�S �O�F �U�T�I�L�I�T�Y�� �T�H�E�N
�T�H�E�R�E �E�X�I�S�T�S �A �F�U�N�C�T�I�O�NU �S�U�C�H �T�H�A�TU(A) > U (B ) �I�F �A�N�D �O�N�L�Y �I�FA �I�S �P�R�E�F�E�R�R�E�D �T�OB ��
�A�N�DU(A) = U(B ) �I�F �A�N�D �O�N�L�Y �I�F �T�H�E �A�G�E�N�T �I�S �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�NA �A�N�DB ��

U(A) > U (B ) , A � B
U(A) = U(B ) , A � B

� �(�[�S�H�F�W�H�G �8�W�L�O�L�W�\ �R�I �D �/�R�W�W�H�U�\�� �4�H�E �U�T�I�L�I�T�Y �O�F �A �L�O�T�T�E�R�Y �I�S �T�H�E �S�U�M �O�F �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F
�E�A�C�H �O�U�T�C�O�M�E �T�I�M�E�S �T�H�E �U�T�I�L�I�T�Y �O�F �T�H�A�T �O�U�T�C�O�M�E��

U([p1; S1; : : : ; pn ; Sn ]) =
X

i

pi U(Si ) :

3 �7�E �C�A�N�A�C�C�O�U�N�T �F�O�R �T�H�E �E�N�J�O�Y�M�E�N�T �O�F �G�A�M�B�L�I�N�G �B�Y �E�N�C�O�D�I�N�G �G�A�M�B�L�I�N�G �E�V�E�N�T�S �I�N�T�O �T�H�E �S�T�A�T�E �D�E�S�C�R�I�P�T�I�O�N�� �F�O�R
�E�X�A�M�P�L�E�� �h�(�A�V�E ������ �A�N�D �G�A�M�B�L�E�D�v �C�O�U�L�D �B�E �P�R�E�F�E�R�R�E�D �T�O �h�(�A�V�E ������ �A�N�D �D�I�D�N���T �G�A�M�B�L�E���v



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S
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�)�L�J�X�U�H �����������A�	 �! �C�Y�C�L�E �O�F �E�X�C�H�A�N�G�E�S �S�H�O�W�I�N�G �T�H�A�T �T�H�E �N�O�N�T�R�A�N�S�I�T�I�V�E �P�R�E�F�E�R�E�N�C�E�SA �
B � C � A �R�E�S�U�L�T �I�N �I�R�R�A�T�I�O�N�A�L �B�E�H�A�V�I�O�R�� ���B�	 �4�H�E �D�E�C�O�M�P�O�S�A�B�I�L�I�T�Y �A�X�I�O�M��

�)�N �O�T�H�E�R �W�O�R�D�S�� �O�N�C�E �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �A�N�D �U�T�I�L�I�T�I�E�S �O�F �T�H�E �P�O�S�S�I�B�L�E �O�U�T�C�O�M�E �S�T�A�T�E�S �A�R�E �S�P�E�C�I�l�E�D��
�T�H�E �U�T�I�L�I�T�Y �O�F �A �C�O�M�P�O�U�N�D �L�O�T�T�E�R�Y �I�N�V�O�L�V�I�N�G �T�H�O�S�E �S�T�A�T�E�S �I�S �C�O�M�P�L�E�T�E�L�Y �D�E�T�E�R�M�I�N�E�D�� �"�E�C�A�U�S�E �T�H�E
�O�U�T�C�O�M�E �O�F �A �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �A�C�T�I�O�N �I�S �A �L�O�T�T�E�R�Y�� �I�T �F�O�L�L�O�W�S �T�H�A�T �A�N �A�G�E�N�T �C�A�N �A�C�T �R�A�T�I�O�N�A�L�L�Y�ˆ
�T�H�A�T �I�S�� �C�O�N�S�I�S�T�E�N�T�L�Y �W�I�T�H �I�T�S �P�R�E�F�E�R�E�N�C�E�S�ˆ�O�N�L�Y �B�Y �C�H�O�O�S�I�N�G �A�N �A�C�T�I�O�N �T�H�A�T �M�A�X�I�M�I�Z�E�S �E�X�P�E�C�T�E�D
�U�T�I�L�I�T�Y �A�C�C�O�R�D�I�N�G �T�O �%�Q�U�A�T�I�O�N �����������	��

�4�H�E �P�R�E�C�E�D�I�N�G �T�H�E�O�R�E�M�S �E�S�T�A�B�L�I�S�H �T�H�A�T �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�H�[�L�V�W�V�F�O�R �A�N�Y �R�A�T�I�O�N�A�L �A�G�E�N�T�� �B�U�T
�T�H�E�Y �D�O �N�O�T �E�S�T�A�B�L�I�S�H �T�H�A�T �I�T �I�S�X�Q�L�T�X�H�� �)�T �I�S �E�A�S�Y �T�O �S�E�E�� �I�N �F�A�C�T�� �T�H�A�T �A�N �A�G�E�N�T���S �B�E�H�A�V�I�O�R �W�O�U�L�D
�N�O�T �C�H�A�N�G�E �I�F �I�T�S �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�NU(S) �W�E�R�E �T�R�A�N�S�F�O�R�M�E�D �A�C�C�O�R�D�I�N�G �T�O

U0(S) = aU(S) + b ; �����������	

�W�H�E�R�Ea �A�N�Db �A�R�E �C�O�N�S�T�A�N�T�S �A�N�Da > 0�� �A�N �A�F�l�N�E �T�R�A�N�S�F�O�R�M�A�T�I�O�N���� �4�H�I�S �F�A�C�T �W�A�S �N�O�T�E�D �I�N
�#�H�A�P�T�E�R �� �F�O�R �T�W�O�
�P�L�A�Y�E�R �G�A�M�E�S �O�F �C�H�A�N�C�E�� �H�E�R�E�� �W�E �S�E�E �T�H�A�T �I�T �I�S �C�O�M�P�L�E�T�E�L�Y �G�E�N�E�R�A�L��

�!�S �I�N �G�A�M�E�
�P�L�A�Y�I�N�G�� �I�N �A �D�E�T�E�R�M�I�N�I�S�T�I�C �E�N�V�I�R�O�N�M�E�N�T �A�N �A�G�E�N�T �J�U�S�T �N�E�E�D�S �A �P�R�E�F�E�R�E�N�C�E
�R�A�N�K�I�N�G �O�N �S�T�A�T�E�S�ˆ�T�H�E �N�U�M�B�E�R�S �D�O�N���T �M�A�T�T�E�R�� �4�H�I�S �I�S �C�A�L�L�E�D �A�Y�D�O�X�H �I�X�Q�F�W�L�R�Q�O�R�R�U�G�L�Q�D�OVALUE FUNCTION

�X�W�L�O�L�W�\ �I�X�Q�F�W�L�R�Q��ORDINAL UTILITY
FUNCTION

�)�T �I�S �I�M�P�O�R�T�A�N�T �T�O �R�E�M�E�M�B�E�R �T�H�A�T �T�H�E �E�X�I�S�T�E�N�C�E �O�F �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�A�T �D�E�S�C�R�I�B�E�S �A�N
�A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E �B�E�H�A�V�I�O�R �D�O�E�S �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �M�E�A�N �T�H�A�T �T�H�E �A�G�E�N�T �I�S�H�[�S�O�L�F�L�W�O�\�M�A�X�I�M�I�Z�I�N�G
�T�H�A�T �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �I�N �I�T�S �O�W�N �D�E�L�I�B�E�R�A�T�I�O�N�S�� �!�S �W�E �S�H�O�W�E�D �I�N �#�H�A�P�T�E�R ���� �R�A�T�I�O�N�A�L �B�E�H�A�V�I�O�R �C�A�N
�B�E �G�E�N�E�R�A�T�E�D �I�N �A�N�Y �N�U�M�B�E�R �O�F �W�A�Y�S�� �"�Y �O�B�S�E�R�V�I�N�G �A �R�A�T�I�O�N�A�L �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S�� �H�O�W�E�V�E�R��
�A�N �O�B�S�E�R�V�E�R �C�A�N �C�O�N�S�T�R�U�C�T �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�A�T �R�E�P�R�E�S�E�N�T�S �W�H�A�T �T�H�E �A�G�E�N�T �I�S �A�C�T�U�A�L�L�Y �T�R�Y�I�N�G
�T�O �A�C�H�I�E�V�E ���E�V�E�N �I�F �T�H�E �A�G�E�N�T �D�O�E�S�N���T �K�N�O�W �I�T�	��

4 �)�N �T�H�I�S �S�E�N�S�E�� �U�T�I�L�I�T�I�E�S �R�E�S�E�M�B�L�E �T�E�M�P�E�R�A�T�U�R�E�S�� �A �T�E�M�P�E�R�A�T�U�R�E �I�N �&�A�H�R�E�N�H�E�I�T �I�S ������ �T�I�M�E�S �T�H�E �#�E�L�S�I�U�S �T�E�M�P�E�R�A�T�U�R�E
�P�L�U�S ������ �9�O�U �G�E�T �T�H�E �S�A�M�E �R�E�S�U�L�T�S �I�N �E�I�T�H�E�R �M�E�A�S�U�R�E�M�E�N�T �S�Y�S�T�E�M��



�3�E�C�T�I�O�N ���������� �5�T�I�L�I�T�Y �&�U�N�C�T�I�O�N�S ������

�������� �5�4�)�,�)�4�9 �&�5�.�#�4�)�/�.�3

�5�T�I�L�I�T�Y �I�S �A �F�U�N�C�T�I�O�N �T�H�A�T �M�A�P�S �F�R�O�M �L�O�T�T�E�R�I�E�S �T�O �R�E�A�L �N�U�M�B�E�R�S�� �7�E �K�N�O�W �T�H�E�R�E �A�R�E �S�O�M�E �A�X�I�O�M�S
�O�N �U�T�I�L�I�T�I�E�S �T�H�A�T �A�L�L �R�A�T�I�O�N�A�L �A�G�E�N�T�S �M�U�S�T �O�B�E�Y�� �)�S �T�H�A�T �A�L�L �W�E �C�A�N �S�A�Y �A�B�O�U�T �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S��
�3�T�R�I�C�T�L�Y �S�P�E�A�K�I�N�G�� �T�H�A�T �I�S �I�T�� �A�N �A�G�E�N�T �C�A�N �H�A�V�E �A�N�Y �P�R�E�F�E�R�E�N�C�E�S �I�T �L�I�K�E�S�� �&�O�R �E�X�A�M�P�L�E�� �A�N �A�G�E�N�T
�M�I�G�H�T �P�R�E�F�E�R �T�O �H�A�V�E �A �P�R�I�M�E �N�U�M�B�E�R �O�F �D�O�L�L�A�R�S �I�N �I�T�S �B�A�N�K �A�C�C�O�U�N�T�� �I�N �W�H�I�C�H �C�A�S�E�� �I�F �I�T �H�A�D ������
�I�T �W�O�U�L�D �G�I�V�E �A�W�A�Y ������ �4�H�I�S �M�I�G�H�T �B�E �U�N�U�S�U�A�L�� �B�U�T �W�E �C�A�N���T �C�A�L�L �I�T �I�R�R�A�T�I�O�N�A�L�� �!�N �A�G�E�N�T �M�I�G�H�T
�P�R�E�F�E�R �A �D�E�N�T�E�D �������� �&�O�R�D �0�I�N�T�O �T�O �A �S�H�I�N�Y �N�E�W �-�E�R�C�E�D�E�S�� �0�R�E�F�E�R�E�N�C�E�S �C�A�N �A�L�S�O �I�N�T�E�R�A�C�T�� �F�O�R
�E�X�A�M�P�L�E�� �T�H�E �A�G�E�N�T �M�I�G�H�T �P�R�E�F�E�R �P�R�I�M�E �N�U�M�B�E�R�S �O�F �D�O�L�L�A�R�S �O�N�L�Y �W�H�E�N �I�T �O�W�N�S �T�H�E �0�I�N�T�O�� �B�U�T
�W�H�E�N �I�T �O�W�N�S �T�H�E �-�E�R�C�E�D�E�S�� �I�T �M�I�G�H�T �P�R�E�F�E�R �M�O�R�E �D�O�L�L�A�R�S �T�O �F�E�W�E�R�� �&�O�R�T�U�N�A�T�E�L�Y�� �T�H�E �P�R�E�F�E�R�E�N�C�E�S
�O�F �R�E�A�L �A�G�E�N�T�S �A�R�E �U�S�U�A�L�L�Y �M�O�R�E �S�Y�S�T�E�M�A�T�I�C�� �A�N�D �T�H�U�S �E�A�S�I�E�R �T�O �D�E�A�L �W�I�T�H��

������������ �8�W�L�O�L�W�\ �D�V�V�H�V�V�P�H�Q�W �D�Q�G �X�W�L�O�L�W�\ �V�F�D�O�H�V

�)�F �W�E �W�A�N�T �T�O �B�U�I�L�D �A �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �S�Y�S�T�E�M �T�H�A�T �H�E�L�P�S �T�H�E �A�G�E�N�T �M�A�K�E �D�E�C�I�S�I�O�N�S �O�R �A�C�T�S
�O�N �H�I�S �O�R �H�E�R �B�E�H�A�L�F�� �W�E �M�U�S�T �l�R�S�T �W�O�R�K �O�U�T �W�H�A�T �T�H�E �A�G�E�N�T���S �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �I�S�� �4�H�I�S �P�R�O�C�E�S�S��
�O�F�T�E�N �C�A�L�L�E�D�S�U�H�I�H�U�H�Q�F�H �H�O�L�F�L�W�D�W�L�R�Q�� �I�N�V�O�L�V�E�S �P�R�E�S�E�N�T�I�N�G �C�H�O�I�C�E�S �T�O �T�H�E �A�G�E�N�T �A�N�D �U�S�I�N�G �T�H�EPREFERENCE

ELICITATION

�O�B�S�E�R�V�E�D �P�R�E�F�E�R�E�N�C�E�S �T�O �P�I�N �D�O�W�N �T�H�E �U�N�D�E�R�L�Y�I�N�G �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N��
�%�Q�U�A�T�I�O�N �����������	 �S�A�Y�S �T�H�A�T �T�H�E�R�E �I�S �N�O �A�B�S�O�L�U�T�E �S�C�A�L�E �F�O�R �U�T�I�L�I�T�I�E�S�� �B�U�T �I�T �I�S �H�E�L�P�F�U�L�� �N�O�N�E�T�H�E�


�L�E�S�S�� �T�O �E�S�T�A�B�L�I�S�H�V�R�P�H�S�C�A�L�E �O�N �W�H�I�C�H �U�T�I�L�I�T�I�E�S �C�A�N �B�E �R�E�C�O�R�D�E�D �A�N�D �C�O�M�P�A�R�E�D �F�O�R �A�N�Y �P�A�R�T�I�C�U�

�L�A�R �P�R�O�B�L�E�M�� �! �S�C�A�L�E �C�A�N �B�E �E�S�T�A�B�L�I�S�H�E�D �B�Y �l�X�I�N�G �T�H�E �U�T�I�L�I�T�I�E�S �O�F �A�N�Y �T�W�O �P�A�R�T�I�C�U�L�A�R �O�U�T�C�O�M�E�S��
�J�U�S�T �A�S �W�E �l�X �A �T�E�M�P�E�R�A�T�U�R�E �S�C�A�L�E �B�Y �l�X�I�N�G �T�H�E �F�R�E�E�Z�I�N�G �P�O�I�N�T �A�N�D �B�O�I�L�I�N�G �P�O�I�N�T �O�F �W�A�T�E�R��
�4�Y�P�I�C�A�L�L�Y�� �W�E �l�X �T�H�E �U�T�I�L�I�T�Y �O�F �A �h�B�E�S�T �P�O�S�S�I�B�L�E �P�R�I�Z�E�v �A�TU(S) = u> �A�N�D �A �h�W�O�R�S�T �P�O�S�S�I�B�L�E
�C�A�T�A�S�T�R�O�P�H�E�v �A�TU(S) = u? ���1�R�U�P�D�O�L�]�H�G �X�W�L�O�L�W�L�H�V�U�S�E �A �S�C�A�L�E �W�I�T�Hu? = 0 �A�N�Du> = 1 ��NORMALIZED

UTILITIES

�'�I�V�E�N �A �U�T�I�L�I�T�Y �S�C�A�L�E �B�E�T�W�E�E�Nu> �A�N�Du? �� �W�E �C�A�N �A�S�S�E�S�S �T�H�E �U�T�I�L�I�T�Y �O�F �A�N�Y �P�A�R�T�I�C�U�L�A�R
�P�R�I�Z�ES �B�Y �A�S�K�I�N�G �T�H�E �A�G�E�N�T �T�O �C�H�O�O�S�E �B�E�T�W�E�E�NS �A�N�D �A�V�W�D�Q�G�D�U�G �O�R�W�W�H�U�\[p; u> ; (1 � p); u? ]��STANDARD LOTTERY

�4�H�E �P�R�O�B�A�B�I�L�I�T�Yp �I�S �A�D�J�U�S�T�E�D �U�N�T�I�L �T�H�E �A�G�E�N�T �I�S �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�NS �A�N�D �T�H�E �S�T�A�N�D�A�R�D �L�O�T�T�E�R�Y��
�!�S�S�U�M�I�N�G �N�O�R�M�A�L�I�Z�E�D �U�T�I�L�I�T�I�E�S�� �T�H�E �U�T�I�L�I�T�Y �O�FS �I�S �G�I�V�E�N �B�Yp�� �/�N�C�E �T�H�I�S �I�S �D�O�N�E �F�O�R �E�A�C�H �P�R�I�Z�E��
�T�H�E �U�T�I�L�I�T�I�E�S �F�O�R �A�L�L �L�O�T�T�E�R�I�E�S �I�N�V�O�L�V�I�N�G �T�H�O�S�E �P�R�I�Z�E�S �A�R�E �D�E�T�E�R�M�I�N�E�D��

�)�N �M�E�D�I�C�A�L�� �T�R�A�N�S�P�O�R�T�A�T�I�O�N�� �A�N�D �E�N�V�I�R�O�N�M�E�N�T�A�L �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�S�� �A�M�O�N�G �O�T�H�E�R�S�� �P�E�O�

�P�L�E���S �L�I�V�E�S �A�R�E �A�T �S�T�A�K�E�� �)�N �S�U�C�H �C�A�S�E�S��u? �I�S �T�H�E �V�A�L�U�E �A�S�S�I�G�N�E�D �T�O �I�M�M�E�D�I�A�T�E �D�E�A�T�H ���O�R �P�E�R�H�A�P�S
�M�A�N�Y �D�E�A�T�H�S�	���$�O�W�K�R�X�J�K �Q�R�E�R�G�\ �I�H�H�O�V �F�R�P�I�R�U�W�D�E�O�H �Z�L�W�K �S�X�W�W�L�Q�J �D �Y�D�O�X�H �R�Q �K�X�P�D�Q �O�L�I�H�� �L�W �L�V �D
�I�D�F�W �W�K�D�W �W�U�D�G�H�R�I�I�V �D�U�H �P�D�G�H �D�O�O �W�K�H �W�L�P�H���!�I�R�C�R�A�F�T �A�R�E �G�I�V�E�N �A �C�O�M�P�L�E�T�E �O�V�E�R�H�A�U�L �A�T �I�N�T�E�R�V�A�L�S
�D�E�T�E�R�M�I�N�E�D �B�Y �T�R�I�P�S �A�N�D �M�I�L�E�S �m�O�W�N�� �R�A�T�H�E�R �T�H�A�N �A�F�T�E�R �E�V�E�R�Y �T�R�I�P�� �#�A�R�S �A�R�E �M�A�N�U�F�A�C�T�U�R�E�D �I�N
�A �W�A�Y �T�H�A�T �T�R�A�D�E�S �O�F�F �C�O�S�T�S �A�G�A�I�N�S�T �A�C�C�I�D�E�N�T �S�U�R�V�I�V�A�L �R�A�T�E�S�� �0�A�R�A�D�O�X�I�C�A�L�L�Y�� �A �R�E�F�U�S�A�L �T�O �h�P�U�T �A
�M�O�N�E�T�A�R�Y �V�A�L�U�E �O�N �L�I�F�E�v �M�E�A�N�S �T�H�A�T �L�I�F�E �I�S �O�F�T�E�N�X�Q�G�H�U�Y�D�O�X�H�G�� �2�O�S�S �3�H�A�C�H�T�E�R �R�E�L�A�T�E�S �A�N �E�X�

�P�E�R�I�E�N�C�E �W�I�T�H �A �G�O�V�E�R�N�M�E�N�T �A�G�E�N�C�Y �T�H�A�T �C�O�M�M�I�S�S�I�O�N�E�D �A �S�T�U�D�Y �O�N �R�E�M�O�V�I�N�G �A�S�B�E�S�T�O�S �F�R�O�M
�S�C�H�O�O�L�S�� �4�H�E �D�E�C�I�S�I�O�N �A�N�A�L�Y�S�T�S �P�E�R�F�O�R�M�I�N�G �T�H�E �S�T�U�D�Y �A�S�S�U�M�E�D �A �P�A�R�T�I�C�U�L�A�R �D�O�L�L�A�R �V�A�L�U�E �F�O�R �T�H�E
�L�I�F�E �O�F �A �S�C�H�O�O�L�
�A�G�E �C�H�I�L�D�� �A�N�D �A�R�G�U�E�D �T�H�A�T �T�H�E �R�A�T�I�O�N�A�L �C�H�O�I�C�E �U�N�D�E�R �T�H�A�T �A�S�S�U�M�P�T�I�O�N �W�A�S �T�O
�R�E�M�O�V�E �T�H�E �A�S�B�E�S�T�O�S�� �4�H�E �A�G�E�N�C�Y�� �M�O�R�A�L�L�Y �O�U�T�R�A�G�E�D �A�T �T�H�E �I�D�E�A �O�F �S�E�T�T�I�N�G �T�H�E �V�A�L�U�E �O�F �A �L�I�F�E��
�R�E�J�E�C�T�E�D �T�H�E �R�E�P�O�R�T �O�U�T �O�F �H�A�N�D�� �)�T �T�H�E�N �D�E�C�I�D�E�D �A�G�A�I�N�S�T �A�S�B�E�S�T�O�S �R�E�M�O�V�A�L�ˆ�I�M�P�L�I�C�I�T�L�Y �A�S�S�E�R�T�I�N�G
�A �L�O�W�E�R �V�A�L�U�E �F�O�R �T�H�E �L�I�F�E �O�F �A �C�H�I�L�D �T�H�A�N �T�H�A�T �A�S�S�I�G�N�E�D �B�Y �T�H�E �A�N�A�L�Y�S�T�S��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�3�O�M�E �A�T�T�E�M�P�T�S �H�A�V�E �B�E�E�N �M�A�D�E �T�O �l�N�D �O�U�T �T�H�E �V�A�L�U�E �T�H�A�T �P�E�O�P�L�E �P�L�A�C�E �O�N �T�H�E�I�R �O�W�N
�L�I�V�E�S�� �/�N�E �C�O�M�M�O�N �h�C�U�R�R�E�N�C�Y�v �U�S�E�D �I�N �M�E�D�I�C�A�L �A�N�D �S�A�F�E�T�Y �A�N�A�L�Y�S�I�S �I�S �T�H�E�P�L�F�U�R�P�R�U�W�� �AMICROMORT

�O�N�E �I�N �A �M�I�L�L�I�O�N �C�H�A�N�C�E �O�F �D�E�A�T�H�� �)�F �Y�O�U �A�S�K �P�E�O�P�L�E �H�O�W �M�U�C�H �T�H�E�Y �W�O�U�L�D �P�A�Y �T�O �A�V�O�I�D �A
�R�I�S�K�ˆ�F�O�R �E�X�A�M�P�L�E�� �T�O �A�V�O�I�D �P�L�A�Y�I�N�G �2�U�S�S�I�A�N �R�O�U�L�E�T�T�E �W�I�T�H �A �M�I�L�L�I�O�N�
�B�A�R�R�E�L�E�D �R�E�V�O�L�V�E�R�ˆ�T�H�E�Y
�W�I�L�L �R�E�S�P�O�N�D �W�I�T�H �V�E�R�Y �L�A�R�G�E �N�U�M�B�E�R�S�� �P�E�R�H�A�P�S �T�E�N�S �O�F �T�H�O�U�S�A�N�D�S �O�F �D�O�L�L�A�R�S�� �B�U�T �T�H�E�I�R �A�C�T�U�A�L
�B�E�H�A�V�I�O�R �R�E�m�E�C�T�S �A �M�U�C�H �L�O�W�E�R �M�O�N�E�T�A�R�Y �V�A�L�U�E �F�O�R �A �M�I�C�R�O�M�O�R�T�� �&�O�R �E�X�A�M�P�L�E�� �D�R�I�V�I�N�G �I�N �A �C�A�R
�F�O�R ������ �M�I�L�E�S �I�N�C�U�R�S �A �R�I�S�K �O�F �O�N�E �M�I�C�R�O�M�O�R�T�� �O�V�E�R �T�H�E �L�I�F�E �O�F �Y�O�U�R �C�A�R�ˆ�S�A�Y�� ������������ �M�I�L�E�S�ˆ
�T�H�A�T���S ������ �M�I�C�R�O�M�O�R�T�S�� �0�E�O�P�L�E �A�P�P�E�A�R �T�O �B�E �W�I�L�L�I�N�G �T�O �P�A�Y �A�B�O�U�T �������������� ���A�T �������� �P�R�I�C�E�S�	
�M�O�R�E �F�O�R �A �S�A�F�E�R �C�A�R �T�H�A�T �H�A�L�V�E�S �T�H�E �R�I�S�K �O�F �D�E�A�T�H�� �O�R �A�B�O�U�T ������ �P�E�R �M�I�C�R�O�M�O�R�T�� �! �N�U�M�B�E�R
�O�F �S�T�U�D�I�E�S �H�A�V�E �C�O�N�l�R�M�E�D �A �l�G�U�R�E �I�N �T�H�I�S �R�A�N�G�E �A�C�R�O�S�S �M�A�N�Y �I�N�D�I�V�I�D�U�A�L�S �A�N�D �R�I�S�K �T�Y�P�E�S�� �/�F
�C�O�U�R�S�E�� �T�H�I�S �A�R�G�U�M�E�N�T �H�O�L�D�S �O�N�L�Y �F�O�R �S�M�A�L�L �R�I�S�K�S�� �-�O�S�T �P�E�O�P�L�E �W�O�N���T �A�G�R�E�E �T�O �K�I�L�L �T�H�E�M�S�E�L�V�E�S
�F�O�R ������ �M�I�L�L�I�O�N��

�!�N�O�T�H�E�R �M�E�A�S�U�R�E �I�S �T�H�E�4�$�/�<�� �O�R �Q�U�A�L�I�T�Y�
�A�D�J�U�S�T�E�D �L�I�F�E �Y�E�A�R�� �0�A�T�I�E�N�T�S �W�I�T�H �A �D�I�S�A�B�I�L�I�T�YQALY

�A�R�E �W�I�L�L�I�N�G �T�O �A�C�C�E�P�T �A �S�H�O�R�T�E�R �L�I�F�E �E�X�P�E�C�T�A�N�C�Y �T�O �B�E �R�E�S�T�O�R�E�D �T�O �F�U�L�L �H�E�A�L�T�H�� �&�O�R �E�X�A�M�P�L�E��
�K�I�D�N�E�Y �P�A�T�I�E�N�T�S �O�N �A�V�E�R�A�G�E �A�R�E �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�N �L�I�V�I�N�G �T�W�O �Y�E�A�R�S �O�N �A �D�I�A�L�Y�S�I�S �M�A�C�H�I�N�E �A�N�D
�O�N�E �Y�E�A�R �A�T �F�U�L�L �H�E�A�L�T�H��

������������ �7�K�H �X�W�L�O�L�W�\ �R�I �P�R�Q�H�\

�5�T�I�L�I�T�Y �T�H�E�O�R�Y �H�A�S �I�T�S �R�O�O�T�S �I�N �E�C�O�N�O�M�I�C�S�� �A�N�D �E�C�O�N�O�M�I�C�S �P�R�O�V�I�D�E�S �O�N�E �O�B�V�I�O�U�S �C�A�N�D�I�D�A�T�E
�F�O�R �A �U�T�I�L�I�T�Y �M�E�A�S�U�R�E�� �M�O�N�E�Y ���O�R �M�O�R�E �S�P�E�C�I�l�C�A�L�L�Y�� �A�N �A�G�E�N�T���S �T�O�T�A�L �N�E�T �A�S�S�E�T�S�	�� �4�H�E �A�L�M�O�S�T
�U�N�I�V�E�R�S�A�L �E�X�C�H�A�N�G�E�A�B�I�L�I�T�Y �O�F �M�O�N�E�Y �F�O�R �A�L�L �K�I�N�D�S �O�F �G�O�O�D�S �A�N�D �S�E�R�V�I�C�E�S �S�U�G�G�E�S�T�S �T�H�A�T �M�O�N�E�Y
�P�L�A�Y�S �A �S�I�G�N�I�l�C�A�N�T �R�O�L�E �I�N �H�U�M�A�N �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S��

�)�T �W�I�L�L �U�S�U�A�L�L�Y �B�E �T�H�E �C�A�S�E �T�H�A�T �A�N �A�G�E�N�T �P�R�E�F�E�R�S �M�O�R�E �M�O�N�E�Y �T�O �L�E�S�S�� �A�L�L �O�T�H�E�R �T�H�I�N�G�S �B�E�I�N�G
�E�Q�U�A�L�� �7�E �S�A�Y �T�H�A�T �T�H�E �A�G�E�N�T �E�X�H�I�B�I�T�S �A�P�R�Q�R�W�R�Q�L�F �S�U�H�I�H�U�H�Q�F�H�F�O�R �M�O�R�E �M�O�N�E�Y�� �4�H�I�S �D�O�E�SMONOTONIC

PREFERENCE

�N�O�T �M�E�A�N �T�H�A�T �M�O�N�E�Y �B�E�H�A�V�E�S �A�S �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�� �B�E�C�A�U�S�E �I�T �S�A�Y�S �N�O�T�H�I�N�G �A�B�O�U�T �P�R�E�F�E�R�E�N�C�E�S
�B�E�T�W�E�E�N�O�R�W�W�H�U�L�H�V�I�N�V�O�L�V�I�N�G �M�O�N�E�Y��

�3�U�P�P�O�S�E �Y�O�U �H�A�V�E �T�R�I�U�M�P�H�E�D �O�V�E�R �T�H�E �O�T�H�E�R �C�O�M�P�E�T�I�T�O�R�S �I�N �A �T�E�L�E�V�I�S�I�O�N �G�A�M�E �S�H�O�W�� �4�H�E
�H�O�S�T �N�O�W �O�F�F�E�R�S �Y�O�U �A �C�H�O�I�C�E�� �E�I�T�H�E�R �Y�O�U �C�A�N �T�A�K�E �T�H�E �������������������� �P�R�I�Z�E �O�R �Y�O�U �C�A�N �G�A�M�B�L�E �I�T
�O�N �T�H�E �m�I�P �O�F �A �C�O�I�N�� �)�F �T�H�E �C�O�I�N �C�O�M�E�S �U�P �H�E�A�D�S�� �Y�O�U �E�N�D �U�P �W�I�T�H �N�O�T�H�I�N�G�� �B�U�T �I�F �I�T �C�O�M�E�S
�U�P �T�A�I�L�S�� �Y�O�U �G�E�T ���������������������� �)�F �Y�O�U���R�E �L�I�K�E �M�O�S�T �P�E�O�P�L�E�� �Y�O�U �W�O�U�L�D �D�E�C�L�I�N�E �T�H�E �G�A�M�B�L�E �A�N�D
�P�O�C�K�E�T �T�H�E �M�I�L�L�I�O�N�� �!�R�E �Y�O�U �B�E�I�N�G �I�R�R�A�T�I�O�N�A�L��

�!�S�S�U�M�I�N�G �T�H�E �C�O�I�N �I�S �F�A�I�R�� �T�H�E�H�[�S�H�F�W�H�G �P�R�Q�H�W�D�U�\ �Y�D�O�X�H���%�-�6�	 �O�F �T�H�E �G�A�M�B�L�E �I�S1
2 �������	EXPECTED

MONETARY VALUE

�� 1
2 �����������������������	= ���������������������� �W�H�I�C�H �I�S �M�O�R�E �T�H�A�N �T�H�E �O�R�I�G�I�N�A�L ���������������������� �"�U�T �T�H�A�T �D�O�E�S

�N�O�T �N�E�C�E�S�S�A�R�I�L�Y �M�E�A�N �T�H�A�T �A�C�C�E�P�T�I�N�G �T�H�E �G�A�M�B�L�E �I�S �A �B�E�T�T�E�R �D�E�C�I�S�I�O�N�� �3�U�P�P�O�S�E �W�E �U�S�ESn �T�O
�D�E�N�O�T�E �T�H�E �S�T�A�T�E �O�F �P�O�S�S�E�S�S�I�N�G �T�O�T�A�L �W�E�A�L�T�H ��n�� �A�N�D �T�H�A�T �Y�O�U�R �C�U�R�R�E�N�T �W�E�A�L�T�H �I�S ��k�� �4�H�E�N �T�H�E
�E�X�P�E�C�T�E�D �U�T�I�L�I�T�I�E�S �O�F �T�H�E �T�W�O �A�C�T�I�O�N�S �O�F �A�C�C�E�P�T�I�N�G �A�N�D �D�E�C�L�I�N�I�N�G �T�H�E �G�A�M�B�L�E �A�R�E

EU (Accept) = 1
2U(Sk ) + 1

2U(Sk+2 ;500;000) ;

EU (Decline) = U(Sk+1 ;000;000) :

�4�O �D�E�T�E�R�M�I�N�E �W�H�A�T �T�O �D�O�� �W�E �N�E�E�D �T�O �A�S�S�I�G�N �U�T�I�L�I�T�I�E�S �T�O �T�H�E �O�U�T�C�O�M�E �S�T�A�T�E�S�� �5�T�I�L�I�T�Y �I�S �N�O�T
�D�I�R�E�C�T�L�Y �P�R�O�P�O�R�T�I�O�N�A�L �T�O �M�O�N�E�T�A�R�Y �V�A�L�U�E�� �B�E�C�A�U�S�E �T�H�E �U�T�I�L�I�T�Y �F�O�R �Y�O�U�R �l�R�S�T �M�I�L�L�I�O�N �I�S �V�E�R�Y �H�I�G�H
���O�R �S�O �T�H�E�Y �S�A�Y�	�� �W�H�E�R�E�A�S �T�H�E �U�T�I�L�I�T�Y �F�O�R �A�N �A�D�D�I�T�I�O�N�A�L �M�I�L�L�I�O�N �I�S �S�M�A�L�L�E�R�� �3�U�P�P�O�S�E �Y�O�U �A�S�S�I�G�N
�A �U�T�I�L�I�T�Y �O�F �� �T�O �Y�O�U�R �C�U�R�R�E�N�T �l�N�A�N�C�I�A�L �S�T�A�T�U�S ��Sk �	�� �A �� �T�O �T�H�E �S�T�A�T�ESk+2 ;500;000�� �A�N�D �A�N �� �T�O �T�H�E



�3�E�C�T�I�O�N ���������� �5�T�I�L�I�T�Y �&�U�N�C�T�I�O�N�S ������
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�)�L�J�X�U�H ���������4�H�E �U�T�I�L�I�T�Y �O�F �M�O�N�E�Y�� ���A�	 �%�M�P�I�R�I�C�A�L �D�A�T�A �F�O�R �-�R�� �"�E�A�R�D �O�V�E�R �A �L�I�M�I�T�E�D �R�A�N�G�E��
���B�	 �! �T�Y�P�I�C�A�L �C�U�R�V�E �F�O�R �T�H�E �F�U�L�L �R�A�N�G�E��

�S�T�A�T�ESk+1 ;000;000�� �4�H�E�N �T�H�E �R�A�T�I�O�N�A�L �A�C�T�I�O�N �W�O�U�L�D �B�E �T�O �D�E�C�L�I�N�E�� �B�E�C�A�U�S�E �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y
�O�F �A�C�C�E�P�T�I�N�G �I�S �O�N�L�Y �� ���L�E�S�S �T�H�A�N �T�H�E �� �F�O�R �D�E�C�L�I�N�I�N�G�	�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �A �B�I�L�L�I�O�N�A�I�R�E �W�O�U�L�D
�M�O�S�T �L�I�K�E�L�Y �H�A�V�E �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�A�T �I�S �L�O�C�A�L�L�Y �L�I�N�E�A�R �O�V�E�R �T�H�E �R�A�N�G�E �O�F �A �F�E�W �M�I�L�L�I�O�N �M�O�R�E��
�A�N�D �T�H�U�S �W�O�U�L�D �A�C�C�E�P�T �T�H�E �G�A�M�B�L�E��

�)�N �A �P�I�O�N�E�E�R�I�N�G �S�T�U�D�Y �O�F �A�C�T�U�A�L �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S�� �'�R�A�Y�S�O�N �����������	 �F�O�U�N�D �T�H�A�T �T�H�E �U�T�I�L�I�T�Y �O�F
�M�O�N�E�Y �W�A�S �A�L�M�O�S�T �E�X�A�C�T�L�Y �P�R�O�P�O�R�T�I�O�N�A�L �T�O �T�H�E�O�R�J�D�U�L�W�K�P�O�F �T�H�E �A�M�O�U�N�T�� ���4�H�I�S �I�D�E�A �W�A�S �l�R�S�T
�S�U�G�G�E�S�T�E�D �B�Y �"�E�R�N�O�U�L�L�I �����������	�� �S�E�E �%�X�E�R�C�I�S�E �����������	 �/�N�E �P�A�R�T�I�C�U�L�A�R �U�T�I�L�I�T�Y �C�U�R�V�E�� �F�O�R �A �C�E�R�T�A�I�N
�-�R�� �"�E�A�R�D�� �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������A�	�� �4�H�E �D�A�T�A �O�B�T�A�I�N�E�D �F�O�R �-�R�� �"�E�A�R�D���S �P�R�E�F�E�R�E�N�C�E�S �A�R�E
�C�O�N�S�I�S�T�E�N�T �W�I�T�H �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N

U(Sk+ n ) = � 263:31 + 22:09 log(n + 150; 000)

�F�O�R �T�H�E �R�A�N�G�E �B�E�T�W�E�E�Nn = � $150; 000�A�N�Dn = $800; 000��
�7�E �S�H�O�U�L�D �N�O�T �A�S�S�U�M�E �T�H�A�T �T�H�I�S �I�S �T�H�E �D�E�l�N�I�T�I�V�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �F�O�R �M�O�N�E�T�A�R�Y �V�A�L�U�E�� �B�U�T

�I�T �I�S �L�I�K�E�L�Y �T�H�A�T �M�O�S�T �P�E�O�P�L�E �H�A�V�E �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�A�T �I�S �C�O�N�C�A�V�E �F�O�R �P�O�S�I�T�I�V�E �W�E�A�L�T�H�� �'�O�I�N�G
�I�N�T�O �D�E�B�T �I�S �B�A�D�� �B�U�T �P�R�E�F�E�R�E�N�C�E�S �B�E�T�W�E�E�N �D�I�F�F�E�R�E�N�T �L�E�V�E�L�S �O�F �D�E�B�T �C�A�N �D�I�S�P�L�A�Y �A �R�E�V�E�R�S�A�L �O�F
�T�H�E �C�O�N�C�A�V�I�T�Y �A�S�S�O�C�I�A�T�E�D �W�I�T�H �P�O�S�I�T�I�V�E �W�E�A�L�T�H�� �&�O�R �E�X�A�M�P�L�E�� �S�O�M�E�O�N�E �A�L�R�E�A�D�Y ���������������������� �I�N
�D�E�B�T �M�I�G�H�T �W�E�L�L �A�C�C�E�P�T �A �G�A�M�B�L�E �O�N �A �F�A�I�R �C�O�I�N �W�I�T�H �A �G�A�I�N �O�F ���������������������� �F�O�R �H�E�A�D�S �A�N�D �A
�L�O�S�S �O�F ���������������������� �F�O�R �T�A�I�L�S���� �4�H�I�S �Y�I�E�L�D�S �T�H�E �3�
�S�H�A�P�E�D �C�U�R�V�E �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	��

�)�F �W�E �R�E�S�T�R�I�C�T �O�U�R �A�T�T�E�N�T�I�O�N �T�O �T�H�E �P�O�S�I�T�I�V�E �P�A�R�T �O�F �T�H�E �C�U�R�V�E�S�� �W�H�E�R�E �T�H�E �S�L�O�P�E �I�S �D�E�C�R�E�A�S�

�I�N�G�� �T�H�E�N �F�O�R �A�N�Y �L�O�T�T�E�R�YL �� �T�H�E �U�T�I�L�I�T�Y �O�F �B�E�I�N�G �F�A�C�E�D �W�I�T�H �T�H�A�T �L�O�T�T�E�R�Y �I�S �L�E�S�S �T�H�A�N �T�H�E �U�T�I�L�I�T�Y �O�F
�B�E�I�N�G �H�A�N�D�E�D �T�H�E �E�X�P�E�C�T�E�D �M�O�N�E�T�A�R�Y �V�A�L�U�E �O�F �T�H�E �L�O�T�T�E�R�Y �A�S �A �S�U�R�E �T�H�I�N�G��

U(L ) < U (SEMV (L) ) :

�4�H�A�T �I�S�� �A�G�E�N�T�S �W�I�T�H �C�U�R�V�E�S �O�F �T�H�I�S �S�H�A�P�E �A�R�E�U�L�V�N���D�Y�H�U�V�H�� �T�H�E�Y �P�R�E�F�E�R �A �S�U�R�E �T�H�I�N�G �W�I�T�H �ARISK­AVERSE

�P�A�Y�O�F�F �T�H�A�T �I�S �L�E�S�S �T�H�A�N �T�H�E �E�X�P�E�C�T�E�D �M�O�N�E�T�A�R�Y �V�A�L�U�E �O�F �A �G�A�M�B�L�E�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�N �T�H�E
�h�D�E�S�P�E�R�A�T�E�v �R�E�G�I�O�N �A�T �L�A�R�G�E �N�E�G�A�T�I�V�E �W�E�A�L�T�H �I�N �&�I�G�U�R�E �����������B�	�� �T�H�E �B�E�H�A�V�I�O�R �I�S�U�L�V�N���V�H�H�N�L�Q�J��RISK­SEEKING

5 �3�U�C�H �B�E�H�A�V�I�O�R �M�I�G�H�T �B�E �C�A�L�L�E�D �D�E�S�P�E�R�A�T�E�� �B�U�T �I�T �I�S �R�A�T�I�O�N�A�L �I�F �O�N�E �I�S �A�L�R�E�A�D�Y �I�N �A �D�E�S�P�E�R�A�T�E �S�I�T�U�A�T�I�O�N��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�4�H�E �V�A�L�U�E �A�N �A�G�E�N�T �W�I�L�L �A�C�C�E�P�T �I�N �L�I�E�U �O�F �A �L�O�T�T�E�R�Y �I�S �C�A�L�L�E�D �T�H�E�F�H�U�W�D�L�Q�W�\ �H�T�X�L�Y�D�O�H�Q�W�O�F �T�H�ECERTAINTY
EQUIVALENT

�L�O�T�T�E�R�Y�� �3�T�U�D�I�E�S �H�A�V�E �S�H�O�W�N �T�H�A�T �M�O�S�T �P�E�O�P�L�E �W�I�L�L �A�C�C�E�P�T �A�B�O�U�T �������� �I�N �L�I�E�U �O�F �A �G�A�M�B�L�E �T�H�A�T
�G�I�V�E�S ���������� �H�A�L�F �T�H�E �T�I�M�E �A�N�D ���� �T�H�E �O�T�H�E�R �H�A�L�F�ˆ�T�H�A�T �I�S�� �T�H�E �C�E�R�T�A�I�N�T�Y �E�Q�U�I�V�A�L�E�N�T �O�F �T�H�E �L�O�T�T�E�R�Y
�I�S ���������� �W�H�I�L�E �T�H�E �%�-�6 �I�S ���������� �4�H�E �D�I�F�F�E�R�E�N�C�E �B�E�T�W�E�E�N �T�H�E �%�-�6 �O�F �A �L�O�T�T�E�R�Y �A�N�D �I�T�S �C�E�R�T�A�I�N�T�Y
�E�Q�U�I�V�A�L�E�N�T �I�S �C�A�L�L�E�D �T�H�E�L�Q�V�X�U�D�Q�F�H �S�U�H�P�L�X�P�� �2�I�S�K �A�V�E�R�S�I�O�N �I�S �T�H�E �B�A�S�I�S �F�O�R �T�H�E �I�N�S�U�R�A�N�C�EINSURANCE

PREMIUM

�I�N�D�U�S�T�R�Y�� �B�E�C�A�U�S�E �I�T �M�E�A�N�S �T�H�A�T �I�N�S�U�R�A�N�C�E �P�R�E�M�I�U�M�S �A�R�E �P�O�S�I�T�I�V�E�� �0�E�O�P�L�E �W�O�U�L�D �R�A�T�H�E�R �P�A�Y �A
�S�M�A�L�L �I�N�S�U�R�A�N�C�E �P�R�E�M�I�U�M �T�H�A�N �G�A�M�B�L�E �T�H�E �P�R�I�C�E �O�F �T�H�E�I�R �H�O�U�S�E �A�G�A�I�N�S�T �T�H�E �C�H�A�N�C�E �O�F �A �l�R�E��
�&�R�O�M �T�H�E �I�N�S�U�R�A�N�C�E �C�O�M�P�A�N�Y���S �P�O�I�N�T �O�F �V�I�E�W�� �T�H�E �P�R�I�C�E �O�F �T�H�E �H�O�U�S�E �I�S �V�E�R�Y �S�M�A�L�L �C�O�M�P�A�R�E�D
�W�I�T�H �T�H�E �l�R�M���S �T�O�T�A�L �R�E�S�E�R�V�E�S�� �4�H�I�S �M�E�A�N�S �T�H�A�T �T�H�E �I�N�S�U�R�E�R���S �U�T�I�L�I�T�Y �C�U�R�V�E �I�S �A�P�P�R�O�X�I�M�A�T�E�L�Y
�L�I�N�E�A�R �O�V�E�R �S�U�C�H �A �S�M�A�L�L �R�E�G�I�O�N�� �A�N�D �T�H�E �G�A�M�B�L�E �C�O�S�T�S �T�H�E �C�O�M�P�A�N�Y �A�L�M�O�S�T �N�O�T�H�I�N�G��

�.�O�T�I�C�E �T�H�A�T �F�O�R�V�P�D�O�O�C�H�A�N�G�E�S �I�N �W�E�A�L�T�H �R�E�L�A�T�I�V�E �T�O �T�H�E �C�U�R�R�E�N�T �W�E�A�L�T�H�� �A�L�M�O�S�T �A�N�Y �C�U�R�V�E
�W�I�L�L �B�E �A�P�P�R�O�X�I�M�A�T�E�L�Y �L�I�N�E�A�R�� �!�N �A�G�E�N�T �T�H�A�T �H�A�S �A �L�I�N�E�A�R �C�U�R�V�E �I�S �S�A�I�D �T�O �B�E�U�L�V�N���Q�H�X�W�U�D�O�� �&�O�RRISK­NEUTRAL

�G�A�M�B�L�E�S �W�I�T�H �S�M�A�L�L �S�U�M�S�� �T�H�E�R�E�F�O�R�E�� �W�E �E�X�P�E�C�T �R�I�S�K �N�E�U�T�R�A�L�I�T�Y�� �)�N �A �S�E�N�S�E�� �T�H�I�S �J�U�S�T�I�l�E�S �T�H�E
�S�I�M�P�L�I�l�E�D �P�R�O�C�E�D�U�R�E �T�H�A�T �P�R�O�P�O�S�E�D �S�M�A�L�L �G�A�M�B�L�E�S �T�O �A�S�S�E�S�S �P�R�O�B�A�B�I�L�I�T�I�E�S �A�N�D �T�O �J�U�S�T�I�F�Y �T�H�E
�A�X�I�O�M�S �O�F �P�R�O�B�A�B�I�L�I�T�Y �I�N �3�E�C�T�I�O�N ��������������

������������ �(�[�S�H�F�W�H�G �X�W�L�O�L�W�\ �D�Q�G �S�R�V�W���G�H�F�L�V�L�R�Q �G�L�V�D�S�S�R�L�Q�W�P�H�Q�W

�4�H�E �R�A�T�I�O�N�A�L �W�A�Y �T�O �C�H�O�O�S�E �T�H�E �B�E�S�T �A�C�T�I�O�N��a� �� �I�S �T�O �M�A�X�I�M�I�Z�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y��

a� = argmax
a

EU (aj�H) :

�)�F �W�E �H�A�V�E �C�A�L�C�U�L�A�T�E�D �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �C�O�R�R�E�C�T�L�Y �A�C�C�O�R�D�I�N�G �T�O �O�U�R �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�� �A�N�D �I�F
�T�H�E �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L �C�O�R�R�E�C�T�L�Y �R�E�m�E�C�T�S �T�H�E �U�N�D�E�R�L�Y�I�N�G �S�T�O�C�H�A�S�T�I�C �P�R�O�C�E�S�S�E�S �T�H�A�T �G�E�N�E�R�A�T�E �T�H�E
�O�U�T�C�O�M�E�S�� �T�H�E�N�� �O�N �A�V�E�R�A�G�E�� �W�E �W�I�L�L �G�E�T �T�H�E �U�T�I�L�I�T�Y �W�E �E�X�P�E�C�T �I�F �T�H�E �W�H�O�L�E �P�R�O�C�E�S�S �I�S �R�E�P�E�A�T�E�D
�M�A�N�Y �T�I�M�E�S��

�)�N �R�E�A�L�I�T�Y�� �H�O�W�E�V�E�R�� �O�U�R �M�O�D�E�L �U�S�U�A�L�L�Y �O�V�E�R�S�I�M�P�L�I�l�E�S �T�H�E �R�E�A�L �S�I�T�U�A�T�I�O�N�� �E�I�T�H�E�R �B�E�C�A�U�S�E
�W�E �D�O�N���T �K�N�O�W �E�N�O�U�G�H ���E���G���� �W�H�E�N �M�A�K�I�N�G �A �C�O�M�P�L�E�X �I�N�V�E�S�T�M�E�N�T �D�E�C�I�S�I�O�N�	 �O�R �B�E�C�A�U�S�E �T�H�E
�C�O�M�P�U�T�A�T�I�O�N �O�F �T�H�E �T�R�U�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �I�S �T�O�O �D�I�F�l�C�U�L�T ���E���G���� �W�H�E�N �E�S�T�I�M�A�T�I�N�G �T�H�E �U�T�I�L�I�T�Y �O�F
�S�U�C�C�E�S�S�O�R �S�T�A�T�E�S �O�F �T�H�E �R�O�O�T �N�O�D�E �I�N �B�A�C�K�G�A�M�M�O�N�	�� �)�N �T�H�A�T �C�A�S�E�� �W�E �A�R�E �R�E�A�L�L�Y �W�O�R�K�I�N�G �W�I�T�H
�H�V�W�L�P�D�W�H�VdEU (aj�H) �O�F �T�H�E �T�R�U�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y�� �7�E �W�I�L�L �A�S�S�U�M�E�� �K�I�N�D�L�Y �P�E�R�H�A�P�S�� �T�H�A�T �T�H�E
�E�S�T�I�M�A�T�E�S �A�R�E�X�Q�E�L�D�V�H�G�� �T�H�A�T �I�S�� �T�H�E �E�X�P�E�C�T�E�D �V�A�L�U�E �O�F �T�H�E �E�R�R�O�R��E (dEU (aj�H) � EU (aj�H))) �� �I�SUNBIASED

�Z�E�R�O�� �)�N �T�H�A�T �C�A�S�E�� �I�T �S�T�I�L�L �S�E�E�M�S �R�E�A�S�O�N�A�B�L�E �T�O �C�H�O�O�S�E �T�H�E �A�C�T�I�O�N �W�I�T�H �T�H�E �H�I�G�H�E�S�T �E�S�T�I�M�A�T�E�D
�U�T�I�L�I�T�Y �A�N�D �T�O �E�X�P�E�C�T �T�O �R�E�C�E�I�V�E �T�H�A�T �U�T�I�L�I�T�Y�� �O�N �A�V�E�R�A�G�E�� �W�H�E�N �T�H�E �A�C�T�I�O�N �I�S �E�X�E�C�U�T�E�D��

�5�N�F�O�R�T�U�N�A�T�E�L�Y�� �T�H�E �R�E�A�L �O�U�T�C�O�M�E �W�I�L�L �U�S�U�A�L�L�Y �B�E �S�I�G�N�I�l�C�A�N�T�L�Y�Z�R�U�V�H�T�H�A�N �W�E �E�S�T�I�M�A�T�E�D��
�E�V�E�N �T�H�O�U�G�H �T�H�E �E�S�T�I�M�A�T�E �W�A�S �U�N�B�I�A�S�E�D�� �4�O �S�E�E �W�H�Y�� �C�O�N�S�I�D�E�R �A �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M �I�N �W�H�I�C�H
�T�H�E�R�E �A�R�Ek �C�H�O�I�C�E�S�� �E�A�C�H �O�F �W�H�I�C�H �H�A�S �T�R�U�E �E�S�T�I�M�A�T�E�D �U�T�I�L�I�T�Y �O�F ���� �3�U�P�P�O�S�E �T�H�A�T �T�H�E �E�R�R�O�R �I�N
�E�A�C�H �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E �H�A�S �Z�E�R�O �M�E�A�N �A�N�D �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N �O�F ���� �S�H�O�W�N �A�S �T�H�E �B�O�L�D �C�U�R�V�E �I�N
�&�I�G�U�R�E ���������� �.�O�W�� �A�S �W�E �A�C�T�U�A�L�L�Y �S�T�A�R�T �T�O �G�E�N�E�R�A�T�E �T�H�E �E�S�T�I�M�A�T�E�S�� �S�O�M�E �O�F �T�H�E �E�R�R�O�R�S �W�I�L�L �B�E
�N�E�G�A�T�I�V�E ���P�E�S�S�I�M�I�S�T�I�C�	 �A�N�D �S�O�M�E �W�I�L�L �B�E �P�O�S�I�T�I�V�E ���O�P�T�I�M�I�S�T�I�C�	�� �"�E�C�A�U�S�E �W�E �S�E�L�E�C�T �T�H�E �A�C�T�I�O�N
�W�I�T�H �T�H�E�K�L�J�K�H�V�W�U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�� �W�E �A�R�E �O�B�V�I�O�U�S�L�Y �F�A�V�O�R�I�N�G �T�H�E �O�V�E�R�L�Y �O�P�T�I�M�I�S�T�I�C �E�S�T�I�M�A�T�E�S��
�A�N�D �T�H�A�T �I�S �T�H�E �S�O�U�R�C�E �O�F �T�H�E �B�I�A�S�� �)�T �I�S �A �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D �M�A�T�T�E�R �T�O �C�A�L�C�U�L�A�T�E �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N
�O�F �T�H�E �M�A�X�I�M�U�M �O�F �T�H�Ek �E�S�T�I�M�A�T�E�S ���S�E�E �%�X�E�R�C�I�S�E �����������	 �A�N�D �H�E�N�C�E �Q�U�A�N�T�I�F�Y �T�H�E �E�X�T�E�N�T �O�F
�O�U�R �D�I�S�A�P�P�O�I�N�T�M�E�N�T�� �4�H�E �C�U�R�V�E �I�N �&�I�G�U�R�E �������� �F�O�Rk = 3 �H�A�S �A �M�E�A�N �A�R�O�U�N�D ���������� �S�O �T�H�E
�A�V�E�R�A�G�E �D�I�S�A�P�P�O�I�N�T�M�E�N�T �W�I�L�L �B�E �A�B�O�U�T ������ �O�F �T�H�E �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N �I�N �T�H�E �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�S��



�3�E�C�T�I�O�N ���������� �5�T�I�L�I�T�Y �&�U�N�C�T�I�O�N�S ������

��

������

������

������

������

������

������

������

������

������

�
�� �
�� �
�� �
�� �
�� �� �� �� �� �� ��

�%�R�R�O�R �I�N �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E

�N����

�N������

�N������

�)�L�J�X�U�H ���������0�L�O�T �O�F �T�H�E �E�R�R�O�R �I�N �E�A�C�H �O�Fk �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�S �A�N�D �O�F �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N �O�F �T�H�E
�M�A�X�I�M�U�M �O�Fk �E�S�T�I�M�A�T�E�S �F�O�Rk = 3 �� ������ �A�N�D ������

�7�I�T�H �M�O�R�E �C�H�O�I�C�E�S�� �E�X�T�R�E�M�E�L�Y �O�P�T�I�M�I�S�T�I�C �E�S�T�I�M�A�T�E�S �A�R�E �M�O�R�E �L�I�K�E�L�Y �T�O �A�R�I�S�E�� �F�O�Rk = 30�� �T�H�E
�D�I�S�A�P�P�O�I�N�T�M�E�N�T �W�I�L�L �B�E �A�R�O�U�N�D �T�W�I�C�E �T�H�E �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N �I�N �T�H�E �E�S�T�I�M�A�T�E�S��

�4�H�I�S �T�E�N�D�E�N�C�Y �F�O�R �T�H�E �E�S�T�I�M�A�T�E�D �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �T�H�E �B�E�S�T �C�H�O�I�C�E �T�O �B�E �T�O�O �H�I�G�H �I�S
�C�A�L�L�E�D �T�H�E�R�S�W�L�P�L�]�H�U�¶�V �F�X�U�V�H���3�M�I�T�H �A�N�D �7�I�N�K�L�E�R�� ���������	�� �)�T �A�F�m�I�C�T�S �E�V�E�N �T�H�E �M�O�S�T �S�E�A�S�O�N�E�DOPTIMIZER'S CURSE

�D�E�C�I�S�I�O�N �A�N�A�L�Y�S�T�S �A�N�D �S�T�A�T�I�S�T�I�C�I�A�N�S�� �3�E�R�I�O�U�S �M�A�N�I�F�E�S�T�A�T�I�O�N�S �I�N�C�L�U�D�E �B�E�L�I�E�V�I�N�G �T�H�A�T �A�N �E�X�C�I�T�I�N�G
�N�E�W �D�R�U�G �T�H�A�T �H�A�S �C�U�R�E�D ������ �P�A�T�I�E�N�T�S �I�N �A �T�R�I�A�L �W�I�L�L �C�U�R�E ������ �O�F �P�A�T�I�E�N�T�S ���I�T���S �B�E�E�N �C�H�O�S�E�N
�F�R�O�Mk = �T�H�O�U�S�A�N�D�S �O�F �C�A�N�D�I�D�A�T�E �D�R�U�G�S�	 �O�R �T�H�A�T �A �M�U�T�U�A�L �F�U�N�D �A�D�V�E�R�T�I�S�E�D �A�S �H�A�V�I�N�G �A�B�O�V�E�

�A�V�E�R�A�G�E �R�E�T�U�R�N�S �W�I�L�L �C�O�N�T�I�N�U�E �T�O �H�A�V�E �T�H�E�M ���I�T���S �B�E�E�N �C�H�O�S�E�N �T�O �A�P�P�E�A�R �I�N �T�H�E �A�D�V�E�R�T�I�S�E�M�E�N�T
�O�U�T �O�Fk = �D�O�Z�E�N�S �O�F �F�U�N�D�S �I�N �T�H�E �C�O�M�P�A�N�Y���S �O�V�E�R�A�L�L �P�O�R�T�F�O�L�I�O�	�� �)�T �C�A�N �E�V�E�N �B�E �T�H�E �C�A�S�E �T�H�A�T
�W�H�A�T �A�P�P�E�A�R�S �T�O �B�E �T�H�E �B�E�S�T �C�H�O�I�C�E �M�A�Y �N�O�T �B�E�� �I�F �T�H�E �V�A�R�I�A�N�C�E �I�N �T�H�E �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E �I�S �H�I�G�H��
�A �D�R�U�G�� �S�E�L�E�C�T�E�D �F�R�O�M �T�H�O�U�S�A�N�D�S �T�R�I�E�D�� �T�H�A�T �H�A�S �C�U�R�E�D �� �O�F ���� �P�A�T�I�E�N�T�S �I�S �P�R�O�B�A�B�L�Y�Z�R�U�V�H�T�H�A�N
�O�N�E �T�H�A�T �H�A�S �C�U�R�E�D ������ �O�F ����������

�4�H�E �O�P�T�I�M�I�Z�E�R���S �C�U�R�S�E �C�R�O�P�S �U�P �E�V�E�R�Y�W�H�E�R�E �B�E�C�A�U�S�E �O�F �T�H�E �U�B�I�Q�U�I�T�Y �O�F �U�T�I�L�I�T�Y�
�M�A�X�I�M�I�Z�I�N�G
�S�E�L�E�C�T�I�O�N �P�R�O�C�E�S�S�E�S�� �S�O �T�A�K�I�N�G �T�H�E �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�S �A�T �F�A�C�E �V�A�L�U�E �I�S �A �B�A�D �I�D�E�A�� �7�E �C�A�N �A�V�O�I�D �T�H�E
�C�U�R�S�E �B�Y �U�S�I�N�G �A�N �E�X�P�L�I�C�I�T �P�R�O�B�A�B�I�L�I�T�Y �M�O�D�E�L�3(dEU j EU ) �O�F �T�H�E �E�R�R�O�R �I�N �T�H�E �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�S��
�'�I�V�E�N �T�H�I�S �M�O�D�E�L �A�N�D �A �P�R�I�O�R�3(EU ) �O�N �W�H�A�T �W�E �M�I�G�H�T �R�E�A�S�O�N�A�B�L�Y �E�X�P�E�C�T �T�H�E �U�T�I�L�I�T�I�E�S �T�O �B�E��
�W�E �T�R�E�A�T �T�H�E �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�� �O�N�C�E �O�B�T�A�I�N�E�D�� �A�S �E�V�I�D�E�N�C�E �A�N�D �C�O�M�P�U�T�E �T�H�E �P�O�S�T�E�R�I�O�R �D�I�S�T�R�I�B�U�T�I�O�N
�F�O�R �T�H�E �T�R�U�E �U�T�I�L�I�T�Y �U�S�I�N�G �"�A�Y�E�S�� �R�U�L�E��

������������ �+�X�P�D�Q �M�X�G�J�P�H�Q�W �D�Q�G �L�U�U�D�W�L�R�Q�D�O�L�W�\

�$�E�C�I�S�I�O�N �T�H�E�O�R�Y �I�S �A�Q�R�U�P�D�W�L�Y�H �W�K�H�R�U�\�� �I�T �D�E�S�C�R�I�B�E�S �H�O�W �A �R�A�T�I�O�N�A�L �A�G�E�N�T�V�K�R�X�O�G�A�C�T�� �!NORMATIVE THEORY

�G�H�V�F�U�L�S�W�L�Y�H �W�K�H�R�U�\�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �D�E�S�C�R�I�B�E�S �H�O�W �A�C�T�U�A�L �A�G�E�N�T�S�ˆ�F�O�R �E�X�A�M�P�L�E�� �H�U�M�A�N�S�ˆDESCRIPTIVE
THEORY

�R�E�A�L�L�Y �D�O �A�C�T�� �4�H�E �A�P�P�L�I�C�A�T�I�O�N �O�F �E�C�O�N�O�M�I�C �T�H�E�O�R�Y �W�O�U�L�D �B�E �G�R�E�A�T�L�Y �E�N�H�A�N�C�E�D �I�F �T�H�E �T�W�O
�C�O�I�N�C�I�D�E�D�� �B�U�T �T�H�E�R�E �A�P�P�E�A�R�S �T�O �B�E �S�O�M�E �E�X�P�E�R�I�M�E�N�T�A�L �E�V�I�D�E�N�C�E �T�O �T�H�E �C�O�N�T�R�A�R�Y�� �4�H�E �E�V�I�D�E�N�C�E
�S�U�G�G�E�S�T�S �T�H�A�T �H�U�M�A�N�S �A�R�E �h�P�R�E�D�I�C�T�A�B�L�Y �I�R�R�A�T�I�O�N�A�L�v ���!�R�I�E�L�Y�� ���������	��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�4�H�E �B�E�S�T�
�K�N�O�W�N �P�R�O�B�L�E�M �I�S �T�H�E �!�L�L�A�I�S �P�A�R�A�D�O�X ���!�L�L�A�I�S�� ���������	�� �0�E�O�P�L�E �A�R�E �G�I�V�E�N �A �C�H�O�I�C�E
�B�E�T�W�E�E�N �L�O�T�T�E�R�I�E�SA �A�N�DB �A�N�D �T�H�E�N �B�E�T�W�E�E�NC �A�N�DD �� �W�H�I�C�H �H�A�V�E �T�H�E �F�O�L�L�O�W�I�N�G �P�R�I�Z�E�S��

A : ������ �C�H�A�N�C�E �O�F ����������C : ������ �C�H�A�N�C�E �O�F ����������
B : �������� �C�H�A�N�C�E �O�F ����������D : ������ �C�H�A�N�C�E �O�F ����������

�-�O�S�T �P�E�O�P�L�E �C�O�N�S�I�S�T�E�N�T�L�Y �P�R�E�F�E�RB �O�V�E�RA ���T�A�K�I�N�G �T�H�E �S�U�R�E �T�H�I�N�G�	�� �A�N�DC �O�V�E�RD ���T�A�K�I�N�G �T�H�E
�H�I�G�H�E�R �%�-�6�	�� �4�H�E �N�O�R�M�A�T�I�V�E �A�N�A�L�Y�S�I�S �D�I�S�A�G�R�E�E�S�� �7�E �C�A�N �S�E�E �T�H�I�S �M�O�S�T �E�A�S�I�L�Y �I�F �W�E �U�S�E �T�H�E
�F�R�E�E�D�O�M �I�M�P�L�I�E�D �B�Y �%�Q�U�A�T�I�O�N �����������	 �T�O �S�E�TU($0) = 0 �� �)�N �T�H�A�T �C�A�S�E�� �T�H�E�NB � A �I�M�P�L�I�E�S
�T�H�A�TU($3000) > 0:8U($4000)�� �W�H�E�R�E�A�SC � D �I�M�P�L�I�E�S �E�X�A�C�T�L�Y �T�H�E �R�E�V�E�R�S�E�� �)�N �O�T�H�E�R
�W�O�R�D�S�� �T�H�E�R�E �I�S �N�O �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�A�T �I�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E�S�E �C�H�O�I�C�E�S�� �/�N�E �E�X�P�L�A�N�A�T�I�O�N �F�O�R
�T�H�E �A�P�P�A�R�E�N�T�L�Y �I�R�R�A�T�I�O�N�A�L �P�R�E�F�E�R�E�N�C�E�S �I�S �T�H�E�F�H�U�W�D�L�Q�W�\ �H�I�I�H�F�W���+�A�H�N�E�M�A�N �A�N�D �4�V�E�R�S�K�Y�� ���������	��CERTAINTY EFFECT

�P�E�O�P�L�E �A�R�E �S�T�R�O�N�G�L�Y �A�T�T�R�A�C�T�E�D �T�O �G�A�I�N�S �T�H�A�T �A�R�E �C�E�R�T�A�I�N�� �4�H�E�R�E �A�R�E �S�E�V�E�R�A�L �R�E�A�S�O�N�S �W�H�Y �T�H�I�S �M�A�Y
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�N�O �M�O�N�E�Y�D�Q�G �I�H�H�O�L�Q�J �O�L�N�H �D �F�R�P�S�O�H�W�H �L�G�L�R�W�� �W�H�I�C�H �I�S �W�O�R�S�E �T�H�A�N �J�U�S�T �G�E�T�T�I�N�G �N�O �M�O�N�E�Y�� �3�O
�P�E�R�H�A�P�S �P�E�O�P�L�E �W�H�O �C�H�O�O�S�EB �O�V�E�RA �A�N�DC �O�V�E�RD �A�R�E �N�O�T �B�E�I�N�G �I�R�R�A�T�I�O�N�A�L�� �T�H�E�Y �A�R�E �J�U�S�T
�S�A�Y�I�N�G �T�H�A�T �T�H�E�Y �A�R�E �W�I�L�L�I�N�G �T�O �G�I�V�E �U�P �������� �O�F �%�-�6 �T�O �A�V�O�I�D �A ������ �C�H�A�N�C�E �O�F �F�E�E�L�I�N�G �L�I�K�E �A�N
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�! �R�E�L�A�T�E�D �P�R�O�B�L�E�M �I�S �T�H�E �%�L�L�S�B�E�R�G �P�A�R�A�D�O�X�� �(�E�R�E �T�H�E �P�R�I�Z�E�S �A�R�E �l�X�E�D�� �B�U�T �T�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S
�A�R�E �U�N�D�E�R�C�O�N�S�T�R�A�I�N�E�D�� �9�O�U�R �P�A�Y�O�F�F �W�I�L�L �D�E�P�E�N�D �O�N �T�H�E �C�O�L�O�R �O�F �A �B�A�L�L �C�H�O�S�E�N �F�R�O�M �A�N �U�R�N�� �9�O�U
�A�R�E �T�O�L�D �T�H�A�T �T�H�E �U�R�N �C�O�N�T�A�I�N�S ������ �R�E�D �B�A�L�L�S�� �A�N�D ������ �E�I�T�H�E�R �B�L�A�C�K �O�R �Y�E�L�L�O�W �B�A�L�L�S�� �B�U�T �Y�O�U �D�O�N���T
�K�N�O�W �H�O�W �M�A�N�Y �B�L�A�C�K �A�N�D �H�O�W �M�A�N�Y �Y�E�L�L�O�W�� �!�G�A�I�N�� �Y�O�U �A�R�E �A�S�K�E�D �W�H�E�T�H�E�R �Y�O�U �P�R�E�F�E�R �L�O�T�T�E�R�Y
A �O�RB �� �A�N�D �T�H�E�NC �O�RD ��

A : �������� �F�O�R �A �R�E�D �B�A�L�LC : �������� �F�O�R �A �R�E�D �O�R �Y�E�L�L�O�W �B�A�L�L
B : �������� �F�O�R �A �B�L�A�C�K �B�A�L�LD : �������� �F�O�R �A �B�L�A�C�K �O�R �Y�E�L�L�O�W �B�A�L�L:

�)�T �S�H�O�U�L�D �B�E �C�L�E�A�R �T�H�A�T �I�F �Y�O�U �T�H�I�N�K �T�H�E�R�E �A�R�E �M�O�R�E �R�E�D �T�H�A�N �B�L�A�C�K �B�A�L�L�S �T�H�E�N �Y�O�U �S�H�O�U�L�D �P�R�E�F�E�R
A �O�V�E�RB �A�N�DC �O�V�E�RD �� �I�F �Y�O�U �T�H�I�N�K �T�H�E�R�E �A�R�E �F�E�W�E�R �R�E�D �T�H�A�N �B�L�A�C�K �Y�O�U �S�H�O�U�L�D �P�R�E�F�E�R �T�H�E
�O�P�P�O�S�I�T�E�� �"�U�T �I�T �T�U�R�N�S �O�U�T �T�H�A�T �M�O�S�T �P�E�O�P�L�E �P�R�E�F�E�RA �O�V�E�RB �A�N�D �A�L�S�O �P�R�E�F�E�RD �O�V�E�RC�� �E�V�E�N
�T�H�O�U�G�H �T�H�E�R�E �I�S �N�O �S�T�A�T�E �O�F �T�H�E �W�O�R�L�D �F�O�R �W�H�I�C�H �T�H�I�S �I�S �R�A�T�I�O�N�A�L�� �)�T �S�E�E�M�S �T�H�A�T �P�E�O�P�L�E �H�A�V�E
�D�P�E�L�J�X�L�W�\ �D�Y�H�U�V�L�R�Q�� A �G�I�V�E�S �Y�O�U �A ������ �C�H�A�N�C�E �O�F �W�I�N�N�I�N�G�� �W�H�I�L�EB �C�O�U�L�D �B�E �A�N�Y�W�H�E�R�EAMBIGUITY
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�T�E�R�� �)�N �W�O�R�K �A�T �T�H�E �(�A�R�V�A�R�D �"�U�S�I�N�E�S�S �3�C�H�O�O�L �O�N �A�S�S�E�S�S�I�N�G �T�H�E �U�T�I�L�I�T�Y �O�F �M�O�N�E�Y�� �+�E�E�N�E�Y �A�N�D
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�E�X�H�I�B�I�T �U�N�A�C�C�E�P�T�A�B�L�Y �L�A�R�G�E �R�I�S�K �P�R�E�M�I�U�M�S �F�O�R �L�O�T�T�E�R�I�E�S �W�I�T�H �A �L�A�R�G�E �S�P�R�E�A�D��: : : �-�O�S�T �O�F �T�H�E
�S�U�B�J�E�C�T�S�� �H�O�W�E�V�E�R�� �C�A�N �R�E�C�O�N�C�I�L�E �T�H�E�I�R �I�N�C�O�N�S�I�S�T�E�N�C�I�E�S �A�N�D �F�E�E�L �T�H�A�T �T�H�E�Y �H�A�V�E �L�E�A�R�N�E�D �A�N
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�D�I�S�T�R�I�B�U�T�E�D �B�E�T�W�E�E�N ���� �B�I�L�L�I�O�N �A�N�D �������� �B�I�L�L�I�O�N�� �&�I�G�U�R�E �����������A�	 �S�H�O�W�S �T�H�E�S�E �D�I�S�T�R�I�B�U�T�I�O�N�S�� �W�I�T�H
�C�O�S�T �P�L�O�T�T�E�D �A�S �A �N�E�G�A�T�I�V�E �V�A�L�U�E�� �4�H�E�N�� �G�I�V�E�N �O�N�L�Y �T�H�E �I�N�F�O�R�M�A�T�I�O�N �T�H�A�T �U�T�I�L�I�T�Y �D�E�C�R�E�A�S�E�S �W�I�T�H

8 �)�N �S�O�M�E �C�A�S�E�S�� �I�T �M�A�Y �B�E �N�E�C�E�S�S�A�R�Y �T�O �S�U�B�D�I�V�I�D�E �T�H�E �R�A�N�G�E �O�F �V�A�L�U�E�S �S�O �T�H�A�T �U�T�I�L�I�T�Y �V�A�R�I�E�S �M�O�N�O�T�O�N�I�C�A�L�L�Y �W�I�T�H�I�N
�E�A�C�H �R�A�N�G�E�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�ERoomTemperature �A�T�T�R�I�B�U�T�E �H�A�S �A �U�T�I�L�I�T�Y �P�E�A�K �A�T70� �&�� �W�E �W�O�U�L�D �S�P�L�I�T �I�T �I�N�T�O �T�W�O
�A�T�T�R�I�B�U�T�E�S �M�E�A�S�U�R�I�N�G �T�H�E �D�I�F�F�E�R�E�N�C�E �F�R�O�M �T�H�E �I�D�E�A�L�� �O�N�E �C�O�L�D�E�R �A�N�D �O�N�E �H�O�T�T�E�R�� �5�T�I�L�I�T�Y �W�O�U�L�D �T�H�E�N �B�E �M�O�N�O�T�O�N�I�C�A�L�L�Y
�I�N�C�R�E�A�S�I�N�G �I�N �E�A�C�H �A�T�T�R�I�B�U�T�E��



�3�E�C�T�I�O�N ���������� �-�U�L�T�I�A�T�T�R�I�B�U�T�E �5�T�I�L�I�T�Y �&�U�N�C�T�I�O�N�S ������
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�)�L�J�X�U�H ���������3�T�R�I�C�T �D�O�M�I�N�A�N�C�E�� ���A�	 �$�E�T�E�R�M�I�N�I�S�T�I�C�� �/�P�T�I�O�N �! �I�S �S�T�R�I�C�T�L�Y �D�O�M�I�N�A�T�E�D �B�Y �" �B�U�T
�N�O�T �B�Y �# �O�R �$�� ���B�	 �5�N�C�E�R�T�A�I�N�� �! �I�S �S�T�R�I�C�T�L�Y �D�O�M�I�N�A�T�E�D �B�Y �" �B�U�T �N�O�T �B�Y �#��
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�)�L�J�X�U�H ���������3�T�O�C�H�A�S�T�I�C �D�O�M�I�N�A�N�C�E�� ���A�	S1 �S�T�O�C�H�A�S�T�I�C�A�L�L�Y �D�O�M�I�N�A�T�E�SS2 �O�N �C�O�S�T�� ���B�	 �#�U�

�M�U�L�A�T�I�V�E �D�I�S�T�R�I�B�U�T�I�O�N�S �F�O�R �T�H�E �N�E�G�A�T�I�V�E �C�O�S�T �O�FS1 �A�N�DS2��

�C�O�S�T�� �W�E �C�A�N �S�A�Y �T�H�A�TS1 �S�T�O�C�H�A�S�T�I�C�A�L�L�Y �D�O�M�I�N�A�T�E�SS2 ���I���E����S2 �C�A�N �B�E �D�I�S�C�A�R�D�E�D�	�� �)�T �I�S �I�M�P�O�R�T�A�N�T
�T�O �N�O�T�E �T�H�A�T �T�H�I�S �D�O�E�S�Q�R�W�F�O�L�L�O�W �F�R�O�M �C�O�M�P�A�R�I�N�G �T�H�E �E�X�P�E�C�T�E�D �C�O�S�T�S�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �K�N�E�W
�T�H�E �C�O�S�T �O�FS1 �T�O �B�E�H�[�D�F�W�O�\�������� �B�I�L�L�I�O�N�� �T�H�E�N �W�E �W�O�U�L�D �B�E�X�Q�D�E�O�H�T�O �M�A�K�E �A �D�E�C�I�S�I�O�N �W�I�T�H�O�U�T
�A�D�D�I�T�I�O�N�A�L �I�N�F�O�R�M�A�T�I�O�N �O�N �T�H�E �U�T�I�L�I�T�Y �O�F �M�O�N�E�Y�� ���)�T �M�I�G�H�T �S�E�E�M �O�D�D �T�H�A�T�P�R�U�H�I�N�F�O�R�M�A�T�I�O�N �O�N
�T�H�E �C�O�S�T �O�FS1 �C�O�U�L�D �M�A�K�E �T�H�E �A�G�E�N�T�O�H�V�V�A�B�L�E �T�O �D�E�C�I�D�E�� �4�H�E �P�A�R�A�D�O�X �I�S �R�E�S�O�L�V�E�D �B�Y �N�O�T�I�N�G
�T�H�A�T �I�N �T�H�E �A�B�S�E�N�C�E �O�F �E�X�A�C�T �C�O�S�T �I�N�F�O�R�M�A�T�I�O�N�� �T�H�E �D�E�C�I�S�I�O�N �I�S �E�A�S�I�E�R �T�O �M�A�K�E �B�U�T �I�S �M�O�R�E �L�I�K�E�L�Y
�T�O �B�E �W�R�O�N�G���	

�4�H�E �E�X�A�C�T �R�E�L�A�T�I�O�N�S�H�I�P �B�E�T�W�E�E�N �T�H�E �A�T�T�R�I�B�U�T�E �D�I�S�T�R�I�B�U�T�I�O�N�S �N�E�E�D�E�D �T�O �E�S�T�A�B�L�I�S�H �S�T�O�C�H�A�S�T�I�C
�D�O�M�I�N�A�N�C�E �I�S �B�E�S�T �S�E�E�N �B�Y �E�X�A�M�I�N�I�N�G �T�H�E�F�X�P�X�O�D�W�L�Y�H �G�L�V�W�U�L�E�X�W�L�R�Q�V�� �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	��
���3�E�E �A�L�S�O �!�P�P�E�N�D�I�X �!���	 �4�H�E �C�U�M�U�L�A�T�I�V�E �D�I�S�T�R�I�B�U�T�I�O�N �M�E�A�S�U�R�E�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E �C�O�S�T �I�S
�L�E�S�S �T�H�A�N �O�R �E�Q�U�A�L �T�O �A�N�Y �G�I�V�E�N �A�M�O�U�N�T�ˆ�T�H�A�T �I�S�� �I�T �I�N�T�E�G�R�A�T�E�S �T�H�E �O�R�I�G�I�N�A�L �D�I�S�T�R�I�B�U�T�I�O�N�� �)�F �T�H�E
�C�U�M�U�L�A�T�I�V�E �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RS1 �I�S �A�L�W�A�Y�S �T�O �T�H�E �R�I�G�H�T �O�F �T�H�E �C�U�M�U�L�A�T�I�V�E �D�I�S�T�R�I�B�U�T�I�O�N �F�O�RS2��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�T�H�E�N�� �S�T�O�C�H�A�S�T�I�C�A�L�L�Y �S�P�E�A�K�I�N�G��S1 �I�S �C�H�E�A�P�E�R �T�H�A�NS2�� �&�O�R�M�A�L�L�Y�� �I�F �T�W�O �A�C�T�I�O�N�SA1 �A�N�DA2 �L�E�A�D
�T�O �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N�Sp1(x) �A�N�Dp2(x) �O�N �A�T�T�R�I�B�U�T�EX �� �T�H�E�NA1 �S�T�O�C�H�A�S�T�I�C�A�L�L�Y �D�O�M�I�N�A�T�E�S
A2 �O�NX �I�F

8 x

xZ

�1

p1(x0) dx0 �

xZ

�1

p2(x0) dx0 :

�4�H�E �R�E�L�E�V�A�N�C�E �O�F �T�H�I�S �D�E�l�N�I�T�I�O�N �T�O �T�H�E �S�E�L�E�C�T�I�O�N �O�F �O�P�T�I�M�A�L �D�E�C�I�S�I�O�N�S �C�O�M�E�S �F�R�O�M �T�H�E �F�O�L�L�O�W�I�N�G
�P�R�O�P�E�R�T�Y���L�IA1 �V�W�R�F�K�D�V�W�L�F�D�O�O�\ �G�R�P�L�Q�D�W�H�VA2�� �W�K�H�Q �I�R�U �D�Q�\ �P�R�Q�R�W�R�Q�L�F�D�O�O�\ �Q�R�Q�G�H�F�U�H�D�V�L�Q�J �X�W�L�O�L�W�\
�I�X�Q�F�W�L�R�QU(x) �� �W�K�H �H�[�S�H�F�W�H�G �X�W�L�O�L�W�\ �R�IA1 �L�V �D�W �O�H�D�V�W �D�V �K�L�J�K �D�V �W�K�H �H�[�S�H�F�W�H�G �X�W�L�O�L�W�\ �R�IA2��
�(�E�N�C�E�� �I�F �A�N �A�C�T�I�O�N �I�S �S�T�O�C�H�A�S�T�I�C�A�L�L�Y �D�O�M�I�N�A�T�E�D �B�Y �A�N�O�T�H�E�R �A�C�T�I�O�N �O�N �A�L�L �A�T�T�R�I�B�U�T�E�S�� �T�H�E�N �I�T �C�A�N
�B�E �D�I�S�C�A�R�D�E�D��

�4�H�E �S�T�O�C�H�A�S�T�I�C �D�O�M�I�N�A�N�C�E �C�O�N�D�I�T�I�O�N �M�I�G�H�T �S�E�E�M �R�A�T�H�E�R �T�E�C�H�N�I�C�A�L �A�N�D �P�E�R�H�A�P�S �N�O�T �S�O
�E�A�S�Y �T�O �E�V�A�L�U�A�T�E �W�I�T�H�O�U�T �E�X�T�E�N�S�I�V�E �P�R�O�B�A�B�I�L�I�T�Y �C�A�L�C�U�L�A�T�I�O�N�S�� �)�N �F�A�C�T�� �I�T �C�A�N �B�E �D�E�C�I�D�E�D �V�E�R�Y
�E�A�S�I�L�Y �I�N �M�A�N�Y �C�A�S�E�S�� �3�U�P�P�O�S�E�� �F�O�R �E�X�A�M�P�L�E�� �T�H�A�T �T�H�E �C�O�N�S�T�R�U�C�T�I�O�N �T�R�A�N�S�P�O�R�T�A�T�I�O�N �C�O�S�T �D�E�P�E�N�D�S
�O�N �T�H�E �D�I�S�T�A�N�C�E �T�O �T�H�E �S�U�P�P�L�I�E�R�� �4�H�E �C�O�S�T �I�T�S�E�L�F �I�S �U�N�C�E�R�T�A�I�N�� �B�U�T �T�H�E �G�R�E�A�T�E�R �T�H�E �D�I�S�T�A�N�C�E�� �T�H�E
�G�R�E�A�T�E�R �T�H�E �C�O�S�T�� �)�FS1 �I�S �C�L�O�S�E�R �T�H�A�NS2�� �T�H�E�NS1 �W�I�L�L �D�O�M�I�N�A�T�ES2 �O�N �C�O�S�T�� �!�L�T�H�O�U�G�H �W�E
�W�I�L�L �N�O�T �P�R�E�S�E�N�T �T�H�E�M �H�E�R�E�� �T�H�E�R�E �E�X�I�S�T �A�L�G�O�R�I�T�H�M�S �F�O�R �P�R�O�P�A�G�A�T�I�N�G �T�H�I�S �K�I�N�D �O�F �Q�U�A�L�I�T�A�T�I�V�E
�I�N�F�O�R�M�A�T�I�O�N �A�M�O�N�G �U�N�C�E�R�T�A�I�N �V�A�R�I�A�B�L�E�S �I�N�T�X�D�O�L�W�D�W�L�Y�H �S�U�R�E�D�E�L�O�L�V�W�L�F �Q�H�W�Z�R�U�N�V�� �E�N�A�B�L�I�N�G �A

QUALITATIVE
PROBABILISTIC
NETWORKS

�S�Y�S�T�E�M �T�O �M�A�K�E �R�A�T�I�O�N�A�L �D�E�C�I�S�I�O�N�S �B�A�S�E�D �O�N �S�T�O�C�H�A�S�T�I�C �D�O�M�I�N�A�N�C�E�� �W�I�T�H�O�U�T �U�S�I�N�G �A�N�Y �N�U�M�E�R�I�C
�V�A�L�U�E�S��

������������ �3�U�H�I�H�U�H�Q�F�H �V�W�U�X�F�W�X�U�H �D�Q�G �P�X�O�W�L�D�W�W�U�L�E�X�W�H �X�W�L�O�L�W�\

�3�U�P�P�O�S�E �W�E �H�A�V�En �A�T�T�R�I�B�U�T�E�S�� �E�A�C�H �O�F �W�H�I�C�H �H�A�Sd �D�I�S�T�I�N�C�T �P�O�S�S�I�B�L�E �V�A�L�U�E�S�� �4�O �S�P�E�C�I�F�Y �T�H�E
�C�O�M�P�L�E�T�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�NU(x1; : : : ; xn )�� �W�E �N�E�E�Ddn �V�A�L�U�E�S �I�N �T�H�E �W�O�R�S�T �C�A�S�E�� �.�O�W�� �T�H�E �W�O�R�S�T
�C�A�S�E �C�O�R�R�E�S�P�O�N�D�S �T�O �A �S�I�T�U�A�T�I�O�N �I�N �W�H�I�C�H �T�H�E �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S �H�A�V�E �N�O �R�E�G�U�L�A�R�I�T�Y �A�T �A�L�L�� �-�U�L�

�T�I�A�T�T�R�I�B�U�T�E �U�T�I�L�I�T�Y �T�H�E�O�R�Y �I�S �B�A�S�E�D �O�N �T�H�E �S�U�P�P�O�S�I�T�I�O�N �T�H�A�T �T�H�E �P�R�E�F�E�R�E�N�C�E�S �O�F �T�Y�P�I�C�A�L �A�G�E�N�T�S �H�A�V�E
�M�U�C�H �M�O�R�E �S�T�R�U�C�T�U�R�E �T�H�A�N �T�H�A�T�� �4�H�E �B�A�S�I�C �A�P�P�R�O�A�C�H �I�S �T�O �I�D�E�N�T�I�F�Y �R�E�G�U�L�A�R�I�T�I�E�S �I�N �T�H�E �P�R�E�F�E�R�E�N�C�E
�B�E�H�A�V�I�O�R �W�E �W�O�U�L�D �E�X�P�E�C�T �T�O �S�E�E �A�N�D �T�O �U�S�E �W�H�A�T �A�R�E �C�A�L�L�E�D�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �W�K�H�R�U�H�P�V�T�O �S�H�O�WREPRESENTATION

THEOREM

�T�H�A�T �A�N �A�G�E�N�T �W�I�T�H �A �C�E�R�T�A�I�N �K�I�N�D �O�F �P�R�E�F�E�R�E�N�C�E �S�T�R�U�C�T�U�R�E �H�A�S �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N

U(x1; : : : ; xn ) = F [f 1(x1); : : : ; f n(xn )] ;

�W�H�E�R�EF �I�S�� �W�E �H�O�P�E�� �A �S�I�M�P�L�E �F�U�N�C�T�I�O�N �S�U�C�H �A�S �A�D�D�I�T�I�O�N�� �.�O�T�I�C�E �T�H�E �S�I�M�I�L�A�R�I�T�Y �T�O �T�H�E �U�S�E �O�F
�"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �T�O �D�E�C�O�M�P�O�S�E �T�H�E �J�O�I�N�T �P�R�O�B�A�B�I�L�I�T�Y �O�F �S�E�V�E�R�A�L �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S��

�3�U�H�I�H�U�H�Q�F�H�V �Z�L�W�K�R�X�W �X�Q�F�H�U�W�D�L�Q�W�\

�,�E�T �U�S �B�E�G�I�N �W�I�T�H �T�H�E �D�E�T�E�R�M�I�N�I�S�T�I�C �C�A�S�E�� �2�E�M�E�M�B�E�R �T�H�A�T �F�O�R �D�E�T�E�R�M�I�N�I�S�T�I�C �E�N�V�I�R�O�N�M�E�N�T�S �T�H�E
�A�G�E�N�T �H�A�S �A �V�A�L�U�E �F�U�N�C�T�I�O�NV(x1; : : : ; xn )�� �T�H�E �A�I�M �I�S �T�O �R�E�P�R�E�S�E�N�T �T�H�I�S �F�U�N�C�T�I�O�N �C�O�N�C�I�S�E�L�Y��
�4�H�E �B�A�S�I�C �R�E�G�U�L�A�R�I�T�Y �T�H�A�T �A�R�I�S�E�S �I�N �D�E�T�E�R�M�I�N�I�S�T�I�C �P�R�E�F�E�R�E�N�C�E �S�T�R�U�C�T�U�R�E�S �I�S �C�A�L�L�E�D�S�U�H�I�H�U�H�Q�F�H
�L�Q�G�H�S�H�Q�G�H�Q�F�H�� �4�W�O �A�T�T�R�I�B�U�T�E�SX 1 �A�N�DX 2 �A�R�E �P�R�E�F�E�R�E�N�T�I�A�L�L�Y �I�N�D�E�P�E�N�D�E�N�T �O�F �A �T�H�I�R�D �A�T�T�R�I�B�U�T�EPREFERENCE

INDEPENDENCE

X 3 �I�F �T�H�E �P�R�E�F�E�R�E�N�C�E �B�E�T�W�E�E�N �O�U�T�C�O�M�E�Shx1; x2; x3i �A�N�Dhx0
1; x0

2; x3i �D�O�E�S �N�O�T �D�E�P�E�N�D �O�N �T�H�E
�P�A�R�T�I�C�U�L�A�R �V�A�L�U�Ex3 �F�O�R �A�T�T�R�I�B�U�T�EX 3��

�'�O�I�N�G �B�A�C�K �T�O �T�H�E �A�I�R�P�O�R�T �E�X�A�M�P�L�E�� �W�H�E�R�E �W�E �H�A�V�E ���A�M�O�N�G �O�T�H�E�R �A�T�T�R�I�B�U�T�E�S�	Noise��
Cost�� �A�N�DDeaths �T�O �C�O�N�S�I�D�E�R�� �O�N�E �M�A�Y �P�R�O�P�O�S�E �T�H�A�TNoise �A�N�DCost �A�R�E �P�R�E�F�E�R�E�N�T�I�A�L�L�Y �I�N�D�E�




�3�E�C�T�I�O�N ���������� �-�U�L�T�I�A�T�T�R�I�B�U�T�E �5�T�I�L�I�T�Y �&�U�N�C�T�I�O�N�S ������

�P�E�N�D�E�N�T �O�FDeaths�� �&�O�R �E�X�A�M�P�L�E�� �I�F �W�E �P�R�E�F�E�R �A �S�T�A�T�E �W�I�T�H ������������ �P�E�O�P�L�E �R�E�S�I�D�I�N�G �I�N �T�H�E �m�I�G�H�T
�P�A�T�H �A�N�D �A �C�O�N�S�T�R�U�C�T�I�O�N �C�O�S�T �O�F ���� �B�I�L�L�I�O�N �O�V�E�R �A �S�T�A�T�E �W�I�T�H ������������ �P�E�O�P�L�E �R�E�S�I�D�I�N�G �I�N �T�H�E �m�I�G�H�T
�P�A�T�H �A�N�D �A �C�O�S�T �O�F �������� �B�I�L�L�I�O�N �W�H�E�N �T�H�E �S�A�F�E�T�Y �L�E�V�E�L �I�S �������� �D�E�A�T�H�S �P�E�R �M�I�L�L�I�O�N �P�A�S�S�E�N�G�E�R �M�I�L�E�S
�I�N �B�O�T�H �C�A�S�E�S�� �T�H�E�N �W�E �W�O�U�L�D �H�A�V�E �T�H�E �S�A�M�E �P�R�E�F�E�R�E�N�C�E �W�H�E�N �T�H�E �S�A�F�E�T�Y �L�E�V�E�L �I�S �������� �O�R ����������
�A�N�D �T�H�E �S�A�M�E �I�N�D�E�P�E�N�D�E�N�C�E �W�O�U�L�D �H�O�L�D �F�O�R �P�R�E�F�E�R�E�N�C�E�S �B�E�T�W�E�E�N �A�N�Y �O�T�H�E�R �P�A�I�R �O�F �V�A�L�U�E�S �F�O�R
Noise �A�N�DCost�� �)�T �I�S �A�L�S�O �A�P�P�A�R�E�N�T �T�H�A�TCost �A�N�DDeaths �A�R�E �P�R�E�F�E�R�E�N�T�I�A�L�L�Y �I�N�D�E�P�E�N�D�E�N�T �O�F
Noise �A�N�D �T�H�A�TNoise �A�N�DDeaths �A�R�E �P�R�E�F�E�R�E�N�T�I�A�L�L�Y �I�N�D�E�P�E�N�D�E�N�T �O�FCost�� �7�E �S�A�Y �T�H�A�T �T�H�E
�S�E�T �O�F �A�T�T�R�I�B�U�T�E�Sf Noise; Cost; Deathsg �E�X�H�I�B�I�T�S�P�X�W�X�D�O �S�U�H�I�H�U�H�Q�W�L�D�O �L�Q�G�H�S�H�Q�G�H�Q�F�H���-�0�)�	��

MUTUAL
PREFERENTIAL
INDEPENDENCE

�-�0�) �S�A�Y�S �T�H�A�T�� �W�H�E�R�E�A�S �E�A�C�H �A�T�T�R�I�B�U�T�E �M�A�Y �B�E �I�M�P�O�R�T�A�N�T�� �I�T �D�O�E�S �N�O�T �A�F�F�E�C�T �T�H�E �W�A�Y �I�N �W�H�I�C�H
�O�N�E �T�R�A�D�E�S �O�F�F �T�H�E �O�T�H�E�R �A�T�T�R�I�B�U�T�E�S �A�G�A�I�N�S�T �E�A�C�H �O�T�H�E�R��

�-�U�T�U�A�L �P�R�E�F�E�R�E�N�T�I�A�L �I�N�D�E�P�E�N�D�E�N�C�E �I�S �S�O�M�E�T�H�I�N�G �O�F �A �M�O�U�T�H�F�U�L�� �B�U�T �T�H�A�N�K�S �T�O �A �R�E�M�A�R�K�

�A�B�L�E �T�H�E�O�R�E�M �D�U�E �T�O �T�H�E �E�C�O�N�O�M�I�S�T �'�|�E�R�A�R�D �$�E�B�R�E�U �����������	�� �W�E �C�A�N �D�E�R�I�V�E �F�R�O�M �I�T �A �V�E�R�Y �S�I�M�P�L�E
�F�O�R�M �F�O�R �T�H�E �A�G�E�N�T���S �V�A�L�U�E �F�U�N�C�T�I�O�N���,�I �D�W�W�U�L�E�X�W�H�VX 1; : : : ; X n �D�U�H �P�X�W�X�D�O�O�\ �S�U�H�I�H�U�H�Q�W�L�D�O�O�\ �L�Q��
�G�H�S�H�Q�G�H�Q�W�� �W�K�H�Q �W�K�H �D�J�H�Q�W�¶�V �S�U�H�I�H�U�H�Q�F�H �E�H�K�D�Y�L�R�U �F�D�Q �E�H �G�H�V�F�U�L�E�H�G�D�V �P�D�[�L�P�L�]�L�Q�J �W�K�H �I�X�Q�F�W�L�R�Q

V (x1; : : : ; xn ) =
X

i

Vi (x i ) ;

�Z�K�H�U�H �H�D�F�KVi �L�V �D �Y�D�O�X�H �I�X�Q�F�W�L�R�Q �U�H�I�H�U�U�L�Q�J �R�Q�O�\ �W�R �W�K�H �D�W�W�U�L�E�X�W�HX i �� �&�O�R �E�X�A�M�P�L�E�� �I�T �M�I�G�H�T
�W�E�L�L �B�E �T�H�E �C�A�S�E �T�H�A�T �T�H�E �A�I�R�P�O�R�T �D�E�C�I�S�I�O�N �C�A�N �B�E �M�A�D�E �U�S�I�N�G �A �V�A�L�U�E �F�U�N�C�T�I�O�N

V (noise; cost; deaths) = � noise � 104 � cost � deaths� 1012 :

�! �V�A�L�U�E �F�U�N�C�T�I�O�N �O�F �T�H�I�S �T�Y�P�E �I�S �C�A�L�L�E�D �A�N�D�G�G�L�W�L�Y�H �Y�D�O�X�H �I�X�Q�F�W�L�R�Q�� �!�D�D�I�T�I�V�E �F�U�N�C�T�I�O�N�S �A�R�E �A�NADDITIVE VALUE
FUNCTION

�E�X�T�R�E�M�E�L�Y �N�A�T�U�R�A�L �W�A�Y �T�O �D�E�S�C�R�I�B�E �A�N �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S �A�N�D �A�R�E �V�A�L�I�D �I�N �M�A�N�Y �R�E�A�L�
�W�O�R�L�D
�S�I�T�U�A�T�I�O�N�S�� �&�O�Rn �A�T�T�R�I�B�U�T�E�S�� �A�S�S�E�S�S�I�N�G �A�N �A�D�D�I�T�I�V�E �V�A�L�U�E �F�U�N�C�T�I�O�N �R�E�Q�U�I�R�E�S �A�S�S�E�S�S�I�N�Gn �S�E�P�A�R�A�T�E
�O�N�E�
�D�I�M�E�N�S�I�O�N�A�L �V�A�L�U�E �F�U�N�C�T�I�O�N�S �R�A�T�H�E�R �T�H�A�N �O�N�En�
�D�I�M�E�N�S�I�O�N�A�L �F�U�N�C�T�I�O�N�� �T�Y�P�I�C�A�L�L�Y�� �T�H�I�S �R�E�P�R�E�

�S�E�N�T�S �A�N �E�X�P�O�N�E�N�T�I�A�L �R�E�D�U�C�T�I�O�N �I�N �T�H�E �N�U�M�B�E�R �O�F �P�R�E�F�E�R�E�N�C�E �E�X�P�E�R�I�M�E�N�T�S �T�H�A�T �A�R�E �N�E�E�D�E�D�� �%�V�E�N
�W�H�E�N �-�0�) �D�O�E�S �N�O�T �S�T�R�I�C�T�L�Y �H�O�L�D�� �A�S �M�I�G�H�T �B�E �T�H�E �C�A�S�E �A�T �E�X�T�R�E�M�E �V�A�L�U�E�S �O�F �T�H�E �A�T�T�R�I�B�U�T�E�S�� �A�N
�A�D�D�I�T�I�V�E �V�A�L�U�E �F�U�N�C�T�I�O�N �M�I�G�H�T �S�T�I�L�L �P�R�O�V�I�D�E �A �G�O�O�D �A�P�P�R�O�X�I�M�A�T�I�O�N �T�O �T�H�E �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S��
�4�H�I�S �I�S �E�S�P�E�C�I�A�L�L�Y �T�R�U�E �W�H�E�N �T�H�E �V�I�O�L�A�T�I�O�N�S �O�F �-�0�) �O�C�C�U�R �I�N �P�O�R�T�I�O�N�S �O�F �T�H�E �A�T�T�R�I�B�U�T�E �R�A�N�G�E�S
�T�H�A�T �A�R�E �U�N�L�I�K�E�L�Y �T�O �O�C�C�U�R �I�N �P�R�A�C�T�I�C�E��

�4�O �U�N�D�E�R�S�T�A�N�D �-�0�) �B�E�T�T�E�R�� �I�T �H�E�L�P�S �T�O �L�O�O�K �A�T �C�A�S�E�S �W�H�E�R�E �I�T�G�R�H�V�Q�¶�W�H�O�L�D�� �3�U�P�P�O�S�E �Y�O�U
�A�R�E �A�T �A �M�E�D�I�E�V�A�L �M�A�R�K�E�T�� �C�O�N�S�I�D�E�R�I�N�G �T�H�E �P�U�R�C�H�A�S�E �O�F �S�O�M�E �H�U�N�T�I�N�G �D�O�G�S�� �S�O�M�E �C�H�I�C�K�E�N�S��
�A�N�D �S�O�M�E �W�I�C�K�E�R �C�A�G�E�S �F�O�R �T�H�E �C�H�I�C�K�E�N�S�� �4�H�E �H�U�N�T�I�N�G �D�O�G�S �A�R�E �V�E�R�Y �V�A�L�U�A�B�L�E�� �B�U�T �I�F �Y�O�U
�D�O�N���T �H�A�V�E �E�N�O�U�G�H �C�A�G�E�S �F�O�R �T�H�E �C�H�I�C�K�E�N�S�� �T�H�E �D�O�G�S �W�I�L�L �E�A�T �T�H�E �C�H�I�C�K�E�N�S�� �H�E�N�C�E�� �T�H�E �T�R�A�D�E�O�F�F
�B�E�T�W�E�E�N �D�O�G�S �A�N�D �C�H�I�C�K�E�N�S �D�E�P�E�N�D�S �S�T�R�O�N�G�L�Y �O�N �T�H�E �N�U�M�B�E�R �O�F �C�A�G�E�S�� �A�N�D �-�0�) �I�S �V�I�O�L�A�T�E�D��
�4�H�E �E�X�I�S�T�E�N�C�E �O�F �T�H�E�S�E �K�I�N�D�S �O�F �I�N�T�E�R�A�C�T�I�O�N�S �A�M�O�N�G �V�A�R�I�O�U�S �A�T�T�R�I�B�U�T�E�S �M�A�K�E�S �I�T �M�U�C�H �H�A�R�D�E�R �T�O
�A�S�S�E�S�S �T�H�E �O�V�E�R�A�L�L �V�A�L�U�E �F�U�N�C�T�I�O�N��

�3�U�H�I�H�U�H�Q�F�H�V �Z�L�W�K �X�Q�F�H�U�W�D�L�Q�W�\

�7�H�E�N �U�N�C�E�R�T�A�I�N�T�Y �I�S �P�R�E�S�E�N�T �I�N �T�H�E �D�O�M�A�I�N�� �W�E �A�L�S�O �N�E�E�D �T�O �C�O�N�S�I�D�E�R �T�H�E �S�T�R�U�C�T�U�R�E �O�F �P�R�E�F�E�R�

�E�N�C�E�S �B�E�T�W�E�E�N �L�O�T�T�E�R�I�E�S �A�N�D �T�O �U�N�D�E�R�S�T�A�N�D �T�H�E �R�E�S�U�L�T�I�N�G �P�R�O�P�E�R�T�I�E�S �O�F �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S�� �R�A�T�H�E�R
�T�H�A�N �J�U�S�T �V�A�L�U�E �F�U�N�C�T�I�O�N�S�� �4�H�E �M�A�T�H�E�M�A�T�I�C�S �O�F �T�H�I�S �P�R�O�B�L�E�M �C�A�N �B�E�C�O�M�E �Q�U�I�T�E �C�O�M�P�L�I�C�A�T�E�D��
�S�O �W�E �P�R�E�S�E�N�T �J�U�S�T �O�N�E �O�F �T�H�E �M�A�I�N �R�E�S�U�L�T�S �T�O �G�I�V�E �A �m�A�V�O�R �O�F �W�H�A�T �C�A�N �B�E �D�O�N�E�� �4�H�E �R�E�A�D�E�R �I�S
�R�E�F�E�R�R�E�D �T�O �+�E�E�N�E�Y �A�N�D �2�A�I�F�F�A �����������	 �F�O�R �A �T�H�O�R�O�U�G�H �S�U�R�V�E�Y �O�F �T�H�E �l�E�L�D��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�4�H�E �B�A�S�I�C �N�O�T�I�O�N �O�F�X�W�L�O�L�W�\ �L�Q�G�H�S�H�Q�G�H�Q�F�H�E�X�T�E�N�D�S �P�R�E�F�E�R�E�N�C�E �I�N�D�E�P�E�N�D�E�N�C�E �T�O �C�O�V�E�RUTILITY
INDEPENDENCE

�L�O�T�T�E�R�I�E�S�� �A �S�E�T �O�F �A�T�T�R�I�B�U�T�E�S�; �I�S �U�T�I�L�I�T�Y �I�N�D�E�P�E�N�D�E�N�T �O�F �A �S�E�T �O�F �A�T�T�R�I�B�U�T�E�S�< �I�F �P�R�E�F�E�R�E�N�C�E�S �B�E�

�T�W�E�E�N �L�O�T�T�E�R�I�E�S �O�N �T�H�E �A�T�T�R�I�B�U�T�E�S �I�N�; �A�R�E �I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �P�A�R�T�I�C�U�L�A�R �V�A�L�U�E�S �O�F �T�H�E �A�T�T�R�I�B�U�T�E�S
�I�N�<�� �! �S�E�T �O�F �A�T�T�R�I�B�U�T�E�S �I�S�P�X�W�X�D�O�O�\ �X�W�L�O�L�W�\ �L�Q�G�H�S�H�Q�G�H�Q�W���-�5�)�	 �I�F �E�A�C�H �O�F �I�T�S �S�U�B�S�E�T�S �I�SMUTUALLY UTILITY

INDEPENDENT

�U�T�I�L�I�T�Y�
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UTILITY FUNCTION

�L�O�O�K�I�N�G �A�T �T�H�E �C�A�S�E �F�O�R �T�H�R�E�E �A�T�T�R�I�B�U�T�E�S�� �&�O�R �C�O�N�C�I�S�E�N�E�S�S�� �W�E �U�S�EUi �T�O �M�E�A�NUi (x i )��

U = k1U1 + k2U2 + k3U3 + k1k2U1U2 + k2k3U2U3 + k3k1U3U1

+ k1k2k3U1U2U3 :
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� �7�I�T�H �P�R�O�B�A�B�I�L�I�T�Y(n � 1)=n�� �T�H�E �S�U�R�V�E�Y �W�I�L�L �S�H�O�W �T�H�A�T �T�H�E �B�L�O�C�K �C�O�N�T�A�I�N�S �N�O �O�I�L�� �I�N �W�H�I�C�H
�C�A�S�E �T�H�E �C�O�M�P�A�N�Y �W�I�L�L �B�U�Y �A �D�I�F�F�E�R�E�N�T �B�L�O�C�K�� �.�O�W �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �l�N�D�I�N�G �O�I�L �I�N �O�N�E
�O�F �T�H�E �O�T�H�E�R �B�L�O�C�K�S �C�H�A�N�G�E�S �F�R�O�M1=n �T�O1=(n � 1)�� �S�O �T�H�E �C�O�M�P�A�N�Y �M�A�K�E�S �A�N �E�X�P�E�C�T�E�D
�P�R�O�l�T �O�FC=(n � 1) � C=n = C=n(n � 1) �D�O�L�L�A�R�S��

�.�O�W �W�E �C�A�N �C�A�L�C�U�L�A�T�E �T�H�E �E�X�P�E�C�T�E�D �P�R�O�l�T�� �G�I�V�E�N �T�H�E �S�U�R�V�E�Y �I�N�F�O�R�M�A�T�I�O�N��

1
n

�
(n � 1)C

n
+

n � 1
n

�
C

n(n � 1)
= C=n :

�4�H�E�R�E�F�O�R�E�� �T�H�E �C�O�M�P�A�N�Y �S�H�O�U�L�D �B�E �W�I�L�L�I�N�G �T�O �P�A�Y �T�H�E �S�E�I�S�M�O�L�O�G�I�S�T �U�P �T�OC=n �D�O�L�L�A�R�S �F�O�R �T�H�E
�I�N�F�O�R�M�A�T�I�O�N�� �T�H�E �I�N�F�O�R�M�A�T�I�O�N �I�S �W�O�R�T�H �A�S �M�U�C�H �A�S �T�H�E �B�L�O�C�K �I�T�S�E�L�F��

�4�H�E �V�A�L�U�E �O�F �I�N�F�O�R�M�A�T�I�O�N �D�E�R�I�V�E�S �F�R�O�M �T�H�E �F�A�C�T �T�H�A�T�Z�L�W�K�T�H�E �I�N�F�O�R�M�A�T�I�O�N�� �O�N�E���S �C�O�U�R�S�E
�O�F �A�C�T�I�O�N �C�A�N �B�E �C�H�A�N�G�E�D �T�O �S�U�I�T �T�H�E�D�F�W�X�D�O�S�I�T�U�A�T�I�O�N�� �/�N�E �C�A�N �D�I�S�C�R�I�M�I�N�A�T�E �A�C�C�O�R�D�I�N�G �T�O �T�H�E
�S�I�T�U�A�T�I�O�N�� �W�H�E�R�E�A�S �W�I�T�H�O�U�T �T�H�E �I�N�F�O�R�M�A�T�I�O�N�� �O�N�E �H�A�S �T�O �D�O �W�H�A�T���S �B�E�S�T �O�N �A�V�E�R�A�G�E �O�V�E�R �T�H�E
�P�O�S�S�I�B�L�E �S�I�T�U�A�T�I�O�N�S�� �)�N �G�E�N�E�R�A�L�� �T�H�E �V�A�L�U�E �O�F �A �G�I�V�E�N �P�I�E�C�E �O�F �I�N�F�O�R�M�A�T�I�O�N �I�S �D�E�l�N�E�D �T�O �B�E �T�H�E
�D�I�F�F�E�R�E�N�C�E �I�N �E�X�P�E�C�T�E�D �V�A�L�U�E �B�E�T�W�E�E�N �B�E�S�T �A�C�T�I�O�N�S �B�E�F�O�R�E �A�N�D �A�F�T�E�R �I�N�F�O�R�M�A�T�I�O�N �I�S �O�B�T�A�I�N�E�D��

10 �)�N �T�H�E�5�N�I�T�E�D �3�T�A�T�E�S�� �T�H�E �O�N�L�Y �Q�U�E�S�T�I�O�N �T�H�A�T �I�S �A�L�W�A�Y�S �A�S�K�E�D �B�E�F�O�R�E�H�A�N�D �I�S �W�H�E�T�H�E�R �T�H�E �P�A�T�I�E�N�T �H�A�S �I�N�S�U�R�A�N�C�E��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

������������ �$ �J�H�Q�H�U�D�O �I�R�U�P�X�O�D �I�R�U �S�H�U�I�H�F�W �L�Q�I�R�U�P�D�W�L�R�Q

�)�T �I�S �S�I�M�P�L�E �T�O �D�E�R�I�V�E �A �G�E�N�E�R�A�L �M�A�T�H�E�M�A�T�I�C�A�L �F�O�R�M�U�L�A �F�O�R �T�H�E �V�A�L�U�E �O�F �I�N�F�O�R�M�A�T�I�O�N�� �7�E �A�S�S�U�M�E
�T�H�A�T �E�X�A�C�T �E�V�I�D�E�N�C�E �C�A�N �B�E �O�B�T�A�I�N�E�D �A�B�O�U�T �T�H�E �V�A�L�U�E �O�F �S�O�M�E �R�A�N�D�O�M �V�A�R�I�A�B�L�EE j ���T�H�A�T �I�S�� �W�E
�L�E�A�R�NE j = ej �	�� �S�O �T�H�E �P�H�R�A�S�E�Y�D�O�X�H �R�I �S�H�U�I�H�F�W �L�Q�I�R�U�P�D�W�L�R�Q���6�0�)�	 �I�S �U�S�E�D������VALUE OF PERFECT

INFORMATION

�,�E�T �T�H�E �A�G�E�N�T���S �I�N�I�T�I�A�L �E�V�I�D�E�N�C�E �B�E�H�� �4�H�E�N �T�H�E �V�A�L�U�E �O�F �T�H�E �C�U�R�R�E�N�T �B�E�S�T �A�C�T�I�O�N� �I�S
�D�E�l�N�E�D �B�Y

EU (� j�H) = max
a

X

s0

P(�2�%�3�5�,�4(a) = s0j a; �H) U(s0) ;

�A�N�D �T�H�E �V�A�L�U�E �O�F �T�H�E �N�E�W �B�E�S�T �A�C�T�I�O�N ���A�F�T�E�R �T�H�E �N�E�W �E�V�I�D�E�N�C�EE j = ej �I�S �O�B�T�A�I�N�E�D�	 �W�I�L�L �B�E

EU (� ej j�H; ej ) = max
a

X

s0

P(�2�%�3�5�,�4(a) = s0j a; �H; ej ) U(s0) :

�"�U�TE j �I�S �A �R�A�N�D�O�M �V�A�R�I�A�B�L�E �W�H�O�S�E �V�A�L�U�E �I�S�F�X�U�U�H�Q�W�O�\�U�N�K�N�O�W�N�� �S�O �T�O �D�E�T�E�R�M�I�N�E �T�H�E �V�A�L�U�E �O�F
�D�I�S�C�O�V�E�R�I�N�GE j �� �G�I�V�E�N �C�U�R�R�E�N�T �I�N�F�O�R�M�A�T�I�O�N�H�W�E �M�U�S�T �A�V�E�R�A�G�E �O�V�E�R �A�L�L �P�O�S�S�I�B�L�E �V�A�L�U�E�Sejk �T�H�A�T
�W�E �M�I�G�H�T �D�I�S�C�O�V�E�R �F�O�RE j �� �U�S�I�N�G �O�U�R�F�X�U�U�H�Q�W�B�E�L�I�E�F�S �A�B�O�U�T �I�T�S �V�A�L�U�E��

VPI �H(E j ) =

 
X

k

P(E j = ejk j�H) EU (� ejk j�H; E j = ejk )

!

� EU (� j�H) :

�4�O �G�E�T �S�O�M�E �I�N�T�U�I�T�I�O�N �F�O�R �T�H�I�S �F�O�R�M�U�L�A�� �C�O�N�S�I�D�E�R �T�H�E �S�I�M�P�L�E �C�A�S�E �W�H�E�R�E �T�H�E�R�E �A�R�E �O�N�L�Y �T�W�O
�A�C�T�I�O�N�S��a1 �A�N�Da2�� �F�R�O�M �W�H�I�C�H �T�O �C�H�O�O�S�E�� �4�H�E�I�R �C�U�R�R�E�N�T �E�X�P�E�C�T�E�D �U�T�I�L�I�T�I�E�S �A�R�EU1 �A�N�DU2�� �4�H�E
�I�N�F�O�R�M�A�T�I�O�NE j = ejk �W�I�L�L �Y�I�E�L�D �S�O�M�E �N�E�W �E�X�P�E�C�T�E�D �U�T�I�L�I�T�I�E�SU0

1 �A�N�DU0
2 �F�O�R �T�H�E �A�C�T�I�O�N�S�� �B�U�T

�B�E�F�O�R�E �W�E �O�B�T�A�I�NE j �� �W�E �W�I�L�L �H�A�V�E �S�O�M�E �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N�S �O�V�E�R �T�H�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�F
U0

1 �A�N�DU0
2 ���W�H�I�C�H �W�E �A�S�S�U�M�E �A�R�E �I�N�D�E�P�E�N�D�E�N�T�	��

�3�U�P�P�O�S�E �T�H�A�Ta1 �A�N�Da2 �R�E�P�R�E�S�E�N�T �T�W�O �D�I�F�F�E�R�E�N�T �R�O�U�T�E�S �T�H�R�O�U�G�H �A �M�O�U�N�T�A�I�N �R�A�N�G�E �I�N
�W�I�N�T�E�R��a1 �I�S �A �N�I�C�E�� �S�T�R�A�I�G�H�T �H�I�G�H�W�A�Y �T�H�R�O�U�G�H �A �L�O�W �P�A�S�S�� �A�N�Da2 �I�S �A �W�I�N�D�I�N�G �D�I�R�T �R�O�A�D �O�V�E�R
�T�H�E �T�O�P�� �*�U�S�T �G�I�V�E�N �T�H�I�S �I�N�F�O�R�M�A�T�I�O�N��a1 �I�S �C�L�E�A�R�L�Y �P�R�E�F�E�R�A�B�L�E�� �B�E�C�A�U�S�E �I�T �I�S �Q�U�I�T�E �P�O�S�S�I�B�L�E �T�H�A�T
a2 �I�S �B�L�O�C�K�E�D �B�Y �A�V�A�L�A�N�C�H�E�S�� �W�H�E�R�E�A�S �I�T �I�S �U�N�L�I�K�E�L�Y �T�H�A�T �A�N�Y�T�H�I�N�G �B�L�O�C�K�Sa1�� U1 �I�S �T�H�E�R�E�F�O�R�E
�C�L�E�A�R�L�Y �H�I�G�H�E�R �T�H�A�NU2�� �)�T �I�S �P�O�S�S�I�B�L�E �T�O �O�B�T�A�I�N �S�A�T�E�L�L�I�T�E �R�E�P�O�R�T�SE j �O�N �T�H�E �A�C�T�U�A�L �S�T�A�T�E �O�F �E�A�C�H
�R�O�A�D �T�H�A�T �W�O�U�L�D �G�I�V�E �N�E�W �E�X�P�E�C�T�A�T�I�O�N�S��U0

1 �A�N�DU0
2�� �F�O�R �T�H�E �T�W�O �C�R�O�S�S�I�N�G�S�� �4�H�E �D�I�S�T�R�I�B�U�T�I�O�N�S

�F�O�R �T�H�E�S�E �E�X�P�E�C�T�A�T�I�O�N�S �A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E �����������A�	�� �/�B�V�I�O�U�S�L�Y�� �I�N �T�H�I�S �C�A�S�E�� �I�T �I�S �N�O�T �W�O�R�T�H �T�H�E
�E�X�P�E�N�S�E �O�F �O�B�T�A�I�N�I�N�G �S�A�T�E�L�L�I�T�E �R�E�P�O�R�T�S�� �B�E�C�A�U�S�E �I�T �I�S �U�N�L�I�K�E�L�Y �T�H�A�T �T�H�E �I�N�F�O�R�M�A�T�I�O�N �D�E�R�I�V�E�D �F�R�O�M
�T�H�E�M �W�I�L�L �C�H�A�N�G�E �T�H�E �P�L�A�N�� �7�I�T�H �N�O �C�H�A�N�G�E�� �I�N�F�O�R�M�A�T�I�O�N �H�A�S �N�O �V�A�L�U�E��

�.�O�W �S�U�P�P�O�S�E �T�H�A�T �W�E �A�R�E �C�H�O�O�S�I�N�G �B�E�T�W�E�E�N �T�W�O �D�I�F�F�E�R�E�N�T �W�I�N�D�I�N�G �D�I�R�T �R�O�A�D�S �O�F �S�L�I�G�H�T�L�Y
�D�I�F�F�E�R�E�N�T �L�E�N�G�T�H�S �A�N�D �W�E �A�R�E �C�A�R�R�Y�I�N�G �A �S�E�R�I�O�U�S�L�Y �I�N�J�U�R�E�D �P�A�S�S�E�N�G�E�R�� �4�H�E�N�� �E�V�E�N �W�H�E�NU1

�A�N�DU2 �A�R�E �Q�U�I�T�E �C�L�O�S�E�� �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N�S �O�FU0
1 �A�N�DU0

2 �A�R�E �V�E�R�Y �B�R�O�A�D�� �4�H�E�R�E �I�S �A �S�I�G�N�I�l�C�A�N�T
�P�O�S�S�I�B�I�L�I�T�Y �T�H�A�T �T�H�E �S�E�C�O�N�D �R�O�U�T�E �W�I�L�L �T�U�R�N �O�U�T �T�O �B�E �C�L�E�A�R �W�H�I�L�E �T�H�E �l�R�S�T �I�S �B�L�O�C�K�E�D�� �A�N�D �I�N �T�H�I�S

11 �4�H�E�R�E�I�S �N�O �L�O�S�S �O�F �E�X�P�R�E�S�S�I�V�E�N�E�S�S �I�N �R�E�Q�U�I�R�I�N�G �P�E�R�F�E�C�T �I�N�F�O�R�M�A�T�I�O�N�� �3�U�P�P�O�S�E �W�E �W�A�N�T�E�D �T�O �M�O�D�E�L �T�H�E �C�A�S�E
�I�N �W�H�I�C�H �W�E �B�E�C�O�M�E �S�O�M�E�W�H�A�T �M�O�R�E �C�E�R�T�A�I�N �A�B�O�U�T �A �V�A�R�I�A�B�L�E�� �7�E �C�A�N �D�O �T�H�A�T �B�Y �I�N�T�R�O�D�U�C�I�N�G�D�Q�R�W�K�H�U�V�A�R�I�A�B�L�E
�A�B�O�U�T �W�H�I�C�H �W�E �L�E�A�R�N �P�E�R�F�E�C�T �I�N�F�O�R�M�A�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �W�E �I�N�I�T�I�A�L�L�Y �H�A�V�E �B�R�O�A�D �U�N�C�E�R�T�A�I�N�T�Y �A�B�O�U�T �T�H�E
�V�A�R�I�A�B�L�ETemperature �� �4�H�E�N �W�E �G�A�I�N �T�H�E �P�E�R�F�E�C�T �K�N�O�W�L�E�D�G�EThermometer = 37 �� �T�H�I�S �G�I�V�E�S �U�S �I�M�P�E�R�F�E�C�T
�I�N�F�O�R�M�A�T�I�O�N �A�B�O�U�T �T�H�E �T�R�U�ETemperature �� �A�N�D �T�H�E �U�N�C�E�R�T�A�I�N�T�Y �D�U�E �T�O �M�E�A�S�U�R�E�M�E�N�T �E�R�R�O�R �I�S �E�N�C�O�D�E�D �I�N �T�H�E �S�E�N�S�O�R
�M�O�D�E�L�3(Thermometer j Temperature )�� �3�E�E �%�X�E�R�C�I�S�E ���������� �F�O�R �A�N�O�T�H�E�R �E�X�A�M�P�L�E��



�3�E�C�T�I�O�N ���������� �4�H�E �6�A�L�U�E �O�F �)�N�F�O�R�M�A�T�I�O�N ������
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�3���8�\�( �M�	

�8���8��
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���A�	

�3���8�\�( �M�	

�8���8��
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�)�L�J�X�U�H ���������4�H�R�E�E�G�E�N�E�R�I�C �C�A�S�E�S �F�O�R �T�H�E �V�A�L�U�E �O�F �I�N�F�O�R�M�A�T�I�O�N�� �)�N ���A�	��a1 �W�I�L�L �A�L�M�O�S�T �C�E�R�

�T�A�I�N�L�Y �R�E�M�A�I�N �S�U�P�E�R�I�O�R �T�Oa2�� �S�O �T�H�E �I�N�F�O�R�M�A�T�I�O�N �I�S �N�O�T �N�E�E�D�E�D�� �)�N ���B�	�� �T�H�E �C�H�O�I�C�E �I�S �U�N�C�L�E�A�R �A�N�D
�T�H�E �I�N�F�O�R�M�A�T�I�O�N �I�S �C�R�U�C�I�A�L�� �)�N ���C�	�� �T�H�E �C�H�O�I�C�E �I�S �U�N�C�L�E�A�R�� �B�U�T �B�E�C�A�U�S�E �I�T �M�A�K�E�S �L�I�T�T�L�E �D�I�F�F�E�R�E�N�C�E��
�T�H�E �I�N�F�O�R�M�A�T�I�O�N �I�S �L�E�S�S �V�A�L�U�A�B�L�E�� ���.�O�T�E�� �4�H�E �F�A�C�T �T�H�A�TU2 �H�A�S �A �H�I�G�H �P�E�A�K �I�N ���C�	 �M�E�A�N�S �T�H�A�T �I�T�S
�E�X�P�E�C�T�E�D �V�A�L�U�E �I�S �K�N�O�W�N �W�I�T�H �H�I�G�H�E�R �C�E�R�T�A�I�N�T�Y �T�H�A�NU1���	

�C�A�S�E �T�H�E �D�I�F�F�E�R�E�N�C�E �I�N �U�T�I�L�I�T�I�E�S �W�I�L�L �B�E �V�E�R�Y �H�I�G�H�� �4�H�E �6�0�) �F�O�R�M�U�L�A�I�N�D�I�C�A�T�E�S �T�H�A�T �I�T �M�I�G�H�T �B�E
�W�O�R�T�H�W�H�I�L�E �G�E�T�T�I�N�G �T�H�E �S�A�T�E�L�L�I�T�E �R�E�P�O�R�T�S�� �3�U�C�H �A �S�I�T�U�A�T�I�O�N �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	��

�&�I�N�A�L�L�Y�� �S�U�P�P�O�S�E �T�H�A�T �W�E �A�R�E �C�H�O�O�S�I�N�G �B�E�T�W�E�E�N �T�H�E �T�W�O �D�I�R�T �R�O�A�D�S �I�N �S�U�M�M�E�R�T�I�M�E�� �W�H�E�N
�B�L�O�C�K�A�G�E �B�Y �A�V�A�L�A�N�C�H�E�S �I�S �U�N�L�I�K�E�L�Y�� �)�N �T�H�I�S �C�A�S�E�� �S�A�T�E�L�L�I�T�E �R�E�P�O�R�T�S �M�I�G�H�T �S�H�O�W �O�N�E �R�O�U�T�E �T�O �B�E
�M�O�R�E �S�C�E�N�I�C �T�H�A�N �T�H�E �O�T�H�E�R �B�E�C�A�U�S�E �O�F �m�O�W�E�R�I�N�G �A�L�P�I�N�E �M�E�A�D�O�W�S�� �O�R �P�E�R�H�A�P�S �W�E�T�T�E�R �B�E�C�A�U�S�E
�O�F �E�R�R�A�N�T �S�T�R�E�A�M�S�� �)�T �I�S �T�H�E�R�E�F�O�R�E �Q�U�I�T�E �L�I�K�E�L�Y �T�H�A�T �W�E �W�O�U�L�D �C�H�A�N�G�E �O�U�R �P�L�A�N �I�F �W�E �H�A�D �T�H�E
�I�N�F�O�R�M�A�T�I�O�N�� �)�N �T�H�I�S �C�A�S�E�� �H�O�W�E�V�E�R�� �T�H�E �D�I�F�F�E�R�E�N�C�E �I�N �V�A�L�U�E �B�E�T�W�E�E�N �T�H�E �T�W�O �R�O�U�T�E�S �I�S �S�T�I�L�L
�L�I�K�E�L�Y �T�O �B�E �V�E�R�Y �S�M�A�L�L�� �S�O �W�E �W�I�L�L �N�O�T �B�O�T�H�E�R �T�O �O�B�T�A�I�N �T�H�E �R�E�P�O�R�T�S�� �4�H�I�S �S�I�T�U�A�T�I�O�N �I�S �S�H�O�W�N �I�N
�&�I�G�U�R�E �����������C�	��

�)�N �S�U�M���L�Q�I�R�U�P�D�W�L�R�Q �K�D�V �Y�D�O�X�H �W�R �W�K�H �H�[�W�H�Q�W �W�K�D�W �L�W �L�V �O�L�N�H�O�\ �W�R �F�D�X�V�H �D �F�K�D�Q�J�H �R�I �S�O�D�Q
�D�Q�G �W�R �W�K�H �H�[�W�H�Q�W �W�K�D�W �W�K�H �Q�H�Z �S�O�D�Q �Z�L�O�O �E�H �V�L�J�Q�L�¿�F�D�Q�W�O�\ �E�H�W�W�H�U �W�K�D�Q�W�K�H �R�O�G �S�O�D�Q��

������������ �3�U�R�S�H�U�W�L�H�V �R�I �W�K�H �Y�D�O�X�H �R�I �L�Q�I�R�U�P�D�W�L�R�Q

�/�N�E �M�I�G�H�T �A�S�K �W�H�E�T�H�E�R �I�T �I�S �P�O�S�S�I�B�L�E �F�O�R �I�N�F�O�R�M�A�T�I�O�N �T�O �B�E �D�E�L�E�T�E�R�I�O�U�S�� �C�A�N �I�T �A�C�T�U�A�L�L�Y �H�A�V�E
�N�E�G�A�T�I�V�E �E�X�P�E�C�T�E�D �V�A�L�U�E�� �)�N�T�U�I�T�I�V�E�L�Y�� �O�N�E �S�H�O�U�L�D �E�X�P�E�C�T �T�H�I�S �T�O �B�E �I�M�P�O�S�S�I�B�L�E�� �!�F�T�E�R �A�L�L�� �O�N�E
�C�O�U�L�D �I�N �T�H�E �W�O�R�S�T �C�A�S�E �J�U�S�T �I�G�N�O�R�E �T�H�E �I�N�F�O�R�M�A�T�I�O�N �A�N�D �P�R�E�T�E�N�D �T�H�A�T �O�N�E �H�A�S �N�E�V�E�R �R�E�C�E�I�V�E�D �I�T��
�4�H�I�S �I�S �C�O�N�l�R�M�E�D �B�Y �T�H�E �F�O�L�L�O�W�I�N�G �T�H�E�O�R�E�M�� �W�H�I�C�H �A�P�P�L�I�E�S �T�O �A�N�Y �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �A�G�E�N�T��

�7�K�H �H�[�S�H�F�W�H�G �Y�D�O�X�H �R�I �L�Q�I�R�U�P�D�W�L�R�Q �L�V �Q�R�Q�Q�H�J�D�W�L�Y�H��

8 �H; E j VPI �H(E j ) � 0 :

�4�H�E�T�H�E�O�R�E�M �F�O�L�L�O�W�S �D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �D�E�l�N�I�T�I�O�N �O�F �6�0�)�� �A�N�D �W�E �L�E�A�V�E �T�H�E �P�R�O�O�F �A�S �A�N �E�X�E�R�C�I�S�E
���%�X�E�R�C�I�S�E �����������	�� �)�T �I�S�� �O�F �C�O�U�R�S�E�� �A �T�H�E�O�R�E�M �A�B�O�U�T�H�[�S�H�F�W�H�G�V�A�L�U�E�� �N�O�T�D�F�W�X�D�O�V�A�L�U�E�� �!�D�D�I�T�I�O�N�A�L
�I�N�F�O�R�M�A�T�I�O�N �C�A�N �E�A�S�I�L�Y �L�E�A�D �T�O �A �P�L�A�N �T�H�A�T�W�X�U�Q�V �R�X�W �W�R�B�E �W�O�R�S�E �T�H�A�N �T�H�E �O�R�I�G�I�N�A�L �P�L�A�N �I�F �T�H�E
�I�N�F�O�R�M�A�T�I�O�N �H�A�P�P�E�N�S �T�O �B�E �M�I�S�L�E�A�D�I�N�G�� �&�O�R �E�X�A�M�P�L�E�� �A �M�E�D�I�C�A�L �T�E�S�T �T�H�A�T �G�I�V�E�S �A �F�A�L�S�E �P�O�S�I�T�I�V�E
�R�E�S�U�L�T �M�A�Y �L�E�A�D �T�O �U�N�N�E�C�E�S�S�A�R�Y �S�U�R�G�E�R�Y�� �B�U�T �T�H�A�T �D�O�E�S �N�O�T �M�E�A�N �T�H�A�T �T�H�E �T�E�S�T �S�H�O�U�L�D�N���T �B�E �D�O�N�E��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�)�T �I�S �I�M�P�O�R�T�A�N�T �T�O �R�E�M�E�M�B�E�R �T�H�A�T �6�0�) �D�E�P�E�N�D�S �O�N �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E �O�F�I�N�F�O�R�M�A�T�I�O�N�� �W�H�I�C�H
�I�S �W�H�Y �I�T �I�S �S�U�B�S�C�R�I�P�T�E�D�� �)�T �C�A�N �C�H�A�N�G�E �A�S �M�O�R�E �I�N�F�O�R�M�A�T�I�O�N �I�S �A�C�Q�U�I�R�E�D�� �&�O�R �A�N�Y �G�I�V�E�N �P�I�E�C�E
�O�F �E�V�I�D�E�N�C�EE j �� �T�H�E �V�A�L�U�E �O�F �A�C�Q�U�I�R�I�N�G �I�T �C�A�N �G�O �D�O�W�N ���E���G���� �I�F �A�N�O�T�H�E�R �V�A�R�I�A�B�L�E �S�T�R�O�N�G�L�Y
�C�O�N�S�T�R�A�I�N�S �T�H�E �P�O�S�T�E�R�I�O�R �F�O�RE j �	 �O�R �U�P ���E���G���� �I�F �A�N�O�T�H�E�R �V�A�R�I�A�B�L�E �P�R�O�V�I�D�E�S �A �C�L�U�E �O�N �W�H�I�C�HE j

�B�U�I�L�D�S�� �E�N�A�B�L�I�N�G �A �N�E�W �A�N�D �B�E�T�T�E�R �P�L�A�N �T�O �B�E �D�E�V�I�S�E�D�	�� �4�H�U�S�� �6�0�) �I�S �N�O�T �A�D�D�I�T�I�V�E�� �4�H�A�T �I�S��

VPI �H(E j ; Ek ) 6=VPI �H(E j ) + VPI �H(Ek ) ���I�N �G�E�N�E�R�A�L�	:

�6�0�) �I�S�� �H�O�W�E�V�E�R�� �O�R�D�E�R �I�N�D�E�P�E�N�D�E�N�T�� �4�H�A�T �I�S��

VPI �H(E j ; Ek ) = VPI �H(E j ) + VPI �H;ej (Ek ) = VPI �H(Ek ) + VPI �H;ek (E j ) :

�/�R�D�E�R �I�N�D�E�P�E�N�D�E�N�C�E �D�I�S�T�I�N�G�U�I�S�H�E�S �S�E�N�S�I�N�G �A�C�T�I�O�N�S �F�R�O�M �O�R�D�I�N�A�R�Y �A�C�T�I�O�N�S �A�N�D �S�I�M�P�L�I�l�E�S �T�H�E
�P�R�O�B�L�E�M �O�F �C�A�L�C�U�L�A�T�I�N�G �T�H�E �V�A�L�U�E �O�F �A �S�E�Q�U�E�N�C�E �O�F �S�E�N�S�I�N�G �A�C�T�I�O�N�S��

������������ �,�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �D�Q �L�Q�I�R�U�P�D�W�L�R�Q���J�D�W�K�H�U�L�Q�J �D�J�H�Q�W

�! �S�E�N�S�I�B�L�E �A�G�E�N�T �S�H�O�U�L�D �A�S�K �Q�U�E�S�T�I�O�N�S �I�N �A �R�E�A�S�O�N�A�B�L�E �O�R�D�E�R�� �S�H�O�U�L�D �A�V�O�I�D �A�S�K�I�N�G �Q�U�E�S�T�I�O�N�S
�T�H�A�T �A�R�E �I�R�R�E�L�E�V�A�N�T�� �S�H�O�U�L�D �T�A�K�E �I�N�T�O �A�C�C�O�U�N�T �T�H�E �I�M�P�O�R�T�A�N�C�E �O�F �E�A�C�H �P�I�E�C�E �O�F �I�N�F�O�R�M�A�T�I�O�N �I�N
�R�E�L�A�T�I�O�N �T�O �I�T�S �C�O�S�T�� �A�N�D �S�H�O�U�L�D �S�T�O�P �A�S�K�I�N�G �Q�U�E�S�T�I�O�N�S �W�H�E�N �T�H�A�T �I�S �A�P�P�R�O�P�R�I�A�T�E�� �!�L�L �O�F �T�H�E�S�E
�C�A�P�A�B�I�L�I�T�I�E�S �C�A�N �B�E �A�C�H�I�E�V�E�D �B�Y �U�S�I�N�G �T�H�E �V�A�L�U�E �O�F �I�N�F�O�R�M�A�T�I�O�N �A�S �A �G�U�I�D�E��

�&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E �O�V�E�R�A�L�L �D�E�S�I�G�N �O�F �A�N �A�G�E�N�T �T�H�A�T �C�A�N �G�A�T�H�E�R �I�N�F�O�R�M�A�T�I�O�N �I�N�T�E�L�

�L�I�G�E�N�T�L�Y �B�E�F�O�R�E �A�C�T�I�N�G�� �&�O�R �N�O�W�� �W�E �A�S�S�U�M�E �T�H�A�T �W�I�T�H �E�A�C�H �O�B�S�E�R�V�A�B�L�E �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E
E j �� �T�H�E�R�E �I�S �A�N �A�S�S�O�C�I�A�T�E�D �C�O�S�T��Cost(E j )�� �W�H�I�C�H �R�E�m�E�C�T�S �T�H�E �C�O�S�T �O�F �O�B�T�A�I�N�I�N�G �T�H�E �E�V�I�D�E�N�C�E
�T�H�R�O�U�G�H �T�E�S�T�S�� �C�O�N�S�U�L�T�A�N�T�S�� �Q�U�E�S�T�I�O�N�S�� �O�R �W�H�A�T�E�V�E�R�� �4�H�E �A�G�E�N�T �R�E�Q�U�E�S�T�S �W�H�A�T �A�P�P�E�A�R�S �T�O �B�E �T�H�E
�M�O�S�T �E�F�l�C�I�E�N�T �O�B�S�E�R�V�A�T�I�O�N �I�N �T�E�R�M�S �O�F �U�T�I�L�I�T�Y �G�A�I�N �P�E�R �U�N�I�T �C�O�S�T�� �7�E �A�S�S�U�M�E �T�H�A�T �T�H�E �R�E�S�U�L�T �O�F
�T�H�E �A�C�T�I�O�NRequest(E j ) �I�S �T�H�A�T �T�H�E �N�E�X�T �P�E�R�C�E�P�T �P�R�O�V�I�D�E�S �T�H�E �V�A�L�U�E �O�FE j �� �)�F �N�O �O�B�S�E�R�V�A�T�I�O�N �I�S
�W�O�R�T�H �I�T�S �C�O�S�T�� �T�H�E �A�G�E�N�T �S�E�L�E�C�T�S �A �h�R�E�A�L�v �A�C�T�I�O�N��

�4�H�E �A�G�E�N�T �A�L�G�O�R�I�T�H�M �W�E �H�A�V�E �D�E�S�C�R�I�B�E�D �I�M�P�L�E�M�E�N�T�S �A �F�O�R�M �O�F �I�N�F�O�R�M�A�T�I�O�N �G�A�T�H�E�R�I�N�G
�T�H�A�T �I�S �C�A�L�L�E�D�P�\�R�S�L�F�� �4�H�I�S �I�S �B�E�C�A�U�S�E �I�T �U�S�E�S �T�H�E �6�0�) �F�O�R�M�U�L�A �S�H�O�R�T�S�I�G�H�T�E�D�L�Y�� �C�A�L�C�U�L�A�T�I�N�G �T�H�EMYOPIC

�V�A�L�U�E �O�F �I�N�F�O�R�M�A�T�I�O�N �A�S �I�F �O�N�L�Y �A �S�I�N�G�L�E �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E �W�I�L�L �B�E �A�C�Q�U�I�R�E�D�� �-�Y�O�P�I�C �C�O�N�T�R�O�L
�I�S �B�A�S�E�D �O�N �T�H�E �S�A�M�E �H�E�U�R�I�S�T�I�C �I�D�E�A �A�S �G�R�E�E�D�Y �S�E�A�R�C�H �A�N�D �O�F�T�E�N �W�O�R�K�S �W�E�L�L �I�N �P�R�A�C�T�I�C�E�� ���&�O�R
�E�X�A�M�P�L�E�� �I�T �H�A�S �B�E�E�N �S�H�O�W�N �T�O �O�U�T�P�E�R�F�O�R�M �E�X�P�E�R�T �P�H�Y�S�I�C�I�A�N�S �I�N �S�E�L�E�C�T�I�N�G �D�I�A�G�N�O�S�T�I�C �T�E�S�T�S���	

�I�X�Q�F�W�L�R�Q�)�.�&�/�2�- �!�4�)�/�. �
�' �!�4�(�%�2�)�.�'�
�!�'�%�.�4��percept�	 �U�H�W�X�U�Q�V�A�Naction
�S�H�U�V�L�V�W�H�Q�W��D �� �A �D�E�C�I�S�I�O�N �N�E�T�W�O�R�K

�I�N�T�E�G�R�A�T�Epercept �I�N�T�OD
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�T�H�E�O�R�E�T�I�C �T�O�O�L�S �A�F�T�E�R �T�H�E �E�A�R�L�Y
�A�P�P�L�I�C�A�T�I�O�N�S �I�N �M�E�D�I�C�A�L �D�E�C�I�S�I�O�N �M�A�K�I�N�G �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R ������ �/�N�E �O�F �T�H�E �F�E�W �E�X�C�E�P�T�I�O�N�S
�W�A�S �*�E�R�R�Y �&�E�L�D�M�A�N�� �W�H�O �A�P�P�L�I�E�D �D�E�C�I�S�I�O�N �T�H�E�O�R�Y �T�O �P�R�O�B�L�E�M�S �I�N �V�I�S�I�O�N ���&�E�L�D�M�A�N �A�N�D �9�A�K�I�

�M�O�V�S�K�Y�� ���������	 �A�N�D �P�L�A�N�N�I�N�G ���&�E�L�D�M�A�N �A�N�D �3�P�R�O�U�L�L�� ���������	�� �!�F�T�E�R �T�H�E �R�E�S�U�R�G�E�N�C�E �O�F �I�N�T�E�R�E�S�T �I�N
�P�R�O�B�A�B�I�L�I�S�T�I�C �M�E�T�H�O�D�S �I�N �!�) �I�N �T�H�E ���������S�� �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �E�X�P�E�R�T �S�Y�S�T�E�M�S �G�A�I�N�E�D �W�I�D�E�S�P�R�E�A�D
�A�C�C�E�P�T�A�N�C�E ���(�O�R�V�I�T�Z�H�W �D�O���� ���������� �#�O�W�E�L�L�H�W �D�O���� ���������	�� �)�N �F�A�C�T�� �F�R�O�M �������� �O�N�W�A�R�D�� �T�H�E �C�O�V�E�R
�D�E�S�I�G�N �O�F �T�H�E �J�O�U�R�N�A�L�$�U�W�L�¿�F�L�D�O �,�Q�W�H�O�O�L�J�H�Q�F�H�H�A�S �D�E�P�I�C�T�E�D �A �D�E�C�I�S�I�O�N �N�E�T�W�O�R�K�� �A�L�T�H�O�U�G�H �S�O�M�E
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�������� ���!�D�A�P�T�E�D �F�R�O�M �$�A�V�I�D �(�E�C�K�E�R�M�A�N���	 �4�H�I�S �E�X�E�R�C�I�S�E �C�O�N�C�E�R�N�S �T�H�E�$�O�P�D�Q�D�F �*�D�P�H�� �W�H�I�C�H
�I�S �U�S�E�D �B�Y �D�E�C�I�S�I�O�N �A�N�A�L�Y�S�T�S �T�O �C�A�L�I�B�R�A�T�E �N�U�M�E�R�I�C �E�S�T�I�M�A�T�I�O�N�� �&�O�R �E�A�C�H �O�F �T�H�E �Q�U�E�S�T�I�O�N�S �T�H�A�T
�F�O�L�L�O�W�� �G�I�V�E �Y�O�U�R �B�E�S�T �G�U�E�S�S �O�F �T�H�E �A�N�S�W�E�R�� �T�H�A�T �I�S�� �A �N�U�M�B�E�R �T�H�A�T �Y�O�U �T�H�I�N�K �I�S �A�S �L�I�K�E�L�Y �T�O �B�E
�T�O�O �H�I�G�H �A�S �I�T �I�S �T�O �B�E �T�O�O �L�O�W�� �!�L�S�O �G�I�V�E �Y�O�U�R �G�U�E�S�S �A�T �A �����T�H �P�E�R�C�E�N�T�I�L�E �E�S�T�I�M�A�T�E�� �T�H�A�T �I�S�� �A
�N�U�M�B�E�R �T�H�A�T �Y�O�U �T�H�I�N�K �H�A�S �A ������ �C�H�A�N�C�E �O�F �B�E�I�N�G �T�O�O �H�I�G�H�� �A�N�D �A ������ �C�H�A�N�C�E �O�F �B�E�I�N�G �T�O�O
�L�O�W�� �$�O �T�H�E �S�A�M�E �F�O�R �T�H�E �����T�H �P�E�R�C�E�N�T�I�L�E�� ���4�H�U�S�� �Y�O�U �S�H�O�U�L�D �G�I�V�E �T�H�R�E�E �E�S�T�I�M�A�T�E�S �I�N �A�L�L�ˆ�L�O�W��
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�E�� �0�O�P�U�L�A�T�I�O�N �O�F �7�A�R�S�A�W �I�N ����������

�F�� �9�E�A�R �I�N �W�H�I�C�H �#�O�R�O�N�A�D�O �D�I�S�C�O�V�E�R�E�D �T�H�E �-�I�S�S�I�S�S�I�P�P�I �2�I�V�E�R��

�G�� �.�U�M�B�E�R �O�F �V�O�T�E�S �R�E�C�E�I�V�E�D �B�Y �*�I�M�M�Y �#�A�R�T�E�R �I�N �T�H�E �������� �P�R�E�S�I�D�E�N�T�I�A�L �E�L�E�C�T�I�O�N��

�H�� �!�G�E �O�F �T�H�E �O�L�D�E�S�T �L�I�V�I�N�G �T�R�E�E�� �A�S �O�F ����������

�I�� �(�E�I�G�H�T �O�F �T�H�E �(�O�O�V�E�R �$�A�M �I�N �F�E�E�T��

�J�� �.�U�M�B�E�R �O�F �E�G�G�S �P�R�O�D�U�C�E�D �I�N �/�R�E�G�O�N �I�N ����������

�K�� �.�U�M�B�E�R �O�F �"�U�D�D�H�I�S�T�S �I�N �T�H�E �W�O�R�L�D �I�N ����������

�L�� �.�U�M�B�E�R �O�F �D�E�A�T�H�S �D�U�E �T�O �!�)�$�3 �I�N �T�H�E �5�N�I�T�E�D �3�T�A�T�E�S �I�N ����������
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�4�H�E �C�O�R�R�E�C�T �A�N�S�W�E�R�S �A�P�P�E�A�R �A�F�T�E�R �T�H�E �L�A�S�T �E�X�E�R�C�I�S�E �O�F �T�H�I�S �C�H�A�P�T�E�R�� �&�R�O�M �T�H�E �P�O�I�N�T �O�F �V�I�E�W �O�F
�D�E�C�I�S�I�O�N �A�N�A�L�Y�S�I�S�� �T�H�E �I�N�T�E�R�E�S�T�I�N�G �T�H�I�N�G �I�S �N�O�T �H�O�W �C�L�O�S�E �Y�O�U�R �M�E�D�I�A�N �G�U�E�S�S�E�S �C�A�M�E �T�O �T�H�E �R�E�A�L
�A�N�S�W�E�R�S�� �B�U�T �R�A�T�H�E�R �H�O�W �O�F�T�E�N �T�H�E �R�E�A�L �A�N�S�W�E�R �C�A�M�E �W�I�T�H�I�N �Y�O�U�R ������ �A�N�D ������ �B�O�U�N�D�S�� �)�F �I�T
�W�A�S �A�B�O�U�T �H�A�L�F �T�H�E �T�I�M�E�� �T�H�E�N �Y�O�U�R �B�O�U�N�D�S �A�R�E �A�C�C�U�R�A�T�E�� �"�U�T �I�F �Y�O�U���R�E �L�I�K�E �M�O�S�T �P�E�O�P�L�E�� �Y�O�U
�W�I�L�L �B�E �M�O�R�E �S�U�R�E �O�F �Y�O�U�R�S�E�L�F �T�H�A�N �Y�O�U �S�H�O�U�L�D �B�E�� �A�N�D �F�E�W�E�R �T�H�A�N �H�A�L�F �T�H�E �A�N�S�W�E�R�S �W�I�L�L �F�A�L�L
�W�I�T�H�I�N �T�H�E �B�O�U�N�D�S�� �7�I�T�H �P�R�A�C�T�I�C�E�� �Y�O�U �C�A�N �C�A�L�I�B�R�A�T�E �Y�O�U�R�S�E�L�F �T�O �G�I�V�E �R�E�A�L�I�S�T�I�C �B�O�U�N�D�S�� �A�N�D �T�H�U�S
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�H�� �!�N�N�U�A�L �S�A�L�A�R�Y �I�N �D�O�L�L�A�R�S �O�F �T�H�E �G�O�V�E�R�N�O�R �O�F �#�A�L�I�F�O�R�N�I�A �I�N ����������
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�K�� �(�E�I�G�H�T �O�F �-�T�� �+�I�L�I�M�A�N�J�A�R�O �I�N �F�E�E�T��
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�"�Y �H�O�W �M�U�C�H ���I�N �T�E�R�M�S �O�F �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N�S �O�F �E�X�P�E�C�T�E�D �Q�U�A�L�I�T�Y�	��

�������� �)�N ���������� �.�I�C�O�L�A�S �"�E�R�N�O�U�L�L�I �S�T�A�T�E�D �A �P�U�Z�Z�L�E�� �N�O�W �C�A�L�L�E�D �T�H�E �3�T�� �0�E�T�E�R�S�B�U�R�G �P�A�R�A�D�O�X��
�W�H�I�C�H �W�O�R�K�S �A�S �F�O�L�L�O�W�S�� �9�O�U �H�A�V�E �T�H�E �O�P�P�O�R�T�U�N�I�T�Y �T�O �P�L�A�Y �A �G�A�M�E �I�N �W�H�I�C�H �A �F�A�I�R �C�O�I�N �I�S
�T�O�S�S�E�D �R�E�P�E�A�T�E�D�L�Y �U�N�T�I�L �I�T �C�O�M�E�S �U�P �H�E�A�D�S�� �)�F �T�H�E �l�R�S�T �H�E�A�D�S �A�P�P�E�A�R�S �O�N �T�H�En�T�H �T�O�S�S�� �Y�O�U �W�I�N
2n �D�O�L�L�A�R�S��

�D�� �3�H�O�W �T�H�A�T �T�H�E �E�X�P�E�C�T�E�D �M�O�N�E�T�A�R�Y �V�A�L�U�E �O�F �T�H�I�S �G�A�M�E �I�S �I�N�l�N�I�T�E��
�E�� �(�O�W �M�U�C�H �W�O�U�L�D �Y�O�U�� �P�E�R�S�O�N�A�L�L�Y�� �P�A�Y �T�O �P�L�A�Y �T�H�E �G�A�M�E��
�F�� �.�I�C�O�L�A�S���S �C�O�U�S�I�N �$�A�N�I�E�L �"�E�R�N�O�U�L�L�I �R�E�S�O�L�V�E�D �T�H�E �A�P�P�A�R�E�N�T �P�A�R�A�D�O�X �I�N �������� �B�Y �S�U�G�G�E�S�T�I�N�G

�T�H�A�T �T�H�E �U�T�I�L�I�T�Y �O�F �M�O�N�E�Y �I�S �M�E�A�S�U�R�E�D �O�N �A �L�O�G�A�R�I�T�H�M�I�C �S�C�A�L�E ���I���E����U(Sn ) = a log2 n + b��
�W�H�E�R�ESn �I�S �T�H�E �S�T�A�T�E �O�F �H�A�V�I�N�G ��n�	�� �7�H�A�T �I�S �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �T�H�E �G�A�M�E �U�N�D�E�R �T�H�I�S
�A�S�S�U�M�P�T�I�O�N��

�G�� �7�H�A�T �I�S �T�H�E �M�A�X�I�M�U�M �A�M�O�U�N�T �T�H�A�T �I�T �W�O�U�L�D �B�E �R�A�T�I�O�N�A�L �T�O �P�A�Y �T�O �P�L�A�Y �T�H�E �G�A�M�E�� �A�S�S�U�M�

�I�N�G �T�H�A�T �O�N�E���S �I�N�I�T�I�A�L �W�E�A�L�T�H �I�S ��k ��

�������� �7�R�I�T�E �A �C�O�M�P�U�T�E�R �P�R�O�G�R�A�M �T�O �A�U�T�O�M�A�T�E �T�H�E �P�R�O�C�E�S�S �I�N �%�X�E�R�C�I�S�E ���������� �4�R�Y �Y�O�U�R �P�R�O�

�G�R�A�M �O�U�T �O�N �S�E�V�E�R�A�L �P�E�O�P�L�E �O�F �D�I�F�F�E�R�E�N�T �N�E�T �W�O�R�T�H �A�N�D �P�O�L�I�T�I�C�A�L �O�U�T�L�O�O�K�� �#�O�M�M�E�N�T �O�N �T�H�E
�C�O�N�S�I�S�T�E�N�C�Y �O�F �Y�O�U�R �R�E�S�U�L�T�S�� �B�O�T�H �F�O�R �A�N �I�N�D�I�V�I�D�U�A�L �A�N�D �A�C�R�O�S�S �I�N�D�I�V�I�D�U�A�L�S��

�������� �4�H�E �3�U�R�P�R�I�S�E �#�A�N�D�Y �#�O�M�P�A�N�Y �M�A�K�E�S �C�A�N�D�Y �I�N �T�W�O �m�A�V�O�R�S�� ������ �A�R�E �S�T�R�A�W�B�E�R�R�Y �m�A�

�V�O�R �A�N�D ������ �A�R�E �A�N�C�H�O�V�Y �m�A�V�O�R�� �%�A�C�H �N�E�W �P�I�E�C�E �O�F �C�A�N�D�Y �S�T�A�R�T�S �O�U�T �W�I�T�H �A �R�O�U�N�D �S�H�A�P�E��
�A�S �I�T �M�O�V�E�S �A�L�O�N�G �T�H�E �P�R�O�D�U�C�T�I�O�N �L�I�N�E�� �A �M�A�C�H�I�N�E �R�A�N�D�O�M�L�Y �S�E�L�E�C�T�S �A �C�E�R�T�A�I�N �P�E�R�C�E�N�T�A�G�E �T�O
�B�E �T�R�I�M�M�E�D �I�N�T�O �A �S�Q�U�A�R�E�� �T�H�E�N�� �E�A�C�H �P�I�E�C�E �I�S �W�R�A�P�P�E�D �I�N �A �W�R�A�P�P�E�R �W�H�O�S�E �C�O�L�O�R �I�S �C�H�O�S�E�N
�R�A�N�D�O�M�L�Y �T�O �B�E �R�E�D �O�R �B�R�O�W�N�� ������ �O�F �T�H�E �S�T�R�A�W�B�E�R�R�Y �C�A�N�D�I�E�S �A�R�E �R�O�U�N�D �A�N�D ������ �H�A�V�E �A �R�E�D
�W�R�A�P�P�E�R�� �W�H�I�L�E ������ �O�F �T�H�E �A�N�C�H�O�V�Y �C�A�N�D�I�E�S �A�R�E �S�Q�U�A�R�E �A�N�D ������ �H�A�V�E �A �B�R�O�W�N �W�R�A�P�P�E�R�� �!�L�L
�C�A�N�D�I�E�S �A�R�E �S�O�L�D �I�N�D�I�V�I�D�U�A�L�L�Y �I�N �S�E�A�L�E�D�� �I�D�E�N�T�I�C�A�L�� �B�L�A�C�K �B�O�X�E�S��

�.�O�W �Y�O�U�� �T�H�E �C�U�S�T�O�M�E�R�� �H�A�V�E �J�U�S�T �B�O�U�G�H�T �A �3�U�R�P�R�I�S�E �C�A�N�D�Y �A�T �T�H�E �S�T�O�R�E �B�U�T �H�A�V�E �N�O�T �Y�E�T
�O�P�E�N�E�D �T�H�E �B�O�X�� �#�O�N�S�I�D�E�R �T�H�E �T�H�R�E�E �"�A�Y�E�S �N�E�T�S �I�N �&�I�G�U�R�E ������������

���I�	 ���I�I�	 ���I�I�I�	

�)�O�D�Y�R�U

�:�U�D�S�S�H�U �6�K�D�S�H

�:�U�D�S�S�H�U �6�K�D�S�H

�)�O�D�Y�R�U

�:�U�D�S�S�H�U �6�K�D�S�H

�)�O�D�Y�R�U

�)�L�J�X�U�H �����������4�H�R�E�E�P�R�O�P�O�S�E�D �"�A�Y�E�S �N�E�T�S �F�O�R �T�H�E �3�U�R�P�R�I�S�E �#�A�N�D�Y �P�R�O�B�L�E�M�� �%�X�E�R�C�I�S�E ����������

�D�� �7�H�I�C�H �N�E�T�W�O�R�K���S�	 �C�A�N �C�O�R�R�E�C�T�L�Y �R�E�P�R�E�S�E�N�T�3(F lavor; W rapper; Shape)��
�E�� �7�H�I�C�H �N�E�T�W�O�R�K �I�S �T�H�E �B�E�S�T �R�E�P�R�E�S�E�N�T�A�T�I�O�N �F�O�R �T�H�I�S �P�R�O�B�L�E�M��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �3�I�M�P�L�E �$�E�C�I�S�I�O�N�S

�F�� �$�O�E�S �N�E�T�W�O�R�K ���I�	 �A�S�S�E�R�T �T�H�A�T�3(W rapperjShape) = �3(W rapper)��
�G�� �7�H�A�T �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �Y�O�U�R �C�A�N�D�Y �H�A�S �A �R�E�D �W�R�A�P�P�E�R��
�H�� �)�N �T�H�E �B�O�X �I�S �A �R�O�U�N�D �C�A�N�D�Y �W�I�T�H �A �R�E�D �W�R�A�P�P�E�R�� �7�H�A�T �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �I�T�S �m�A�V�O�R �I�S

�S�T�R�A�W�B�E�R�R�Y��
�I�� �! �U�N�W�R�A�P�P�E�D �S�T�R�A�W�B�E�R�R�Y �C�A�N�D�Y �I�S �W�O�R�T�Hs �O�N �T�H�E �O�P�E�N �M�A�R�K�E�T �A�N�D �A�N �U�N�W�R�A�P�P�E�D �A�N�


�C�H�O�V�Y �C�A�N�D�Y �I�S �W�O�R�T�Ha�� �7�R�I�T�E �A�N �E�X�P�R�E�S�S�I�O�N �F�O�R �T�H�E �V�A�L�U�E �O�F �A�N �U�N�O�P�E�N�E�D �C�A�N�D�Y �B�O�X��
�J�� �! �N�E�W �L�A�W �P�R�O�H�I�B�I�T�S �T�R�A�D�I�N�G �O�F �U�N�W�R�A�P�P�E�D �C�A�N�D�I�E�S�� �B�U�T �I�T �I�S �S�T�I�L�L �L�E�G�A�L �T�O �T�R�A�D�E �W�R�A�P�P�E�D

�C�A�N�D�I�E�S ���O�U�T �O�F �T�H�E �B�O�X�	�� �)�S �A�N �U�N�O�P�E�N�E�D �C�A�N�D�Y �B�O�X �N�O�W �W�O�R�T�H �M�O�R�E �T�H�A�N �L�E�S�S �T�H�A�N�� �O�R
�T�H�E �S�A�M�E �A�S �B�E�F�O�R�E��

�������� �0�R�O�V�E �T�H�A�T �T�H�E �J�U�D�G�M�E�N�T�SB � A �A�N�DC � D �I�N �T�H�E �!�L�L�A�I�S �P�A�R�A�D�O�X ���P�A�G�E �������	 �V�I�O�L�A�T�E
�T�H�E �A�X�I�O�M �O�F �S�U�B�S�T�I�T�U�T�A�B�I�L�I�T�Y��

�������� �#�O�N�S�I�D�E�R �T�H�E �!�L�L�A�I�S �P�A�R�A�D�O�X �D�E�S�C�R�I�B�E�D �O�N �P�A�G�E �������� �A�N �A�G�E�N�T �W�H�O �P�R�E�F�E�R�SB �O�V�E�R
A ���T�A�K�I�N�G �T�H�E �S�U�R�E �T�H�I�N�G�	�� �A�N�DC �O�V�E�RD ���T�A�K�I�N�G �T�H�E �H�I�G�H�E�R �%�-�6�	 �I�S �N�O�T �A�C�T�I�N�G �R�A�T�I�O�N�A�L�L�Y��
�A�C�C�O�R�D�I�N�G �T�O �U�T�I�L�I�T�Y �T�H�E�O�R�Y�� �$�O �Y�O�U �T�H�I�N�K �T�H�I�S �I�N�D�I�C�A�T�E�S �A �P�R�O�B�L�E�M �F�O�R �T�H�E �A�G�E�N�T�� �A �P�R�O�B�L�E�M �F�O�R
�T�H�E �T�H�E�O�R�Y�� �O�R �N�O �P�R�O�B�L�E�M �A�T �A�L�L�� �%�X�P�L�A�I�N��

�������� �!�S�S�E�S�S �Y�O�U�R �O�W�N �U�T�I�L�I�T�Y �F�O�R �D�I�F�F�E�R�E�N�T �I�N�C�R�E�M�E�N�T�A�L �A�M�O�U�N�T�S �O�F �M�O�N�E�Y �B�Y �R�U�N�N�I�N�G �A �S�E�R�I�E�S
�O�F �P�R�E�F�E�R�E�N�C�E �T�E�S�T�S �B�E�T�W�E�E�N �S�O�M�E �D�E�l�N�I�T�E �A�M�O�U�N�TM 1 �A�N�D �A �L�O�T�T�E�R�Y[p; M2; (1� p); 0]�� �#�H�O�O�S�E
�D�I�F�F�E�R�E�N�T �V�A�L�U�E�S �O�FM 1 �A�N�DM 2�� �A�N�D �V�A�R�Yp �U�N�T�I�L �Y�O�U �A�R�E �I�N�D�I�F�F�E�R�E�N�T �B�E�T�W�E�E�N �T�H�E �T�W�O �C�H�O�I�C�E�S��
�0�L�O�T �T�H�E �R�E�S�U�L�T�I�N�G �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N��

�������� �(�O�W �M�U�C�H �I�S �A �M�I�C�R�O�M�O�R�T �W�O�R�T�H �T�O �Y�O�U�� �$�E�V�I�S�E �A �P�R�O�T�O�C�O�L �T�O �D�E�T�E�R�M�I�N�E �T�H�I�S�� �!�S�K
�Q�U�E�S�T�I�O�N�S �B�A�S�E�D �B�O�T�H �O�N �P�A�Y�I�N�G �T�O �A�V�O�I�D �R�I�S�K �A�N�D �B�E�I�N�G �P�A�I�D �T�O �A�C�C�E�P�T �R�I�S�K��

���������� �,�E�T �C�O�N�T�I�N�U�O�U�S �V�A�R�I�A�B�L�E�SX 1; : : : ; X k �B�E �I�N�D�E�P�E�N�D�E�N�T�L�Y �D�I�S�T�R�I�B�U�T�E�D �A�C�C�O�R�D�I�N�G �T�O �T�H�E
�S�A�M�E �P�R�O�B�A�B�I�L�I�T�Y �D�E�N�S�I�T�Y �F�U�N�C�T�I�O�Nf (x) �� �0�R�O�V�E �T�H�A�T �T�H�E �D�E�N�S�I�T�Y �F�U�N�C�T�I�O�N �F�O�Rmaxf X 1; : : : ; X kg
�I�S �G�I�V�E�N �B�Ykf (x)( F (x)) k� 1�� �W�H�E�R�EF �I�S �T�H�E �C�U�M�U�L�A�T�I�V�E �D�I�S�T�R�I�B�U�T�I�O�N �F�O�Rf ��

���������� �%�C�O�N�O�M�I�S�T�S �O�F�T�E�N �M�A�K�E �U�S�E �O�F �A�N �E�X�P�O�N�E�N�T�I�A�L �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �F�O�R �M�O�N�E�Y��U(x) =
� ex=R �� �W�H�E�R�ER �I�S �A �P�O�S�I�T�I�V�E �C�O�N�S�T�A�N�T �R�E�P�R�E�S�E�N�T�I�N�G �A�N �I�N�D�I�V�I�D�U�A�L���S �R�I�S�K �T�O�L�E�R�A�N�C�E�� �2�I�S�K �T�O�L�E�R�

�A�N�C�E �R�E�m�E�C�T�S �H�O�W �L�I�K�E�L�Y �A�N �I�N�D�I�V�I�D�U�A�L �I�S �T�O �A�C�C�E�P�T �A �L�O�T�T�E�R�Y �W�I�T�H �A �P�A�R�T�I�C�U�L�A�R �E�X�P�E�C�T�E�D �M�O�N�E�T�A�R�Y
�V�A�L�U�E ���%�-�6�	 �V�E�R�S�U�S �S�O�M�E �C�E�R�T�A�I�N �P�A�Y�O�F�F�� �!�SR ���W�H�I�C�H �I�S �M�E�A�S�U�R�E�D �I�N �T�H�E �S�A�M�E �U�N�I�T�S �A�Sx�	
�B�E�C�O�M�E�S �L�A�R�G�E�R�� �T�H�E �I�N�D�I�V�I�D�U�A�L �B�E�C�O�M�E�S �L�E�S�S �R�I�S�K�
�A�V�E�R�S�E��

�D�� �!�S�S�U�M�E �-�A�R�Y �H�A�S �A�N �E�X�P�O�N�E�N�T�I�A�L �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �W�I�T�HR = $400�� �-�A�R�Y �I�S �G�I�V�E�N �T�H�E
�C�H�O�I�C�E �B�E�T�W�E�E�N �R�E�C�E�I�V�I�N�G �������� �W�I�T�H �C�E�R�T�A�I�N�T�Y ���P�R�O�B�A�B�I�L�I�T�Y ���	 �O�R �P�A�R�T�I�C�I�P�A�T�I�N�G �I�N �A �L�O�T�

�T�E�R�Y �W�H�I�C�H �H�A�S �A ������ �P�R�O�B�A�B�I�L�I�T�Y �O�F �W�I�N�N�I�N�G ���������� �A�N�D �A ������ �P�R�O�B�A�B�I�L�I�T�Y �O�F �W�I�N�N�I�N�G
�N�O�T�H�I�N�G�� �!�S�S�U�M�I�N�G �-�A�R�R�Y �A�C�T�S �R�A�T�I�O�N�A�L�L�Y�� �W�H�I�C�H �O�P�T�I�O�N �W�O�U�L�D �S�H�E �C�H�O�O�S�E�� �3�H�O�W �H�O�W
�Y�O�U �D�E�R�I�V�E�D �Y�O�U�R �A�N�S�W�E�R��

�E�� �#�O�N�S�I�D�E�R �T�H�E �C�H�O�I�C�E �B�E�T�W�E�E�N �R�E�C�E�I�V�I�N�G �������� �W�I�T�H �C�E�R�T�A�I�N�T�Y ���P�R�O�B�A�B�I�L�I�T�Y ���	 �O�R �P�A�R�T�I�C�I�P�A�T�

�I�N�G �I�N �A �L�O�T�T�E�R�Y �W�H�I�C�H �H�A�S �A ������ �P�R�O�B�A�B�I�L�I�T�Y �O�F �W�I�N�N�I�N�G �������� �A�N�D �A ������ �P�R�O�B�A�B�I�L�I�T�Y �O�F
�W�I�N�N�I�N�G �N�O�T�H�I�N�G�� �!�P�P�R�O�X�I�M�A�T�E �T�H�E �V�A�L�U�E �O�F �2 ���T�O �� �S�I�G�N�I�l�C�A�N�T �D�I�G�I�T�S�	 �I�N �A�N �E�X�P�O�N�E�N�T�I�A�L
�U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�A�T �W�O�U�L�D �C�A�U�S�E �A�N �I�N�D�I�V�I�D�U�A�L �T�O �B�E �I�N�D�I�F�F�E�R�E�N�T �T�O �T�H�E�S�E �T�W�O �A�L�T�E�R�N�A�T�I�V�E�S��
���9�O�U �M�I�G�H�T �l�N�D �I�T �H�E�L�P�F�U�L �T�O �W�R�I�T�E �A �S�H�O�R�T �P�R�O�G�R�A�M �T�O �H�E�L�P �Y�O�U �S�O�L�V�E �T�H�I�S �P�R�O�B�L�E�M���	



�%�X�E�R�C�I�S�E�S ������

���������� �!�L�E�X �I�S �G�I�V�E�N �T�H�E �C�H�O�I�C�E �B�E�T�W�E�E�N �T�W�O �G�A�M�E�S�� �)�N �'�A�M�E ���� �A �F�A�I�R �C�O�I�N �I�S �m�I�P�P�E�D �A�N�D �I�F
�I�T �C�O�M�E�S �U�P �H�E�A�D�S�� �!�L�E�X �R�E�C�E�I�V�E�S ���������� �)�F �T�H�E �C�O�I�N �C�O�M�E�S �U�P �T�A�I�L�S�� �!�L�E�X �R�E�C�E�I�V�E�S �N�O�T�H�I�N�G�� �)�N
�'�A�M�E ���� �A �F�A�I�R �C�O�I�N �I�S �m�I�P�P�E�D �T�W�I�C�E�� �%�A�C�H �T�I�M�E �T�H�E �C�O�I�N �C�O�M�E�S �U�P �H�E�A�D�S�� �!�L�E�X �R�E�C�E�I�V�E�S ��������
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�M�O�D�E�L �T�H�I�S �A�S �A �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M �W�I�T�H �O�N�E �"�O�O�L�E�A�N �D�E�C�I�S�I�O�N �N�O�D�E��B �� �I�N�D�I�C�A�T�I�N�G �W�H�E�T�H�E�R �T�H�E
�A�G�E�N�T �C�H�O�O�S�E�S �T�O �B�U�Y �T�H�E �B�O�O�K�� �A�N�D �T�W�O �"�O�O�L�E�A�N �C�H�A�N�C�E �N�O�D�E�S��M �� �I�N�D�I�C�A�T�I�N�G �W�H�E�T�H�E�R �T�H�E
�S�T�U�D�E�N�T �H�A�S �M�A�S�T�E�R�E�D �T�H�E �M�A�T�E�R�I�A�L �I�N �T�H�E �B�O�O�K�� �A�N�DP�� �I�N�D�I�C�A�T�I�N�G �W�H�E�T�H�E�R �T�H�E �S�T�U�D�E�N�T �P�A�S�S�E�S
�T�H�E �C�O�U�R�S�E�� �/�F �C�O�U�R�S�E�� �T�H�E�R�E �I�S �A�L�S�O �A �U�T�I�L�I�T�Y �N�O�D�E��U�� �! �C�E�R�T�A�I�N �S�T�U�D�E�N�T�� �3�A�M�� �H�A�S �A�N �A�D�D�I�T�I�V�E
�U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�� �� �F�O�R �N�O�T �B�U�Y�I�N�G �T�H�E �B�O�O�K �A�N�D �
�������� �F�O�R �B�U�Y�I�N�G �I�T�� �A�N�D ���������� �F�O�R �P�A�S�S�I�N�G �T�H�E
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P(pjb; m) = 0 :9 P(mjb) = 0:9
P(pjb;: m) = 0 :5 P(mj: b) = 0:7
P(pj: b; m) = 0 :8
P(pj: b;: m) = 0 :3
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P(pass(c1; t1)jq+ (c1)) = 0 :8
P(pass(c1; t1)jq� (c1)) = 0 :35
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�H�E�N�C�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �I�T �I�S �I�N �G�O�O�D ���O�R �B�A�D�	 �S�H�A�P�E �G�I�V�E�N �E�A�C�H �P�O�S�S�I�B�L�E �T�E�S�T �O�U�T�C�O�M�E��
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�H�� �#�A�L�C�U�L�A�T�E �T�H�E �V�A�L�U�E �O�F �I�N�F�O�R�M�A�T�I�O�N �O�F �T�H�E �T�E�S�T�� �A�N�D �D�E�R�I�V�E �A�N �O�P�T�I�M�A�L �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N

�F�O�R �T�H�E �B�U�Y�E�R��
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�F�� �! �F�U�N�C�T�I�O�Nf �O�N �S�E�T�S �I�S�V�X�E�P�R�G�X�O�D�U�I�F�� �F�O�R �A�N�Y �E�L�E�M�E�N�Tx �A�N�D �A�N�Y �S�E�T�SA �A�N�DB �S�U�C�HSUBMODULARITY

�T�H�A�TA � B �� �A�D�D�I�N�Gx �T�OA �G�I�V�E�S �A �G�R�E�A�T�E�R �I�N�C�R�E�A�S�E �I�Nf �T�H�A�N �A�D�D�I�N�Gx �T�OB ��

A � B ) (f (A [ f xg) � f (A)) � (f (B [ f xg) � f (B )) :

�3�U�B�M�O�D�U�L�A�R�I�T�Y �C�A�P�T�U�R�E�S �T�H�E �I�N�T�U�I�T�I�V�E �N�O�T�I�O�N �O�F�G�L�P�L�Q�L�V�K�L�Q�J �U�H�W�X�U�Q�V�� �)�S �T�H�E �V�A�L�U�E �O�F �I�N�

�F�O�R�M�A�T�I�O�N�� �V�I�E�W�E�D �A�S �A �F�U�N�C�T�I�O�Nf �O�N �S�E�T�S �O�F �P�O�S�S�I�B�L�E �O�B�S�E�R�V�A�T�I�O�N�S�� �S�U�B�M�O�D�U�L�A�R�� �0�R�O�V�E
�T�H�I�S �O�R �l�N�D �A �C�O�U�N�T�E�R�E�X�A�M�P�L�E��

�4�H�E �A�N�S�W�E�R�S �T�O �%�X�E�R�C�I�S�E �������� ���W�H�E�R�E �- �S�T�A�N�D�S �F�O�R �M�I�L�L�I�O�N�	�� �&�I�R�S�T �S�E�T�� ���-�� �������-�� ���������� �����-��
���������� �������� �������-�� �������-�� �������� �������������� �3�E�C�O�N�D �S�E�T�� ���������� �������-�� �����������-�� �����-�� ����������������
�������-�� ���������� �������������� ������������ ��������������
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�,�Q �Z�K�L�F�K �Z�H �H�[�D�P�L�Q�H �P�H�W�K�R�G�V �I�R�U �G�H�F�L�G�L�Q�J �Z�K�D�W �W�R �G�R �W�R�G�D�\�� �J�L�Y�H�Q �W�K�D�W �Z�H �P�D�\
�G�H�F�L�G�H �D�J�D�L�Q �W�R�P�R�U�U�R�Z��

�)�N�T�H�I�S �C�H�A�P�T�E�R�� �W�E �A�D�D�R�E�S�S �T�H�E �C�O�M�P�U�T�A�T�I�O�N�A�L �I�S�S�U�E�S �I�N�V�O�L�V�E�D �I�N �M�A�K�I�N�G �D�E�C�I�S�I�O�N�S �I�N �A �S�T�O�C�H�A�S�

�T�I�C �E�N�V�I�R�O�N�M�E�N�T�� �7�H�E�R�E�A�S �#�H�A�P�T�E�R ���� �W�A�S �C�O�N�C�E�R�N�E�D �W�I�T�H �O�N�E�
�S�H�O�T �O�R �E�P�I�S�O�D�I�C �D�E�C�I�S�I�O�N
�P�R�O�B�L�E�M�S�� �I�N �W�H�I�C�H �T�H�E �U�T�I�L�I�T�Y �O�F �E�A�C�H �A�C�T�I�O�N���S �O�U�T�C�O�M�E �W�A�S �W�E�L�L �K�N�O�W�N�� �W�E �A�R�E �C�O�N�C�E�R�N�E�D
�H�E�R�E �W�I�T�H�V�H�T�X�H�Q�W�L�D�O �G�H�F�L�V�L�R�Q �S�U�R�E�O�H�P�V�� �I�N �W�H�I�C�H �T�H�E �A�G�E�N�T���S �U�T�I�L�I�T�Y �D�E�P�E�N�D�S �O�N �A �S�E�Q�U�E�N�C�ESEQUENTIAL

DECISION PROBLEM

�O�F �D�E�C�I�S�I�O�N�S�� �3�E�Q�U�E�N�T�I�A�L �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�S �I�N�C�O�R�P�O�R�A�T�E �U�T�I�L�I�T�I�E�S�� �U�N�C�E�R�T�A�I�N�T�Y�� �A�N�D �S�E�N�S�I�N�G��
�A�N�D �I�N�C�L�U�D�E �S�E�A�R�C�H �A�N�D �P�L�A�N�N�I�N�G �P�R�O�B�L�E�M�S �A�S �S�P�E�C�I�A�L �C�A�S�E�S�� �3�E�C�T�I�O�N �������� �E�X�P�L�A�I�N�S �H�O�W �S�E�

�Q�U�E�N�T�I�A�L �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�S �A�R�E �D�E�l�N�E�D�� �A�N�D �3�E�C�T�I�O�N�S �������� �A�N�D �������� �E�X�P�L�A�I�N �H�O�W �T�H�E�Y �C�A�N
�B�E �S�O�L�V�E�D �T�O �P�R�O�D�U�C�E �O�P�T�I�M�A�L �B�E�H�A�V�I�O�R �T�H�A�T �B�A�L�A�N�C�E�S �T�H�E �R�I�S�K�S �A�N�D �R�E�W�A�R�D�S �O�F �A�C�T�I�N�G �I�N �A�N
�U�N�C�E�R�T�A�I�N �E�N�V�I�R�O�N�M�E�N�T�� �3�E�C�T�I�O�N �������� �E�X�T�E�N�D�S �T�H�E�S�E �I�D�E�A�S �T�O �T�H�E �C�A�S�E �O�F �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E
�E�N�V�I�R�O�N�M�E�N�T�S�� �A�N�D �3�E�C�T�I�O�N ������������ �D�E�V�E�L�O�P�S �A �C�O�M�P�L�E�T�E �D�E�S�I�G�N �F�O�R �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �A�G�E�N�T�S �I�N
�P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�S�� �C�O�M�B�I�N�I�N�G �D�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S �F�R�O�M �#�H�A�P�T�E�R ����
�W�I�T�H �D�E�C�I�S�I�O�N �N�E�T�W�O�R�K�S �F�R�O�M �#�H�A�P�T�E�R ������

�4�H�E �S�E�C�O�N�D �P�A�R�T �O�F �T�H�E �C�H�A�P�T�E�R �C�O�V�E�R�S �E�N�V�I�R�O�N�M�E�N�T�S �W�I�T�H �M�U�L�T�I�P�L�E �A�G�E�N�T�S�� �)�N �S�U�C�H �E�N�

�V�I�R�O�N�M�E�N�T�S�� �T�H�E �N�O�T�I�O�N �O�F �O�P�T�I�M�A�L �B�E�H�A�V�I�O�R �I�S �C�O�M�P�L�I�C�A�T�E�D �B�Y �T�H�E �I�N�T�E�R�A�C�T�I�O�N�S �A�M�O�N�G �T�H�E
�A�G�E�N�T�S�� �3�E�C�T�I�O�N �������� �I�N�T�R�O�D�U�C�E�S �T�H�E �M�A�I�N �I�D�E�A�S �O�F�J�D�P�H �W�K�H�R�U�\�� �I�N�C�L�U�D�I�N�G �T�H�E �I�D�E�A �T�H�A�T �R�A�

�T�I�O�N�A�L �A�G�E�N�T�S �M�I�G�H�T �N�E�E�D �T�O �B�E�H�A�V�E �R�A�N�D�O�M�L�Y�� �3�E�C�T�I�O�N �������� �L�O�O�K�S �A�T �H�O�W �M�U�L�T�I�A�G�E�N�T �S�Y�S�T�E�M�S
�C�A�N �B�E �D�E�S�I�G�N�E�D �S�O �T�H�A�T �M�U�L�T�I�P�L�E �A�G�E�N�T�S �C�A�N �A�C�H�I�E�V�E �A �C�O�M�M�O�N �G�O�A�L��
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�3�U�P�P�O�S�E �T�H�A�T �A�N �A�G�E�N�T �I�S �S�I�T�U�A�T�E�D �I�N �T�H�E4� 3 �E�N�V�I�R�O�N�M�E�N�T �S�H�O�W�N �I�N �&�I�G�U�R�E �����������A�	�� �"�E�G�I�N�N�I�N�G
�I�N �T�H�E �S�T�A�R�T �S�T�A�T�E�� �I�T �M�U�S�T �C�H�O�O�S�E �A�N �A�C�T�I�O�N �A�T �E�A�C�H �T�I�M�E �S�T�E�P�� �4�H�E �I�N�T�E�R�A�C�T�I�O�N �W�I�T�H �T�H�E �E�N�V�I�R�O�N�

�M�E�N�T �T�E�R�M�I�N�A�T�E�S �W�H�E�N �T�H�E �A�G�E�N�T �R�E�A�C�H�E�S �O�N�E �O�F �T�H�E �G�O�A�L �S�T�A�T�E�S�� �M�A�R�K�E�D ���� �O�R �n���� �*�U�S�T �A�S �F�O�R
�S�E�A�R�C�H �P�R�O�B�L�E�M�S�� �T�H�E �A�C�T�I�O�N�S �A�V�A�I�L�A�B�L�E �T�O �T�H�E �A�G�E�N�T �I�N �E�A�C�H �S�T�A�T�E �A�R�E �G�I�V�E�N �B�Y �!�#�4�)�/�.�3(s)��
�S�O�M�E�T�I�M�E�S �A�B�B�R�E�V�I�A�T�E�D �T�OA(s)�� �I�N �T�H�E4� 3 �E�N�V�I�R�O�N�M�E�N�T�� �T�H�E �A�C�T�I�O�N�S �I�N �E�V�E�R�Y �S�T�A�T�E �A�R�E�8�S��
�'�R�Z�Q���/�H�I�W�� �A�N�D�5�L�J�K�W�� �7�E �A�S�S�U�M�E �F�O�R �N�O�W �T�H�A�T �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S�I�X�O�O�\ �R�E�V�H�U�Y�D�E�O�H�� �S�O �T�H�A�T
�T�H�E �A�G�E�N�T �A�L�W�A�Y�S �K�N�O�W�S �W�H�E�R�E �I�T �I�S��

������



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

1

2

3

1 2 3 4

START

0.8

0.10.1

���A�	 ���B�	

Ð1

+ 1

�)�L�J�X�U�H �����������A�	 �! �S�I�M�P�L�E4 � 3 �E�N�V�I�R�O�N�M�E�N�T �T�H�A�T �P�R�E�S�E�N�T�S �T�H�E �A�G�E�N�T �W�I�T�H �A �S�E�Q�U�E�N�T�I�A�L
�D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�� ���B�	 �)�L�L�U�S�T�R�A�T�I�O�N �O�F �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T�� �T�H�E �h�I�N�T�E�N�D�E�D�v
�O�U�T�C�O�M�E �O�C�C�U�R�S �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �B�U�T �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ������ �T�H�E �A�G�E�N�T �M�O�V�E�S �A�T �R�I�G�H�T �A�N�G�L�E�S
�T�O �T�H�E �I�N�T�E�N�D�E�D �D�I�R�E�C�T�I�O�N�� �! �C�O�L�L�I�S�I�O�N �W�I�T�H �A �W�A�L�L �R�E�S�U�L�T�S �I�N �N�O �M�O�V�E�M�E�N�T�� �4�H�E �T�W�O �T�E�R�M�I�N�A�L
�S�T�A�T�E�S �H�A�V�E �R�E�W�A�R�D ���� �A�N�D �n���� �R�E�S�P�E�C�T�I�V�E�L�Y�� �A�N�D �A�L�L �O�T�H�E�R �S�T�A�T�E�S �H�A�V�E �A �R�E�W�A�R�D �O�F �n����������

�)�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T �W�E�R�E �D�E�T�E�R�M�I�N�I�S�T�I�C�� �A �S�O�L�U�T�I�O�N �W�O�U�L�D �B�E �E�A�S�Y�� �;�8�S�� �8�S�� �5�L�J�K�W�� �5�L�J�K�W��
�5�L�J�K�W�=�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �T�H�E �E�N�V�I�R�O�N�M�E�N�T �W�O�N���T �A�L�W�A�Y�S �G�O �A�L�O�N�G �W�I�T�H �T�H�I�S �S�O�L�U�T�I�O�N�� �B�E�C�A�U�S�E �T�H�E
�A�C�T�I�O�N�S �A�R�E �U�N�R�E�L�I�A�B�L�E�� �4�H�E �P�A�R�T�I�C�U�L�A�R �M�O�D�E�L �O�F �S�T�O�C�H�A�S�T�I�C �M�O�T�I�O�N �T�H�A�T �W�E �A�D�O�P�T �I�S �I�L�L�U�S�T�R�A�T�E�D
�I�N �&�I�G�U�R�E �����������B�	�� �%�A�C�H �A�C�T�I�O�N �A�C�H�I�E�V�E�S �T�H�E �I�N�T�E�N�D�E�D �E�F�F�E�C�T �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �B�U�T �T�H�E �R�E�S�T
�O�F �T�H�E �T�I�M�E�� �T�H�E �A�C�T�I�O�N �M�O�V�E�S �T�H�E �A�G�E�N�T �A�T �R�I�G�H�T �A�N�G�L�E�S �T�O �T�H�E �I�N�T�E�N�D�E�D �D�I�R�E�C�T�I�O�N�� �&�U�R�T�H�E�R�M�O�R�E��
�I�F �T�H�E �A�G�E�N�T �B�U�M�P�S �I�N�T�O �A �W�A�L�L�� �I�T �S�T�A�Y�S �I�N �T�H�E �S�A�M�E �S�Q�U�A�R�E�� �&�O�R �E�X�A�M�P�L�E�� �F�R�O�M �T�H�E �S�T�A�R�T �S�Q�U�A�R�E
���������	�� �T�H�E �A�C�T�I�O�N�8�S�M�O�V�E�S �T�H�E �A�G�E�N�T �T�O ���������	 �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �B�U�T �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �I�T
�M�O�V�E�S �R�I�G�H�T �T�O ���������	�� �A�N�D �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �I�T �M�O�V�E�S �L�E�F�T�� �B�U�M�P�S �I�N�T�O �T�H�E �W�A�L�L�� �A�N�D �S�T�A�Y�S �I�N
���������	�� �)�N �S�U�C�H �A�N �E�N�V�I�R�O�N�M�E�N�T�� �T�H�E �S�E�Q�U�E�N�C�E[Up; Up; Right ; Right ; Right ] �G�O�E�S �U�P �A�R�O�U�N�D
�T�H�E �B�A�R�R�I�E�R �A�N�D �R�E�A�C�H�E�S �T�H�E �G�O�A�L �S�T�A�T�E �A�T ���������	 �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y0:85 = 0 :32768�� �4�H�E�R�E �I�S �A�L�S�O �A
�S�M�A�L�L �C�H�A�N�C�E �O�F �A�C�C�I�D�E�N�T�A�L�L�Y �R�E�A�C�H�I�N�G �T�H�E �G�O�A�L �B�Y �G�O�I�N�G �T�H�E �O�T�H�E�R �W�A�Y �A�R�O�U�N�D �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y
0:14 � 0:8�� �F�O�R �A �G�R�A�N�D �T�O�T�A�L �O�F ���������������� ���3�E�E �A�L�S�O �%�X�E�R�C�I�S�E �����������	

�!�S �I�N �#�H�A�P�T�E�R ���� �T�H�E�W�U�D�Q�V�L�W�L�R�Q �P�R�G�H�O���O�R �J�U�S�T �h�M�O�D�E�L���v �W�H�E�N�E�V�E�R �N�O �C�O�N�F�U�S�I�O�N �C�A�N
�A�R�I�S�E�	 �D�E�S�C�R�I�B�E�S �T�H�E �O�U�T�C�O�M�E �O�F �E�A�C�H �A�C�T�I�O�N �I�N �E�A�C�H �S�T�A�T�E�� �(�E�R�E�� �T�H�E �O�U�T�C�O�M�E �I�S �S�T�O�C�H�A�S�T�I�C��
�S�O �W�E �W�R�I�T�EP(s0j s; a) �T�O �D�E�N�O�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�E�A�C�H�I�N�G �S�T�A�T�Es0 �I�F �A�C�T�I�O�Na �I�S �D�O�N�E �I�N
�S�T�A�T�Es�� �7�E �W�I�L�L �A�S�S�U�M�E �T�H�A�T �T�R�A�N�S�I�T�I�O�N�S �A�R�E�0�D�U�N�R�Y�L�D�Q�I�N �T�H�E �S�E�N�S�E �O�F �#�H�A�P�T�E�R ������ �T�H�A�T �I�S�� �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �O�F �R�E�A�C�H�I�N�Gs0�F�R�O�Ms �D�E�P�E�N�D�S �O�N�L�Y �O�Ns �A�N�D �N�O�T �O�N �T�H�E �H�I�S�T�O�R�Y �O�F �E�A�R�L�I�E�R �S�T�A�T�E�S�� �&�O�R
�N�O�W�� �Y�O�U �C�A�N �T�H�I�N�K �O�FP(s0j s; a) �A�S �A �B�I�G �T�H�R�E�E�
�D�I�M�E�N�S�I�O�N�A�L �T�A�B�L�E �C�O�N�T�A�I�N�I�N�G �P�R�O�B�A�B�I�L�I�T�I�E�S��
�,�A�T�E�R�� �I�N �3�E�C�T�I�O�N �������������� �W�E �W�I�L�L �S�E�E �T�H�A�T �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �A�S �A�G�\�Q�D�P�L�F
�%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N�� �J�U�S�T �A�S �I�N �#�H�A�P�T�E�R ������

�4�O �C�O�M�P�L�E�T�E �T�H�E �D�E�l�N�I�T�I�O�N �O�F �T�H�E �T�A�S�K �E�N�V�I�R�O�N�M�E�N�T�� �W�E �M�U�S�T �S�P�E�C�I�F�Y �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N
�F�O�R �T�H�E �A�G�E�N�T�� �"�E�C�A�U�S�E �T�H�E �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M �I�S �S�E�Q�U�E�N�T�I�A�L�� �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �W�I�L�L �D�E�P�E�N�D
�O�N �A �S�E�Q�U�E�N�C�E �O�F �S�T�A�T�E�S�ˆ�A�N�H�Q�Y�L�U�R�Q�P�H�Q�W �K�L�V�W�R�U�\�ˆ�R�A�T�H�E�R �T�H�A�N �O�N �A �S�I�N�G�L�E �S�T�A�T�E�� �,�A�T�E�R �I�N
�T�H�I�S �S�E�C�T�I�O�N�� �W�E �I�N�V�E�S�T�I�G�A�T�E �H�O�W �S�U�C�H �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�S �C�A�N �B�E �S�P�E�C�I�l�E�D �I�N �G�E�N�E�R�A�L�� �F�O�R �N�O�W��
�W�E �S�I�M�P�L�Y �S�T�I�P�U�L�A�T�E �T�H�A�T �I�N �E�A�C�H �S�T�A�T�Es�� �T�H�E �A�G�E�N�T �R�E�C�E�I�V�E�S �A�U�H�Z�D�U�GR(s)�� �W�H�I�C�H �M�A�Y �B�EREWARD

�P�O�S�I�T�I�V�E �O�R �N�E�G�A�T�I�V�E�� �B�U�T �M�U�S�T �B�E �B�O�U�N�D�E�D�� �&�O�R �O�U�R �P�A�R�T�I�C�U�L�A�R �E�X�A�M�P�L�E�� �T�H�E �R�E�W�A�R�D �I�S� 0:04
�I�N �A�L�L �S�T�A�T�E�S �E�X�C�E�P�T �T�H�E �T�E�R�M�I�N�A�L �S�T�A�T�E�S ���W�H�I�C�H �H�A�V�E �R�E�W�A�R�D�S ���� �A�N�D �n���	�� �4�H�E �U�T�I�L�I�T�Y �O�F �A�N



�3�E�C�T�I�O�N ���������� �3�E�Q�U�E�N�T�I�A�L �$�E�C�I�S�I�O�N �0�R�O�B�L�E�M�S ������

�E�N�V�I�R�O�N�M�E�N�T �H�I�S�T�O�R�Y �I�S �J�U�S�T ���F�O�R �N�O�W�	 �T�H�E�V�X�P�O�F �T�H�E �R�E�W�A�R�D�S �R�E�C�E�I�V�E�D�� �&�O�R �E�X�A�M�P�L�E�� �I�F �T�H�E
�A�G�E�N�T �R�E�A�C�H�E�S �T�H�E ���� �S�T�A�T�E �A�F�T�E�R ���� �S�T�E�P�S�� �I�T�S �T�O�T�A�L �U�T�I�L�I�T�Y �W�I�L�L �B�E �������� �4�H�E �N�E�G�A�T�I�V�E �R�E�W�A�R�D �O�F
�n�������� �G�I�V�E�S �T�H�E �A�G�E�N�T �A�N �I�N�C�E�N�T�I�V�E �T�O �R�E�A�C�H ���������	 �Q�U�I�C�K�L�Y�� �S�O �O�U�R �E�N�V�I�R�O�N�M�E�N�T �I�S �A �S�T�O�C�H�A�S�T�I�C
�G�E�N�E�R�A�L�I�Z�A�T�I�O�N �O�F �T�H�E �S�E�A�R�C�H �P�R�O�B�L�E�M�S �O�F �#�H�A�P�T�E�R ���� �!�N�O�T�H�E�R �W�A�Y �O�F �S�A�Y�I�N�G �T�H�I�S �I�S �T�H�A�T �T�H�E
�A�G�E�N�T �D�O�E�S �N�O�T �E�N�J�O�Y �L�I�V�I�N�G �I�N �T�H�I�S �E�N�V�I�R�O�N�M�E�N�T �A�N�D �S�O �W�A�N�T�S �T�O �L�E�A�V�E �A�S �S�O�O�N �A�S �P�O�S�S�I�B�L�E��

�4�O �S�U�M �U�P�� �A �S�E�Q�U�E�N�T�I�A�L �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M �F�O�R �A �F�U�L�L�Y �O�B�S�E�R�V�A�B�L�E�� �S�T�O�C�H�A�S�T�I�C �E�N�V�I�R�O�N�M�E�N�T
�W�I�T�H �A �-�A�R�K�O�V�I�A�N �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �A�N�D �A�D�D�I�T�I�V�E �R�E�W�A�R�D�S �I�S �C�A�L�L�E�D �A�0�D�U�N�R�Y �G�H�F�L�V�L�R�Q �S�U�R�F�H�V�V��MARKOV DECISION

PROCESS

�O�R�0�'�3 �� �A�N�D �C�O�N�S�I�S�T�S �O�F �A �S�E�T �O�F �S�T�A�T�E�S ���W�I�T�H �A�N �I�N�I�T�I�A�L �S�T�A�T�Es0�	�� �A �S�E�T �!�#�4�)�/�.�3(s) �O�F �A�C�T�I�O�N�S
�I�N �E�A�C�H �S�T�A�T�E�� �A �T�R�A�N�S�I�T�I�O�N �M�O�D�E�LP(s0j s; a)�� �A�N�D �A �R�E�W�A�R�D �F�U�N�C�T�I�O�NR(s)����

�4�H�E �N�E�X�T �Q�U�E�S�T�I�O�N �I�S�� �W�H�A�T �D�O�E�S �A �S�O�L�U�T�I�O�N �T�O �T�H�E �P�R�O�B�L�E�M �L�O�O�K �L�I�K�E�� �7�E �H�A�V�E �S�E�E�N �T�H�A�T
�A�N�Y �l�X�E�D �A�C�T�I�O�N �S�E�Q�U�E�N�C�E �W�O�N���T �S�O�L�V�E �T�H�E �P�R�O�B�L�E�M�� �B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �M�I�G�H�T �E�N�D �U�P �I�N �A �S�T�A�T�E
�O�T�H�E�R �T�H�A�N �T�H�E �G�O�A�L�� �4�H�E�R�E�F�O�R�E�� �A �S�O�L�U�T�I�O�N �M�U�S�T �S�P�E�C�I�F�Y �W�H�A�T �T�H�E �A�G�E�N�T �S�H�O�U�L�D �D�O �F�O�R�D�Q�\�S�T�A�T�E
�T�H�A�T �T�H�E �A�G�E�N�T �M�I�G�H�T �R�E�A�C�H�� �! �S�O�L�U�T�I�O�N �O�F �T�H�I�S �K�I�N�D �I�S �C�A�L�L�E�D �A�S�R�O�L�F�\�� �)�T �I�S �T�R�A�D�I�T�I�O�N�A�L �T�O �D�E�N�O�T�EPOLICY

�A �P�O�L�I�C�Y �B�Y� �� �A�N�D� (s) �I�S �T�H�E �A�C�T�I�O�N �R�E�C�O�M�M�E�N�D�E�D �B�Y �T�H�E �P�O�L�I�C�Y� �F�O�R �S�T�A�T�Es�� �)�F �T�H�E �A�G�E�N�T
�H�A�S �A �C�O�M�P�L�E�T�E �P�O�L�I�C�Y�� �T�H�E�N �N�O �M�A�T�T�E�R �W�H�A�T �T�H�E �O�U�T�C�O�M�E �O�F �A�N�Y �A�C�T�I�O�N�� �T�H�E �A�G�E�N�T �W�I�L�L �A�L�W�A�Y�S
�K�N�O�W �W�H�A�T �T�O �D�O �N�E�X�T��

�%�A�C�H �T�I�M�E �A �G�I�V�E�N �P�O�L�I�C�Y �I�S �E�X�E�C�U�T�E�D �S�T�A�R�T�I�N�G �F�R�O�M �T�H�E �I�N�I�T�I�A�L �S�T�A�T�E�� �T�H�E �S�T�O�C�H�A�S�T�I�C �N�A�T�U�R�E
�O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T �M�A�Y �L�E�A�D �T�O �A �D�I�F�F�E�R�E�N�T �E�N�V�I�R�O�N�M�E�N�T �H�I�S�T�O�R�Y�� �4�H�E �Q�U�A�L�I�T�Y �O�F �A �P�O�L�I�C�Y �I�S
�T�H�E�R�E�F�O�R�E �M�E�A�S�U�R�E�D �B�Y �T�H�E�H�[�S�H�F�W�H�G�U�T�I�L�I�T�Y �O�F �T�H�E �P�O�S�S�I�B�L�E �E�N�V�I�R�O�N�M�E�N�T �H�I�S�T�O�R�I�E�S �G�E�N�E�R�A�T�E�D
�B�Y �T�H�A�T �P�O�L�I�C�Y�� �!�N�R�S�W�L�P�D�O �S�R�O�L�F�\�I�S �A �P�O�L�I�C�Y �T�H�A�T �Y�I�E�L�D�S �T�H�E �H�I�G�H�E�S�T �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y�� �7�EOPTIMAL POLICY

�U�S�E� � �T�O �D�E�N�O�T�E �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y�� �'�I�V�E�N� � �� �T�H�E �A�G�E�N�T �D�E�C�I�D�E�S �W�H�A�T �T�O �D�O �B�Y �C�O�N�S�U�L�T�I�N�G
�I�T�S �C�U�R�R�E�N�T �P�E�R�C�E�P�T�� �W�H�I�C�H �T�E�L�L�S �I�T �T�H�E �C�U�R�R�E�N�T �S�T�A�T�Es�� �A�N�D �T�H�E�N �E�X�E�C�U�T�I�N�G �T�H�E �A�C�T�I�O�N� � (s)�� �!
�P�O�L�I�C�Y �R�E�P�R�E�S�E�N�T�S �T�H�E �A�G�E�N�T �F�U�N�C�T�I�O�N �E�X�P�L�I�C�I�T�L�Y �A�N�D �I�S �T�H�E�R�E�F�O�R�E �A �D�E�S�C�R�I�P�T�I�O�N �O�F �A �S�I�M�P�L�E �R�E�m�E�X
�A�G�E�N�T�� �C�O�M�P�U�T�E�D �F�R�O�M �T�H�E �I�N�F�O�R�M�A�T�I�O�N �U�S�E�D �F�O�R �A �U�T�I�L�I�T�Y�
�B�A�S�E�D �A�G�E�N�T��

�!�N �O�P�T�I�M�A�L �P�O�L�I�C�Y �F�O�R �T�H�E �W�O�R�L�D �O�F �&�I�G�U�R�E �������� �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������A�	�� �.�O�T�I�C�E
�T�H�A�T�� �B�E�C�A�U�S�E �T�H�E �C�O�S�T �O�F �T�A�K�I�N�G �A �S�T�E�P �I�S �F�A�I�R�L�Y �S�M�A�L�L �C�O�M�P�A�R�E�D �W�I�T�H �T�H�E �P�E�N�A�L�T�Y �F�O�R �E�N�D�I�N�G
�U�P �I�N ���������	 �B�Y �A�C�C�I�D�E�N�T�� �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y �F�O�R �T�H�E �S�T�A�T�E ���������	 �I�S �C�O�N�S�E�R�V�A�T�I�V�E�� �4�H�E �P�O�L�I�C�Y
�R�E�C�O�M�M�E�N�D�S �T�A�K�I�N�G �T�H�E �L�O�N�G �W�A�Y �R�O�U�N�D�� �R�A�T�H�E�R �T�H�A�N �T�A�K�I�N�G �T�H�E �S�H�O�R�T�C�U�T �A�N�D �T�H�E�R�E�B�Y �R�I�S�K�I�N�G
�E�N�T�E�R�I�N�G ���������	��

�4�H�E �B�A�L�A�N�C�E �O�F �R�I�S�K �A�N�D �R�E�W�A�R�D �C�H�A�N�G�E�S �D�E�P�E�N�D�I�N�G �O�N �T�H�E �V�A�L�U�E �O�FR(s) �F�O�R �T�H�E �N�O�N�T�E�R�

�M�I�N�A�L �S�T�A�T�E�S�� �&�I�G�U�R�E �����������B�	 �S�H�O�W�S �O�P�T�I�M�A�L �P�O�L�I�C�I�E�S �F�O�R �F�O�U�R �D�I�F�F�E�R�E�N�T �R�A�N�G�E�S �O�FR(s)�� �7�H�E�N
R(s) � � 1:6284�� �L�I�F�E �I�S �S�O �P�A�I�N�F�U�L �T�H�A�T �T�H�E �A�G�E�N�T �H�E�A�D�S �S�T�R�A�I�G�H�T �F�O�R �T�H�E �N�E�A�R�E�S�T �E�X�I�T�� �E�V�E�N �I�F
�T�H�E �E�X�I�T �I�S �W�O�R�T�H �n���� �7�H�E�N� 0:4278 � R(s) � � 0:0850�� �L�I�F�E �I�S �Q�U�I�T�E �U�N�P�L�E�A�S�A�N�T�� �T�H�E �A�G�E�N�T
�T�A�K�E�S �T�H�E �S�H�O�R�T�E�S�T �R�O�U�T�E �T�O �T�H�E ���� �S�T�A�T�E �A�N�D �I�S �W�I�L�L�I�N�G �T�O �R�I�S�K �F�A�L�L�I�N�G �I�N�T�O �T�H�E �n�� �S�T�A�T�E �B�Y �A�C�C�I�

�D�E�N�T�� �)�N �P�A�R�T�I�C�U�L�A�R�� �T�H�E �A�G�E�N�T �T�A�K�E�S �T�H�E �S�H�O�R�T�C�U�T �F�R�O�M ���������	�� �7�H�E�N �L�I�F�E �I�S �O�N�L�Y �S�L�I�G�H�T�L�Y �D�R�E�A�R�Y
��� 0:0221< R (s) < 0�	�� �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y �T�A�K�E�S�Q�R �U�L�V�N�V �D�W �D�O�O�� �)�N ���������	 �A�N�D ���������	�� �T�H�E �A�G�E�N�T
�H�E�A�D�S �D�I�R�E�C�T�L�Y �A�W�A�Y �F�R�O�M �T�H�E �n�� �S�T�A�T�E �S�O �T�H�A�T �I�T �C�A�N�N�O�T �F�A�L�L �I�N �B�Y �A�C�C�I�D�E�N�T�� �E�V�E�N �T�H�O�U�G�H �T�H�I�S
�M�E�A�N�S �B�A�N�G�I�N�G �I�T�S �H�E�A�D �A�G�A�I�N�S�T �T�H�E �W�A�L�L �Q�U�I�T�E �A �F�E�W �T�I�M�E�S�� �&�I�N�A�L�L�Y�� �I�FR(s) > 0�� �T�H�E�N �L�I�F�E �I�S
�P�O�S�I�T�I�V�E�L�Y �E�N�J�O�Y�A�B�L�E �A�N�D �T�H�E �A�G�E�N�T �A�V�O�I�D�S�E�R�W�K�E�X�I�T�S�� �!�S �L�O�N�G �A�S �T�H�E �A�C�T�I�O�N�S �I�N ���������	�� ���������	��

1 �3�O�M�E �D�E�l�N�I�T�I�O�N�S �O�F �-�$�0�S �A�L�L�O�W �T�H�E �R�E�W�A�R�D �T�O �D�E�P�E�N�D �O�N �T�H�E �A�C�T�I�O�N �A�N�D �O�U�T�C�O�M�E �T�O�O�� �S�O �T�H�E �R�E�W�A�R�D �F�U�N�C�T�I�O�N
�I�SR(s; a; s0)�� �4�H�I�S �S�I�M�P�L�I�l�E�S �T�H�E �D�E�S�C�R�I�P�T�I�O�N �O�F �S�O�M�E �E�N�V�I�R�O�N�M�E�N�T�S �B�U�T �D�O�E�S �N�O�T �C�H�A�N�G�E �T�H�E �P�R�O�B�L�E�M �I�N �A�N�Y
�F�U�N�D�A�M�E�N�T�A�L �W�A�Y�� �A�S �S�H�O�W�N �I�N �%�X�E�R�C�I�S�E ����������
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�)�L�J�X�U�H �����������A�	 �!�N �O�P�T�I�M�A�L �P�O�L�I�C�Y �F�O�R �T�H�E �S�T�O�C�H�A�S�T�I�C �E�N�V�I�R�O�N�M�E�N�T �W�I�T�HR(s) = � 0:04 �I�N
�T�H�E �N�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S�� ���B�	 �/�P�T�I�M�A�L �P�O�L�I�C�I�E�S �F�O�R �F�O�U�R �D�I�F�F�E�R�E�N�T �R�A�N�G�E�S �O�FR(s)��

�A�N�D ���������	 �A�R�E �A�S �S�H�O�W�N�� �E�V�E�R�Y �P�O�L�I�C�Y �I�S �O�P�T�I�M�A�L�� �A�N�D �T�H�E �A�G�E�N�T �O�B�T�A�I�N�S �I�N�l�N�I�T�E �T�O�T�A�L �R�E�W�A�R�D �B�E�

�C�A�U�S�E �I�T �N�E�V�E�R �E�N�T�E�R�S �A �T�E�R�M�I�N�A�L �S�T�A�T�E�� �3�U�R�P�R�I�S�I�N�G�L�Y�� �I�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�E�R�E �A�R�E �S�I�X �O�T�H�E�R �O�P�T�I�M�A�L
�P�O�L�I�C�I�E�S �F�O�R �V�A�R�I�O�U�S �R�A�N�G�E�S �O�FR(s)�� �%�X�E�R�C�I�S�E �������� �A�S�K�S �Y�O�U �T�O �l�N�D �T�H�E�M��

�4�H�E �C�A�R�E�F�U�L �B�A�L�A�N�C�I�N�G �O�F �R�I�S�K �A�N�D �R�E�W�A�R�D �I�S �A �C�H�A�R�A�C�T�E�R�I�S�T�I�C �O�F �-�$�0�S �T�H�A�T �D�O�E�S �N�O�T
�A�R�I�S�E �I�N �D�E�T�E�R�M�I�N�I�S�T�I�C �S�E�A�R�C�H �P�R�O�B�L�E�M�S�� �M�O�R�E�O�V�E�R�� �I�T �I�S �A �C�H�A�R�A�C�T�E�R�I�S�T�I�C �O�F �M�A�N�Y �R�E�A�L�
�W�O�R�L�D
�D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�S�� �&�O�R �T�H�I�S �R�E�A�S�O�N�� �-�$�0�S �H�A�V�E �B�E�E�N �S�T�U�D�I�E�D �I�N �S�E�V�E�R�A�L �l�E�L�D�S�� �I�N�C�L�U�D�I�N�G
�!�)�� �O�P�E�R�A�T�I�O�N�S �R�E�S�E�A�R�C�H�� �E�C�O�N�O�M�I�C�S�� �A�N�D �C�O�N�T�R�O�L �T�H�E�O�R�Y�� �$�O�Z�E�N�S �O�F �A�L�G�O�R�I�T�H�M�S �H�A�V�E �B�E�E�N
�P�R�O�P�O�S�E�D �F�O�R �C�A�L�C�U�L�A�T�I�N�G �O�P�T�I�M�A�L �P�O�L�I�C�I�E�S�� �)�N �S�E�C�T�I�O�N�S �������� �A�N�D �������� �W�E �D�E�S�C�R�I�B�E �T�W�O �O�F �T�H�E
�M�O�S�T �I�M�P�O�R�T�A�N�T �A�L�G�O�R�I�T�H�M �F�A�M�I�L�I�E�S�� �&�I�R�S�T�� �H�O�W�E�V�E�R�� �W�E �M�U�S�T �C�O�M�P�L�E�T�E �O�U�R �I�N�V�E�S�T�I�G�A�T�I�O�N �O�F
�U�T�I�L�I�T�I�E�S �A�N�D �P�O�L�I�C�I�E�S �F�O�R �S�E�Q�U�E�N�T�I�A�L �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M�S��

������������ �8�W�L�O�L�W�L�H�V �R�Y�H�U �W�L�P�H

�)�N �T�H�E �-�$�0 �E�X�A�M�P�L�E �I�N �&�I�G�U�R�E ���������� �T�H�E �P�E�R�F�O�R�M�A�N�C�E �O�F �T�H�E �A�G�E�N�T �W�A�S �M�E�A�S�U�R�E�D �B�Y �A �S�U�M �O�F
�R�E�W�A�R�D�S �F�O�R �T�H�E �S�T�A�T�E�S �V�I�S�I�T�E�D�� �4�H�I�S �C�H�O�I�C�E �O�F �P�E�R�F�O�R�M�A�N�C�E �M�E�A�S�U�R�E �I�S �N�O�T �A�R�B�I�T�R�A�R�Y�� �B�U�T �I�T �I�S
�N�O�T �T�H�E �O�N�L�Y �P�O�S�S�I�B�I�L�I�T�Y �F�O�R �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �O�N �E�N�V�I�R�O�N�M�E�N�T �H�I�S�T�O�R�I�E�S�� �W�H�I�C�H �W�E �W�R�I�T�E �A�S
Uh([s0; s1; : : : ; sn ])�� �/�U�R �A�N�A�L�Y�S�I�S �D�R�A�W�S �O�N�P�X�O�W�L�D�W�W�U�L�E�X�W�H �X�W�L�O�L�W�\ �W�K�H�R�U�\���3�E�C�T�I�O�N ���������	 �A�N�D
�I�S �S�O�M�E�W�H�A�T �T�E�C�H�N�I�C�A�L�� �T�H�E �I�M�P�A�T�I�E�N�T �R�E�A�D�E�R �M�A�Y �W�I�S�H �T�O �S�K�I�P �T�O �T�H�E �N�E�X�T �S�E�C�T�I�O�N��

�4�H�E �l�R�S�T �Q�U�E�S�T�I�O�N �T�O �A�N�S�W�E�R �I�S �W�H�E�T�H�E�R �T�H�E�R�E �I�S �A�¿�Q�L�W�H �K�R�U�L�]�R�Q�O�R �A�N�L�Q�¿�Q�L�W�H �K�R�U�L�]�R�QFINITE HORIZON

INFINITE HORIZON �F�O�R �D�E�C�I�S�I�O�N �M�A�K�I�N�G�� �! �l�N�I�T�E �H�O�R�I�Z�O�N �M�E�A�N�S �T�H�A�T �T�H�E�R�E �I�S �A�¿�[�H�G�T�I�M�EN �A�F�T�E�R �W�H�I�C�H �N�O�T�H�I�N�G
�M�A�T�T�E�R�S�ˆ�T�H�E �G�A�M�E �I�S �O�V�E�R�� �S�O �T�O �S�P�E�A�K�� �4�H�U�S��Uh([s0; s1; : : : ; sN + k ]) = Uh([s0; s1; : : : ; sN ])
�F�O�R �A�L�Lk > 0�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �A�N �A�G�E�N�T �S�T�A�R�T�S �A�T ���������	 �I�N �T�H�E4� 3 �W�O�R�L�D �O�F �&�I�G�U�R�E ����������
�A�N�D �S�U�P�P�O�S�E �T�H�A�TN = 3 �� �4�H�E�N�� �T�O �H�A�V�E �A�N�Y �C�H�A�N�C�E �O�F �R�E�A�C�H�I�N�G �T�H�E ���� �S�T�A�T�E�� �T�H�E �A�G�E�N�T �M�U�S�T
�H�E�A�D �D�I�R�E�C�T�L�Y �F�O�R �I�T�� �A�N�D �T�H�E �O�P�T�I�M�A�L �A�C�T�I�O�N �I�S �T�O �G�O�8�S�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�FN = 100��
�T�H�E�N �T�H�E�R�E �I�S �P�L�E�N�T�Y �O�F �T�I�M�E �T�O �T�A�K�E �T�H�E �S�A�F�E �R�O�U�T�E �B�Y �G�O�I�N�G�/�H�I�W�� �6�R�� �Z�L�W�K �D �¿�Q�L�W�H �K�R�U�L�]�R�Q��



�3�E�C�T�I�O�N ���������� �3�E�Q�U�E�N�T�I�A�L �$�E�C�I�S�I�O�N �0�R�O�B�L�E�M�S ������

�W�K�H �R�S�W�L�P�D�O �D�F�W�L�R�Q �L�Q �D �J�L�Y�H�Q �V�W�D�W�H �F�R�X�O�G �F�K�D�Q�J�H �R�Y�H�U �W�L�P�H���7�E �S�A�Y �T�H�A�T �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y
�F�O�R �A �l�N�I�T�E �H�O�R�I�Z�O�N �I�S�Q�R�Q�V�W�D�W�L�R�Q�D�U�\�� �7�I�T�H �N�O �l�X�E�D �T�I�M�E �L�I�M�I�T�� �O�N �T�H�E �O�T�H�E�R �H�A�N�D�� �T�H�E�R�E �I�SNONSTATIONARY

POLICY

�N�O �R�E�A�S�O�N �T�O �B�E�H�A�V�E �D�I�F�F�E�R�E�N�T�L�Y �I�N �T�H�E �S�A�M�E �S�T�A�T�E �A�T �D�I�F�F�E�R�E�N�T �T�I�M�E�S�� �(�E�N�C�E�� �T�H�E �O�P�T�I�M�A�L �A�C�

�T�I�O�N �D�E�P�E�N�D�S �O�N�L�Y �O�N �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�� �A�N�D �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y �I�S�V�W�D�W�L�R�Q�D�U�\�� �0�O�L�I�C�I�E�S �F�O�R �T�H�ESTATIONARY POLICY

�I�N�l�N�I�T�E�
�H�O�R�I�Z�O�N �C�A�S�E �A�R�E �T�H�E�R�E�F�O�R�E �S�I�M�P�L�E�R �T�H�A�N �T�H�O�S�E �F�O�R �T�H�E �l�N�I�T�E�
�H�O�R�I�Z�O�N �C�A�S�E�� �A�N�D �W�E �D�E�A�L
�M�A�I�N�L�Y �W�I�T�H �T�H�E �I�N�l�N�I�T�E�
�H�O�R�I�Z�O�N �C�A�S�E �I�N �T�H�I�S �C�H�A�P�T�E�R�� ���7�E �W�I�L�L �S�E�E �L�A�T�E�R �T�H�A�T �F�O�R �P�A�R�T�I�A�L�L�Y �O�B�

�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�S�� �T�H�E �I�N�l�N�I�T�E�
�H�O�R�I�Z�O�N �C�A�S�E �I�S �N�O�T �S�O �S�I�M�P�L�E���	 �.�O�T�E �T�H�A�T �h�I�N�l�N�I�T�E �H�O�R�I�Z�O�N�v
�D�O�E�S �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �M�E�A�N �T�H�A�T �A�L�L �S�T�A�T�E �S�E�Q�U�E�N�C�E�S �A�R�E �I�N�l�N�I�T�E�� �I�T �J�U�S�T �M�E�A�N�S �T�H�A�T �T�H�E�R�E �I�S �N�O
�l�X�E�D �D�E�A�D�L�I�N�E�� �)�N �P�A�R�T�I�C�U�L�A�R�� �T�H�E�R�E �C�A�N �B�E �l�N�I�T�E �S�T�A�T�E �S�E�Q�U�E�N�C�E�S �I�N �A�N �I�N�l�N�I�T�E�
�H�O�R�I�Z�O�N �-�$�0
�C�O�N�T�A�I�N�I�N�G �A �T�E�R�M�I�N�A�L �S�T�A�T�E��

�4�H�E �N�E�X�T �Q�U�E�S�T�I�O�N �W�E �M�U�S�T �D�E�C�I�D�E �I�S �H�O�W �T�O �C�A�L�C�U�L�A�T�E �T�H�E �U�T�I�L�I�T�Y �O�F �S�T�A�T�E �S�E�Q�U�E�N�C�E�S�� �)�N
�T�H�E �T�E�R�M�I�N�O�L�O�G�Y �O�F �M�U�L�T�I�A�T�T�R�I�B�U�T�E �U�T�I�L�I�T�Y �T�H�E�O�R�Y�� �E�A�C�H �S�T�A�T�Esi �C�A�N �B�E �V�I�E�W�E�D �A�S �A�N�D�W�W�U�L�E�X�W�H�O�F
�T�H�E �S�T�A�T�E �S�E�Q�U�E�N�C�E[s0; s1; s2 : : :]�� �4�O �O�B�T�A�I�N �A �S�I�M�P�L�E �E�X�P�R�E�S�S�I�O�N �I�N �T�E�R�M�S �O�F �T�H�E �A�T�T�R�I�B�U�T�E�S�� �W�E
�W�I�L�L �N�E�E�D �T�O �M�A�K�E �S�O�M�E �S�O�R�T �O�F �P�R�E�F�E�R�E�N�C�E�
�I�N�D�E�P�E�N�D�E�N�C�E �A�S�S�U�M�P�T�I�O�N�� �4�H�E �M�O�S�T �N�A�T�U�R�A�L �A�S�

�S�U�M�P�T�I�O�N �I�S �T�H�A�T �T�H�E �A�G�E�N�T���S �P�R�E�F�E�R�E�N�C�E�S �B�E�T�W�E�E�N �S�T�A�T�E �S�E�Q�U�E�N�C�E�S �A�R�E�V�W�D�W�L�R�Q�D�U�\�� �3�T�A�T�I�O�N�A�R�I�T�YSTATIONARY

PREFERENCE

�F�O�R �P�R�E�F�E�R�E�N�C�E�S �M�E�A�N�S �T�H�E �F�O�L�L�O�W�I�N�G�� �I�F �T�W�O �S�T�A�T�E �S�E�Q�U�E�N�C�E�S[s0; s1; s2; : : :] �A�N�D[s0
0; s0

1; s0
2; : : :]

�B�E�G�I�N �W�I�T�H �T�H�E �S�A�M�E �S�T�A�T�E ���I���E����s0 = s0
0�	�� �T�H�E�N �T�H�E �T�W�O �S�E�Q�U�E�N�C�E�S �S�H�O�U�L�D �B�E �P�R�E�F�E�R�E�N�C�E�
�O�R�D�E�R�E�D

�T�H�E �S�A�M�E �W�A�Y �A�S �T�H�E �S�E�Q�U�E�N�C�E�S[s1; s2; : : :] �A�N�D[s0
1; s0

2; : : :]�� �)�N �%�N�G�L�I�S�H�� �T�H�I�S �M�E�A�N�S �T�H�A�T �I�F �Y�O�U
�P�R�E�F�E�R �O�N�E �F�U�T�U�R�E �T�O �A�N�O�T�H�E�R �S�T�A�R�T�I�N�G �T�O�M�O�R�R�O�W�� �T�H�E�N �Y�O�U �S�H�O�U�L�D �S�T�I�L�L �P�R�E�F�E�R �T�H�A�T �F�U�T�U�R�E �I�F �I�T
�W�E�R�E �T�O �S�T�A�R�T �T�O�D�A�Y �I�N�S�T�E�A�D�� �3�T�A�T�I�O�N�A�R�I�T�Y �I�S �A �F�A�I�R�L�Y �I�N�N�O�C�U�O�U�S�
�L�O�O�K�I�N�G �A�S�S�U�M�P�T�I�O�N �W�I�T�H �V�E�R�Y
�S�T�R�O�N�G �C�O�N�S�E�Q�U�E�N�C�E�S�� �I�T �T�U�R�N�S �O�U�T �T�H�A�T �U�N�D�E�R �S�T�A�T�I�O�N�A�R�I�T�Y �T�H�E�R�E �A�R�E �J�U�S�T �T�W�O �C�O�H�E�R�E�N�T �W�A�Y�S �T�O
�A�S�S�I�G�N �U�T�I�L�I�T�I�E�S �T�O �S�E�Q�U�E�N�C�E�S��

���� �$�G�G�L�W�L�Y�H �U�H�Z�D�U�G�V�� �4�H�E �U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �S�E�Q�U�E�N�C�E �I�SADDITIVE REWARD

Uh([s0; s1; s2; : : :]) = R(s0) + R(s1) + R(s2) + � � � :

�4�H�E4� 3 �W�O�R�L�D �I�N �&�I�G�U�R�E �������� �U�S�E�S �A�D�D�I�T�I�V�E �R�E�W�A�R�D�S�� �.�O�T�I�C�E �T�H�A�T �A�D�D�I�T�I�V�I�T�Y �W�A�S �U�S�E�D
�I�M�P�L�I�C�I�T�L�Y �I�N �O�U�R �U�S�E �O�F �P�A�T�H �C�O�S�T �F�U�N�C�T�I�O�N�S �I�N �H�E�U�R�I�S�T�I�C �S�E�A�R�C�H �A�L�G�O�R�I�T�H�M�S ���#�H�A�P�T�E�R ���	��

���� �'�L�V�F�R�X�Q�W�H�G �U�H�Z�D�U�G�V�� �4�H�E �U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �S�E�Q�U�E�N�C�E �I�SDISCOUNTED
REWARD

Uh([s0; s1; s2; : : :]) = R(s0) + 
R (s1) + 
 2R(s2) + � � � ;

�W�H�E�R�E �T�H�E�G�L�V�F�R�X�Q�W �I�D�F�W�R�U
 �I�S �A �N�U�M�B�E�R �B�E�T�W�E�E�N �� �A�N�D ���� �4�H�E �D�I�S�C�O�U�N�T �F�A�C�T�O�R �D�E�S�C�R�I�B�E�SDISCOUNT FACTOR

�T�H�E �P�R�E�F�E�R�E�N�C�E �O�F �A�N �A�G�E�N�T �F�O�R �C�U�R�R�E�N�T �R�E�W�A�R�D�S �O�V�E�R �F�U�T�U�R�E �R�E�W�A�R�D�S�� �7�H�E�N
 �I�S �C�L�O�S�E
�T�O ���� �R�E�W�A�R�D�S �I�N �T�H�E �D�I�S�T�A�N�T �F�U�T�U�R�E �A�R�E �V�I�E�W�E�D �A�S �I�N�S�I�G�N�I�l�C�A�N�T�� �7�H�E�N
 �I�S ���� �D�I�S�C�O�U�N�T�E�D
�R�E�W�A�R�D�S �A�R�E �E�X�A�C�T�L�Y �E�Q�U�I�V�A�L�E�N�T �T�O �A�D�D�I�T�I�V�E �R�E�W�A�R�D�S�� �S�O �A�D�D�I�T�I�V�E �R�E�W�A�R�D�S �A�R�E �A �S�P�E�C�I�A�L
�C�A�S�E �O�F �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S�� �$�I�S�C�O�U�N�T�I�N�G �A�P�P�E�A�R�S �T�O �B�E �A �G�O�O�D �M�O�D�E�L �O�F �B�O�T�H �A�N�I�M�A�L
�A�N�D �H�U�M�A�N �P�R�E�F�E�R�E�N�C�E�S �O�V�E�R �T�I�M�E�� �! �D�I�S�C�O�U�N�T �F�A�C�T�O�R �O�F
 �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �A�N �I�N�T�E�R�E�S�T �R�A�T�E
�O�F(1=
 ) � 1��

�&�O�R �R�E�A�S�O�N�S �T�H�A�T �W�I�L�L �S�H�O�R�T�L�Y �B�E�C�O�M�E �C�L�E�A�R�� �W�E �A�S�S�U�M�E �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S �I�N �T�H�E �R�E�M�A�I�N�D�E�R
�O�F �T�H�E �C�H�A�P�T�E�R�� �A�L�T�H�O�U�G�H �S�O�M�E�T�I�M�E�S �W�E �A�L�L�O�W
 = 1 ��

�,�U�R�K�I�N�G �B�E�N�E�A�T�H �O�U�R �C�H�O�I�C�E �O�F �I�N�l�N�I�T�E �H�O�R�I�Z�O�N�S �I�S �A �P�R�O�B�L�E�M�� �I�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T �D�O�E�S
�N�O�T �C�O�N�T�A�I�N �A �T�E�R�M�I�N�A�L �S�T�A�T�E�� �O�R �I�F �T�H�E �A�G�E�N�T �N�E�V�E�R �R�E�A�C�H�E�S �O�N�E�� �T�H�E�N �A�L�L �E�N�V�I�R�O�N�M�E�N�T �H�I�S�T�O�R�I�E�S
�W�I�L�L �B�E �I�N�l�N�I�T�E�L�Y �L�O�N�G�� �A�N�D �U�T�I�L�I�T�I�E�S �W�I�T�H �A�D�D�I�T�I�V�E�� �U�N�D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S �W�I�L�L �G�E�N�E�R�A�L�L�Y �B�E



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�I�N�l�N�I�T�E�� �7�H�I�L�E �W�E �C�A�N �A�G�R�E�E �T�H�A�T+ 1 �I�S �B�E�T�T�E�R �T�H�A�N�1 �� �C�O�M�P�A�R�I�N�G �T�W�O �S�T�A�T�E �S�E�Q�U�E�N�C�E�S �W�I�T�H
+ 1 �U�T�I�L�I�T�Y �I�S �M�O�R�E �D�I�F�l�C�U�L�T�� �4�H�E�R�E �A�R�E �T�H�R�E�E �S�O�L�U�T�I�O�N�S�� �T�W�O �O�F �W�H�I�C�H �W�E �H�A�V�E �S�E�E�N �A�L�R�E�A�D�Y��

���� �7�I�T�H �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S�� �T�H�E �U�T�I�L�I�T�Y �O�F �A�N �I�N�l�N�I�T�E �S�E�Q�U�E�N�C�E �I�S�¿�Q�L�W�H�� �)�N �F�A�C�T�� �I�F
 < 1
�A�N�D �R�E�W�A�R�D�S �A�R�E �B�O�U�N�D�E�D �B�Y� R�M�A�X�� �W�E �H�A�V�E

Uh([s0; s1; s2; : : :]) =
1X

t = 0


 t R(st ) �
1X

t = 0


 t R�M�A�X= R�M�A�X=(1 � 
 ) ; �����������	

�U�S�I�N�G �T�H�E �S�T�A�N�D�A�R�D �F�O�R�M�U�L�A �F�O�R �T�H�E �S�U�M �O�F �A�N �I�N�l�N�I�T�E �G�E�O�M�E�T�R�I�C �S�E�R�I�E�S��
���� �)�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T �C�O�N�T�A�I�N�S �T�E�R�M�I�N�A�L �S�T�A�T�E�S�D�Q�G �L�I �W�K�H �D�J�H�Q�W �L�V �J�X�D�U�D�Q�W�H�H�G �W�R �J�H�W �W�R �R�Q�H

�H�Y�H�Q�W�X�D�O�O�\�� �T�H�E�N �W�E �W�I�L�L �N�E�V�E�R �N�E�E�D �T�O �C�O�M�P�A�R�E �I�N�l�N�I�T�E �S�E�Q�U�E�N�C�E�S�� �! �P�O�L�I�C�Y �T�H�A�T �I�S
�G�U�A�R�A�N�T�E�E�D �T�O �R�E�A�C�H �A �T�E�R�M�I�N�A�L �S�T�A�T�E �I�S �C�A�L�L�E�D �A�S�U�R�S�H�U �S�R�O�L�F�\�� �7�I�T�H �P�R�O�P�E�R �P�O�L�I�C�I�E�S�� �W�EPROPER POLICY

�C�A�N �U�S�E
 = 1 ���I���E���� �A�D�D�I�T�I�V�E �R�E�W�A�R�D�S�	�� �4�H�E �l�R�S�T �T�H�R�E�E �P�O�L�I�C�I�E�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	
�A�R�E �P�R�O�P�E�R�� �B�U�T �T�H�E �F�O�U�R�T�H �I�S �I�M�P�R�O�P�E�R�� �)�T �G�A�I�N�S �I�N�l�N�I�T�E �T�O�T�A�L �R�E�W�A�R�D �B�Y �S�T�A�Y�I�N�G �A�W�A�Y �F�R�O�M
�T�H�E �T�E�R�M�I�N�A�L �S�T�A�T�E�S �W�H�E�N �T�H�E �R�E�W�A�R�D �F�O�R �T�H�E �N�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S �I�S �P�O�S�I�T�I�V�E�� �4�H�E �E�X�I�S�T�E�N�C�E
�O�F �I�M�P�R�O�P�E�R �P�O�L�I�C�I�E�S �C�A�N �C�A�U�S�E �T�H�E �S�T�A�N�D�A�R�D �A�L�G�O�R�I�T�H�M�S �F�O�R �S�O�L�V�I�N�G �-�$�0�S �T�O �F�A�I�L �W�I�T�H
�A�D�D�I�T�I�V�E �R�E�W�A�R�D�S�� �A�N�D �S�O �P�R�O�V�I�D�E�S �A �G�O�O�D �R�E�A�S�O�N �F�O�R �U�S�I�N�G �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S��

���� �)�N�l�N�I�T�E �S�E�Q�U�E�N�C�E�S �C�A�N �B�E �C�O�M�P�A�R�E�D �I�N �T�E�R�M�S �O�F �T�H�E�D�Y�H�U�D�J�H �U�H�Z�D�U�G�O�B�T�A�I�N�E�D �P�E�R �T�I�M�EAVERAGE REWARD

�S�T�E�P�� �3�U�P�P�O�S�E �T�H�A�T �S�Q�U�A�R�E ���������	 �I�N �T�H�E4� 3 �W�O�R�L�D �H�A�S �A �R�E�W�A�R�D �O�F ������ �W�H�I�L�E �T�H�E �O�T�H�E�R
�N�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S �H�A�V�E �A �R�E�W�A�R�D �O�F ���������� �4�H�E�N �A �P�O�L�I�C�Y �T�H�A�T �D�O�E�S �I�T�S �B�E�S�T �T�O �S�T�A�Y �I�N
���������	 �W�I�L�L �H�A�V�E �H�I�G�H�E�R �A�V�E�R�A�G�E �R�E�W�A�R�D �T�H�A�N �O�N�E �T�H�A�T �S�T�A�Y�S �E�L�S�E�W�H�E�R�E�� �!�V�E�R�A�G�E �R�E�W�A�R�D �I�S
�A �U�S�E�F�U�L �C�R�I�T�E�R�I�O�N �F�O�R �S�O�M�E �P�R�O�B�L�E�M�S�� �B�U�T �T�H�E �A�N�A�L�Y�S�I�S �O�F �A�V�E�R�A�G�E�
�R�E�W�A�R�D �A�L�G�O�R�I�T�H�M�S �I�S
�B�E�Y�O�N�D �T�H�E �S�C�O�P�E �O�F �T�H�I�S �B�O�O�K��

�)�N �S�U�M�� �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S �P�R�E�S�E�N�T �T�H�E �F�E�W�E�S�T �D�I�F�l�C�U�L�T�I�E�S �I�N �E�V�A�L�U�A�T�I�N�G �S�T�A�T�E �S�E�Q�U�E�N�C�E�S��

������������ �2�S�W�L�P�D�O �S�R�O�L�F�L�H�V �D�Q�G �W�K�H �X�W�L�O�L�W�L�H�V �R�I �V�W�D�W�H�V

�(�A�V�I�N�G �D�E�C�I�D�E�D �T�H�A�T �T�H�E �U�T�I�L�I�T�Y �O�F �A �G�I�V�E�N �S�T�A�T�E �S�E�Q�U�E�N�C�E �I�S �T�H�E �S�U�M �O�F �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S
�O�B�T�A�I�N�E�D �D�U�R�I�N�G �T�H�E �S�E�Q�U�E�N�C�E�� �W�E �C�A�N �C�O�M�P�A�R�E �P�O�L�I�C�I�E�S �B�Y �C�O�M�P�A�R�I�N�G �T�H�E�H�[�S�H�F�W�H�G�U�T�I�L�I�T�I�E�S
�O�B�T�A�I�N�E�D �W�H�E�N �E�X�E�C�U�T�I�N�G �T�H�E�M�� �7�E �A�S�S�U�M�E �T�H�E �A�G�E�N�T �I�S �I�N �S�O�M�E �I�N�I�T�I�A�L �S�T�A�T�Es �A�N�D �D�E�l�N�ESt

���A �R�A�N�D�O�M �V�A�R�I�A�B�L�E�	 �T�O �B�E �T�H�E �S�T�A�T�E �T�H�E �A�G�E�N�T �R�E�A�C�H�E�S �A�T �T�I�M�Et �W�H�E�N �E�X�E�C�U�T�I�N�G �A �P�A�R�T�I�C�U�L�A�R
�P�O�L�I�C�Y� �� ���/�B�V�I�O�U�S�L�Y��S0 = s�� �T�H�E �S�T�A�T�E �T�H�E �A�G�E�N�T �I�S �I�N �N�O�W���	 �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R
�S�T�A�T�E �S�E�Q�U�E�N�C�E�SS1; S2; : : : ; �I�S �D�E�T�E�R�M�I�N�E�D �B�Y �T�H�E �I�N�I�T�I�A�L �S�T�A�T�Es�� �T�H�E �P�O�L�I�C�Y� �� �A�N�D �T�H�E �T�R�A�N�S�I�T�I�O�N
�M�O�D�E�L �F�O�R �T�H�E �E�N�V�I�R�O�N�M�E�N�T��

�4�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�B�T�A�I�N�E�D �B�Y �E�X�E�C�U�T�I�N�G� �S�T�A�R�T�I�N�G �I�Ns �I�S �G�I�V�E�N �B�Y

U � (s) = E

"
1X

t = 0


 tR(St )

#

; �����������	

�W�H�E�R�E �T�H�E �E�X�P�E�C�T�A�T�I�O�N �I�S �W�I�T�H �R�E�S�P�E�C�T �T�O �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �S�T�A�T�E �S�E�Q�U�E�N�C�E�S �D�E�

�T�E�R�M�I�N�E�D �B�Ys �A�N�D� �� �.�O�W�� �O�U�T �O�F �A�L�L �T�H�E �P�O�L�I�C�I�E�S �T�H�E �A�G�E�N�T �C�O�U�L�D �C�H�O�O�S�E �T�O �E�X�E�C�U�T�E �S�T�A�R�T�I�N�G �I�N
s�� �O�N�E ���O�R �M�O�R�E�	 �W�I�L�L �H�A�V�E �H�I�G�H�E�R �E�X�P�E�C�T�E�D �U�T�I�L�I�T�I�E�S �T�H�A�N �A�L�L �T�H�E �O�T�H�E�R�S�� �7�E���L�L �U�S�E� �

s �T�O �D�E�N�O�T�E
�O�N�E �O�F �T�H�E�S�E �P�O�L�I�C�I�E�S��

� �
s = argmax

�
U � (s) : �����������	



�3�E�C�T�I�O�N ���������� �3�E�Q�U�E�N�T�I�A�L �$�E�C�I�S�I�O�N �0�R�O�B�L�E�M�S ������

�2�E�M�E�M�B�E�R �T�H�A�T� �
s �I�S �A �P�O�L�I�C�Y�� �S�O �I�T �R�E�C�O�M�M�E�N�D�S �A�N �A�C�T�I�O�N �F�O�R �E�V�E�R�Y �S�T�A�T�E�� �I�T�S �C�O�N�N�E�C�T�I�O�N

�W�I�T�Hs �I�N �P�A�R�T�I�C�U�L�A�R �I�S �T�H�A�T �I�T���S �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y �W�H�E�Ns �I�S �T�H�E �S�T�A�R�T�I�N�G �S�T�A�T�E�� �! �R�E�M�A�R�K�A�B�L�E
�C�O�N�S�E�Q�U�E�N�C�E �O�F �U�S�I�N�G �D�I�S�C�O�U�N�T�E�D �U�T�I�L�I�T�I�E�S �W�I�T�H �I�N�l�N�I�T�E �H�O�R�I�Z�O�N�S �I�S �T�H�A�T �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y �I�S
�L�Q�G�H�S�H�Q�G�H�Q�W�O�F �T�H�E �S�T�A�R�T�I�N�G �S�T�A�T�E�� ���/�F �C�O�U�R�S�E�� �T�H�E�D�F�W�L�R�Q �V�H�T�X�H�Q�F�H�W�O�N���T �B�E �I�N�D�E�P�E�N�D�E�N�T��
�R�E�M�E�M�B�E�R �T�H�A�T �A �P�O�L�I�C�Y �I�S �A �F�U�N�C�T�I�O�N �S�P�E�C�I�F�Y�I�N�G �A�N �A�C�T�I�O�N �F�O�R �E�A�C�H �S�T�A�T�E���	 �4�H�I�S �F�A�C�T �S�E�E�M�S
�I�N�T�U�I�T�I�V�E�L�Y �O�B�V�I�O�U�S�� �I�F �P�O�L�I�C�Y� �

a �I�S �O�P�T�I�M�A�L �S�T�A�R�T�I�N�G �I�Na �A�N�D �P�O�L�I�C�Y� �
b �I�S �O�P�T�I�M�A�L �S�T�A�R�T�I�N�G �I�Nb��

�T�H�E�N�� �W�H�E�N �T�H�E�Y �R�E�A�C�H �A �T�H�I�R�D �S�T�A�T�Ec�� �T�H�E�R�E���S �N�O �G�O�O�D �R�E�A�S�O�N �F�O�R �T�H�E�M �T�O �D�I�S�A�G�R�E�E �W�I�T�H �E�A�C�H
�O�T�H�E�R�� �O�R �W�I�T�H� �

c �� �A�B�O�U�T �W�H�A�T �T�O �D�O �N�E�X�T���� �3�O �W�E �C�A�N �S�I�M�P�L�Y �W�R�I�T�E� � �F�O�R �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y��
�'�I�V�E�N �T�H�I�S �D�E�l�N�I�T�I�O�N�� �T�H�E �T�R�U�E �U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �I�S �J�U�S�TU � �

(s)�ˆ�T�H�A�T �I�S�� �T�H�E �E�X�P�E�C�T�E�D
�S�U�M �O�F �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S �I�F �T�H�E �A�G�E�N�T �E�X�E�C�U�T�E�S �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y�� �7�E �W�R�I�T�E �T�H�I�S �A�SU(s)��
�M�A�T�C�H�I�N�G �T�H�E �N�O�T�A�T�I�O�N �U�S�E�D �I�N �#�H�A�P�T�E�R ���� �F�O�R �T�H�E �U�T�I�L�I�T�Y �O�F �A�N �O�U�T�C�O�M�E�� �.�O�T�I�C�E �T�H�A�TU(s) �A�N�D
R(s) �A�R�E �Q�U�I�T�E �D�I�F�F�E�R�E�N�T �Q�U�A�N�T�I�T�I�E�S��R(s) �I�S �T�H�E �h�S�H�O�R�T �T�E�R�M�v �R�E�W�A�R�D �F�O�R �B�E�I�N�G �I�Ns�� �W�H�E�R�E�A�S
U(s) �I�S �T�H�E �h�L�O�N�G �T�E�R�M�v �T�O�T�A�L �R�E�W�A�R�D �F�R�O�Ms �O�N�W�A�R�D�� �&�I�G�U�R�E �������� �S�H�O�W�S �T�H�E �U�T�I�L�I�T�I�E�S �F�O�R �T�H�E
4� 3 �W�O�R�L�D�� �.�O�T�I�C�E �T�H�A�T �T�H�E �U�T�I�L�I�T�I�E�S �A�R�E �H�I�G�H�E�R �F�O�R �S�T�A�T�E�S �C�L�O�S�E�R �T�O �T�H�E ���� �E�X�I�T�� �B�E�C�A�U�S�E �F�E�W�E�R
�S�T�E�P�S �A�R�E �R�E�Q�U�I�R�E�D �T�O �R�E�A�C�H �T�H�E �E�X�I�T��

1 2 3

1

2

3

Ð1

+ 1

4

0.611

0.812

0.655

0.762

0.918

0.705

0.660

0.868

 0.388

�)�L�J�X�U�H ���������4�H�E �U�T�I�L�I�T�I�E�S �O�F �T�H�E �S�T�A�T�E�S �I�N �T�H�E4� 3 �W�O�R�L�D�� �C�A�L�C�U�L�A�T�E�D �W�I�T�H
 = 1 �A�N�D
R(s) = � 0:04 �F�O�R �N�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S��

�4�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�NU(s) �A�L�L�O�W�S �T�H�E �A�G�E�N�T �T�O �S�E�L�E�C�T �A�C�T�I�O�N�S �B�Y�U�S�I�N�G �T�H�E �P�R�I�N�C�I�P�L�E �O�F
�M�A�X�I�M�U�M �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �F�R�O�M �#�H�A�P�T�E�R �����ˆ�T�H�A�T �I�S�� �C�H�O�O�S�E �T�H�E �A�C�T�I�O�N �T�H�A�T �M�A�X�I�M�I�Z�E�S �T�H�E
�E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �T�H�E �S�U�B�S�E�Q�U�E�N�T �S�T�A�T�E��

� � (s) = argmax
a2A (s)

X

s0

P(s0j s; a)U(s0) : �����������	

�4�H�E �N�E�X�T �T�W�O �S�E�C�T�I�O�N�S �D�E�S�C�R�I�B�E �A�L�G�O�R�I�T�H�M�S �F�O�R �l�N�D�I�N�G �O�P�T�I�M�A�L �P�O�L�I�C�I�E�S��

2 �!�L�T�H�O�U�G�H �T�H�I�S �S�E�E�M�S �O�B�V�I�O�U�S�� �I�T �D�O�E�S�N�O�T �H�O�L�D �F�O�R �l�N�I�T�E�
�H�O�R�I�Z�O�N �P�O�L�I�C�I�E�S �O�R �F�O�R �O�T�H�E�R �W�A�Y�S �O�F �C�O�M�B�I�N�I�N�G
�R�E�W�A�R�D�S �O�V�E�R �T�I�M�E�� �4�H�E �P�R�O�O�F �F�O�L�L�O�W�S �D�I�R�E�C�T�L�Y �F�R�O�M �T�H�E �U�N�I�Q�U�E�N�E�S�S �O�F �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �O�N �S�T�A�T�E�S�� �A�S �S�H�O�W�N �I�N
�3�E�C�T�I�O�N ����������



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�������� �6�!�,�5�%�)�4�%�2�!�4�)�/�.

�)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �P�R�E�S�E�N�T �A�N �A�L�G�O�R�I�T�H�M�� �C�A�L�L�E�D�Y�D�O�X�H �L�W�H�U�D�W�L�R�Q�� �F�O�R �C�A�L�C�U�L�A�T�I�N�G �A�N �O�P�T�I�M�A�LVALUE ITERATION

�P�O�L�I�C�Y�� �4�H�E �B�A�S�I�C �I�D�E�A �I�S �T�O �C�A�L�C�U�L�A�T�E �T�H�E �U�T�I�L�I�T�Y �O�F �E�A�C�H �S�T�A�T�E �A�N�D �T�H�E�N �U�S�E �T�H�E �S�T�A�T�E �U�T�I�L�I�T�I�E�S �T�O
�S�E�L�E�C�T �A�N �O�P�T�I�M�A�L �A�C�T�I�O�N �I�N �E�A�C�H �S�T�A�T�E��

������������ �7�K�H �%�H�O�O�P�D�Q �H�T�X�D�W�L�R�Q �I�R�U �X�W�L�O�L�W�L�H�V

�3�E�C�T�I�O�N ������������ �D�E�l�N�E�D �T�H�E �U�T�I�L�I�T�Y �O�F �B�E�I�N�G �I�N �A �S�T�A�T�E �A�S �T�H�E �E�X�P�E�C�T�E�D �S�U�M �O�F �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D�S
�F�R�O�M �T�H�A�T �P�O�I�N�T �O�N�W�A�R�D�S�� �&�R�O�M �T�H�I�S�� �I�T �F�O�L�L�O�W�S �T�H�A�T �T�H�E�R�E �I�S �A �D�I�R�E�C�T �R�E�L�A�T�I�O�N�S�H�I�P �B�E�T�W�E�E�N �T�H�E
�U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �A�N�D �T�H�E �U�T�I�L�I�T�Y �O�F �I�T�S �N�E�I�G�H�B�O�R�S���W�K�H �X�W�L�O�L�W�\ �R�I �D �V�W�D�W�H �L�V �W�K�H �L�P�P�H�G�L�D�W�H �U�H�Z�D�U�G
�I�R�U �W�K�D�W �V�W�D�W�H �S�O�X�V �W�K�H �H�[�S�H�F�W�H�G �G�L�V�F�R�X�Q�W�H�G �X�W�L�O�L�W�\ �R�I �W�K�H �Q�H�[�W �V�W�D�W�H�� �D�V�V�X�P�L�Q�J �W�K�D�W �W�K�H �D�J�H�Q�W
�F�K�R�R�V�H�V �W�K�H �R�S�W�L�P�D�O �D�F�W�L�R�Q���4�H�A�T �I�S�� �T�H�E �U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �I�S �G�I�V�E�N �B�Y

U(s) = R(s) + 
 max
a2A (s)

X

s0

P(s0j s; a)U(s0) : �����������	

�4�H�I�S �I�S �C�A�L�L�E�D �T�H�E�%�H�O�O�P�D�Q �H�T�X�D�W�L�R�Q�� �A�F�T�E�R �2�I�C�H�A�R�D �"�E�L�L�M�A�N �����������	�� �4�H�E �U�T�I�L�I�T�I�E�S �O�F �T�H�EBELLMAN EQUATION

�S�T�A�T�E�S�ˆ�D�E�l�N�E�D �B�Y �%�Q�U�A�T�I�O�N �����������	 �A�S �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �S�U�B�S�E�Q�U�E�N�T �S�T�A�T�E �S�E�Q�U�E�N�C�E�S�ˆ�A�R�E
�S�O�L�U�T�I�O�N�S �O�F �T�H�E �S�E�T �O�F �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N�S�� �)�N �F�A�C�T�� �T�H�E�Y �A�R�E �T�H�E�X�Q�L�T�X�H�S�O�L�U�T�I�O�N�S�� �A�S �W�E �S�H�O�W
�I�N �3�E�C�T�I�O�N ��������������

�,�E�T �U�S �L�O�O�K �A�T �O�N�E �O�F �T�H�E �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N�S �F�O�R �T�H�E4� 3 �W�O�R�L�D�� �4�H�E �E�Q�U�A�T�I�O�N �F�O�R �T�H�E
�S�T�A�T�E ���������	 �I�S

U(1; 1) = � 0:04 + 
 max[ 0:8U(1; 2) + 0 :1U(2; 1) + 0 :1U(1; 1); (Up)
0:9U(1; 1) + 0 :1U(1; 2); (Left )
0:9U(1; 1) + 0 :1U(2; 1); (Down)
0:8U(2; 1) + 0 :1U(1; 2) + 0 :1U(1; 1) ]: (Right )

�7�H�E�N �W�E �P�L�U�G �I�N �T�H�E �N�U�M�B�E�R�S �F�R�O�M �&�I�G�U�R�E ���������� �W�E �l�N�D �T�H�A�T�8�S�I�S �T�H�E �B�E�S�T �A�C�T�I�O�N��

������������ �7�K�H �Y�D�O�X�H �L�W�H�U�D�W�L�R�Q �D�O�J�R�U�L�W�K�P

�4�H�E �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N �I�S �T�H�E �B�A�S�I�S �O�F �T�H�E �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �S�O�L�V�I�N�G �-�$�0�S�� �)�F �T�H�E�R�E
�A�R�En �P�O�S�S�I�B�L�E �S�T�A�T�E�S�� �T�H�E�N �T�H�E�R�E �A�R�En �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N�S�� �O�N�E �F�O�R �E�A�C�H �S�T�A�T�E�� �4�H�En �E�Q�U�A�T�I�O�N�S
�C�O�N�T�A�I�Nn �U�N�K�N�O�W�N�S�ˆ�T�H�E �U�T�I�L�I�T�I�E�S �O�F �T�H�E �S�T�A�T�E�S�� �3�O �W�E �W�O�U�L�D �L�I�K�E �T�O �S�O�L�V�E �T�H�E�S�E �S�I�M�U�L�T�A�N�E�O�U�S
�E�Q�U�A�T�I�O�N�S �T�O �l�N�D �T�H�E �U�T�I�L�I�T�I�E�S�� �4�H�E�R�E �I�S �O�N�E �P�R�O�B�L�E�M�� �T�H�E �E�Q�U�A�T�I�O�N�S �A�R�E�Q�R�Q�O�L�Q�H�D�U�� �B�E�C�A�U�S�E �T�H�E
�hmax�v �O�P�E�R�A�T�O�R �I�S �N�O�T �A �L�I�N�E�A�R �O�P�E�R�A�T�O�R�� �7�H�E�R�E�A�S �S�Y�S�T�E�M�S �O�F �L�I�N�E�A�R �E�Q�U�A�T�I�O�N�S �C�A�N �B�E �S�O�L�V�E�D
�Q�U�I�C�K�L�Y �U�S�I�N�G �L�I�N�E�A�R �A�L�G�E�B�R�A �T�E�C�H�N�I�Q�U�E�S�� �S�Y�S�T�E�M�S �O�F �N�O�N�L�I�N�E�A�R �E�Q�U�A�T�I�O�N�S �A�R�E �M�O�R�E �P�R�O�B�L�E�M�A�T�I�C��
�/�N�E �T�H�I�N�G �T�O �T�R�Y �I�S �A�N�L�W�H�U�D�W�L�Y�H�A�P�P�R�O�A�C�H�� �7�E �S�T�A�R�T �W�I�T�H �A�R�B�I�T�R�A�R�Y �I�N�I�T�I�A�L �V�A�L�U�E�S �F�O�R �T�H�E �U�T�I�L�I�T�I�E�S��
�C�A�L�C�U�L�A�T�E �T�H�E �R�I�G�H�T�
�H�A�N�D �S�I�D�E �O�F �T�H�E �E�Q�U�A�T�I�O�N�� �A�N�D �P�L�U�G �I�T �I�N�T�O �T�H�E �L�E�F�T�
�H�A�N�D �S�I�D�E�ˆ�T�H�E�R�E�B�Y
�U�P�D�A�T�I�N�G �T�H�E �U�T�I�L�I�T�Y �O�F �E�A�C�H �S�T�A�T�E �F�R�O�M �T�H�E �U�T�I�L�I�T�I�E�S �O�F �I�T�S �N�E�I�G�H�B�O�R�S�� �7�E �R�E�P�E�A�T �T�H�I�S �U�N�T�I�L �W�E
�R�E�A�C�H �A�N �E�Q�U�I�L�I�B�R�I�U�M�� �,�E�TUi (s) �B�E �T�H�E �U�T�I�L�I�T�Y �V�A�L�U�E �F�O�R �S�T�A�T�Es �A�T �T�H�Ei �T�H �I�T�E�R�A�T�I�O�N�� �4�H�E �I�T�E�R�A�T�I�O�N
�S�T�E�P�� �C�A�L�L�E�D �A�%�H�O�O�P�D�Q �X�S�G�D�W�H�� �L�O�O�K�S �L�I�K�E �T�H�I�S��BELLMAN UPDATE

Ui +1 (s)  R(s) + 
 max
a2A (s)

X

s0

P(s0j s; a)Ui (s0) ; �����������	



�3�E�C�T�I�O�N ���������� �6�A�L�U�E �)�T�E�R�A�T�I�O�N ������

�I�X�Q�F�W�L�R�Q�6�!�,�5�%�
�)�4�%�2�!�4�)�/�.��mdp��� �	 �U�H�W�X�U�Q�V�A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N
�L�Q�S�X�W�V��mdp�� �A�N �-�$�0 �W�I�T�H �S�T�A�T�E�SS�� �A�C�T�I�O�N�SA(s)�� �T�R�A�N�S�I�T�I�O�N �M�O�D�E�LP(s0j s; a)��

�R�E�W�A�R�D�SR(s)�� �D�I�S�C�O�U�N�T

� �� �T�H�E �M�A�X�I�M�U�M �E�R�R�O�R �A�L�L�O�W�E�D �I�N �T�H�E �U�T�I�L�I�T�Y �O�F �A�N�Y �S�T�A�T�E

�O�R�F�D�O �Y�D�U�L�D�E�O�H�V��U ��U 0�� �V�E�C�T�O�R�S �O�F �U�T�I�L�I�T�I�E�S �F�O�R �S�T�A�T�E�S �I�NS�� �I�N�I�T�I�A�L�L�Y �Z�E�R�O
� �� �T�H�E �M�A�X�I�M�U�M �C�H�A�N�G�E �I�N �T�H�E �U�T�I�L�I�T�Y �O�F �A�N�Y �S�T�A�T�E �I�N �A�N �I�T�E�R�A�T�I�O�N

�U�H�S�H�D�W
U  U 0���  ��
�I�R�U �H�D�F�K�S�T�A�T�Es �L�QS �G�R

U 0[s]  R(s) + 
 max
a 2 A (s)

X

s0

P(s0 j s; a) U [s0]

�L�IjU 0[s] � U [s]j > � �W�K�H�Q�  j U 0[s] � U [s]j
�X�Q�W�L�O� < � (1 � 
 )=

�U�H�W�X�U�QU

�)�L�J�X�U�H ���������4�H�E �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �C�A�L�C�U�L�A�T�I�N�G �U�T�I�L�I�T�I�E�S �O�F �S�T�A�T�E�S�� �4�H�E �T�E�R�M�I�N�A�
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�.�E�X�T�� �W�E �N�E�E�D �A �W�A�Y �T�O �M�E�A�S�U�R�E �D�I�S�T�A�N�C�E�S �B�E�T�W�E�E�N �U�T�I�L�I�T�Y �V�E�C�T�O�R�S�� �7�E �W�I�L�L �U�S�E �T�H�E�P�D�[ �Q�R�U�P��MAX NORM

�W�H�I�C�H �M�E�A�S�U�R�E�S �T�H�E �h�L�E�N�G�T�H�v �O�F �A �V�E�C�T�O�R �B�Y �T�H�E �A�B�S�O�L�U�T�E �V�A�L�U�E �O�F �I�T�S �B�I�G�G�E�S�T �C�O�M�P�O�N�E�N�T��

jjUjj = max
s
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�F�O�L�L�O�W�I�N�G���/�H�WUi �D�Q�GU0

i �E�H �D�Q�\ �W�Z�R �X�W�L�O�L�W�\ �Y�H�F�W�R�U�V�� �7�K�H�Q �Z�H �K�D�Y�H

jjB U i � B U 0
i jj � 
 jjUi � U0

i jj : �����������	

�7�K�D�W �L�V�� �W�K�H �%�H�O�O�P�D�Q �X�S�G�D�W�H �L�V �D �F�R�Q�W�U�D�F�W�L�R�Q �E�\ �D �I�D�F�W�R�U �R�I
 �R�Q �W�K�H �V�S�D�F�H �R�I �X�W�L�O�L�W�\ �Y�H�F�W�R�U�V��
���%�X�E�R�C�I�S�E �������� �P�R�O�V�I�D�E�S �S�O�M�E �G�U�I�D�A�N�C�E �O�N �P�R�O�V�I�N�G �T�H�I�S �C�L�A�I�M���	 �(�E�N�C�E�� �F�R�O�M �T�H�E �P�R�O�P�E�R�T�I�E�S �O�F
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 < 1��



�3�E�C�T�I�O�N ���������� �6�A�L�U�E �)�T�E�R�A�T�I�O�N ������
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 �O�N �E�A�C�H �I�T�E�R�A�T�I�O�N�� �4�H�I�S �M�E�A�N�S �T�H�A�T �V�A�L�U�E �I�T�E�R�A�T�I�O�N �C�O�N�V�E�R�G�E�S �E�X�P�O�N�E�N�T�I�A�L�L�Y
�F�A�S�T�� �7�E �C�A�N �C�A�L�C�U�L�A�T�E �T�H�E �N�U�M�B�E�R �O�F �I�T�E�R�A�T�I�O�N�S �R�E�Q�U�I�R�E�D �T�O �R�E�A�C�H �A �S�P�E�C�I�l�E�D �E�R�R�O�R �B�O�U�N�D�
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�3�O �F�A�R�� �W�E �H�A�V�E �A�N�A�L�Y�Z�E�D �T�H�E �E�R�R�O�R �I�N �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �R�E�T�U�R�N�E�D �B�Y �T�H�E �V�A�L�U�E �I�T�E�R�A�T�I�O�N

�A�L�G�O�R�I�T�H�M���:�K�D�W �W�K�H �D�J�H�Q�W �U�H�D�O�O�\ �F�D�U�H�V �D�E�R�X�W�� �K�R�Z�H�Y�H�U�� �L�V �K�R�Z �Z�H�O�O �L�W �Z�L�O�O �G�R �L�I �L�W �P�D�N�H�V �L�W�V
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�P�R�O�C�E�S�S �P�R�O�C�E�E�D�S �F�O�R �T�H�E4� 3 �E�N�V�I�R�O�N�M�E�N�T �W�I�T�H
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�B�E�T�T�E�R �P�O�L�I�C�Y�� �P�O�L�I�C�Y �I�T�E�R�A�T�I�O�N �M�U�S�T �T�E�R�M�I�N�A�T�E�� �4�H�E �A�L�G�O�R�I�T�H�M �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ����������

�4�H�E �P�O�L�I�C�Y �I�M�P�R�O�V�E�M�E�N�T �S�T�E�P �I�S �O�B�V�I�O�U�S�L�Y �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D�� �B�U�T �H�O�W �D�O �W�E �I�M�P�L�E�M�E�N�T
�T�H�E �0�/�,�)�#�9�
�%�6�!�,�5�!�4�)�/�. �R�O�U�T�I�N�E�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �D�O�I�N�G �S�O �I�S �M�U�C�H �S�I�M�P�L�E�R �T�H�A�N �S�O�L�V�I�N�G
�T�H�E �S�T�A�N�D�A�R�D �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N�S ���W�H�I�C�H �I�S �W�H�A�T �V�A�L�U�E �I�T�E�R�A�T�I�O�N �D�O�E�S�	�� �B�E�C�A�U�S�E �T�H�E �A�C�T�I�O�N �I�N
�E�A�C�H �S�T�A�T�E �I�S �l�X�E�D �B�Y �T�H�E �P�O�L�I�C�Y�� �!�T �T�H�Ei �T�H �I�T�E�R�A�T�I�O�N�� �T�H�E �P�O�L�I�C�Y� i �S�P�E�C�I�l�E�S �T�H�E �A�C�T�I�O�N� i (s) �I�N
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�.�U�M�B�E�R �O�F �I�T�E�R�A�T�I�O�N�S

�-�A�X �E�R�R�O�R
�0�O�L�I�C�Y �L�O�S�S

�)�L�J�X�U�H ���������4�H�E �M�A�X�I�M�U�M �E�R�R�O�RjjUi � Ujj �O�F �T�H�E �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�S �A�N�D �T�H�E �P�O�L�I�C�Y �L�O�S�S
jjU � i � Ujj �� �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �N�U�M�B�E�R �O�F �I�T�E�R�A�T�I�O�N�S �O�F �V�A�L�U�E �I�T�E�R�A�T�I�O�N��



�3�E�C�T�I�O�N ���������� �0�O�L�I�C�Y �)�T�E�R�A�T�I�O�N ������

�S�T�A�T�Es�� �4�H�I�S �M�E�A�N�S �T�H�A�T �W�E �H�A�V�E �A �S�I�M�P�L�I�l�E�D �V�E�R�S�I�O�N �O�F �T�H�E �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N �����������	 �R�E�L�A�T�I�N�G
�T�H�E �U�T�I�L�I�T�Y �O�Fs ���U�N�D�E�R� i �	 �T�O �T�H�E �U�T�I�L�I�T�I�E�S �O�F �I�T�S �N�E�I�G�H�B�O�R�S��

Ui (s) = R(s) + 

X

s0

P(s0j s; � i (s))Ui (s0) : �������������	

�&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E� i �I�S �T�H�E �P�O�L�I�C�Y �S�H�O�W�N �I�N �&�I�G�U�R�E �����������A�	�� �4�H�E�N �W�E �H�A�V�E� i (1; 1) = Up��
� i (1; 2) = Up�� �A�N�D �S�O �O�N�� �A�N�D �T�H�E �S�I�M�P�L�I�l�E�D �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N�S �A�R�E

Ui (1; 1) = � 0:04 + 0:8Ui (1; 2) + 0 :1Ui (1; 1) + 0 :1Ui (2; 1) ;

Ui (1; 2) = � 0:04 + 0:8Ui (1; 3) + 0 :2Ui (1; 2) ;
������

�4�H�E �I�M�P�O�R�T�A�N�T �P�O�I�N�T �I�S �T�H�A�T �T�H�E�S�E �E�Q�U�A�T�I�O�N�S �A�R�E�O�L�Q�H�D�U�� �B�E�C�A�U�S�E �T�H�E �hmax�v �O�P�E�R�A�T�O�R �H�A�S �B�E�E�N
�R�E�M�O�V�E�D�� �&�O�Rn �S�T�A�T�E�S�� �W�E �H�A�V�En �L�I�N�E�A�R �E�Q�U�A�T�I�O�N�S �W�I�T�Hn �U�N�K�N�O�W�N�S�� �W�H�I�C�H �C�A�N �B�E �S�O�L�V�E�D
�E�X�A�C�T�L�Y �I�N �T�I�M�EO(n3) �B�Y �S�T�A�N�D�A�R�D �L�I�N�E�A�R �A�L�G�E�B�R�A �M�E�T�H�O�D�S��

�&�O�R �S�M�A�L�L �S�T�A�T�E �S�P�A�C�E�S�� �P�O�L�I�C�Y �E�V�A�L�U�A�T�I�O�N �U�S�I�N�G �E�X�A�C�T �S�O�L�U�T�I�O�N �M�E�T�H�O�D�S �I�S �O�F�T�E�N �T�H�E �M�O�S�T
�E�F�l�C�I�E�N�T �A�P�P�R�O�A�C�H�� �&�O�R �L�A�R�G�E �S�T�A�T�E �S�P�A�C�E�S��O(n3) �T�I�M�E �M�I�G�H�T �B�E �P�R�O�H�I�B�I�T�I�V�E�� �&�O�R�T�U�N�A�T�E�L�Y�� �I�T
�I�S �N�O�T �N�E�C�E�S�S�A�R�Y �T�O �D�O�H�[�D�F�W�P�O�L�I�C�Y �E�V�A�L�U�A�T�I�O�N�� �)�N�S�T�E�A�D�� �W�E �C�A�N �P�E�R�F�O�R�M �S�O�M�E �N�U�M�B�E�R �O�F
�S�I�M�P�L�I�l�E�D �V�A�L�U�E �I�T�E�R�A�T�I�O�N �S�T�E�P�S ���S�I�M�P�L�I�l�E�D �B�E�C�A�U�S�E �T�H�E �P�O�L�I�C�Y �I�S �l�X�E�D�	 �T�O �G�I�V�E �A �R�E�A�S�O�N�A�B�L�Y
�G�O�O�D �A�P�P�R�O�X�I�M�A�T�I�O�N �O�F �T�H�E �U�T�I�L�I�T�I�E�S�� �4�H�E �S�I�M�P�L�I�l�E�D �"�E�L�L�M�A�N �U�P�D�A�T�E �F�O�R �T�H�I�S �P�R�O�C�E�S�S �I�S

Ui +1 (s)  R(s) + 

X

s0

P(s0j s; � i (s))Ui (s0) ;

�A�N�D �T�H�I�S �I�S �R�E�P�E�A�T�E�Dk �T�I�M�E�S �T�O �P�R�O�D�U�C�E �T�H�E �N�E�X�T �U�T�I�L�I�T�Y �E�S�T�I�M�A�T�E�� �4�H�E �R�E�S�U�L�T�I�N�G �A�L�G�O�R�I�T�H�M �I�S
�C�A�L�L�E�D�P�R�G�L�¿�H�G �S�R�O�L�F�\ �L�W�H�U�D�W�L�R�Q�� �)�T �I�S �O�F�T�E�N �M�U�C�H �M�O�R�E �E�F�l�C�I�E�N�T �T�H�A�N �S�T�A�N�D�A�R�D �P�O�L�I�C�Y �I�T�E�R�A�T�I�O�NMODIFIED POLICY

ITERATION

�O�R �V�A�L�U�E �I�T�E�R�A�T�I�O�N��

�I�X�Q�F�W�L�R�Q�0�/�,�)�#�9�
�)�4�%�2�!�4�)�/�.��mdp�	 �U�H�W�X�U�Q�V�A �P�O�L�I�C�Y
�L�Q�S�X�W�V��mdp�� �A�N �-�$�0 �W�I�T�H �S�T�A�T�E�SS�� �A�C�T�I�O�N�SA(s)�� �T�R�A�N�S�I�T�I�O�N �M�O�D�E�LP(s0j s; a)
�O�R�F�D�O �Y�D�U�L�D�E�O�H�V��U �� �A �V�E�C�T�O�R �O�F �U�T�I�L�I�T�I�E�S �F�O�R �S�T�A�T�E�S �I�NS�� �I�N�I�T�I�A�L�L�Y �Z�E�R�O

� �� �A �P�O�L�I�C�Y �V�E�C�T�O�R �I�N�D�E�X�E�D �B�Y �S�T�A�T�E�� �I�N�I�T�I�A�L�L�Y �R�A�N�D�O�M

�U�H�S�H�D�W
U  �0�/�,�)�#�9�
�%�6�!�,�5�!�4�)�/�. ��� ��U ��mdp�	
unchanged? �T�R�U�E
�I�R�U �H�D�F�K�S�T�A�T�Es �L�QS �G�R

�L�I max
a 2 A (s)

X

s0

P(s0j s; a) U [s0] >
X

s0

P(s0j s; � [s]) U [s0] �W�K�H�Q �G�R

� [s]  argmax
a 2 A (s)

X

s0

P(s0j s; a) U [s0]

unchanged? �F�A�L�S�E
�X�Q�W�L�Ounchanged?
�U�H�W�X�U�Q�

�)�L�J�X�U�H ���������4�H�E �P�O�L�I�C�Y �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �C�A�L�C�U�L�A�T�I�N�G �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�4�H�E �A�L�G�O�R�I�T�H�M�S �W�E �H�A�V�E �D�E�S�C�R�I�B�E�D �S�O �F�A�R �R�E�Q�U�I�R�E �U�P�D�A�T�I�N�G �T�H�E �U�T�I�L�I�T�Y �O�R �P�O�L�I�C�Y �F�O�R �A�L�L
�S�T�A�T�E�S �A�T �O�N�C�E�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�I�S �I�S �N�O�T �S�T�R�I�C�T�L�Y �N�E�C�E�S�S�A�R�Y�� �)�N �F�A�C�T�� �O�N �E�A�C�H �I�T�E�R�A�T�I�O�N�� �W�E
�C�A�N �P�I�C�K�D�Q�\ �V�X�E�V�H�W�O�F �S�T�A�T�E�S �A�N�D �A�P�P�L�Y�H�L�W�K�H�U�K�I�N�D �O�F �U�P�D�A�T�I�N�G ���P�O�L�I�C�Y �I�M�P�R�O�V�E�M�E�N�T �O�R �S�I�M�

�P�L�I�l�E�D �V�A�L�U�E �I�T�E�R�A�T�I�O�N�	 �T�O �T�H�A�T �S�U�B�S�E�T�� �4�H�I�S �V�E�R�Y �G�E�N�E�R�A�L �A�L�G�O�R�I�T�H�M �I�S �C�A�L�L�E�D�D�V�\�Q�F�K�U�R�Q�R�X�V
�S�R�O�L�F�\ �L�W�H�U�D�W�L�R�Q�� �'�I�V�E�N �C�E�R�T�A�I�N �C�O�N�D�I�T�I�O�N�S �O�N �T�H�E �I�N�I�T�I�A�L �P�O�L�I�C�Y �A�N�D �I�N�I�T�I�A�L �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N��ASYNCHRONOUS

POLICY ITERATION

�A�S�Y�N�C�H�R�O�N�O�U�S �P�O�L�I�C�Y �I�T�E�R�A�T�I�O�N �I�S �G�U�A�R�A�N�T�E�E�D �T�O �C�O�N�V�E�R�G�E �T�O �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y�� �4�H�E �F�R�E�E�D�O�M
�T�O �C�H�O�O�S�E �A�N�Y �S�T�A�T�E�S �T�O �W�O�R�K �O�N �M�E�A�N�S �T�H�A�T �W�E �C�A�N �D�E�S�I�G�N �M�U�C�H �M�O�R�E �E�F�l�C�I�E�N�T �H�E�U�R�I�S�T�I�C
�A�L�G�O�R�I�T�H�M�S�ˆ�F�O�R �E�X�A�M�P�L�E�� �A�L�G�O�R�I�T�H�M�S �T�H�A�T �C�O�N�C�E�N�T�R�A�T�E �O�N �U�P�D�A�T�I�N�G �T�H�E �V�A�L�U�E�S �O�F �S�T�A�T�E�S �T�H�A�T
�A�R�E �L�I�K�E�L�Y �T�O �B�E �R�E�A�C�H�E�D �B�Y �A �G�O�O�D �P�O�L�I�C�Y�� �4�H�I�S �M�A�K�E�S �A �L�O�T �O�F �S�E�N�S�E �I�N �R�E�A�L �L�I�F�E�� �I�F �O�N�E �H�A�S �N�O
�I�N�T�E�N�T�I�O�N �O�F �T�H�R�O�W�I�N�G �O�N�E�S�E�L�F �O�F�F �A �C�L�I�F�F�� �O�N�E �S�H�O�U�L�D �N�O�T �S�P�E�N�D �T�I�M�E �W�O�R�R�Y�I�N�G �A�B�O�U�T �T�H�E �E�X�A�C�T
�V�A�L�U�E �O�F �T�H�E �R�E�S�U�L�T�I�N�G �S�T�A�T�E�S��

�������� �0�!�2�4�)�!�,�,�9 �/ �"�3�%�2�6�!�"�,�%�-�$�0�3

�4�H�E �D�E�S�C�R�I�P�T�I�O�N �O�F �-�A�R�K�O�V �D�E�C�I�S�I�O�N �P�R�O�C�E�S�S�E�S �I�N �3�E�C�T�I�O�N �������� �A�S�S�U�M�E�D �T�H�A�T �T�H�E �E�N�V�I�R�O�N�M�E�N�T
�W�A�S�I�X�O�O�\ �R�E�V�H�U�Y�D�E�O�H�� �7�I�T�H �T�H�I�S �A�S�S�U�M�P�T�I�O�N�� �T�H�E �A�G�E�N�T �A�L�W�A�Y�S �K�N�O�W�S �W�H�I�C�H �S�T�A�T�E �I�T �I�S �I�N��
�4�H�I�S�� �C�O�M�B�I�N�E�D �W�I�T�H �T�H�E �-�A�R�K�O�V �A�S�S�U�M�P�T�I�O�N �F�O�R �T�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L�� �M�E�A�N�S �T�H�A�T �T�H�E �O�P�T�I�M�A�L
�P�O�L�I�C�Y �D�E�P�E�N�D�S �O�N�L�Y �O�N �T�H�E �C�U�R�R�E�N�T �S�T�A�T�E�� �7�H�E�N �T�H�E �E�N�V�I�R�O�N�M�E�N�T �I�S �O�N�L�Y�S�D�U�W�L�D�O�O�\ �R�E�V�H�U�Y�D�E�O�H��
�T�H�E �S�I�T�U�A�T�I�O�N �I�S�� �O�N�E �M�I�G�H�T �S�A�Y�� �M�U�C�H �L�E�S�S �C�L�E�A�R�� �4�H�E �A�G�E�N�T �D�O�E�S �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �K�N�O�W �W�H�I�C�H
�S�T�A�T�E �I�T �I�S �I�N�� �S�O �I�T �C�A�N�N�O�T �E�X�E�C�U�T�E �T�H�E �A�C�T�I�O�N� (s) �R�E�C�O�M�M�E�N�D�E�D �F�O�R �T�H�A�T �S�T�A�T�E�� �&�U�R�T�H�E�R�M�O�R�E�� �T�H�E
�U�T�I�L�I�T�Y �O�F �A �S�T�A�T�Es �A�N�D �T�H�E �O�P�T�I�M�A�L �A�C�T�I�O�N �I�Ns �D�E�P�E�N�D �N�O�T �J�U�S�T �O�Ns�� �B�U�T �A�L�S�O �O�N�K�R�Z �P�X�F�K �W�K�H
�D�J�H�Q�W �N�Q�R�Z�V�W�H�E�N �I�T �I�S �I�Ns�� �&�O�R �T�H�E�S�E �R�E�A�S�O�N�S���S�D�U�W�L�D�O�O�\ �R�E�V�H�U�Y�D�E�O�H �0�'�3�V���O�R �0�/�-�$�0�S�ˆPARTIALLY

OBSERVABLE MDP

�P�R�O�N�O�U�N�C�E�D �h�P�O�M�
�D�E�E�
�P�E�E�S�v�	 �A�R�E �U�S�U�A�L�L�Y �V�I�E�W�E�D �A�S �M�U�C�H �M�O�R�E �D�I�F�l�C�U�L�T �T�H�A�N �O�R�D�I�N�A�R�Y �-�$�0�S��
�7�E �C�A�N�N�O�T �A�V�O�I�D �0�/�-�$�0�S�� �H�O�W�E�V�E�R�� �B�E�C�A�U�S�E �T�H�E �R�E�A�L �W�O�R�L�D �I�S �O�N�E��
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�I�F �W�E �K�N�E�W �T�H�E �A�C�T�I�O�N�D�Q�G �W�K�H �V�X�E�V�H�T�X�H�Q�W �S�H�U�F�H�S�W�� �T�H�E�N �%�Q�U�A�T�I�O�N �������������	 �W�O�U�L�D �P�R�O�V�I�D�E �A
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�D�E�P�E�N�D�I�N�G �O�N �T�H�E �P�E�R�C�E�P�T �T�H�A�T �I�S �R�E�C�E�I�V�E�D�� �4�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �P�E�R�C�E�I�V�I�N�Ge�� �G�I�V�E�N �T�H�A�Ta �W�A�S



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�P�E�R�F�O�R�M�E�D �S�T�A�R�T�I�N�G �I�N �B�E�L�I�E�F �S�T�A�T�Eb�� �I�S �G�I�V�E�N �B�Y �S�U�M�M�I�N�G �O�V�E�R �A�L�L �T�H�E �A�C�T�U�A�L �S�T�A�T�E�Ss0 �T�H�A�T �T�H�E
�A�G�E�N�T �M�I�G�H�T �R�E�A�C�H��

P(eja; b) =
X

s0

P(eja; s0; b)P(s0ja; b)

=
X

s0

P(ej s0)P(s0ja; b)

=
X

s0

P(ej s0)
X

s

P(s0j s; a)b(s) :

�,�E�T �U�S �W�R�I�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �R�E�A�C�H�I�N�Gb0 �F�R�O�Mb�� �G�I�V�E�N �A�C�T�I�O�Na�� �A�SP(b0j b; a)) �� �4�H�E�N �T�H�A�T
�G�I�V�E�S �U�S

P(b0j b; a) = P(b0ja; b) =
X

e

P(b0je; a; b)P(eja; b)

=
X

e

P(b0je; a; b)
X

s0

P(ej s0)
X

s

P(s0j s; a)b(s) ; �������������	

�W�H�E�R�EP(b0je; a; b) �I�S �� �I�Fb0= �&�/�2�7�!�2�$ (b; a; e) �A�N�D �� �O�T�H�E�R�W�I�S�E��
�%�Q�U�A�T�I�O�N �������������	 �C�A�N �B�E �V�I�E�W�E�D �A�S �D�E�l�N�I�N�G �A �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �F�O�R �T�H�E �B�E�L�I�E�F�
�S�T�A�T�E �S�P�A�C�E��

�7�E �C�A�N �A�L�S�O �D�E�l�N�E �A �R�E�W�A�R�D �F�U�N�C�T�I�O�N �F�O�R �B�E�L�I�E�F �S�T�A�T�E�S ���I���E���� �T�H�E �E�X�P�E�C�T�E�D �R�E�W�A�R�D �F�O�R �T�H�E �A�C�T�U�A�L
�S�T�A�T�E�S �T�H�E �A�G�E�N�T �M�I�G�H�T �B�E �I�N�	��

�( b) =
X

s

b(s)R(s) :

�4�O�G�E�T�H�E�R��P(b0j b; a) �A�N�D�( b) �D�E�l�N�E �A�N�R�E�V�H�U�Y�D�E�O�H�-�$�0 �O�N �T�H�E �S�P�A�C�E �O�F �B�E�L�I�E�F �S�T�A�T�E�S�� �&�U�R�

�T�H�E�R�M�O�R�E�� �I�T �C�A�N �B�E �S�H�O�W�N �T�H�A�T �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y �F�O�R �T�H�I�S �-�$�0��� � (b)�� �I�S �A�L�S�O �A�N �O�P�T�I�M�A�L �P�O�L�I�C�Y
�F�O�R �T�H�E �O�R�I�G�I�N�A�L �0�/�-�$�0�� �)�N �O�T�H�E�R �W�O�R�D�S���V�R�O�Y�L�Q�J �D �3�2�0�'�3 �R�Q �D �S�K�\�V�L�F�D�O �V�W�D�W�H �V�S�D�F�H �F�D�Q �E�H
�U�H�G�X�F�H�G �W�R �V�R�O�Y�L�Q�J �D�Q �0�'�3 �R�Q �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �E�H�O�L�H�I���V�W�D�W�H �V�S�D�F�H���4�H�I�S �F�A�C�T �I�S �P�E�R�H�A�P�S �L�E�S�S
�S�U�R�P�R�I�S�I�N�G �I�F �W�E �R�E�M�E�M�B�E�R �T�H�A�T �T�H�E �B�E�L�I�E�F �S�T�A�T�E �I�S �A�L�W�A�Y�S �O�B�S�E�R�V�A�B�L�E �T�O �T�H�E �A�G�E�N�T�� �B�Y �D�E�l�N�I�T�I�O�N��

�.�O�T�I�C�E �T�H�A�T�� �A�L�T�H�O�U�G�H �W�E �H�A�V�E �R�E�D�U�C�E�D �0�/�-�$�0�S �T�O �-�$�0�S�� �T�H�E �-�$�0 �W�E �O�B�T�A�I�N �H�A�S �A
�C�O�N�T�I�N�U�O�U�S ���A�N�D �U�S�U�A�L�L�Y �H�I�G�H�
�D�I�M�E�N�S�I�O�N�A�L�	 �S�T�A�T�E �S�P�A�C�E�� �.�O�N�E �O�F �T�H�E �-�$�0 �A�L�G�O�R�I�T�H�M�S �D�E�

�S�C�R�I�B�E�D �I�N �3�E�C�T�I�O�N�S �������� �A�N�D �������� �A�P�P�L�I�E�S �D�I�R�E�C�T�L�Y �T�O �S�U�C�H �-�$�0�S�� �4�H�E �N�E�X�T �T�W�O �S�U�B�S�E�C�

�T�I�O�N�S �D�E�S�C�R�I�B�E �A �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �D�E�S�I�G�N�E�D �S�P�E�C�I�l�C�A�L�L�Y �F�O�R �0�/�-�$�0�S �A�N�D �A�N �O�N�L�I�N�E
�D�E�C�I�S�I�O�N�
�M�A�K�I�N�G �A�L�G�O�R�I�T�H�M�� �S�I�M�I�L�A�R �T�O �T�H�O�S�E �D�E�V�E�L�O�P�E�D �F�O�R �G�A�M�E�S �I�N �#�H�A�P�T�E�R ����

������������ �9�D�O�X�H �L�W�H�U�D�W�L�R�Q �I�R�U �3�2�0�'�3�V

�3�E�C�T�I�O�N �������� �D�E�S�C�R�I�B�E�D �A �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �T�H�A�T �C�O�M�P�U�T�E�D �O�N�E �U�T�I�L�I�T�Y �V�A�L�U�E �F�O�R �E�A�C�H
�S�T�A�T�E�� �7�I�T�H �I�N�l�N�I�T�E�L�Y �M�A�N�Y �B�E�L�I�E�F �S�T�A�T�E�S�� �W�E �N�E�E�D �T�O �B�E �M�O�R�E �C�R�E�A�T�I�V�E�� �#�O�N�S�I�D�E�R �A�N �O�P�T�I�M�A�L
�P�O�L�I�C�Y� � �A�N�D �I�T�S �A�P�P�L�I�C�A�T�I�O�N �I�N �A �S�P�E�C�I�l�C �B�E�L�I�E�F �S�T�A�T�Eb�� �T�H�E �P�O�L�I�C�Y �G�E�N�E�R�A�T�E�S �A�N �A�C�T�I�O�N�� �T�H�E�N��
�F�O�R �E�A�C�H �S�U�B�S�E�Q�U�E�N�T �P�E�R�C�E�P�T�� �T�H�E �B�E�L�I�E�F �S�T�A�T�E �I�S �U�P�D�A�T�E�D �A�N�D �A �N�E�W �A�C�T�I�O�N �I�S �G�E�N�E�R�A�T�E�D�� �A�N�D �S�O
�O�N�� �&�O�R �T�H�I�S �S�P�E�C�I�l�Cb�� �T�H�E�R�E�F�O�R�E�� �T�H�E �P�O�L�I�C�Y �I�S �E�X�A�C�T�L�Y �E�Q�U�I�V�A�L�E�N�T �T�O �A�F�R�Q�G�L�W�L�R�Q�D�O �S�O�D�Q�� �A�S �D�E�

�l�N�E�D �I�N �#�H�A�P�T�E�R �� �F�O�R �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �A�N�D �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E �P�R�O�B�L�E�M�S�� �)�N�S�T�E�A�D �O�F �T�H�I�N�K�I�N�G
�A�B�O�U�T �P�O�L�I�C�I�E�S�� �L�E�T �U�S �T�H�I�N�K �A�B�O�U�T �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N�S �A�N�D �H�O�W �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �E�X�E�C�U�T�I�N�G
�A �l�X�E�D �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N �V�A�R�I�E�S �W�I�T�H �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�E�� �7�E �M�A�K�E �T�W�O �O�B�S�E�R�V�A�T�I�O�N�S��



�3�E�C�T�I�O�N ���������� �0�A�R�T�I�A�L�L�Y �/�B�S�E�R�V�A�B�L�E �-�$�0�S ������

���� �,�E�T �T�H�E �U�T�I�L�I�T�Y �O�F �E�X�E�C�U�T�I�N�G �A�¿�[�H�G�C�O�N�D�I�T�I�O�N�A�L �P�L�A�Np �S�T�A�R�T�I�N�G �I�N �P�H�Y�S�I�C�A�L �S�T�A�T�Es �B�E� p(s)��
�4�H�E�N �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �E�X�E�C�U�T�I�N�Gp �I�N �B�E�L�I�E�F �S�T�A�T�Eb �I�S �J�U�S�T

P
s b(s)� p(s)�� �O�Rb� � p

�I�F �W�E �T�H�I�N�K �O�F �T�H�E�M �B�O�T�H �A�S �V�E�C�T�O�R�S�� �(�E�N�C�E�� �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�F �A �l�X�E�D �C�O�N�D�I�T�I�O�N�A�L
�P�L�A�N �V�A�R�I�E�S�O�L�Q�H�D�U�O�\�W�I�T�Hb�� �T�H�A�T �I�S�� �I�T �C�O�R�R�E�S�P�O�N�D�S �T�O �A �H�Y�P�E�R�P�L�A�N�E �I�N �B�E�L�I�E�F �S�P�A�C�E��

���� �!�T �A�N�Y �G�I�V�E�N �B�E�L�I�E�F �S�T�A�T�Eb�� �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y �W�I�L�L �C�H�O�O�S�E �T�O �E�X�E�C�U�T�E �T�H�E �C�O�N�D�I�T�I�O�N�A�L
�P�L�A�N �W�I�T�H �H�I�G�H�E�S�T �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y�� �A�N�D �T�H�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �O�Fb�U�N�D�E�R �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y
�I�S �J�U�S�T �T�H�E �U�T�I�L�I�T�Y �O�F �T�H�A�T �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N��

U(b) = U � �
(b) = max

p
b� � p :

�)�F �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y� � �C�H�O�O�S�E�S �T�O �E�X�E�C�U�T�Ep �S�T�A�R�T�I�N�G �A�Tb�� �T�H�E�N �I�T �I�S �R�E�A�S�O�N�A�B�L�E �T�O �E�X�P�E�C�T
�T�H�A�T �I�T �M�I�G�H�T �C�H�O�O�S�E �T�O �E�X�E�C�U�T�Ep �I�N �B�E�L�I�E�F �S�T�A�T�E�S �T�H�A�T �A�R�E �V�E�R�Y �C�L�O�S�E �T�Ob�� �I�N �F�A�C�T�� �I�F �W�E
�B�O�U�N�D �T�H�E �D�E�P�T�H �O�F �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N�S�� �T�H�E�N �T�H�E�R�E �A�R�E �O�N�L�Y �l�N�I�T�E�L�Y �M�A�N�Y �S�U�C�H �P�L�A�N�S
�A�N�D �T�H�E �C�O�N�T�I�N�U�O�U�S �S�P�A�C�E �O�F �B�E�L�I�E�F �S�T�A�T�E�S �W�I�L�L �G�E�N�E�R�A�L�L�Y �B�E �D�I�V�I�D�E�D �I�N�T�O�U�H�J�L�R�Q�V�� �E�A�C�H
�C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �A �P�A�R�T�I�C�U�L�A�R �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N �T�H�A�T �I�S �O�P�T�I�M�A�L �I�N �T�H�A�T �R�E�G�I�O�N��

�&�R�O�M �T�H�E�S�E �T�W�O �O�B�S�E�R�V�A�T�I�O�N�S�� �W�E �S�E�E �T�H�A�T �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�NU(b) �O�N �B�E�L�I�E�F �S�T�A�T�E�S�� �B�E�I�N�G �T�H�E
�M�A�X�I�M�U�M �O�F �A �C�O�L�L�E�C�T�I�O�N �O�F �H�Y�P�E�R�P�L�A�N�E�S�� �W�I�L�L �B�E�S�L�H�F�H�Z�L�V�H �O�L�Q�H�D�U�A�N�D�F�R�Q�Y�H�[��

�4�O �I�L�L�U�S�T�R�A�T�E �T�H�I�S�� �W�E �U�S�E �A �S�I�M�P�L�E �T�W�O�
�S�T�A�T�E �W�O�R�L�D�� �4�H�E �S�T�A�T�E�S �A�R�E �L�A�B�E�L�E�D �� �A�N�D ���� �W�I�T�H
R(0) = 0 �A�N�DR(1) = 1 �� �4�H�E�R�E �A�R�E �T�W�O �A�C�T�I�O�N�S���6�W�D�\�S�T�A�Y�S �P�U�T �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y ������ �A�N�D�*�R
�S�W�I�T�C�H�E�S �T�O �T�H�E �O�T�H�E�R �S�T�A�T�E �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �&�O�R �N�O�W �W�E �W�I�L�L �A�S�S�U�M�E �T�H�E �D�I�S�C�O�U�N�T �F�A�C�T�O�R

 = 1 �� �4�H�E �S�E�N�S�O�R �R�E�P�O�R�T�S �T�H�E �C�O�R�R�E�C�T �S�T�A�T�E �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y �������� �/�B�V�I�O�U�S�L�Y�� �T�H�E �A�G�E�N�T �S�H�O�U�L�D
�6�W�D�\�W�H�E�N �I�T �T�H�I�N�K�S �I�T���S �I�N �S�T�A�T�E �� �A�N�D�*�R�W�H�E�N �I�T �T�H�I�N�K�S �I�T���S �I�N �S�T�A�T�E ����

�4�H�E �A�D�V�A�N�T�A�G�E �O�F �A �T�W�O�
�S�T�A�T�E �W�O�R�L�D �I�S �T�H�A�T �T�H�E �B�E�L�I�E�F �S�P�A�C�E �C�A�N �B�E �V�I�E�W�E�D �A�S �O�N�E�

�D�I�M�E�N�S�I�O�N�A�L�� �B�E�C�A�U�S�E �T�H�E �T�W�O �P�R�O�B�A�B�I�L�I�T�I�E�S �M�U�S�T �S�U�M �T�O ���� �)�N �&�I�G�U�R�E �����������A�	�� �T�H�Ex�
�A�X�I�S
�R�E�P�R�E�S�E�N�T�S �T�H�E �B�E�L�I�E�F �S�T�A�T�E�� �D�E�l�N�E�D �B�Yb(1)�� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �O�F �B�E�I�N�G �I�N �S�T�A�T�E ���� �.�O�W �L�E�T �U�S �C�O�N�

�S�I�D�E�R �T�H�E �O�N�E�
�S�T�E�P �P�L�A�N�S[Stay] �A�N�D[Go]�� �E�A�C�H �O�F �W�H�I�C�H �R�E�C�E�I�V�E�S �T�H�E �R�E�W�A�R�D �F�O�R �T�H�E �C�U�R�R�E�N�T
�S�T�A�T�E �F�O�L�L�O�W�E�D �B�Y �T�H�E ���D�I�S�C�O�U�N�T�E�D�	 �R�E�W�A�R�D �F�O�R �T�H�E �S�T�A�T�E �R�E�A�C�H�E�D �A�F�T�E�R �T�H�E �A�C�T�I�O�N��

� [Stay ](0) = R(0) + 
 (0:9R(0) + 0 :1R(1)) = 0 :1

� [Stay ](1) = R(1) + 
 (0:9R(1) + 0 :1R(0)) = 1 :9

� [Go](0) = R(0) + 
 (0:9R(1) + 0 :1R(0)) = 0 :9

� [Go](1) = R(1) + 
 (0:9R(0) + 0 :1R(1)) = 1 :1

�4�H�E �H�Y�P�E�R�P�L�A�N�E�S ���L�I�N�E�S�� �I�N �T�H�I�S �C�A�S�E�	 �F�O�Rb� � [Stay] �A�N�Db� � [Go] �A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E �����������A�	 �A�N�D
�T�H�E�I�R �M�A�X�I�M�U�M �I�S �S�H�O�W�N �I�N �B�O�L�D�� �4�H�E �B�O�L�D �L�I�N�E �T�H�E�R�E�F�O�R�E �R�E�P�R�E�S�E�N�T�S �T�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �F�O�R
�T�H�E �l�N�I�T�E�
�H�O�R�I�Z�O�N �P�R�O�B�L�E�M �T�H�A�T �A�L�L�O�W�S �J�U�S�T �O�N�E �A�C�T�I�O�N�� �A�N�D �I�N �E�A�C�H �h�P�I�E�C�E�v �O�F �T�H�E �P�I�E�C�E�W�I�S�E
�L�I�N�E�A�R �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �T�H�E �O�P�T�I�M�A�L �A�C�T�I�O�N �I�S �T�H�E �l�R�S�T �A�C�T�I�O�N �O�F �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �C�O�N�D�I�T�I�O�N�A�L
�P�L�A�N�� �)�N �T�H�I�S �C�A�S�E�� �T�H�E �O�P�T�I�M�A�L �O�N�E�
�S�T�E�P �P�O�L�I�C�Y �I�S �T�O�6�W�D�\�W�H�E�Nb(1) > 0:5 �A�N�D�*�R�O�T�H�E�R�W�I�S�E��

�/�N�C�E �W�E �H�A�V�E �U�T�I�L�I�T�I�E�S� p(s) �F�O�R �A�L�L �T�H�E �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N�Sp �O�F �D�E�P�T�H �� �I�N �E�A�C�H �P�H�Y�S�I�C�A�L
�S�T�A�T�Es�� �W�E �C�A�N �C�O�M�P�U�T�E �T�H�E �U�T�I�L�I�T�I�E�S �F�O�R �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N�S �O�F �D�E�P�T�H �� �B�Y �C�O�N�S�I�D�E�R�I�N�G �E�A�C�H
�P�O�S�S�I�B�L�E �l�R�S�T �A�C�T�I�O�N�� �E�A�C�H �P�O�S�S�I�B�L�E �S�U�B�S�E�Q�U�E�N�T �P�E�R�C�E�P�T�� �A�N�D �T�H�E�N �E�A�C�H �W�A�Y �O�F �C�H�O�O�S�I�N�G �A
�D�E�P�T�H�
�� �P�L�A�N �T�O �E�X�E�C�U�T�E �F�O�R �E�A�C�H �P�E�R�C�E�P�T��

[Stay; �L�IPercept = 0 �W�K�H�QStay �H�O�V�HStay]

[Stay; �L�IPercept = 0 �W�K�H�QStay �H�O�V�HGo] : : :



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S
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�I�
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�0�R�O�B�A�B�I�L�I�T�Y �O�F �S�T�A�T�E ��

���C�	 ���D�	

�)�L�J�X�U�H �����������A�	 �5�T�I�L�I�T�Y �O�F �T�W�O �O�N�E�
�S�T�E�P �P�L�A�N�S �A�S �A�F�U�N�C�T�I�O�N �O�F �T�H�E �I�N�I�T�I�A�L �B�E�L�I�E�F �S�T�A�T�Eb(1)
�F�O�R �T�H�E �T�W�O�
�S�T�A�T�E �W�O�R�L�D�� �W�I�T�H �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �S�H�O�W�N �I�N �B�O�L�D�� ���B�	 �5�T�I�L�I�T�I�E�S
�F�O�R �� �D�I�S�T�I�N�C�T �T�W�O�
�S�T�E�P �P�L�A�N�S�� ���C�	 �5�T�I�L�I�T�I�E�S �F�O�R �F�O�U�R �U�N�D�O�M�I�N�A�T�E�D �T�W�O�
�S�T�E�P �P�L�A�N�S�� ���D�	 �5�T�I�L�I�T�Y
�F�U�N�C�T�I�O�N �F�O�R �O�P�T�I�M�A�L �E�I�G�H�T�
�S�T�E�P �P�L�A�N�S��

�4�H�E�R�E �A�R�E �E�I�G�H�T �D�I�S�T�I�N�C�T �D�E�P�T�H�
�� �P�L�A�N�S �I�N �A�L�L�� �A�N�D �T�H�E�I�R �U�T�I�L�I�T�I�E�S �A�R�E �S�H�O�W�N �I�N �&�I�G�U�R�E �����������B�	��
�.�O�T�I�C�E �T�H�A�T �F�O�U�R �O�F �T�H�E �P�L�A�N�S�� �S�H�O�W�N �A�S �D�A�S�H�E�D �L�I�N�E�S�� �A�R�E �S�U�B�O�P�T�I�M�A�L �A�C�R�O�S�S �T�H�E �E�N�T�I�R�E �B�E�L�I�E�F
�S�P�A�C�E�ˆ�W�E �S�A�Y �T�H�E�S�E �P�L�A�N�S �A�R�E�G�R�P�L�Q�D�W�H�G�� �A�N�D �T�H�E�Y �N�E�E�D �N�O�T �B�E �C�O�N�S�I�D�E�R�E�D �F�U�R�T�H�E�R�� �4�H�E�R�EDOMINATED PLAN

�A�R�E �F�O�U�R �U�N�D�O�M�I�N�A�T�E�D �P�L�A�N�S�� �E�A�C�H �O�F �W�H�I�C�H �I�S �O�P�T�I�M�A�L �I�N �A �S�P�E�C�I�l�C �R�E�G�I�O�N�� �A�S �S�H�O�W�N �I�N �&�I�G�

�U�R�E �����������C�	�� �4�H�E �R�E�G�I�O�N�S �P�A�R�T�I�T�I�O�N �T�H�E �B�E�L�I�E�F�
�S�T�A�T�E �S�P�A�C�E��

�7�E �R�E�P�E�A�T �T�H�E �P�R�O�C�E�S�S �F�O�R �D�E�P�T�H ���� �A�N�D �S�O �O�N�� �)�N �G�E�N�E�R�A�L�� �L�E�Tp �B�E �A �D�E�P�T�H�
d �C�O�N�D�I�T�I�O�N�A�L
�P�L�A�N �W�H�O�S�E �I�N�I�T�I�A�L �A�C�T�I�O�N �I�Sa �A�N�D �W�H�O�S�E �D�E�P�T�H�
d � 1 �S�U�B�P�L�A�N �F�O�R �P�E�R�C�E�P�Te �I�Sp:e�� �T�H�E�N

� p(s) = R(s) + 


 
X

s0

P(s0j s; a)
X

e

P(ej s0)� p:e(s0)

!

: �������������	

�4�H�I�S �R�E�C�U�R�S�I�O�N �N�A�T�U�R�A�L�L�Y �G�I�V�E�S �U�S �A �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M�� �W�H�I�C�H �I�S �S�K�E�T�C�H�E�D �I�N �&�I�G�U�R�E ����������
�4�H�E �S�T�R�U�C�T�U�R�E �O�F �T�H�E �A�L�G�O�R�I�T�H�M �A�N�D �I�T�S �E�R�R�O�R �A�N�A�L�Y�S�I�S �A�R�E �S�I�M�I�L�A�R �T�O �T�H�O�S�E �O�F �T�H�E �B�A�S�I�C �V�A�L�U�E �I�T�E�R�

�A�T�I�O�N �A�L�G�O�R�I�T�H�M �I�N �&�I�G�U�R�E �������� �O�N �P�A�G�E �������� �T�H�E �M�A�I�N �D�I�F�F�E�R�E�N�C�E �I�S �T�H�A�T �I�N�S�T�E�A�D �O�F �C�O�M�P�U�T�I�N�G
�O�N�E �U�T�I�L�I�T�Y �N�U�M�B�E�R �F�O�R �E�A�C�H �S�T�A�T�E�� �0�/�-�$�0�
�6�!�,�5�%�
�)�4�%�2�!�4�)�/�.�M�A�I�N�T�A�I�N�S �A �C�O�L�L�E�C�T�I�O�N �O�F



�3�E�C�T�I�O�N ���������� �0�A�R�T�I�A�L�L�Y �/�B�S�E�R�V�A�B�L�E �-�$�0�S ������

�I�X�Q�F�W�L�R�Q�0�/�-�$�0�
�6�!�,�5�%�
�)�4�%�2�!�4�)�/�.��pomdp��� �	 �U�H�W�X�U�Q�V�A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N
�L�Q�S�X�W�V��pomdp�� �A �0�/�-�$�0 �W�I�T�H �S�T�A�T�E�SS�� �A�C�T�I�O�N�SA(s)�� �T�R�A�N�S�I�T�I�O�N �M�O�D�E�LP(s0j s; a)��

�S�E�N�S�O�R �M�O�D�E�LP(ej s)�� �R�E�W�A�R�D�SR(s)�� �D�I�S�C�O�U�N�T

� �� �T�H�E �M�A�X�I�M�U�M �E�R�R�O�R �A�L�L�O�W�E�D �I�N �T�H�E �U�T�I�L�I�T�Y �O�F �A�N�Y �S�T�A�T�E

�O�R�F�D�O �Y�D�U�L�D�E�O�H�V��U ��U 0�� �S�E�T�S �O�F �P�L�A�N�Sp �W�I�T�H �A�S�S�O�C�I�A�T�E�D �U�T�I�L�I�T�Y �V�E�C�T�O�R�S� p

U 0 �A �S�E�T �C�O�N�T�A�I�N�I�N�G �J�U�S�T �T�H�E �E�M�P�T�Y �P�L�A�N[ ]�� �W�I�T�H� [ ] (s) = R(s)
�U�H�S�H�D�W

U  U 0

U 0 �T�H�E �S�E�T �O�F �A�L�L �P�L�A�N�S �C�O�N�S�I�S�T�I�N�G �O�F �A�N �A�C�T�I�O�N �A�N�D�� �F�O�R �E�A�C�H �P�O�S�S�I�B�L�E �N�E�X�T �P�E�R�C�E�P�T��
�A �P�L�A�N �I�NU �W�I�T�H �U�T�I�L�I�T�Y �V�E�C�T�O�R�S �C�O�M�P�U�T�E�D �A�C�C�O�R�D�I�N�G �T�O �%�Q�U�A�T�I�O�N �������������	

U 0 �2�%�-�/�6�%�
�$�/�-�)�.�!�4�%�$�
�0�,�!�.�3 ��U 0�	
�X�Q�W�L�O�- �!�8 �
�$�)�&�&�%�2�%�.�#�%(U ; U 0) < � (1 � 
 )=

�U�H�W�X�U�QU

�)�L�J�X�U�H ���������! �H�I�G�H�
�L�E�V�E�L �S�K�E�T�C�H �O�F �T�H�E �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �0�/�-�$�0�S�� �4�H�E
�2�%�-�/�6�%�
�$�/�-�)�.�!�4�%�$�
�0�,�!�.�3 �S�T�E�P �A�N�D �-�!�8 �
�$�)�&�&�%�2�%�.�#�%�T�E�S�T �A�R�E �T�Y�P�I�C�A�L�L�Y �I�M�P�L�E�M�E�N�T�E�D
�A�S �L�I�N�E�A�R �P�R�O�G�R�A�M�S��

�U�N�D�O�M�I�N�A�T�E�D �P�L�A�N�S �W�I�T�H �T�H�E�I�R �U�T�I�L�I�T�Y �H�Y�P�E�R�P�L�A�N�E�S�� �4�H�E �A�L�G�O�R�I�T�H�M���S �C�O�M�P�L�E�X�I�T�Y �D�E�P�E�N�D�S �P�R�I�

�M�A�R�I�L�Y �O�N �H�O�W �M�A�N�Y �P�L�A�N�S �G�E�T �G�E�N�E�R�A�T�E�D�� �'�I�V�E�NjAj �A�C�T�I�O�N�S �A�N�DjE j �P�O�S�S�I�B�L�E �O�B�S�E�R�V�A�T�I�O�N�S�� �I�T
�I�S �E�A�S�Y �T�O �S�H�O�W �T�H�A�T �T�H�E�R�E �A�R�EjAjO(jE jd� 1) �D�I�S�T�I�N�C�T �D�E�P�T�H�
d �P�L�A�N�S�� �%�V�E�N �F�O�R �T�H�E �L�O�W�L�Y �T�W�O�
�S�T�A�T�E
�W�O�R�L�D �W�I�T�Hd= 8 �� �T�H�E �E�X�A�C�T �N�U�M�B�E�R �I�S2255�� �4�H�E �E�L�I�M�I�N�A�T�I�O�N �O�F �D�O�M�I�N�A�T�E�D �P�L�A�N�S �I�S �E�S�S�E�N�T�I�A�L
�F�O�R �R�E�D�U�C�I�N�G �T�H�I�S �D�O�U�B�L�Y �E�X�P�O�N�E�N�T�I�A�L �G�R�O�W�T�H�� �T�H�E �N�U�M�B�E�R �O�F �U�N�D�O�M�I�N�A�T�E�D �P�L�A�N�S �W�I�T�Hd= 8 �I�S
�J�U�S�T �������� �4�H�E �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �F�O�R �T�H�E�S�E ������ �P�L�A�N�S �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �����������D�	��

�.�O�T�I�C�E �T�H�A�T �E�V�E�N �T�H�O�U�G�H �S�T�A�T�E �� �H�A�S �L�O�W�E�R �U�T�I�L�I�T�Y �T�H�A�N �S�T�A�T�E ���� �T�H�E �I�N�T�E�R�M�E�D�I�A�T�E �B�E�L�I�E�F
�S�T�A�T�E�S �H�A�V�E �E�V�E�N �L�O�W�E�R �U�T�I�L�I�T�Y �B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �L�A�C�K�S �T�H�E �I�N�F�O�R�M�A�T�I�O�N �N�E�E�D�E�D �T�O �C�H�O�O�S�E �A
�G�O�O�D �A�C�T�I�O�N�� �4�H�I�S �I�S �W�H�Y �I�N�F�O�R�M�A�T�I�O�N �H�A�S �V�A�L�U�E �I�N �T�H�E �S�E�N�S�E �D�E�l�N�E�D �I�N �3�E�C�T�I�O�N �������� �A�N�D
�O�P�T�I�M�A�L �P�O�L�I�C�I�E�S �I�N �0�/�-�$�0�S �O�F�T�E�N �I�N�C�L�U�D�E �I�N�F�O�R�M�A�T�I�O�N�
�G�A�T�H�E�R�I�N�G �A�C�T�I�O�N�S��

�'�I�V�E�N �S�U�C�H �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�� �A�N �E�X�E�C�U�T�A�B�L�E �P�O�L�I�C�Y �C�A�N �B�E �E�X�T�R�A�C�T�E�D �B�Y �L�O�O�K�I�N�G �A�T �W�H�I�C�H
�H�Y�P�E�R�P�L�A�N�E �I�S �O�P�T�I�M�A�L �A�T �A�N�Y �G�I�V�E�N �B�E�L�I�E�F �S�T�A�T�Eb �A�N�D �E�X�E�C�U�T�I�N�G �T�H�E �l�R�S�T �A�C�T�I�O�N �O�F �T�H�E �C�O�R�R�E�

�S�P�O�N�D�I�N�G �P�L�A�N�� �)�N �&�I�G�U�R�E �����������D�	�� �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �O�P�T�I�M�A�L �P�O�L�I�C�Y �I�S �S�T�I�L�L �T�H�E �S�A�M�E �A�S �F�O�R
�D�E�P�T�H�
�� �P�L�A�N�S���6�W�D�\�W�H�E�Nb(1) > 0:5 �A�N�D�*�R�O�T�H�E�R�W�I�S�E��

�)�N �P�R�A�C�T�I�C�E�� �T�H�E �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M �I�N �&�I�G�U�R�E �������� �I�S �H�O�P�E�L�E�S�S�L�Y �I�N�E�F�l�C�I�E�N�T �F�O�R
�L�A�R�G�E�R �P�R�O�B�L�E�M�S�ˆ�E�V�E�N �T�H�E4� 3 �0�/�-�$�0 �I�S �T�O�O �H�A�R�D�� �4�H�E �M�A�I�N �R�E�A�S�O�N �I�S �T�H�A�T�� �G�I�V�E�Nn �C�O�N�

�D�I�T�I�O�N�A�L �P�L�A�N�S �A�T �L�E�V�E�Ld�� �T�H�E �A�L�G�O�R�I�T�H�M �C�O�N�S�T�R�U�C�T�SjAj � n jE j �C�O�N�D�I�T�I�O�N�A�L �P�L�A�N�S �A�T �L�E�V�E�Ld + 1
�B�E�F�O�R�E �E�L�I�M�I�N�A�T�I�N�G �T�H�E �D�O�M�I�N�A�T�E�D �O�N�E�S�� �3�I�N�C�E �T�H�E ���������S�� �W�H�E�N �T�H�I�S �A�L�G�O�R�I�T�H�M �W�A�S �D�E�V�E�L�O�P�E�D��
�T�H�E�R�E �H�A�V�E �B�E�E�N �S�E�V�E�R�A�L �A�D�V�A�N�C�E�S �I�N�C�L�U�D�I�N�G �M�O�R�E �E�F�l�C�I�E�N�T �F�O�R�M�S �O�F �V�A�L�U�E �I�T�E�R�A�T�I�O�N �A�N�D �V�A�R�I�O�U�S
�K�I�N�D�S �O�F �P�O�L�I�C�Y �I�T�E�R�A�T�I�O�N �A�L�G�O�R�I�T�H�M�S�� �3�O�M�E �O�F �T�H�E�S�E �A�R�E �D�I�S�C�U�S�S�E�D �I�N �T�H�E �N�O�T�E�S �A�T �T�H�E �E�N�D �O�F �T�H�E
�C�H�A�P�T�E�R�� �&�O�R �G�E�N�E�R�A�L �0�/�-�$�0�S�� �H�O�W�E�V�E�R�� �l�N�D�I�N�G �O�P�T�I�M�A�L �P�O�L�I�C�I�E�S �I�S �V�E�R�Y �D�I�F�l�C�U�L�T ���0�3�0�!�#�%�

�H�A�R�D�� �I�N �F�A�C�T�ˆ�I���E���� �V�E�R�Y �H�A�R�D �I�N�D�E�E�D�	�� �0�R�O�B�L�E�M�S �W�I�T�H �A �F�E�W �D�O�Z�E�N �S�T�A�T�E�S �A�R�E �O�F�T�E�N �I�N�F�E�A�S�I�B�L�E��
�4�H�E �N�E�X�T �S�E�C�T�I�O�N �D�E�S�C�R�I�B�E�S �A �D�I�F�F�E�R�E�N�T�� �A�P�P�R�O�X�I�M�A�T�E �M�E�T�H�O�D �F�O�R �S�O�L�V�I�N�G �0�/�-�$�0�S�� �O�N�E �B�A�S�E�D
�O�N �L�O�O�K�
�A�H�E�A�D �S�E�A�R�C�H��
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�)�L�J�X�U�H �����������4�H�E �G�E�N�E�R�I�C �S�T�R�U�C�T�U�R�E �O�F �A �D�Y�N�A�M�I�C �D�E�C�I�S�I�O�N �N�E�T�W�O�R�K�� �6�A�R�I�A�B�L�E�S �W�I�T�H �K�N�O�W�N
�V�A�L�U�E�S �A�R�E �S�H�A�D�E�D�� �4�H�E �C�U�R�R�E�N�T �T�I�M�E �I�St �A�N�D �T�H�E �A�G�E�N�T �M�U�S�T �D�E�C�I�D�E �W�H�A�T �T�O �D�O�ˆ�T�H�A�T �I�S�� �C�H�O�O�S�E
�A �V�A�L�U�E �F�O�RA t �� �4�H�E �N�E�T�W�O�R�K �H�A�S �B�E�E�N �U�N�R�O�L�L�E�D �I�N�T�O �T�H�E �F�U�T�U�R�E �F�O�R �T�H�R�E�E �S�T�E�P�S �A�N�D �R�E�P�R�E�S�E�N�T�S
�F�U�T�U�R�E �R�E�W�A�R�D�S�� �A�S �W�E�L�L �A�S �T�H�E �U�T�I�L�I�T�Y �O�F �T�H�E �S�T�A�T�E �A�T �T�H�E �L�O�O�K�
�A�H�E�A�D �H�O�R�I�Z�O�N��

������������ �2�Q�O�L�Q�H �D�J�H�Q�W�V �I�R�U �3�2�0�'�3�V

�)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �O�U�T�L�I�N�E �A �S�I�M�P�L�E �A�P�P�R�O�A�C�H �T�O �A�G�E�N�T �D�E�S�I�G�N �F�O�R �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E�� �S�T�O�C�H�A�S�

�T�I�C �E�N�V�I�R�O�N�M�E�N�T�S�� �4�H�E �B�A�S�I�C �E�L�E�M�E�N�T�S �O�F �T�H�E �D�E�S�I�G�N �A�R�E �A�L�R�E�A�D�Y �F�A�M�I�L�I�A�R��

� �4�H�E �T�R�A�N�S�I�T�I�O�N �A�N�D �S�E�N�S�O�R �M�O�D�E�L�S �A�R�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A�G�\�Q�D�P�L�F �%�D�\�H�V�L�D�Q �Q�H�W�Z�R�U�N
���$�"�.�	�� �A�S �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�T�E�R ������

� �4�H�E �D�Y�N�A�M�I�C �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K �I�S �E�X�T�E�N�D�E�D �W�I�T�H �D�E�C�I�S�I�O�N �A�N�D �U�T�I�L�I�T�Y �N�O�D�E�S�� �A�S �U�S�E�D �I�N
�G�H�F�L�V�L�R�Q �Q�H�W�Z�R�U�N�V�I�N �#�H�A�P�T�E�R ������ �4�H�E �R�E�S�U�L�T�I�N�G �M�O�D�E�L �I�S �C�A�L�L�E�D �A�G�\�Q�D�P�L�F �G�H�F�L�V�L�R�Q
�Q�H�W�Z�R�U�N�� �O�R �$�$�.��DYNAMIC DECISION

NETWORK

� �! �l�L�T�E�R�I�N�G �A�L�G�O�R�I�T�H�M �I�S �U�S�E�D �T�O �I�N�C�O�R�P�O�R�A�T�E �E�A�C�H �N�E�W �P�E�R�C�E�P�T �A�N�D �A�C�T�I�O�N �A�N�D �T�O �U�P�D�A�T�E
�T�H�E �B�E�L�I�E�F �S�T�A�T�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N��

� �$�E�C�I�S�I�O�N�S �A�R�E �M�A�D�E �B�Y �P�R�O�J�E�C�T�I�N�G �F�O�R�W�A�R�D �P�O�S�S�I�B�L�E �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�S �A�N�D �C�H�O�O�S�I�N�G �T�H�E
�B�E�S�T �O�N�E��

�$�"�.�S �A�R�E�I�D�F�W�R�U�H�G �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V�I�N �T�H�E �T�E�R�M�I�N�O�L�O�G�Y �O�F �#�H�A�P�T�E�R ���� �T�H�E�Y �T�Y�P�I�C�A�L�L�Y �H�A�V�E
�A�N �E�X�P�O�N�E�N�T�I�A�L �C�O�M�P�L�E�X�I�T�Y �A�D�V�A�N�T�A�G�E �O�V�E�R �A�T�O�M�I�C �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S �A�N�D �C�A�N �M�O�D�E�L �Q�U�I�T�E �S�U�B�

�S�T�A�N�T�I�A�L �R�E�A�L�
�W�O�R�L�D �P�R�O�B�L�E�M�S�� �4�H�E �A�G�E�N�T �D�E�S�I�G�N �I�S �T�H�E�R�E�F�O�R�E �A �P�R�A�C�T�I�C�A�L �I�M�P�L�E�M�E�N�T�A�T�I�O�N �O�F �T�H�E
�X�W�L�O�L�W�\���E�D�V�H�G �D�J�H�Q�W�S�K�E�T�C�H�E�D �I�N �#�H�A�P�T�E�R ����

�)�N �T�H�E �$�"�.�� �T�H�E �S�I�N�G�L�E �S�T�A�T�ESt �B�E�C�O�M�E�S �A �S�E�T �O�F �S�T�A�T�E �V�A�R�I�A�B�L�E�S�; t �� �A�N�D �T�H�E�R�E �M�A�Y �B�E
�M�U�L�T�I�P�L�E �E�V�I�D�E�N�C�E �V�A�R�I�A�B�L�E�S�( t �� �7�E �W�I�L�L �U�S�EA t �T�O �R�E�F�E�R �T�O �T�H�E �A�C�T�I�O�N �A�T �T�I�M�Et�� �S�O �T�H�E �T�R�A�N�S�I�T�I�O�N
�M�O�D�E�L �B�E�C�O�M�E�S�3(�; t+1 j�; t ; A t ) �A�N�D �T�H�E �S�E�N�S�O�R �M�O�D�E�L �B�E�C�O�M�E�S�3(�( t j�; t )�� �7�E �W�I�L�L �U�S�ERt �T�O
�R�E�F�E�R �T�O �T�H�E �R�E�W�A�R�D �R�E�C�E�I�V�E�D �A�T �T�I�M�Et �A�N�DUt �T�O �R�E�F�E�R �T�O �T�H�E �U�T�I�L�I�T�Y �O�F �T�H�E �S�T�A�T�E �A�T �T�I�M�Et�� ���"�O�T�H
�O�F �T�H�E�S�E �A�R�E �R�A�N�D�O�M �V�A�R�I�A�B�L�E�S���	 �7�I�T�H �T�H�I�S �N�O�T�A�T�I�O�N�� �A �D�Y�N�A�M�I�C �D�E�C�I�S�I�O�N �N�E�T�W�O�R�K �L�O�O�K�S �L�I�K�E �T�H�E
�O�N�E �S�H�O�W�N �I�N �&�I�G�U�R�E ������������

�$�Y�N�A�M�I�C �D�E�C�I�S�I�O�N �N�E�T�W�O�R�K�S �C�A�N �B�E �U�S�E�D �A�S �I�N�P�U�T�S �F�O�R �A�N�Y �0�/�-�$�0 �A�L�G�O�R�I�T�H�M�� �I�N�C�L�U�D�I�N�G
�T�H�O�S�E �F�O�R �V�A�L�U�E �A�N�D �P�O�L�I�C�Y �I�T�E�R�A�T�I�O�N �M�E�T�H�O�D�S�� �)�N �T�H�I�S �S�E�C�T�I�O�N�� �W�E �F�O�C�U�S �O�N �L�O�O�K�
�A�H�E�A�D �M�E�T�H�O�D�S
�T�H�A�T �P�R�O�J�E�C�T �A�C�T�I�O�N �S�E�Q�U�E�N�C�E�S �F�O�R�W�A�R�D �F�R�O�M �T�H�E �C�U�R�R�E�N�T �B�E�L�I�E�F �S�T�A�T�E �I�N �M�U�C�H �T�H�E �S�A�M�E �W�A�Y �A�S �D�O
�T�H�E �G�A�M�E�
�P�L�A�Y�I�N�G �A�L�G�O�R�I�T�H�M�S �O�F �#�H�A�P�T�E�R ���� �4�H�E �N�E�T�W�O�R�K �I�N �&�I�G�U�R�E ���������� �H�A�S �B�E�E�N �P�R�O�J�E�C�T�E�D
�T�H�R�E�E �S�T�E�P�S �I�N�T�O �T�H�E �F�U�T�U�R�E�� �T�H�E �C�U�R�R�E�N�T �A�N�D �F�U�T�U�R�E �D�E�C�I�S�I�O�N�SA �A�N�D �T�H�E �F�U�T�U�R�E �O�B�S�E�R�V�A�T�I�O�N�S
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�)�L�J�X�U�H �����������0�A�R�T �O�F �T�H�E �L�O�O�K�
�A�H�E�A�D �S�O�L�U�T�I�O�N �O�F �T�H�E �$�$�. �I�N �&�I�G�U�R�E ������������ �%�A�C�H �D�E�C�I�S�I�O�N
�W�I�L�L �B�E �T�A�K�E�N �I�N �T�H�E �B�E�L�I�E�F �S�T�A�T�E �I�N�D�I�C�A�T�E�D��

�( �A�N�D �R�E�W�A�R�D�SR �A�R�E �A�L�L �U�N�K�N�O�W�N�� �.�O�T�I�C�E �T�H�A�T �T�H�E �N�E�T�W�O�R�K �I�N�C�L�U�D�E�S �N�O�D�E�S �F�O�R �T�H�E�U�H�Z�D�U�G�V
�F�O�R�; t+1 �A�N�D�; t+2 �� �B�U�T �T�H�E�X�W�L�O�L�W�\�F�O�R�; t+3 �� �4�H�I�S �I�S �B�E�C�A�U�S�E �T�H�E �A�G�E�N�T �M�U�S�T �M�A�X�I�M�I�Z�E �T�H�E
���D�I�S�C�O�U�N�T�E�D�	 �S�U�M �O�F �A�L�L �F�U�T�U�R�E �R�E�W�A�R�D�S�� �A�N�DU(�; t+3 ) �R�E�P�R�E�S�E�N�T�S �T�H�E �R�E�W�A�R�D �F�O�R�; t+3 �A�N�D �A�L�L
�S�U�B�S�E�Q�U�E�N�T �R�E�W�A�R�D�S�� �!�S �I�N �#�H�A�P�T�E�R ���� �W�E �A�S�S�U�M�E �T�H�A�TU �I�S �A�V�A�I�L�A�B�L�E �O�N�L�Y �I�N �S�O�M�E �A�P�P�R�O�X�I�M�A�T�E
�F�O�R�M�� �I�F �E�X�A�C�T �U�T�I�L�I�T�Y �V�A�L�U�E�S �W�E�R�E �A�V�A�I�L�A�B�L�E�� �L�O�O�K�
�A�H�E�A�D �B�E�Y�O�N�D �D�E�P�T�H �� �W�O�U�L�D �B�E �U�N�N�E�C�E�S�S�A�R�Y��

�&�I�G�U�R�E ���������� �S�H�O�W�S �P�A�R�T �O�F �T�H�E �S�E�A�R�C�H �T�R�E�E �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �T�H�E �T�H�R�E�E�
�S�T�E�P �L�O�O�K�
�A�H�E�A�D
�$�$�. �I�N �&�I�G�U�R�E ������������ �%�A�C�H �O�F �T�H�E �T�R�I�A�N�G�U�L�A�R �N�O�D�E�S �I�S �A �B�E�L�I�E�F �S�T�A�T�E �I�N �W�H�I�C�H �T�H�E �A�G�E�N�T �M�A�K�E�S
�A �D�E�C�I�S�I�O�NA t+ i �F�O�Ri = 0 ; 1; 2; : : :�� �4�H�E �R�O�U�N�D ���C�H�A�N�C�E�	 �N�O�D�E�S �C�O�R�R�E�S�P�O�N�D �T�O �C�H�O�I�C�E�S �B�Y �T�H�E
�E�N�V�I�R�O�N�M�E�N�T�� �N�A�M�E�L�Y�� �W�H�A�T �E�V�I�D�E�N�C�E�( t+ i �A�R�R�I�V�E�S�� �.�O�T�I�C�E �T�H�A�T �T�H�E�R�E �A�R�E �N�O �C�H�A�N�C�E �N�O�D�E�S
�C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �T�H�E �A�C�T�I�O�N �O�U�T�C�O�M�E�S�� �T�H�I�S �I�S �B�E�C�A�U�S�E �T�H�E �B�E�L�I�E�F�
�S�T�A�T�E �U�P�D�A�T�E �F�O�R �A�N �A�C�T�I�O�N �I�S
�D�E�T�E�R�M�I�N�I�S�T�I�C �R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �A�C�T�U�A�L �O�U�T�C�O�M�E��

�4�H�E �B�E�L�I�E�F �S�T�A�T�E �A�T �E�A�C�H �T�R�I�A�N�G�U�L�A�R �N�O�D�E �C�A�N �B�E �C�O�M�P�U�T�E�D �B�Y �A�P�P�L�Y�I�N�G �A �l�L�T�E�R�I�N�G �A�L�

�G�O�R�I�T�H�M �T�O �T�H�E �S�E�Q�U�E�N�C�E �O�F �P�E�R�C�E�P�T�S �A�N�D �A�C�T�I�O�N�S �L�E�A�D�I�N�G �T�O �I�T�� �)�N �T�H�I�S �W�A�Y�� �T�H�E �A�L�G�O�R�I�T�H�M
�T�A�K�E�S �I�N�T�O �A�C�C�O�U�N�T �T�H�E �F�A�C�T �T�H�A�T�� �F�O�R �D�E�C�I�S�I�O�NA t+ i �� �T�H�E �A�G�E�N�T�Z�L�O�O�H�A�V�E �A�V�A�I�L�A�B�L�E �P�E�R�C�E�P�T�S
�( t+1 ; : : : ; �( t+ i �� �E�V�E�N �T�H�O�U�G�H �A�T �T�I�M�Et �I�T �D�O�E�S �N�O�T �K�N�O�W �W�H�A�T �T�H�O�S�E �P�E�R�C�E�P�T�S �W�I�L�L �B�E�� �)�N �T�H�I�S
�W�A�Y�� �A �D�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �A�G�E�N�T �A�U�T�O�M�A�T�I�C�A�L�L�Y �T�A�K�E�S �I�N�T�O �A�C�C�O�U�N�T �T�H�E �V�A�L�U�E �O�F �I�N�F�O�R�M�A�T�I�O�N �A�N�D
�W�I�L�L �E�X�E�C�U�T�E �I�N�F�O�R�M�A�T�I�O�N�
�G�A�T�H�E�R�I�N�G �A�C�T�I�O�N�S �W�H�E�R�E �A�P�P�R�O�P�R�I�A�T�E��

�! �D�E�C�I�S�I�O�N �C�A�N �B�E �E�X�T�R�A�C�T�E�D �F�R�O�M �T�H�E �S�E�A�R�C�H �T�R�E�E �B�Y �B�A�C�K�I�N�G �U�P �T�H�E �U�T�I�L�I�T�Y �V�A�L�U�E�S �F�R�O�M
�T�H�E �L�E�A�V�E�S�� �T�A�K�I�N�G �A�N �A�V�E�R�A�G�E �A�T �T�H�E �C�H�A�N�C�E �N�O�D�E�S �A�N�D �T�A�K�I�N�G �T�H�E �M�A�X�I�M�U�M �A�T �T�H�E �D�E�C�I�S�I�O�N
�N�O�D�E�S�� �4�H�I�S �I�S �S�I�M�I�L�A�R �T�O �T�H�E �%�8�0�%�#�4�)�-�)�.�)�-�!�8�A�L�G�O�R�I�T�H�M �F�O�R �G�A�M�E �T�R�E�E�S �W�I�T�H �C�H�A�N�C�E �N�O�D�E�S��
�E�X�C�E�P�T �T�H�A�T �����	 �T�H�E�R�E �C�A�N �A�L�S�O �B�E �R�E�W�A�R�D�S �A�T �N�O�N�
�L�E�A�F �S�T�A�T�E�S �A�N�D �����	 �T�H�E �D�E�C�I�S�I�O�N �N�O�D�E�S �C�O�R�R�E�

�S�P�O�N�D �T�O �B�E�L�I�E�F �S�T�A�T�E�S �R�A�T�H�E�R �T�H�A�N �A�C�T�U�A�L �S�T�A�T�E�S�� �4�H�E �T�I�M�E �C�O�M�P�L�E�X�I�T�Y �O�F �A�N �E�X�H�A�U�S�T�I�V�E �S�E�A�R�C�H
�T�O �D�E�P�T�Hd �I�SO(jAjd � j �( jd)�� �W�H�E�R�EjAj �I�S �T�H�E �N�U�M�B�E�R �O�F �A�V�A�I�L�A�B�L�E �A�C�T�I�O�N�S �A�N�Dj�( j �I�S �T�H�E �N�U�M�

�B�E�R �O�F �P�O�S�S�I�B�L�E �P�E�R�C�E�P�T�S�� ���.�O�T�I�C�E �T�H�A�T �T�H�I�S �I�S �F�A�R �L�E�S�S �T�H�A�N �T�H�E �N�U�M�B�E�R �O�F �D�E�P�T�H�
d �C�O�N�D�I�T�I�O�N�A�L



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�P�L�A�N�S �G�E�N�E�R�A�T�E�D �B�Y �V�A�L�U�E �I�T�E�R�A�T�I�O�N���	 �&�O�R �P�R�O�B�L�E�M�S �I�N �W�H�I�C�H �T�H�E �D�I�S�C�O�U�N�T �F�A�C�T�O�R
 �I�S �N�O�T �T�O�O
�C�L�O�S�E �T�O �����A �S�H�A�L�L�O�W �S�E�A�R�C�H �I�S �O�F�T�E�N �G�O�O�D �E�N�O�U�G�H �T�O �G�I�V�E �N�E�A�R�
�O�P�T�I�M�A�L �D�E�C�I�S�I�O�N�S�� �)�T �I�S �A�L�S�O
�P�O�S�S�I�B�L�E �T�O �A�P�P�R�O�X�I�M�A�T�E �T�H�E �A�V�E�R�A�G�I�N�G �S�T�E�P �A�T �T�H�E �C�H�A�N�C�E �N�O�D�E�S�� �B�Y �S�A�M�P�L�I�N�G �F�R�O�M �T�H�E �S�E�T �O�F
�P�O�S�S�I�B�L�E �P�E�R�C�E�P�T�S �I�N�S�T�E�A�D �O�F �S�U�M�M�I�N�G �O�V�E�R �A�L�L �P�O�S�S�I�B�L�E �P�E�R�C�E�P�T�S�� �4�H�E�R�E �A�R�E �V�A�R�I�O�U�S �O�T�H�E�R �W�A�Y�S
�O�F �l�N�D�I�N�G �G�O�O�D �A�P�P�R�O�X�I�M�A�T�E �S�O�L�U�T�I�O�N�S �Q�U�I�C�K�L�Y�� �B�U�T �W�E �D�E�F�E�R �T�H�E�M �T�O �#�H�A�P�T�E�R ������

�$�E�C�I�S�I�O�N�
�T�H�E�O�R�E�T�I�C �A�G�E�N�T�S �B�A�S�E�D �O�N �D�Y�N�A�M�I�C �D�E�C�I�S�I�O�N �N�E�T�W�O�R�K�S �H�A�V�E �A �N�U�M�B�E�R �O�F �A�D�V�A�N�

�T�A�G�E�S �C�O�M�P�A�R�E�D �W�I�T�H �O�T�H�E�R�� �S�I�M�P�L�E�R �A�G�E�N�T �D�E�S�I�G�N�S �P�R�E�S�E�N�T�E�D �I�N �E�A�R�L�I�E�R �C�H�A�P�T�E�R�S�� �)�N �P�A�R�T�I�C�U�L�A�R��
�T�H�E�Y �H�A�N�D�L�E �P�A�R�T�I�A�L�L�Y �O�B�S�E�R�V�A�B�L�E�� �U�N�C�E�R�T�A�I�N �E�N�V�I�R�O�N�M�E�N�T�S �A�N�D �C�A�N �E�A�S�I�L�Y �R�E�V�I�S�E �T�H�E�I�R �h�P�L�A�N�S�v �T�O
�H�A�N�D�L�E �U�N�E�X�P�E�C�T�E�D �E�V�I�D�E�N�C�E�� �7�I�T�H �A�P�P�R�O�P�R�I�A�T�E �S�E�N�S�O�R �M�O�D�E�L�S�� �T�H�E�Y �C�A�N �H�A�N�D�L�E �S�E�N�S�O�R �F�A�I�L�U�R�E
�A�N�D �C�A�N �P�L�A�N �T�O �G�A�T�H�E�R �I�N�F�O�R�M�A�T�I�O�N�� �4�H�E�Y �E�X�H�I�B�I�T �h�G�R�A�C�E�F�U�L �D�E�G�R�A�D�A�T�I�O�N�v �U�N�D�E�R �T�I�M�E �P�R�E�S�S�U�R�E
�A�N�D �I�N �C�O�M�P�L�E�X �E�N�V�I�R�O�N�M�E�N�T�S�� �U�S�I�N�G �V�A�R�I�O�U�S �A�P�P�R�O�X�I�M�A�T�I�O�N �T�E�C�H�N�I�Q�U�E�S�� �3�O �W�H�A�T �I�S �M�I�S�S�I�N�G��
�/�N�E �D�E�F�E�C�T �O�F �O�U�R �$�$�.�
�B�A�S�E�D �A�L�G�O�R�I�T�H�M �I�S �I�T�S �R�E�L�I�A�N�C�E �O�N �F�O�R�W�A�R�D �S�E�A�R�C�H �T�H�R�O�U�G�H �S�T�A�T�E �S�P�A�C�E��
�R�A�T�H�E�R �T�H�A�N �U�S�I�N�G �T�H�E �H�I�E�R�A�R�C�H�I�C�A�L �A�N�D �O�T�H�E�R �A�D�V�A�N�C�E�D �P�L�A�N�N�I�N�G �T�E�C�H�N�I�Q�U�E�S �D�E�S�C�R�I�B�E�D �I�N �#�H�A�P�

�T�E�R ������ �4�H�E�R�E �H�A�V�E �B�E�E�N �A�T�T�E�M�P�T�S �T�O �E�X�T�E�N�D �T�H�E�S�E �T�E�C�H�N�I�Q�U�E�S �I�N�T�O �T�H�E �P�R�O�B�A�B�I�L�I�S�T�I�C �D�O�M�A�I�N�� �B�U�T
�S�O �F�A�R �T�H�E�Y �H�A�V�E �P�R�O�V�E�D �T�O �B�E �I�N�E�F�l�C�I�E�N�T�� �! �S�E�C�O�N�D�� �R�E�L�A�T�E�D �P�R�O�B�L�E�M �I�S �T�H�E �B�A�S�I�C�A�L�L�Y �P�R�O�P�O�S�I�

�T�I�O�N�A�L �N�A�T�U�R�E �O�F �T�H�E �$�$�. �L�A�N�G�U�A�G�E�� �7�E �W�O�U�L�D �L�I�K�E �T�O �B�E �A�B�L�E �T�O �E�X�T�E�N�D �S�O�M�E �O�F �T�H�E �I�D�E�A�S �F�O�R
�l�R�S�T�
�O�R�D�E�R �P�R�O�B�A�B�I�L�I�S�T�I�C �L�A�N�G�U�A�G�E�S �T�O �T�H�E �P�R�O�B�L�E�M �O�F �D�E�C�I�S�I�O�N �M�A�K�I�N�G�� �#�U�R�R�E�N�T �R�E�S�E�A�R�C�H �H�A�S
�S�H�O�W�N �T�H�A�T �T�H�I�S �E�X�T�E�N�S�I�O�N �I�S �P�O�S�S�I�B�L�E �A�N�D �H�A�S �S�I�G�N�I�l�C�A�N�T �B�E�N�E�l�T�S�� �A�S �D�I�S�C�U�S�S�E�D �I�N �T�H�E �N�O�T�E�S �A�T
�T�H�E �E�N�D �O�F �T�H�E �C�H�A�P�T�E�R��
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�4�H�I�S �C�H�A�P�T�E�R �H�A�S �C�O�N�C�E�N�T�R�A�T�E�D �O�N �M�A�K�I�N�G �D�E�C�I�S�I�O�N�S �I�N �U�N�C�E�R�T�A�I�N �E�N�V�I�R�O�N�M�E�N�T�S�� �"�U�T �W�H�A�T �I�F
�T�H�E �U�N�C�E�R�T�A�I�N�T�Y �I�S �D�U�E �T�O �O�T�H�E�R �A�G�E�N�T�S �A�N�D �T�H�E �D�E�C�I�S�I�O�N�S �T�H�E�Y �M�A�K�E�� �!�N�D �W�H�A�T �I�F �T�H�E �D�E�C�I�S�I�O�N�S
�O�F �T�H�O�S�E �A�G�E�N�T�S �A�R�E �I�N �T�U�R�N �I�N�m�U�E�N�C�E�D �B�Y �O�U�R �D�E�C�I�S�I�O�N�S�� �7�E �A�D�D�R�E�S�S�E�D �T�H�I�S �Q�U�E�S�T�I�O�N �O�N�C�E
�B�E�F�O�R�E�� �W�H�E�N �W�E �S�T�U�D�I�E�D �G�A�M�E�S �I�N �#�H�A�P�T�E�R ���� �4�H�E�R�E�� �H�O�W�E�V�E�R�� �W�E �W�E�R�E �P�R�I�M�A�R�I�L�Y �C�O�N�C�E�R�N�E�D
�W�I�T�H �T�U�R�N�
�T�A�K�I�N�G �G�A�M�E�S �I�N �F�U�L�L�Y �O�B�S�E�R�V�A�B�L�E �E�N�V�I�R�O�N�M�E�N�T�S�� �F�O�R �W�H�I�C�H �M�I�N�I�M�A�X �S�E�A�R�C�H �C�A�N �B�E
�U�S�E�D �T�O �l�N�D �O�P�T�I�M�A�L �M�O�V�E�S�� �)�N �T�H�I�S �S�E�C�T�I�O�N �W�E �S�T�U�D�Y �T�H�E �A�S�P�E�C�T�S �O�F�J�D�P�H �W�K�H�R�U�\�T�H�A�T �A�N�A�L�Y�Z�EGAME THEORY

�G�A�M�E�S �W�I�T�H �S�I�M�U�L�T�A�N�E�O�U�S �M�O�V�E�S �A�N�D �O�T�H�E�R �S�O�U�R�C�E�S �O�F �P�A�R�T�I�A�L �O�B�S�E�R�V�A�B�I�L�I�T�Y�� ���'�A�M�E �T�H�E�O�R�I�S�T�S
�U�S�E �T�H�E �T�E�R�M�S�S�H�U�I�H�F�W �L�Q�I�R�U�P�D�W�L�R�Q�A�N�D�L�P�S�H�U�I�H�F�W �L�Q�I�R�U�P�D�W�L�R�Q�R�A�T�H�E�R �T�H�A�N �F�U�L�L�Y �A�N�D �P�A�R�T�I�A�L�L�Y
�O�B�S�E�R�V�A�B�L�E���	 �'�A�M�E �T�H�E�O�R�Y �C�A�N �B�E �U�S�E�D �I�N �A�T �L�E�A�S�T �T�W�O �W�A�Y�S��

���� �$�J�H�Q�W �G�H�V�L�J�Q�� �'�A�M�E �T�H�E�O�R�Y �C�A�N �A�N�A�L�Y�Z�E �T�H�E �A�G�E�N�T���S �D�E�C�I�S�I�O�N�S �A�N�D �C�O�M�P�U�T�E �T�H�E �E�X�P�E�C�T�E�D
�U�T�I�L�I�T�Y �F�O�R �E�A�C�H �D�E�C�I�S�I�O�N ���U�N�D�E�R �T�H�E �A�S�S�U�M�P�T�I�O�N �T�H�A�T �O�T�H�E�R �A�G�E�N�T�S �A�R�E �A�C�T�I�N�G �O�P�T�I�M�A�L�L�Y
�A�C�C�O�R�D�I�N�G �T�O �G�A�M�E �T�H�E�O�R�Y�	�� �&�O�R �E�X�A�M�P�L�E�� �I�N �T�H�E �G�A�M�E�W�Z�R���¿�Q�J�H�U �0�R�U�U�D�� �T�W�O �P�L�A�Y�E�R�S��
O �A�N�DE�� �S�I�M�U�L�T�A�N�E�O�U�S�L�Y �D�I�S�P�L�A�Y �O�N�E �O�R �T�W�O �l�N�G�E�R�S�� �,�E�T �T�H�E �T�O�T�A�L �N�U�M�B�E�R �O�F �l�N�G�E�R�S
�B�Ef �� �)�Ff �I�S �O�D�D��O �C�O�L�L�E�C�T�Sf �D�O�L�L�A�R�S �F�R�O�ME�� �A�N�D �I�Ff �I�S �E�V�E�N��E �C�O�L�L�E�C�T�Sf �D�O�L�L�A�R�S
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�B�E�I�N�G �T�H�E �C�O�O�P�E�R�A�T�I�V�E �O�N�E�� �W�H�I�L�E �Y�O�U�R �P�A�R�T�N�E�R �W�I�L�L �S�E�R�V�E ���� �Y�E�A�R�S �I�N �P�R�I�S�O�N�� �(�O�W�E�V�E�R�� �I�F �Y�O�U
�B�O�T�H �T�E�S�T�I�F�Y �A�G�A�I�N�S�T �E�A�C�H �O�T�H�E�R�� �Y�O�U���L�L �B�O�T�H �G�E�T �� �Y�E�A�R�S�� �!�L�I�C�E �A�N�D �"�O�B �A�L�S�O �K�N�O�W �T�H�A�T �I�F �B�O�T�H
�R�E�F�U�S�E �T�O �T�E�S�T�I�F�Y �T�H�E�Y �W�I�L�L �S�E�R�V�E �O�N�L�Y �� �Y�E�A�R �E�A�C�H �F�O�R �T�H�E �L�E�S�S�E�R �C�H�A�R�G�E �O�F �P�O�S�S�E�S�S�I�N�G �S�T�O�L�E�N
�P�R�O�P�E�R�T�Y�� �.�O�W �!�L�I�C�E �A�N�D �"�O�B �F�A�C�E �T�H�E �S�O�
�C�A�L�L�E�D�S�U�L�V�R�Q�H�U�¶�V �G�L�O�H�P�P�D�� �S�H�O�U�L�D �T�H�E�Y �T�E�S�T�I�F�YPRISONER'S

DILEMMA

�O�R �R�E�F�U�S�E�� �"�E�I�N�G �R�A�T�I�O�N�A�L �A�G�E�N�T�S�� �!�L�I�C�E �A�N�D �"�O�B �E�A�C�H �W�A�N�T �T�O �M�A�X�I�M�I�Z�E �T�H�E�I�R �O�W�N �E�X�P�E�C�T�E�D
�U�T�I�L�I�T�Y�� �,�E�T���S �A�S�S�U�M�E �T�H�A�T �!�L�I�C�E �I�S �C�A�L�L�O�U�S�L�Y �U�N�C�O�N�C�E�R�N�E�D �A�B�O�U�T �H�E�R �P�A�R�T�N�E�R���S �F�A�T�E�� �S�O �H�E�R �U�T�I�L�I�T�Y
�D�E�C�R�E�A�S�E�S �I�N �P�R�O�P�O�R�T�I�O�N �T�O �T�H�E �N�U�M�B�E�R �O�F �Y�E�A�R�S �S�H�E �W�I�L�L �S�P�E�N�D �I�N �P�R�I�S�O�N�� �R�E�G�A�R�D�L�E�S�S �O�F �W�H�A�T
�H�A�P�P�E�N�S �T�O �"�O�B�� �"�O�B �F�E�E�L�S �E�X�A�C�T�L�Y �T�H�E �S�A�M�E �W�A�Y�� �4�O �H�E�L�P �R�E�A�C�H �A �R�A�T�I�O�N�A�L �D�E�C�I�S�I�O�N�� �T�H�E�Y �B�O�T�H
�C�O�N�S�T�R�U�C�T �T�H�E �F�O�L�L�O�W�I�N�G �P�A�Y�O�F�F �M�A�T�R�I�X��

Alice ��testify Alice ��refuse
Bob��testify A = � 5; B = � 5 A = � 10; B = 0
Bob��refuse A = 0 ; B = � 10 A = � 1; B = � 1

�!�L�I�C�E �A�N�A�L�Y�Z�E�S �T�H�E �P�A�Y�O�F�F �M�A�T�R�I�X �A�S �F�O�L�L�O�W�S�� �h�3�U�P�P�O�S�E �"�O�B �T�E�S�T�I�l�E�S�� �4�H�E�N �) �G�E�T �� �Y�E�A�R�S �I�F �)
�T�E�S�T�I�F�Y �A�N�D ���� �Y�E�A�R�S �I�F �) �D�O�N���T�� �S�O �I�N �T�H�A�T �C�A�S�E �T�E�S�T�I�F�Y�I�N�G �I�S �B�E�T�T�E�R�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�F �"�O�B
�R�E�F�U�S�E�S�� �T�H�E�N �) �G�E�T �� �Y�E�A�R�S �I�F �) �T�E�S�T�I�F�Y �A�N�D �� �Y�E�A�R �I�F �) �R�E�F�U�S�E�� �S�O �I�N �T�H�A�T �C�A�S�E �A�S �W�E�L�L �T�E�S�T�I�F�Y�I�N�G �I�S
�B�E�T�T�E�R�� �3�O �I�N �E�I�T�H�E�R �C�A�S�E�� �I�T���S �B�E�T�T�E�R �F�O�R �M�E �T�O �T�E�S�T�I�F�Y�� �S�O �T�H�A�T���S �W�H�A�T �) �M�U�S�T �D�O���v

�!�L�I�C�E �H�A�S �D�I�S�C�O�V�E�R�E�D �T�H�A�Ttestify �I�S �A�G�R�P�L�Q�D�Q�W �V�W�U�D�W�H�J�\�F�O�R �T�H�E �G�A�M�E�� �7�E �S�A�Y �T�H�A�T �ADOMINANT
STRATEGY

�S�T�R�A�T�E�G�Ys �F�O�R �P�L�A�Y�E�Rp �V�W�U�R�Q�J�O�\ �G�R�P�L�Q�D�W�H�V�S�T�R�A�T�E�G�Ys0 �I�F �T�H�E �O�U�T�C�O�M�E �F�O�Rs �I�S �B�E�T�T�E�R �F�O�Rp �T�H�A�NSTRONG
DOMINATION

�T�H�E �O�U�T�C�O�M�E �F�O�Rs0�� �F�O�R �E�V�E�R�Y �C�H�O�I�C�E �O�F �S�T�R�A�T�E�G�I�E�S �B�Y �T�H�E �O�T�H�E�R �P�L�A�Y�E�R���S�	�� �3�T�R�A�T�E�G�Ys �Z�H�D�N�O�\
�G�R�P�L�Q�D�W�H�Vs0 �I�Fs �I�S �B�E�T�T�E�R �T�H�A�Ns0 �O�N �A�T �L�E�A�S�T �O�N�E �S�T�R�A�T�E�G�Y �P�R�O�l�L�E �A�N�D �N�O �W�O�R�S�E �O�N �A�N�Y �O�T�H�E�R��WEAK DOMINATION

�! �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y �I�S �A �S�T�R�A�T�E�G�Y �T�H�A�T �D�O�M�I�N�A�T�E�S �A�L�L �O�T�H�E�R�S�� �)�T �I�S �I�R�R�A�T�I�O�N�A�L �T�O �P�L�A�Y �A �D�O�M�I�N�A�T�E�D
�S�T�R�A�T�E�G�Y�� �A�N�D �I�R�R�A�T�I�O�N�A�L �N�O�T �T�O �P�L�A�Y �A �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y �I�F �O�N�E �E�X�I�S�T�S�� �"�E�I�N�G �R�A�T�I�O�N�A�L�� �!�L�I�C�E
�C�H�O�O�S�E�S �T�H�E �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y�� �7�E �N�E�E�D �J�U�S�T �A �B�I�T �M�O�R�E �T�E�R�M�I�N�O�L�O�G�Y�� �W�E �S�A�Y �T�H�A�T �A�N �O�U�T�C�O�M�E
�I�S�3�D�U�H�W�R �R�S�W�L�P�D�O�� �I�F �T�H�E�R�E �I�S �N�O �O�T�H�E�R �O�U�T�C�O�M�E �T�H�A�T �A�L�L �P�L�A�Y�E�R�S �W�O�U�L�D �P�R�E�F�E�R�� �!�N �O�U�T�C�O�M�E �I�SPARETO OPTIMAL

�3�D�U�H�W�R �G�R�P�L�Q�D�W�H�G�B�Y �A�N�O�T�H�E�R �O�U�T�C�O�M�E �I�F �A�L�L �P�L�A�Y�E�R�S �W�O�U�L�D �P�R�E�F�E�R �T�H�E �O�T�H�E�R �O�U�T�C�O�M�E��PARETO DOMINATED

�)�F �!�L�I�C�E �I�S �C�L�E�V�E�R �A�S �W�E�L�L �A�S �R�A�T�I�O�N�A�L�� �S�H�E �W�I�L�L �C�O�N�T�I�N�U�E �T�O �R�E�A�S�O�N �A�S �F�O�L�L�O�W�S�� �"�O�B���S
�D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y �I�S �A�L�S�O �T�O �T�E�S�T�I�F�Y�� �4�H�E�R�E�F�O�R�E�� �H�E �W�I�L�L �T�E�S�T�I�F�Y �A�N�D �W�E �W�I�L�L �B�O�T�H �G�E�T �l�V�E �Y�E�A�R�S��
�7�H�E�N �E�A�C�H �P�L�A�Y�E�R �H�A�S �A �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y�� �T�H�E �C�O�M�B�I�N�A�T�I�O�N �O�F �T�H�O�S�E �S�T�R�A�T�E�G�I�E�S �I�S �C�A�L�L�E�D �A
�G�R�P�L�Q�D�Q�W �V�W�U�D�W�H�J�\ �H�T�X�L�O�L�E�U�L�X�P�� �)�N �G�E�N�E�R�A�L�� �A �S�T�R�A�T�E�G�Y �P�R�O�l�L�E �F�O�R�M�S �A�N�H�T�X�L�O�L�E�U�L�X�P�I�F �N�O

DOMINANT
STRATEGY
EQUILIBRIUM
EQUILIBRIUM �P�L�A�Y�E�R �C�A�N �B�E�N�E�l�T �B�Y �S�W�I�T�C�H�I�N�G �S�T�R�A�T�E�G�I�E�S�� �G�I�V�E�N �T�H�A�T �E�V�E�R�Y �O�T�H�E�R �P�L�A�Y�E�R �S�T�I�C�K�S �W�I�T�H �T�H�E �S�A�M�E

5 �0�A�R�E�T�O �O�P�T�I�M�A�L�I�T�Y �I�S �N�A�M�E�D �A�F�T�E�R �T�H�E�E�C�O�N�O�M�I�S�T �6�I�L�F�R�E�D�O �0�A�R�E�T�O �����������n���������	��



�3�E�C�T�I�O�N ���������� �$�E�C�I�S�I�O�N�S �W�I�T�H �-�U�L�T�I�P�L�E �!�G�E�N�T�S�� �'�A�M�E �4�H�E�O�R�Y������

�S�T�R�A�T�E�G�Y�� �!�N �E�Q�U�I�L�I�B�R�I�U�M �I�S �E�S�S�E�N�T�I�A�L�L�Y �A�O�R�F�D�O �R�S�W�L�P�X�P�I�N �T�H�E �S�P�A�C�E �O�F �P�O�L�I�C�I�E�S�� �I�T �I�S �T�H�E �T�O�P
�O�F �A �P�E�A�K �T�H�A�T �S�L�O�P�E�S �D�O�W�N�W�A�R�D �A�L�O�N�G �E�V�E�R�Y �D�I�M�E�N�S�I�O�N�� �W�H�E�R�E �A �D�I�M�E�N�S�I�O�N �C�O�R�R�E�S�P�O�N�D�S �T�O �A
�P�L�A�Y�E�R���S �S�T�R�A�T�E�G�Y �C�H�O�I�C�E�S��

�4�H�E �M�A�T�H�E�M�A�T�I�C�I�A�N �*�O�H�N �.�A�S�H �����������n�	 �P�R�O�V�E�D �T�H�A�T�H�Y�H�U�\ �J�D�P�H �K�D�V �D�W �O�H�D�V�W �R�Q�H �H�T�X�L��
�O�L�E�U�L�X�P���4�H�E �G�E�N�E�R�A�L �C�O�N�C�E�P�T �O�F �E�Q�U�I�L�I�B�R�I�U�M �I�S �N�O�W �C�A�L�L�E�D�1�D�V�K �H�T�X�L�O�L�E�U�L�X�P�I�N �H�I�S �H�O�N�O�R��
�#�L�E�A�R�L�Y�� �A �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y �E�Q�U�I�L�I�B�R�I�U�M �I�S �A �.�A�S�H �E�Q�U�I�L�I�B�R�I�U�M ���%�X�E�R�C�I�S�E �����������	�� �B�U�T �S�O�M�ENASH EQUILIBRIUM

�G�A�M�E�S �H�A�V�E �.�A�S�H �E�Q�U�I�L�I�B�R�I�A �B�U�T �N�O �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�I�E�S��
�4�H�E�G�L�O�H�P�P�D�I�N �T�H�E �P�R�I�S�O�N�E�R���S �D�I�L�E�M�M�A �I�S �T�H�A�T �T�H�E �E�Q�U�I�L�I�B�R�I�U�M �O�U�T�C�O�M�E �I�S �W�O�R�S�E �F�O�R

�B�O�T�H �P�L�A�Y�E�R�S �T�H�A�N �T�H�E �O�U�T�C�O�M�E �T�H�E�Y �W�O�U�L�D �G�E�T �I�F �T�H�E�Y �B�O�T�H �R�E�F�U�S�E�D �T�O �T�E�S�T�I�F�Y�� �)�N �O�T�H�E�R �W�O�R�D�S��
(testify ; testify) �I�S �0�A�R�E�T�O �D�O�M�I�N�A�T�E�D �B�Y �T�H�E ���
���� �
���	 �O�U�T�C�O�M�E �O�F(refuse; refuse)�� �)�S �T�H�E�R�E �A�N�Y
�W�A�Y �F�O�R �!�L�I�C�E �A�N�D �"�O�B �T�O �A�R�R�I�V�E �A�T �T�H�E ���
���� �
���	 �O�U�T�C�O�M�E�� �)�T �I�S �C�E�R�T�A�I�N�L�Y �A�N�D�O�O�R�Z�D�E�O�H�O�P�T�I�O�N
�F�O�R �B�O�T�H �O�F �T�H�E�M �T�O �R�E�F�U�S�E �T�O �T�E�S�T�I�F�Y�� �B�U�T �I�S �I�S �H�A�R�D �T�O �S�E�E �H�O�W �R�A�T�I�O�N�A�L �A�G�E�N�T�S �C�A�N �G�E�T �T�H�E�R�E��
�G�I�V�E�N �T�H�E �D�E�l�N�I�T�I�O�N �O�F �T�H�E �G�A�M�E�� �%�I�T�H�E�R �P�L�A�Y�E�R �C�O�N�T�E�M�P�L�A�T�I�N�G �P�L�A�Y�I�N�Grefuse �W�I�L�L �R�E�A�L�I�Z�E �T�H�A�T
�H�E �O�R �S�H�E �W�O�U�L�D �D�O �B�E�T�T�E�R �B�Y �P�L�A�Y�I�N�Gtestify �� �4�H�A�T �I�S �T�H�E �A�T�T�R�A�C�T�I�V�E �P�O�W�E�R �O�F �A�N �E�Q�U�I�L�I�B�R�I�U�M
�P�O�I�N�T�� �'�A�M�E �T�H�E�O�R�I�S�T�S �A�G�R�E�E �T�H�A�T �B�E�I�N�G �A �.�A�S�H �E�Q�U�I�L�I�B�R�I�U�M �I�S �A �N�E�C�E�S�S�A�R�Y �C�O�N�D�I�T�I�O�N �F�O�R �B�E�I�N�G
�A �S�O�L�U�T�I�O�N�ˆ�A�L�T�H�O�U�G�H �T�H�E�Y �D�I�S�A�G�R�E�E �W�H�E�T�H�E�R �I�T �I�S �A �S�U�F�l�C�I�E�N�T �C�O�N�D�I�T�I�O�N��

�)�T �I�S �E�A�S�Y �E�N�O�U�G�H �T�O �G�E�T �T�O �T�H�E(refuse; refuse) �S�O�L�U�T�I�O�N �I�F �W�E �M�O�D�I�F�Y �T�H�E �G�A�M�E�� �&�O�R
�E�X�A�M�P�L�E�� �W�E �C�O�U�L�D �C�H�A�N�G�E �T�O �A�U�H�S�H�D�W�H�G �J�D�P�H�I�N �W�H�I�C�H �T�H�E �P�L�A�Y�E�R�S �K�N�O�W �T�H�A�T �T�H�E�Y �W�I�L�L �M�E�E�T
�A�G�A�I�N�� �/�R �T�H�E �A�G�E�N�T�S �M�I�G�H�T �H�A�V�E �M�O�R�A�L �B�E�L�I�E�F�S �T�H�A�T �E�N�C�O�U�R�A�G�E �C�O�O�P�E�R�A�T�I�O�N �A�N�D �F�A�I�R�N�E�S�S�� �4�H�A�T
�M�E�A�N�S �T�H�E�Y �H�A�V�E �A �D�I�F�F�E�R�E�N�T �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�� �N�E�C�E�S�S�I�T�A�T�I�N�G �A �D�I�F�F�E�R�E�N�T �P�A�Y�O�F�F �M�A�T�R�I�X�� �M�A�K�I�N�G
�I�T �A �D�I�F�F�E�R�E�N�T �G�A�M�E�� �7�E �W�I�L�L �S�E�E �L�A�T�E�R �T�H�A�T �A�G�E�N�T�S �W�I�T�H �L�I�M�I�T�E�D �C�O�M�P�U�T�A�T�I�O�N�A�L �P�O�W�E�R�S�� �R�A�T�H�E�R
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�F�O�L�L�O�W�I�N�G���R�Q�F�H �W�K�H �¿�U�V�W �S�O�D�\�H�U �K�D�V �U�H�Y�H�D�O�H�G �K�L�V �R�U �K�H�U �V�W�U�D�W�H�J�\�� �W�K�H �V�H�F�R�Q�G �S�O�D�\�H�U �P�L�J�K�W �D�V
�Z�H�O�O �F�K�R�R�V�H �D �S�X�U�H �V�W�U�D�W�H�J�\���4�H�E �R�E�A�S�O�N �I�S �S�I�M�P�L�E�� �I�F �T�H�E �S�E�C�O�N�D �P�L�A�Y�E�R �P�L�A�Y�S �A �M�I�X�E�D �S�T�R�A�T�E�G�Y��
[p: one; (1 � p): two]�� �I�T�S �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �I�S �A �L�I�N�E�A�R �C�O�M�B�I�N�A�T�I�O�N(p� uone + (1 � p) � utwo ) �O�F

6 �O�R �A �C�O�N�S�T�A�N�T�ˆ�S�E�E �P�A�G�E ��������
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�R�Q�H

�R�Q�H�R�Q�H

�W�Z�R

�W�Z�R�W�Z�R

�%

�/

�R�Q�H

�R�Q�H�R�Q�H

�W�Z�R

�W�Z�R�W�Z�R

�/

�%

�R�Q�H �W�Z�R

�%

�/

�R�Q�H �W�Z�R

�/

�%

����

����

����

����

��

�n��

�n��

�n��

��

�W�Z�R

�R�Q�H

�8

�S

����

����

����

����

��

�n��

�n��

�n��

��

�W�Z�R

�R�Q�H

�8

�T

���A�	 ���B�	

���C�	 ���D�	

���E�	 ���F�	

�;�S���R�Q�H�� �����±���S�	�����W�Z�R�= �;�T���R�Q�H�� �����±���T�	�����W�Z�R�=

���S �±���������±���S�	 ���T �±���������±���T�	���S �����������±���S�	 ���T �����������±���T�	

�� �
��

�
��

�
��

�
��

�
��

�� ��

��

��

�
�� �
�� ��

��

�)�L�J�X�U�H �������������A�	 �A�N�D ���B�	�� �-�I�N�I�M�A�X �G�A�M�E �T�R�E�E�S �F�O�R �T�W�O�
�l�N�G�E�R �-�O�R�R�A �I�F �T�H�E �P�L�A�Y�E�R�S �T�A�K�E
�T�U�R�N�S �P�L�A�Y�I�N�G �P�U�R�E �S�T�R�A�T�E�G�I�E�S�� ���C�	 �A�N�D ���D�	�� �0�A�R�A�M�E�T�E�R�I�Z�E�D �G�A�M�E �T�R�E�E�S �W�H�E�R�E �T�H�E �l�R�S�T �P�L�A�Y�E�R
�P�L�A�Y�S �A �M�I�X�E�D �S�T�R�A�T�E�G�Y�� �4�H�E �P�A�Y�O�F�F�S �D�E�P�E�N�D �O�N �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �P�A�R�A�M�E�T�E�R ��p �O�Rq�	 �I�N �T�H�E
�M�I�X�E�D �S�T�R�A�T�E�G�Y�� ���E�	 �A�N�D ���F�	�� �&�O�R �A�N�Y �P�A�R�T�I�C�U�L�A�R �V�A�L�U�E �O�F �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �P�A�R�A�M�E�T�E�R�� �T�H�E �S�E�C�O�N�D
�P�L�A�Y�E�R �W�I�L�L �C�H�O�O�S�E �T�H�E �h�B�E�T�T�E�R�v �O�F �T�H�E �T�W�O �A�C�T�I�O�N�S�� �S�O �T�H�E �V�A�L�U�E �O�F �T�H�E �l�R�S�T �P�L�A�Y�E�R���S �M�I�X�E�D
�S�T�R�A�T�E�G�Y �I�S �G�I�V�E�N �B�Y �T�H�E �H�E�A�V�Y �L�I�N�E�S�� �4�H�E �l�R�S�T �P�L�A�Y�E�R �W�I�L�L �C�H�O�O�S�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �P�A�R�A�M�E�T�E�R �F�O�R
�T�H�E �M�I�X�E�D �S�T�R�A�T�E�G�Y �A�T �T�H�E �I�N�T�E�R�S�E�C�T�I�O�N �P�O�I�N�T��

�T�H�E �U�T�I�L�I�T�I�E�S �O�F �T�H�E �P�U�R�E �S�T�R�A�T�E�G�I�E�S��uone �A�N�Dutwo �� �4�H�I�S �L�I�N�E�A�R �C�O�M�B�I�N�A�T�I�O�N �C�A�N�N�E�V�E�R �B�E �B�E�T�T�E�R
�T�H�A�N �T�H�E �B�E�T�T�E�R �O�Fuone �A�N�Dutwo �� �S�O �T�H�E �S�E�C�O�N�D �P�L�A�Y�E�R �C�A�N �J�U�S�T �C�H�O�O�S�E �T�H�E �B�E�T�T�E�R �O�N�E��

�7�I�T�H �T�H�I�S �O�B�S�E�R�V�A�T�I�O�N �I�N �M�I�N�D�� �T�H�E �M�I�N�I�M�A�X �T�R�E�E�S �C�A�N �B�E �T�H�O�U�G�H�T �O�F �A�S �H�A�V�I�N�G �I�N�l�N�I�T�E�L�Y
�M�A�N�Y �B�R�A�N�C�H�E�S �A�T �T�H�E �R�O�O�T�� �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �T�H�E �I�N�l�N�I�T�E�L�Y �M�A�N�Y �M�I�X�E�D �S�T�R�A�T�E�G�I�E�S �T�H�E �l�R�S�T



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�P�L�A�Y�E�R �C�A�N �C�H�O�O�S�E�� �%�A�C�H �O�F �T�H�E�S�E �L�E�A�D�S �T�O �A �N�O�D�E �W�I�T�H �T�W�O �B�R�A�N�C�H�E�S �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �T�H�E
�P�U�R�E �S�T�R�A�T�E�G�I�E�S �F�O�R �T�H�E �S�E�C�O�N�D �P�L�A�Y�E�R�� �7�E �C�A�N �D�E�P�I�C�T �T�H�E�S�E �I�N�l�N�I�T�E �T�R�E�E�S �l�N�I�T�E�L�Y �B�Y �H�A�V�I�N�G �O�N�E
�h�P�A�R�A�M�E�T�E�R�I�Z�E�D�v �C�H�O�I�C�E �A�T �T�H�E �R�O�O�T��

� �)�FE �C�H�O�O�S�E�S �l�R�S�T�� �T�H�E �S�I�T�U�A�T�I�O�N �I�S �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������������C�	��E �C�H�O�O�S�E�S �T�H�E �S�T�R�A�T�E�G�Y
[p: one; (1� p): two] �A�T �T�H�E �R�O�O�T�� �A�N�D �T�H�E�NO �C�H�O�O�S�E�S �A �P�U�R�E �S�T�R�A�T�E�G�Y ���A�N�D �H�E�N�C�E �A �M�O�V�E�	
�G�I�V�E�N �T�H�E �V�A�L�U�E �O�Fp�� �)�FO �C�H�O�O�S�E�Sone�� �T�H�E �E�X�P�E�C�T�E�D �P�A�Y�O�F�F ���T�OE�	 �I�S2p� 3(1� p) = 5 p�
3�� �I�FO �C�H�O�O�S�E�Stwo�� �T�H�E �E�X�P�E�C�T�E�D �P�A�Y�O�F�F �I�S� 3p + 4(1 � p) = 4 � 7p�� �7�E �C�A�N �D�R�A�W
�T�H�E�S�E �T�W�O �P�A�Y�O�F�F�S �A�S �S�T�R�A�I�G�H�T �L�I�N�E�S �O�N �A �G�R�A�P�H�� �W�H�E�R�Ep �R�A�N�G�E�S �F�R�O�M �� �T�O �� �O�N �T�H�Ex�
�A�X�I�S��
�A�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������������E�	��O�� �T�H�E �M�I�N�I�M�I�Z�E�R�� �W�I�L�L �A�L�W�A�Y�S �C�H�O�O�S�E �T�H�E �L�O�W�E�R �O�F �T�H�E �T�W�O
�L�I�N�E�S�� �A�S �S�H�O�W�N �B�Y �T�H�E �H�E�A�V�Y �L�I�N�E�S �I�N �T�H�E �l�G�U�R�E�� �4�H�E�R�E�F�O�R�E�� �T�H�E �B�E�S�T �T�H�A�TE �C�A�N �D�O �A�T �T�H�E
�R�O�O�T �I�S �T�O �C�H�O�O�S�Ep �T�O �B�E �A�T �T�H�E �I�N�T�E�R�S�E�C�T�I�O�N �P�O�I�N�T�� �W�H�I�C�H �I�S �W�H�E�R�E

5p � 3 = 4 � 7p ) p = 7=12 :

�4�H�E �U�T�I�L�I�T�Y �F�O�RE �A�T �T�H�I�S �P�O�I�N�T �I�SUE;O = � 1=12��
� �)�FO �M�O�V�E�S �l�R�S�T�� �T�H�E �S�I�T�U�A�T�I�O�N �I�S �A�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������������D�	��O �C�H�O�O�S�E�S �T�H�E �S�T�R�A�T�E�G�Y

[q: one; (1 � q): two] �A�T �T�H�E �R�O�O�T�� �A�N�D �T�H�E�NE �C�H�O�O�S�E�S �A �M�O�V�E �G�I�V�E�N �T�H�E �V�A�L�U�E �O�Fq�� �4�H�E
�P�A�Y�O�F�F�S �A�R�E2q� 3(1� q) = 5 q� 3 �A�N�D� 3q+4(1 � q) = 4 � 7q���� �!�G�A�I�N�� �&�I�G�U�R�E �������������F�	
�S�H�O�W�S �T�H�A�T �T�H�E �B�E�S�TO �C�A�N �D�O �A�T �T�H�E �R�O�O�T �I�S �T�O �C�H�O�O�S�E �T�H�E �I�N�T�E�R�S�E�C�T�I�O�N �P�O�I�N�T��

5q � 3 = 4 � 7q ) q = 7=12 :

�4�H�E �U�T�I�L�I�T�Y �F�O�RE �A�T �T�H�I�S �P�O�I�N�T �I�SUO;E = � 1=12��

�.�O�W �W�E �K�N�O�W �T�H�A�T �T�H�E �T�R�U�E �U�T�I�L�I�T�Y �O�F �T�H�E �O�R�I�G�I�N�A�L �G�A�M�E �L�I�E�S �B�E�T�W�E�E�N� 1=12 �A�N�D� 1=12�� �T�H�A�T
�I�S�� �I�T �I�S �E�X�A�C�T�L�Y� 1=12�� ���4�H�E �M�O�R�A�L �I�S �T�H�A�T �I�T �I�S �B�E�T�T�E�R �T�O �B�EO �T�H�A�NE �I�F �Y�O�U �A�R�E �P�L�A�Y�I�N�G �T�H�I�S
�G�A�M�E���	 �&�U�R�T�H�E�R�M�O�R�E�� �T�H�E �T�R�U�E �U�T�I�L�I�T�Y �I�S �A�T�T�A�I�N�E�D �B�Y �T�H�E �M�I�X�E�D �S�T�R�A�T�E�G�Y[7=12:one; 5=12:two]��
�W�H�I�C�H �S�H�O�U�L�D �B�E �P�L�A�Y�E�D �B�Y �B�O�T�H �P�L�A�Y�E�R�S�� �4�H�I�S �S�T�R�A�T�E�G�Y �I�S �C�A�L�L�E�D �T�H�E�P�D�[�L�P�L�Q �H�T�X�L�O�L�E�U�L�X�P�O�FMAXIMIN

EQUILIBRIUM

�T�H�E �G�A�M�E�� �A�N�D �I�S �A �.�A�S�H �E�Q�U�I�L�I�B�R�I�U�M�� �.�O�T�E �T�H�A�T �E�A�C�H �C�O�M�P�O�N�E�N�T �S�T�R�A�T�E�G�Y �I�N �A�N �E�Q�U�I�L�I�B�R�I�U�M
�M�I�X�E�D �S�T�R�A�T�E�G�Y �H�A�S �T�H�E �S�A�M�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y�� �)�N �T�H�I�S �C�A�S�E�� �B�O�T�Hone �A�N�Dtwo �H�A�V�E �T�H�E �S�A�M�E
�E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y��� 1=12�� �A�S �T�H�E �M�I�X�E�D �S�T�R�A�T�E�G�Y �I�T�S�E�L�F��

�/�U�R �R�E�S�U�L�T �F�O�R �T�W�O�
�l�N�G�E�R �-�O�R�R�A �I�S �A�N �E�X�A�M�P�L�E �O�F �T�H�E �G�E�N�E�R�A�L �R�E�S�U�L�T �B�Y �V�O�N �.�E�U�M�A�N�N��
�H�Y�H�U�\ �W�Z�R���S�O�D�\�H�U �]�H�U�R���V�X�P �J�D�P�H �K�D�V �D �P�D�[�L�P�L�Q �H�T�X�L�O�L�E�U�L�X�P �Z�K�H�Q �\�R�X �D�O�O�R�Z �P�L�[�H�G �V�W�U�D�W�H�J�L�H�V��
�&�U�R�T�H�E�R�M�O�R�E�� �E�V�E�R�Y �.�A�S�H �E�Q�U�I�L�I�B�R�I�U�M �I�N �A �Z�E�R�O�
�S�U�M �G�A�M�E �I�S �A �M�A�X�I�M�I�N �F�O�R �B�O�T�H �P�L�A�Y�E�R�S�� �!
�P�L�A�Y�E�R �W�H�O �A�D�O�P�T�S �T�H�E �M�A�X�I�M�I�N �S�T�R�A�T�E�G�Y �H�A�S �T�W�O �G�U�A�R�A�N�T�E�E�S�� �&�I�R�S�T�� �N�O �O�T�H�E�R �S�T�R�A�T�E�G�Y �C�A�N �D�O
�B�E�T�T�E�R �A�G�A�I�N�S�T �A�N �O�P�P�O�N�E�N�T �W�H�O �P�L�A�Y�S �W�E�L�L ���A�L�T�H�O�U�G�H �S�O�M�E �O�T�H�E�R �S�T�R�A�T�E�G�I�E�S �M�I�G�H�T �B�E �B�E�T�T�E�R �A�T
�E�X�P�L�O�I�T�I�N�G �A�N �O�P�P�O�N�E�N�T �W�H�O �M�A�K�E�S �I�R�R�A�T�I�O�N�A�L �M�I�S�T�A�K�E�S�	�� �3�E�C�O�N�D�� �T�H�E �P�L�A�Y�E�R �C�O�N�T�I�N�U�E�S �T�O �D�O
�J�U�S�T �A�S �W�E�L�L �E�V�E�N �I�F �T�H�E �S�T�R�A�T�E�G�Y �I�S �R�E�V�E�A�L�E�D �T�O �T�H�E �O�P�P�O�N�E�N�T��

�4�H�E �G�E�N�E�R�A�L �A�L�G�O�R�I�T�H�M �F�O�R �l�N�D�I�N�G �M�A�X�I�M�I�N �E�Q�U�I�L�I�B�R�I�A �I�N �Z�E�R�O�
�S�U�M �G�A�M�E�S �I�S �S�O�M�E�W�H�A�T
�M�O�R�E �I�N�V�O�L�V�E�D �T�H�A�N �&�I�G�U�R�E�S �������������E�	 �A�N�D ���F�	 �M�I�G�H�T �S�U�G�G�E�S�T�� �7�H�E�N �T�H�E�R�E �A�R�En �P�O�S�S�I�B�L�E �A�C�T�I�O�N�S��
�A �M�I�X�E�D �S�T�R�A�T�E�G�Y �I�S �A �P�O�I�N�T �I�Nn�
�D�I�M�E�N�S�I�O�N�A�L �S�P�A�C�E �A�N�D �T�H�E �L�I�N�E�S �B�E�C�O�M�E �H�Y�P�E�R�P�L�A�N�E�S�� �)�T���S
�A�L�S�O �P�O�S�S�I�B�L�E �F�O�R �S�O�M�E �P�U�R�E �S�T�R�A�T�E�G�I�E�S �F�O�R �T�H�E �S�E�C�O�N�D �P�L�A�Y�E�R �T�O �B�E �D�O�M�I�N�A�T�E�D �B�Y �O�T�H�E�R�S�� �S�O
�T�H�A�T �T�H�E�Y �A�R�E �N�O�T �O�P�T�I�M�A�L �A�G�A�I�N�S�T�D�Q�\�S�T�R�A�T�E�G�Y �F�O�R �T�H�E �l�R�S�T �P�L�A�Y�E�R�� �!�F�T�E�R �R�E�M�O�V�I�N�G �A�L�L �S�U�C�H
�S�T�R�A�T�E�G�I�E�S ���W�H�I�C�H �M�I�G�H�T �H�A�V�E �T�O �B�E �D�O�N�E �R�E�P�E�A�T�E�D�L�Y�	�� �T�H�E �O�P�T�I�M�A�L �C�H�O�I�C�E �A�T �T�H�E �R�O�O�T �I�S �T�H�E

7 �)�T �I�S �A �C�O�I�N�C�I�D�E�N�C�E �T�H�A�T �T�H�E�S�E �E�Q�U�A�T�I�O�N�S �A�R�E �T�H�E �S�A�M�E �A�S �T�H�O�S�E �F�O�Rp�� �T�H�E �C�O�I�N�C�I�D�E�N�C�E �A�R�I�S�E�S �B�E�C�A�U�S�E
UE (one; two) = UE (two; one) = � 3�� �4�H�I�S �A�L�S�O �E�X�P�L�A�I�N�S �W�H�Y �T�H�E �O�P�T�I�M�A�L �S�T�R�A�T�E�G�Y �I�S �T�H�E �S�A�M�E �F�O�R �B�O�T�H �P�L�A�Y�E�R�S��



�3�E�C�T�I�O�N ���������� �$�E�C�I�S�I�O�N�S �W�I�T�H �-�U�L�T�I�P�L�E �!�G�E�N�T�S�� �'�A�M�E �4�H�E�O�R�Y������

�H�I�G�H�E�S�T ���O�R �L�O�W�E�S�T�	 �I�N�T�E�R�S�E�C�T�I�O�N �P�O�I�N�T �O�F �T�H�E �R�E�M�A�I�N�I�N�G �H�Y�P�E�R�P�L�A�N�E�S�� �&�I�N�D�I�N�G �T�H�I�S �C�H�O�I�C�E �I�S
�A�N �E�X�A�M�P�L�E �O�F �A�O�L�Q�H�D�U �S�U�R�J�U�D�P�P�L�Q�J�P�R�O�B�L�E�M�� �M�A�X�I�M�I�Z�I�N�G �A�N �O�B�J�E�C�T�I�V�E �F�U�N�C�T�I�O�N �S�U�B�J�E�C�T �T�O
�L�I�N�E�A�R �C�O�N�S�T�R�A�I�N�T�S�� �3�U�C�H �P�R�O�B�L�E�M�S �C�A�N �B�E �S�O�L�V�E�D �B�Y �S�T�A�N�D�A�R�D �T�E�C�H�N�I�Q�U�E�S �I�N �T�I�M�E �P�O�L�Y�N�O�M�I�A�L
�I�N �T�H�E �N�U�M�B�E�R �O�F �A�C�T�I�O�N�S ���A�N�D �I�N �T�H�E �N�U�M�B�E�R �O�F �B�I�T�S �U�S�E�D �T�O �S�P�E�C�I�F�Y �T�H�E �R�E�W�A�R�D �F�U�N�C�T�I�O�N�� �I�F �Y�O�U
�W�A�N�T �T�O �G�E�T �T�E�C�H�N�I�C�A�L�	��

�4�H�E �Q�U�E�S�T�I�O�N �R�E�M�A�I�N�S�� �W�H�A�T �S�H�O�U�L�D �A �R�A�T�I�O�N�A�L �A�G�E�N�T �A�C�T�U�A�L�L�Y�G�R�I�N �P�L�A�Y�I�N�G �A �S�I�N�G�L�E �G�A�M�E
�O�F �-�O�R�R�A�� �4�H�E �R�A�T�I�O�N�A�L �A�G�E�N�T �W�I�L�L �H�A�V�E �D�E�R�I�V�E�D �T�H�E �F�A�C�T �T�H�A�T[7=12:one; 5=12:two] �I�S �T�H�E
�M�A�X�I�M�I�N �E�Q�U�I�L�I�B�R�I�U�M �S�T�R�A�T�E�G�Y�� �A�N�D �W�I�L�L �A�S�S�U�M�E �T�H�A�T �T�H�I�S �I�S �M�U�T�U�A�L �K�N�O�W�L�E�D�G�E �W�I�T�H �A �R�A�T�I�O�N�A�L
�O�P�P�O�N�E�N�T�� �4�H�E �A�G�E�N�T �C�O�U�L�D �U�S�E �A �����
�S�I�D�E�D �D�I�E �O�R �A �R�A�N�D�O�M �N�U�M�B�E�R �G�E�N�E�R�A�T�O�R �T�O �P�I�C�K �R�A�N�D�O�M�L�Y
�A�C�C�O�R�D�I�N�G �T�O �T�H�I�S �M�I�X�E�D �S�T�R�A�T�E�G�Y�� �I�N �W�H�I�C�H �C�A�S�E �T�H�E �E�X�P�E�C�T�E�D �P�A�Y�O�F�F �W�O�U�L�D �B�E �
�������� �F�O�RE�� �/�R
�T�H�E �A�G�E�N�T �C�O�U�L�D �J�U�S�T �D�E�C�I�D�E �T�O �P�L�A�Yone�� �O�Rtwo�� �)�N �E�I�T�H�E�R �C�A�S�E�� �T�H�E �E�X�P�E�C�T�E�D �P�A�Y�O�F�F �R�E�M�A�I�N�S
�
�������� �F�O�RE�� �#�U�R�I�O�U�S�L�Y�� �U�N�I�L�A�T�E�R�A�L�L�Y �C�H�O�O�S�I�N�G �A �P�A�R�T�I�C�U�L�A�R �A�C�T�I�O�N �D�O�E�S �N�O�T �H�A�R�M �O�N�E���S �E�X�P�E�C�T�E�D
�P�A�Y�O�F�F�� �B�U�T �A�L�L�O�W�I�N�G �T�H�E �O�T�H�E�R �A�G�E�N�T �T�O �K�N�O�W �T�H�A�T �O�N�E �H�A�S �M�A�D�E �S�U�C�H �A �U�N�I�L�A�T�E�R�A�L �D�E�C�I�S�I�O�N�G�R�H�V
�A�F�F�E�C�T �T�H�E �E�X�P�E�C�T�E�D �P�A�Y�O�F�F�� �B�E�C�A�U�S�E �T�H�E�N �T�H�E �O�P�P�O�N�E�N�T �C�A�N �A�D�J�U�S�T �H�I�S �S�T�R�A�T�E�G�Y �A�C�C�O�R�D�I�N�G�L�Y��

�&�I�N�D�I�N�G �E�Q�U�I�L�I�B�R�I�A �I�N �N�O�N�
�Z�E�R�O�
�S�U�M �G�A�M�E�S �I�S �S�O�M�E�W�H�A�T �M�O�R�E �C�O�M�P�L�I�C�A�T�E�D�� �4�H�E �G�E�N�E�R�A�L
�A�P�P�R�O�A�C�H �H�A�S �T�W�O �S�T�E�P�S�� �����	 �%�N�U�M�E�R�A�T�E �A�L�L �P�O�S�S�I�B�L�E �S�U�B�S�E�T�S �O�F �A�C�T�I�O�N�S �T�H�A�T �M�I�G�H�T �F�O�R�M �M�I�X�E�D
�S�T�R�A�T�E�G�I�E�S�� �&�O�R �E�X�A�M�P�L�E�� �l�R�S�T �T�R�Y �A�L�L �S�T�R�A�T�E�G�Y �P�R�O�l�L�E�S �W�H�E�R�E �E�A�C�H �P�L�A�Y�E�R �U�S�E�S �A �S�I�N�G�L�E �A�C�T�I�O�N��
�T�H�E�N �T�H�O�S�E �W�H�E�R�E �E�A�C�H �P�L�A�Y�E�R �U�S�E�S �E�I�T�H�E�R �O�N�E �O�R �T�W�O �A�C�T�I�O�N�S�� �A�N�D �S�O �O�N�� �4�H�I�S �I�S �E�X�P�O�N�E�N�T�I�A�L
�I�N �T�H�E �N�U�M�B�E�R �O�F �A�C�T�I�O�N�S�� �A�N�D �S�O �O�N�L�Y �A�P�P�L�I�E�S �T�O �R�E�L�A�T�I�V�E�L�Y �S�M�A�L�L �G�A�M�E�S�� �����	 �&�O�R �E�A�C�H �S�T�R�A�T�E�G�Y
�P�R�O�l�L�E �E�N�U�M�E�R�A�T�E�D �I�N �����	�� �C�H�E�C�K �T�O �S�E�E �I�F �I�T �I�S �A�N �E�Q�U�I�L�I�B�R�I�U�M�� �4�H�I�S �I�S �D�O�N�E �B�Y �S�O�L�V�I�N�G �A �S�E�T �O�F
�E�Q�U�A�T�I�O�N�S �A�N�D �I�N�E�Q�U�A�L�I�T�I�E�S �T�H�A�T �A�R�E �S�I�M�I�L�A�R �T�O �T�H�E �O�N�E�S �U�S�E�D �I�N �T�H�E �Z�E�R�O�
�S�U�M �C�A�S�E�� �&�O�R �T�W�O �P�L�A�Y�

�E�R�S �T�H�E�S�E �E�Q�U�A�T�I�O�N�S �A�R�E �L�I�N�E�A�R �A�N�D �C�A�N �B�E �S�O�L�V�E�D �W�I�T�H �B�A�S�I�C �L�I�N�E�A�R �P�R�O�G�R�A�M�M�I�N�G �T�E�C�H�N�I�Q�U�E�S��
�B�U�T �F�O�R �T�H�R�E�E �O�R �M�O�R�E �P�L�A�Y�E�R�S �T�H�E�Y �A�R�E �N�O�N�L�I�N�E�A�R �A�N�D �M�A�Y �B�E �V�E�R�Y �D�I�F�l�C�U�L�T �T�O �S�O�L�V�E��

������������ �5�H�S�H�D�W�H�G �J�D�P�H�V

�3�O �F�A�R �W�E �H�A�V�E �L�O�O�K�E�D �O�N�L�Y �A�T �G�A�M�E�S �T�H�A�T �L�A�S�T �A �S�I�N�G�L�E �M�O�V�E�� �4�H�E �S�I�M�P�L�E�S�T �K�I�N�D �O�F �M�U�L�T�I�P�L�E�

�M�O�V�E �G�A�M�E �I�S �T�H�E�U�H�S�H�D�W�H�G �J�D�P�H�� �I�N �W�H�I�C�H �P�L�A�Y�E�R�S �F�A�C�E �T�H�E �S�A�M�E �C�H�O�I�C�E �R�E�P�E�A�T�E�D�L�Y�� �B�U�T �E�A�C�HREPEATED GAME

�T�I�M�E �W�I�T�H �K�N�O�W�L�E�D�G�E �O�F �T�H�E �H�I�S�T�O�R�Y �O�F �A�L�L �P�L�A�Y�E�R�S�� �P�R�E�V�I�O�U�S �C�H�O�I�C�E�S�� �! �S�T�R�A�T�E�G�Y �P�R�O�l�L�E �F�O�R �A
�R�E�P�E�A�T�E�D �G�A�M�E �S�P�E�C�I�l�E�S �A�N �A�C�T�I�O�N �C�H�O�I�C�E �F�O�R �E�A�C�H �P�L�A�Y�E�R �A�T �E�A�C�H �T�I�M�E �S�T�E�P �F�O�R �E�V�E�R�Y �P�O�S�S�I�B�L�E
�H�I�S�T�O�R�Y �O�F �P�R�E�V�I�O�U�S �C�H�O�I�C�E�S�� �!�S �W�I�T�H �-�$�0�S�� �P�A�Y�O�F�F�S �A�R�E �A�D�D�I�T�I�V�E �O�V�E�R �T�I�M�E��

�,�E�T���S �C�O�N�S�I�D�E�R �T�H�E �R�E�P�E�A�T�E�D �V�E�R�S�I�O�N �O�F �T�H�E �P�R�I�S�O�N�E�R���S �D�I�L�E�M�M�A�� �7�I�L�L �!�L�I�C�E �A�N�D �"�O�B �W�O�R�K
�T�O�G�E�T�H�E�R �A�N�D �R�E�F�U�S�E �T�O �T�E�S�T�I�F�Y�� �K�N�O�W�I�N�G �T�H�E�Y �W�I�L�L �M�E�E�T �A�G�A�I�N�� �4�H�E �A�N�S�W�E�R �D�E�P�E�N�D�S �O�N �T�H�E
�D�E�T�A�I�L�S �O�F �T�H�E �E�N�G�A�G�E�M�E�N�T�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �!�L�I�C�E �A�N�D �"�O�B �K�N�O�W �T�H�A�T �T�H�E�Y �M�U�S�T �P�L�A�Y
�E�X�A�C�T�L�Y ������ �R�O�U�N�D�S �O�F �P�R�I�S�O�N�E�R���S �D�I�L�E�M�M�A�� �4�H�E�N �T�H�E�Y �B�O�T�H �K�N�O�W �T�H�A�T �T�H�E �������T�H �R�O�U�N�D �W�I�L�L �N�O�T
�B�E �A �R�E�P�E�A�T�E�D �G�A�M�E�ˆ�T�H�A�T �I�S�� �I�T�S �O�U�T�C�O�M�E �C�A�N �H�A�V�E �N�O �E�F�F�E�C�T �O�N �F�U�T�U�R�E �R�O�U�N�D�S�ˆ�A�N�D �T�H�E�R�E�F�O�R�E
�T�H�E�Y �W�I�L�L �B�O�T�H �C�H�O�O�S�E �T�H�E �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y��testify �� �I�N �T�H�A�T �R�O�U�N�D�� �"�U�T �O�N�C�E �T�H�E �������T�H �R�O�U�N�D
�I�S �D�E�T�E�R�M�I�N�E�D�� �T�H�E �����T�H �R�O�U�N�D �C�A�N �H�A�V�E �N�O �E�F�F�E�C�T �O�N �S�U�B�S�E�Q�U�E�N�T �R�O�U�N�D�S�� �S�O �I�T �T�O�O �W�I�L�L �H�A�V�E
�A �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y �E�Q�U�I�L�I�B�R�I�U�M �A�T(testify ; testify )�� �"�Y �I�N�D�U�C�T�I�O�N�� �B�O�T�H �P�L�A�Y�E�R�S �W�I�L�L �C�H�O�O�S�E
testify �O�N �E�V�E�R�Y �R�O�U�N�D�� �E�A�R�N�I�N�G �A �T�O�T�A�L �J�A�I�L �S�E�N�T�E�N�C�E �O�F ������ �Y�E�A�R�S �E�A�C�H��

�7�E �C�A�N �G�E�T �D�I�F�F�E�R�E�N�T �S�O�L�U�T�I�O�N�S �B�Y �C�H�A�N�G�I�N�G �T�H�E �R�U�L�E�S �O�F �T�H�E �I�N�T�E�R�A�C�T�I�O�N�� �&�O�R �E�X�A�M�P�L�E��
�S�U�P�P�O�S�E �T�H�A�T �A�F�T�E�R �E�A�C�H �R�O�U�N�D �T�H�E�R�E �I�S �A ������ �C�H�A�N�C�E �T�H�A�T �T�H�E �P�L�A�Y�E�R�S �W�I�L�L �M�E�E�T �A�G�A�I�N�� �4�H�E�N
�T�H�E �E�X�P�E�C�T�E�D �N�U�M�B�E�R �O�F �R�O�U�N�D�S �I�S �S�T�I�L�L �������� �B�U�T �N�E�I�T�H�E�R �P�L�A�Y�E�R �K�N�O�W�S �F�O�R �S�U�R�E �W�H�I�C�H �R�O�U�N�D



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�W�I�L�L �B�E �T�H�E �L�A�S�T�� �5�N�D�E�R �T�H�E�S�E �C�O�N�D�I�T�I�O�N�S�� �M�O�R�E �C�O�O�P�E�R�A�T�I�V�E �B�E�H�A�V�I�O�R �I�S �P�O�S�S�I�B�L�E�� �&�O�R �E�X�A�M�P�L�E��
�O�N�E�E�Q�U�I�L�I�B�R�I�U�M �S�T�R�A�T�E�G�Y �I�S �F�O�R �E�A�C�H �P�L�A�Y�E�R �T�Orefuse �U�N�L�E�S�S �T�H�E �O�T�H�E�R �P�L�A�Y�E�R �H�A�S �E�V�E�R �P�L�A�Y�E�D
testify �� �4�H�I�S �S�T�R�A�T�E�G�Y �C�O�U�L�D �B�E �C�A�L�L�E�D�S�H�U�S�H�W�X�D�O �S�X�Q�L�V�K�P�H�Q�W�� �3�U�P�P�O�S�E �B�O�T�H �P�L�A�Y�E�R�S �H�A�V�EPERPETUAL

PUNISHMENT

�A�D�O�P�T�E�D �T�H�I�S �S�T�R�A�T�E�G�Y�� �A�N�D �T�H�I�S �I�S �M�U�T�U�A�L �K�N�O�W�L�E�D�G�E�� �4�H�E�N �A�S �L�O�N�G �A�S �N�E�I�T�H�E�R �P�L�A�Y�E�R �H�A�S �P�L�A�Y�E�D
testify �� �T�H�E�N �A�T �A�N�Y �P�O�I�N�T �I�N �T�I�M�E �T�H�E �E�X�P�E�C�T�E�D �F�U�T�U�R�E �T�O�T�A�L �P�A�Y�O�F�F �F�O�R �E�A�C�H �P�L�A�Y�E�R �I�S

1X

t=0

0:99t � (� 1) = � 100:
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�A�S �A �D�E�T�E�R�R�E�N�T �O�N�L�Y �I�F �T�H�E �O�T�H�E�R �P�L�A�Y�E�R �B�E�L�I�E�V�E�S �Y�O�U �H�A�V�E �A�D�O�P�T�E�D �T�H�I�S �S�T�R�A�T�E�G�Y�ˆ�O�R �A�T �L�E�A�S�T �T�H�A�T
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�G�A�M�E�S �A�R�E �B�E�S�T �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �G�A�M�E �T�R�E�E�� �W�H�I�C�H �G�A�M�E �T�H�E�O�R�I�S�T�S �C�A�L�L �T�H�E�H�[�W�H�Q�V�L�Y�H �I�R�U�P�� �4�H�EEXTENSIVE FORM
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�R�E�P�R�E�S�E�N�T�A�T�I�O�N �W�E �C�A�N �l�N�D �E�Q�U�I�L�I�B�R�I�U�M �S�O�L�U�T�I�O�N�S�� �J�U�S�T �A�S �W�E �D�I�D �W�I�T�H �N�O�R�M�A�L�
�F�O�R�M �G�A�M�E�S��
�!�S �A �S�I�M�P�L�E �E�X�A�M�P�L�E �O�F �A �S�E�Q�U�E�N�T�I�A�L �G�A�M�E�� �P�L�A�C�E �T�W�O �A�G�E�N�T�S �I�N �T�H�E4� 3 �W�O�R�L�D �O�F �&�I�G�


�U�R�E �������� �A�N�D �H�A�V�E �T�H�E�M �M�O�V�E �S�I�M�U�L�T�A�N�E�O�U�S�L�Y �U�N�T�I�L �O�N�E �A�G�E�N�T �R�E�A�C�H�E�S �A�N �E�X�I�T �S�Q�U�A�R�E�� �A�N�D �G�E�T�S
�T�H�E �P�A�Y�O�F�F �F�O�R �T�H�A�T �S�Q�U�A�R�E�� �)�F �W�E �S�P�E�C�I�F�Y �T�H�A�T �N�O �M�O�V�E�M�E�N�T �O�C�C�U�R�S �W�H�E�N �T�H�E �T�W�O �A�G�E�N�T�S �T�R�Y
�T�O �M�O�V�E �I�N�T�O �T�H�E �S�A�M�E �S�Q�U�A�R�E �S�I�M�U�L�T�A�N�E�O�U�S�L�Y ���A �C�O�M�M�O�N �P�R�O�B�L�E�M �A�T �M�A�N�Y �T�R�A�F�l�C �I�N�T�E�R�S�E�C�

�T�I�O�N�S�	�� �T�H�E�N �C�E�R�T�A�I�N �P�U�R�E �S�T�R�A�T�E�G�I�E�S �C�A�N �G�E�T �S�T�U�C�K �F�O�R�E�V�E�R�� �4�H�U�S�� �A�G�E�N�T�S �N�E�E�D �A �M�I�X�E�D �S�T�R�A�T�E�G�Y
�T�O �P�E�R�F�O�R�M �W�E�L�L �I�N �T�H�I�S �G�A�M�E�� �R�A�N�D�O�M�L�Y �C�H�O�O�S�E �B�E�T�W�E�E�N �M�O�V�I�N�G �A�H�E�A�D �A�N�D �S�T�A�Y�I�N�G �P�U�T�� �4�H�I�S
�I�S �E�X�A�C�T�L�Y �W�H�A�T �I�S �D�O�N�E �T�O �R�E�S�O�L�V�E �P�A�C�K�E�T �C�O�L�L�I�S�I�O�N�S �I�N �%�T�H�E�R�N�E�T �N�E�T�W�O�R�K�S��

�.�E�X�T �W�E���L�L �C�O�N�S�I�D�E�R �A �V�E�R�Y �S�I�M�P�L�E �V�A�R�I�A�N�T �O�F �P�O�K�E�R�� �4�H�E �D�E�C�K �H�A�S �O�N�L�Y �F�O�U�R �C�A�R�D�S�� �T�W�O
�A�C�E�S �A�N�D �T�W�O �K�I�N�G�S�� �/�N�E �C�A�R�D �I�S �D�E�A�L�T �T�O �E�A�C�H �P�L�A�Y�E�R�� �4�H�E �l�R�S�T �P�L�A�Y�E�R �T�H�E�N �H�A�S �T�H�E �O�P�T�I�O�N
�T�O�U�D�L�V�H�T�H�E �S�T�A�K�E�S �O�F �T�H�E �G�A�M�E �F�R�O�M �� �P�O�I�N�T �T�O ���� �O�R �T�O�F�K�H�F�N�� �)�F �P�L�A�Y�E�R �� �C�H�E�C�K�S�� �T�H�E �G�A�M�E
�I�S �O�V�E�R�� �)�F �H�E �R�A�I�S�E�S�� �T�H�E�N �P�L�A�Y�E�R �� �H�A�S �T�H�E �O�P�T�I�O�N �T�O�F�D�O�O�� �A�C�C�E�P�T�I�N�G �T�H�A�T �T�H�E �G�A�M�E �I�S �W�O�R�T�H ��
�P�O�I�N�T�S�� �O�R�I�R�O�G�� �C�O�N�C�E�D�I�N�G �T�H�E �� �P�O�I�N�T�� �)�F �T�H�E �G�A�M�E �D�O�E�S �N�O�T �E�N�D �W�I�T�H �A �F�O�L�D�� �T�H�E�N �T�H�E �P�A�Y�O�F�F
�D�E�P�E�N�D�S �O�N �T�H�E �C�A�R�D�S�� �I�T �I�S �Z�E�R�O �F�O�R �B�O�T�H �P�L�A�Y�E�R�S �I�F �T�H�E�Y �H�A�V�E �T�H�E �S�A�M�E �C�A�R�D�� �O�T�H�E�R�W�I�S�E �T�H�E
�P�L�A�Y�E�R �W�I�T�H �T�H�E �K�I�N�G �P�A�Y�S �T�H�E �S�T�A�K�E�S �T�O �T�H�E �P�L�A�Y�E�R �W�I�T�H �T�H�E �A�C�E��

�4�H�E �E�X�T�E�N�S�I�V�E�
�F�O�R�M �T�R�E�E �F�O�R �T�H�I�S �G�A�M�E �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������ �.�O�N�T�E�R�M�I�N�A�L �S�T�A�T�E�S �A�R�E
�S�H�O�W�N �A�S �C�I�R�C�L�E�S�� �W�I�T�H �T�H�E �P�L�A�Y�E�R �T�O �M�O�V�E �I�N�S�I�D�E �T�H�E �C�I�R�C�L�E�� �P�L�A�Y�E�R �� �I�S�F�K�D�Q�F�H�� �%�A�C�H �A�C�T�I�O�N �I�S
�D�E�P�I�C�T�E�D �A�S �A�N �A�R�R�O�W �W�I�T�H �A �L�A�B�E�L�� �C�O�R�R�E�S�P�O�N�D�I�N�G �T�O �A�U�D�L�V�H�� �F�K�H�F�N�� �F�D�O�O���O�R�I�R�O�G�� �O�R�� �F�O�R�F�K�D�Q�F�H��
�T�H�E �F�O�U�R �P�O�S�S�I�B�L�E �D�E�A�L�S ���h�!�+�v �M�E�A�N�S �T�H�A�T �P�L�A�Y�E�R �� �G�E�T�S �A�N �A�C�E �A�N�D �P�L�A�Y�E�R �� �A �K�I�N�G�	�� �4�E�R�M�I�N�A�L
�S�T�A�T�E�S �A�R�E �R�E�C�T�A�N�G�L�E�S �L�A�B�E�L�E�D �B�Y �T�H�E�I�R �P�A�Y�O�F�F �T�O �P�L�A�Y�E�R �� �A�N�D �P�L�A�Y�E�R ���� �)�N�F�O�R�M�A�T�I�O�N �S�E�T�S �A�R�E
�S�H�O�W�N �A�S �L�A�B�E�L�E�D �D�A�S�H�E�D �B�O�X�E�S�� �F�O�R �E�X�A�M�P�L�E��I 1;1 �I�S �T�H�E �I�N�F�O�R�M�A�T�I�O�N �S�E�T �W�H�E�R�E �I�T �I�S �P�L�A�Y�E�R
�����S �T�U�R�N�� �A�N�D �H�E �K�N�O�W�S �H�E �H�A�S �A�N �A�C�E ���B�U�T �D�O�E�S �N�O�T �K�N�O�W �W�H�A�T �P�L�A�Y�E�R �� �H�A�S�	�� �)�N �I�N�F�O�R�M�A�T�I�O�N
�S�E�TI 2;1�� �I�T �I�S �P�L�A�Y�E�R �����S �T�U�R�N �A�N�D �S�H�E �K�N�O�W�S �T�H�A�T �S�H�E �H�A�S �A�N �A�C�E �A�N�D �T�H�A�T �P�L�A�Y�E�R �� �H�A�S �R�A�I�S�E�D��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S
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�)�L�J�X�U�H �����������%�X�T�E�N�S�I�V�E �F�O�R�M �O�F �A �S�I�M�P�L�I�l�E�D �V�E�R�S�I�O�N �O�F �P�O�K�E�R��

�B�U�T �D�O�E�S �N�O�T �K�N�O�W �W�H�A�T �C�A�R�D �P�L�A�Y�E�R �� �H�A�S�� ���$�U�E �T�O �T�H�E �L�I�M�I�T�S �O�F �T�W�O�
�D�I�M�E�N�S�I�O�N�A�L �P�A�P�E�R�� �T�H�I�S
�I�N�F�O�R�M�A�T�I�O�N �S�E�T �I�S �S�H�O�W�N �A�S �T�W�O �B�O�X�E�S �R�A�T�H�E�R �T�H�A�N �O�N�E���	

�/�N�E �W�A�Y �T�O �S�O�L�V�E �A�N �E�X�T�E�N�S�I�V�E �G�A�M�E �I�S �T�O �C�O�N�V�E�R�T �I�T �T�O �A �N�O�R�M�A�L�
�F�O�R�M �G�A�M�E�� �2�E�C�A�L�L �T�H�A�T
�T�H�E �N�O�R�M�A�L �F�O�R�M �I�S �A �M�A�T�R�I�X�� �E�A�C�H �R�O�W �O�F �W�H�I�C�H �I�S �L�A�B�E�L�E�D �W�I�T�H �A �P�U�R�E �S�T�R�A�T�E�G�Y �F�O�R �P�L�A�Y�E�R ���� �A�N�D
�E�A�C�H �C�O�L�U�M�N �B�Y �A �P�U�R�E �S�T�R�A�T�E�G�Y �F�O�R �P�L�A�Y�E�R ���� �)�N �A�N �E�X�T�E�N�S�I�V�E �G�A�M�E �A �P�U�R�E �S�T�R�A�T�E�G�Y �F�O�R �P�L�A�Y�E�R
�L�C�O�R�R�E�S�P�O�N�D�S �T�O �A�N �A�C�T�I�O�N �F�O�R �E�A�C�H �I�N�F�O�R�M�A�T�I�O�N �S�E�T �I�N�V�O�L�V�I�N�G �T�H�A�T �P�L�A�Y�E�R�� �3�O �I�N �&�I�G�U�R�E ������������
�O�N�E �P�U�R�E �S�T�R�A�T�E�G�Y �F�O�R �P�L�A�Y�E�R �� �I�S �h�R�A�I�S�E �W�H�E�N �I�NI 1;1 ���T�H�A�T �I�S�� �W�H�E�N �) �H�A�V�E �A�N �A�C�E�	�� �A�N�D �C�H�E�C�K
�W�H�E�N �I�NI 1;2 ���W�H�E�N �) �H�A�V�E �A �K�I�N�G�	���v �)�N �T�H�E �P�A�Y�O�F�F �M�A�T�R�I�X �B�E�L�O�W�� �T�H�I�S �S�T�R�A�T�E�G�Y �I�S �C�A�L�L�E�D�U�N��
�3�I�M�I�L�A�R�L�Y�� �S�T�R�A�T�E�G�Y�F�I�F�O�R �P�L�A�Y�E�R �� �M�E�A�N�S �h�C�A�L�L �W�H�E�N �) �H�A�V�E �A�N �A�C�E �A�N�D �F�O�L�D �W�H�E�N �) �H�A�V�E �A
�K�I�N�G���v �3�I�N�C�E �T�H�I�S �I�S �A �Z�E�R�O�
�S�U�M �G�A�M�E�� �T�H�E �M�A�T�R�I�X �B�E�L�O�W �G�I�V�E�S �O�N�L�Y �T�H�E �P�A�Y�O�F�F �F�O�R �P�L�A�Y�E�R ����
�P�L�A�Y�E�R �� �A�L�W�A�Y�S �H�A�S �T�H�E �O�P�P�O�S�I�T�E �P�A�Y�O�F�F��

�����F�F �����F�I �����I�I �����I�F
�����U�U �� �
������ �� ������
�����N�U �
������ �
������ ������ ������
�����U�N ������ �� ������ ������
�����N�N �� �� �� ��

�4�H�I�S �G�A�M�E �I�S �S�O �S�I�M�P�L�E �T�H�A�T �I�T �H�A�S �T�W�O �P�U�R�E�
�S�T�R�A�T�E�G�Y �E�Q�U�I�L�I�B�R�I�A�� �S�H�O�W�N �I�N �B�O�L�D���F�I�F�O�R �P�L�A�Y�E�R
�� �A�N�D�U�N�O�R�N�N�F�O�R �P�L�A�Y�E�R ���� �"�U�T �I�N �G�E�N�E�R�A�L �W�E �C�A�N �S�O�L�V�E �E�X�T�E�N�S�I�V�E �G�A�M�E�S �B�Y �C�O�N�V�E�R�T�I�N�G
�T�O �N�O�R�M�A�L �F�O�R�M �A�N�D �T�H�E�N �l�N�D�I�N�G �A �S�O�L�U�T�I�O�N ���U�S�U�A�L�L�Y �A �M�I�X�E�D �S�T�R�A�T�E�G�Y�	 �U�S�I�N�G �S�T�A�N�D�A�R�D �L�I�N�E�A�R
�P�R�O�G�R�A�M�M�I�N�G �M�E�T�H�O�D�S�� �4�H�A�T �W�O�R�K�S �I�N �T�H�E�O�R�Y�� �"�U�T �I�F �A �P�L�A�Y�E�R �H�A�SI �I�N�F�O�R�M�A�T�I�O�N �S�E�T�S �A�N�D
a �A�C�T�I�O�N�S �P�E�R �S�E�T�� �T�H�E�N �T�H�A�T �P�L�A�Y�E�R �W�I�L�L �H�A�V�EaI �P�U�R�E �S�T�R�A�T�E�G�I�E�S�� �)�N �O�T�H�E�R �W�O�R�D�S�� �T�H�E �S�I�Z�E �O�F
�T�H�E �N�O�R�M�A�L�
�F�O�R�M �M�A�T�R�I�X �I�S �E�X�P�O�N�E�N�T�I�A�L �I�N �T�H�E �N�U�M�B�E�R �O�F �I�N�F�O�R�M�A�T�I�O�N �S�E�T�S�� �S�O �I�N �P�R�A�C�T�I�C�E �T�H�E



�3�E�C�T�I�O�N ���������� �$�E�C�I�S�I�O�N�S �W�I�T�H �-�U�L�T�I�P�L�E �!�G�E�N�T�S�� �'�A�M�E �4�H�E�O�R�Y������

�A�P�P�R�O�A�C�H �W�O�R�K�S �O�N�L�Y �F�O�R �V�E�R�Y �S�M�A�L�L �G�A�M�E �T�R�E�E�S�� �O�N �T�H�E �O�R�D�E�R �O�F �A �D�O�Z�E�N �S�T�A�T�E�S�� �! �G�A�M�E �L�I�K�E
�4�E�X�A�S �H�O�L�D���E�M �P�O�K�E�R �H�A�S �A�B�O�U�T1018 �S�T�A�T�E�S�� �M�A�K�I�N�G �T�H�I�S �A�P�P�R�O�A�C�H �C�O�M�P�L�E�T�E�L�Y �I�N�F�E�A�S�I�B�L�E��

�7�H�A�T �A�R�E �T�H�E �A�L�T�E�R�N�A�T�I�V�E�S�� �)�N �#�H�A�P�T�E�R �� �W�E �S�A�W �H�O�W �A�L�P�H�A�n�B�E�T�A �S�E�A�R�C�H �C�O�U�L�D �H�A�N�D�L�E
�G�A�M�E�S �O�F �P�E�R�F�E�C�T �I�N�F�O�R�M�A�T�I�O�N �W�I�T�H �H�U�G�E �G�A�M�E �T�R�E�E�S �B�Y �G�E�N�E�R�A�T�I�N�G �T�H�E �T�R�E�E �I�N�C�R�E�M�E�N�T�A�L�L�Y�� �B�Y
�P�R�U�N�I�N�G �S�O�M�E �B�R�A�N�C�H�E�S�� �A�N�D �B�Y �H�E�U�R�I�S�T�I�C�A�L�L�Y �E�V�A�L�U�A�T�I�N�G �N�O�N�T�E�R�M�I�N�A�L �N�O�D�E�S�� �"�U�T �T�H�A�T �A�P�P�R�O�A�C�H
�D�O�E�S �N�O�T �W�O�R�K �W�E�L�L �F�O�R �G�A�M�E�S �W�I�T�H �I�M�P�E�R�F�E�C�T �I�N�F�O�R�M�A�T�I�O�N�� �F�O�R �T�W�O �R�E�A�S�O�N�S�� �l�R�S�T�� �I�T �I�S �H�A�R�D�E�R
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�E�X�A�M�I�N�E �E�A�C�H �S�O�U�R�C�E �O�F �U�N�C�E�R�T�A�I�N�T�Y�� �A�N�D �W�H�E�T�H�E�R �E�A�C�H �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �I�N �G�A�M�E �T�H�E�O�R�Y��

�$�F�W�L�R�Q�V���4�H�E�R�E �I�S �N�O �E�A�S�Y �W�A�Y �T�O �R�E�P�R�E�S�E�N�T �A �G�A�M�E �W�H�E�R�E �T�H�E �P�L�A�Y�E�R�S �H�A�V�E �T�O �D�I�S�C�O�V�E�R
�W�H�A�T �A�C�T�I�O�N�S �A�R�E �A�V�A�I�L�A�B�L�E�� �#�O�N�S�I�D�E�R �T�H�E �G�A�M�E �B�E�T�W�E�E�N �C�O�M�P�U�T�E�R �V�I�R�U�S �W�R�I�T�E�R�S �A�N�D �S�E�C�U�R�I�T�Y
�E�X�P�E�R�T�S�� �0�A�R�T �O�F �T�H�E �P�R�O�B�L�E�M �I�S �A�N�T�I�C�I�P�A�T�I�N�G �W�H�A�T �A�C�T�I�O�N �T�H�E �V�I�R�U�S �W�R�I�T�E�R�S �W�I�L�L �T�R�Y �N�E�X�T��

�6�W�U�D�W�H�J�L�H�V���'�A�M�E �T�H�E�O�R�Y �I�S �V�E�R�Y �G�O�O�D �A�T �R�E�P�R�E�S�E�N�T�I�N�G �T�H�E �I�D�E�A �T�H�A�T �T�H�E �O�T�H�E�R �P�L�A�Y�E�R�S��
�S�T�R�A�T�E�G�I�E�S �A�R�E �I�N�I�T�I�A�L�L�Y �U�N�K�N�O�W�N�ˆ�A�S �L�O�N�G �A�S �W�E �A�S�S�U�M�E �A�L�L �A�G�E�N�T�S �A�R�E �R�A�T�I�O�N�A�L�� �4�H�E �T�H�E�O�R�Y
�I�T�S�E�L�F �D�O�E�S �N�O�T �S�A�Y �W�H�A�T �T�O �D�O �W�H�E�N �T�H�E �O�T�H�E�R �P�L�A�Y�E�R�S �A�R�E �L�E�S�S �T�H�A�N �F�U�L�L�Y �R�A�T�I�O�N�A�L�� �4�H�E �N�O�T�I�O�N
�O�F �A�%�D�\�H�V�±�1�D�V�K �H�T�X�L�O�L�E�U�L�X�P�P�A�R�T�I�A�L�L�Y �A�D�D�R�E�S�S�E�S �T�H�I�S �P�O�I�N�T�� �I�T �I�S �A�N �E�Q�U�I�L�I�B�R�I�U�M �W�I�T�H �R�E�S�P�E�C�TBAYES–NASH

EQUILIBRIUM

�T�O �A �P�L�A�Y�E�R���S �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �T�H�E �O�T�H�E�R �P�L�A�Y�E�R�S�� �S�T�R�A�T�E�G�I�E�S�ˆ�I�N �O�T�H�E�R �W�O�R�D�S��
�I�T �E�X�P�R�E�S�S�E�S �A �P�L�A�Y�E�R���S �B�E�L�I�E�F�S �A�B�O�U�T �T�H�E �O�T�H�E�R �P�L�A�Y�E�R�S�� �L�I�K�E�L�Y �S�T�R�A�T�E�G�I�E�S��

�&�K�D�Q�F�H���)�F �A �G�A�M�E �D�E�P�E�N�D�S �O�N �T�H�E �R�O�L�L �O�F �A �D�I�E�� �I�T �I�S �E�A�S�Y �E�N�O�U�G�H �T�O �M�O�D�E�L �A �C�H�A�N�C�E �N�O�D�E
�W�I�T�H �U�N�I�F�O�R�M �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �T�H�E �O�U�T�C�O�M�E�S�� �"�U�T �W�H�A�T �I�F �I�T �I�S �P�O�S�S�I�B�L�E �T�H�A�T �T�H�E �D�I�E �I�S �U�N�F�A�I�R��
�7�E �C�A�N �R�E�P�R�E�S�E�N�T �T�H�A�T �W�I�T�H �A�N�O�T�H�E�R �C�H�A�N�C�E �N�O�D�E�� �H�I�G�H�E�R �U�P �I�N �T�H�E �T�R�E�E�� �W�I�T�H �T�W�O �B�R�A�N�C�H�E�S �F�O�R
�h�D�I�E �I�S �F�A�I�R�v �A�N�D �h�D�I�E �I�S �U�N�F�A�I�R���v �S�U�C�H �T�H�A�T �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �N�O�D�E�S �I�N �E�A�C�H �B�R�A�N�C�H �A�R�E �I�N �T�H�E
�S�A�M�E �I�N�F�O�R�M�A�T�I�O�N �S�E�T ���T�H�A�T �I�S�� �T�H�E �P�L�A�Y�E�R�S �D�O�N���T �K�N�O�W �I�F �T�H�E �D�I�E �I�S �F�A�I�R �O�R �N�O�T�	�� �!�N�D �W�H�A�T �I�F �W�E
�S�U�S�P�E�C�T �T�H�E �O�T�H�E�R �O�P�P�O�N�E�N�T �D�O�E�S �K�N�O�W�� �4�H�E�N �W�E �A�D�D�D�Q�R�W�K�H�U�C�H�A�N�C�E �N�O�D�E�� �W�I�T�H �O�N�E �B�R�A�N�C�H
�R�E�P�R�E�S�E�N�T�I�N�G �T�H�E �C�A�S�E �W�H�E�R�E �T�H�E �O�P�P�O�N�E�N�T �D�O�E�S �K�N�O�W�� �A�N�D �O�N�E �W�H�E�R�E �H�E �D�O�E�S�N���T��

�8�W�L�O�L�W�L�H�V���7�H�A�T �I�F �W�E �D�O�N���T �K�N�O�W �O�U�R �O�P�P�O�N�E�N�T���S �U�T�I�L�I�T�I�E�S�� �!�G�A�I�N�� �T�H�A�T �C�A�N �B�E �M�O�D�E�L�E�D
�W�I�T�H �A �C�H�A�N�C�E �N�O�D�E�� �S�U�C�H �T�H�A�T �T�H�E �O�T�H�E�R �A�G�E�N�T �K�N�O�W�S �I�T�S �O�W�N �U�T�I�L�I�T�I�E�S �I�N �E�A�C�H �B�R�A�N�C�H�� �B�U�T �W�E
�D�O�N���T�� �"�U�T �W�H�A�T �I�F �W�E �D�O�N���T �K�N�O�W �O�U�R�R�Z�Q�U�T�I�L�I�T�I�E�S�� �&�O�R �E�X�A�M�P�L�E�� �H�O�W �D�O �) �K�N�O�W �I�F �I�T �I�S
�R�A�T�I�O�N�A�L �T�O �O�R�D�E�R �T�H�E �#�H�E�F���S �S�A�L�A�D �I�F �) �D�O�N���T �K�N�O�W �H�O�W �M�U�C�H �) �W�I�L�L �L�I�K�E �I�T�� �7�E �C�A�N �M�O�D�E�L �T�H�A�T
�W�I�T�H �Y�E�T �A�N�O�T�H�E�R �C�H�A�N�C�E �N�O�D�E �S�P�E�C�I�F�Y�I�N�G �A�N �U�N�O�B�S�E�R�V�A�B�L�E �h�I�N�T�R�I�N�S�I�C �Q�U�A�L�I�T�Y�v �O�F �T�H�E �S�A�L�A�D��

�4�H�U�S�� �W�E �S�E�E �T�H�A�T �G�A�M�E �T�H�E�O�R�Y �I�S �G�O�O�D �A�T �R�E�P�R�E�S�E�N�T�I�N�G �M�O�S�T �S�O�U�R�C�E�S �O�F �U�N�C�E�R�T�A�I�N�T�Y�ˆ�B�U�T
�A�T �T�H�E �C�O�S�T �O�F �D�O�U�B�L�I�N�G �T�H�E �S�I�Z�E �O�F �T�H�E �T�R�E�E �E�V�E�R�Y �T�I�M�E �W�E �A�D�D �A�N�O�T�H�E�R �N�O�D�E�� �A �H�A�B�I�T �W�H�I�C�H
�Q�U�I�C�K�L�Y �L�E�A�D�S �T�O �I�N�T�R�A�C�T�A�B�L�Y �L�A�R�G�E �T�R�E�E�S�� �"�E�C�A�U�S�E �O�F �T�H�E�S�E �A�N�D �O�T�H�E�R �P�R�O�B�L�E�M�S�� �G�A�M�E �T�H�E�O�R�Y
�H�A�S �B�E�E�N �U�S�E�D �P�R�I�M�A�R�I�L�Y �T�O�D�Q�D�O�\�]�H�E�N�V�I�R�O�N�M�E�N�T�S �T�H�A�T �A�R�E �A�T �E�Q�U�I�L�I�B�R�I�U�M�� �R�A�T�H�E�R �T�H�A�N �T�O�F�R�Q�W�U�R�O
�A�G�E�N�T�S �W�I�T�H�I�N �A�N �E�N�V�I�R�O�N�M�E�N�T�� �.�E�X�T �W�E �S�H�A�L�L �S�E�E �H�O�W �I�T �C�A�N �H�E�L�P�G�H�V�L�J�Q�E�N�V�I�R�O�N�M�E�N�T�S��



�3�E�C�T�I�O�N ���������� �-�E�C�H�A�N�I�S�M �$�E�S�I�G�N ������

�������� �- �%�#�(�!�.�)�3�-�$�%�3�)�'�.

�)�N �T�H�E �P�R�E�V�I�O�U�S �S�E�C�T�I�O�N�� �W�E �A�S�K�E�D�� �h�'�I�V�E�N �A �G�A�M�E�� �W�H�A�T �I�S �A �R�A�T�I�O�N�A�L �S�T�R�A�T�E�G�Y���v �)�N �T�H�I�S �S�E�C�

�T�I�O�N�� �W�E�A�S�K�� �h�'�I�V�E�N �T�H�A�T �A�G�E�N�T�S �P�I�C�K �R�A�T�I�O�N�A�L �S�T�R�A�T�E�G�I�E�S�� �W�H�A�T �G�A�M�E �S�H�O�U�L�D �W�E �D�E�S�I�G�N���v �-�O�R�E
�S�P�E�C�I�l�C�A�L�L�Y�� �W�E �W�O�U�L�D �L�I�K�E �T�O �D�E�S�I�G�N �A �G�A�M�E �W�H�O�S�E �S�O�L�U�T�I�O�N�S�� �C�O�N�S�I�S�T�I�N�G �O�F �E�A�C�H �A�G�E�N�T �P�U�R�S�U�

�I�N�G �I�T�S �O�W�N �R�A�T�I�O�N�A�L �S�T�R�A�T�E�G�Y�� �R�E�S�U�L�T �I�N �T�H�E �M�A�X�I�M�I�Z�A�T�I�O�N �O�F �S�O�M�E �G�L�O�B�A�L �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N�� �4�H�I�S
�P�R�O�B�L�E�M �I�S �C�A�L�L�E�D�P�H�F�K�D�Q�L�V�P �G�H�V�L�J�Q�� �O�R �S�O�M�E�T�I�M�E�S�L�Q�Y�H�U�V�H �J�D�P�H �W�K�H�R�U�\�� �-�E�C�H�A�N�I�S�M �D�E�
MECHANISM DESIGN

�S�I�G�N �I�S �A �S�T�A�P�L�E �O�F �E�C�O�N�O�M�I�C�S �A�N�D �P�O�L�I�T�I�C�A�L �S�C�I�E�N�C�E�� �#�A�P�I�T�A�L�I�S�M ������ �S�A�Y�S �T�H�A�T �I�F �E�V�E�R�Y�O�N�E �T�R�I�E�S
�T�O �G�E�T �R�I�C�H�� �T�H�E �T�O�T�A�L �W�E�A�L�T�H �O�F �S�O�C�I�E�T�Y �W�I�L�L �I�N�C�R�E�A�S�E�� �"�U�T �T�H�E �E�X�A�M�P�L�E�S �W�E �W�I�L�L �D�I�S�C�U�S�S �S�H�O�W
�T�H�A�T �P�R�O�P�E�R �M�E�C�H�A�N�I�S�M �D�E�S�I�G�N �I�S �N�E�C�E�S�S�A�R�Y �T�O �K�E�E�P �T�H�E �I�N�V�I�S�I�B�L�E �H�A�N�D �O�N �T�R�A�C�K�� �&�O�R �C�O�L�L�E�C�T�I�O�N�S
�O�F �A�G�E�N�T�S�� �M�E�C�H�A�N�I�S�M �D�E�S�I�G�N �A�L�L�O�W�S �U�S �T�O �C�O�N�S�T�R�U�C�T �S�M�A�R�T �S�Y�S�T�E�M�S �O�U�T �O�F �A �C�O�L�L�E�C�T�I�O�N �O�F �M�O�R�E
�L�I�M�I�T�E�D �S�Y�S�T�E�M�S�ˆ�E�V�E�N �U�N�C�O�O�P�E�R�A�T�I�V�E �S�Y�S�T�E�M�S�ˆ�I�N �M�U�C�H �T�H�E �S�A�M�E �W�A�Y �T�H�A�T �T�E�A�M�S �O�F �H�U�M�A�N�S
�C�A�N �A�C�H�I�E�V�E �G�O�A�L�S �B�E�Y�O�N�D �T�H�E �R�E�A�C�H �O�F �A�N�Y �I�N�D�I�V�I�D�U�A�L��

�%�X�A�M�P�L�E�S �O�F �M�E�C�H�A�N�I�S�M �D�E�S�I�G�N �I�N�C�L�U�D�E �A�U�C�T�I�O�N�I�N�G �O�F�F �C�H�E�A�P �A�I�R�L�I�N�E �T�I�C�K�E�T�S�� �R�O�U�T�I�N�G
�4�#�0 �P�A�C�K�E�T�S �B�E�T�W�E�E�N �C�O�M�P�U�T�E�R�S�� �D�E�C�I�D�I�N�G �H�O�W �M�E�D�I�C�A�L �I�N�T�E�R�N�S �W�I�L�L �B�E �A�S�S�I�G�N�E�D �T�O �H�O�S�P�I�T�A�L�S��
�A�N�D �D�E�C�I�D�I�N�G �H�O�W �R�O�B�O�T�I�C �S�O�C�C�E�R �P�L�A�Y�E�R�S �W�I�L�L �C�O�O�P�E�R�A�T�E �W�I�T�H �T�H�E�I�R �T�E�A�M�M�A�T�E�S�� �-�E�C�H�A�N�I�S�M
�D�E�S�I�G�N �B�E�C�A�M�E �M�O�R�E �T�H�A�N �A�N �A�C�A�D�E�M�I�C �S�U�B�J�E�C�T �I�N �T�H�E ���������S �W�H�E�N �S�E�V�E�R�A�L �N�A�T�I�O�N�S�� �F�A�C�E�D �W�I�T�H
�T�H�E �P�R�O�B�L�E�M �O�F �A�U�C�T�I�O�N�I�N�G �O�F�F �L�I�C�E�N�S�E�S �T�O �B�R�O�A�D�C�A�S�T �I�N �V�A�R�I�O�U�S �F�R�E�Q�U�E�N�C�Y �B�A�N�D�S�� �L�O�S�T �H�U�N�D�R�E�D�S
�O�F �M�I�L�L�I�O�N�S �O�F �D�O�L�L�A�R�S �I�N �P�O�T�E�N�T�I�A�L �R�E�V�E�N�U�E �A�S �A �R�E�S�U�L�T �O�F �P�O�O�R �M�E�C�H�A�N�I�S�M �D�E�S�I�G�N�� �&�O�R�M�A�L�L�Y��
�A�P�H�F�K�D�Q�L�V�P�C�O�N�S�I�S�T�S �O�F �����	 �A �L�A�N�G�U�A�G�E �F�O�R �D�E�S�C�R�I�B�I�N�G �T�H�E �S�E�T �O�F �A�L�L�O�W�A�B�L�E �S�T�R�A�T�E�G�I�E�S �T�H�A�TMECHANISM

�A�G�E�N�T�S �M�A�Y �A�D�O�P�T�� �����	 �A �D�I�S�T�I�N�G�U�I�S�H�E�D �A�G�E�N�T�� �C�A�L�L�E�D �T�H�E�F�H�Q�W�H�U�� �T�H�A�T �C�O�L�L�E�C�T�S �R�E�P�O�R�T�S �O�F �S�T�R�A�T�E�G�YCENTER

�C�H�O�I�C�E�S �F�R�O�M �T�H�E �A�G�E�N�T�S �I�N �T�H�E �G�A�M�E�� �A�N�D �����	 �A�N �O�U�T�C�O�M�E �R�U�L�E�� �K�N�O�W�N �T�O �A�L�L �A�G�E�N�T�S�� �T�H�A�T �T�H�E
�C�E�N�T�E�R �U�S�E�S �T�O �D�E�T�E�R�M�I�N�E �T�H�E �P�A�Y�O�F�F�S �T�O �E�A�C�H �A�G�E�N�T�� �G�I�V�E�N �T�H�E�I�R �S�T�R�A�T�E�G�Y �C�H�O�I�C�E�S��

������������ �$�X�F�W�L�R�Q�V
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�O�F(200 � 180) � 0:05 = 1�� �4�H�E �S�E�C�O�N�D �S�L�O�T �G�O�E�S �T�Ob2�� �"�U�Tb1 �C�A�N �S�E�E �T�H�A�T �I�F �S�H�E �W�E�R�E �T�O �B�I�D
�A�N�Y�T�H�I�N�G �I�N �T�H�E �R�A�N�G�E �������n�������� �S�H�E �W�O�U�L�D �C�O�N�C�E�D�E �T�H�E �T�O�P �S�L�O�T �T�Ob2�� �W�I�N �T�H�E �S�E�C�O�N�D �S�L�O�T�� �A�N�D
�Y�I�E�L�D �A�N �E�X�P�E�C�T�E�D �R�E�T�U�R�N �O�F(200� 100)� :02 = 2�� �4�H�U�S��b1 �C�A�N �D�O�U�B�L�E �H�E�R �E�X�P�E�C�T�E�D �R�E�T�U�R�N �B�Y
�B�I�D�D�I�N�G �L�E�S�S �T�H�A�N �H�E�R �T�R�U�E �V�A�L�U�E �I�N �T�H�I�S �C�A�S�E�� �)�N �G�E�N�E�R�A�L�� �B�I�D�D�E�R�S �I�N �T�H�I�S �M�U�L�T�I�S�L�O�T �A�U�C�T�I�O�N �M�U�S�T
�S�P�E�N�D �A �L�O�T �O�F �E�N�E�R�G�Y �A�N�A�L�Y�Z�I�N�G �T�H�E �B�I�D�S �O�F �O�T�H�E�R�S �T�O �D�E�T�E�R�M�I�N�E �T�H�E�I�R �B�E�S�T �S�T�R�A�T�E�G�Y�� �T�H�E�R�E �I�S �N�O
�S�I�M�P�L�E �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y�� �!�G�G�A�R�W�A�L�H�W �D�O�������������	 �S�H�O�W �T�H�A�T �T�H�E�R�E �I�S �A �U�N�I�Q�U�E �T�R�U�T�H�F�U�L �A�U�C�T�I�O�N
�M�E�C�H�A�N�I�S�M �F�O�R �T�H�I�S �M�U�L�T�I�S�L�O�T �P�R�O�B�L�E�M�� �I�N �W�H�I�C�H �T�H�E �W�I�N�N�E�R �O�F �S�L�O�Tj �P�A�Y�S �T�H�E �F�U�L�L �P�R�I�C�E �F�O�R
�S�L�O�Tj �J�U�S�T �F�O�R �T�H�O�S�E �A�D�D�I�T�I�O�N�A�L �C�L�I�C�K�S �T�H�A�T �A�R�E �A�V�A�I�L�A�B�L�E �A�T �S�L�O�Tj �A�N�D �N�O�T �A�T �S�L�O�Tj + 1 �� �4�H�E
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�T�O �E�N�S�U�R�E �T�H�A�T �A�L�L�H�[�W�H�U�Q�D�O�L�W�L�H�V�ˆ�E�F�F�E�C�T�S �O�N �G�L�O�B�A�L �U�T�I�L�I�T�Y �T�H�A�T �A�R�E �N�O�T �R�E�C�O�G�N�I�Z�E�D �I�N �T�H�E �I�N�
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�D�I�V�I�D�U�A�L �A�G�E�N�T�S�� �T�R�A�N�S�A�C�T�I�O�N�S�ˆ�A�R�E �M�A�D�E �E�X�P�L�I�C�I�T�� �3�E�T�T�I�N�G �T�H�E �P�R�I�C�E�S �C�O�R�R�E�C�T�L�Y �I�S �T�H�E �D�I�F�l�C�U�L�T
�P�A�R�T�� �)�N �T�H�E �L�I�M�I�T�� �T�H�I�S �A�P�P�R�O�A�C�H �A�M�O�U�N�T�S �T�O �C�R�E�A�T�I�N�G �A �M�E�C�H�A�N�I�S�M �I�N �W�H�I�C�H �E�A�C�H �A�G�E�N�T �I�S
�E�F�F�E�C�T�I�V�E�L�Y �R�E�Q�U�I�R�E�D �T�O �M�A�X�I�M�I�Z�E �G�L�O�B�A�L �U�T�I�L�I�T�Y�� �B�U�T �C�A�N �D�O �S�O �B�Y �M�A�K�I�N�G �A �L�O�C�A�L �D�E�C�I�S�I�O�N�� �&�O�R
�T�H�I�S �E�X�A�M�P�L�E�� �A �C�A�R�B�O�N �T�A�X �W�O�U�L�D �B�E �A�N �E�X�A�M�P�L�E �O�F �A �M�E�C�H�A�N�I�S�M �T�H�A�T �C�H�A�R�G�E�S �F�O�R �U�S�E �O�F �T�H�E
�C�O�M�M�O�N�S �I�N �A �W�A�Y �T�H�A�T�� �I�F �I�M�P�L�E�M�E�N�T�E�D �W�E�L�L�� �M�A�X�I�M�I�Z�E�S �G�L�O�B�A�L �U�T�I�L�I�T�Y��

�!�S �A �l�N�A�L �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F �A�L�L�O�C�A�T�I�N�G �S�O�M�E �C�O�M�M�O�N �G�O�O�D�S�� �3�U�P�P�O�S�E �A
�C�I�T�Y �D�E�C�I�D�E�S �I�T �W�A�N�T�S �T�O �I�N�S�T�A�L�L �S�O�M�E �F�R�E�E �W�I�R�E�L�E�S�S �)�N�T�E�R�N�E�T �T�R�A�N�S�C�E�I�V�E�R�S�� �(�O�W�E�V�E�R�� �T�H�E �N�U�M�B�E�R
�O�F �T�R�A�N�S�C�E�I�V�E�R�S �T�H�E�Y �C�A�N �A�F�F�O�R�D �I�S �L�E�S�S �T�H�A�N �T�H�E �N�U�M�B�E�R �O�F �N�E�I�G�H�B�O�R�H�O�O�D�S �T�H�A�T �W�A�N�T �T�H�E�M�� �4�H�E
�C�I�T�Y �W�A�N�T�S �T�O �A�L�L�O�C�A�T�E �T�H�E �G�O�O�D�S �E�F�l�C�I�E�N�T�L�Y�� �T�O �T�H�E �N�E�I�G�H�B�O�R�H�O�O�D�S �T�H�A�T �W�O�U�L�D �V�A�L�U�E �T�H�E�M �T�H�E
�M�O�S�T�� �4�H�A�T �I�S�� �T�H�E�Y �W�A�N�T �T�O �M�A�X�I�M�I�Z�E �T�H�E �G�L�O�B�A�L �U�T�I�L�I�T�YV =
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�T�H�E�Y �J�U�S�T �A�S�K �E�A�C�H �N�E�I�G�H�B�O�R�H�O�O�D �C�O�U�N�C�I�L �h�H�O�W �M�U�C�H �D�O �Y�O�U �V�A�L�U�E �T�H�I�S �F�R�E�E �G�I�F�T���v �T�H�E�Y �W�O�U�L�D
�A�L�L �H�A�V�E �A�N �I�N�C�E�N�T�I�V�E �T�O �L�I�E�� �A�N�D �R�E�P�O�R�T �A �H�I�G�H �V�A�L�U�E�� �)�T �T�U�R�N�S �O�U�T �T�H�E�R�E �I�S �A �M�E�C�H�A�N�I�S�M�� �K�N�O�W�N
�A�S �T�H�E�9�L�F�N�U�H�\���&�O�D�U�N�H���*�U�R�Y�H�V�� �O�R�9�&�*�� �M�E�C�H�A�N�I�S�M�� �T�H�A�T �M�A�K�E�S �I�T �A �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y �F�O�RVICKREY­CLARKE­
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VCG �E�A�C�H �A�G�E�N�T �T�O �R�E�P�O�R�T �I�T�S �T�R�U�E �U�T�I�L�I�T�Y �A�N�D �T�H�A�T �A�C�H�I�E�V�E�S �A�N �E�F�l�C�I�E�N�T �A�L�L�O�C�A�T�I�O�N �O�F �T�H�E �G�O�O�D�S�� �4�H�E
�T�R�I�C�K �I�S �T�H�A�T �E�A�C�H �A�G�E�N�T �P�A�Y�S �A �T�A�X �E�Q�U�I�V�A�L�E�N�T �T�O �T�H�E �L�O�S�S �I�N �G�L�O�B�A�L �U�T�I�L�I�T�Y �T�H�A�T �O�C�C�U�R�S �B�E�C�A�U�S�E
�O�F �T�H�E �A�G�E�N�T���S �P�R�E�S�E�N�C�E �I�N �T�H�E �G�A�M�E�� �4�H�E �M�E�C�H�A�N�I�S�M �W�O�R�K�S �L�I�K�E �T�H�I�S��

���� �4�H�E �C�E�N�T�E�R �A�S�K�S �E�A�C�H �A�G�E�N�T �T�O �R�E�P�O�R�T �I�T�S �V�A�L�U�E �F�O�R �R�E�C�E�I�V�I�N�G �A�N �I�T�E�M�� �#�A�L�L �T�H�I�Sbi ��
���� �4�H�E �C�E�N�T�E�R �A�L�L�O�C�A�T�E�S �T�H�E �G�O�O�D�S �T�O �A �S�U�B�S�E�T �O�F �T�H�E �B�I�D�D�E�R�S�� �7�E �C�A�L�L �T�H�I�S �S�U�B�S�E�TA�� �A�N�D �U�S�E

�T�H�E �N�O�T�A�T�I�O�Nbi (A) �T�O �M�E�A�N �T�H�E �R�E�S�U�L�T �T�Oi �U�N�D�E�R �T�H�I�S �A�L�L�O�C�A�T�I�O�N��bi �I�Fi �I�S �I�NA ���T�H�A�T �I�S��i
�I�S �A �W�I�N�N�E�R�	�� �A�N�D �� �O�T�H�E�R�W�I�S�E�� �4�H�E �C�E�N�T�E�R �C�H�O�O�S�E�SA �T�O �M�A�X�I�M�I�Z�E �T�O�T�A�L �R�E�P�O�R�T�E�D �U�T�I�L�I�T�Y
B =

P
i bi (A)��

���� �4�H�E �C�E�N�T�E�R �C�A�L�C�U�L�A�T�E�S ���F�O�R �E�A�C�Hi �	 �T�H�E �S�U�M �O�F �T�H�E �R�E�P�O�R�T�E�D �U�T�I�L�I�T�I�E�S �F�O�R �A�L�L �T�H�E �W�I�N�N�E�R�S
�E�X�C�E�P�Ti �� �7�E �U�S�E �T�H�E �N�O�T�A�T�I�O�NB � i =

P
j 6=i bj (A)�� �4�H�E �C�E�N�T�E�R �A�L�S�O �C�O�M�P�U�T�E�S ���F�O�R �E�A�C�H

i �	 �T�H�E �A�L�L�O�C�A�T�I�O�N �T�H�A�T �W�O�U�L�D �M�A�X�I�M�I�Z�E �T�O�T�A�L �G�L�O�B�A�L �U�T�I�L�I�T�Y �I�Fi �W�E�R�E �N�O�T �I�N �T�H�E �G�A�M�E�� �C�A�L�L
�T�H�A�T �S�U�MW� i ��

���� �%�A�C�H �A�G�E�N�Ti �P�A�Y�S �A �T�A�X �E�Q�U�A�L �T�OW� i � B � i ��



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S

�)�N �T�H�I�S �E�X�A�M�P�L�E�� �T�H�E �6�#�' �R�U�L�E �M�E�A�N�S �T�H�A�T �E�A�C�H �W�I�N�N�E�R �W�O�U�L�D �P�A�Y �A �T�A�X �E�Q�U�A�L �T�O �T�H�E �H�I�G�H�E�S�T
�R�E�P�O�R�T�E�D �V�A�L�U�E �A�M�O�N�G �T�H�E �L�O�S�E�R�S�� �4�H�A�T �I�S�� �I�F �) �R�E�P�O�R�T �M�Y �V�A�L�U�E �A�S ���� �A�N�D �T�H�A�T �C�A�U�S�E�S �S�O�M�E�O�N�E
�W�I�T�H �V�A�L�U�E �� �T�O �M�I�S�S �O�U�T �O�N �A�N �A�L�L�O�C�A�T�I�O�N�� �T�H�E�N �) �P�A�Y �A �T�A�X �O�F ���� �!�L�L �W�I�N�N�E�R�S �S�H�O�U�L�D �B�E �H�A�P�P�Y
�B�E�C�A�U�S�E �T�H�E�Y �P�A�Y �A �T�A�X �T�H�A�T �I�S �L�E�S�S �T�H�A�N �T�H�E�I�R �V�A�L�U�E�� �A�N�D �A�L�L �L�O�S�E�R�S �A�R�E �A�S �H�A�P�P�Y �A�S �T�H�E�Y �C�A�N �B�E��
�B�E�C�A�U�S�E �T�H�E�Y �V�A�L�U�E �T�H�E �G�O�O�D�S �L�E�S�S �T�H�A�N �T�H�E �R�E�Q�U�I�R�E�D �T�A�X��

�7�H�Y �I�S �I�T �T�H�A�T �T�H�I�S �M�E�C�H�A�N�I�S�M �I�S �T�R�U�T�H�
�R�E�V�E�A�L�I�N�G�� �&�I�R�S�T�� �C�O�N�S�I�D�E�R �T�H�E �P�A�Y�O�F�F �T�O �A�G�E�N�Ti ��
�W�H�I�C�H �I�S �T�H�E �V�A�L�U�E �O�F �G�E�T�T�I�N�G �A�N �I�T�E�M�� �M�I�N�U�S �T�H�E �T�A�X��

vi (A) � (W� i � B � i ) : �������������	

�(�E�R�E �W�E �D�I�S�T�I�N�G�U�I�S�H �T�H�E �A�G�E�N�T���S �T�R�U�E �U�T�I�L�I�T�Y��vi �� �F�R�O�M �H�I�S �R�E�P�O�R�T�E�D �U�T�I�L�I�T�Ybi ���B�U�T �W�E �A�R�E �T�R�Y�I�N�G
�T�O �S�H�O�W �T�H�A�T �A �D�O�M�I�N�A�N�T �S�T�R�A�T�E�G�Y �I�Sbi = vi �	�� �!�G�E�N�Ti �K�N�O�W�S �T�H�A�T �T�H�E �C�E�N�T�E�R �W�I�L�L �M�A�X�I�M�I�Z�E
�G�L�O�B�A�L �U�T�I�L�I�T�Y �U�S�I�N�G �T�H�E �R�E�P�O�R�T�E�D �V�A�L�U�E�S��
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j

bj (A) = bi (A) +
X

j 6=i

bj (A)

�W�H�E�R�E�A�S �A�G�E�N�Ti �W�A�N�T�S �T�H�E �C�E�N�T�E�R �T�O �M�A�X�I�M�I�Z�E �������������	�� �W�H�I�C�H �C�A�N �B�E �R�E�W�R�I�T�T�E�N �A�S

vi (A) +
X

j 6=i

bj (A) � W� i :

�3�I�N�C�E �A�G�E�N�Ti �C�A�N�N�O�T �A�F�F�E�C�T �T�H�E �V�A�L�U�E �O�FW� i ���I�T �D�E�P�E�N�D�S �O�N�L�Y �O�N �T�H�E �O�T�H�E�R �A�G�E�N�T�S�	�� �T�H�E �O�N�L�Y
�W�A�Yi �C�A�N �M�A�K�E �T�H�E �C�E�N�T�E�R �O�P�T�I�M�I�Z�E �W�H�A�Ti �W�A�N�T�S �I�S �T�O �R�E�P�O�R�T �T�H�E �T�R�U�E �U�T�I�L�I�T�Y��bi = vi ��
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�T�O �T�H�E �l�E�L�D �A�N�D �D�E�S�C�R�I�B�E �A �W�O�R�K�I�N�G �S�Y�S�T�E�M �F�O�R �R�E�P�R�E�S�E�N�T�I�N�G �A�N�D �S�O�L�V�I�N�G �S�E�Q�U�E�N�T�I�A�L �G�A�M�E�S��

�4�H�E �U�S�E �O�F �A�B�S�T�R�A�C�T�I�O�N �T�O �R�E�D�U�C�E �A �G�A�M�E �T�R�E�E �T�O �A �S�I�Z�E �T�H�A�T �C�A�N �B�E �S�O�L�V�E�D �W�I�T�H �+�O�L�L�E�R���S
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�-�A�R�K�O�V �M�O�D�E�L��

�������� �3�U�P�P�O�S�E �T�H�A�T �W�E �D�E�l�N�E �T�H�E �U�T�I�L�I�T�Y �O�F �A �S�T�A�T�E �S�E�Q�U�E�N�C�E �T�O �B�E �T�H�E�P�D�[�L�P�X�P�R�E�W�A�R�D �O�B�

�T�A�I�N�E�D �I�N �A�N�Y �S�T�A�T�E �I�N �T�H�E �S�E�Q�U�E�N�C�E�� �3�H�O�W �T�H�A�T �T�H�I�S �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �D�O�E�S �N�O�T �R�E�S�U�L�T �I�N �S�T�A�T�I�O�N�A�R�Y
�P�R�E�F�E�R�E�N�C�E�S �B�E�T�W�E�E�N �S�T�A�T�E �S�E�Q�U�E�N�C�E�S�� �)�S �I�T �S�T�I�L�L �P�O�S�S�I�B�L�E �T�O �D�E�l�N�E �A �U�T�I�L�I�T�Y �F�U�N�C�T�I�O�N �O�N �S�T�A�T�E�S
�S�U�C�H �T�H�A�T �-�%�5 �D�E�C�I�S�I�O�N �M�A�K�I�N�G �G�I�V�E�S �O�P�T�I�M�A�L �B�E�H�A�V�I�O�R��

�������� �#�A�N �A�N�Y �l�N�I�T�E �S�E�A�R�C�H �P�R�O�B�L�E�M �B�E �T�R�A�N�S�L�A�T�E�D �E�X�A�C�T�L�Y �I�N�T�O �A �-�A�R�K�O�V �D�E�C�I�S�I�O�N �P�R�O�B�L�E�M
�S�U�C�H �T�H�A�T �A�N �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �O�F �T�H�E �L�A�T�T�E�R �I�S �A�L�S�O �A�N �O�P�T�I�M�A�L �S�O�L�U�T�I�O�N �O�F �T�H�E �F�O�R�M�E�R�� �)�F �S�O��
�E�X�P�L�A�I�N�S�U�H�F�L�V�H�O�\�H�O�W �T�O �T�R�A�N�S�L�A�T�E �T�H�E �P�R�O�B�L�E�M �A�N�D �H�O�W �T�O �T�R�A�N�S�L�A�T�E �T�H�E �S�O�L�U�T�I�O�N �B�A�C�K�� �I�F �N�O�T��
�E�X�P�L�A�I�N�S�U�H�F�L�V�H�O�\�W�H�Y �N�O�T ���I���E���� �G�I�V�E �A �C�O�U�N�T�E�R�E�X�A�M�P�L�E�	��

�������� �3�O�M�E�T�I�M�E�S �-�$�0�S �A�R�E �F�O�R�M�U�L�A�T�E�D �W�I�T�H �A �R�E�W�A�R�D �F�U�N�C�T�I�O�NR(s; a) �T�H�A�T �D�E�P�E�N�D�S �O�N �T�H�E
�A�C�T�I�O�N �T�A�K�E�N �O�R �W�I�T�H �A �R�E�W�A�R�D �F�U�N�C�T�I�O�NR(s; a; s0) �T�H�A�T �A�L�S�O �D�E�P�E�N�D�S �O�N �T�H�E �O�U�T�C�O�M�E �S�T�A�T�E��

�D�� �7�R�I�T�E �T�H�E �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N�S �F�O�R �T�H�E�S�E �F�O�R�M�U�L�A�T�I�O�N�S��



�%�X�E�R�C�I�S�E�S ������

�E�� �3�H�O�W �H�O�W �A�N �-�$�0 �W�I�T�H �R�E�W�A�R�D �F�U�N�C�T�I�O�NR(s; a; s0) �C�A�N �B�E �T�R�A�N�S�F�O�R�M�E�D �I�N�T�O �A �D�I�F�F�E�R�E�N�T
�-�$�0 �W�I�T�H �R�E�W�A�R�D �F�U�N�C�T�I�O�NR(s; a)�� �S�U�C�H �T�H�A�T �O�P�T�I�M�A�L �P�O�L�I�C�I�E�S �I�N �T�H�E �N�E�W �-�$�0 �C�O�R�R�E�

�S�P�O�N�D �E�X�A�C�T�L�Y �T�O �O�P�T�I�M�A�L �P�O�L�I�C�I�E�S �I�N �T�H�E �O�R�I�G�I�N�A�L �-�$�0��

�F�� �.�O�W �D�O �T�H�E �S�A�M�E �T�O �C�O�N�V�E�R�T �-�$�0�S �W�I�T�HR(s; a) �I�N�T�O �-�$�0�S �W�I�T�HR(s)��

�������� �&�O�R �T�H�E �E�N�V�I�R�O�N�M�E�N�T �S�H�O�W�N �I�N �&�I�G�U�R�E ���������� �l�N�D �A�L�L �T�H�E �T�H�R�E�S�H�O�L�D �V�A�L�U�E�S �F�O�RR(s) �S�U�C�H
�T�H�A�T �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y �C�H�A�N�G�E�S �W�H�E�N �T�H�E �T�H�R�E�S�H�O�L�D �I�S �C�R�O�S�S�E�D�� �9�O�U �W�I�L�L �N�E�E�D �A �W�A�Y �T�O �C�A�L�C�U�

�L�A�T�E �T�H�E�O�P�T�I�M�A�L �P�O�L�I�C�Y �A�N�D �I�T�S �V�A�L�U�E �F�O�R �l�X�E�DR(s)�� ���+�L�Q�W�� �0�R�O�V�E �T�H�A�T �T�H�E �V�A�L�U�E �O�F �A�N�Y �l�X�E�D
�P�O�L�I�C�Y �V�A�R�I�E�S �L�I�N�E�A�R�L�Y �W�I�T�HR(s)���	

�������� �%�Q�U�A�T�I�O�N �����������	 �O�N �P�A�G�E ������ �S�T�A�T�E�S �T�H�A�T �T�H�E �"�E�L�L�M�A�N �O�P�E�R�A�T�O�R �I�S �A �C�O�N�T�R�A�C�T�I�O�N��

�D�� �3�H�O�W �T�H�A�T�� �F�O�R �A�N�Y �F�U�N�C�T�I�O�N�Sf �A�N�Dg��

j max
a

f (a) � max
a

g(a)j � max
a

jf (a) � g(a)j :

�E�� �7�R�I�T�E �O�U�T �A�N �E�X�P�R�E�S�S�I�O�N �F�O�Rj(B U i � B U 0
i )(s)j �A�N�D �T�H�E�N �A�P�P�L�Y �T�H�E �R�E�S�U�L�T �F�R�O�M ���A�	 �T�O

�C�O�M�P�L�E�T�E �T�H�E �P�R�O�O�F �T�H�A�T �T�H�E �"�E�L�L�M�A�N �O�P�E�R�A�T�O�R �I�S �A �C�O�N�T�R�A�C�T�I�O�N��

�������� �4�H�I�S �E�X�E�R�C�I�S�E �C�O�N�S�I�D�E�R�S �T�W�O�
�P�L�A�Y�E�R �-�$�0�S �T�H�A�T �C�O�R�R�E�S�P�O�N�D �T�O �Z�E�R�O�
�S�U�M�� �T�U�R�N�
�T�A�K�I�N�G
�G�A�M�E�S �L�I�K�E �T�H�O�S�E �I�N �#�H�A�P�T�E�R ���� �,�E�T �T�H�E �P�L�A�Y�E�R�S �B�EA �A�N�DB �� �A�N�D �L�E�TR(s) �B�E �T�H�E �R�E�W�A�R�D �F�O�R
�P�L�A�Y�E�RA �I�N �S�T�A�T�Es�� ���4�H�E �R�E�W�A�R�D �F�O�RB �I�S �A�L�W�A�Y�S �E�Q�U�A�L �A�N�D �O�P�P�O�S�I�T�E���	

�D�� �,�E�TUA (s) �B�E �T�H�E �U�T�I�L�I�T�Y �O�F �S�T�A�T�Es �W�H�E�N �I�T �I�SA���S �T�U�R�N �T�O �M�O�V�E �I�Ns�� �A�N�D �L�E�TUB (s) �B�E �T�H�E
�U�T�I�L�I�T�Y �O�F �S�T�A�T�Es �W�H�E�N �I�T �I�SB ���S �T�U�R�N �T�O �M�O�V�E �I�Ns�� �!�L�L �R�E�W�A�R�D�S �A�N�D �U�T�I�L�I�T�I�E�S �A�R�E �C�A�L�C�U�L�A�T�E�D
�F�R�O�MA���S �P�O�I�N�T �O�F �V�I�E�W ���J�U�S�T �A�S �I�N �A �M�I�N�I�M�A�X �G�A�M�E �T�R�E�E�	�� �7�R�I�T�E �D�O�W�N �"�E�L�L�M�A�N �E�Q�U�A�T�I�O�N�S
�D�E�l�N�I�N�GUA (s) �A�N�DUB (s)��

�E�� �%�X�P�L�A�I�N �H�O�W �T�O �D�O �T�W�O�
�P�L�A�Y�E�R �V�A�L�U�E �I�T�E�R�A�T�I�O�N �W�I�T�H �T�H�E�S�E �E�Q�U�A�T�I�O�N�S�� �A�N�D �D�E�l�N�E �A �S�U�I�T�A�B�L�E
�T�E�R�M�I�N�A�T�I�O�N �C�R�I�T�E�R�I�O�N��

�F�� �#�O�N�S�I�D�E�R �T�H�E �G�A�M�E �D�E�S�C�R�I�B�E�D �I�N �&�I�G�U�R�E �������� �O�N �P�A�G�E �������� �$�R�A�W �T�H�E �S�T�A�T�E �S�P�A�C�E ���R�A�T�H�E�R
�T�H�A�N �T�H�E �G�A�M�E �T�R�E�E�	�� �S�H�O�W�I�N�G �T�H�E �M�O�V�E�S �B�YA �A�S �S�O�L�I�D �L�I�N�E�S �A�N�D �M�O�V�E�S �B�YB �A�S �D�A�S�H�E�D
�L�I�N�E�S�� �-�A�R�K �E�A�C�H �S�T�A�T�E �W�I�T�HR(s)�� �9�O�U �W�I�L�L �l�N�D �I�T �H�E�L�P�F�U�L �T�O �A�R�R�A�N�G�E �T�H�E �S�T�A�T�E�S(sA ; sB )
�O�N �A �T�W�O�
�D�I�M�E�N�S�I�O�N�A�L �G�R�I�D�� �U�S�I�N�GsA �A�N�DsB �A�S �h�C�O�O�R�D�I�N�A�T�E�S���v

�G�� �.�O�W �A�P�P�L�Y �T�W�O�
�P�L�A�Y�E�R �V�A�L�U�E �I�T�E�R�A�T�I�O�N �T�O �S�O�L�V�E �T�H�I�S �G�A�M�E�� �A�N�D �D�E�R�I�V�E �T�H�E �O�P�T�I�M�A�L �P�O�L�I�C�Y��

�������� �#�O�N�S�I�D�E�R �T�H�E3 � 3 �W�O�R�L�D �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	�� �4�H�E �T�R�A�N�S�I�T�I�O�N �M�O�D�E�L �I�S �T�H�E �S�A�M�E
�A�S �I�N �T�H�E4� 3 �&�I�G�U�R�E ���������� ������ �O�F �T�H�E �T�I�M�E �T�H�E �A�G�E�N�T �G�O�E�S �I�N �T�H�E �D�I�R�E�C�T�I�O�N �I�T �S�E�L�E�C�T�S�� �T�H�E �R�E�S�T
�O�F �T�H�E �T�I�M�E �I�T �M�O�V�E�S �A�T �R�I�G�H�T �A�N�G�L�E�S �T�O �T�H�E �I�N�T�E�N�D�E�D �D�I�R�E�C�T�I�O�N��

�)�M�P�L�E�M�E�N�T �V�A�L�U�E �I�T�E�R�A�T�I�O�N �F�O�R �T�H�I�S �W�O�R�L�D �F�O�R �E�A�C�H �V�A�L�U�E �O�Fr �B�E�L�O�W�� �5�S�E �D�I�S�C�O�U�N�T�E�D
�R�E�W�A�R�D�S �W�I�T�H �A �D�I�S�C�O�U�N�T �F�A�C�T�O�R �O�F ���������� �3�H�O�W �T�H�E �P�O�L�I�C�Y �O�B�T�A�I�N�E�D �I�N �E�A�C�H �C�A�S�E�� �%�X�P�L�A�I�N
�I�N�T�U�I�T�I�V�E�L�Y �W�H�Y �T�H�E �V�A�L�U�E �O�Fr �L�E�A�D�S �T�O �E�A�C�H �P�O�L�I�C�Y��

�D�� r = 100
�E�� r = � 3
�F�� r = 0
�G�� r = +3



������ �#�H�A�P�T�E�R ������ �-�A�K�I�N�G �#�O�M�P�L�E�X �$�E�C�I�S�I�O�N�S
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���A�	 ���B�	

�)�L�J�X�U�H �������������A�	3 � 3 �W�O�R�L�D �F�O�R �%�X�E�R�C�I�S�E ���������� �4�H�E �R�E�W�A�R�D �F�O�R �E�A�C�H �S�T�A�T�E �I�S �I�N�D�I�C�A�T�E�D��
�4�H�E �U�P�P�E�R �R�I�G�H�T �S�Q�U�A�R�E �I�S �A �T�E�R�M�I�N�A�L �S�T�A�T�E�� ���B�	101� 3 �W�O�R�L�D �F�O�R �%�X�E�R�C�I�S�E �������� ���O�M�I�T�T�I�N�G ����
�I�D�E�N�T�I�C�A�L �C�O�L�U�M�N�S �I�N �T�H�E �M�I�D�D�L�E�	�� �4�H�E �S�T�A�R�T �S�T�A�T�E �H�A�S �R�E�W�A�R�D ����

�������� �#�O�N�S�I�D�E�R �T�H�E101� 3 �W�O�R�L�D �S�H�O�W�N �I�N �&�I�G�U�R�E �������������B�	�� �)�N �T�H�E �S�T�A�R�T �S�T�A�T�E �T�H�E �A�G�E�N�T �H�A�S
�A �C�H�O�I�C�E �O�F �T�W�O �D�E�T�E�R�M�I�N�I�S�T�I�C �A�C�T�I�O�N�S���8�S�O�R�'�R�Z�Q�� �B�U�T �I�N �T�H�E �O�T�H�E�R �S�T�A�T�E�S �T�H�E �A�G�E�N�T �H�A�S �O�N�E
�D�E�T�E�R�M�I�N�I�S�T�I�C �A�C�T�I�O�N���5�L�J�K�W�� �!�S�S�U�M�I�N�G �A �D�I�S�C�O�U�N�T�E�D �R�E�W�A�R�D �F�U�N�C�T�I�O�N�� �F�O�R �W�H�A�T �V�A�L�U�E�S �O�F �T�H�E
�D�I�S�C�O�U�N�T
 �S�H�O�U�L�D �T�H�E �A�G�E�N�T �C�H�O�O�S�E�8�S�A�N�D �F�O�R �W�H�I�C�H�'�R�Z�Q�� �#�O�M�P�U�T�E �T�H�E �U�T�I�L�I�T�Y �O�F �E�A�C�H
�A�C�T�I�O�N �A�S �A �F�U�N�C�T�I�O�N �O�F
 �� ���.�O�T�E �T�H�A�T �T�H�I�S �S�I�M�P�L�E �E�X�A�M�P�L�E �A�C�T�U�A�L�L�Y �R�E�m�E�C�T�S �M�A�N�Y �R�E�A�L�
�W�O�R�L�D
�S�I�T�U�A�T�I�O�N�S �I�N �W�H�I�C�H �O�N�E �M�U�S�T �W�E�I�G�H �T�H�E �V�A�L�U�E �O�F �A�N �I�M�M�E�D�I�A�T�E �A�C�T�I�O�N �V�E�R�S�U�S �T�H�E �P�O�T�E�N�T�I�A�L
�C�O�N�T�I�N�U�A�L �L�O�N�G�
�T�E�R�M �C�O�N�S�E�Q�U�E�N�C�E�S�� �S�U�C�H �A�S �C�H�O�O�S�I�N�G �T�O �D�U�M�P �P�O�L�L�U�T�A�N�T�S �I�N�T�O �A �L�A�K�E���	

���������� �#�O�N�S�I�D�E�R �A�N �U�N�D�I�S�C�O�U�N�T�E�D �-�$�0 �H�A�V�I�N�G �T�H�R�E�E �S�T�A�T�E�S�� ������ ���� ���	�� �W�I�T�H �R�E�W�A�R�D�S� 1��� 2��
0�� �R�E�S�P�E�C�T�I�V�E�L�Y�� �3�T�A�T�E �� �I�S �A �T�E�R�M�I�N�A�L �S�T�A�T�E�� �)�N �S�T�A�T�E�S �� �A�N�D �� �T�H�E�R�E �A�R�E �T�W�O �P�O�S�S�I�B�L�E �A�C�T�I�O�N�S��a
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(x1, y1), (x2, y2), . . . (xN , yN ) ,

�W�H�E�R�E �E�A�C�Hyj �W�A�S �G�E�N�E�R�A�T�E�D �B�Y �A�N �U�N�K�N�O�W�N �F�U�N�C�T�I�O�Ny = f (x) ��
�D�I�S�C�O�V�E�R �A �F�U�N�C�T�I�O�Nh �T�H�A�T �A�P�P�R�O�X�I�M�A�T�E�S �T�H�E �T�R�U�E �F�U�N�C�T�I�O�Nf ��

�(�E�R�Ex �A�N�Dy �C�A�N �B�E �A�N�Y �V�A�L�U�E�� �T�H�E�Y �N�E�E�D �N�O�T �B�E �N�U�M�B�E�R�S�� �4�H�E �F�U�N�C�T�I�O�Nh �I�S �A�K�\�S�R�W�K�H�V�L�V����HYPOTHESIS

�,�E�A�R�N�I�N�G �I�S �A �S�E�A�R�C�H �T�H�R�O�U�G�H �T�H�E �S�P�A�C�E �O�F �P�O�S�S�I�B�L�E �H�Y�P�O�T�H�E�S�E�S �F�O�R �O�N�E �T�H�A�T �W�I�L�L �P�E�R�F�O�R�M �W�E�L�L��
�E�V�E�N �O�N �N�E�W �E�X�A�M�P�L�E�S �B�E�Y�O�N�D �T�H�E �T�R�A�I�N�I�N�G �S�E�T�� �4�O �M�E�A�S�U�R�E �T�H�E �A�C�C�U�R�A�C�Y �O�F �A �H�Y�P�O�T�H�E�S�I�S �W�E
�G�I�V�E �I�T �A�W�H�V�W �V�H�W�O�F �E�X�A�M�P�L�E�S �T�H�A�T �A�R�E �D�I�S�T�I�N�C�T �F�R�O�M �T�H�E �T�R�A�I�N�I�N�G �S�E�T�� �7�E �S�A�Y �A �H�Y�P�O�T�H�E�S�I�STEST SET

1 �! �N�O�T�E �O�N �N�O�T�A�T�I�O�N�� �E�X�C�E�P�T �W�H�E�R�E �N�O�T�E�D�� �W�E �W�I�L�L �U�S�Ej �T�O �I�N�D�E�X �T�H�EN �E�X�A�M�P�L�E�S��x j �W�I�L�L �A�L�W�A�Y�S �B�E �T�H�E �I�N�P�U�T �A�N�D
yj �T�H�E �O�U�T�P�U�T�� �)�N �C�A�S�E�S �W�H�E�R�E �T�H�E �I�N�P�U�T �I�S �S�P�E�C�I�l�C�A�L�L�Y �A �V�E�C�T�O�R �O�F �A�T�T�R�I�B�U�T�E �V�A�L�U�E�S ���B�E�G�I�N�N�I�N�G �W�I�T�H �3�E�C�T�I�O�N ���������	��
�W�E �W�I�L�L �U�S�E�[j �F�O�R �T�H�Ej �T�H �E�X�A�M�P�L�E �A�N�D �W�E �W�I�L�L �U�S�Ei �T�O �I�N�D�E�X �T�H�En �A�T�T�R�I�B�U�T�E�S �O�F �E�A�C�H �E�X�A�M�P�L�E�� �4�H�E �E�L�E�M�E�N�T�S �O�F
�[j �A�R�E �W�R�I�T�T�E�Nxj, 1, x j, 2, . . . , x j,n ��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

���C�	���A�	 ���B�	 ���D�	
�[ �[ �[ �[

�I���[�	 �I���[�	 �I���[�	 �I���[�	

�)�L�J�X�U�H �����������A�	 �%�X�A�M�P�L�E(x, f (x)) �P�A�I�R�S �A�N�D �A �C�O�N�S�I�S�T�E�N�T�� �L�I�N�E�A�R �H�Y�P�O�T�H�E�S�I�S�� ���B�	 �! �C�O�N�

�S�I�S�T�E�N�T�� �D�E�G�R�E�E�
�� �P�O�L�Y�N�O�M�I�A�L �H�Y�P�O�T�H�E�S�I�S �F�O�R �T�H�E �S�A�M�E �D�A�T�A �S�E�T�� ���C�	 �! �D�I�F�F�E�R�E�N�T �D�A�T�A �S�E�T�� �W�H�I�C�H
�A�D�M�I�T�S �A�N �E�X�A�C�T �D�E�G�R�E�E�
�� �P�O�L�Y�N�O�M�I�A�L �l�T �O�R �A�N �A�P�P�R�O�X�I�M�A�T�E �L�I�N�E�A�R �l�T�� ���D�	 �! �S�I�M�P�L�E�� �E�X�A�C�T
�S�I�N�U�S�O�I�D�A�L �l�T �T�O �T�H�E �S�A�M�E �D�A�T�A �S�E�T��

�J�H�Q�H�U�D�O�L�]�H�V�W�E�L�L �I�F �I�T �C�O�R�R�E�C�T�L�Y �P�R�E�D�I�C�T�S �T�H�E �V�A�L�U�E �O�Fy �F�O�R �N�O�V�E�L �E�X�A�M�P�L�E�S�� �3�O�M�E�T�I�M�E�S �T�H�EGENERALIZATION

�F�U�N�C�T�I�O�Nf �I�S �S�T�O�C�H�A�S�T�I�C�ˆ�I�T �I�S �N�O�T �S�T�R�I�C�T�L�Y �A �F�U�N�C�T�I�O�N �O�Fx�� �A�N�D �W�H�A�T �W�E �H�A�V�E �T�O �L�E�A�R�N �I�S �A
�C�O�N�D�I�T�I�O�N�A�L �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N���3(Y | x) ��

�7�H�E�N �T�H�E �O�U�T�P�U�Ty �I�S �O�N�E �O�F �A �l�N�I�T�E �S�E�T �O�F �V�A�L�U�E�S ���S�U�C�H �A�S�V�X�Q�Q�\�� �F�O�R�X�G�\�O�R�U�D�L�Q�\�	��
�T�H�E �L�E�A�R�N�I�N�G �P�R�O�B�L�E�M �I�S �C�A�L�L�E�D�F�O�D�V�V�L�¿�F�D�W�L�R�Q�� �A�N�D �I�S �C�A�L�L�E�D �"�O�O�L�E�A�N �O�R �B�I�N�A�R�Y �C�L�A�S�S�I�l�C�A�T�I�O�NCLASSIFICATION

�I�F �T�H�E�R�E �A�R�E �O�N�L�Y �T�W�O �V�A�L�U�E�S�� �7�H�E�Ny �I�S �A �N�U�M�B�E�R ���S�U�C�H �A�S �T�O�M�O�R�R�O�W���S �T�E�M�P�E�R�A�T�U�R�E�	�� �T�H�E
�L�E�A�R�N�I�N�G �P�R�O�B�L�E�M �I�S �C�A�L�L�E�D�U�H�J�U�H�V�V�L�R�Q�� ���4�E�C�H�N�I�C�A�L�L�Y�� �S�O�L�V�I�N�G �A �R�E�G�R�E�S�S�I�O�N �P�R�O�B�L�E�M �I�S �l�N�D�I�N�GREGRESSION

�A �C�O�N�D�I�T�I�O�N�A�L �E�X�P�E�C�T�A�T�I�O�N �O�R �A�V�E�R�A�G�E �V�A�L�U�E �O�Fy�� �B�E�C�A�U�S�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �W�E �H�A�V�E �F�O�U�N�D
�H�[�D�F�W�O�\�T�H�E �R�I�G�H�T �R�E�A�L�
�V�A�L�U�E�D �N�U�M�B�E�R �F�O�Ry �I�S �����	

�&�I�G�U�R�E �������� �S�H�O�W�S �A �F�A�M�I�L�I�A�R �E�X�A�M�P�L�E�� �l�T�T�I�N�G �A �F�U�N�C�T�I�O�N �O�F �A �S�I�N�G�L�E �V�A�R�I�A�B�L� E � T� O � S� O� M� E � D� A� T� A
�P�O�I�N�T�S�� �4�H�E �E�X�A�M�P�L�E�S �A�R�E �P�O�I�N�T�S �I�N �T�H�E(x, y) �P�L�A�N�E�� �W�H�E�R�Ey = f (x) �� �7�E �D�O�N���T �K�N�O�W �W�H�A�Tf
�I�S�� �B�U�T �W�E �W�I�L�L �A�P�P�R�O�X�I�M�A�T�E �I�T �W�I�T�H �A �F�U�N�C�T�I�O�Nh �S�E�L�E�C�T�E�D �F�R�O�M �A�K�\�S�R�W�K�H�V�L�V �V�S�D�F�H��H � � � W� H� I� C� HHYPOTHESIS SPACE

�F�O�R �T�H�I�S �E�X�A�M�P�L�E �W�E �W�I�L�L �T�A�K�E �T�O �B�E �T�H�E �S�E�T �O�F �P�O�L�Y�N�O�M�I�A�L�S�� �S�U�C�H �A�Sx5+3x2+2 �� �&�I�G�U�R�E �����������A�	
�S�H�O�W�S �S�O�M�E �D�A�T�A �W�I�T�H �A�N �E�X�A�C�T �l�T �B�Y �A �S�T�R�A�I�G�H�T �L�I�N�E ���T�H�E �P�O�L�Y�N�O�M�I�A�L0.4x + 3 �	�� �4�H�E �L�I�N�E �I�S
�C�A�L�L�E�D �A�F�R�Q�V�L�V�W�H�Q�W�H�Y�P�O�T�H�E�S�I�S �B�E�C�A�U�S�E �I�T �A�G�R�E�E�S �W�I�T�H �A�L�L �T�H�E �D�A�T�A�� �&�I�G�U�R�E �����������B�	 �S�H�O�W�S �A �H�I�G�H�
CONSISTENT

�D�E�G�R�E�E �P�O�L�Y�N�O�M�I�A�L �T�H�A�T �I�S �A�L�S�O �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �S�A�M�E �D�A�T�A�� �4�H�I�S �I�L�L�U�S�T�R�A�T�E�S �A �F�U�N�D�A�M�E�N�T�A�L
�P�R�O�B�L�E�M �I�N �I�N�D�U�C�T�I�V�E �L�E�A�R�N�I�N�G���K�R�Z �G�R �Z�H �F�K�R�R�V�H �I�U�R�P �D�P�R�Q�J �P�X�O�W�L�S�O�H �F�R�Q�V�L�V�W�H�Q�W �K�\�S�R�W�K�H�V�H�V�"
�/�N�E �A�N�S�W�E�R �I�S �T�O �P�R�E�F�E�R �T�H�E�V�L�P�S�O�H�V�W�H�Y�P�O�T�H�E�S�I�S �C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �D�A�T�A�� �4�H�I�S �P�R�I�N�C�I�P�L�E �I�S
�C�A�L�L�E�D�2�F�N�K�D�P�¶�V �U�D�]�R�U�� �A�F�T�E�R �T�H�E �����T�H�
�C�E�N�T�U�R�Y �%�N�G�L�I�S�H �P�H�I�L�O�S�O�P�H�E�R �7�I�L�L�I�A�M �O�F �/�C�K�H�A�M�� �W�H�OOCKHAM•S RAZOR

�U�S�E�D �I�T �T�O �A�R�G�U�E �S�H�A�R�P�L�Y �A�G�A�I�N�S�T �A�L�L �S�O�R�T�S �O�F �C�O�M�P�L�I�C�A�T�I�O�N�S�� �$�E�l�N�I�N�G �S�I�M�P�L�I�C�I�T�Y �I�S �N�O�T �E�A�S�Y�� �B�U�T
�I�T �S�E�E�M�S �C�L�E�A�R �T�H�A�T �A �D�E�G�R�E�E�
�� �P�O�L�Y�N�O�M�I�A�L �I�S �S�I�M�P�L�E�R �T�H�A�N �A �D�E�G�R�E�E�
�� �P�O�L�Y�N�O�M�I�A�L�� �A�N�D �T�H�U�S ���A�	
�S�H�O�U�L�D �B�E �P�R�E�F�E�R�R�E�D �T�O ���B�	�� �7�E �W�I�L�L �M�A�K�E �T�H�I�S �I�N�T�U�I�T�I�O�N �M�O�R�E �P�R�E�C�I�S�E �I�N �3�E�C�T�I�O�N ��������������

�&�I�G�U�R�E �����������C�	 �S�H�O�W�S �A �S�E�C�O�N�D �D�A�T�A �S�E�T�� �4�H�E�R�E �I�S �N�O �C�O�N�S�I�S�T�E�N�T �S�T�R�A�I�G�H�T �L�I�N�E �F�O�R �T�H�I�S
�D�A�T�A �S�E�T�� �I�N �F�A�C�T�� �I�T �R�E�Q�U�I�R�E�S �A �D�E�G�R�E�E�
�� �P�O�L�Y�N�O�M�I�A�L �F�O�R �A�N �E�X�A�C�T �l�T�� �4�H�E�R�E �A�R�E �J�U�S�T �� �D�A�T�A
�P�O�I�N�T�S�� �S�O �A �P�O�L�Y�N�O�M�I�A�L �W�I�T�H �� �P�A�R�A�M�E�T�E�R�S �D�O�E�S �N�O�T �S�E�E�M �T�O �B�E �l�N�D�I�N�G �A�N�Y �P�A�T�T�E�R�N �I�N �T�H�E
�D�A�T�A �A�N�D �W�E �D�O �N�O�T �E�X�P�E�C�T �I�T �T�O �G�E�N�E�R�A�L�I�Z�E �W�E�L�L�� �! �S�T�R�A�I�G�H�T �L�I�N�E �T�H�A�T �I�S �N�O�T �C�O�N�S�I�S�T�E�N�T �W�I�T�H
�A�N�Y �O�F �T�H�E �D�A�T�A �P�O�I�N�T�S�� �B�U�T �M�I�G�H�T �G�E�N�E�R�A�L�I�Z�E �F�A�I�R�L�Y �W�E�L�L �F�O�R �U�N�S�E�E�N �V�A�L�U�E�S �O�Fx� � � I� S � A� L� S� O � S� H� O� W� N
�I�N ���C�	���,�Q �J�H�Q�H�U�D�O�� �W�K�H�U�H �L�V �D �W�U�D�G�H�R�I�I �E�H�W�Z�H�H�Q �F�R�P�S�O�H�[ �K�\�S�R�W�K�H�V�H�V �W�K�D�W �¿�W �W�K�H �W�U�D�L�Q�L�Q�J �G�D�W�D
�Z�H�O�O �D�Q�G �V�L�P�S�O�H�U �K�\�S�R�W�K�H�V�H�V �W�K�D�W �P�D�\ �J�H�Q�H�U�D�O�L�]�H �E�H�W�W�H�U���)�N �&�I�G�U�R�E �����������D�	 �W�E �E�X�P�A�N�D �T�H�E



�3�E�C�T�I�O�N ���������� �,�E�A�R�N�I�N�G �$�E�C�I�S�I�O�N �4�R�E�E�S ������

�H�Y�P�O�T�H�E�S�I�S �S�P�A�C�EH �T�O �A�L�L�O�W �P�O�L�Y�N�O�M�I�A�L�S �O�V�E�R �B�O�T�Hx �A�N�Dsin(x) �� �A�N�D �l�N�D �T�H�A�T �T�H�E �D�A�T�A �I�N
���C�	 �C�A�N �B�E �l�T�T�E�D �E�X�A�C�T�L�Y �B�Y �A �S�I�M�P�L�E �F�U�N�C�T�I�O�N �O�F �T�H�E �F�O�R�Max + b+ csin(x) �� �4�H�I�S �S�H�O�W�S �T�H�E
�I�M�P�O�R�T�A�N�C�E �O�F �T�H�E �C�H�O�I�C�E �O�F �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�� �7�E �S�A�Y �T�H�A�T �A �L�E�A�R�N�I�N�G �P�R�O�B�L�E� M � I� S�U�H�D�O�L�]�D�E�O�H�I�FREALIZABLE

�T�H�E �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E �C�O�N�T�A�I�N�S �T�H�E �T�R�U�E �F�U�N�C�T�I�O�N�� �5�N�F�O�R�T�U�N�A�T�E�L�Y�� �W�E �C�A�N�N�O�T �A�L�W�A�Y�S �T�E�L�L �W�H�E�T�H�E�R
�A �G�I�V�E�N �L�E�A�R�N�I�N�G �P�R�O�B�L�E�M �I�S �R�E�A�L�I�Z�A�B�L�E�� �B�E�C�A�U�S�E �T�H�E �T�R�U�E �F�U�N�C�T�I�O�N �I�S �N�O�T �K�N�O�W�N��

�)�N �S�O�M�E �C�A�S�E�S�� �A�N �A�N�A�L�Y�S�T �L�O�O�K�I�N�G �A�T �A �P�R�O�B�L�E�M �I�S �W�I�L�L�I�N�G �T�O �M�A�K�E �M�O�R�E �l�N�E�
�G�R�A�I�N�E�D
�D�I�S�T�I�N�C�T�I�O�N�S �A�B�O�U�T �T�H�E �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�� �T�O �S�A�Y�ˆ�E�V�E�N �B�E�F�O�R�E �S�E�E�I�N�G �A�N�Y �D�A�T�A�ˆ�N�O�T �J�U�S�T �T�H�A�T �A
�H�Y�P�O�T�H�E�S�I�S �I�S �P�O�S�S�I�B�L�E �O�R �I�M�P�O�S�S�I�B�L�E�� �B�U�T �R�A�T�H�E�R �H�O�W �P�R�O�B�A�B�L�E �I�T �I�S�� �3�U�P�E�R�V�I�S�E�D �L�E�A�R�N�I�N�G �C�A�N
�B�E �D�O�N�E �B�Y �C�H�O�O�S�I�N�G �T�H�E �H�Y�P�O�T�H�E�S�I�Sh� �T�H�A�T �I�S �M�O�S�T �P�R�O�B�A�B�L�E �G�I�V�E�N �T�H�E �D�A�T�A��

h� = argmax
h�H

P(h|data) .

�"�Y �"�A�Y�E�S�� �R�U�L�E �T�H�I�S �I�S �E�Q�U�I�V�A�L�E�N�T �T�O

h� = argmax
h�H

P(data|h) P(h) .

�4�H�E�N �W�E �C�A�N �S�A�Y �T�H�A�T �T�H�E �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�YP(h) �I�S �H�I�G�H �F�O�R �A �D�E�G�R�E�E�
�� �O�R �
�� �P�O�L�Y�N�O�M�I�A�L��
�L�O�W�E�R �F�O�R �A �D�E�G�R�E�E�
�� �P�O�L�Y�N�O�M�I�A�L�� �A�N�D �E�S�P�E�C�I�A�L�L�Y �L�O�W �F�O�R �D�E�G�R�E�E�
�� �P�O�L�Y�N�O�M�I�A�L�S �W�I�T�H �L�A�R�G�E��
�S�H�A�R�P �S�P�I�K�E�S �A�S �I�N �&�I�G�U�R�E �����������B�	�� �7�E �A�L�L�O�W �U�N�U�S�U�A�L�
�L�O�O�K�I�N�G �F�U�N�C�T�I�O�N�S �W�H�E�N �T�H�E �D�A�T�A �S�A�Y �W�E
�R�E�A�L�L�Y �N�E�E�D �T�H�E�M�� �B�U�T �W�E �D�I�S�C�O�U�R�A�G�E �T�H�E�M �B�Y �G�I�V�I�N�G �T�H�E�M �A �L�O�W �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y��

�7�H�Y �N�O�T �L�E�TH �B�E �T�H�E �C�L�A�S�S �O�F �A�L�L �*�A�V�A �P�R�O�G�R�A�M�S�� �O�R �4�U�R�I�N�G �M�A�C�H�I�N�E�S�� �!�F�T�E�R �A�L�L�� �E�V�E�R�Y
�C�O�M�P�U�T�A�B�L�E �F�U�N�C�T�I�O�N �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �S�O�M�E �4�U�R�I�N�G �M�A�C�H�I�N�E�� �A�N�D �T�H�A�T �I�S�T�H�E �B�E�S�T �W�E
�C�A�N �D�O�� �/�N�E �P�R�O�B�L�E�M �W�I�T�H �T�H�I�S �I�D�E�A �I�S �T�H�A�T �I�T �D�O�E�S �N�O�T �T�A�K�E �I�N�T�O �A�C�C�O�U�N�T �T�H�E �C�O�M�P�U�T�A�T�I�O�N�A�L
�C�O�M�P�L�E�X�I�T�Y �O�F �L�E�A�R�N�I�N�G���7�K�H�U�H �L�V �D �W�U�D�G�H�R�I�I �E�H�W�Z�H�H�Q �W�K�H �H�[�S�U�H�V�V�L�Y�H�Q�H�V�V �R�I �D �K�\�S�R�W�K�H�V�L�V �V�S�D�F�H
�D�Q�G �W�K�H �F�R�P�S�O�H�[�L�W�\ �R�I �¿�Q�G�L�Q�J �D �J�R�R�G �K�\�S�R�W�K�H�V�L�V �Z�L�W�K�L�Q �W�K�D�W �V�S�D�F�H���&�O�R �E�X�A�M�P�L�E�� �l�T�T�I�N�G �A
�S�T�R�A�I�G�H�T �L�I�N�E �T�O �D�A�T�A �I�S �A�N �E�A�S�Y �C�O�M�P�U�T�A�T�I�O�N�� �l�T�T�I�N�G �H�I�G�H�
�D�E�G�R�E�E �P�O�L�Y�N�O�M�I�A�L�S �I�S �S�O�M�E�W�H�A�T
�H�A�R�D�E�R�� �A�N�D �l�T�T�I�N�G �4�U�R�I�N�G �M�A�C�H�I�N�E�S �I�S �I�N �G�E�N�E�R�A�L �U�N�D�E�C�I�D�A�B�L�E�� �! �S�E�C�O�N�D �R�E�A�S�O�N �T�O �P�R�E�F�E�R
�S�I�M�P�L�E �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�S �I�S �T�H�A�T �P�R�E�S�U�M�A�B�L�Y �W�E �W�I�L�L �W�A�N�T �T�O �U�S�Eh �A�F�T�E�R �W�E �H�A�V�E �L�E�A�R�N�E�D �I�T��
�A�N�D �C�O�M�P�U�T�I�N�Gh(x) �W�H�E�Nh �I�S �A �L�I�N�E�A�R �F�U�N�C�T�I�O�N �I�S �G�U�A�R�A�N�T�E�E�D �T�O �B�E �F�A�S�T�� �W�H�I�L�E �C�O�M�P�U�T�I�N�G
�A�N �A�R�B�I�T�R�A�R�Y �4�U�R�I�N�G �M�A�C�H�I�N�E �P�R�O�G�R�A�M �I�S �N�O�T �E�V�E�N �G�U�A�R�A�N�T�E�E�D �T�O �T�E�R�M�I�N�A�T�E�� �&�O�R �T�H�E�S�E �R�E�A�S�O�N�S��
�M�O�S�T �W�O�R�K �O�N �L�E�A�R�N�I�N�G �H�A�S �F�O�C�U�S�E�D �O�N �S�I�M�P�L�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S��

�7�E �W�I�L�L �S�E�E �T�H�A�T �T�H�E �E�X�P�R�E�S�S�I�V�E�N�E�S�S�n�C�O�M�P�L�E�X�I�T�Y �T�R�A�D�E�O�F�F �I�S �N�O�T �A�S �S�I�M�P�L�E �A�S �I�T �l�R�S�T �S�E�E�M�S��
�I�T �I�S �O�F�T�E�N �T�H�E �C�A�S�E�� �A�S �W�E �S�A�W �W�I�T�H �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C �I�N �#�H�A�P�T�E�R ���� �T�H�A�T �A�N �E�X�P�R�E�S�S�I�V�E �L�A�N�G�U�A�G�E
�M�A�K�E�S �I�T �P�O�S�S�I�B�L�E �F�O�R �A�V�L�P�S�O�H�H�Y�P�O�T�H�E�S�I�S �T�O �l�T �T�H�E �D�A�T�A�� �W�H�E�R�E�A�S �R�E�S�T�R�I�C�T�I�N�G �T�H�E �E�X�P�R�E�S�S�I�V�E�N�E�S�S
�O�F �T�H�E �L�A�N�G�U�A�G�E �M�E�A�N�S �T�H�A�T �A�N�Y �C�O�N�S�I�S�T�E�N�T �H�Y�P�O�T�H�E�S�I�S �M�U�S�T �B�E �V�E�R�Y �C�O�M�P�L�E�X���&�O�R �E�X�A�M�P�L�E��
�T�H�E �R�U�L�E�S �O�F �C�H�E�S�S �C�A�N �B�E �W�R�I�T�T�E�N �I�N �A �P�A�G�E �O�R �T�W�O �O�F �l�R�S�T�
�O�R�D�E�R �L�O�G�I�C�� �B�U�T �R�E�Q�U�I�R�E �T�H�O�U�S�A�N�D�S �O�F
�P�A�G�E�S �W�H�E�N �W�R�I�T�T�E�N �I�N �P�R�O�P�O�S�I�T�I�O�N�A�L �L�O�G�I�C��
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�$�E�C�I�S�I�O�N �T�R�E�E �I�N�D�U�C�T�I�O�N �I�S �O�N�E �O�F �T�H�E �S�I�M�P�L�E�S�T �A�N�D �Y�E�T �M�O�S�T �S�U�C�C�E�S�S�F�U�L �F�O�R�M�S �O�F �M�A�C�H�I�N�E
�L�E�A�R�N�I�N�G�� �7�E �l�R�S�T �D�E�S�C�R�I�B�E �T�H�E �R�E�P�R�E�S�E�N�T�A�T�I�O�N�ˆ�T�H�E �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�ˆ�A�N�D �T�H�E�N �S�H�O�W �H�O�W �T�O
�L�E�A�R�N �A �G�O�O�D �H�Y�P�O�T�H�E�S�I�S��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

������������ �7�K�H �G�H�F�L�V�L�R�Q �W�U�H�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q

�! �G�H�F�L�V�L�R�Q �W�U�H�H�R�E�P�R�E�S�E�N�T�S �A �F�U�N�C�T�I�O�N �T�H�A�T �T�A�K�E�S �A�S �I�N�P�U�T �A �V�E�C�T�O�R �O�F �A�T�T�R�I�B�U�T�E �V�A�L�U�E�S �A�N�DDECISION TREE

�R�E�T�U�R�N�S �A �h�D�E�C�I�S�I�O�N�v�ˆ�A �S�I�N�G�L�E �O�U�T�P�U�T �V�A�L�U�E�� �4�H�E �I�N�P�U�T �A�N�D �O�U�T�P�U�T �V�A�L�U�E�S �C�A�N �B�E �D�I�S�C�R�E�T�E �O�R
�C�O�N�T�I�N�U�O�U�S�� �&�O�R �N�O�W �W�E �W�I�L�L �C�O�N�C�E�N�T�R�A�T�E �O�N �P�R�O�B�L�E�M�S �W�H�E�R�E �T�H�E �I�N�P�U�T�S �H�A�V�E �D�I�S�C�R�E�T�E �V�A�L�U�E�S
�A�N�D �T�H�E �O�U�T�P�U�T �H�A�S �E�X�A�C�T�L�Y �T�W�O �P�O�S�S�I�B�L�E �V�A�L�U�E�S�� �T�H�I�S �I�S �"�O�O�L�E�A�N �C�L�A�S�S�I�l�C�A�T�I�O�N�� �W�H�E�R�E �E�A�C�H
�E�X�A�M�P�L�E �I�N�P�U�T �W�I�L�L �B�E �C�L�A�S�S�I�l�E�D �A�S �T�R�U�E ���A�S�R�V�L�W�L�Y�H�E�X�A�M�P�L�E�	 �O�R �F�A�L�S�E ���A�Q�H�J�D�W�L�Y�H�E�X�A�M�P�L�E�	��POSITIVE

NEGATIVE �! �D�E�C�I�S�I�O�N �T�R�E�E �R�E�A�C�H�E�S �I�T�S �D�E�C�I�S�I�O�N �B�Y �P�E�R�F�O�R�M�I�N�G �A �S�E�Q�U�E�N�C�E �O�F �T�E�S�T�S�� �%�A�C�H �I�N�T�E�R�N�A�L
�N�O�D�E �I�N �T�H�E �T�R�E�E �C�O�R�R�E�S�P�O�N�D�S �T�O �A �T�E�S�T �O�F �T�H�E �V�A�L�U�E �O�F �O�N�E �O�F �T�H�E �I�N�P�U�T �A�T�T�R�I�B�U�T�E�S��Ai � � � A� N� D
�T�H�E �B�R�A�N�C�H�E�S �F�R�O�M �T�H�E �N�O�D�E �A�R�E �L�A�B�E�L�E�D �W�I�T�H �T�H�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �O�F �T�H�E �A�T�T�R�I�B�U�T�E��Ai = vik ��
�%�A�C�H �L�E�A�F �N�O�D�E �I�N �T�H�E �T�R�E�E �S�P�E�C�I�l�E�S �A �V�A�L�U�E �T�O �B�E �R�E�T�U�R�N�E�D �B�Y �T�H�E �F�U�N�C�T�I�O�N�� �4�H�E �D�E�C�I�S�I�O�N �T�R�E�E
�R�E�P�R�E�S�E�N�T�A�T�I�O�N �I�S �N�A�T�U�R�A�L �F�O�R �H�U�M�A�N�S�� �I�N�D�E�E�D�� �M�A�N�Y �h�(�O�W �4�O�v �M�A�N�U�A�L�S ���E���G���� �F�O�R �C�A�R �R�E�P�A�I�R�	
�A�R�E �W�R�I�T�T�E�N �E�N�T�I�R�E�L�Y �A�S �A �S�I�N�G�L�E �D�E�C�I�S�I�O�N �T�R�E�E �S�T�R�E�T�C�H�I�N�G �O�V�E�R �H�U�N�D�R�E�D�S �O�F�P�A�G�E�S��

�!�S �A�N �E�X�A�M�P�L�E�� �W�E �W�I�L�L �B�U�I�L�D �A �D�E�C�I�S�I�O�N �T�R�E�E �T�O �D�E�C�I�D�E �W�H�E�T�H�E�R �T�O �W�A�I�T �F�O�R �A �T�A�B�L�E �A�T �A
�R�E�S�T�A�U�R�A�N�T�� �4�H�E �A�I�M �H�E�R�E �I�S �T�O �L�E�A�R�N �A �D�E�l�N�I�T�I�O�N �F�O�R �T�H�E�J�R�D�O �S�U�H�G�L�F�D�W�HWillWait � � � &� I� R� S� T � W� EGOAL PREDICATE

�L�I�S�T �T�H�E �A�T�T�R�I�B�U�T�E�S �T�H�A�T �W�E �W�I�L�L �C�O�N�S�I�D�E�R �A�S �P�A�R�T �O�F �T�H�E �I�N�P�U�T��

���� Alternate �� �W�H�E�T�H�E�R �T�H�E�R�E �I�S �A �S�U�I�T�A�B�L�E �A�L�T�E�R�N�A�T�I�V�E �R�E�S�T�A�U�R�A�N�T �N�E�A�R�B�Y��
���� Bar �� �W�H�E�T�H�E�R �T�H�E �R�E�S�T�A�U�R�A�N�T �H�A�S �A �C�O�M�F�O�R�T�A�B�L�E �B�A�R �A�R�E�A �T�O �W�A�I�T �I�N��
���� Fri / Sat�� �T�R�U�E �O�N �&�R�I�D�A�Y�S �A�N�D �3�A�T�U�R�D�A�Y�S��
���� Hungry�� �W�H�E�T�H�E�R �W�E �A�R�E �H�U�N�G�R�Y��
���� Patrons�� �H�O�W �M�A�N�Y �P�E�O�P�L�E �A�R�E �I�N �T�H�E �R�E�S�T�A�U�R�A�N�T ���V�A�L�U�E�S �A�R�ENone��Some� � � A� N� DFull �	��
���� Price �� �T�H�E �R�E�S�T�A�U�R�A�N�T���S �P�R�I�C�E �R�A�N�G�E ������ ������ �������	��
���� Raining �� �W�H�E�T�H�E�R �I�T �I�S �R�A�I�N�I�N�G �O�U�T�S�I�D�E��
���� Reservation�� �W�H�E�T�H�E�R �W�E �M�A�D�E �A �R�E�S�E�R�V�A�T�I�O�N��
���� Type�� �T�H�E �K�I�N�D �O�F �R�E�S�T�A�U�R�A�N�T ���&�R�E�N�C�H�� �)�T�A�L�I�A�N�� �4�H�A�I�� �O�R �B�U�R�G�E�R�	��

������ WaitEstimate �� �T�H�E �W�A�I�T �E�S�T�I�M�A�T�E�D �B�Y �T�H�E �H�O�S�T �����n���� �M�I�N�U�T�E�S�� �����n������ �����n������ �O�R> �����	��

�.�O�T�E �T�H�A�T �E�V�E�R�Y �V�A�R�I�A�B�L�E �H�A�S �A �S�M�A�L�L �S�E�T �O�F �P�O�S�S�I�B�L�E �V�A�L�U�E�S�� �T�H�E �V�A�L�U�E �O�FWaitEstimate � � � F� O� R
�E�X�A�M�P�L�E�� �I�S �N�O�T �A�N �I�N�T�E�G�E�R�� �R�A�T�H�E�R �I�T �I�S �O�N�E �O�F �T�H�E �F�O�U�R �D�I�S�C�R�E�T�E �V�A�L�U�E�S ���n������ �����n������ �����n������ �O�R
> ������ �4�H�E �D�E�C�I�S�I�O�N �T�R�E�E �U�S�U�A�L�L�Y �U�S�E�D �B�Y �O�N�E �O�F �U�S ���3�2�	 �F�O�R �T�H�I�S �D�O�M�A�I�N �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ����������
�.�O�T�I�C�E �T�H�A�T �T�H�E �T�R�E�E �I�G�N�O�R�E�S �T�H�EPrice �A�N�DType �A�T�T�R�I�B�U�T�E�S�� �%�X�A�M�P�L�E�S �A�R�E �P�R�O�C�E�S�S�E�D �B�Y �T�H�E �T�R�E�E
�S�T�A�R�T�I�N�G �A�T �T�H�E �R�O�O�T �A�N�D �F�O�L�L�O�W�I�N�G �T�H�E �A�P�P�R�O�P�R�I�A�T�E �B�R�A�N�C�H �U�N�T�I�L �A �L�E�A�F �I�S �R�E�A�C�H�E�D�� �&�O�R �I�N�S�T�A�N�C�E��
�A�N �E�X�A�M�P�L�E �W�I�T�HPatrons = Full �A�N�DWaitEstimate = 0 �n���� �W�I�L�L �B�E �C�L�A�S�S�I�l�E�D �A�S �P�O�S�I�T�I�V�E
���I���E���� �Y�E�S�� �W�E �W�I�L�L �W�A�I�T �F�O�R �A �T�A�B�L�E�	��
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Goal � (Path1 � Path2 � · · · ) ,

�W�H�E�R�E �E�A�C�HPath �I�S �A �C�O�N�J�U�N�C�T�I�O�N �O�F �A�T�T�R�I�B�U�T�E�
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�T�H�E �W�H�O�L�E �E�X�P�R�E�S�S�I�O�N �I�S �E�Q�U�I�V�A�L�E�N�T �T�O �D�I�S�J�U�N�C�T�I�V�E �N�O�R�M�A�L �F�O�R�M ���S�E�E �P�A�G�E �������	�� �W�H�I�C�H �M�E�A�N�S
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�[1 �<�H�V �1�R �1�R �<�H�V �6�R�P�H������ �1�R �<�H�V �)�U�H�Q�F�K���±���� y1 = �<�H�V
�[2 �<�H�V �1�R �1�R �<�H�V �)�X�O�O �� �1�R �1�R �7�K�D�L�����±���� y2 = �1�R
�[3 �1�R �<�H�V �1�R �1�R �6�R�P�H �� �1�R �1�R �%�X�U�J�H�U���±���� y3 = �<�H�V
�[4 �<�H�V �1�R �<�H�V �<�H�V �)�X�O�O �� �<�H�V �1�R �7�K�D�L�����±���� y4 = �<�H�V
�[5 �<�H�V �1�R �<�H�V �1�R �)�X�O�O������ �1�R �<�H�V �)�U�H�Q�F�K> ���� y5 = �1�R
�[6 �1�R �<�H�V �1�R �<�H�V �6�R�P�H���� �<�H�V �<�H�V �,�W�D�O�L�D�Q���±���� y6 = �<�H�V
�[7 �1�R �<�H�V �1�R �1�R �1�R�Q�H �� �<�H�V �1�R �%�X�U�J�H�U���±���� y7 = �1�R
�[8 �1�R �1�R �1�R �<�H�V �6�R�P�H���� �<�H�V �<�H�V �7�K�D�L ���±���� y8 = �<�H�V
�[9 �1�R �<�H�V �<�H�V �1�R �)�X�O�O �� �<�H�V �1�R �%�X�U�J�H�U> ���� y9 = �1�R
�[10 �<�H�V �<�H�V �<�H�V �<�H�V �)�X�O�O������ �1�R �<�H�V �,�W�D�O�L�D�Q�����±���� y10 = �1�R
�[11 �1�R �1�R �1�R �1�R �1�R�Q�H �� �1�R �1�R �7�K�D�L ���±���� y11 = �1�R
�[12 �<�H�V �<�H�V �<�H�V �<�H�V �)�X�O�O �� �1�R �1�R �%�X�U�J�H�U�����±���� y12 = �<�H�V
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�S�T�R�A�T�E�G�Y�� �A�L�W�A�Y�S �T�E�S�T �T�H�E �M�O�S�T �I�M�P�O�R�T�A�N�T �A�T�T�R�I�B�U�T�E �l�R�S�T�� �4�H�I�S �T�E�S�T �D�I�V�I�D�E�S �T�H�E �P�R�O�B�L�E�M �U�P �I�N�T�O
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�M�O�R�E �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S �T�H�E �L�E�A�R�N�I�N�G �P�R�O�G�R�A�M �C�O�U�L�D �C�O�R�R�E�C�T �T�H�I�S �M�I�S�T�A�K�E��

�7�E �N�O�T�E �T�H�E�R�E �I�S �A �D�A�N�G�E�R �O�F �O�V�E�R�
�I�N�T�E�R�P�R�E�T�I�N�G �T�H�E �T�R�E�E �T�H�A�T �T�H�E �A�L�G�O�R�I�T�H�M �S�E�L�E�C�T�S�� �7�H�E�N
�T�H�E�R�E �A�R�E �S�E�V�E�R�A�L �V�A�R�I�A�B�L�E�S �O�F �S�I�M�I�L�A�R �I�M�P�O�R�T�A�N�C�E�� �T�H�E �C�H�O�I�C�E �B�E�T�W�E�E�N �T�H�E�M �I�S �S�O�M�E�W�H�A�T �A�R�B�I�

�T�R�A�R�Y�� �W�I�T�H �S�L�I�G�H�T�L�Y �D�I�F�F�E�R�E�N�T �I�N�P�U�T �E�X�A�M�P�L�E�S�� �A �D�I�F�F�E�R�E�N�T �V�A�R�I�A�B�L�E �W�O�U�L�D �B�E �C�H�O�S�E�N �T�O �S�P�L�I�T �O�N
�l�R�S�T�� �A�N�D �T�H�E �W�H�O�L�E �T�R�E�E �W�O�U�L�D �L�O�O�K �C�O�M�P�L�E�T�E�L�Y �D�I�F�F�E�R�E�N�T�� �4�H�E �F�U�N�C�T�I�O�N �C�O�M�P�U�T�E�D �B�Y �T�H�E �T�R�E�E
�W�O�U�L�D �S�T�I�L�L �B�E �S�I�M�I�L�A�R�� �B�U�T �T�H�E �S�T�R�U�C�T�U�R�E �O�F �T�H�E �T�R�E�E �C�A�N �V�A�R�Y �W�I�D�E�L�Y��

�7�E �C�A�N �E�V�A�L�U�A�T�E �T�H�E �A�C�C�U�R�A�C�Y �O�F �A �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M �W�I�T�H �A�O�H�D�U�Q�L�Q�J �F�X�U�Y�H� � � A� S � S� H� O� W� NLEARNING CURVE

�I�N �&�I�G�U�R�E ���������� �7�E �H�A�V�E ������ �E�X�A�M�P�L�E�S �A�T �O�U�R �D�I�S�P�O�S�A�L�� �W�H�I�C�H �W�E �S�P�L�I�T �I�N�T�O �A �T�R�A�I�N�I�N�G �S�E�T �A�N�D
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�4�R�A�I�N�I�N�G���S�E�T���S�I�Z�E

�)�L�J�X�U�H ���������! �L�E�A�R�N�I�N�G �C�U�R�V�E �F�O�R �T�H�E �D�E�C�I�S�I�O�N �T�R�E�E �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M �O�N ������ �R�A�N�D�O�M�L�Y
�G�E�N�E�R�A�T�E�D �E�X�A�M�P�L�E�S �I�N �T�H�E �R�E�S�T�A�U�R�A�N�T �D�O�M�A�I�N�� �%�A�C�H �D�A�T�A �P�O�I�N�T �I�S �T�H�E �A�V�E�R�A�G� E � O� F � �� � � T� R� I� A� L� S� �

�A �T�E�S�T �S�E�T�� �7�E �L�E�A�R�N �A �H�Y�P�O�T�H�E�S�I�Sh �W�I�T�H �T�H�E �T�R�A�I�N�I�N�G �S�E�T �A�N�D �M�E�A�S�U�R�E �I�T�S �A�C�C�U�R�A�C�Y �W�I�T�H �T�H�E �T�E�S�T
�S�E�T�� �7�E �D�O �T�H�I�S �S�T�A�R�T�I�N�G �W�I�T�H �A �T�R�A�I�N�I�N�G �S�E�T �O�F �S�I�Z�E �� �A�N�D �I�N�C�R�E�A�S�I�N�G �O�N�E �A�T �A �T�I�M�E �U�P �T�O �S�I�Z�E
������ �&�O�R �E�A�C�H �S�I�Z�E �W�E �A�C�T�U�A�L�L�Y �R�E�P�E�A�T �T�H�E �P�R�O�C�E�S�S �O�F �R�A�N�D�O�M�L�Y �S�P�L�I�T�T�I�N�G ���� �T�I�M�E�S�� �A�N�D �A�V�E�R�A�G�E
�T�H�E �R�E�S�U�L�T�S �O�F �T�H�E ���� �T�R�I�A�L�S�� �4�H�E �C�U�R�V�E �S�H�O�W�S �T�H�A�T �A�S �T�H�E �T�R�A�I�N�I�N�G �S�E�T �S�I�Z�E �G�R�O�W�S�� �T�H�E �A�C�C�U�R�A�C�Y
�I�N�C�R�E�A�S�E�S�� ���&�O�R �T�H�I�S �R�E�A�S�O�N�� �L�E�A�R�N�I�N�G �C�U�R�V�E�S �A�R�E �A�L�S�O �C�A�L�L�E�D�K�D�S�S�\ �J�U�D�S�K�V���	 �)�N �T�H�I�S �G�R�A�P�H �W�E
�R�E�A�C�H ������ �A�C�C�U�R�A�C�Y�� �A�N�D �I�T �L�O�O�K�S �L�I�K�E �T�H�E �C�U�R�V�E �M�I�G�H�T �C�O�N�T�I�N�U�E �T�O �I�N�C�R�E�A�S�E �W�I�T�H �M�O�R�E �D�A�T�A��

������������ �&�K�R�R�V�L�Q�J �D�W�W�U�L�E�X�W�H �W�H�V�W�V

�4�H�E �G�R�E�E�D�Y �S�E�A�R�C�H �U�S�E�D �I�N �D�E�C�I�S�I�O�N �T�R�E�E �L�E�A�R�N�I�N�G �I�S �D�E�S�I�G�N�E�D �T�O �A�P�P�R�O�X�I�M�A�T�E�L�Y �M�I�N�I�M�I�Z�E �T�H�E
�D�E�P�T�H �O�F �T�H�E �l�N�A�L �T�R�E�E�� �4�H�E �I�D�E�A �I�S �T�O �P�I�C�K �T�H�E �A�T�T�R�I�B�U�T�E �T�H�A�T �G�O�E�S �A�S �F�A�R �A�S �P�O�S�S�I�B�L�E �T�O�W�A�R�D
�P�R�O�V�I�D�I�N�G �A�N �E�X�A�C�T �C�L�A�S�S�I�l�C�A�T�I�O�N �O�F �T�H�E �E�X�A�M�P�L�E�S�� �! �P�E�R�F�E�C�T �A�T�T�R�I�B�U�T�E �D�I�V�I�D�E�S �T�H�E �E�X�A�M�P�L�E�S
�I�N�T�O �S�E�T�S�� �E�A�C�H �O�F �W�H�I�C�H �A�R�E �A�L�L �P�O�S�I�T�I�V�E �O�R �A�L�L �N�E�G�A�T�I�V�E �A�N�D �T�H�U�S �W�I�L�L �B�E �L�E�A�V�E�S �O�F �T�H�E �T�R�E�E�� �4�H�E
Patrons �A�T�T�R�I�B�U�T�E �I�S �N�O�T �P�E�R�F�E�C�T�� �B�U�T �I�T �I�S �F�A�I�R�L�Y �G�O�O�D�� �! �R�E�A�L�L�Y �U�S�E�L�E�S�S �A�T�T�R�I�B�U�T�E� � � S� U� C� H � A� SType��
�L�E�A�V�E�S �T�H�E �E�X�A�M�P�L�E �S�E�T�S �W�I�T�H �R�O�U�G�H�L�Y �T�H�E �S�A�M�E �P�R�O�P�O�R�T�I�O�N �O�F �P�O�S�I�T�I�V�E �A�N�D �N�E�G�A�T�I�V�E �E�X�A�M�P�L�E�S
�A�S �T�H�E �O�R�I�G�I�N�A�L �S�E�T��

�!�L�L �W�E �N�E�E�D�� �T�H�E�N�� �I�S �A �F�O�R�M�A�L �M�E�A�S�U�R�E �O�F �h�F�A�I�R�L�Y �G�O�O�D�v �A�N�D �h�R�E�A�L�L�Y �U�S�E�L�E�S�S�v�A�N�D �W�E �C�A�N
�I�M�P�L�E�M�E�N�T �T�H�E �)�-�0�/�2�4�!�.�#�%�F�U�N�C�T�I�O�N �O�F �&�I�G�U�R�E ���������� �7�E �W�I�L�L �U�S�E �T�H�E �N�O�T�I�O�N �O�F �I�N�F�O�R�M�A�T�I�O�N
�G�A�I�N�� �W�H�I�C�H �I�S �D�E�l�N�E�D �I�N �T�E�R�M�S �O�F�H�Q�W�U�R�S�\�� �T�H�E �F�U�N�D�A�M�E�N�T�A�L �Q�U�A�N�T�I�T�Y �I�N �I�N�F�O�R�M�A�T�I�O�N �T�H�E�O�R�YENTROPY

���3�H�A�N�N�O�N �A�N�D �7�E�A�V�E�R�� ���������	��
�%�N�T�R�O�P�Y �I�S �A �M�E�A�S�U�R�E �O�F �T�H�E �U�N�C�E�R�T�A�I�N�T�Y �O�F �A �R�A�N�D�O�M �V�A�R�I�A�B�L�E�� �A�C�Q�U�I�S�I�T�I�O�N �O�F �I�N�F�O�R�M�A�T�I�O�N

�C�O�R�R�E�S�P�O�N�D�S �T�O �A �R�E�D�U�C�T�I�O�N �I�N �E�N�T�R�O�P�Y�� �! �R�A�N�D�O�M �V�A�R�I�A�B�L�E �W�I�T�H �O�N�L�Y �O�N�E �V�A�L�U�E�ˆ�A �C�O�I�N �T�H�A�T
�A�L�W�A�Y�S �C�O�M�E�S �U�P �H�E�A�D�S�ˆ�H�A�S �N�O �U�N�C�E�R�T�A�I�N�T�Y �A�N�D �T�H�U�S �I�T�S �E�N�T�R�O�P�Y �I�S �D�E�l�N�E�D �A�S �Z�E�R�O�� �T�H�U�S�� �W�E
�G�A�I�N �N�O �I�N�F�O�R�M�A�T�I�O�N �B�Y �O�B�S�E�R�V�I�N�G �I�T�S �V�A�L�U�E�� �! �m�I�P �O�F �A �F�A�I�R �C�O�I�N �I�S �E�Q�U�A�L�L�Y �L�I�K�E�L�Y �T�O �C�O�M�E �U�P
�H�E�A�D�S �O�R �T�A�I�L�S�� �� �O�R ���� �A�N�D �W�E �W�I�L�L �S�O�O�N �S�H�O�W �T�H�A�T �T�H�I�S �C�O�U�N�T�S �A�S �h�� �B�I�T�v �O�F �E�N�T�R�O�P�Y�� �4�H�E �R�O�L�L
�O�F �A �F�A�I�R�I�R�X�U�
�S�I�D�E�D �D�I�E �H�A�S �� �B�I�T�S �O�F �E�N�T�R�O�P�Y�� �B�E�C�A�U�S�E �I�T �T�A�K�E�S �T�W�O �B�I�T�S �T�O �D�E�S�C�R�I�B�E �O�N�E �O�F�F�O�U�R
�E�Q�U�A�L�L�Y �P�R�O�B�A�B�L�E �C�H�O�I�C�E�S�� �.�O�W �C�O�N�S�I�D�E�R �A�N �U�N�F�A�I�R �C�O�I�N �T�H�A�T �C�O�M�E�S �U�P �H�E�A�D�S ������ �O�F �T�H�E �T�I�M�E��
�)�N�T�U�I�T�I�V�E�L�Y�� �T�H�I�S �C�O�I�N �H�A�S �L�E�S�S �U�N�C�E�R�T�A�I�N�T�Y �T�H�A�N �T�H�E �F�A�I�R �C�O�I�N�ˆ�I�F �W�E �G�U�E�S�S�H�E�A�D�S �W�E���L�L �B�E �W�R�O�N�G
�O�N�L�Y ���� �O�F �T�H�E �T�I�M�E�ˆ�S�O �W�E �W�O�U�L�D �L�I�K�E �I�T �T�O �H�A�V�E �A�N �E�N�T�R�O�P�Y �M�E�A�S�U�R�E �T�H�A�T �I�S �C�L�O�S�E �T�O �Z�E�R�O�� �B�U�T



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

�P�O�S�I�T�I�V�E�� �)�N �G�E�N�E�R�A�L�� �T�H�E �E�N�T�R�O�P�Y �O�F �A �R�A�N�D�O�M �V�A�R�I�A�B�L�EV �W�I�T�H �V�A�L�U�E�Svk�� �E�A�C�H �W�I�T�H �P�R�O�B�A�B�I�L�I�T�Y
P(vk)� � � I� S � D� E� l� N� E� D � A� S

�%�N�T�R�O�P�Y��H (V ) =
�

k

P(vk) log2
1

P(vk)
= Š

�

k

P(vk) log2 P(vk) .

�7�E �C�A�N �C�H�E�C�K �T�H�A�T �T�H�E �E�N�T�R�O�P�Y �O�F �A �F�A�I�R �C�O�I�N �m�I�P �I�S �I�N�D�E�E�D �� �B�I�T��

H (Fair ) = Š(0.5 log2 0.5 + 0.5 log2 0.5) = 1 ��

�)�F �T�H�E �C�O�I�N �I�S �L�O�A�D�E�D �T�O �G�I�V�E ������ �H�E�A�D�S�� �W�E �G�E�T

H (Loaded) = Š(0.99 log2 0.99 + 0.01 log2 0.01) � 0.08 �B�I�T�S��

�)�T �W�I�L�L �H�E�L�P �T�O �D�E�l�N�EB (q) �A�S �T�H�E �E�N�T�R�O�P�Y �O�F �A �"�O�O�L�E�A�N �R�A�N�D�O�M �V�A�R�I�A�B�L�E �T�H�A�T �I�S �T�R�U�E �W�I�T�H
�P�R�O�B�A�B�I�L�I�T�Yq��

B (q) = Š(qlog2 q + (1 Š q) log2(1 Š q)) .

�4�H�U�S��H (Loaded) = B (0.99) � 0.08�� �.�O�W �L�E�T���S �G�E�T �B�A�C�K �T�O �D�E�C�I�S�I�O�N �T�R�E�E �L�E�A�R�N�I�N�G�� �)�F �A
�T�R�A�I�N�I�N�G �S�E�T �C�O�N�T�A�I�N�Sp �P�O�S�I�T�I�V�E �E�X�A�M�P�L�E�S �A�N�Dn �N�E�G�A�T�I�V�E �E�X�A�M�P�L�E�S�� �T�H�E�N �T�H�E �E�N�T�R�O�P�Y �O�F �T�H�E
�G�O�A�L �A�T�T�R�I�B�U�T�E �O�N �T�H�E �W�H�O�L�E �S�E�T �I�S

H (Goal) = B
�

p
p + n

�
.

�4�H�E �R�E�S�T�A�U�R�A�N�T �T�R�A�I�N�I�N�G �S�E�T �I�N �&�I�G�U�R�E �������� �H�A�Sp = n = 6 �� �S�O �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �E�N�T�R�O�P�Y �I�S
B (0.5) �O�R �E�X�A�C�T�L�Y �� �B�I�T�� �! �T�E�S�T �O�N �A �S�I�N�G�L�E �A�T�T�R�I�B�U�T�EA �M�I�G�H�T �G�I�V�E �U�S �O�N�L�Y �P�A�R�T �O�F �T�H�I�S �� �B�I�T�� �7�E
�C�A�N �M�E�A�S�U�R�E �E�X�A�C�T�L�Y �H�O�W �M�U�C�H �B�Y �L�O�O�K�I�N�G �A�T �T�H�E �E�N�T�R�O�P�Y �R�E�M�A�I�N�I�N�G�D�I�W�H�U�T�H�E �A�T�T�R�I�B�U�T�E �T�E�S�T��

�!�N �A�T�T�R�I�B�U�T�EA �W�I�T�Hd �D�I�S�T�I�N�C�T �V�A�L�U�E�S �D�I�V�I�D�E�S �T�H�E �T�R�A�I�N�I�N�G �S�E�TE �I�N�T�O �S�U�B�S�E�T�SE1, . . . , Ed��
�%�A�C�H �S�U�B�S�E�TEk �H�A�Spk �P�O�S�I�T�I�V�E �E�X�A�M�P�L�E�S �A�N�Dnk �N�E�G�A�T�I�V�E �E�X�A�M�P�L�E�S�� �S�O �I�F �W�E �G�O �A�L�O�N�G �T�H�A�T
�B�R�A�N�C�H�� �W�E �W�I�L�L �N�E�E�D �A�N �A�D�D�I�T�I�O�N�A�LB (pk / (pk + nk)) �B�I�T�S �O�F �I�N�F�O�R�M�A�T�I�O�N �T�O �A�N�S�W�E�R �T�H�E �Q�U�E�S�

�T�I�O�N�� �! �R�A�N�D�O�M�L�Y �C�H�O�S�E�N �E�X�A�M�P�L�E �F�R�O�M �T�H�E �T�R�A�I�N�I�N�G �S�E�T �H�A�S �T�H�Ek�T�H �V�A�L�U�E �F�O�R �T�H�E �A�T�T�R�I�B�U�T�E �W�I�T�H
�P�R�O�B�A�B�I�L�I�T�Y(pk + nk)/ (p + n)�� �S�O �T�H�E �E�X�P�E�C�T�E�D �E�N�T�R�O�P�Y �R�E�M�A�I�N�I�N�G �A�F�T�E�R �T�E�S�T�I�N�G �A�T�T�R�I�B�U�T�EA �I�S

Remainder(A) =
d�

k=1

pk + nk
p+ n B ( pk

pk + nk
) .

�4�H�E�L�Q�I�R�U�P�D�W�L�R�Q �J�D�L�Q�F�R�O�M �T�H�E �A�T�T�R�I�B�U�T�E �T�E�S�T �O�NA �I�S �T�H�E �E�X�P�E�C�T�E�D �R�E�D�U�C�T�I�O�N �I�N �E�N�T�R�O�P�Y��INFORMATION GAIN

Gain (A) = B ( p
p+ n ) Š Remainder(A) .

�)�N �F�A�C�TGain(A) �I�S �J�U�S�T �W�H�A�T �W�E �N�E�E�D �T�O �I�M�P�L�E�M�E�N�T �T�H�E �)�-�0�/�2�4�!�.�#�%�F�U�N�C�T�I�O�N�� �2�E�T�U�R�N�I�N�G �T�O
�T�H�E �A�T�T�R�I�B�U�T�E�S �C�O�N�S�I�D�E�R�E�D �I�N �&�I�G�U�R�E ���������� �W�E �H�A�V�E

Gain (Patrons) = 1 Š
� 2

12B ( 0
2) + 4

12B ( 4
4) + 6

12B ( 2
6)

�
� 0.541�B�I�T�S��

Gain (Type) = 1 Š
� 2

12B ( 1
2) + 2

12B ( 1
2) + 4

12B ( 2
4) + 4

12B ( 2
4)

�
= 0 �B�I�T�S��

�C�O�N�l�R�M�I�N�G �O�U�R �I�N�T�U�I�T�I�O�N �T�H�A�TPatrons �I�S �A �B�E�T�T�E�R �A�T�T�R�I�B�U�T�E �T�O �S�P�L�I�T �O�N�� �)�N �F�A�C�T��Patrons �H�A�S
�T�H�E �M�A�X�I�M�U�M �G�A�I�N �O�F �A�N�Y �O�F �T�H�E �A�T�T�R�I�B�U�T�E�S �A�N�D �W�O�U�L�D �B�E �C�H�O�S�E�N �B�Y �T�H�E �D�E�C�I�S�I�O�N�
�T�R�E�E �L�E�A�R�N�I�N�G
�A�L�G�O�R�I�T�H�M �A�S �T�H�E �R�O�O�T��



�3�E�C�T�I�O�N ���������� �,�E�A�R�N�I�N�G �$�E�C�I�S�I�O�N �4�R�E�E�S ������

������������ �*�H�Q�H�U�D�O�L�]�D�W�L�R�Q �D�Q�G �R�Y�H�U�¿�W�W�L�Q�J

�/�N �S�O�M�E �P�R�O�B�L�E�M�S�� �T�H�E �$�%�#�)�3�)�/�.�
�4�2�%�%�
�,�%�!�2�.�)�.�' �A�L�G�O�R�I�T�H�M �W�I�L�L �G�E�N�E�R�A�T�E �A �L�A�R�G�E �T�R�E�E
�W�H�E�N �T�H�E�R�E �I�S �A�C�T�U�A�L�L�Y �N�O �P�A�T�T�E�R�N �T�O �B�E �F�O�U�N�D�� �#�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F �T�R�Y�I�N� G � T� O � P� R� E� D� I� C� T
�W�H�E�T�H�E�R �T�H�E �R�O�L�L �O�F �A �D�I�E �W�I�L�L �C�O�M�E �U�P �A�S �� �O�R �N�O�T�� �3�U�P�P�O�S�E �T�H�A�T �E�X�P�E�R�I�M�E�N�T�S �A�R�E �C�A�R�R�I�E�D �O�U�T
�W�I�T�H �V�A�R�I�O�U�S �D�I�C�E �A�N�D �T�H�A�T �T�H�E �A�T�T�R�I�B�U�T�E�S �D�E�S�C�R�I�B�I�N�G �E�A�C�H �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E �I�N�C�L�U�D�E �T�H�E �C�O�L�O�R
�O�F �T�H�E �D�I�E�� �I�T�S �W�E�I�G�H�T�� �T�H�E �T�I�M�E �W�H�E�N �T�H�E �R�O�L�L �W�A�S �D�O�N�E�� �A�N�D �W�H�E�T�H�E�R �T�H�E �E�X�P�E�R�I�M�E�N�T�E�R�S �H�A�D
�T�H�E�I�R �l�N�G�E�R�S �C�R�O�S�S�E�D�� �)�F �T�H�E �D�I�C�E �A�R�E �F�A�I�R�� �T�H�E �R�I�G�H�T �T�H�I�N�G �T�O �L�E�A�R�N �I�S �A �T�R�E�E �W�I�T�H �A �S�I�N�G�L�E �N�O�D�E
�T�H�A�T �S�A�Y�S �h�N�O���v �"�U�T �T�H�E �$�%�#�)�3�)�/�.�
�4�2�%�%�
�,�%�!�2�.�)�.�'�A�L�G�O�R�I�T�H�M �W�I�L�L �S�E�I�Z�E �O�N �A�N�Y �P�A�T�T�E�R�N �I�T
�C�A�N �l�N�D �I�N �T�H�E �I�N�P�U�T�� �)�F �I�T �T�U�R�N�S �O�U�T �T�H�A�T �T�H�E�R�E �A�R�E �� �R�O�L�L�S �O�F �A ���
�G�R�A�M �B�L�U�E �D�I�E�W�I�T�H �l�N�G�E�R�S
�C�R�O�S�S�E�D �A�N�D �T�H�E�Y �B�O�T�H �C�O�M�E �O�U�T ���� �T�H�E�N �T�H�E �A�L�G�O�R�I�T�H�M �M�A�Y �C�O�N�S�T�R�U�C�T �A �P�A�T�H �T�H�A� T � P� R� E� D� I� C� T� S � � � I� N
�T�H�A�T �C�A�S�E�� �4�H�I�S �P�R�O�B�L�E�M �I�S �C�A�L�L�E�D�R�Y�H�U�¿�W�W�L�Q�J�� �! �G�E�N�E�R�A�L �P�H�E�N�O�M�E�N�O�N�� �O�V�E�R�l�T�T�I�N�G �O�C�C�U�R�S �W�I�T�HOVERFITTING

�A�L�L �T�Y�P�E�S �O�F �L�E�A�R�N�E�R�S�� �E�V�E�N �W�H�E�N �T�H�E �T�A�R�G�E�T �F�U�N�C�T�I�O�N �I�S �N�O�T �A�T �A�L�L �R�A�N�D�O�M�� �)�N�&�I�G�U�R�E �����������B�	 �A�N�D
���C�	�� �W�E �S�A�W �P�O�L�Y�N�O�M�I�A�L �F�U�N�C�T�I�O�N�S �O�V�E�R�l�T�T�I�N�G �T�H�E �D�A�T�A�� �/�V�E�R�l�T�T�I�N�G �B�E�C�O�M�E�S�M�O�R�E �L�I�K�E�L�Y �A�S �T�H�E
�H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E �A�N�D �T�H�E �N�U�M�B�E�R �O�F �I�N�P�U�T �A�T�T�R�I�B�U�T�E�S �G�R�O�W�S�� �A�N�D �L�E�S�S �L�I�K�E�L�Y�A�S �W�E �I�N�C�R�E�A�S�E �T�H�E
�N�U�M�B�E�R �O�F �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S��

�&�O�R �D�E�C�I�S�I�O�N �T�R�E�E�S�� �A �T�E�C�H�N�I�Q�U�E �C�A�L�L�E�D�G�H�F�L�V�L�R�Q �W�U�H�H �S�U�X�Q�L�Q�J�C�O�M�B�A�T�S �O�V�E�R�l�T�T�I�N�G�� �0�R�U�N�
DECISION TREE
PRUNING

�I�N�G �W�O�R�K�S �B�Y �E�L�I�M�I�N�A�T�I�N�G �N�O�D�E�S �T�H�A�T �A�R�E �N�O�T �C�L�E�A�R�L�Y �R�E�L�E�V�A�N�T�� �7�E �S�T�A�R�T �W�I�T�H �A �F�U�L�L �T�R�E�E�� �A�S
�G�E�N�E�R�A�T�E�D �B�Y �$�%�#�)�3�)�/�.�
�4�2�%�%�
�,�%�!�2�.�)�.�'�� �7�E �T�H�E�N �L�O�O�K �A�T �A �T�E�S�T �N�O�D�E �T�H�A�T �H�A�S �O�N�L�Y �L�E�A�F
�N�O�D�E�S �A�S �D�E�S�C�E�N�D�A�N�T�S�� �)�F �T�H�E �T�E�S�T �A�P�P�E�A�R�S �T�O �B�E �I�R�R�E�L�E�V�A�N�T�ˆ�D�E�T�E�C�T�I�N�G �O�N�L�Y�N�O�I�S�E �I�N �T�H�E �D�A�T�A�ˆ
�T�H�E�N �W�E �E�L�I�M�I�N�A�T�E �T�H�E �T�E�S�T�� �R�E�P�L�A�C�I�N�G �I�T �W�I�T�H �A �L�E�A�F �N�O�D�E�� �7�E �R�E�P�E�A�T �T�H�I�S �P�R�O�C�E�S�S�� �C�O�N�S�I�D�E�R�I�N�G
�E�A�C�H �T�E�S�T �W�I�T�H �O�N�L�Y �L�E�A�F �D�E�S�C�E�N�D�A�N�T�S�� �U�N�T�I�L �E�A�C�H �O�N�E �H�A�S �E�I�T�H�E�R �B�E�E�N �P�R�U�N�E�D �O�R �A�C�C�E�P�T�E�D �A�S �I�S��

�4�H�E �Q�U�E�S�T�I�O�N �I�S�� �H�O�W �D�O �W�E �D�E�T�E�C�T �T�H�A�T �A �N�O�D�E �I�S �T�E�S�T�I�N�G �A�N �I�R�R�E�L�E�V�A�N�T �A�T�T�R�I�B�U�T�E�� �3�U�P�P�O�S�E
�W�E �A�R�E �A�T �A �N�O�D�E �C�O�N�S�I�S�T�I�N�G �O�Fp �P�O�S�I�T�I�V�E �A�N�Dn �N�E�G�A�T�I�V�E �E�X�A�M�P�L�E�S�� �)�F �T�H�E �A�T�T�R�I�B�U�T�E �I�S �I�R�R�E�L�E�V�A�N�T��
�W�E �W�O�U�L�D �E�X�P�E�C�T �T�H�A�T �I�T �W�O�U�L�D �S�P�L�I�T �T�H�E �E�X�A�M�P�L�E�S �I�N�T�O �S�U�B�S�E�T�S �T�H�A�T �E�A�C�H �H�A�V�E�R�O�U�G�H�L�Y �T�H�E �S�A�M�E
�P�R�O�P�O�R�T�I�O�N �O�F �P�O�S�I�T�I�V�E �E�X�A�M�P�L�E�S �A�S �T�H�E �W�H�O�L�E �S�E�T��p/ (p + n)�� �A�N�D �S�O �T�H�E �I�N�F�O�R�M�A�T�I�O�N �G�A�I�N �W�I�L�L
�B�E �C�L�O�S�E �T�O �Z�E�R�O���� �4�H�U�S�� �T�H�E �I�N�F�O�R�M�A�T�I�O�N �G�A�I�N �I�S �A �G�O�O�D �C�L�U�E �T�O �I�R�R�E�L�E�V�A�N�C�E�� �.�O�W �T�H�E �Q�U�E�S�T�I�O�N
�I�S�� �H�O�W �L�A�R�G�E �A �G�A�I�N �S�H�O�U�L�D �W�E �R�E�Q�U�I�R�E �I�N �O�R�D�E�R �T�O �S�P�L�I�T �O�N �A �P�A�R�T�I�C�U�L�A�R �A�T�T�R�I�B�U�T�E��

�7�E �C�A�N �A�N�S�W�E�R �T�H�I�S �Q�U�E�S�T�I�O�N �B�Y �U�S�I�N�G �A �S�T�A�T�I�S�T�I�C�A�L�V�L�J�Q�L�¿�F�D�Q�F�H �W�H�V�W�� �3�U�C�H �A �T�E�S�T �B�E�G�I�N�SSIGNIFICANCE TEST

�B�Y �A�S�S�U�M�I�N�G �T�H�A�T �T�H�E�R�E �I�S �N�O �U�N�D�E�R�L�Y�I�N�G �P�A�T�T�E�R�N ���T�H�E �S�O�
�C�A�L�L�E�D�Q�X�O�O �K�\�S�R�W�K�H�V�L�V�	�� �4�H�E�N �T�H�E �A�C�
NULL HYPOTHESIS

�T�U�A�L �D�A�T�A �A�R�E �A�N�A�L�Y�Z�E�D �T�O �C�A�L�C�U�L�A�T�E �T�H�E �E�X�T�E�N�T �T�O �W�H�I�C�H �T�H�E�Y �D�E�V�I�A�T�E �F�R�O�M �A �P�E�R�F�E�C�T �A�B�S�E�N�C�E �O�F
�P�A�T�T�E�R�N�� �)�F �T�H�E �D�E�G�R�E�E �O�F �D�E�V�I�A�T�I�O�N �I�S �S�T�A�T�I�S�T�I�C�A�L�L�Y �U�N�L�I�K�E�L�Y ���U�S�U�A�L�L�Y �T�A�K�E�N �T�O �M�E�A�N �A ���� �P�R�O�B�

�A�B�I�L�I�T�Y �O�R �L�E�S�S�	�� �T�H�E�N �T�H�A�T �I�S �C�O�N�S�I�D�E�R�E�D �T�O �B�E �G�O�O�D �E�V�I�D�E�N�C�E �F�O�R �T�H�E �P�R�E�S�E�N�C�E �O�F �A �S�I�G�N�I�l�C�A�N�T
�P�A�T�T�E�R�N �I�N �T�H�E �D�A�T�A�� �4�H�E �P�R�O�B�A�B�I�L�I�T�I�E�S �A�R�E �C�A�L�C�U�L�A�T�E�D �F�R�O�M �S�T�A�N�D�A�R�D �D�I�S�T�R�I�B�U�T�I�O�N�S �O�F �T�H�E �A�M�O�U�N�T
�O�F �D�E�V�I�A�T�I�O�N �O�N�E �W�O�U�L�D �E�X�P�E�C�T �T�O �S�E�E �I�N �R�A�N�D�O�M �S�A�M�P�L�I�N�G��

�)�N �T�H�I�S �C�A�S�E�� �T�H�E �N�U�L�L �H�Y�P�O�T�H�E�S�I�S �I�S �T�H�A�T �T�H�E �A�T�T�R�I�B�U�T�E �I�S �I�R�R�E�L�E�V�A�N�T �A�N�D�� �H�E�N�C�E�� �T�H�A�T �T�H�E
�I�N�F�O�R�M�A�T�I�O�N �G�A�I�N �F�O�R �A�N �I�N�l�N�I�T�E�L�Y �L�A�R�G�E �S�A�M�P�L�E �W�O�U�L�D �B�E �Z�E�R�O�� �7�E �N�E�E�D �T�O �C�A�L�C�U�L�A�T�E �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T�� �U�N�D�E�R �T�H�E �N�U�L�L �H�Y�P�O�T�H�E�S�I�S�� �A �S�A�M�P�L�E �O�F �S�I�Z�Ev = n + p �W�O�U�L�D �E�X�H�I�B�I�T �T�H�E
�O�B�S�E�R�V�E�D �D�E�V�I�A�T�I�O�N �F�R�O�M �T�H�E �E�X�P�E�C�T�E�D �D�I�S�T�R�I�B�U�T�I�O�N �O�F �P�O�S�I�T�I�V�E �A�N�D �N�E�G�A�T�I�V�E �E�X�A�M�P�L�E�S�� �7�E �C�A�N
�M�E�A�S�U�R�E �T�H�E �D�E�V�I�A�T�I�O�N �B�Y �C�O�M�P�A�R�I�N�G �T�H�E �A�C�T�U�A�L �N�U�M�B�E�R�S �O�F �P�O�S�I�T�I�V�E �A�N�D �N�E�G�A�T�I�V�E �E�X�A�M�P�L�E�S �I�N

2 �4�H�E �G�A�I�N �W�I�L�L �B�E �S�T�R�I�C�T�L�Y �P�O�S�I�T�I�V�E �E�X�C�E�P�T �F�O�R �T�H�E �U�N�L�I�K�E�L�Y �C�A�S�E �W�H�E�R�E �A�L�L �T�H�E �P�R�O�P�O�R�T�I�O�N�S �A�R�E�H�[�D�F�W�O�\�T�H�E �S�A�M�E��
���3�E�E �%�X�E�R�C�I�S�E �����������	



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

�E�A�C�H �S�U�B�S�E�T��pk �A�N�Dnk�� �W�I�T�H �T�H�E �E�X�P�E�C�T�E�D �N�U�M�B�E�R�S���pk �A�N�D�nk�� �A�S�S�U�M�I�N�G �T�R�U�E �I�R�R�E�L�E�V�A�N�C�E��

�pk = p ×
pk + nk

p + n
�nk = n ×

pk + nk

p + n
.

�! �C�O�N�V�E�N�I�E�N�T �M�E�A�S�U�R�E �O�F �T�H�E �T�O�T�A�L �D�E�V�I�A�T�I�O�N �I�S �G�I�V�E�N �B�Y

� =
d�

k=1

(pk Š �pk)2

�pk
+

(nk Š �nk)2

�nk
.

�5�N�D�E�R �T�H�E �N�U�L�L �H�Y�P�O�T�H�E�S�I�S�� �T�H�E �V�A�L�U�E �O�F� �I�S �D�I�S�T�R�I�B�U�T�E�D �A�C�C�O�R�D�I�N�G �T�O �T�H�E� 2 ���C�H�I�
�S�Q�U�A�R�E�D�	
�D�I�S�T�R�I�B�U�T�I�O�N �W�I�T�Hv Š 1 �D�E�G�R�E�E�S �O�F �F�R�E�E�D�O�M�� �7�E �C�A�N �U�S�E �A� 2 �T�A�B�L�E �O�R �A �S�T�A�N�D�A�R�D �S�T�A�T�I�S�T�I�C�A�L
�L�I�B�R�A�R�Y �R�O�U�T�I�N�E �T�O �S�E�E �I�F �A �P�A�R�T�I�C�U�L�A�R� �V�A�L�U�E �C�O�N�l�R�M�S �O�R �R�E�J�E�C�T�S �T�H�E �N�U�L�L �H�Y�P�O�T�H�E�S�I�S�� �&�O�R
�E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R �T�H�E �R�E�S�T�A�U�R�A�N�T �T�Y�P�E �A�T�T�R�I�B�U�T�E�� �W�I�T�H �F�O�U�R �V�A�L�U�E�S �A�N�D �T�H�U�S �T�H�R�E�E �D�E�G�R�E�E�S �O�F
�F�R�E�E�D�O�M�� �! �V�A�L�U�E �O�F� = 7 .82 �O�R �M�O�R�E �W�O�U�L�D �R�E�J�E�C�T �T�H�E �N�U�L�L �H�Y�P�O�T�H�E�S�I�S �A�T �T�H�E ���� �L�E�V�E�L ���A�N�D
�A �V�A�L�U�E �O�F� = 11 .35 �O�R �M�O�R�E �W�O�U�L�D �R�E�J�E�C�T �A�T �T�H�E ���� �L�E�V�E�L�	�� �%�X�E�R�C�I�S�E ���������� �A�S�K�S �Y�O�U �T�O
�E�X�T�E�N�D �T�H�E �$�%�#�)�3�)�/�.�
�4�2�%�%�
�,�%�!�2�.�)�.�'�A�L�G�O�R�I�T�H�M �T�O �I�M�P�L�E�M�E�N�T �T�H�I�S �F�O�R�M �O�F �P�R�U�N�I�N�G�� �W�H�I�C�H
�I�S �K�N�O�W�N �A�S� 2 �S�U�X�Q�L�Q�J��� 2

PRUNING

�7�I�T�H �P�R�U�N�I�N�G�� �N�O�I�S�E �I�N �T�H�E �E�X�A�M�P�L�E�S �C�A�N �B�E �T�O�L�E�R�A�T�E�D�� �%�R�R�O�R�S �I�N �T�H�E �E�X�A�M�P�L�E���S �L�A�B�E�L ���E���G����
�A�N �E�X�A�M�P�L�E(�[, Yes) �T�H�A�T �S�H�O�U�L�D �B�E(�[, No)�	 �G�I�V�E �A �L�I�N�E�A�R �I�N�C�R�E�A�S�E �I�N �P�R�E�D�I�C�T�I�O�N �E�R�R�O�R�� �W�H�E�R�E�A�S
�E�R�R�O�R�S �I�N �T�H�E �D�E�S�C�R�I�P�T�I�O�N�S �O�F �E�X�A�M�P�L�E�S ���E���G����Price = $ �W�H�E�N �I�T �W�A�S �A�C�T�U�A�L�L�YPrice = $$� 	 � H� A� V� E
�A�N �A�S�Y�M�P�T�O�T�I�C �E�F�F�E�C�T �T�H�A�T �G�E�T�S �W�O�R�S�E �A�S �T�H�E �T�R�E�E �S�H�R�I�N�K�S �D�O�W�N �T�O �S�M�A�L�L�E�R �S�E�T�S�� �0�R�U�N�E�D �T�R�E�E�S
�P�E�R�F�O�R�M �S�I�G�N�I�l�C�A�N�T�L�Y �B�E�T�T�E�R �T�H�A�N �U�N�P�R�U�N�E�D �T�R�E�E�S �W�H�E�N �T�H�E �D�A�T�A �C�O�N�T�A�I�N �A �L�A�R�G�E �A�M�O�U�N�T �O�F
�N�O�I�S�E�� �!�L�S�O�� �T�H�E �P�R�U�N�E�D �T�R�E�E�S �A�R�E �O�F�T�E�N �M�U�C�H �S�M�A�L�L�E�R �A�N�D �H�E�N�C�E �E�A�S�I�E�R �T�O �U�N�D�E�R�S�T�A�N�D��

�/�N�E �l�N�A�L �W�A�R�N�I�N�G�� �9�O�U �M�I�G�H�T �T�H�I�N�K �T�H�A�T� 2 �P�R�U�N�I�N�G �A�N�D �I�N�F�O�R�M�A�T�I�O�N �G�A�I�N �L�O�O�K �S�I�M�I�L�A�R��
�S�O �W�H�Y �N�O�T �C�O�M�B�I�N�E �T�H�E�M �U�S�I�N�G �A�N �A�P�P�R�O�A�C�H �C�A�L�L�E�D�H�D�U�O�\ �V�W�R�S�S�L�Q�J�ˆ�H�A�V�E �T�H�E �D�E�C�I�S�I�O�N �T�R�E�EEARLY STOPPING

�A�L�G�O�R�I�T�H�M �S�T�O�P �G�E�N�E�R�A�T�I�N�G �N�O�D�E�S �W�H�E�N �T�H�E�R�E �I�S �N�O �G�O�O�D �A�T�T�R�I�B�U�T�E �T�O �S�P�L�I�T �O�N�� �R�A�T�H�E�R �T�H�A�N �G�O�I�N�G
�T�O �A�L�L �T�H�E �T�R�O�U�B�L�E �O�F �G�E�N�E�R�A�T�I�N�G �N�O�D�E�S �A�N�D �T�H�E�N �P�R�U�N�I�N�G �T�H�E�M �A�W�A�Y�� �4�H�E �P�R�O�B�L�E�M �W�I�T�H �E�A�R�L�Y
�S�T�O�P�P�I�N�G �I�S �T�H�A�T �I�T �S�T�O�P�S �U�S �F�R�O�M �R�E�C�O�G�N�I�Z�I�N�G �S�I�T�U�A�T�I�O�N�S �W�H�E�R�E �T�H�E�R�E �I�S �N�O �O�N�E �G�O�O�D �A�T�T�R�I�B�U�T�E��
�B�U�T �T�H�E�R�E �A�R�E �C�O�M�B�I�N�A�T�I�O�N�S �O�F �A�T�T�R�I�B�U�T�E�S �T�H�A�T �A�R�E �I�N�F�O�R�M�A�T�I�V�E�� �&�O�R �E�X�A�M�P�L�E�� �C�O�N�S�I�D�E�R �T�H�E �8�/�2
�F�U�N�C�T�I�O�N �O�F �T�W�O �B�I�N�A�R�Y �A�T�T�R�I�B�U�T�E�S�� �)�F �T�H�E�R�E �A�R�E �R�O�U�G�H�L�Y �E�Q�U�A�L �N�U�M�B�E�R �O�F �E�X�A�M�P�L�E�S �F�O�R �A�L�L �F�O�U�R
�C�O�M�B�I�N�A�T�I�O�N�S �O�F �I�N�P�U�T �V�A�L�U�E�S�� �T�H�E�N �N�E�I�T�H�E�R �A�T�T�R�I�B�U�T�E �W�I�L�L �B�E �I�N�F�O�R�M�A�T�I�V�E�� �Y�E�T �T�H�E �C�O�R�R�E�C�T �T�H�I�N�G
�T�O �D�O �I�S �T�O �S�P�L�I�T �O�N �O�N�E �O�F �T�H�E �A�T�T�R�I�B�U�T�E�S ���I�T �D�O�E�S�N���T �M�A�T�T�E�R �W�H�I�C�H �O�N�E�	�� �A�N�D �T�H�E�N �A�T �T�H�E �S�E�C�O�N�D
�L�E�V�E�L �W�E �W�I�L�L �G�E�T �S�P�L�I�T�S �T�H�A�T �A�R�E �I�N�F�O�R�M�A�T�I�V�E�� �%�A�R�L�Y �S�T�O�P�P�I�N�G �W�O�U�L�D �M�I�S�S �T�H�I�S�� �B�U�T �G�E�N�E�R�A�T�E�

�A�N�D�
�T�H�E�N�
�P�R�U�N�E �H�A�N�D�L�E�S �I�T �C�O�R�R�E�C�T�L�Y��

������������ �%�U�R�D�G�H�Q�L�Q�J �W�K�H �D�S�S�O�L�F�D�E�L�O�L�W�\ �R�I �G�H�F�L�V�L�R�Q �W�U�H�H�V

�)�N �O�R�D�E�R �T�O �E�X�T�E�N�D �D�E�C�I�S�I�O�N �T�R�E�E �I�N�D�U�C�T�I�O�N �T�O �A �W�I�D�E�R �V�A�R�I�E�T�Y �O�F �P�R�O�B�L�E�M�S�� �A�N�U�M�B�E�R �O�F �I�S�S�U�E�S
�M�U�S�T �B�E �A�D�D�R�E�S�S�E�D�� �7�E �W�I�L�L �B�R�I�E�m�Y �M�E�N�T�I�O�N �S�E�V�E�R�A�L�� �S�U�G�G�E�S�T�I�N�G �T�H�A�T �A �F�U�L�L �U�N�D�E�R�S�T�A�N�D�I�N�G �I�S
�B�E�S�T �O�B�T�A�I�N�E�D �B�Y �D�O�I�N�G �T�H�E �A�S�S�O�C�I�A�T�E�D �E�X�E�R�C�I�S�E�S��

€ �0�L�V�V�L�Q�J �G�D�W�D�� �)�N �M�A�N�Y �D�O�M�A�I�N�S�� �N�O�T �A�L�L �T�H�E �A�T�T�R�I�B�U�T�E �V�A�L�U�E�S �W�I�L�L �B�E �K�N�O�W�N �F�O�R �E�V�E�R�Y
�E�X�A�M�P�L�E�� �4�H�E �V�A�L�U�E�S �M�I�G�H�T �H�A�V�E �G�O�N�E �U�N�R�E�C�O�R�D�E�D�� �O�R �T�H�E�Y �M�I�G�H�T �B�E �T�O�O �E�X�P�E�N�S�I�V�E �T�O
�O�B�T�A�I�N�� �4�H�I�S �G�I�V�E�S �R�I�S�E �T�O �T�W�O �P�R�O�B�L�E�M�S�� �&�I�R�S�T�� �G�I�V�E�N �A �C�O�M�P�L�E�T�E �D�E�C�I�S�I�O�N �T�R�E�E�� �H�O�W
�S�H�O�U�L�D �O�N�E �C�L�A�S�S�I�F�Y �A�N �E�X�A�M�P�L�E �T�H�A�T �I�S �M�I�S�S�I�N�G �O�N�E �O�F �T�H�E �T�E�S�T �A�T�T�R�I�B�U�T�E�S�� �3�E�C�O�N�D�� �H�O�W



�3�E�C�T�I�O�N ���������� �,�E�A�R�N�I�N�G �$�E�C�I�S�I�O�N �4�R�E�E�S ������

�S�H�O�U�L�D �O�N�E �M�O�D�I�F�Y �T�H�E �I�N�F�O�R�M�A�T�I�O�N�
�G�A�I�N �F�O�R�M�U�L�A �W�H�E�N �S�O�M�E �E�X�A�M�P�L�E�S �H�A�V�E �U�N�K�N�O�W�N
�V�A�L�U�E�S �F�O�R �T�H�E �A�T�T�R�I�B�U�T�E�� �4�H�E�S�E �Q�U�E�S�T�I�O�N�S �A�R�E �A�D�D�R�E�S�S�E�D �I�N �%�X�E�R�C�I�S�E ������������

€ �0�X�O�W�L�Y�D�O�X�H�G �D�W�W�U�L�E�X�W�H�V�� �7�H�E�N �A�N �A�T�T�R�I�B�U�T�E �H�A�S �M�A�N�Y �P�O�S�S�I�B�L�E �V�A�L�U�E�S�� �T�H�E �I�N�F�O�R�M�A�T�I�O�N
�G�A�I�N �M�E�A�S�U�R�E �G�I�V�E�S �A�N �I�N�A�P�P�R�O�P�R�I�A�T�E �I�N�D�I�C�A�T�I�O�N �O�F �T�H�E �A�T�T�R�I�B�U�T�E���S �U�S�E�F�U�L�N�E�S�S�� �)�N �T�H�E �E�X�

�T�R�E�M�E �C�A�S�E�� �A�N �A�T�T�R�I�B�U�T�E �S�U�C�H �A�SExactTime �H�A�S �A �D�I�F�F�E�R�E�N�T �V�A�L�U�E �F�O�R �E�V�E�R�Y �E�X�A�M�P�L�E��
�W�H�I�C�H �M�E�A�N�S �E�A�C�H �S�U�B�S�E�T �O�F �E�X�A�M�P�L�E�S �I�S �A �S�I�N�G�L�E�T�O�N �W�I�T�H �A �U�N�I�Q�U�E �C�L�A�S�S�I�l�C�A�T�I�O�N�� �A�N�D
�T�H�E �I�N�F�O�R�M�A�T�I�O�N �G�A�I�N �M�E�A�S�U�R�E �W�O�U�L�D �H�A�V�E �I�T�S �H�I�G�H�E�S�T �V�A�L�U�E �F�O�R �T�H�I�S �A�T�T�R�I�B�U�T�E�� �"�U�T �C�H�O�O�S�

�I�N�G �T�H�I�S �S�P�L�I�T �l�R�S�T �I�S �U�N�L�I�K�E�L�Y �T�O �Y�I�E�L�D �T�H�E �B�E�S�T �T�R�E�E�� �/�N�E �S�O�L�U�T�I�O�N �I�S �T�O �U�S�E�T�H�E�J�D�L�Q �U�D�W�L�RGAIN RATIO

���%�X�E�R�C�I�S�E �����������	�� �!�N�O�T�H�E�R �P�O�S�S�I�B�I�L�I�T�Y �I�S �T�O �A�L�L�O�W �A �"�O�O�L�E�A�N �T�E�S�T �O�F �T�H�E �F�O�R�MA = vk� � � T� H� A� T
�I�S�� �P�I�C�K�I�N�G �O�U�T �J�U�S�T �O�N�E �O�F �T�H�E �P�O�S�S�I�B�L�E �V�A�L�U�E�S �F�O�R �A�N �A�T�T�R�I�B�U�T�E�� �L�E�A�V�I�N�G �T�H�E �R�E�M�A�I�N�I�N�G
�V�A�L�U�E�S �T�O �P�O�S�S�I�B�L�Y �B�E �T�E�S�T�E�D �L�A�T�E�R �I�N �T�H�E �T�R�E�E��

€ �&�R�Q�W�L�Q�X�R�X�V �D�Q�G �L�Q�W�H�J�H�U���Y�D�O�X�H�G �L�Q�S�X�W �D�W�W�U�L�E�X�W�H�V�� �#�O�N�T�I�N�U�O�U�S �O�R �I�N�T�E�G�E�R�
�V�A�L�U�E�D �A�T�

�T�R�I�B�U�T�E�S �S�U�C�H �A�SHeight �A�N�DWeight�� �H�A�V�E �A�N �I�N�l�N�I�T�E �S�E�T �O�F �P�O�S�S�I�B�L�E �V�A�L�U�E�S�� �2�A�T�H�E�R �T�H�A�N
�G�E�N�E�R�A�T�E �I�N�l�N�I�T�E�L�Y �M�A�N�Y �B�R�A�N�C�H�E�S�� �D�E�C�I�S�I�O�N�
�T�R�E�E �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M�S �T�Y�P�I�C�A�L�L�Y �l�N�D �T�H�E
�V�S�O�L�W �S�R�L�Q�W�T�H�A�T �G�I�V�E�S �T�H�E �H�I�G�H�E�S�T �I�N�F�O�R�M�A�T�I�O�N �G�A�I�N�� �&�O�R �E�X�A�M�P�L�E�� �A�T �A �G�I�V�E�N �N�O�D�E �I�NSPLIT POINT

�T�H�E �T�R�E�E�� �I�T �M�I�G�H�T �B�E �T�H�E �C�A�S�E �T�H�A�T �T�E�S�T�I�N�G �O�NWeight > 160 �G�I�V�E�S �T�H�E �M�O�S�T �I�N�F�O�R�M�A�

�T�I�O�N�� �%�F�l�C�I�E�N�T �M�E�T�H�O�D�S �E�X�I�S�T �F�O�R �l�N�D�I�N�G �G�O�O�D �S�P�L�I�T �P�O�I�N�T�S�� �S�T�A�R�T �B�Y �S�O�R�T�I�N� G � T� H� E � V� A� L� U� E� S
�O�F �T�H�E �A�T�T�R�I�B�U�T�E�� �A�N�D �T�H�E�N �C�O�N�S�I�D�E�R �O�N�L�Y �S�P�L�I�T �P�O�I�N�T�S �T�H�A�T �A�R�E �B�E�T�W�E�E�N �T�W�O �E�X�A�M�P�L�E�S �I�N
�S�O�R�T�E�D �O�R�D�E�R �T�H�A�T �H�A�V�E �D�I�F�F�E�R�E�N�T �C�L�A�S�S�I�l�C�A�T�I�O�N�S�� �W�H�I�L�E �K�E�E�P�I�N�G �T�R�A�C�K �O�F �T�H�E �R�U�N�N�I�N�G �T�O�T�A�L�S
�O�F �P�O�S�I�T�I�V�E �A�N�D �N�E�G�A�T�I�V�E �E�X�A�M�P�L�E�S �O�N �E�A�C�H �S�I�D�E �O�F �T�H�E �S�P�L�I�T �P�O�I�N�T�� �3�P�L�I�T�T�I�N� G � I� S � T� H� E � M� O� S� T
�E�X�P�E�N�S�I�V�E �P�A�R�T �O�F �R�E�A�L�
�W�O�R�L�D �D�E�C�I�S�I�O�N �T�R�E�E �L�E�A�R�N�I�N�G �A�P�P�L�I�C�A�T�I�O�N�S��

€ �&�R�Q�W�L�Q�X�R�X�V���Y�D�O�X�H�G �R�X�W�S�X�W �D�W�W�U�L�E�X�W�H�V�� �)�F �W�E �A�R�E �T�R�Y�I�N�G �T�O �P�R�E�D�I�C�T �A �N�U�M�E�R�I�C�A�L �O�U�T�P�U�T
�V�A�L�U�E�� �S�U�C�H �A�S �T�H�E �P�R�I�C�E �O�F �A�N �A�P�A�R�T�M�E�N�T�� �T�H�E�N �W�E �N�E�E�D �A�U�H�J�U�H�V�V�L�R�Q �W�U�H�H�R�A�T�H�E�R �T�H�A�N �AREGRESSION TREE

�C�L�A�S�S�I�l�C�A�T�I�O�N �T�R�E�E�� �! �R�E�G�R�E�S�S�I�O�N �T�R�E�E �H�A�S �A�T �E�A�C�H �L�E�A�F �A �L�I�N�E�A�R �F�U�N�C�T�I�O�N �O�F�S�O�M�E �S�U�B�S�E�T
�O�F �N�U�M�E�R�I�C�A�L �A�T�T�R�I�B�U�T�E�S�� �R�A�T�H�E�R �T�H�A�N �A �S�I�N�G�L�E �V�A�L�U�E�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E �B�R�A�N�C�H �F�O�R �T�W�O�

�B�E�D�R�O�O�M �A�P�A�R�T�M�E�N�T�S �M�I�G�H�T �E�N�D �W�I�T�H �A �L�I�N�E�A�R �F�U�N�C�T�I�O�N �O�F �S�Q�U�A�R�E �F�O�O�T�A�G�E�� �N�U�M�B�E�R �O�F
�B�A�T�H�R�O�O�M�S�� �A�N�D �A�V�E�R�A�G�E �I�N�C�O�M�E �F�O�R �T�H�E �N�E�I�G�H�B�O�R�H�O�O�D�� �4�H�E �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M �M�U�S�T
�D�E�C�I�D�E �W�H�E�N �T�O �S�T�O�P �S�P�L�I�T�T�I�N�G �A�N�D �B�E�G�I�N �A�P�P�L�Y�I�N�G �L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N ���S�E�E �3�E�C�T�I�O�N ���������	
�O�V�E�R �T�H�E �A�T�T�R�I�B�U�T�E�S��

�! �D�E�C�I�S�I�O�N�
�T�R�E�E �L�E�A�R�N�I�N�G �S�Y�S�T�E�M �F�O�R �R�E�A�L�
�W�O�R�L�D �A�P�P�L�I�C�A�T�I�O�N�S �M�U�S�T �B�E �A�B�L�E �T�O �H�A�N�D�L�E �A�L�L �O�F
�T�H�E�S�E �P�R�O�B�L�E�M�S�� �(�A�N�D�L�I�N�G �C�O�N�T�I�N�U�O�U�S�
�V�A�L�U�E�D �V�A�R�I�A�B�L�E�S �I�S �E�S�P�E�C�I�A�L�L�Y �I�M�P�O�R�T�A�N�T�� �B�E�C�A�U�S�E �B�O�T�H
�P�H�Y�S�I�C�A�L �A�N�D �l�N�A�N�C�I�A�L �P�R�O�C�E�S�S�E�S �P�R�O�V�I�D�E �N�U�M�E�R�I�C�A�L �D�A�T�A�� �3�E�V�E�R�A�L �C�O�M�M�E�R�C�I�A�L �P�A�C�K�A�G�E�S �H�A�V�E
�B�E�E�N �B�U�I�L�T �T�H�A�T �M�E�E�T �T�H�E�S�E �C�R�I�T�E�R�I�A�� �A�N�D �T�H�E�Y �H�A�V�E �B�E�E�N �U�S�E�D �T�O �D�E�V�E�L�O�P �T�H�O�U�S�A�N�D�S �O�F �l�E�L�D�E�D
�S�Y�S�T�E�M�S�� �)�N �M�A�N�Y �A�R�E�A�S �O�F �I�N�D�U�S�T�R�Y �A�N�D �C�O�M�M�E�R�C�E�� �D�E�C�I�S�I�O�N �T�R�E�E�S �A�R�E �U�S�U�A�L�L�Y �T�H�E �l�R�S�T �M�E�T�H�O�D
�T�R�I�E�D �W�H�E�N �A �C�L�A�S�S�I�l�C�A�T�I�O�N �M�E�T�H�O�D �I�S �T�O �B�E �E�X�T�R�A�C�T�E�D �F�R�O�M �A �D�A�T�A �S�E�T�� �/�N�E �I�M�P�O�R�T�A�N�T �P�R�O�P�E�R�T�Y
�O�F �D�E�C�I�S�I�O�N �T�R�E�E�S �I�S �T�H�A�T �I�T �I�S �P�O�S�S�I�B�L�E �F�O�R �A �H�U�M�A�N �T�O �U�N�D�E�R�S�T�A�N�D �T�H�E �R�E�A�S�O�N�F�O�R �T�H�E �O�U�T�P�U�T �O�F �T�H�E
�L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M�� ���)�N�D�E�E�D�� �T�H�I�S �I�S �A�O�H�J�D�O �U�H�T�X�L�U�H�P�H�Q�W�F�O�R �l�N�A�N�C�I�A�L �D�E�C�I�S�I�O�N�S �T�H�A�T �A�R�E �S�U�B�J�E�C�T
�T�O �A�N�T�I�
�D�I�S�C�R�I�M�I�N�A�T�I�O�N �L�A�W�S���	 �4�H�I�S �I�S �A �P�R�O�P�E�R�T�Y �N�O�T �S�H�A�R�E�D �B�Y �S�O�M�E �O�T�H�E�R �R�E�P�R�E�S�E�N�T�A�T�I�O�N�S��
�S�U�C�H �A�S �N�E�U�R�A�L �N�E�T�W�O�R�K�S��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S
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�7�E �W�A�N�T �T�O �L�E�A�R�N �A �H�Y�P�O�T�H�E�S�I�S �T�H�A�T �l�T�S �T�H�E �F�U�T�U�R�E �D�A�T�A �B�E�S�T�� �4�O �M�A�K�E �T�H�A�T �P�R�E�C�I�S�E �W�E �N�E�E�D
�T�O �D�E�l�N�E �h�F�U�T�U�R�E �D�A�T�A�v �A�N�D �h�B�E�S�T���v �7�E �M�A�K�E �T�H�E�V�W�D�W�L�R�Q�D�U�L�W�\ �D�V�V�X�P�S�W�L�R�Q�� �T�H�A�T �T�H�E�R�E �I�S �ASTATIONARITY

ASSUMPTION

�P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N �O�V�E�R �E�X�A�M�P�L�E�S �T�H�A�T �R�E�M�A�I�N�S �S�T�A�T�I�O�N�A�R�Y �O�V�E�R �T�I�M�E�� �%�A�C�H �E�X�A�M�P�L�E �D�A�T�A
�P�O�I�N�T ���B�E�F�O�R�E �W�E �S�E�E �I�T�	 �I�S �A �R�A�N�D�O�M �V�A�R�I�A�B�L�EEj �W�H�O�S�E �O�B�S�E�R�V�E�D �V�A�L�U�Eej = ( xj , yj ) �I�S �S�A�M�P�L�E�D
�F�R�O�M �T�H�A�T �D�I�S�T�R�I�B�U�T�I�O�N�� �A�N�D �I�S �I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �P�R�E�V�I�O�U�S �E�X�A�M�P�L�E�S��

�3(Ej |Ej Š 1, Ej Š 2, . . .) = �3(Ej ) ,

�A�N�D �E�A�C�H �E�X�A�M�P�L�E �H�A�S �A�N �I�D�E�N�T�I�C�A�L �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N��

�3(Ej ) = �3(Ej Š 1) = �3(Ej Š 2) = · · · .

�%�X�A�M�P�L�E�S �T�H�A�T �S�A�T�I�S�F�Y �T�H�E�S�E �A�S�S�U�M�P�T�I�O�N�S �A�R�E �C�A�L�L�E�D�L�Q�G�H�S�H�Q�G�H�Q�W �D�Q�G �L�G�H�Q�W�L�F�D�O�O�\ �G�L�V�W�U�L�E�X�W�H�G�O�R
�L���L���G���� �!�N �I���I���D�� �A�S�S�U�M�P�T�I�O�N �C�O�N�N�E�C�T�S �T�H�E �P�A�S�T �T�O �T�H�E �F�U�T�U�R�E�� �W�I�T�H�O�U�T �S�O�M�E �S�U�C�H �C�O�N�N�E�C�T�I�O�N�� �A�L�LI.I.D.

�B�E�T�S �A�R�E �O�F�F�ˆ�T�H�E �F�U�T�U�R�E �C�O�U�L�D �B�E �A�N�Y�T�H�I�N�G�� ���7�E �W�I�L�L �S�E�E �L�A�T�E�R �T�H�A�T �L�E�A�R�N�I�N�G �C�A�N �S�T�I�L�L �O�C�C�U�R �I�F
�T�H�E�R�E �A�R�E�V�O�R�Z�C�H�A�N�G�E�S �I�N �T�H�E �D�I�S�T�R�I�B�U�T�I�O�N���	

�4�H�E �N�E�X�T �S�T�E�P �I�S �T�O �D�E�l�N�E �h�B�E�S�T �l�T���v �7�E �D�E�l�N�E �T�H�E�H�U�U�R�U �U�D�W�H�O�F �A �H�Y�P�O�T�H�E�S�I�S �A�S �T�H�EERROR RATE

�P�R�O�P�O�R�T�I�O�N �O�F �M�I�S�T�A�K�E�S �I�T �M�A�K�E�S�ˆ�T�H�E �P�R�O�P�O�R�T�I�O�N �O�F �T�I�M�E�S �T�H�A�Th(x) �= y �F�O�R �A�N(x, y) �E�X�A�M�P�L�E��
�.�O�W�� �J�U�S�T �B�E�C�A�U�S�E �A �H�Y�P�O�T�H�E�S�I�Sh �H�A�S �A �L�O�W �E�R�R�O�R �R�A�T�E �O�N �T�H�E �T�R�A�I�N�I�N�G �S�E�T �D�O�E�S �N�O�T �M�E�A�N �T�H�A�T
�I�T �W�I�L�L �G�E�N�E�R�A�L�I�Z�E �W�E�L�L�� �! �P�R�O�F�E�S�S�O�R �K�N�O�W�S �T�H�A�T �A�N �E�X�A�M �W�I�L�L �N�O�T �A�C�C�U�R�A�T�E�L�Y �E�V�A�L�U�A�T�E �S�T�U�D�E�N�T�S
�I�F �T�H�E�Y �H�A�V�E �A�L�R�E�A�D�Y �S�E�E�N �T�H�E �E�X�A�M �Q�U�E�S�T�I�O�N�S�� �3�I�M�I�L�A�R�L�Y�� �T�O �G�E�T �A�N �A�C�C�U�R�A�T�E �E�V�A�L�U�A�T�I�O�N �O�F �A
�H�Y�P�O�T�H�E�S�I�S�� �W�E �N�E�E�D �T�O �T�E�S�T �I�T �O�N �A �S�E�T �O�F �E�X�A�M�P�L�E�S �I�T �H�A�S �N�O�T �S�E�E�N �Y�E�T�� �4�H�E �S�I�M�P�L�E�S�T �A�P�P�R�O�A�C�H �I�S
�T�H�E �O�N�E �W�E �H�A�V�E �S�E�E�N �A�L�R�E�A�D�Y�� �R�A�N�D�O�M�L�Y �S�P�L�I�T �T�H�E �A�V�A�I�L�A�B�L�E �D�A�T�A �I�N�T�O �A �T�R�A�I�N�I�N�G �S�E�T �F�R�O�M �W�H�I�C�H
�T�H�E �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M �P�R�O�D�U�C�E�Sh �A�N�D �A �T�E�S�T �S�E�T �O�N �W�H�I�C�H �T�H�E �A�C�C�U�R�A�C�Y �O�Fh �I�S �E�V�A�L�U�A�T�E�D�� �4�H�I�S
�M�E�T�H�O�D�� �S�O�M�E�T�I�M�E�S �C�A�L�L�E�D�K�R�O�G�R�X�W �F�U�R�V�V���Y�D�O�L�G�D�W�L�R�Q�� �H�A�S �T�H�E �D�I�S�A�D�V�A�N�T�A�G�E �T�H�A�T �I�T �F�A�I�L�S �T�O �U�S�EHOLDOUT

CROSS-VALIDATION

�A�L�L �T�H�E �A�V�A�I�L�A�B�L�E �D�A�T�A�� �I�F �W�E �U�S�E �H�A�L�F �T�H�E �D�A�T�A �F�O�R �T�H�E �T�E�S�T �S�E�T�� �T�H�E�N �W�E �A�R�E �O�N�L�Y �T�R�A�I�N�I�N�G �O�N �H�A�L�F
�T�H�E �D�A�T�A�� �A�N�D �W�E �M�A�Y �G�E�T �A �P�O�O�R �H�Y�P�O�T�H�E�S�I�S�� �/�N �T�H�E �O�T�H�E�R �H�A�N�D�� �I�F �W�E �R�E�S�E�R�V�E �O�N�L�Y ������ �O�F
�T�H�E �D�A�T�A �F�O�R �T�H�E �T�E�S�T �S�E�T�� �T�H�E�N �W�E �M�A�Y�� �B�Y �S�T�A�T�I�S�T�I�C�A�L �C�H�A�N�C�E�� �G�E�T �A �P�O�O�R �E�S�T�I�M�A�T�E �O�F �T�H�E �A�C�T�U�A�L
�A�C�C�U�R�A�C�Y��

�7�E �C�A�N �S�Q�U�E�E�Z�E �M�O�R�E �O�U�T �O�F �T�H�E �D�A�T�A �A�N�D �S�T�I�L�L �G�E�T �A�N �A�C�C�U�R�A�T�E �E�S�T�I�M�A�T�E �U�S�I�N�G �A�T�E�C�H�N�I�Q�U�E
�C�A�L�L�E�Dk���I�R�O�G �F�U�R�V�V���Y�D�O�L�G�D�W�L�R�Q�� �4�H�E �I�D�E�A �I�S �T�H�A�T �E�A�C�H �E�X�A�M�P�L�E �S�E�R�V�E�S �D�O�U�B�L�E �D�U�T�Y�ˆ�A�S �T�R�A�I�N�I�N�GK-FOLD

CROSS-VALIDATION

�D�A�T�A �A�N�D �T�E�S�T �D�A�T�A�� �&�I�R�S�T �W�E �S�P�L�I�T �T�H�E �D�A�T�A �I�N�T�Ok �E�Q�U�A�L �S�U�B�S�E�T�S�� �7�E �T�H�E�N �P�E�R�F�O�R�Mk �R�O�U�N�D�S �O�F
�L�E�A�R�N�I�N�G�� �O�N �E�A�C�H �R�O�U�N�D1/k �O�F �T�H�E �D�A�T�A �I�S �H�E�L�D �O�U�T �A�S �A �T�E�S�T �S�E�T �A�N�D �T�H�E �R�E�M�A�I�N�I�N�G �E�X�A�M�P�L�E�S
�A�R�E �U�S�E�D �A�S �T�R�A�I�N�I�N�G �D�A�T�A�� �4�H�E �A�V�E�R�A�G�E �T�E�S�T �S�E�T �S�C�O�R�E �O�F �T�H�Ek �R�O�U�N�D�S �S�H�O�U�L�D �T�H�E�N �B�E �A �B�E�T�T�E�R
�E�S�T�I�M�A�T�E �T�H�A�N �A �S�I�N�G�L�E �S�C�O�R�E�� �0�O�P�U�L�A�R �V�A�L�U�E�S �F�O�Rk �A�R�E �� �A�N�D �����ˆ�E�N�O�U�G�H �T�O �G�I�V�E �A�N �E�S�T�I�M�A�T�E
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�S�E�T �E�R�R�O�R �R�A�T�E�S

�I�R�Usize � � � ��W�R	 �G�R
errT �;size�=��errV �;size�=� �#�2�/�3�3�
�6�!�,�)�$�!�4�)�/�.��Learner , size, k, examples�	
�L�IerrT �H�A�S �C�O�N�V�E�R�G�E�D�W�K�H�Q �G�R

best size � �T�H�E �V�A�L�U�E �O�Fsize �W�I�T�H �M�I�N�I�M�U�MerrV �;size�=
�U�H�W�X�U�QLearner (best size, examples)

�I�X�Q�F�W�L�R�Q�#�2�/�3�3�
�6�!�,�)�$�!�4�)�/�.��Learner ��size��k��examples�	�U�H�W�X�U�Q�V�T�W�O �V�A�L�U�E�S��
�A�V�E�R�A�G�E �T�R�A�I�N�I�N�G �S�E�T �E�R�R�O�R �R�A�T�E�� �A�V�E�R�A�G�E �V�A�L�I�D�A�T�I�O�N �S�E�T �E�R�R�O�R �R�A�T�E

fold errT � ����fold errV � ��
�I�R�Ufold � � � �to k do

training set��validation set � �0�!�2�4�)�4�)�/�.��examples��fold��k�	
h � Learner ��size��training set�	
fold errT � fold errT � � � %�2�2�/�2�
�2�!�4�%��h��training set�	
fold errV � fold errV ���%�2�2�/�2�
�2�!�4�%��h��validation set�	

�U�H�W�X�U�Qfold errT ��k��fold errV ��k

�)�L�J�X�U�H ���������!�N �A�L�G�O�R�I�T�H�M �T�O �S�E�L�E�C�T �T�H�E �M�O�D�E�L �T�H�A�T �H�A�S �T�H�E �L�O�W�E�S�T �E�R�R�O�R �R�A�T�E �O�N �V�A�L�I�D�A�T�I�O�N
�D�A�T�A �B�Y �B�U�I�L�D�I�N�G �M�O�D�E�L�S �O�F �I�N�C�R�E�A�S�I�N�G �C�O�M�P�L�E�X�I�T�Y�� �A�N�D �C�H�O�O�S�I�N�G �T�H�E �O�N�E �W�I�T� H � B� E� S� T � E� M� P� I� R� 

�I�C�A�L �E�R�R�O�R �R�A�T�E �O�N �V�A�L�I�D�A�T�I�O�N �D�A�T�A�� �(�E�R�EerrT �M�E�A�N�S �E�R�R�O�R �R�A�T�E �O�N �T�H�E �T�R�A�I�N�I�N�G �D�A�T�A�� �A�N�D
errV �M�E�A�N�S �E�R�R�O�R �R�A�T�E �O�N �T�H�E �V�A�L�I�D�A�T�I�O�N �D�A�T�A��Learner (size, examples) �R�E�T�U�R�N�S �A �H�Y�P�O�T�H�

�E�S�I�S �W�H�O�S�E �C�O�M�P�L�E�X�I�T�Y �I�S �S�E�T �B�Y �T�H�E �P�A�R�A�M�E�T�E�Rsize�� �A�N�D �W�H�I�C�H �I�S �T�R�A�I�N�E�D �O�N �T�H�Eexamples��
�0�!�2�4�)�4�)�/�.���H�[�D�P�S�O�H�V���I�R�O�G���N�	 �S�P�L�I�T�S�H�[�D�P�S�O�H�V�I�N�T�O �T�W�O �S�U�B�S�E�T�S�� �A �V�A�L�I�D�A�T�I�O�N �S�E�T �O�F �S�I�Z�EN/k
�A�N�D �A �T�R�A�I�N�I�N�G �S�E�T �W�I�T�H �A�L�L �T�H�E �O�T�H�E�R �E�X�A�M�P�L�E�S�� �4�H�E �S�P�L�I�T �I�S �D�I�F�F�E�R�E�N�T �F�O�R �E�A�C�H �V�A�L�U�E �O�F�I�R�O�G��

������������ �)�U�R�P �H�U�U�R�U �U�D�W�H�V �W�R �O�R�V�V

�3�O �F�A�R�� �W�E �H�A�V�E �B�E�E�N �T�R�Y�I�N�G �T�O �M�I�N�I�M�I�Z�E �E�R�R�O�R �R�A�T�E�� �4�H�I�S �I�S �C�L�E�A�R�L�Y �B�E�T�T�E�R �T�H�A�N �M�A�X�I�M�I�Z�I�N�G
�E�R�R�O�R �R�A�T�E�� �B�U�T �I�T �I�S �N�O�T �T�H�E �F�U�L�L �S�T�O�R�Y�� �#�O�N�S�I�D�E�R �T�H�E �P�R�O�B�L�E�M �O�F �C�L�A�S�S�I�F�Y�I�N�G �E�M�A�I�L �M�E�S�S�A�G�E�S
�A�S �S�P�A�M �O�R �N�O�N�
�S�P�A�M�� �)�T �I�S �W�O�R�S�E �T�O �C�L�A�S�S�I�F�Y �N�O�N�
�S�P�A�M �A�S �S�P�A�M ���A�N�D �T�H�U�S �P�O�T�E�N�T�I�A�L�L�Y �M�I�S�S
�A�N �I�M�P�O�R�T�A�N�T �M�E�S�S�A�G�E�	 �T�H�E�N �T�O �C�L�A�S�S�I�F�Y �S�P�A�M �A�S �N�O�N�
�S�P�A�M ���A�N�D �T�H�U�S �S�U�F�F�E�R �A �F�E�W �S�E�C�O�N�D�S �O�F
�A�N�N�O�Y�A�N�C�E�	�� �3�O �A �C�L�A�S�S�I�l�E�R �W�I�T�H �A ���� �E�R�R�O�R �R�A�T�E�� �W�H�E�R�E �A�L�M�O�S�T �A�L�L �T�H�E �E�R�R�O�R�S �W�E�R�E �C�L�A�S�S�I�F�Y�I�N�G
�S�P�A�M �A�S �N�O�N�
�S�P�A�M�� �W�O�U�L�D �B�E �B�E�T�T�E�R �T�H�A�N �A �C�L�A�S�S�I�l�E�R �W�I�T�H �O�N�L�Y �A �������� �E�R�R�O�R �R�A�T�E�� �I�F �M�O�S�T �O�F
�T�H�O�S�E �E�R�R�O�R�S �W�E�R�E �C�L�A�S�S�I�F�Y�I�N�G �N�O�N�
�S�P�A�M �A�S �S�P�A�M�� �7�E �S�A�W �I�N �#�H�A�P�T�E�R ���� �T�H�A�T �D�E�C�I�S�I�O�N�
�M�A�K�E�R�S
�S�H�O�U�L�D �M�A�X�I�M�I�Z�E �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y�� �A�N�D �U�T�I�L�I�T�Y �I�S �W�H�A�T �L�E�A�R�N�E�R�S �S�H�O�U�L�D �M�A�X�I�M�I�Z�E �A�S �W�E�L�L�� �)�N
�M�A�C�H�I�N�E �L�E�A�R�N�I�N�G �I�T �I�S �T�R�A�D�I�T�I�O�N�A�L �T�O �E�X�P�R�E�S�S �U�T�I�L�I�T�I�E�S �B�Y �M�E�A�N�S �O�F �A�O�R�V�V �I�X�Q�F�W�L�R�Q� � � 4� H� E � L� O� S� SLOSS FUNCTION

�F�U�N�C�T�I�O�NL(x, y, �y) �I�S �D�E�l�N�E�D �A�S �T�H�E �A�M�O�U�N�T �O�F �U�T�I�L�I�T�Y �L�O�S�T �B�Y �P�R�E�D�I�C�T�I�N�Gh(x) = �y �W�H�E�N �T�H�E
�C�O�R�R�E�C�T �A�N�S�W�E�R �I�Sf (x) = y��

L (x, y, �y) = Utility (�R�E�S�U�L�T �O�F �U�S�I�N�Gy �G�I�V�E�N �A�N �I�N�P�U�Tx)

Š Utility (�R�E�S�U�L�T �O�F �U�S�I�N�G�y �G�I�V�E�N �A�N �I�N�P�U�Tx)



�3�E�C�T�I�O�N ���������� �%�V�A�L�U�A�T�I�N�G �A�N�D �#�H�O�O�S�I�N�G �T�H�E �"�E�S�T �(�Y�P�O�T�H�E�S�I�S������
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�4�R�E�E���S�I�Z�E

�6�A�L�I�D�A�T�I�O�N���3�E�T���%�R�R�O�R
�4�R�A�I�N�I�N�G���3�E�T���%�R�R�O�R

�)�L�J�X�U�H ���������%�R�R�O�R �R�A�T�E�S �O�N �T�R�A�I�N�I�N�G �D�A�T�A ���L�O�W�E�R�� �D�A�S�H�E�D �L�I�N�E�	 �A�N�D �V�A�L�I�D�A�T�I�O�N �D�A�T�A ���U�P�P�E�R��
�S�O�L�I�D �L�I�N�E�	 �F�O�R �D�I�F�F�E�R�E�N�T �S�I�Z�E �D�E�C�I�S�I�O�N �T�R�E�E�S�� �7�E �S�T�O�P �W�H�E�N �T�H�E �T�R�A�I�N�I�N�G �S�E�T �E�R�R�O�R �R�A�T�E �A�S�Y�M�P�

�T�O�T�E�S�� �A�N�D �T�H�E�N �C�H�O�O�S�E �T�H�E �T�R�E�E �W�I�T�H �M�I�N�I�M�A�L �E�R�R�O�R �O�N �T�H�E �V�A�L�I�D�A�T�I�O�N �S�E�T�� �I�N�T�H�I�S �C�A�S�E �T�H�E �T�R�E�E
�O�F �S�I�Z�E �� �N�O�D�E�S��

�4�H�I�S �I�S �T�H�E �M�O�S�T �G�E�N�E�R�A�L �F�O�R�M�U�L�A�T�I�O�N �O�F �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N�� �/�F�T�E�N �A �S�I�M�P�L�I�l�E�D �V�E�R�S�I�O�N �I�S �U�S�E�D��
L (y, �y)�� �T�H�A�T �I�S �I�N�D�E�P�E�N�D�E�N�T �O�Fx�� �7�E �W�I�L�L �U�S�E �T�H�E �S�I�M�P�L�I�l�E�D �V�E�R�S�I�O�N �F�O�R �T�H�E �R�E�S�T �O�F �T�H�I�S
�C�H�A�P�T�E�R�� �W�H�I�C�H �M�E�A�N�S �W�E �C�A�N���T �S�A�Y �T�H�A�T �I�T �I�S �W�O�R�S�E �T�O �M�I�S�C�L�A�S�S�I�F�Y �A �L�E�T�T�E�R �F�R�O�M �-�O�M �T�H�A�N �I�T
�I�S �T�O �M�I�S�C�L�A�S�S�I�F�Y �A �L�E�T�T�E�R �F�R�O�M �O�U�R �A�N�N�O�Y�I�N�G �C�O�U�S�I�N�� �B�U�T �W�E �C�A�N �S�A�Y �I�T �I�S ���� �T�I�M�E�S �W�O�R�S�E �T�O
�C�L�A�S�S�I�F�Y �N�O�N�
�S�P�A�M �A�S �S�P�A�M �T�H�A�N �V�I�C�E�
�V�E�R�S�A��

L (spam, nospam) = 1 , L (nospam, spam) = 10 .

�.�O�T�E �T�H�A�TL(y, y) �I�S �A�L�W�A�Y�S �Z�E�R�O�� �B�Y �D�E�l�N�I�T�I�O�N �T�H�E�R�E �I�S �N�O �L�O�S�S �W�H�E�N �Y�O�U �G�U�E�S�S �E�X�A�C�T�L�Y �R�I�G�H�T��
�&�O�R �F�U�N�C�T�I�O�N�S �W�I�T�H �D�I�S�C�R�E�T�E �O�U�T�P�U�T�S�� �W�E �C�A�N �E�N�U�M�E�R�A�T�E �A �L�O�S�S �V�A�L�U�E �F�O�R �E�A�C�H�P�O�S�S�I�B�L�E �M�I�S�

�C�L�A�S�S�I�l�C�A�T�I�O�N�� �B�U�T �W�E �C�A�N���T �E�N�U�M�E�R�A�T�E �A�L�L �T�H�E �P�O�S�S�I�B�I�L�I�T�I�E�S �F�O�R �R�E�A�L�
�V�A�L�U�E�D �D�A�T�A�� �)�Ff (x) �I�S
���������������������� �W�E �W�O�U�L�D �B�E �F�A�I�R�L�Y �H�A�P�P�Y �W�I�T�Hh(x) = 137 .036�� �B�U�T �J�U�S�T �H�O�W �H�A�P�P�Y �S�H�O�U�L�D �W�E
�B�E�� �)�N �G�E�N�E�R�A�L �S�M�A�L�L �E�R�R�O�R�S �A�R�E �B�E�T�T�E�R �T�H�A�N �L�A�R�G�E �O�N�E�S�� �T�W�O �F�U�N�C�T�I�O�N�S �T�H�A�T �I�M�P�L�E�M�E�N�T �T�H�A�T �I�D�E�A
�A�R�E �T�H�E �A�B�S�O�L�U�T�E �V�A�L�U�E �O�F �T�H�E �D�I�F�F�E�R�E�N�C�E ���C�A�L�L�E�D �T�H�EL 1 �L�O�S�S�	�� �A�N�D �T�H�E �S�Q�U�A�R�E �O�F �T�H�E �D�I�F�F�E�R�E�N�C�E
���C�A�L�L�E�D �T�H�EL 2 �L�O�S�S�	�� �)�F �W�E �A�R�E �C�O�N�T�E�N�T �W�I�T�H �T�H�E �I�D�E�A �O�F �M�I�N�I�M�I�Z�I�N�G �E�R�R�O�R �R�A�T�E�� �W�E �C�A�N �U�S�E
�T�H�EL 0/ 1 �L�O�S�S �F�U�N�C�T�I�O�N�� �W�H�I�C�H �H�A�S �A �L�O�S�S �O�F �� �F�O�R �A�N �I�N�C�O�R�R�E�C�T �A�N�S�W�E�R �A�N�D �I�S �A�P�P�R�O�P�R�I�A�T�E �F�O�R
�D�I�S�C�R�E�T�E�
�V�A�L�U�E�D �O�U�T�P�U�T�S��

�!�B�S�O�L�U�T�E �V�A�L�U�E �L�O�S�S��L 1(y, �y) = |y Š �y|
�3�Q�U�A�R�E�D �E�R�R�O�R �L�O�S�S��L 2(y, �y) = ( y Š �y)2

������ �L�O�S�S�� L 0/ 1(y, �y) = 0 �I�Fy = �y, �E�L�S�E1

�4�H�E �L�E�A�R�N�I�N�G �A�G�E�N�T �C�A�N �T�H�E�O�R�E�T�I�C�A�L�L�Y �M�A�X�I�M�I�Z�E �I�T�S �E�X�P�E�C�T�E�D �U�T�I�L�I�T�Y �B�Y �C�H�O�O�S�I�N�G �T�H�E �H�Y�P�O�T�H�

�E�S�I�S �T�H�A�T �M�I�N�I�M�I�Z�E�S �E�X�P�E�C�T�E�D �L�O�S�S �O�V�E�R �A�L�L �I�N�P�U�T�n�O�U�T�P�U�T �P�A�I�R�S �I�T �W�I�L�L �S�E�E���)�T �I�S �M�E�A�N�I�N�G�L�E�S�S
�T�O �T�A�L�K �A�B�O�U�T �T�H�I�S �E�X�P�E�C�T�A�T�I�O�N �W�I�T�H�O�U�T �D�E�l�N�I�N�G �A �P�R�I�O�R �P�R�O�B�A�B�I�L�I�T�Y �D�I�S�T�R�I�B�U�T�I�O�N���3(X, Y ) �O�V�E�R
�E�X�A�M�P�L�E�S�� �,�E�TE �B�E �T�H�E �S�E�T �O�F �A�L�L �P�O�S�S�I�B�L�E �I�N�P�U�T�n�O�U�T�P�U�T �E�X�A�M�P�L�E�S�� �4�H�E�N �T�H�E �E�X�P�E�C�T�E�D�J�H�Q�H�U��
�D�O�L�]�D�W�L�R�Q �O�R�V�V�F�O�R �A �H�Y�P�O�T�H�E�S�I�Sh ���W�I�T�H �R�E�S�P�E�C�T �T�O �L�O�S�S �F�U�N�C�T�I�O�NL � 	 � I� SGENERALIZATION

LOSS



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

GenLossL (h) =
�

(x,y )�E

L (y, h(x)) P(x, y) ,

�A�N�D �T�H�E �B�E�S�T �H�Y�P�O�T�H�E�S�I�S��h� �� �I�S �T�H�E �O�N�E �W�I�T�H �T�H�E �M�I�N�I�M�U�M �E�X�P�E�C�T�E�D �G�E�N�E�R�A�L�I�Z�A�T�I�O�N �L�O�S�S��

h� = argmin
h�H

GenLossL (h) .

�"�E�C�A�U�S�EP(x, y) �I�S �N�O�T �K�N�O�W�N�� �T�H�E �L�E�A�R�N�I�N�G �A�G�E�N�T �C�A�N �O�N�L�Y�H�V�W�L�P�D�W�H�G�E�N�E�R�A�L�I�Z�A�T�I�O�N �L�O�S�S �W�I�T�H
�H�P�S�L�U�L�F�D�O �O�R�V�V�O�N �A �S�E�T �O�F �E�X�A�M�P�L�E�S��E ��EMPIRICAL LOSS

EmpLossL,E (h) =
1
N

�

(x,y )�E

L (y, h(x)) .

�4�H�E �E�S�T�I�M�A�T�E�D �B�E�S�T �H�Y�P�O�T�H�E�S�I�S�h� �I�S �T�H�E�N �T�H�E �O�N�E �W�I�T�H �M�I�N�I�M�U�M �E�M�P�I�R�I�C�A�L �L�O�S�S��

�h� = argmin
h�H

EmpLossL,E (h) .

�4�H�E�R�E �A�R�E �F�O�U�R �R�E�A�S�O�N�S �W�H�Y�h� �M�A�Y �D�I�F�F�E�R �F�R�O�M �T�H�E �T�R�U�E �F�U�N�C�T�I�O�N��f �� �U�N�R�E�A�L�I�Z�A�B�I�L�I�T�Y�� �V�A�R�I�A�N�C�E��
�N�O�I�S�E�� �A�N�D �C�O�M�P�U�T�A�T�I�O�N�A�L �C�O�M�P�L�E�X�I�T�Y�� �&�I�R�S�T��f �M�A�Y �N�O�T �B�E �R�E�A�L�I�Z�A�B�L�E�ˆ�M�A�Y �N�O�T �B�E �I�NH �ˆ�O�R
�M�A�Y �B�E �P�R�E�S�E�N�T �I�N �S�U�C�H �A �W�A�Y �T�H�A�T �O�T�H�E�R �H�Y�P�O�T�H�E�S�E�S �A�R�E �P�R�E�F�E�R�R�E�D�� �3�E�C�O�N�D�� �A �L�E�A�R�N�I�N�G �A�L�G�O�

�R�I�T�H�M �W�I�L�L �R�E�T�U�R�N �D�I�F�F�E�R�E�N�T �H�Y�P�O�T�H�E�S�E�S �F�O�R �D�I�F�F�E�R�E�N�T �S�E�T�S �O�F �E�X�A�M�P�L�E�S�� �E�V�E�N �I�F �T�H�O�S�E �S�E�T�S �A�R�E
�D�R�A�W�N �F�R�O�M �T�H�E �S�A�M�E �T�R�U�E �F�U�N�C�T�I�O�Nf �� �A�N�D �T�H�O�S�E �H�Y�P�O�T�H�E�S�E�S �W�I�L�L �M�A�K�E �D�I�F�F�E�R�E�N�T �P�R�E�D�I�C�T�I�O�N�S
�O�N �N�E�W �E�X�A�M�P�L�E�S�� �4�H�E �H�I�G�H�E�R �T�H�E �V�A�R�I�A�N�C�E �A�M�O�N�G �T�H�E �P�R�E�D�I�C�T�I�O�N�S�� �T�H�E �H�I�G�H�E�R�T�H�E �P�R�O�B�A�B�I�L�I�T�Y
�O�F �S�I�G�N�I�l�C�A�N�T �E�R�R�O�R�� �.�O�T�E �T�H�A�T �E�V�E�N �W�H�E�N �T�H�E �P�R�O�B�L�E�M �I�S �R�E�A�L�I�Z�A�B�L�E�� �T�H�E�R�E �W�I�L�L �S�T�I�L�L �B�E �R�A�N�D�O�M
�V�A�R�I�A�N�C�E�� �B�U�T �T�H�A�T �V�A�R�I�A�N�C�E �D�E�C�R�E�A�S�E�S �T�O�W�A�R�D�S �Z�E�R�O �A�S �T�H�E �N�U�M�B�E�R �O�F �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S �I�N�

�C�R�E�A�S�E�S�� �4�H�I�R�D��f �M�A�Y �B�E �N�O�N�D�E�T�E�R�M�I�N�I�S�T�I�C �O�R�Q�R�L�V�\�ˆ�I�T �M�A�Y �R�E�T�U�R�N �D�I�F�F�E�R�E�N�T �V�A�L�U�E�S �F�O�Rf (x)NOISE

�E�A�C�H �T�I�M�Ex �O�C�C�U�R�S�� �"�Y �D�E�l�N�I�T�I�O�N�� �N�O�I�S�E �C�A�N�N�O�T �B�E �P�R�E�D�I�C�T�E�D�� �I�N �M�A�N�Y �C�A�S�E�S�� �I�T �A�R�I�S�E�S �B�E�C�A�U�S�E
�T�H�E �O�B�S�E�R�V�E�D �L�A�B�E�L�Sy �A�R�E �T�H�E �R�E�S�U�L�T �O�F �A�T�T�R�I�B�U�T�E�S �O�F �T�H�E �E�N�V�I�R�O�N�M�E�N�T �N�O�T �L�I�S�T�E�D �I�Nx�� �!�N�D �l�N�A�L�L�Y��
�W�H�E�NH �I�S �C�O�M�P�L�E�X�� �I�T �C�A�N �B�E �C�O�M�P�U�T�A�T�I�O�N�A�L�L�Y �I�N�T�R�A�C�T�A�B�L�E �T�O �S�Y�S�T�E�M�A�T�I�C�A�L�L�Y �S�E�A�R�C�H �T�H�E �W�H�O�L�E
�H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�� �4�H�E �B�E�S�T �W�E �C�A�N �D�O �I�S �A �L�O�C�A�L �S�E�A�R�C�H ���H�I�L�L �C�L�I�M�B�I�N�G �O�R �G�R�E�E�D�Y �S�E�A�R�C�H�	 �T�H�A�T
�E�X�P�L�O�R�E�S �O�N�L�Y �P�A�R�T �O�F �T�H�E �S�P�A�C�E�� �4�H�A�T �G�I�V�E�S �U�S �A�N �A�P�P�R�O�X�I�M�A�T�I�O�N �E�R�R�O�R�� �#�O�M�B�I�N�I�N�G �T�H�E �S�O�U�R�C�E�S
�O�F �E�R�R�O�R�� �W�E���R�E �L�E�F�T �W�I�T�H �A�N �E�S�T�I�M�A�T�I�O�N �O�F �A�N �A�P�P�R�O�X�I�M�A�T�I�O�N �O�F �T�H�E �T�R�U�E �F�U�N�C�T�I�O�Nf ��

�4�R�A�D�I�T�I�O�N�A�L �M�E�T�H�O�D�S �I�N �S�T�A�T�I�S�T�I�C�S �A�N�D �T�H�E �E�A�R�L�Y �Y�E�A�R�S �O�F �M�A�C�H�I�N�E �L�E�A�R�N�I�N�G �C�O�N�C�E�N�T�R�A�T�E�D
�O�N�V�P�D�O�O���V�F�D�O�H �O�H�D�U�Q�L�Q�J�� �W�H�E�R�E �T�H�E �N�U�M�B�E�R �O�F �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S �R�A�N�G�E�D �F�R�O�M �D�O�Z�E�N�S �T�O �T�H�ESMALL-SCALE

LEARNING

�L�O�W �T�H�O�U�S�A�N�D�S�� �(�E�R�E �T�H�E �G�E�N�E�R�A�L�I�Z�A�T�I�O�N �E�R�R�O�R �M�O�S�T�L�Y �C�O�M�E�S �F�R�O�M �T�H�E �A�P�P�R�O�X�I�M�A�T�I�O�N �E�R�R�O�R �O�F
�N�O�T �H�A�V�I�N�G �T�H�E �T�R�U�Ef �I�N �T�H�E �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�� �A�N�D �F�R�O�M �E�S�T�I�M�A�T�I�O�N �E�R�R�O�R �O�F �N�O�T �H�A�V�I�N�G �E�N�O�U�G�H
�T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S �T�O �L�I�M�I�T �V�A�R�I�A�N�C�E�� �)�N �R�E�C�E�N�T �Y�E�A�R�S �T�H�E�R�E �H�A�S �B�E�E�N �M�O�R�E �E�M�P�H�A�S�I�S �O�N�O�D�U�J�H��
�V�F�D�O�H �O�H�D�U�Q�L�Q�J�� �O�F�T�E�N �W�I�T�H �M�I�L�L�I�O�N�S �O�F �E�X�A�M�P�L�E�S�� �(�E�R�E �T�H�E �G�E�N�E�R�A�L�I�Z�A�T�I�O�N �E�R�R�O�R �I�S �D�O�M�I�N�A�T�E�DLARGE-SCALE

LEARNING

�B�Y �L�I�M�I�T�S �O�F �C�O�M�P�U�T�A�T�I�O�N�� �T�H�E�R�E �I�S �E�N�O�U�G�H �D�A�T�A �A�N�D �A �R�I�C�H �E�N�O�U�G�H �M�O�D�E�L �T�H�A�T �W�E �C�O�U�L�D �l�N�D �A�N
h �T�H�A�T �I�S �V�E�R�Y �C�L�O�S�E �T�O �T�H�E �T�R�U�Ef �� �B�U�T �T�H�E �C�O�M�P�U�T�A�T�I�O�N �T�O �l�N�D �I�T �I�S �T�O�O �C�O�M�P�L�E�X�� �S�O �W�E �S�E�T�T�L�E
�F�O�R �A �S�U�B�
�O�P�T�I�M�A�L �A�P�P�R�O�X�I�M�A�T�I�O�N��

������������ �5�H�J�X�O�D�U�L�]�D�W�L�R�Q

�)�N �3�E�C�T�I�O�N �������������� �W�E �S�A�W �H�O�W �T�O �D�O �M�O�D�E�L �S�E�L�E�C�T�I�O�N �W�I�T�H �C�R�O�S�S�
�V�A�L�I�D�A�T�I�O�N �O�N �M�O�D�E�L �S�I�Z�E�� �!�N
�A�L�T�E�R�N�A�T�I�V�E �A�P�P�R�O�A�C�H �I�S �T�O �S�E�A�R�C�H �F�O�R �A �H�Y�P�O�T�H�E�S�I�S �T�H�A�T �D�I�R�E�C�T�L�Y �M�I�N�I�M�I�Z�E�S �T�H�E �W�E�I�G�H�T�E�D �S�U�M �O�F



�3�E�C�T�I�O�N ���������� �4�H�E �4�H�E�O�R�Y �O�F �,�E�A�R�N�I�N�G ������

�E�M�P�I�R�I�C�A�L �L�O�S�S �A�N�D �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �H�Y�P�O�T�H�E�S�I�S�� �W�H�I�C�H �W�E �W�I�L�L �C�A�L�L �T�H�E�T�O�T�A�L �C�O�S�T��

Cost(h) = EmpLoss(h) + � Complexity(h)
�h� = argmin

h�H
Cost(h) .

�(�E�R�E� �I�S �A �P�A�R�A�M�E�T�E�R�� �A �P�O�S�I�T�I�V�E �N�U�M�B�E�R �T�H�A�T �S�E�R�V�E�S �A�S �A �C�O�N�V�E�R�S�I�O�N �R�A�T�E �B�E�T�W�E�E�N �L�O�S�S �A�N�D
�H�Y�P�O�T�H�E�S�I�S �C�O�M�P�L�E�X�I�T�Y ���W�H�I�C�H �A�F�T�E�R �A�L�L �A�R�E �N�O�T �M�E�A�S�U�R�E�D �O�N �T�H�E �S�A�M�E �S�C�A�L�E�	�� �4�H�I�S �A�P�P�R�O�A�C�H
�C�O�M�B�I�N�E�S �L�O�S�S �A�N�D �C�O�M�P�L�E�X�I�T�Y �I�N�T�O �O�N�E �M�E�T�R�I�C�� �A�L�L�O�W�I�N�G �U�S �T�O �l�N�D �T�H�E �B�E�S�T �H�Y�P�O�T�H�E�S�I�S �A�L�L �A�T
�O�N�C�E�� �5�N�F�O�R�T�U�N�A�T�E�L�Y �W�E �S�T�I�L�L �N�E�E�D �T�O �D�O �A �C�R�O�S�S�
�V�A�L�I�D�A�T�I�O�N �S�E�A�R�C�H �T�O �l�N�D �T�H�E �H�Y�P�O�T�H�E�S�I�S �T�H�A�T
�G�E�N�E�R�A�L�I�Z�E�S �B�E�S�T�� �B�U�T �T�H�I�S �T�I�M�E �I�T �I�S �W�I�T�H �D�I�F�F�E�R�E�N�T �V�A�L�U�E�S �O�F� �R�A�T�H�E�R �T�H�A�Nsize�� �7�E �S�E�L�E�C�T �T�H�E
�V�A�L�U�E �O�F� �T�H�A�T �G�I�V�E�S �U�S �T�H�E �B�E�S�T �V�A�L�I�D�A�T�I�O�N �S�E�T �S�C�O�R�E��

�4�H�I�S �P�R�O�C�E�S�S �O�F �E�X�P�L�I�C�I�T�L�Y �P�E�N�A�L�I�Z�I�N�G �C�O�M�P�L�E�X �H�Y�P�O�T�H�E�S�E�S �I�S �C�A�L�L�E�D�U�H�J�X�O�D�U�L�]�D�W�L�R�Q���B�E�
REGULARIZATION

�C�A�U�S�E �I�T �L�O�O�K�S �F�O�R �A �F�U�N�C�T�I�O�N �T�H�A�T �I�S �M�O�R�E �R�E�G�U�L�A�R�� �O�R �L�E�S�S �C�O�M�P�L�E�X�	�� �.�O�T�E �T�H�A�T �T�H�E �C�O�S�T �F�U�N�C�T�I�O�N
�R�E�Q�U�I�R�E�S �U�S �T�O �M�A�K�E �T�W�O �C�H�O�I�C�E�S�� �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N �A�N�D �T�H�E �C�O�M�P�L�E�X�I�T�Y �M�E�A�S�U�R�E�� �W�H�I�C�H �I�S
�C�A�L�L�E�D �A �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �F�U�N�C�T�I�O�N�� �4�H�E �C�H�O�I�C�E �O�F �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �F�U�N�C�T�I�O�N�D�E�P�E�N�D�S �O�N �T�H�E �H�Y�

�P�O�T�H�E�S�I�S �S�P�A�C�E�� �&�O�R �E�X�A�M�P�L�E�� �A �G�O�O�D �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �F�U�N�C�T�I�O�N �F�O�R �P�O�L�Y�N�O�M�I�A�L�S �I�S �T�H�E �S�U�M �O�F
�T�H�E �S�Q�U�A�R�E�S �O�F �T�H�E �C�O�E�F�l�C�I�E�N�T�S�ˆ�K�E�E�P�I�N�G �T�H�E �S�U�M �S�M�A�L�L �W�O�U�L�D �G�U�I�D�E �U�S �A�W�A�Y �F�R�O�M �T�H�E �W�I�G�G�L�Y
�P�O�L�Y�N�O�M�I�A�L�S �I�N �&�I�G�U�R�E �����������B�	 �A�N�D ���C�	�� �7�E �W�I�L�L �S�H�O�W �A�N �E�X�A�M�P�L�E �O�F �T�H�I�S �T�Y�P�E �O�F �R�E�G�U�L�A�R�I�Z�A�T�I�O�N
�I�N �3�E�C�T�I�O�N ����������

�!�N�O�T�H�E�R �W�A�Y �T�O �S�I�M�P�L�I�F�Y �M�O�D�E�L�S �I�S �T�O �R�E�D�U�C�E �T�H�E �D�I�M�E�N�S�I�O�N�S �T�H�A�T �T�H�E �M�O�D�E�L�S �W�O�R�K �W�I�T�H��
�! �P�R�O�C�E�S�S �O�F�I�H�D�W�X�U�H �V�H�O�H�F�W�L�R�Q�C�A�N �B�E �P�E�R�F�O�R�M�E�D �T�O �D�I�S�C�A�R�D �A�T�T�R�I�B�U�T�E�S �T�H�A�T �A�P�P�E�A�R �T�O �B�E �I�R�R�E�L�
FEATURE SELECTION

�E�V�A�N�T��� 2 �P�R�U�N�I�N�G �I�S �A �K�I�N�D �O�F �F�E�A�T�U�R�E �S�E�L�E�C�T�I�O�N��
�)�T �I�S �I�N �F�A�C�T �P�O�S�S�I�B�L�E �T�O �H�A�V�E �T�H�E �E�M�P�I�R�I�C�A�L �L�O�S�S �A�N�D �T�H�E �C�O�M�P�L�E�X�I�T�Y �M�E�A�S�U�R�E� D � O� N � T� H� E

�S�A�M�E �S�C�A�L�E�� �W�I�T�H�O�U�T �T�H�E �C�O�N�V�E�R�S�I�O�N �F�A�C�T�O�R��� �T�H�E�Y �C�A�N �B�O�T�H �B�E �M�E�A�S�U�R�E�D �I�N �B�I�T�S�� �&�I�R�S�T �E�N�C�O�D�E
�T�H�E �H�Y�P�O�T�H�E�S�I�S �A�S �A �4�U�R�I�N�G �M�A�C�H�I�N�E �P�R�O�G�R�A�M�� �A�N�D �C�O�U�N�T �T�H�E �N�U�M�B�E�R �O�F �B�I�T�S�� �4�H�E�N �C�O�U�N�T
�T�H�E �N�U�M�B�E�R �O�F �B�I�T�S �R�E�Q�U�I�R�E�D �T�O �E�N�C�O�D�E �T�H�E �D�A�T�A�� �W�H�E�R�E �A �C�O�R�R�E�C�T�L�Y �P�R�E�D�I�C�T�E�D�E�X�A�M�P�L�E �C�O�S�T�S
�Z�E�R�O �B�I�T�S �A�N�D �T�H�E �C�O�S�T �O�F �A�N �I�N�C�O�R�R�E�C�T�L�Y �P�R�E�D�I�C�T�E�D �E�X�A�M�P�L�E �D�E�P�E�N�D�S �O�N �H�O�W �L�A�R�G�E �T�H�E �E�R�R�O�R �I�S��
�4�H�E�P�L�Q�L�P�X�P �G�H�V�F�U�L�S�W�L�R�Q �O�H�Q�J�W�K�O�R �-�$�, �H�Y�P�O�T�H�E�S�I�S �M�I�N�I�M�I�Z�E�S �T�H�E �T�O�T�A�L �N�U�M�B�E�R �O�F �B�I�T�S

MINIMUM
DESCRIPTION
LENGTH

�R�E�Q�U�I�R�E�D�� �4�H�I�S �W�O�R�K�S �W�E�L�L �I�N �T�H�E �L�I�M�I�T�� �B�U�T �F�O�R �S�M�A�L�L�E�R �P�R�O�B�L�E�M�S �T�H�E�R�E �I�S �A �D�I�F�l�C�U�L�T�Y �I�N �T�H�A�T
�T�H�E �C�H�O�I�C�E �O�F �E�N�C�O�D�I�N�G �F�O�R �T�H�E �P�R�O�G�R�A�M�ˆ�F�O�R �E�X�A�M�P�L�E�� �H�O�W �B�E�S�T �T�O �E�N�C�O�D�E �A �D�E�C�I�S�I�O�N �T�R�E�E
�A�S �A �B�I�T �S�T�R�I�N�G�ˆ�A�F�F�E�C�T�S �T�H�E �O�U�T�C�O�M�E�� �)�N �#�H�A�P�T�E�R ���� ���P�A�G�E �������	�� �W�E �D�E�S�C�R�I�B�E �A�P�R�O�B�A�B�I�L�I�S�T�I�C
�I�N�T�E�R�P�R�E�T�A�T�I�O�N �O�F �T�H�E �-�$�, �A�P�P�R�O�A�C�H��

�������� �4�(�%�4�(�%�/�2�9 �/�&�, �%�!�2�.�)�.�'

�4�H�E �M�A�I�N �U�N�A�N�S�W�E�R�E�D �Q�U�E�S�T�I�O�N �I�N �L�E�A�R�N�I�N�G �I�S �T�H�I�S�� �(�O�W �C�A�N �W�E �B�E �S�U�R�E �T�H�A�T �O�U�R �L�E�A�R�N�I�N�G
�A�L�G�O�R�I�T�H�M �H�A�S �P�R�O�D�U�C�E�D �A �H�Y�P�O�T�H�E�S�I�S �T�H�A�T �W�I�L�L �P�R�E�D�I�C�T �T�H�E �C�O�R�R�E�C�T �V�A�L�U�E �F�O�R �P�R�E�V�I�O�U�S�L�Y �U�N�S�E�E�N
�I�N�P�U�T�S�� �)�N �F�O�R�M�A�L �T�E�R�M�S�� �H�O�W �D�O �W�E �K�N�O�W �T�H�A�T �T�H�E �H�Y�P�O�T�H�E�S�I�Sh �I�S �C�L�O�S�E �T�O �T�H�E �T�A�R�G�E�T �F�U�N�C�T�I�O�N
f �I�F �W�E �D�O�N���T �K�N�O�W �W�H�A�Tf �I�S�� �4�H�E�S�E �Q�U�E�S�T�I�O�N�S �H�A�V�E �B�E�E�N �P�O�N�D�E�R�E�D �F�O�R �S�E�V�E�R�A�L �C�E�N�T�U�R�I�E�S��
�)�N �M�O�R�E �R�E�C�E�N�T �D�E�C�A�D�E�S�� �O�T�H�E�R �Q�U�E�S�T�I�O�N�S �H�A�V�E �E�M�E�R�G�E�D�� �H�O�W �M�A�N�Y �E�X�A�M�P�L�E�S �D�O�W�E �N�E�E�D
�T�O �G�E�T �A �G�O�O�Dh�� �7�H�A�T �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E �S�H�O�U�L�D �W�E �U�S�E�� �)�F �T�H�E �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E �I�S �V�E�R�Y
�C�O�M�P�L�E�X�� �C�A�N �W�E �E�V�E�N �l�N�D �T�H�E �B�E�S�Th�� �O�R �D�O �W�E �H�A�V�E �T�O �S�E�T�T�L�E �F�O�R �A �L�O�C�A�L �M�A�X�I�M�U�M �I�N �T�H�E



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

�S�P�A�C�E �O�F �H�Y�P�O�T�H�E�S�E�S�� �(�O�W �C�O�M�P�L�E�X �S�H�O�U�L�Dh �B�E�� �(�O�W �D�O �W�E �A�V�O�I�D �O�V�E�R�l�T�T�I�N�G�� �4�H�I�S �S�E�C�T�I�O�N
�E�X�A�M�I�N�E�S �T�H�E�S�E �Q�U�E�S�T�I�O�N�S��

�7�E���L�L �S�T�A�R�T �W�I�T�H �T�H�E �Q�U�E�S�T�I�O�N �O�F �H�O�W �M�A�N�Y �E�X�A�M�P�L�E�S �A�R�E �N�E�E�D�E�D �F�O�R �L�E�A�R�N�I�N�G���7�E �S�A�W
�F�R�O�M �T�H�E �L�E�A�R�N�I�N�G �C�U�R�V�E �F�O�R �D�E�C�I�S�I�O�N �T�R�E�E �L�E�A�R�N�I�N�G �O�N �T�H�E �R�E�S�T�A�U�R�A�N�T �P�R�O�B�L�E�M ���&�I�G�U�R�E �������� �O�N
�P�A�G�E �������	 �T�H�A�T �I�M�P�R�O�V�E�S �W�I�T�H �M�O�R�E �T�R�A�I�N�I�N�G �D�A�T�A�� �,�E�A�R�N�I�N�G �C�U�R�V�E�S �A�R�E �U�S�E�F�U�L�� �B�U�T �T�H�E�Y �A�R�E
�S�P�E�C�I�l�C �T�O �A �P�A�R�T�I�C�U�L�A�R �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M �O�N �A �P�A�R�T�I�C�U�L�A�R �P�R�O�B�L�E�M�� �!�R�E �T�H�E�R�E �S�O�M�E �M�O�R�E �G�E�N�

�E�R�A�L �P�R�I�N�C�I�P�L�E�S �G�O�V�E�R�N�I�N�G �T�H�E �N�U�M�B�E�R �O�F �E�X�A�M�P�L�E�S �N�E�E�D�E�D �I�N �G�E�N�E�R�A�L�� �1�U�E�S�T�I�O�N�S �L�I�K�E �T�H�I�S �A�R�E
�A�D�D�R�E�S�S�E�D �B�Y�F�R�P�S�X�W�D�W�L�R�Q�D�O �O�H�D�U�Q�L�Q�J �W�K�H�R�U�\�� �W�H�I�C�H �L�I�E�S �A�T �T�H�E �I�N�T�E�R�S�E�C�T�I�O�N �O�F �!�)�� �S�T�A�T�I�S�T�I�C�S��COMPUTATIONAL

LEARNING THEORY

�A�N�D �T�H�E�O�R�E�T�I�C�A�L �C�O�M�P�U�T�E�R �S�C�I�E�N�C�E�� �4�H�E �U�N�D�E�R�L�Y�I�N�G �P�R�I�N�C�I�P�L�E �I�S �T�H�A�T�D�Q�\ �K�\�S�R�W�K�H�V�L�V �W�K�D�W �L�V �V�H�U�L��
�R�X�V�O�\ �Z�U�R�Q�J �Z�L�O�O �D�O�P�R�V�W �F�H�U�W�D�L�Q�O�\ �E�H �³�I�R�X�Q�G �R�X�W�´ �Z�L�W�K �K�L�J�K �S�U�R�E�D�E�L�O�L�W�\ �D�I�W�H�U �D �V�P�D�O�O �Q�X�P�E�H�U
�R�I �H�[�D�P�S�O�H�V�� �E�H�F�D�X�V�H �L�W �Z�L�O�O �P�D�N�H �D�Q �L�Q�F�R�U�U�H�F�W �S�U�H�G�L�F�W�L�R�Q�� �7�K�X�V�� �D�Q�\ �K�\�S�R�W�K�H�V�L�V �W�K�D�W �L�V �F�R�Q�V�L�V��
�W�H�Q�W �Z�L�W�K �D �V�X�I�¿�F�L�H�Q�W�O�\ �O�D�U�J�H �V�H�W �R�I �W�U�D�L�Q�L�Q�J �H�[�D�P�S�O�H�V �L�V �X�Q�O�L�N�H�O�\ �W�R �E�H �V�H�U�L�R�X�V�O�\ �Z�U�R�Q�J�� �W�K�D�W �L�V��
�L�W �P�X�V�W �E�H�S�U�R�E�D�E�O�\ �D�S�S�U�R�[�L�P�D�W�H�O�\ �F�R�U�U�H�F�W�� �!�N�Y �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M �T�H�A�T �R�E�T�U�R�N�S �H�Y�P�O�T�H�E�S�E�S

PROBABLY
APPROXIMATELY
CORRECT

�T�H�A�T �A�R�E �P�R�O�B�A�B�L�Y �A�P�P�R�O�X�I�M�A�T�E�L�Y �C�O�R�R�E�C�T �I�S �C�A�L�L�E�D �A�3�$�& �O�H�D�U�Q�L�Q�J�A�L�G�O�R�I�T�H�M�� �W�E �C�A�N �U�S�E �T�H�I�SPAC LEARNING

�A�P�P�R�O�A�C�H �T�O �P�R�O�V�I�D�E �B�O�U�N�D�S �O�N �T�H�E �P�E�R�F�O�R�M�A�N�C�E �O�F �V�A�R�I�O�U�S �L�E�A�R�N�I�N�G �A�L�G�O�R�I�T�H�M�S��
�0�!�#�
�L�E�A�R�N�I�N�G �T�H�E�O�R�E�M�S�� �L�I�K�E �A�L�L �T�H�E�O�R�E�M�S�� �A�R�E �L�O�G�I�C�A�L �C�O�N�S�E�Q�U�E�N�C�E�S �O�F �A�X�I�O�M�S�� �7�H�E�N

�A�W�K�H�R�U�H�P���A�S �O�P�P�O�S�E�D �T�O�� �S�A�Y�� �A �P�O�L�I�T�I�C�A�L �P�U�N�D�I�T�	 �S�T�A�T�E�S �S�O�M�E�T�H�I�N�G �A�B�O�U�T �T�H�E �F�U�T�U�R�E�B�A�S�E�D �O�N
�T�H�E �P�A�S�T�� �T�H�E �A�X�I�O�M�S �H�A�V�E �T�O �P�R�O�V�I�D�E �T�H�E �h�J�U�I�C�E�v �T�O �M�A�K�E �T�H�A�T �C�O�N�N�E�C�T�I�O�N�� �&�O�R �0�!�# �L�E�A�R�N�I�N�G��
�T�H�E �J�U�I�C�E �I�S �P�R�O�V�I�D�E�D �B�Y �T�H�E �S�T�A�T�I�O�N�A�R�I�T�Y �A�S�S�U�M�P�T�I�O�N �I�N�T�R�O�D�U�C�E�D �O�N �P�A�G�E �������� �W�H�I�C�H �S�A�Y�S �T�H�A�T
�F�U�T�U�R�E �E�X�A�M�P�L�E�S �A�R�E �G�O�I�N�G �T�O �B�E �D�R�A�W�N �F�R�O�M �T�H�E �S�A�M�E �l�X�E�D �D�I�S�T�R�I�B�U�T�I�O�N�3(E) = �3(X, Y )
�A�S �P�A�S�T �E�X�A�M�P�L�E�S�� ���.�O�T�E �T�H�A�T �W�E �D�O �N�O�T �H�A�V�E �T�O �K�N�O�W �W�H�A�T �D�I�S�T�R�I�B�U�T�I�O�N �T�H�A�T �I�S�� �J�U�S�T �T�H�A�T �I�T
�D�O�E�S�N���T �C�H�A�N�G�E���	 �)�N �A�D�D�I�T�I�O�N�� �T�O �K�E�E�P �T�H�I�N�G�S �S�I�M�P�L�E�� �W�E �W�I�L�L �A�S�S�U�M�E �T�H�A�T �T�H�E �T�R�U�E �F�U�N�C�T�I�O�Nf
�I�S �D�E�T�E�R�M�I�N�I�S�T�I�C �A�N�D �I�S �A �M�E�M�B�E�R �O�F �T�H�E �H�Y�P�O�T�H�E�S�I�S �C�L�A�S�SH �T�H�A�T �I�S �B�E�I�N�G �C�O�N�S�I�D�E�R�E�D��

�4�H�E �S�I�M�P�L�E�S�T �0�!�# �T�H�E�O�R�E�M�S �D�E�A�L �W�I�T�H �"�O�O�L�E�A�N �F�U�N�C�T�I�O�N�S�� �F�O�R �W�H�I�C�H �T�H�E ������ �L�O�S�S �I�S �A�P�

�P�R�O�P�R�I�A�T�E�� �4�H�E�H�U�U�R�U �U�D�W�H�O�F �A �H�Y�P�O�T�H�E�S�I�Sh�� �D�E�l�N�E�D �I�N�F�O�R�M�A�L�L�Y �E�A�R�L�I�E�R�� �I�S �D�E�l�N�E�D �F�O�R�M�A�L�L�Y
�H�E�R�E �A�S �T�H�E �E�X�P�E�C�T�E�D �G�E�N�E�R�A�L�I�Z�A�T�I�O�N �E�R�R�O�R �F�O�R �E�X�A�M�P�L�E�S �D�R�A�W�N �F�R�O�M �T�H�E �S�T�A�T�I�O�N�A�R�Y �D�I�S�T�R�I�B�U�T�I�O�N��

�E�R�R�O�R(h) = GenLossL 0/ 1 (h) =
�

x,y

L 0/ 1(y, h(x)) P(x, y) .

�)�N �O�T�H�E�R �W�O�R�D�S�� �E�R�R�O�R(h) �I�S �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�Th �M�I�S�C�L�A�S�S�I�l�E�S �A �N�E�W �E�X�A�M�P�L�E�� �4�H�I�S �I�S �T�H�E
�S�A�M�E �Q�U�A�N�T�I�T�Y �B�E�I�N�G �M�E�A�S�U�R�E�D �E�X�P�E�R�I�M�E�N�T�A�L�L�Y �B�Y �T�H�E �L�E�A�R�N�I�N�G �C�U�R�V�E�S �S�H�O�W�N�E�A�R�L�I�E�R��

�! �H�Y�P�O�T�H�E�S�I�Sh �I�S �C�A�L�L�E�D�D�S�S�U�R�[�L�P�D�W�H�O�\ �F�R�U�U�H�F�W�I�F �E�R�R�O�R(h) 
 � � � � W� H� E� R� E� � I� S � A � S� M� A� L� L
�C�O�N�S�T�A�N�T�� �7�E �W�I�L�L �S�H�O�W �T�H�A�T �W�E �C�A�N �l�N�D �A�NN �S�U�C�H �T�H�A�T�� �A�F�T�E�R �S�E�E�I�N�GN �E�X�A�M�P�L�E�S�� �W�I�T�H �H�I�G�H
�P�R�O�B�A�B�I�L�I�T�Y�� �A�L�L �C�O�N�S�I�S�T�E�N�T �H�Y�P�O�T�H�E�S�E�S �W�I�L�L �B�E �A�P�P�R�O�X�I�M�A�T�E�L�Y �C�O�R�R�E�C�T�� �/�N�E �C�A�N �T�H�I�N�K �O�F �A�N
�A�P�P�R�O�X�I�M�A�T�E�L�Y �C�O�R�R�E�C�T �H�Y�P�O�T�H�E�S�I�S �A�S �B�E�I�N�G �h�C�L�O�S�E�v �T�O �T�H�E �T�R�U�E �F�U�N�C�T�I�O�N �I�N �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�� �I�T
�L�I�E�S �I�N�S�I�D�E �W�H�A�T �I�S �C�A�L�L�E�D �T�H�E� ���E�D�O�O�A�R�O�U�N�D �T�H�E �T�R�U�E �F�U�N�C�T�I�O�Nf �� �4�H�E �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E �O�U�T�S�I�D�E� -BALL

�T�H�I�S �B�A�L�L �I�S �C�A�L�L�E�DH �B�A�D��
�7�E �C�A�N �C�A�L�C�U�L�A�T�E �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �A �h�S�E�R�I�O�U�S�L�Y �W�R�O�N�G�v �H�Y�P�O�T�H�E�S�I�Shb � H �B�A�D�I�S

�C�O�N�S�I�S�T�E�N�T �W�I�T�H �T�H�E �l�R�S�TN �E�X�A�M�P�L�E�S �A�S �F�O�L�L�O�W�S�� �7�E �K�N�O�W �T�H�A�T �E�R�R�O�R(hb) > � �� �4�H�U�S�� �T�H�E
�P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �I�T �A�G�R�E�E�S �W�I�T�H �A �G�I�V�E�N �E�X�A�M�P�L�E �I�S �A�T �M�O�S�T1 Š � �� �3�I�N�C�E �T�H�E �E�X�A�M�P�L�E�S �A�R�E
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�W�E �N�E�E�D �T�O �C�A�L�C�U�L�A�T�E �T�H�E �N�U�M�B�E�R �O�F �H�Y�P�O�T�H�E�S�E�S �I�N �T�H�E �L�A�N�G�U�A�G�E�� �,�E�T �T�H�E �L�A�N�G�U�A�G�E �O�F �T�E�S�T�S�ˆ
�C�O�N�J�U�N�C�T�I�O�N�S �O�F �A�T �M�O�S�Tk �L�I�T�E�R�A�L�S �U�S�I�N�Gn �A�T�T�R�I�B�U�T�E�S�ˆ�B�EConj (n, k)�� �"�E�C�A�U�S�E �A �D�E�C�I�S�I�O�N �L�I�S�T
�I�S �C�O�N�S�T�R�U�C�T�E�D �O�F �T�E�S�T�S�� �A�N�D �B�E�C�A�U�S�E �E�A�C�H �T�E�S�T �C�A�N �B�E �A�T�T�A�C�H�E�D �T�O �E�I�T�H�E�R �AYes �O�R �ANo �O�U�T�C�O�M�E
�O�R �C�A�N �B�E �A�B�S�E�N�T �F�R�O�M �T�H�E �D�E�C�I�S�I�O�N �L�I�S�T�� �T�H�E�R�E �A�R�E �A�T �M�O�S�T3|Conj (n,k )| �D�I�S�T�I�N�C�T �S�E�T�S �O�F �C�O�M�P�O�N�E�N�T
�T�E�S�T�S�� �%�A�C�H �O�F �T�H�E�S�E �S�E�T�S �O�F �T�E�S�T�S �C�A�N �B�E �I�N �A�N�Y �O�R�D�E�R�� �S�O

|k�
�$�,(n)| 
 3|Conj (n,k )| |Conj (n, k)|! .

�4�H�E �N�U�M�B�E�R �O�F �C�O�N�J�U�N�C�T�I�O�N�S �O�Fk �L�I�T�E�R�A�L�S �F�R�O�Mn �A�T�T�R�I�B�U�T�E�S �I�S �G�I�V�E�N �B�Y

|Conj (n, k)| =
k�

i =0

�
2n
i

�
= O(nk) .

�(�E�N�C�E�� �A�F�T�E�R �S�O�M�E �W�O�R�K�� �W�E �O�B�T�A�I�N

|k�
�$�,(n)| = 2 O(nk log2(nk )) .

�7�E �C�A�N �P�L�U�G �T�H�I�S �I�N�T�O �%�Q�U�A�T�I�O�N �����������	 �T�O �S�H�O�W �T�H�A�T �T�H�E �N�U�M�B�E�R �O�F �E�X�A�M�P�L�E�S �N�E�E�D�E�D �F�O�R �0�!�#�

�L�E�A�R�N�I�N�G �Ak�
�$�, �F�U�N�C�T�I�O�N �I�S �P�O�L�Y�N�O�M�I�A�L �I�Nn��

N �
1
�

�
ln

1
�

+ O(nk log2(nk))
�

.

�4�H�E�R�E�F�O�R�E�� �A�N�Y �A�L�G�O�R�I�T�H�M �T�H�A�T �R�E�T�U�R�N�S �A �C�O�N�S�I�S�T�E�N�T �D�E�C�I�S�I�O�N �L�I�S�T �W�I�L�L �0�!�#�
�L�E�A�R�N �Ak�
�$�, �F�U�N�C�T�I�O�N
�I�N �A �R�E�A�S�O�N�A�B�L�E �N�U�M�B�E�R �O�F �E�X�A�M�P�L�E�S�� �F�O�R �S�M�A�L�Lk��

�4�H�E �N�E�X�T �T�A�S�K �I�S �T�O �l�N�D �A�N �E�F�l�C�I�E�N�T �A�L�G�O�R�I�T�H�M �T�H�A�T �R�E�T�U�R�N�S �A �C�O�N�S�I�S�T�E�N�T �D�E�C�I�S�I�O�N �L�I�S�T��
�7�E �W�I�L�L �U�S�E �A �G�R�E�E�D�Y �A�L�G�O�R�I�T�H�M �C�A�L�L�E�D �$�%�#�)�3�)�/�.�
�,�)�3�4�
�,�%�!�2�.�)�.�'�T�H�A�T �R�E�P�E�A�T�E�D�L�Y �l�N�D�S �A



�3�E�C�T�I�O�N ���������� �2�E�G�R�E�S�S�I�O�N �A�N�D �#�L�A�S�S�I�l�C�A�T�I�O�N �W�I�T�H �,�I�N�E�A�R �-�O�D�E�L�S������

�I�X�Q�F�W�L�R�Q�$�%�#�)�3�)�/�.�
�,�)�3�4�
�,�%�!�2�.�)�.�'��examples�	�U�H�W�X�U�Q�V�A �D�E�C�I�S�I�O�N �L�I�S�T�� �O�Rfailure

�L�Iexamples�I�S �E�M�P�T�Y�W�K�H�Q �U�H�W�X�U�Q�T�H�E �T�R�I�V�I�A�L �D�E�C�I�S�I�O�N �L�I�S�TNo
t � �A �T�E�S�T �T�H�A�T �M�A�T�C�H�E�S �A �N�O�N�E�M�P�T�Y �S�U�B�S�E�Texamplest �O�Fexamples

�S�U�C�H �T�H�A�T �T�H�E �M�E�M�B�E�R�S �O�Fexamplest �A�R�E �A�L�L �P�O�S�I�T�I�V�E �O�R �A�L�L �N�E�G�A�T�I�V�E
�L�I�T�H�E�R�E �I�S �N�O �S�U�C�Ht �W�K�H�Q �U�H�W�X�U�Qfailure
�L�I�T�H�E �E�X�A�M�P�L�E�S �I�Nexamplest �A�R�E �P�O�S�I�T�I�V�E�W�K�H�Qo � Yes �H�O�V�Ho � No
�U�H�W�X�U�Q�A �D�E�C�I�S�I�O�N �L�I�S�T �W�I�T�H �I�N�I�T�I�A�L �T�E�S�Tt �A�N�D �O�U�T�C�O�M�Eo �A�N�D �R�E�M�A�I�N�I�N�G �T�E�S�T�S �G�I�V�E�N �B�Y

�$�%�#�)�3�)�/�.�
�,�)�3�4�
�,�%�!�2�.�)�.�'��examples Š examplest �	

�)�L�J�X�U�H �����������!�N �A�L�G�O�R�I�T�H�M �F�O�R �L�E�A�R�N�I�N�G �D�E�C�I�S�I�O�N �L�I�S�T�S��
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�4�R�A�I�N�I�N�G���S�E�T���S�I�Z�E

�$�E�C�I�S�I�O�N���T�R�E�E
�$�E�C�I�S�I�O�N���L�I�S�T

�)�L�J�X�U�H �����������,�E�A�R�N�I�N�G �C�U�R�V�E �F�O�R �$�%�#�)�3�)�/�.�
�,�)�3�4�
�,�%�!�2�.�)�.�'�A�L�G�O�R�I�T�H�M �O�N �T�H�E �R�E�S�T�A�U�R�A�N�T
�D�A�T�A�� �4�H�E �C�U�R�V�E �F�O�R �$�%�#�)�3�)�/�.�
�4�2�%�%�
�,�%�!�2�.�)�.�'�I�S �S�H�O�W�N �F�O�R �C�O�M�P�A�R�I�S�O�N��

�T�E�S�T �T�H�A�T �A�G�R�E�E�S �E�X�A�C�T�L�Y �W�I�T�H �S�O�M�E �S�U�B�S�E�T �O�F �T�H�E �T�R�A�I�N�I�N�G �S�E�T�� �/�N�C�E �I�T �l�N�D�S �S�U�C�H �A �T�E�S�T�� �I�T
�A�D�D�S �I�T �T�O �T�H�E �D�E�C�I�S�I�O�N �L�I�S�T �U�N�D�E�R �C�O�N�S�T�R�U�C�T�I�O�N �A�N�D �R�E�M�O�V�E�S �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �E�X�A�M�P�L�E�S�� �)�T
�T�H�E�N �C�O�N�S�T�R�U�C�T�S �T�H�E �R�E�M�A�I�N�D�E�R �O�F �T�H�E �D�E�C�I�S�I�O�N �L�I�S�T�� �U�S�I�N�G �J�U�S�T �T�H�E �R�E�M�A�I�N�I�N�G �E�X�A�M�P�L�E�S�� �4�H�I�S �I�S
�R�E�P�E�A�T�E�D �U�N�T�I�L �T�H�E�R�E �A�R�E �N�O �E�X�A�M�P�L�E�S �L�E�F�T�� �4�H�E �A�L�G�O�R�I�T�H�M �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E������������

�4�H�I�S �A�L�G�O�R�I�T�H�M �D�O�E�S �N�O�T �S�P�E�C�I�F�Y �T�H�E �M�E�T�H�O�D �F�O�R �S�E�L�E�C�T�I�N�G �T�H�E �N�E�X�T �T�E�S�T �T�O �A�D� D � T� O � T� H� E
�D�E�C�I�S�I�O�N �L�I�S�T�� �!�L�T�H�O�U�G�H �T�H�E �F�O�R�M�A�L �R�E�S�U�L�T�S �G�I�V�E�N �E�A�R�L�I�E�R �D�O �N�O�T �D�E�P�E�N�D �O�N �T�H�E �S�E�L�E�C�T�I�O�N �M�E�T�H�O�D��
�I�T �W�O�U�L�D �S�E�E�M �R�E�A�S�O�N�A�B�L�E �T�O �P�R�E�F�E�R �S�M�A�L�L �T�E�S�T�S �T�H�A�T �M�A�T�C�H �L�A�R�G�E �S�E�T�S �O�F �U�N�I�F�O�R�M�L�Y �C�L�A�S�S�I�l�E�D
�E�X�A�M�P�L�E�S�� �S�O �T�H�A�T �T�H�E �O�V�E�R�A�L�L �D�E�C�I�S�I�O�N �L�I�S�T �W�I�L�L �B�E �A�S �C�O�M�P�A�C�T �A�S �P�O�S�S�I�B�L�E���4�H�E �S�I�M�P�L�E�S�T �S�T�R�A�T�E�G�Y
�I�S �T�O �l�N�D �T�H�E �S�M�A�L�L�E�S�T �T�E�S�Tt �T�H�A�T �M�A�T�C�H�E�S �A�N�Y �U�N�I�F�O�R�M�L�Y �C�L�A�S�S�I�l�E�D �S�U�B�S�E�T�� �R�E�G�A�R�D�L�E�S�S �O�F �T�H�E �S�I�Z�E
�O�F �T�H�E �S�U�B�S�E�T�� �%�V�E�N �T�H�I�S �A�P�P�R�O�A�C�H �W�O�R�K�S �Q�U�I�T�E �W�E�L�L�� �A�S �&�I�G�U�R�E ���������� �S�U�G�G�E�S�T�S��

�������� �2�%�'�2�%�3�3�)�/�. �!�.�$�#�,�!�3�3�)�&�)�#�!�4�)�/�. �7�)�4�(�, �)�.�%�!�2�- �/�$�%�,�3

�.�O�W �I�T �I�S �T�I�M�E �T�O �M�O�V�E �O�N �F�R�O�M �D�E�C�I�S�I�O�N �T�R�E�E�S �A�N�D �L�I�S�T�S �T�O �A �D�I�F�F�E�R�E�N�T �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E�� �O�N�E
�T�H�A�T �H�A�S �B�E�E�N �U�S�E�D �F�O�R �H�U�N�D�R�E�D �O�F �Y�E�A�R�S�� �T�H�E �C�L�A�S�S �O�F�O�L�Q�H�D�U �I�X�Q�F�W�L�R�Q�V�O�F �C�O�N�T�I�N�U�O�U�S�
�V�A�L�U�E�DLINEAR FUNCTION



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S
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�)�L�J�X�U�H �������������A�	 �$�A�T�A �P�O�I�N�T�S �O�F �P�R�I�C�E �V�E�R�S�U�S �m�O�O�R �S�P�A�C�E �O�F �H�O�U�S�E�S �F�O�R �S�A�L�E �I�N �"�E�R�K�E�L�E�Y��
�#�!�� �I�N �*�U�L�Y ���������� �A�L�O�N�G �W�I�T�H �T�H�E �L�I�N�E�A�R �F�U�N�C�T�I�O�N �H�Y�P�O�T�H�E�S�I�S �T�H�A�T �M�I�N�I�M�I�Z�E�S�S�Q�U�A�R�E�D �E�R�R�O�R
�L�O�S�S��y = 0 .232x + 246�� ���B�	 �0�L�O�T �O�F �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N

�
j (w1xj + w0 Š yj )2 �F�O�R �V�A�R�I�O�U�S

�V�A�L�U�E�S �O�Fw0, w1�� �.�O�T�E �T�H�A�T �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N �I�S �C�O�N�V�E�X�� �W�I�T�H �A �S�I�N�G�L�E �G�L�O�B�A�L �M�I�N�I�M�U�M��

�I�N�P�U�T�S�� �7�E���L�L �S�T�A�R�T �W�I�T�H �T�H�E �S�I�M�P�L�E�S�T �C�A�S�E�� �R�E�G�R�E�S�S�I�O�N �W�I�T�H �A �U�N�I�V�A�R�I�A�T�E �L�I�N�E�A�R �F�U�N�C�T�I�O�N�� �O�T�H�

�E�R�W�I�S�E �K�N�O�W�N �A�S �h�l�T�T�I�N�G �A �S�T�R�A�I�G�H�T �L�I�N�E���v �3�E�C�T�I�O�N ������������ �C�O�V�E�R�S �T�H�E �M�U�L�T�I�V�A�R�I�A�T�E �C�A�S�E�� �3�E�C�

�T�I�O�N�S ������������ �A�N�D ������������ �S�H�O�W �H�O�W �T�O �T�U�R�N �L�I�N�E�A�R �F�U�N�C�T�I�O�N�S �I�N�T�O �C�L�A�S�S�I�l�E�R�S �B�Y �A�P�P�L�Y�I�N�G �H�A�R�D
�A�N�D �S�O�F�T �T�H�R�E�S�H�O�L�D�S��

������������ �8�Q�L�Y�D�U�L�D�W�H �O�L�Q�H�D�U �U�H�J�U�H�V�V�L�R�Q

�! �U�N�I�V�A�R�I�A�T�E �L�I�N�E�A�R �F�U�N�C�T�I�O�N ���A �S�T�R�A�I�G�H�T �L�I�N�E�	 �W�I�T�H �I�N�P�U�Tx �A�N�D �O�U�T�P�U�Ty �H�A�S �T�H�E �F�O�R�My = w1x +
w0� � � W� H� E� R� Ew0 �A�N�Dw1 �A�R�E �R�E�A�L�
�V�A�L�U�E�D �C�O�E�F�l�C�I�E�N�T�S �T�O �B�E �L�E�A�R�N�E�D�� �7�E �U�S�E �T�H�E �L�E�T�T�E�Rw �B�E�C�A�U�S�E
�W�E �T�H�I�N�K �O�F �T�H�E �C�O�E�F�l�C�I�E�N�T�S �A�S�Z�H�L�J�K�W�V� � � T� H� E � V� A� L� U� E � O� Fy �I�S �C�H�A�N�G�E�D �B�Y �C�H�A�N�G�I�N�G �T�H�E �R�E�L�A�T�I�V�EWEIGHT

�W�E�I�G�H�T �O�F �O�N�E �T�E�R�M �O�R �A�N�O�T�H�E�R�� �7�E���L�L �D�E�l�N�E�Z �T�O �B�E �T�H�E �V�E�C�T�O�R[w0, w1]�� �A�N�D �D�E�l�N�E

h�Z(x) = w1x + w0 .

�&�I�G�U�R�E �������������A�	 �S�H�O�W�S �A�N �E�X�A�M�P�L�E �O�F �A �T�R�A�I�N�I�N�G �S�E�T �O�Fn �P�O�I�N�T�S �I�N �T�H�Ex, y �P�L�A�N�E�� �E�A�C�H �P�O�I�N�T
�R�E�P�R�E�S�E�N�T�I�N�G �T�H�E �S�I�Z�E �I�N �S�Q�U�A�R�E �F�E�E�T �A�N�D �T�H�E �P�R�I�C�E �O�F �A �H�O�U�S�E �O�F�F�E�R�E�D �F�O�R �S�A�L�E�� �4�H�E �T�A�S�K �O�F
�l�N�D�I�N�G �T�H�Eh�Z �T�H�A�T �B�E�S�T �l�T�S �T�H�E�S�E �D�A�T�A �I�S �C�A�L�L�E�D�O�L�Q�H�D�U �U�H�J�U�H�V�V�L�R�Q�� �4�O �l�T �A �L�I�N�E �T�O �T�H�E �D�A�T�A�� �A�L�LLINEAR REGRESSION

�W�E �H�A�V�E �T�O �D�O �I�S �l�N�D �T�H�E �V�A�L�U�E�S �O�F �T�H�E �W�E�I�G�H�T�S[w0, w1] �T�H�A�T �M�I�N�I�M�I�Z�E �T�H�E �E�M�P�I�R�I�C�A�L �L�O�S�S�� �)�T �I�S
�T�R�A�D�I�T�I�O�N�A�L ���G�O�I�N�G �B�A�C�K �T�O �'�A�U�S�S���	 �T�O �U�S�E �T�H�E �S�Q�U�A�R�E�D �L�O�S�S �F�U�N�C�T�I�O�N��L 2�� �S�U�M�M�E�D �O�V�E�R �A�L�L �T�H�E
�T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S��

Loss(h�Z) =
N�

j = 1

L 2(yj , h�Z(xj )) =
N�

j = 1

(yj Š h�Z(xj ))2 =
N�

j = 1

(yj Š (w1xj + w0))2 .

3 �'�A�U�S�S �S�H�O�W�E�D �T�H�A�T �I�F �T�H�Eyj �V�A�L�U�E�S �H�A�V�E �N�O�R�M�A�L�L�Y �D�I�S�T�R�I�B�U�T�E�D �N�O�I�S�E�� �T�H�E�N �T�H�E �M�O�S�T �L�I�K�E�L�Y �V�A�L�U�E�S �O�Fw1 �A�N�Dw0

�A�R�E �O�B�T�A�I�N�E�D �B�Y �M�I�N�I�M�I�Z�I�N�G �T�H�E �S�U�M �O�F �T�H�E �S�Q�U�A�R�E�S �O�F �T�H�E �E�R�R�O�R�S��



�3�E�C�T�I�O�N ���������� �2�E�G�R�E�S�S�I�O�N �A�N�D �#�L�A�S�S�I�l�C�A�T�I�O�N �W�I�T�H �,�I�N�E�A�R �-�O�D�E�L�S������

�7�E �W�O�U�L�D �L�I�K�E �T�O �l�N�D�Z� = argmin �ZLoss(h�Z)� � � 4� H� E � S� U� M
� N

j = 1 (yj Š (w1xj + w0))2 �I�S
�M�I�N�I�M�I�Z�E�D �W�H�E�N �I�T�S �P�A�R�T�I�A�L �D�E�R�I�V�A�T�I�V�E�S �W�I�T�H �R�E�S�P�E�C�T �T�Ow0 �A�N�Dw1 �A�R�E �Z�E�R�O��

�
�w 0

N�

j = 1

(yj Š (w1xj + w0))2 = 0 �A�N�D
�

�w 1

N�

j = 1

(yj Š (w1xj + w0))2 = 0 . �����������	

�4�H�E�S�E �E�Q�U�A�T�I�O�N�S �H�A�V�E �A �U�N�I�Q�U�E �S�O�L�U�T�I�O�N��

w1 =
N (

�
xj yj ) Š (

�
xj )(

�
yj )

N (
�

x2
j ) Š (

�
xj )2 ; w0 = (

�
yj Š w1(

�
xj ))/N . �����������	

�&�O�R �T�H�E �E�X�A�M�P�L�E �I�N �&�I�G�U�R�E �������������A�	�� �T�H�E �S�O�L�U�T�I�O�N �I�Sw1 = 0 .232��w0 = 246�� �A�N�D �T�H�E �L�I�N�E �W�I�T�H
�T�H�O�S�E �W�E�I�G�H�T�S �I�S �S�H�O�W�N �A�S �A �D�A�S�H�E�D �L�I�N�E �I�N �T�H�E �l�G�U�R�E��

�-�A�N�Y �F�O�R�M�S �O�F �L�E�A�R�N�I�N�G �I�N�V�O�L�V�E �A�D�J�U�S�T�I�N�G �W�E�I�G�H�T�S �T�O �M�I�N�I�M�I�Z�E �A �L�O�S�S�� �S�O �I�T �H�E�L�P�S �T�O
�H�A�V�E �A �M�E�N�T�A�L �P�I�C�T�U�R�E �O�F �W�H�A�T���S �G�O�I�N�G �O�N �I�N�Z�H�L�J�K�W �V�S�D�F�H�ˆ�T�H�E �S�P�A�C�E �D�E�l�N�E�D �B�Y �A�L�L �P�O�S�S�I�B�L�EWEIGHT SPACE

�S�E�T�T�I�N�G�S �O�F �T�H�E �W�E�I�G�H�T�S�� �&�O�R �U�N�I�V�A�R�I�A�T�E �L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N�� �T�H�E �W�E�I�G�H�T �S�P�A�C�E �D�E�l�N�E�D �B�Yw0 �A�N�D
w1 �I�S �T�W�O�
�D�I�M�E�N�S�I�O�N�A�L�� �S�O �W�E �C�A�N �G�R�A�P�H �T�H�E �L�O�S�S �A�S �A �F�U�N�C�T�I�O�N �O�Fw0 �A�N�Dw1 �I�N �A ���$ �P�L�O�T ���S�E�E
�&�I�G�U�R�E �������������B�	�	�� �7�E �S�E�E �T�H�A�T �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N �I�S�F�R�Q�Y�H�[�� �A�S �D�E�l�N�E�D �O�N �P�A�G�E �������� �T�H�I�S �I�S �T�R�U�E
�F�O�R�H�Y�H�U�\�L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N �P�R�O�B�L�E�M �W�I�T�H �A�NL 2 �L�O�S�S �F�U�N�C�T�I�O�N�� �A�N�D �I�M�P�L�I�E�S �T�H�A�T �T�H�E�R�E �A�R�E �N�O
�L�O�C�A�L �M�I�N�I�M�A�� �)�N �S�O�M�E �S�E�N�S�E �T�H�A�T���S �T�H�E �E�N�D �O�F �T�H�E �S�T�O�R�Y �F�O�R �L�I�N�E�A�R �M�O�D�E�L�S�� �I�F�W�E �N�E�E�D �T�O �l�T
�L�I�N�E�S �T�O �D�A�T�A�� �W�E �A�P�P�L�Y �%�Q�U�A�T�I�O�N �����������	����

�4�O �G�O �B�E�Y�O�N�D �L�I�N�E�A�R �M�O�D�E�L�S�� �W�E �W�I�L�L �N�E�E�D �T�O �F�A�C�E �T�H�E �F�A�C�T �T�H�A�T �T�H�E �E�Q�U�A�T�I�O�N�S �D�E�l�N�I�N�G
�M�I�N�I�M�U�M �L�O�S�S ���A�S �I�N �%�Q�U�A�T�I�O�N �����������	�	 �W�I�L�L �O�F�T�E�N �H�A�V�E �N�O �C�L�O�S�E�D�
�F�O�R�M �S�O�L�U�T�I�O�N�� �)�N�S�T�E�A�D�� �W�E
�W�I�L�L �F�A�C�E �A �G�E�N�E�R�A�L �O�P�T�I�M�I�Z�A�T�I�O�N �S�E�A�R�C�H �P�R�O�B�L�E�M �I�N �A �C�O�N�T�I�N�U�O�U�S �W�E�I�G�H�T �S�P�A�C�E�� �!�S �I�N�D�I�C�A�T�E�D
�I�N �3�E�C�T�I�O�N ������ ���P�A�G�E �������	�� �S�U�C�H �P�R�O�B�L�E�M�S �C�A�N �B�E �A�D�D�R�E�S�S�E�D �B�Y �A �H�I�L�L�
�C�L�I�M�B�I�N�G �A�L�G�O�R�I�T�H�M �T�H�A�T
�F�O�L�L�O�W�S �T�H�E�J�U�D�G�L�H�Q�W�O�F �T�H�E �F�U�N�C�T�I�O�N �T�O �B�E �O�P�T�I�M�I�Z�E�D�� �)�N �T�H�I�S �C�A�S�E�� �B�E�C�A�U�S�E �W�E �A�R�E �T�R�Y�I�N�G �T�O
�M�I�N�I�M�I�Z�E �T�H�E �L�O�S�S�� �W�E �W�I�L�L �U�S�E�J�U�D�G�L�H�Q�W �G�H�V�F�H�Q�W�� �7�E �C�H�O�O�S�E �A�N�Y �S�T�A�R�T�I�N�G �P�O�I�N�T �I�N �W�E�I�G�H�TGRADIENT DESCENT

�S�P�A�C�E�ˆ�H�E�R�E�� �A �P�O�I�N�T �I�N �T�H�E ��w0��w1�	 �P�L�A�N�E�ˆ�A�N�D �T�H�E�N �M�O�V�E �T�O �A �N�E�I�G�H�B�O�R�I�N�G �P�O�I�N�T �T�H�A�T �I�S
�D�O�W�N�H�I�L�L�� �R�E�P�E�A�T�I�N�G �U�N�T�I�L �W�E �C�O�N�V�E�R�G�E �O�N �T�H�E �M�I�N�I�M�U�M �P�O�S�S�I�B�L�E �L�O�S�S��

�Z � �A�N�Y �P�O�I�N�T �I�N �T�H�E �P�A�R�A�M�E�T�E�R �S�P�A�C�E

�O�R�R�S�U�N�T�I�L �C�O�N�V�E�R�G�E�N�C�E�G�R

�I�R�U �H�D�F�Kwi �L�Q �Z �G�R

wi � wi Š �
�

�w i
Loss(�Z) �����������	

�4�H�E �P�A�R�A�M�E�T�E�R� �� �W�H�I�C�H �W�E �C�A�L�L�E�D �T�H�E�V�W�H�S �V�L�]�H�I�N �3�E�C�T�I�O�N �������� �I�S �U�S�U�A�L�L�Y �C�A�L�L�E�D �T�H�E�O�H�D�U�Q�L�Q�J
�U�D�W�H�W�H�E�N �W�E �A�R�E �T�R�Y�I�N�G �T�O �M�I�N�I�M�I�Z�E �L�O�S�S �I�N �A �L�E�A�R�N�I�N�G �P�R�O�B�L�E�M�� �)�T �C�A�N �B�E �A �l�X�E�D �C�O�N�S�T�A�N�T�� �O�RLEARNING RATE

�I�T �C�A�N �D�E�C�A�Y �O�V�E�R �T�I�M�E �A�S �T�H�E �L�E�A�R�N�I�N�G �P�R�O�C�E�S�S �P�R�O�C�E�E�D�S��
�&�O�R �U�N�I�V�A�R�I�A�T�E �R�E�G�R�E�S�S�I�O�N�� �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N �I�S �A �Q�U�A�D�R�A�T�I�C �F�U�N�C�T�I�O�N�� �S�O �T�H�E �P�A�R�T�I�A�L �D�E�R�I�V�A�


�T�I�V�E �W�I�L�L �B�E �A �L�I�N�E�A�R �F�U�N�C�T�I�O�N�� ���4�H�E �O�N�L�Y �C�A�L�C�U�L�U�S �Y�O�U �N�E�E�D �T�O �K�N�O�W �I�S �T�H�A�T�
�x x2 = 2x �A�N�D

�
�x x = 1 ���	 �,�E�T���S �l�R�S�T �W�O�R�K �O�U�T �T�H�E �P�A�R�T�I�A�L �D�E�R�I�V�A�T�I�V�E�S�ˆ�T�H�E �S�L�O�P�E�S�ˆ�I�N �T�H�E �S�I�M�P�L�I�l�E�D �C�A�S�E �O�F

4 �7�I�T�H �S�O�M�E �C�A�V�E�A�T�S�� �T�H�EL 2 �L�O�S�S �F�U�N�C�T�I�O�N �I�S �A�P�P�R�O�P�R�I�A�T�E �W�H�E�N �T�H�E�R�E �I�S �N�O�R�M�A�L�L�Y�
�D�I�S�T�R�I�B�U�T�E�D �N�O�I�S�E �T�H�A�T �I�S �I�N�D�E�

�P�E�N�D�E�N�T �O�Fx�� �A�L�L �R�E�S�U�L�T�S �R�E�L�Y �O�N �T�H�E �S�T�A�T�I�O�N�A�R�I�T�Y �A�S�S�U�M�P�T�I�O�N�� �E�T�C��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

�O�N�L�Y �O�N�E �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E��(x, y)��

�
�w i

Loss(�Z) =
�

�w i
(y Š h�Z(x)) 2

= 2( y Š h�Z(x)) ×
�

�w i
(y Š h�Z(x))

= 2( y Š h�Z(x)) ×
�

�w i
(y Š (w1x + w0)) , �����������	

�A�P�P�L�Y�I�N�G �T�H�I�S �T�O �B�O�T�Hw0 �A�N�Dw1 �W�E �G�E�T��
�

�w 0
Loss(�Z) = Š2(y Š h�Z(x)) ;

�
�w 1

Loss(�Z) = Š2(y Š h�Z(x)) × x

�4�H�E�N�� �P�L�U�G�G�I�N�G �T�H�I�S �B�A�C�K �I�N�T�O �%�Q�U�A�T�I�O�N �����������	�� �A�N�D �F�O�L�D�I�N�G �T�H�E �� �I�N�T�O �T�H�E �U�N�S�P�E�C�I�l�E�D �L�E�A�R�N�I�N�G
�R�A�T�E� �� �W�E �G�E�T �T�H�E �F�O�L�L�O�W�I�N�G �L�E�A�R�N�I�N�G �R�U�L�E �F�O�R �T�H�E �W�E�I�G�H�T�S��

w0 � w0 + � (y Š h�Z(x)) ; w1 � w1 + � (y Š h�Z(x)) × x

�4�H�E�S�E �U�P�D�A�T�E�S �M�A�K�E �I�N�T�U�I�T�I�V�E �S�E�N�S�E�� �I�Fh�Z(x) > y �� �I���E���� �T�H�E �O�U�T�P�U�T �O�F �T�H�E �H�Y�P�O�T�H�E�S�I�S �I�S �T�O�O
�L�A�R�G�E�� �R�E�D�U�C�Ew0 �A �B�I�T�� �A�N�D �R�E�D�U�C�Ew1 �I�Fx �W�A�S �A �P�O�S�I�T�I�V�E �I�N�P�U�T �B�U�T �I�N�C�R�E�A�S�Ew1 �I�Fx �W�A�S �A
�N�E�G�A�T�I�V�E �I�N�P�U�T��

�4�H�E �P�R�E�C�E�D�I�N�G �E�Q�U�A�T�I�O�N�S �C�O�V�E�R �O�N�E �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�� �&�O�RN �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S�� �W�E �W�A�N�T
�T�O �M�I�N�I�M�I�Z�E �T�H�E �S�U�M �O�F �T�H�E �I�N�D�I�V�I�D�U�A�L �L�O�S�S�E�S �F�O�R �E�A�C�H �E�X�A�M�P�L�E�� �4�H�E �D�E�R�I�V�A�T�I�V�E �O�F �A �S�U�M �I�S �T�H�E
�S�U�M �O�F �T�H�E �D�E�R�I�V�A�T�I�V�E�S�� �S�O �W�E �H�A�V�E��

w0 � w0 + �
�

j

(yj Š h�Z(xj )) ; w1 � w1 + �
�

j

(yj Š h�Z(xj )) × xj .

�4�H�E�S�E �U�P�D�A�T�E�S �C�O�N�S�T�I�T�U�T�E �T�H�E�E�D�W�F�K �J�U�D�G�L�H�Q�W �G�H�V�F�H�Q�W�L�E�A�R�N�I�N�G �R�U�L�E �F�O�R �U�N�I�V�A�R�I�A�T�E �L�I�N�E�A�R �R�E�
BATCH GRADIENT
DESCENT

�G�R�E�S�S�I�O�N�� �#�O�N�V�E�R�G�E�N�C�E �T�O �T�H�E �U�N�I�Q�U�E �G�L�O�B�A�L �M�I�N�I�M�U�M �I�S �G�U�A�R�A�N�T�E�E�D ���A�S �L�O�N�G�A�S �W�E �P�I�C�K�
�S�M�A�L�L �E�N�O�U�G�H�	 �B�U�T �M�A�Y �B�E �V�E�R�Y �S�L�O�W�� �W�E �H�A�V�E �T�O �C�Y�C�L�E �T�H�R�O�U�G�H �A�L�L �T�H�E �T�R�A�I�N�I�N�G�D�A�T�A �F�O�R �E�V�E�R�Y
�S�T�E�P�� �A�N�D �T�H�E�R�E �M�A�Y �B�E �M�A�N�Y �S�T�E�P�S��

�4�H�E�R�E �I�S �A�N�O�T�H�E�R �P�O�S�S�I�B�I�L�I�T�Y�� �C�A�L�L�E�D�V�W�R�F�K�D�V�W�L�F �J�U�D�G�L�H�Q�W �G�H�V�F�H�Q�W�� �W�H�E�R�E �W�E �C�O�N�S�I�D�E�RSTOCHASTIC
GRADIENT DESCENT

�O�N�L�Y �A �S�I�N�G�L�E �T�R�A�I�N�I�N�G �P�O�I�N�T �A�T �A �T�I�M�E�� �T�A�K�I�N�G �A �S�T�E�P �A�F�T�E�R �E�A�C�H �O�N�E �U�S�I�N�G �%�Q�U�A�T�I�O�N �����������	��
�3�T�O�C�H�A�S�T�I�C �G�R�A�D�I�E�N�T �D�E�S�C�E�N�T �C�A�N �B�E �U�S�E�D �I�N �A�N �O�N�L�I�N�E �S�E�T�T�I�N�G�� �W�H�E�R�E �N�E�W �D�A�T� A � A� R� E � C� O� M� I� N� G � I� N
�O�N�E �A�T �A �T�I�M�E�� �O�R �O�F�m�I�N�E�� �W�H�E�R�E �W�E �C�Y�C�L�E �T�H�R�O�U�G�H �T�H�E �S�A�M�E �D�A�T�A �A�S �M�A�N�Y �T�I�M�E�S �A�S�I�S �N�E�C�E�S�

�S�A�R�Y�� �T�A�K�I�N�G �A �S�T�E�P �A�F�T�E�R �C�O�N�S�I�D�E�R�I�N�G �E�A�C�H �S�I�N�G�L�E �E�X�A�M�P�L�E�� �)�T �I�S �O�F�T�E�N �F�A�S�T�E�R �T�H�A�N �B�A�T�C�H �G�R�A�D�I�E�N�T
�D�E�S�C�E�N�T�� �7�I�T�H �A �l�X�E�D �L�E�A�R�N�I�N�G �R�A�T�E� �� �H�O�W�E�V�E�R�� �I�T �D�O�E�S �N�O�T �G�U�A�R�A�N�T�E�E �C�O�N�V�E�R�G�E�N�C�E�� �I�T �C�A�N �O�S�

�C�I�L�L�A�T�E �A�R�O�U�N�D �T�H�E �M�I�N�I�M�U�M �W�I�T�H�O�U�T �S�E�T�T�L�I�N�G �D�O�W�N�� �)�N �S�O�M�E �C�A�S�E�S�� �A�S �W�E �S�E�E �L�A�T�E�R�� �A �S�C�H�E�D�U�L�E
�O�F �D�E�C�R�E�A�S�I�N�G �L�E�A�R�N�I�N�G �R�A�T�E�S ���A�S �I�N �S�I�M�U�L�A�T�E�D �A�N�N�E�A�L�I�N�G�	 �D�O�E�S �G�U�A�R�A�N�T�E�E �C�O�N�V�E�R�G�E�N�C�E��

������������ �0�X�O�W�L�Y�D�U�L�D�W�H �O�L�Q�H�D�U �U�H�J�U�H�V�V�L�R�Q

�7�E �C�A�N �E�A�S�I�L�Y �E�X�T�E�N�D �T�O�P�X�O�W�L�Y�D�U�L�D�W�H �O�L�Q�H�D�U �U�H�J�U�H�V�V�L�R�Q�P�R�O�B�L�E�M�S�� �I�N �W�H�I�C�H �E�A�C�H �E�X�A�M�P�L�E�[jMULTIVARIATE
LINEAR REGRESSION

�I�S �A�Nn�
�E�L�E�M�E�N�T �V�E�C�T�O�R���� �/�U�R �H�Y�P�O�T�H�E�S�I�S �S�P�A�C�E �I�S �T�H�E �S�E�T �O�F �F�U�N�C�T�I�O�N�S �O�F �T�H�E �F�O�R�M

hsw(�[j ) = w0 + w1xj, 1 + · · · + wnxj,n = w0 +
�

i

wi xj,i .

5 �4�H�E �R�E�A�D�E�R �M�A�Y �W�I�S�H �T�O �C�O�N�S�U�L�T �!�P�P�E�N�D�I�X �! �F�O�R �A �B�R�I�E�F �S�U�M�M�A�R�Y �O�F �L�I�N�E�A�R �A�L�G�E�B�R�A��



�3�E�C�T�I�O�N ���������� �2�E�G�R�E�S�S�I�O�N �A�N�D �#�L�A�S�S�I�l�C�A�T�I�O�N �W�I�T�H �,�I�N�E�A�R �-�O�D�E�L�S������

�4�H�Ew0 �T�E�R�M�� �T�H�E �I�N�T�E�R�C�E�P�T�� �S�T�A�N�D�S �O�U�T �A�S �D�I�F�F�E�R�E�N�T �F�R�O�M �T�H�E �O�T�H�E�R�S�� �7�E �C�A�N �l�X �T�H�A�T�B�Y �I�N�V�E�N�T�I�N�G
�A �D�U�M�M�Y �I�N�P�U�T �A�T�T�R�I�B�U�T�E��xj, 0�� �W�H�I�C�H �I�S �D�E�l�N�E�D �A�S �A�L�W�A�Y�S �E�Q�U�A�L �T�O ���� �4�H�E�Nh �I�S �S�I�M�P�L�Y �T�H�E
�D�O�T �P�R�O�D�U�C�T �O�F �T�H�E �W�E�I�G�H�T�S �A�N�D �T�H�E �I�N�P�U�T �V�E�C�T�O�R ���O�R �E�Q�U�I�V�A�L�E�N�T�L�Y�� �T�H�E �M�A�T�R�I�X �P�R�O�D�U�C�T �O�F �T�H�E
�T�R�A�N�S�P�O�S�E �O�F �T�H�E �W�E�I�G�H�T�S �A�N�D �T�H�E �I�N�P�U�T �V�E�C�T�O�R�	��

hsw(�[j ) = �Z· �[j = �Z� �[j =
�

i

wi xj,i .

�4�H�E �B�E�S�T �V�E�C�T�O�R �O�F �W�E�I�G�H�T�S���Z� �� �M�I�N�I�M�I�Z�E�S �S�Q�U�A�R�E�D�
�E�R�R�O�R �L�O�S�S �O�V�E�R �T�H�E �E�X�A�M�P�L�E�S��

�Z� = argmin
�Z

�

j

L 2(yj , �Z· �[j ) .

�-�U�L�T�I�V�A�R�I�A�T�E �L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N �I�S �A�C�T�U�A�L�L�Y �N�O�T �M�U�C�H �M�O�R�E �C�O�M�P�L�I�C�A�T�E�D �T�H�A�N �T�H�E �U�N�I�V�A�R�I�A�T�E �C�A�S�E
�W�E �J�U�S�T �C�O�V�E�R�E�D�� �'�R�A�D�I�E�N�T �D�E�S�C�E�N�T �W�I�L�L �R�E�A�C�H �T�H�E ���U�N�I�Q�U�E�	 �M�I�N�I�M�U�M �O�F �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N�� �T�H�E
�U�P�D�A�T�E �E�Q�U�A�T�I�O�N �F�O�R �E�A�C�H �W�E�I�G�H�Twi �I�S

wi � wi + �
�

j

xj,i (yj Š h�Z(�[j )) . �����������	

�)�T �I�S �A�L�S�O �P�O�S�S�I�B�L�E �T�O �S�O�L�V�E �A�N�A�L�Y�T�I�C�A�L�L�Y �F�O�R �T�H�E�Z �T�H�A�T �M�I�N�I�M�I�Z�E�S �L�O�S�S�� �,�E�T�\ �B�E �T�H�E �V�E�C�T�O�R �O�F
�O�U�T�P�U�T�S �F�O�R �T�H�E �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S�� �A�N�D�; �B�E �T�H�E�G�D�W�D �P�D�W�U�L�[�� �I���E���� �T�H�E �M�A�T�R�I�X �O�F �I�N�P�U�T�S �W�I�T�HDATA MATRIX

�O�N�En�
�D�I�M�E�N�S�I�O�N�A�L �E�X�A�M�P�L�E �P�E�R �R�O�W�� �4�H�E�N �T�H�E �S�O�L�U�T�I�O�N

�Z� = ( �; � �; )Š 1�; � �\

�M�I�N�I�M�I�Z�E�S �T�H�E �S�Q�U�A�R�E�D �E�R�R�O�R��

�7�I�T�H �U�N�I�V�A�R�I�A�T�E �L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N �W�E �D�I�D�N���T �H�A�V�E �T�O �W�O�R�R�Y �A�B�O�U�T �O�V�E�R�l�T�T�I�N�G�� �"�U�T �W�I�T�H
�M�U�L�T�I�V�A�R�I�A�T�E �L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N �I�N �H�I�G�H�
�D�I�M�E�N�S�I�O�N�A�L �S�P�A�C�E�S �I�T �I�S �P�O�S�S�I�B�L�E �T�H�A�T �S�O�M�E �D�I�M�E�N�S�I�O�N
�T�H�A�T �I�S �A�C�T�U�A�L�L�Y �I�R�R�E�L�E�V�A�N�T �A�P�P�E�A�R�S �B�Y �C�H�A�N�C�E �T�O �B�E �U�S�E�F�U�L�� �R�E�S�U�L�T�I�N�G �I�N�R�Y�H�U�¿�W�W�L�Q�J��

�4�H�U�S�� �I�T �I�S �C�O�M�M�O�N �T�O �U�S�E�U�H�J�X�O�D�U�L�]�D�W�L�R�Q�O�N �M�U�L�T�I�V�A�R�I�A�T�E �L�I�N�E�A�R �F�U�N�C�T�I�O�N�S �T�O �A�V�O�I�D �O�V�E�R�

�l�T�T�I�N�G�� �2�E�C�A�L�L �T�H�A�T �W�I�T�H �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �W�E �M�I�N�I�M�I�Z�E �T�H�E �T�O�T�A�L �C�O�S�T �O�F �A �H�Y�P�O�T�H�E�S�I�S�� �C�O�U�N�T�I�N�G
�B�O�T�H �T�H�E �E�M�P�I�R�I�C�A�L �L�O�S�S �A�N�D �T�H�E �C�O�M�P�L�E�X�I�T�Y �O�F �T�H�E �H�Y�P�O�T�H�E�S�I�S��

Cost(h) = EmpLoss(h) + � Complexity(h) .

�&�O�R �L�I�N�E�A�R �F�U�N�C�T�I�O�N�S �T�H�E �C�O�M�P�L�E�X�I�T�Y �C�A�N �B�E �S�P�E�C�I�l�E�D �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �W�E�I�G�H�T�S�� �7�E �C�A�N
�C�O�N�S�I�D�E�R �A �F�A�M�I�L�Y �O�F �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �F�U�N�C�T�I�O�N�S��

Complexity(h�Z) = L q(�Z) =
�

i

|wi |
q .

�!�S �W�I�T�H �L�O�S�S �F�U�N�C�T�I�O�N�S���� �W�I�T�Hq= 1 �W�E �H�A�V�EL 1 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N�� �W�H�I�C�H �M�I�N�I�M�I�Z�E�S �T�H�E �S�U�M �O�F
�T�H�E �A�B�S�O�L�U�T�E �V�A�L�U�E�S�� �W�I�T�Hq= 2 ��L 2 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �M�I�N�I�M�I�Z�E�S �T�H�E �S�U�M �O�F �S�Q�U�A�R�E�S�� �7�H�I�C�H �R�E�G�

�U�L�A�R�I�Z�A�T�I�O�N �F�U�N�C�T�I�O�N �S�H�O�U�L�D �Y�O�U �P�I�C�K�� �4�H�A�T �D�E�P�E�N�D�S �O�N �T�H�E �S�P�E�C�I�l�C �P�R�O�B�L�E�M� � � B� U� TL 1 �R�E�G�U�L�A�R�

�I�Z�A�T�I�O�N �H�A�S �A�N �I�M�P�O�R�T�A�N�T �A�D�V�A�N�T�A�G�E�� �I�T �T�E�N�D�S �T�O �P�R�O�D�U�C�E �A�V�S�D�U�V�H �P�R�G�H�O�� �4�H�A�T �I�S�� �I�T �O�F�T�E�N �S�E�T�SSPARSE MODEL

�M�A�N�Y �W�E�I�G�H�T�S �T�O �Z�E�R�O�� �E�F�F�E�C�T�I�V�E�L�Y �D�E�C�L�A�R�I�N�G �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �A�T�T�R�I�B�U�T�E�S �T�O �B�E �I�R�R�E�L�E�V�A�N�T�ˆ�J�U�S�T
�A�S �$�%�#�)�3�)�/�.�
�4�2�%�%�
�,�%�!�2�.�)�.�'�D�O�E�S ���A�L�T�H�O�U�G�H �B�Y �A �D�I�F�F�E�R�E�N�T �M�E�C�H�A�N�I�S�M�	�� �(�Y�P�O�T�H�E�S�E�S �T�H�A�T
�D�I�S�C�A�R�D �A�T�T�R�I�B�U�T�E�S �C�A�N �B�E �E�A�S�I�E�R �F�O�R �A �H�U�M�A�N �T�O �U�N�D�E�R�S�T�A�N�D�� �A�N�D �M�A�Y �B�E �L�E�S�S �L�I�K�E�L�Y �T�O �O�V�E�R�l�T��

6 �)�T �I�S �P�E�R�H�A�P�S �C�O�N�F�U�S�I�N�G �T�H�A�TL 1 �A�N�DL 2 �A�R�E �U�S�E�D �F�O�R �B�O�T�H �L�O�S�S �F�U�N�C�T�I�O�N�S �A�N�D �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �F�U�N�C�T�I�O�N�S�� �4�H�E�Y �N�E�E�D
�N�O�T �B�E �U�S�E�D �I�N �P�A�I�R�S�� �Y�O�U �C�O�U�L�D �U�S�EL 2 �L�O�S�S �W�I�T�HL 1 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N�� �O�R �V�I�C�E �V�E�R�S�A��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

w1

w2

w*

w1

w2

w*

�)�L�J�X�U�H �����������7�H�YL 1 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �T�E�N�D�S �T�O �P�R�O�D�U�C�E �A �S�P�A�R�S�E �M�O�D�E�L�� ���A�	 �7�I�T�HL 1 �R�E�G�U�

�L�A�R�I�Z�A�T�I�O�N ���B�O�X�	�� �T�H�E �M�I�N�I�M�A�L �A�C�H�I�E�V�A�B�L�E �L�O�S�S ���C�O�N�C�E�N�T�R�I�C �C�O�N�T�O�U�R�S�	 �O�F�T�E�N �O�C�C�U�R�S �O�N �A�N �A�X�I�S��
�M�E�A�N�I�N�G �A �W�E�I�G�H�T �O�F �Z�E�R�O�� ���B�	 �7�I�T�HL 2 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N ���C�I�R�C�L�E�	�� �T�H�E �M�I�N�I�M�A�L �L�O�S�S �I�S �L�I�K�E�L�Y �T�O
�O�C�C�U�R �A�N�Y�W�H�E�R�E �O�N �T�H�E �C�I�R�C�L�E�� �G�I�V�I�N�G �N�O �P�R�E�F�E�R�E�N�C�E �T�O �Z�E�R�O �W�E�I�G�H�T�S��

�&�I�G�U�R�E ���������� �G�I�V�E�S �A�N �I�N�T�U�I�T�I�V�E �E�X�P�L�A�N�A�T�I�O�N �O�F �W�H�YL 1 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �L�E�A�D�S �T�O �W�E�I�G�H�T�S �O�F
�Z�E�R�O�� �W�H�I�L�EL 2 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �D�O�E�S �N�O�T�� �.�O�T�E �T�H�A�T �M�I�N�I�M�I�Z�I�N�GLoss(�Z) + �Complexity (�Z)
�I�S �E�Q�U�I�V�A�L�E�N�T �T�O �M�I�N�I�M�I�Z�I�N�GLoss(�Z) �S�U�B�J�E�C�T �T�O �T�H�E �C�O�N�S�T�R�A�I�N�T �T�H�A�TComplexity(�Z) 
 c� � � F� O� R
�S�O�M�E �C�O�N�S�T�A�N�Tc �T�H�A�T �I�S �R�E�L�A�T�E�D �T�O��� �.�O�W�� �I�N �&�I�G�U�R�E �������������A�	 �T�H�E �D�I�A�M�O�N�D�
�S�H�A�P�E�D �B�O�X �R�E�P�R�E�

�S�E�N�T�S �T�H�E �S�E�T �O�F �P�O�I�N�T�S�Z �I�N �T�W�O�
�D�I�M�E�N�S�I�O�N�A�L �W�E�I�G�H�T �S�P�A�C�E �T�H�A�T �H�A�V�EL 1 �C�O�M�P�L�E�X�I�T�Y �L�E�S�S �T�H�A�N
c�� �O�U�R �S�O�L�U�T�I�O�N �W�I�L�L �H�A�V�E �T�O �B�E �S�O�M�E�W�H�E�R�E �I�N�S�I�D�E �T�H�I�S �B�O�X�� �4�H�E �C�O�N�C�E�N�T�R�I�C �O�V�A�L�S �R�E�P�R�E�S�E�N�T
�C�O�N�T�O�U�R�S �O�F �T�H�E �L�O�S�S �F�U�N�C�T�I�O�N�� �W�I�T�H �T�H�E �M�I�N�I�M�U�M �L�O�S�S �A�T �T�H�E �C�E�N�T�E�R�� �7�E �W�A�N�T �T�O �l�N�D �T�H�E �P�O�I�N�T
�I�N �T�H�E �B�O�X �T�H�A�T �I�S �C�L�O�S�E�S�T �T�O �T�H�E �M�I�N�I�M�U�M�� �Y�O�U �C�A�N �S�E�E �F�R�O�M �T�H�E �D�I�A�G�R�A�M �T�H�A�T�� �F�O�R �A�N �A�R�B�I�T�R�A�R�Y
�P�O�S�I�T�I�O�N �O�F �T�H�E �M�I�N�I�M�U�M �A�N�D �I�T�S �C�O�N�T�O�U�R�S�� �I�T �W�I�L�L �B�E �C�O�M�M�O�N �F�O�R �T�H�E �C�O�R�N�E�R �O�F �T�H�E �B�O�X �T�O �l�N�D
�I�T�S �W�A�Y �C�L�O�S�E�S�T �T�O �T�H�E �M�I�N�I�M�U�M�� �J�U�S�T �B�E�C�A�U�S�E �T�H�E �C�O�R�N�E�R�S �A�R�E �P�O�I�N�T�Y�� �!�N�D �O�F �C�O�U�R�S�E �T�H�E �C�O�R�N�E�R�S
�A�R�E �T�H�E �P�O�I�N�T�S �T�H�A�T �H�A�V�E �A �V�A�L�U�E �O�F �Z�E�R�O �I�N �S�O�M�E �D�I�M�E�N�S�I�O�N�� �)�N �&�I�G�U�R�E �������������B�	�� �W�E���V�E �D�O�N�E
�T�H�E �S�A�M�E �F�O�R �T�H�EL 2 �C�O�M�P�L�E�X�I�T�Y �M�E�A�S�U�R�E�� �W�H�I�C�H �R�E�P�R�E�S�E�N�T�S �A �C�I�R�C�L�E �R�A�T�H�E�R �T�H�A�N �A �D�I�A�M�O�N�D��
�(�E�R�E �Y�O�U �C�A�N �S�E�E �T�H�A�T�� �I�N �G�E�N�E�R�A�L�� �T�H�E�R�E �I�S �N�O �R�E�A�S�O�N �F�O�R �T�H�E �I�N�T�E�R�S�E�C�T�I�O�N �T�O�A�P�P�E�A�R �O�N �O�N�E �O�F
�T�H�E �A�X�E�S�� �T�H�U�SL 2 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �D�O�E�S �N�O�T �T�E�N�D �T�O �P�R�O�D�U�C�E �Z�E�R�O �W�E�I�G�H�T�S�� �4�H�E �R�E�S�U�L�T �I�S �T�H�A�T �T�H�E
�N�U�M�B�E�R �O�F �E�X�A�M�P�L�E�S �R�E�Q�U�I�R�E�D �T�O �l�N�D �A �G�O�O�Dh �I�S �L�I�N�E�A�R �I�N �T�H�E �N�U�M�B�E�R �O�F �I�R�R�E�L�E�V�A�N�T �F�E�A�T�U�R�E�S �F�O�R
L 2 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N�� �B�U�T �O�N�L�Y �L�O�G�A�R�I�T�H�M�I�C �W�I�T�HL 1 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N�� �%�M�P�I�R�I�C�A�L �E�V�I�D�E�N�C�E �O�N �M�A�N�Y
�P�R�O�B�L�E�M�S �S�U�P�P�O�R�T�S �T�H�I�S �A�N�A�L�Y�S�I�S��

�!�N�O�T�H�E�R �W�A�Y �T�O �L�O�O�K �A�T �I�T �I�S �T�H�A�TL 1 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �T�A�K�E�S �T�H�E �D�I�M�E�N�S�I�O�N�A�L �A�X�E�S �S�E�R�I�O�U�S�L�Y��
�W�H�I�L�EL 2 �T�R�E�A�T�S �T�H�E�M �A�S �A�R�B�I�T�R�A�R�Y�� �4�H�EL 2 �F�U�N�C�T�I�O�N �I�S �S�P�H�E�R�I�C�A�L�� �W�H�I�C�H �M�A�K�E�S �I�T �R�O�T�A�T�I�O�N�A�L�L�Y
�I�N�V�A�R�I�A�N�T�� �)�M�A�G�I�N�E �A �S�E�T �O�F �P�O�I�N�T�S �I�N �A �P�L�A�N�E�� �M�E�A�S�U�R�E�D �B�Y �T�H�E�I�Rx �A�N�Dy �C�O�O�R�D�I�N�A�T�E�S�� �.�O�W
�I�M�A�G�I�N�E �R�O�T�A�T�I�N�G �T�H�E �A�X�E�S �B�Y45o�� �9�O�U���D �G�E�T �A �D�I�F�F�E�R�E�N�T �S�E�T �O�F(x�, y�) �V�A�L�U�E�S �R�E�P�R�E�S�E�N�T�I�N�G
�T�H�E �S�A�M�E �P�O�I�N�T�S�� �)�F �Y�O�U �A�P�P�L�YL 2 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �B�E�F�O�R�E �A�N�D �A�F�T�E�R �R�O�T�A�T�I�N�G�� �Y�O�U �G�E�T �E�X�A�C�T�L�Y
�T�H�E �S�A�M�E �P�O�I�N�T �A�S �T�H�E �A�N�S�W�E�R ���A�L�T�H�O�U�G�H �T�H�E �P�O�I�N�T �W�O�U�L�D �B�E �D�E�S�C�R�I�B�E�D �W�I�T�H �T�H�E�N�E�W(x�, y�)
�C�O�O�R�D�I�N�A�T�E�S�	�� �4�H�A�T �I�S �A�P�P�R�O�P�R�I�A�T�E �W�H�E�N �T�H�E �C�H�O�I�C�E �O�F �A�X�E�S �R�E�A�L�L�Y �I�S �A�R�B�I�T�R�A�R�Y�ˆ�W�H�E�N �I�T �D�O�E�S�N���T
�M�A�T�T�E�R �W�H�E�T�H�E�R �Y�O�U�R �T�W�O �D�I�M�E�N�S�I�O�N�S �A�R�E �D�I�S�T�A�N�C�E�S �N�O�R�T�H �A�N�D �E�A�S�T�� �O�R �D�I�S�T�A�N�C�E�S �N�O�R�T�H�
�E�A�S�T �A�N�D



�3�E�C�T�I�O�N ���������� �2�E�G�R�E�S�S�I�O�N �A�N�D �#�L�A�S�S�I�l�C�A�T�I�O�N �W�I�T�H �,�I�N�E�A�R �-�O�D�E�L�S������

�S�O�U�T�H�
�E�A�S�T�� �7�I�T�HL 1 �R�E�G�U�L�A�R�I�Z�A�T�I�O�N �Y�O�U���D �G�E�T �A �D�I�F�F�E�R�E�N�T �A�N�S�W�E�R�� �B�E�C�A�U�S�E �T�H�EL 1 �F�U�N�C�T�I�O�N �I�S �N�O�T
�R�O�T�A�T�I�O�N�A�L�L�Y �I�N�V�A�R�I�A�N�T�� �4�H�A�T �I�S �A�P�P�R�O�P�R�I�A�T�E �W�H�E�N �T�H�E �A�X�E�S �A�R�E �N�O�T �I�N�T�E�R�C�H�A�N�G�E�A�B�L�E�� �I�T �D�O�E�S�N���T
�M�A�K�E �S�E�N�S�E �T�O �R�O�T�A�T�E �h�N�U�M�B�E�R �O�F �B�A�T�H�R�O�O�M�S�v45o �T�O�W�A�R�D�S �h�L�O�T �S�I�Z�E���v

������������ �/�L�Q�H�D�U �F�O�D�V�V�L�¿�H�U�V �Z�L�W�K �D �K�D�U�G �W�K�U�H�V�K�R�O�G

�,�I�N�E�A�R �F�U�N�C�T�I�O�N�S �C�A�N �B�E �U�S�E�D �T�O �D�O �C�L�A�S�S�I�l�C�A�T�I�O�N �A�S �W�E�L�L �A�S �R�E�G�R�E�S�S�I�O�N�� �&�O�R�E�X�A�M�P�L�E�� �&�I�G�

�U�R�E �������������A�	 �S�H�O�W�S �D�A�T�A �P�O�I�N�T�S �O�F �T�W�O �C�L�A�S�S�E�S�� �E�A�R�T�H�Q�U�A�K�E�S ���W�H�I�C�H �A�R�E �O�F �I�N�T�E�R�E�S�T �T�O �S�E�I�S�M�O�L�O�

�G�I�S�T�S�	 �A�N�D �U�N�D�E�R�G�R�O�U�N�D �E�X�P�L�O�S�I�O�N�S ���W�H�I�C�H �A�R�E �O�F �I�N�T�E�R�E�S�T �T�O �A�R�M�S �C�O�N�T�R�O�L �E�X�P�E�R�T�S�	�� �%�A�C�H �P�O�I�N�T
�I�S �D�E�l�N�E�D �B�Y �T�W�O �I�N�P�U�T �V�A�L�U�E�S��x1 �A�N�Dx2�� �T�H�A�T �R�E�F�E�R �T�O �B�O�D�Y �A�N�D �S�U�R�F�A�C�E �W�A�V�E �M�A�G�N�I�T�U�D�E�S
�C�O�M�P�U�T�E�D �F�R�O�M �T�H�E �S�E�I�S�M�I�C �S�I�G�N�A�L�� �'�I�V�E�N �T�H�E�S�E �T�R�A�I�N�I�N�G �D�A�T�A�� �T�H�E �T�A�S�K �O�F �C�L�A�S�S�I�l�C�A�T�I�O�N �I�S �T�O
�L�E�A�R�N �A �H�Y�P�O�T�H�E�S�I�Sh �T�H�A�T �W�I�L�L �T�A�K�E �N�E�W(x1, x2) �P�O�I�N�T�S �A�N�D �R�E�T�U�R�N �E�I�T�H�E�R �� �F�O�R �E�A�R�T�H�Q�U�A�K�E�S �O�R
�� �F�O�R �E�X�P�L�O�S�I�O�N�S��

��������
����

��������
����

��������
����

��������
����

��������
����

��������

�������� ���� �������� ���� �������� ����

�[ �
�

�[��

��������
����

��������
����

��������
����

��������
����

��������
����

��������

�������� ���� �������� ���� �������� ����

�[ �
�

�[��

���A�	 ���B�	

�)�L�J�X�U�H �������������A�	 �0�L�O�T �O�F �T�W�O �S�E�I�S�M�I�C �D�A�T�A �P�A�R�A�M�E�T�E�R�S�� �B�O�D�Y �W�A�V�E �M�A�G�N�I�T�U�D�Ex1 �A�N�D �S�U�R�

�F�A�C�E �W�A�V�E �M�A�G�N�I�T�U�D�Ex2�� �F�O�R �E�A�R�T�H�Q�U�A�K�E�S ���W�H�I�T�E �C�I�R�C�L�E�S�	 �A�N�D �N�U�C�L�E�A�R �E�X�P�L�O�S�I�O�N�S ���B�L�A�C�K �C�I�R�

�C�L�E�S�	 �O�C�C�U�R�R�I�N�G �B�E�T�W�E�E�N �������� �A�N�D �������� �I�N �!�S�I�A �A�N�D �T�H�E �-�I�D�D�L�E �%�A�S�T ���+�E�B�E�A�S�Y�H�W �D�O���� ���������	��
�!�L�S�O �S�H�O�W�N �I�S �A �D�E�C�I�S�I�O�N �B�O�U�N�D�A�R�Y �B�E�T�W�E�E�N �T�H�E �C�L�A�S�S�E�S�� ���B�	 �4�H�E �S�A�M�E �D�O�M�A�I�N �W�I�T�H �M�O�R�E �D�A�T�A
�P�O�I�N�T�S�� �4�H�E �E�A�R�T�H�Q�U�A�K�E�S �A�N�D �E�X�P�L�O�S�I�O�N�S �A�R�E �N�O �L�O�N�G�E�R �L�I�N�E�A�R�L�Y �S�E�P�A�R�A�B�L�E��

�! �G�H�F�L�V�L�R�Q �E�R�X�Q�G�D�U�\�I�S �A �L�I�N�E ���O�R �A �S�U�R�F�A�C�E�� �I�N �H�I�G�H�E�R �D�I�M�E�N�S�I�O�N�S�	 �T�H�A�T �S�E�P�A�R�A�T�E�S �T�H�EDECISION
BOUNDARY

�T�W�O �C�L�A�S�S�E�S�� �)�N �&�I�G�U�R�E �������������A�	�� �T�H�E �D�E�C�I�S�I�O�N �B�O�U�N�D�A�R�Y �I�S �A �S�T�R�A�I�G�H�T �L�I�N�E���! �L�I�N�E�A�R �D�E�C�I�S�I�O�N
�B�O�U�N�D�A�R�Y �I�S �C�A�L�L�E�D �A�O�L�Q�H�D�U �V�H�S�D�U�D�W�R�U�A�N�D �D�A�T�A �T�H�A�T �A�D�M�I�T �S�U�C�H �A �S�E�P�A�R�A�T�O�R �A�R�E �C�A�L�L�E�D�O�L�Q�H�D�U�O�\LINEAR SEPARATOR

�V�H�S�D�U�D�E�O�H�� �4�H�E �L�I�N�E�A�R �S�E�P�A�R�A�T�O�R �I�N �T�H�I�S �C�A�S�E �I�S �D�E�l�N�E�D �B�YLINEAR
SEPARABILITY

x2 = 1 .7x1 Š 4.9 �O�RŠ 4.9 + 1.7x1 Š x2 = 0 .

�4�H�E �E�X�P�L�O�S�I�O�N�S�� �W�H�I�C�H �W�E �W�A�N�T �T�O �C�L�A�S�S�I�F�Y �W�I�T�H �V�A�L�U�E ���� �A�R�E �T�O �T�H�E �R�I�G�H�T �O�F �T�H�I�S �L�I�N�E �W�I�T�H �H�I�G�H�E�R
�V�A�L�U�E�S �O�Fx1 �A�N�D �L�O�W�E�R �V�A�L�U�E�S �O�Fx2�� �S�O �T�H�E�Y �A�R�E �P�O�I�N�T�S �F�O�R �W�H�I�C�HŠ4.9 + 1.7x1 Š x2 > 0��
�W�H�I�L�E �E�A�R�T�H�Q�U�A�K�E�S �H�A�V�EŠ4.9 + 1.7x1 Š x2 < 0�� �5�S�I�N�G �T�H�E �C�O�N�V�E�N�T�I�O�N �O�F �A �D�U�M�M�Y �I�N�P�U�T
x0 = 1 �� �W�E �C�A�N �W�R�I�T�E �T�H�E �C�L�A�S�S�I�l�C�A�T�I�O�N �H�Y�P�O�T�H�E�S�I�S �A�S

h�Z(�[) = 1 �I�F�Z· �[ � 0 �A�N�D0 �O�T�H�E�R�W�I�S�E��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

�!�L�T�E�R�N�A�T�I�V�E�L�Y�� �W�E �C�A�N �T�H�I�N�K �O�Fh �A�S �T�H�E �R�E�S�U�L�T �O�F �P�A�S�S�I�N�G �T�H�E �L�I�N�E�A�R �F�U�N�C�T�I�O�N�Z · �[ �T�H�R�O�U�G�H �A
�W�K�U�H�V�K�R�O�G �I�X�Q�F�W�L�R�Q��THRESHOLD

FUNCTION

h�Z(�[) = Threshold(�Z· �[) �W�H�E�R�EThreshold(z) = 1 �I�Fz � 0 �A�N�D0 �O�T�H�E�R�W�I�S�E��

�4�H�E �T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�N �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	��
�.�O�W �T�H�A�T �T�H�E �H�Y�P�O�T�H�E�S�I�Sh�Z(�[) �H�A�S �A �W�E�L�L�
�D�E�l�N�E�D �M�A�T�H�E�M�A�T�I�C�A�L �F�O�R�M�� �W�E �C�A�N �T�H�I�N�K

�A�B�O�U�T �C�H�O�O�S�I�N�G �T�H�E �W�E�I�G�H�T�S�Z �T�O �M�I�N�I�M�I�Z�E �T�H�E �L�O�S�S�� �)�N �3�E�C�T�I�O�N�S ������������ �A�N�D �������������� �W�E �D�I�D
�T�H�I�S �B�O�T�H �I�N �C�L�O�S�E�D �F�O�R�M ���B�Y �S�E�T�T�I�N�G �T�H�E �G�R�A�D�I�E�N�T �T�O �Z�E�R�O �A�N�D �S�O�L�V�I�N�G �F�O�R �T�H�E �W�E�I�G�H�T�S�	 �A�N�D
�B�Y �G�R�A�D�I�E�N�T �D�E�S�C�E�N�T �I�N �W�E�I�G�H�T �S�P�A�C�E�� �(�E�R�E�� �W�E �C�A�N�N�O�T �D�O �E�I�T�H�E�R �O�F �T�H�O�S�E �T�H�I�N�G�S �B�E�C�A�U�S�E �T�H�E
�G�R�A�D�I�E�N�T �I�S �Z�E�R�O �A�L�M�O�S�T �E�V�E�R�Y�W�H�E�R�E �I�N �W�E�I�G�H�T �S�P�A�C�E �E�X�C�E�P�T �A�T �T�H�O�S�E �P�O�I�N�T�S �W�H�E�R�E�Z · �[ = 0 ��
�A�N�D �A�T �T�H�O�S�E �P�O�I�N�T�S �T�H�E �G�R�A�D�I�E�N�T �I�S �U�N�D�E�l�N�E�D��

�4�H�E�R�E �I�S�� �H�O�W�E�V�E�R�� �A �S�I�M�P�L�E �W�E�I�G�H�T �U�P�D�A�T�E �R�U�L�E �T�H�A�T �C�O�N�V�E�R�G�E�S �T�O �A �S�O�L�U�T�I�O�N�ˆ�T�H�A�T �I�S�� �A
�L�I�N�E�A�R �S�E�P�A�R�A�T�O�R �T�H�A�T �C�L�A�S�S�I�l�E�S �T�H�E �D�A�T�A �P�E�R�F�E�C�T�L�Y�n�P�R�O�V�I�D�E�D �T�H�E �D�A�T�A �A�R�E �L�I�N�E�A�R�L�Y �S�E�P�A�R�A�B�L�E�� �&�O�R
�A �S�I�N�G�L�E �E�X�A�M�P�L�E(�[, y)� � � W� E � H� A� V� E

wi � wi + � (y Š h�Z(�[)) × xi �����������	

�W�H�I�C�H �I�S �E�S�S�E�N�T�I�A�L�L�Y �I�D�E�N�T�I�C�A�L �T�O �T�H�E �%�Q�U�A�T�I�O�N �����������	�� �T�H�E �U�P�D�A�T�E �R�U�L�E �F�O�R�L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N�� �4�H�I�S
�R�U�L�E �I�S �C�A�L�L�E�D �T�H�E�S�H�U�F�H�S�W�U�R�Q �O�H�D�U�Q�L�Q�J �U�X�O�H�� �F�O�R �R�E�A�S�O�N�S �T�H�A�T �W�I�L�L �B�E�C�O�M�E �C�L�E�A�R �I�N �3�E�C�T�I�O�N ����������PERCEPTRON

LEARNING RULE

�"�E�C�A�U�S�E �W�E �A�R�E �C�O�N�S�I�D�E�R�I�N�G �A ������ �C�L�A�S�S�I�l�C�A�T�I�O�N �P�R�O�B�L�E�M�� �H�O�W�E�V�E�R�� �T�H�E �B�E�H�A�V�I�O�R �I�S �S�O�M�E�W�H�A�T
�D�I�F�F�E�R�E�N�T�� �"�O�T�H �T�H�E �T�R�U�E �V�A�L�U�Ey �A�N�D �T�H�E �H�Y�P�O�T�H�E�S�I�S �O�U�T�P�U�Th�Z(�[) �A�R�E �E�I�T�H�E�R �� �O�R ���� �S�O �T�H�E�R�E �A�R�E
�T�H�R�E�E �P�O�S�S�I�B�I�L�I�T�I�E�S��

€ �)�F �T�H�E �O�U�T�P�U�T �I�S �C�O�R�R�E�C�T�� �I���E����y = h�Z(�[)�� �T�H�E�N �T�H�E �W�E�I�G�H�T�S �A�R�E �N�O�T �C�H�A�N�G�E�D��
€ �)�Fy �I�S �� �B�U�Th�Z(�[) �I�S ���� �T�H�E�Nwi �I�S�L�Q�F�U�H�D�V�H�G�W�H�E�N �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �I�N�P�U�Txi �I�S �P�O�S�I�T�I�V�E

�A�N�D�G�H�F�U�H�D�V�H�G�W�H�E�Nxi �I�S �N�E�G�A�T�I�V�E�� �4�H�I�S �M�A�K�E�S �S�E�N�S�E�� �B�E�C�A�U�S�E �W�E �W�A�N�T �T�O �M�A�K�E�Z· �[
�B�I�G�G�E�R �S�O �T�H�A�Th�Z(�[) �O�U�T�P�U�T�S �A ����

€ �)�Fy �I�S �� �B�U�Th�Z(�[) �I�S ���� �T�H�E�Nwi �I�S�G�H�F�U�H�D�V�H�G�W�H�E�N �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�G �I�N�P�U�Txi �I�S �P�O�S�I�T�I�V�E
�A�N�D�L�Q�F�U�H�D�V�H�G�W�H�E�Nxi �I�S �N�E�G�A�T�I�V�E�� �4�H�I�S �M�A�K�E�S �S�E�N�S�E�� �B�E�C�A�U�S�E �W�E �W�A�N�T �T�O �M�A�K�E�Z· �[
�S�M�A�L�L�E�R �S�O �T�H�A�Th�Z(�[) �O�U�T�P�U�T�S �A ����

�4�Y�P�I�C�A�L�L�Y �T�H�E �L�E�A�R�N�I�N�G �R�U�L�E �I�S �A�P�P�L�I�E�D �O�N�E �E�X�A�M�P�L�E �A�T �A �T�I�M�E�� �C�H�O�O�S�I�N�G �E�X�A�M�P�L�E�S �A�T �R�A�N�D�O�M
���A�S �I�N �S�T�O�C�H�A�S�T�I�C �G�R�A�D�I�E�N�T �D�E�S�C�E�N�T�	�� �&�I�G�U�R�E �������������A�	 �S�H�O�W�S �A�W�U�D�L�Q�L�Q�J �F�X�U�Y�H�F�O�R �T�H�I�S �L�E�A�R�N�I�N�GTRAINING CURVE

�R�U�L�E �A�P�P�L�I�E�D �T�O �T�H�E �E�A�R�T�H�Q�U�A�K�E���E�X�P�L�O�S�I�O�N �D�A�T�A �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	�� �! �T�R�A�I�N�I�N�G �C�U�R�V�E
�M�E�A�S�U�R�E�S �T�H�E �C�L�A�S�S�I�l�E�R �P�E�R�F�O�R�M�A�N�C�E �O�N �A �l�X�E�D �T�R�A�I�N�I�N�G �S�E�T �A�S �T�H�E �L�E�A�R�N�I�N�G �P�R�O�C�E�S�S �P�R�O�C�E�E�D�S
�O�N �T�H�A�T �S�A�M�E �T�R�A�I�N�I�N�G �S�E�T�� �4�H�E �C�U�R�V�E �S�H�O�W�S �T�H�E �U�P�D�A�T�E �R�U�L�E �C�O�N�V�E�R�G�I�N�G �T�O �A �Z�E�R�O�
�E�R�R�O�R �L�I�N�E�A�R
�S�E�P�A�R�A�T�O�R�� �4�H�E �h�C�O�N�V�E�R�G�E�N�C�E�v �P�R�O�C�E�S�S �I�S�N���T �E�X�A�C�T�L�Y �P�R�E�T�T�Y�� �B�U�T �I�T �A�L�W�A�Y�S �W�O�R�K�S�� �4�H�I�S �P�A�R�T�I�C�U�L�A�R
�R�U�N �T�A�K�E�S ������ �S�T�E�P�S �T�O �C�O�N�V�E�R�G�E�� �F�O�R �A �D�A�T�A �S�E�T �W�I�T�H ���� �E�X�A�M�P�L�E�S�� �S�O �E�A�C�H �E�X�A�M�P�L�E �I�S �P�R�E�S�E�N�T�E�D
�R�O�U�G�H�L�Y ���� �T�I�M�E�S �O�N �A�V�E�R�A�G�E�� �4�Y�P�I�C�A�L�L�Y�� �T�H�E �V�A�R�I�A�T�I�O�N �A�C�R�O�S�S �R�U�N�S �I�S �V�E�R�Y �L�A�R�G�E��

�7�E �H�A�V�E �S�A�I�D �T�H�A�T �T�H�E �P�E�R�C�E�P�T�R�O�N �L�E�A�R�N�I�N�G �R�U�L�E �C�O�N�V�E�R�G�E�S �T�O �A �P�E�R�F�E�C�T �L�I�N�E�A�R �S�E�P�A�R�A�T�O�R
�W�H�E�N �T�H�E �D�A�T�A �P�O�I�N�T�S �A�R�E �L�I�N�E�A�R�L�Y �S�E�P�A�R�A�B�L�E�� �B�U�T �W�H�A�T �I�F �T�H�E�Y �A�R�E �N�O�T�� �4�H�I�S �S�I�T�U�A�T�I�O�N �I�S �A�L�L
�T�O�O �C�O�M�M�O�N �I�N �T�H�E �R�E�A�L �W�O�R�L�D�� �&�O�R �E�X�A�M�P�L�E�� �&�I�G�U�R�E �������������B�	 �A�D�D�S �B�A�C�K �I�N �T�H�E �D�A�T�A �P�O�I�N�T�S
�L�E�F�T �O�U�T �B�Y �+�E�B�E�A�S�Y�H�W �D�O�������������	 �W�H�E�N �T�H�E�Y �P�L�O�T�T�E�D �T�H�E �D�A�T�A �S�H�O�W�N �I�N �&�I�G�U�R�E �������������A�	�� �)�N
�&�I�G�U�R�E �������������B�	�� �W�E �S�H�O�W �T�H�E �P�E�R�C�E�P�T�R�O�N �L�E�A�R�N�I�N�G �R�U�L�E �F�A�I�L�I�N�G �T�O �C�O�N�V�E�R�G�E �E�V�E�N �A�F�T�E�R ������������
�S�T�E�P�S�� �E�V�E�N �T�H�O�U�G�H �I�T �H�I�T�S �T�H�E �M�I�N�I�M�U�M�
�E�R�R�O�R �S�O�L�U�T�I�O�N ���T�H�R�E�E �E�R�R�O�R�S�	 �M�A�N�Y�T�I�M�E�S�� �T�H�E �A�L�G�O�

�R�I�T�H�M �K�E�E�P�S �C�H�A�N�G�I�N�G �T�H�E �W�E�I�G�H�T�S�� �)�N �G�E�N�E�R�A�L�� �T�H�E �P�E�R�C�E�P�T�R�O�N �R�U�L�E �M�A�Y �N�O�T �C�O�N�V�E�R�G�E �T�O �A



�3�E�C�T�I�O�N ���������� �2�E�G�R�E�S�S�I�O�N �A�N�D �#�L�A�S�S�I�l�C�A�T�I�O�N �W�I�T�H �,�I�N�E�A�R �-�O�D�E�L�S������
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���A�	 ���B�	 ���C�	

�)�L�J�X�U�H �������������A�	 �0�L�O�T �O�F �T�O�T�A�L �T�R�A�I�N�I�N�G�
�S�E�T �A�C�C�U�R�A�C�Y �V�S�� �N�U�M�B�E�R �O�F �I�T�E�R�A�T�I�O�N�S �T�H�R�O�U�G�H �T�H�E
�T�R�A�I�N�I�N�G �S�E�T �F�O�R �T�H�E �P�E�R�C�E�P�T�R�O�N �L�E�A�R�N�I�N�G �R�U�L�E�� �G�I�V�E�N �T�H�E �E�A�R�T�H�Q�U�A�K�E���E�X�P�L�O�S�I�O�N �D�A�T�A �I�N �&�I�G�

�U�R�E �������������A�	�� ���B�	 �4�H�E �S�A�M�E �P�L�O�T �F�O�R �T�H�E �N�O�I�S�Y�� �N�O�N�
�S�E�P�A�R�A�B�L�E �D�A�T�A �I�N �&�I�G�U�R�E�������������B�	�� �N�O�T�E
�T�H�E �C�H�A�N�G�E �I�N �S�C�A�L�E �O�F �T�H�Ex�
�A�X�I�S�� ���C�	 �4�H�E �S�A�M�E �P�L�O�T �A�S �I�N ���B�	�� �W�I�T�H �A �L�E�A�R�N�I�N�G �R�A�T�E �S�C�H�E�D�U�L�E
� (t) = 1000/ (1000 + t) ��

�S�T�A�B�L�E �S�O�L�U�T�I�O�N �F�O�R �l�X�E�D �L�E�A�R�N�I�N�G �R�A�T�E� � � � B� U� T � I� F� �D�E�C�A�Y�S �A�SO(1/t ) �W�H�E�R�Et �I�S �T�H�E �I�T�E�R�A�T�I�O�N
�N�U�M�B�E�R�� �T�H�E�N �T�H�E �R�U�L�E �C�A�N �B�E �S�H�O�W�N �T�O �C�O�N�V�E�R�G�E �T�O �A �M�I�N�I�M�U�M�
�E�R�R�O�R �S�O�L�U�T�I�O�N �W�H�E�N �E�X�A�M�P�L�E�S
�A�R�E �P�R�E�S�E�N�T�E�D �I�N �A �R�A�N�D�O�M �S�E�Q�U�E�N�C�E���� �)�T �C�A�N �A�L�S�O �B�E �S�H�O�W�N �T�H�A�T �l�N�D�I�N�G �T�H�E �M�I�N�I�M�U�M�
�E�R�R�O�R
�S�O�L�U�T�I�O�N �I�S �.�0�
�H�A�R�D�� �S�O �O�N�E �E�X�P�E�C�T�S �T�H�A�T �M�A�N�Y �P�R�E�S�E�N�T�A�T�I�O�N�S �O�F �T�H�E �E�X�A�M�P�L�E�S �W�I�L�L �B�E �R�E�Q�U�I�R�E�D
�F�O�R �C�O�N�V�E�R�G�E�N�C�E �T�O �B�E �A�C�H�I�E�V�E�D�� �&�I�G�U�R�E �������������B�	 �S�H�O�W�S �T�H�E �T�R�A�I�N�I�N�G �P�R�O�C�E�S�S �W�I�T�H �A �L�E�A�R�N�I�N�G
�R�A�T�E �S�C�H�E�D�U�L�E� (t) = 1000/ (1000 + t)�� �C�O�N�V�E�R�G�E�N�C�E �I�S �N�O�T �P�E�R�F�E�C�T �A�F�T�E�R �������������� �I�T�E�R�A�T�I�O�N�S��
�B�U�T �I�T �I�S �M�U�C�H �B�E�T�T�E�R �T�H�A�N �T�H�E �l�X�E�D�
� �C�A�S�E��

������������ �/�L�Q�H�D�U �F�O�D�V�V�L�¿�F�D�W�L�R�Q �Z�L�W�K �O�R�J�L�V�W�L�F �U�H�J�U�H�V�V�L�R�Q

�7�E �H�A�V�E �S�E�E�N �T�H�A�T �P�A�S�S�I�N�G �T�H�E �O�U�T�P�U�T �O�F �A �L�I�N�E�A�R �F�U�N�C�T�I�O�N �T�H�R�O�U�G�H �T�H�E �T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�N
�C�R�E�A�T�E�S �A �L�I�N�E�A�R �C�L�A�S�S�I�l�E�R�� �Y�E�T �T�H�E �H�A�R�D �N�A�T�U�R�E �O�F �T�H�E �T�H�R�E�S�H�O�L�D �C�A�U�S�E�S �S�O�M�E �P�R�O�B�L�E�M�S�� �T�H�E
�H�Y�P�O�T�H�E�S�I�Sh�Z(�[) �I�S �N�O�T �D�I�F�F�E�R�E�N�T�I�A�B�L�E �A�N�D �I�S �I�N �F�A�C�T �A �D�I�S�C�O�N�T�I�N�U�O�U�S �F�U�N�C�T�I�O�N �O�F �I�T�S �I�N�P�U�T�S�A�N�D
�I�T�S �W�E�I�G�H�T�S�� �T�H�I�S �M�A�K�E�S �L�E�A�R�N�I�N�G �W�I�T�H �T�H�E �P�E�R�C�E�P�T�R�O�N �R�U�L�E �A �V�E�R�Y �U�N�P�R�E�D�I�C�T�A�B�L�E �A�D�V�E�N�T�U�R�E�� �&�U�R�

�T�H�E�R�M�O�R�E�� �T�H�E �L�I�N�E�A�R �C�L�A�S�S�I�l�E�R �A�L�W�A�Y�S �A�N�N�O�U�N�C�E�S �A �C�O�M�P�L�E�T�E�L�Y �C�O�N�l�D�E�N�T �P�R�E�D�I�C�T�I�O�N �O�F �� �O�R ����
�E�V�E�N �F�O�R �E�X�A�M�P�L�E�S �T�H�A�T �A�R�E �V�E�R�Y �C�L�O�S�E �T�O �T�H�E �B�O�U�N�D�A�R�Y�� �I�N �M�A�N�Y �S�I�T�U�A�T�I�O�N�S�� �W�E �R�E�A�L�L�Y �N�E�E�D
�M�O�R�E �G�R�A�D�A�T�E�D �P�R�E�D�I�C�T�I�O�N�S��

�!�L�L �O�F �T�H�E�S�E �I�S�S�U�E�S �C�A�N �B�E �R�E�S�O�L�V�E�D �T�O �A �L�A�R�G�E �E�X�T�E�N�T �B�Y �S�O�F�T�E�N�I�N�G �T�H�E �T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�N�ˆ
�A�P�P�R�O�X�I�M�A�T�I�N�G �T�H�E �H�A�R�D �T�H�R�E�S�H�O�L�D �W�I�T�H �A �C�O�N�T�I�N�U�O�U�S�� �D�I�F�F�E�R�E�N�T�I�A�B�L�E �F�U�N�C�T�I�O�N�� �)�N �#�H�A�P�T�E�R ����
���P�A�G�E �������	�� �W�E �S�A�W �T�W�O �F�U�N�C�T�I�O�N�S �T�H�A�T �L�O�O�K �L�I�K�E �S�O�F�T �T�H�R�E�S�H�O�L�D�S�� �T�H�E �I�N�T�E�G�R�A�L �O�F �T�H�E �S�T�A�N�D�A�R�D
�N�O�R�M�A�L �D�I�S�T�R�I�B�U�T�I�O�N ���U�S�E�D �F�O�R �T�H�E �P�R�O�B�I�T �M�O�D�E�L�	 �A�N�D �T�H�E �L�O�G�I�S�T�I�C �F�U�N�C�T�I�O�N ���U�S�E�D �F�O�R �T�H�E �L�O�G�I�T
�M�O�D�E�L�	�� �!�L�T�H�O�U�G�H �T�H�E �T�W�O �F�U�N�C�T�I�O�N�S �A�R�E �V�E�R�Y �S�I�M�I�L�A�R �I�N �S�H�A�P�E�� �T�H�E �L�O�G�I�S�T�I�C �F�U�N�C�T�I�O�N

Logistic(z) =
1

1 + eŠ z

7 �4�E�C�H�N�I�C�A�L�L�Y�� �W�E �R�E�Q�U�I�R�E �T�H�A�T
P �

t = 1 � (t ) = � �A�N�D
P �

t = 1 � 2(t ) < � �� �4�H�E �D�E�C�A�Y� (t) = O(1/t ) �S�A�T�I�S�l�E�S
�T�H�E�S�E �C�O�N�D�I�T�I�O�N�S��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S
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���A�	 ���B�	 ���C�	

�)�L�J�X�U�H �������������A�	 �4�H�E �H�A�R�D �T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�NThreshold(z) �W�I�T�H ������ �O�U�T�P�U�T�� �.�O�T�E
�T�H�A�T �T�H�E �F�U�N�C�T�I�O�N �I�S �N�O�N�D�I�F�F�E�R�E�N�T�I�A�B�L�E �A�Tz = 0 �� ���B�	 �4�H�E �L�O�G�I�S�T�I�C �F�U�N�C�T�I�O�N��Logistic(z) =

1
1+ eŠ z �� �A�L�S�O �K�N�O�W�N �A�S �T�H�E �S�I�G�M�O�I�D �F�U�N�C�T�I�O�N�� ���C�	 �0�L�O�T �O�F �A �L�O�G�I�S�T�I�C �R�E�G�R�E�S�S�I�O�N �H�Y�P�O�T�H�E�S�I�S
h�Z(�[) = Logistic(�Z· �[) �F�O�R �T�H�E �D�A�T�A �S�H�O�W�N �I�N �&�I�G�U�R�E �������������B�	��

�H�A�S �M�O�R�E �C�O�N�V�E�N�I�E�N�T �M�A�T�H�E�M�A�T�I�C�A�L �P�R�O�P�E�R�T�I�E�S�� �4�H�E �F�U�N�C�T�I�O�N �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E �������������B�	��
�7�I�T�H �T�H�E �L�O�G�I�S�T�I�C �F�U�N�C�T�I�O�N �R�E�P�L�A�C�I�N�G �T�H�E �T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�N�� �W�E �N�O�W �H�A�V�E

h�Z(�[) = Logistic(�Z· �[) =
1

1 + eŠ �Z·�[ .

�!�N �E�X�A�M�P�L�E �O�F �S�U�C�H �A �H�Y�P�O�T�H�E�S�I�S �F�O�R �T�H�E �T�W�O�
�I�N�P�U�T �E�A�R�T�H�Q�U�A�K�E���E�X�P�L�O�S�I�O�N �P�R�O�B�L�E�M �I�S �S�H�O�W�N �I�N
�&�I�G�U�R�E �������������C�	�� �.�O�T�I�C�E �T�H�A�T �T�H�E �O�U�T�P�U�T�� �B�E�I�N�G �A �N�U�M�B�E�R �B�E�T�W�E�E�N �� �A�N�D ���� �C�A�N�B�E �I�N�T�E�R�P�R�E�T�E�D
�A�S �A�S�U�R�E�D�E�L�O�L�W�\�O�F �B�E�L�O�N�G�I�N�G �T�O �T�H�E �C�L�A�S�S �L�A�B�E�L�E�D ���� �4�H�E �H�Y�P�O�T�H�E�S�I�S �F�O�R�M�S �A �S�O�F�T �B�O�U�N�D�A�R�Y
�I�N �T�H�E �I�N�P�U�T �S�P�A�C�E �A�N�D �G�I�V�E�S �A �P�R�O�B�A�B�I�L�I�T�Y �O�F ������ �F�O�R �A�N�Y �I�N�P�U�T �A�T �T�H�E �C�E�N�T�E�R �O�F �T�H�E �B�O�U�N�D�A�R�Y
�R�E�G�I�O�N�� �A�N�D �A�P�P�R�O�A�C�H�E�S �� �O�R �� �A�S �W�E �M�O�V�E �A�W�A�Y �F�R�O�M �T�H�E �B�O�U�N�D�A�R�Y��

�4�H�E �P�R�O�C�E�S�S �O�F �l�T�T�I�N�G �T�H�E �W�E�I�G�H�T�S �O�F �T�H�I�S �M�O�D�E�L �T�O �M�I�N�I�M�I�Z�E �L�O�S�S �O�N �A �D�A�T�A �S�E�T�I�S �C�A�L�L�E�D
�O�R�J�L�V�W�L�F �U�H�J�U�H�V�V�L�R�Q�� �4�H�E�R�E �I�S �N�O �E�A�S�Y �C�L�O�S�E�D�
�F�O�R�M �S�O�L�U�T�I�O�N �T�O �l�N�D �T�H�E �O�P�T�I�M�A�L �V�A�L�U�E �O�F�Z�W�I�T�HLOGISTIC

REGRESSION

�T�H�I�S �M�O�D�E�L�� �B�U�T �T�H�E �G�R�A�D�I�E�N�T �D�E�S�C�E�N�T �C�O�M�P�U�T�A�T�I�O�N �I�S �S�T�R�A�I�G�H�T�F�O�R�W�A�R�D�� �"�E�C�A�U�S�E �O�U�R �H�Y�P�O�T�H�E�S�E�S
�N�O �L�O�N�G�E�R �O�U�T�P�U�T �J�U�S�T �� �O�R ���� �W�E �W�I�L�L �U�S�E �T�H�EL 2 �L�O�S�S �F�U�N�C�T�I�O�N�� �A�L�S�O�� �T�O �K�E�E�P �T�H�E �F�O�R�M�U�L�A�S
�R�E�A�D�A�B�L�E�� �W�E���L�L �U�S�Eg �T�O �S�T�A�N�D �F�O�R �T�H�E �L�O�G�I�S�T�I�C �F�U�N�C�T�I�O�N�� �W�I�T�Hg� �I�T�S �D�E�R�I�V�A�T�I�V�E��

�&�O�R �A �S�I�N�G�L�E �E�X�A�M�P�L�E(�[, y)�� �T�H�E �D�E�R�I�V�A�T�I�O�N �O�F �T�H�E �G�R�A�D�I�E�N�T �I�S �T�H�E �S�A�M�E �A�S �F�O�R �L�I�N�E�A�R
�R�E�G�R�E�S�S�I�O�N ���%�Q�U�A�T�I�O�N �����������	�	 �U�P �T�O �T�H�E �P�O�I�N�T �W�H�E�R�E �T�H�E �A�C�T�U�A�L �F�O�R�M �O�Fh �I�S �I�N�S�E�R�T�E�D�� ���&�O�R �T�H�I�S
�D�E�R�I�V�A�T�I�O�N�� �W�E �W�I�L�L �N�E�E�D �T�H�E�F�K�D�L�Q �U�X�O�H���g (f (x)) /�x = g�(f (x)) �f (x) /�x ���	 �7�E �H�A�V�ECHAIN RULE

�
�w i

Loss(�Z) =
�

�w i
(y Š h�Z(�[))2

= 2( y Š h�Z(�[)) ×
�

�w i
(y Š h�Z(�[))

= Š2(y Š h�Z(�[)) × g�(�Z· �[) ×
�

�w i
�Z· �[

= Š2(y Š h�Z(�[)) × g�(�Z· �[) × xi .



�3�E�C�T�I�O�N ���������� �!�R�T�I�l�C�I�A�L �.�E�U�R�A�L �.�E�T�W�O�R�K�S ������
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���A�	 ���B�	 ���C�	

�)�L�J�X�U�H �����������2�E�P�E�A�T �O�F �T�H�E �E�X�P�E�R�I�M�E�N�T�S �I�N �&�I�G�U�R�E ���������� �U�S�I�N�G �L�O�G�I�S�T�I�C �R�E�G�R�E�S�S�I�O�N �A�N�D
�S�Q�U�A�R�E�D �E�R�R�O�R�� �4�H�E �P�L�O�T �I�N ���A�	 �C�O�V�E�R�S �������� �I�T�E�R�A�T�I�O�N�S �R�A�T�H�E�R �T�H�A�N ���������� �W�H�I�L�E ���B�	 �A�N�D ���C�	 �U�S�E
�T�H�E �S�A�M�E �S�C�A�L�E��

�4�H�E �D�E�R�I�V�A�T�I�V�Eg� �O�F �T�H�E �L�O�G�I�S�T�I�C �F�U�N�C�T�I�O�N �S�A�T�I�S�l�E�Sg�(z) = g(z)(1 Š g(z))� � � S� O � W� E � H� A� V� E

g�(�Z· �[) = g(�Z· �[)(1 Š g(�Z· �[)) = h�Z(�[)(1 Š h�Z(�[))

�S�O �T�H�E �W�E�I�G�H�T �U�P�D�A�T�E �F�O�R �M�I�N�I�M�I�Z�I�N�G �T�H�E �L�O�S�S �I�S

wi � wi + � (y Š h�Z(�[)) × h�Z(�[)(1 Š h�Z(�[)) × xi . �����������	

�2�E�P�E�A�T�I�N�G �T�H�E �E�X�P�E�R�I�M�E�N�T�S �O�F �&�I�G�U�R�E ���������� �W�I�T�H �L�O�G�I�S�T�I�C �R�E�G�R�E�S�S�I�O�N �I�N�S�T�E�A�D �O�F �T�H�E �L�I�N�E�A�R
�T�H�R�E�S�H�O�L�D �C�L�A�S�S�I�l�E�R�� �W�E �O�B�T�A�I�N �T�H�E �R�E�S�U�L�T�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������ �)�N ���A�	�� �T�H�E �L�I�N�E�A�R�L�Y �S�E�P�

�A�R�A�B�L�E �C�A�S�E�� �L�O�G�I�S�T�I�C �R�E�G�R�E�S�S�I�O�N �I�S �S�O�M�E�W�H�A�T �S�L�O�W�E�R �T�O �C�O�N�V�E�R�G�E�� �B�U�T �B�E�H�A�V�E�S �M�U�C�H �M�O�R�E
�P�R�E�D�I�C�T�A�B�L�Y�� �)�N ���B�	 �A�N�D ���C�	�� �W�H�E�R�E �T�H�E �D�A�T�A �A�R�E �N�O�I�S�Y �A�N�D �N�O�N�S�E�P�A�R�A�B�L�E�� �L�O�G�I�S�T�I�C �R�E�G�R�E�S�S�I�O�N
�C�O�N�V�E�R�G�E�S �F�A�R �M�O�R�E �Q�U�I�C�K�L�Y �A�N�D �R�E�L�I�A�B�L�Y�� �4�H�E�S�E �A�D�V�A�N�T�A�G�E�S �T�E�N�D �T�O �C�A�R�R�Y �O�V�E�R �I�N�T�O �R�E�A�L�
�W�O�R�L�D
�A�P�P�L�I�C�A�T�I�O�N�S �A�N�D �L�O�G�I�S�T�I�C �R�E�G�R�E�S�S�I�O�N �H�A�S �B�E�C�O�M�E �O�N�E �O�F �T�H�E �M�O�S�T �P�O�P�U�L�A�R �C�L�A�S�S�I�l�C�A�T�I�O�N �T�E�C�H�

�N�I�Q�U�E�S �F�O�R �P�R�O�B�L�E�M�S �I�N �M�E�D�I�C�I�N�E�� �M�A�R�K�E�T�I�N�G �A�N�D �S�U�R�V�E�Y �A�N�A�L�Y�S�I�S�� �C�R�E�D�I�T �S�C�O�R�I�N�G�� �P�U�B�L�I�C �H�E�A�L�T�H��
�A�N�D �O�T�H�E�R �A�P�P�L�I�C�A�T�I�O�N�S��

�������� �!�2�4�)�&�)�#�)�!�,�. �%�5�2�!�,�. �%�4�7�/�2�+�3

�7�E �T�U�R�N �N�O�W �T�O �W�H�A�T �S�E�E�M�S �T�O �B�E �A �S�O�M�E�W�H�A�T �U�N�R�E�L�A�T�E�D �T�O�P�I�C�� �T�H�E �B�R�A�I�N�� �)�N �F�A�C�T� � � A� S � W� E
�W�I�L�L �S�E�E�� �T�H�E �T�E�C�H�N�I�C�A�L �I�D�E�A�S �W�E �H�A�V�E �D�I�S�C�U�S�S�E�D �S�O �F�A�R �I�N �T�H�I�S �C�H�A�P�T�E�R �T�U�R�N �O�U�T �T�O �B�E �U�S�E�F�U�L �I�N
�B�U�I�L�D�I�N�G �M�A�T�H�E�M�A�T�I�C�A�L �M�O�D�E�L�S �O�F �T�H�E �B�R�A�I�N���S �A�C�T�I�V�I�T�Y�� �C�O�N�V�E�R�S�E�L�Y�� �T�H�I�N�K�I�N�G �A�B�O�U�T �T�H�E �B�R�A�I�N �H�A�S
�H�E�L�P�E�D �I�N �E�X�T�E�N�D�I�N�G �T�H�E �S�C�O�P�E �O�F �T�H�E �T�E�C�H�N�I�C�A�L �I�D�E�A�S��

�#�H�A�P�T�E�R �� �T�O�U�C�H�E�D �B�R�I�E�m�Y �O�N �T�H�E �B�A�S�I�C �l�N�D�I�N�G�S �O�F �N�E�U�R�O�S�C�I�E�N�C�E�ˆ�I�N �P�A�R�T�I�C�U�L�A�R�� �T�H�E �H�Y�

�P�O�T�H�E�S�I�S �T�H�A�T �M�E�N�T�A�L �A�C�T�I�V�I�T�Y �C�O�N�S�I�S�T�S �P�R�I�M�A�R�I�L�Y �O�F �E�L�E�C�T�R�O�C�H�E�M�I�C�A�L �A�C�T�I�V�I�T�Y �I�N �N�E�T�W�O�R�K�S �O�F
�B�R�A�I�N �C�E�L�L�S �C�A�L�L�E�D�Q�H�X�U�R�Q�V�� ���&�I�G�U�R�E ������ �O�N �P�A�G�E ���� �S�H�O�W�E�D �A �S�C�H�E�M�A�T�I�C �D�I�A�G�R�A�M �O�F �A �T�Y�P�I�C�A�L
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�T�I�O�N�S �V�E�R�Y �C�O�M�P�A�C�T�L�Y�� �&�O�R �E�X�A�M�P�L�E�� �T�H�E�P�D�M�R�U�L�W�\ �I�X�Q�F�W�L�R�Q�� �W�H�I�C�H �O�U�T�P�U�T�S �A �� �O�N�L�Y �I�F �M�O�R�E
�T�H�A�N �H�A�L�F �O�F �I�T�Sn �I�N�P�U�T�S �A�R�E ���� �C�A�N �B�E �R�E�P�R�E�S�E�N�T�E�D �B�Y �A �P�E�R�C�E�P�T�R�O�N �W�I�T�H �E�A�C�Hwi = 1 �A�N�D �W�I�T�H
w0 = Šn/ 2�� �! �D�E�C�I�S�I�O�N �T�R�E�E �W�O�U�L�D �N�E�E�D �E�X�P�O�N�E�N�T�I�A�L�L�Y �M�A�N�Y �N�O�D�E�S �T�O �R�E�P�R�E�S�E�N�T �T�H�I�S �F�U�N�C�T�I�O�N��

�&�I�G�U�R�E ���������� �S�H�O�W�S �T�H�E �L�E�A�R�N�I�N�G �C�U�R�V�E �F�O�R �A �P�E�R�C�E�P�T�R�O�N �O�N �T�W�O �D�I�F�F�E�R�E�N�T �P�R�O�B�L�E�M�S�� �/�N
�T�H�E �L�E�F�T�� �W�E �S�H�O�W �T�H�E �C�U�R�V�E �F�O�R �L�E�A�R�N�I�N�G �T�H�E �M�A�J�O�R�I�T�Y �F�U�N�C�T�I�O�N �W�I�T�H ���� �"�O�O�L�E�A�N �I�N�P�U�T�S ���I���E����
�T�H�E �F�U�N�C�T�I�O�N �O�U�T�P�U�T�S �A �� �I�F �� �O�R �M�O�R�E �I�N�P�U�T�S �A�R�E ���	�� �!�S �W�E �W�O�U�L�D �E�X�P�E�C�T�� �T�H�E �P�E�R�C�E�P�T�R�O�N �L�E�A�R�N�S
�T�H�E �F�U�N�C�T�I�O�N �Q�U�I�T�E �Q�U�I�C�K�L�Y�� �B�E�C�A�U�S�E �T�H�E �M�A�J�O�R�I�T�Y �F�U�N�C�T�I�O�N �I�S �L�I�N�E�A�R�L�Y �S�E�P�A�R�A�B�L�E�� �/�N �T�H�E �O�T�H�E�R
�H�A�N�D�� �T�H�E �D�E�C�I�S�I�O�N�
�T�R�E�E �L�E�A�R�N�E�R �M�A�K�E�S �N�O �P�R�O�G�R�E�S�S�� �B�E�C�A�U�S�E �T�H�E �M�A�J�O�R�I�T�Y �F�U�N�C�T�I�O�N �I�S �V�E�R�Y �H�A�R�D
���A�L�T�H�O�U�G�H �N�O�T �I�M�P�O�S�S�I�B�L�E�	 �T�O �R�E�P�R�E�S�E�N�T �A�S �A �D�E�C�I�S�I�O�N �T�R�E�E�� �/�N �T�H�E �R�I�G�H�T�� �W�E�H�A�V�E �T�H�E �R�E�S�T�A�U�R�A�N�T
�E�X�A�M�P�L�E�� �4�H�E �S�O�L�U�T�I�O�N �P�R�O�B�L�E�M �I�S �E�A�S�I�L�Y �R�E�P�R�E�S�E�N�T�E�D �A�S �A �D�E�C�I�S�I�O�N �T�R�E�E�� �B�U�T �I�S �N�O�T �L�I�N�E�A�R�L�Y
�S�E�P�A�R�A�B�L�E�� �4�H�E �B�E�S�T �P�L�A�N�E �T�H�R�O�U�G�H �T�H�E �D�A�T�A �C�O�R�R�E�C�T�L�Y �C�L�A�S�S�I�l�E�S �O�N�L�Y ��������

������������ �0�X�O�W�L�O�D�\�H�U �I�H�H�G���I�R�U�Z�D�U�G �Q�H�X�U�D�O �Q�H�W�Z�R�U�N�V

���-�C�#�U�L�L�O�C�H �A�N�D �0�I�T�T�S�� ���������	 �W�E�R�E �W�E�L�L �A�W�A�R�E �T�H�A�T �A �S�I�N�G�L�E �T�H�R�E�S�H�O�L�D �U�N�I�T �W�O�U�L�D �N�O�T �S�O�L�V�E �A�L�L
�T�H�E�I�R �P�R�O�B�L�E�M�S�� �)�N �F�A�C�T�� �T�H�E�I�R �P�A�P�E�R �P�R�O�V�E�S �T�H�A�T �S�U�C�H �A �U�N�I�T �C�A�N �R�E�P�R�E�S�E�N�T �T�H�E �B�A�S�I�C �"�O�O�L�E�A�N
�F�U�N�C�T�I�O�N�S�!�.�$ ���/�2� � � A� N� D�.�/�4 �A�N�D �T�H�E�N �G�O�E�S �O�N �T�O �A�R�G�U�E �T�H�A�T �A�N�Y �D�E�S�I�R�E�D �F�U�N�C�T�I�O�N�A�L�I�T�Y �C�A�N �B�E
�O�B�T�A�I�N�E�D �B�Y �C�O�N�N�E�C�T�I�N�G �L�A�R�G�E �N�U�M�B�E�R�S �O�F �U�N�I�T�S �I�N�T�O ���P�O�S�S�I�B�L�Y �R�E�C�U�R�R�E�N�T�	 �N�E�T�W�O�R�K�S �O�F �A�R�B�I�T�R�A�R�Y
�D�E�P�T�H�� �4�H�E �P�R�O�B�L�E�M �W�A�S �T�H�A�T �N�O�B�O�D�Y �K�N�E�W �H�O�W �T�O �T�R�A�I�N �S�U�C�H �N�E�T�W�O�R�K�S��

�4�H�I�S �T�U�R�N�S �O�U�T �T�O �B�E �A�N �E�A�S�Y �P�R�O�B�L�E�M �I�F �W�E �T�H�I�N�K �O�F �A �N�E�T�W�O�R�K �T�H�E �R�I�G�H�T �W�A�Y�� �A�S �A
�F�U�N�C�T�I�O�Nh�Z(�[) �P�A�R�A�M�E�T�E�R�I�Z�E�D �B�Y �T�H�E �W�E�I�G�H�T�S�Z�� �#�O�N�S�I�D�E�R �T�H�E �S�I�M�P�L�E �N�E�T�W�O�R�K �S�H�O�W�N �I�N �&�I�G�

�U�R�E �������������B�	�� �W�H�I�C�H �H�A�S �T�W�O �I�N�P�U�T �U�N�I�T�S�� �T�W�O �H�I�D�D�E�N �U�N�I�T�S�� �A�N�D �T�W�O �O�U�T�P�U�T �U�N�I�T�� ���)�N �A�D�D�I�T�I�O�N��
�E�A�C�H �U�N�I�T �H�A�S �A �D�U�M�M�Y �I�N�P�U�T �l�X�E�D �A�T �����	 �'�I�V�E�N �A�N �I�N�P�U�T �V�E�C�T�O�R�[ = ( x1, x2)�� �T�H�E �A�C�T�I�V�A�T�I�O�N�S
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���A�	 ���B�	

�)�L�J�X�U�H �������������A�	 �4�H�E �R�E�S�U�L�T �O�F �C�O�M�B�I�N�I�N�G �T�W�O �O�P�P�O�S�I�T�E�
�F�A�C�I�N�G �S�O�F�T �T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�N�S�T�O
�P�R�O�D�U�C�E �A �R�I�D�G�E�� ���B�	 �4�H�E �R�E�S�U�L�T �O�F �C�O�M�B�I�N�I�N�G �T�W�O �R�I�D�G�E�S �T�O �P�R�O�D�U�C�E �A �B�U�M�P��

�O�F �T�H�E �I�N�P�U�T �U�N�I�T�S �A�R�E �S�E�T �T�O(a1, a2) = ( x1, x2)�� �4�H�E �O�U�T�P�U�T �A�T �U�N�I�T �� �I�S �G�I�V�E�N �B�Y

a5 = g(w0,5,+ w3,5 a3 + w4,5 a4)

= g(w0,5,+ w3,5 g(w0,3 + w1,3 a1 + w2,3 a2) + w4,5 g(w04 + w1,4 a1 + w2,4 a2))

= g(w0,5,+ w3,5 g(w0,3 + w1,3 x1 + w2,3 x2) + w4,5 g(w04 + w1,4 x1 + w2,4 x2)).

�4�H�U�S�� �W�E �H�A�V�E �T�H�E �O�U�T�P�U�T �E�X�P�R�E�S�S�E�D �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �I�N�P�U�T�S �A�N�D �T�H�E �W�E�I�G�H�T�S�� �! �S�I�M�I�L�A�R
�E�X�P�R�E�S�S�I�O�N �H�O�L�D�S �F�O�R �U�N�I�T ���� �!�S �L�O�N�G �A�S �W�E �C�A�N �C�A�L�C�U�L�A�T�E �T�H�E �D�E�R�I�V�A�T�I�V�E�S �O�F �S�U�C�H �E�X�P�R�E�S�S�I�O�N�S
�W�I�T�H �R�E�S�P�E�C�T �T�O �T�H�E �W�E�I�G�H�T�S�� �W�E �C�A�N �U�S�E �T�H�E �G�R�A�D�I�E�N�T�
�D�E�S�C�E�N�T �L�O�S�S�
�M�I�N�I�M�I�Z�A�T�I�O�N �M�E�T�H�O�D �T�O
�T�R�A�I�N �T�H�E �N�E�T�W�O�R�K�� �3�E�C�T�I�O�N ������������ �S�H�O�W�S �E�X�A�C�T�L�Y �H�O�W �T�O �D�O �T�H�I�S�� �!�N�D �B�E�C�A�U�S�E�T�H�E �F�U�N�C�T�I�O�N
�R�E�P�R�E�S�E�N�T�E�D �B�Y �A �N�E�T�W�O�R�K �C�A�N �B�E �H�I�G�H�L�Y �N�O�N�L�I�N�E�A�R�ˆ�C�O�M�P�O�S�E�D�� �A�S �I�T �I�S�� �O�F �N�E�S�T�E�D �N�O�N�L�I�N�E�A�R �S�O�F�T
�T�H�R�E�S�H�O�L�D �F�U�N�C�T�I�O�N�S�ˆ�W�E �C�A�N �S�E�E �N�E�U�R�A�L �N�E�T�W�O�R�K�S �A�S �A �T�O�O�L �F�O�R �D�O�I�N�G�Q�R�Q�O�L�Q�H�D�U �U�H�J�U�H�V�V�L�R�Q��NONLINEAR
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�A�M�O�N�G �T�H�E �L�E�A�R�N�I�N�G �P�R�O�B�L�E�M�S �W�H�E�N �T�H�E �N�E�T�W�O�R�K �H�A�S �M�U�L�T�I�P�L�E �O�U�T�P�U�T�S�� �)�N �S�U�C�H�C�A�S�E�S�� �W�E
�S�H�O�U�L�D �T�H�I�N�K �O�F �T�H�E �N�E�T�W�O�R�K �A�S �I�M�P�L�E�M�E�N�T�I�N�G �A �V�E�C�T�O�R �F�U�N�C�T�I�O�N�K�Z �R�A�T�H�E�R �T�H�A�N �A �S�C�A�L�A�R �F�U�N�C�T�I�O�N
h�Z�� �F�O�R �E�X�A�M�P�L�E�� �T�H�E �N�E�T�W�O�R�K �I�N �&�I�G�U�R�E �������������B�	 �R�E�T�U�R�N�S �A �V�E�C�T�O�R[a5, a6]�� �3�I�M�I�L�A�R�L�Y�� �T�H�E
�T�A�R�G�E�T �O�U�T�P�U�T �W�I�L�L �B�E �A �V�E�C�T�O�R�\�� �7�H�E�R�E�A�S �A �P�E�R�C�E�P�T�R�O�N �N�E�T�W�O�R�K �D�E�C�O�M�P�O�S�E�S �I�N�T�Om �S�E�P�A�R�A�T�E
�L�E�A�R�N�I�N�G �P�R�O�B�L�E�M�S �F�O�R �A�Nm�
�O�U�T�P�U�T �P�R�O�B�L�E�M�� �T�H�I�S �D�E�C�O�M�P�O�S�I�T�I�O�N �F�A�I�L�S �I�N �A �M�U�L�T�I�L�A�Y�E�R �N�E�T�W�O�R�K��
�&�O�R �E�X�A�M�P�L�E�� �B�O�T�Ha5 �A�N�Da6 �I�N �&�I�G�U�R�E �������������B�	 �D�E�P�E�N�D �O�N �A�L�L �O�F �T�H�E �I�N�P�U�T�
�L�A�Y�E�R �W�E�I�G�H�T�S�� �S�O
�U�P�D�A�T�E�S �T�O �T�H�O�S�E �W�E�I�G�H�T�S �W�I�L�L �D�E�P�E�N�D �O�N �E�R�R�O�R�S �I�N �B�O�T�Ha5 �A�N�Da6�� �&�O�R�T�U�N�A�T�E�L�Y�� �T�H�I�S �D�E�P�E�N�D�E�N�C�Y
�I�S �V�E�R�Y �S�I�M�P�L�E �I�N �T�H�E �C�A�S�E �O�F �A�N�Y �L�O�S�S �F�U�N�C�T�I�O�N �T�H�A�T �I�S�D�G�G�L�W�L�Y�H�A�C�R�O�S�S �T�H�E �C�O�M�P�O�N�E�N�T�S �O�F �T�H�E
�E�R�R�O�R �V�E�C�T�O�R�\ Š �K�Z(�[)� � � &� O� R � T� H� EL 2 �L�O�S�S�� �W�E �H�A�V�E�� �F�O�R �A�N�Y �W�E�I�G�H�Tw��

�
�w

Loss(�Z) =
�

�w
|�\ Š �K�Z(�[)|2 =

�
�w

�

k

(yk Š ak)2 =
�

k

�
�w

(yk Š ak)2 �������������	

�W�H�E�R�E �T�H�E �I�N�D�E�Xk �R�A�N�G�E�S �O�V�E�R �N�O�D�E�S �I�N �T�H�E �O�U�T�P�U�T �L�A�Y�E�R�� �%�A�C�H �T�E�R�M �I�N �T�H�E �l�N�A�L �S�U�M�M�A�T�I�O�N
�I�S �J�U�S�T �T�H�E �G�R�A�D�I�E�N�T �O�F �T�H�E �L�O�S�S �F�O�R �T�H�Ek�T�H �O�U�T�P�U�T�� �C�O�M�P�U�T�E�D �A�S �I�F �T�H�E �O�T�H�E�R �O�U�T�P�U�T�S �D�I�D �N�O�T
�E�X�I�S�T�� �(�E�N�C�E�� �W�E �C�A�N �D�E�C�O�M�P�O�S�E �A�Nm�
�O�U�T�P�U�T �L�E�A�R�N�I�N�G �P�R�O�B�L�E�M �I�N�T�Om �L�E�A�R�N�I�N�G �P�R�O�B�L�E�M�S��
�P�R�O�V�I�D�E�D �W�E �R�E�M�E�M�B�E�R �T�O �A�D�D �U�P �T�H�E �G�R�A�D�I�E�N�T �C�O�N�T�R�I�B�U�T�I�O�N�S �F�R�O�M �E�A�C�H �O�F �T�H�E�M �W�H�E�N �U�P�D�A�T�I�N�G
�T�H�E �W�E�I�G�H�T�S��

�4�H�E �M�A�J�O�R �C�O�M�P�L�I�C�A�T�I�O�N �C�O�M�E�S �F�R�O�M �T�H�E �A�D�D�I�T�I�O�N �O�F �H�I�D�D�E�N �L�A�Y�E�R�S �T�O �T�H�E �N�E�T�W�O�R�K��
�7�H�E�R�E�A�S �T�H�E �E�R�R�O�R�\ Š �K�Z �A�T �T�H�E �O�U�T�P�U�T �L�A�Y�E�R �I�S �C�L�E�A�R�� �T�H�E �E�R�R�O�R �A�T �T�H�E �H�I�D�D�E�N �L�A�Y�E�R�S �S�E�E�M�S
�M�Y�S�T�E�R�I�O�U�S �B�E�C�A�U�S�E �T�H�E �T�R�A�I�N�I�N�G �D�A�T�A �D�O �N�O�T �S�A�Y �W�H�A�T �V�A�L�U�E �T�H�E �H�I�D�D�E�N �N�O�D�E�S�S�H�O�U�L�D �H�A�V�E��
�&�O�R�T�U�N�A�T�E�L�Y�� �I�T �T�U�R�N�S �O�U�T �T�H�A�T �W�E �C�A�N�E�D�F�N���S�U�R�S�D�J�D�W�H�T�H�E �E�R�R�O�R �F�R�O�M �T�H�E �O�U�T�P�U�T �L�A�Y�E�R �T�O �T�H�EBACK-PROPAGATION

�H�I�D�D�E�N �L�A�Y�E�R�S�� �4�H�E �B�A�C�K�
�P�R�O�P�A�G�A�T�I�O�N �P�R�O�C�E�S�S �E�M�E�R�G�E�S �D�I�R�E�C�T�L�Y �F�R�O�M �A �D�E�R�I�V�A�T�I�O�N �O�F �T�H�E �O�V�E�R�A�L�L
�E�R�R�O�R �G�R�A�D�I�E�N�T�� �&�I�R�S�T�� �W�E �W�I�L�L �D�E�S�C�R�I�B�E �T�H�E �P�R�O�C�E�S�S �W�I�T�H �A�N �I�N�T�U�I�T�I�V�E �J�U�S�T�I�l�C�A�T�I�O�N�� �T�H�E�N�� �W�E �W�I�L�L
�S�H�O�W �T�H�E �D�E�R�I�V�A�T�I�O�N��

�!�T �T�H�E �O�U�T�P�U�T �L�A�Y�E�R�� �T�H�E �W�E�I�G�H�T�
�U�P�D�A�T�E �R�U�L�E �I�S �I�D�E�N�T�I�C�A�L �T�O �%�Q�U�A�T�I�O�N �����������	�� �7�E �H�A�V�E
�M�U�L�T�I�P�L�E �O�U�T�P�U�T �U�N�I�T�S�� �S�O �L�E�TErr k �B�E �T�H�Ek�T�H �C�O�M�P�O�N�E�N�T �O�F �T�H�E �E�R�R�O�R �V�E�C�T�O�R�\ Š �K�Z�� �7�E �W�I�L�L
�A�L�S�O �l�N�D �I�T �C�O�N�V�E�N�I�E�N�T �T�O �D�E�l�N�E �A �M�O�D�I�l�E�D �E�R�R�O�R� k = Err k × g�(in k)�� �S�O �T�H�A�T �T�H�E �W�E�I�G�H�T�

�U�P�D�A�T�E �R�U�L�E �B�E�C�O�M�E�S

wj,k � wj,k + � × aj × � k . �������������	

�4�O �U�P�D�A�T�E �T�H�E �C�O�N�N�E�C�T�I�O�N�S �B�E�T�W�E�E�N �T�H�E �I�N�P�U�T �U�N�I�T�S �A�N�D �T�H�E �H�I�D�D�E�N �U�N�I�T�S�� �W�E �N�E�E�D �T�O �D�E�l�N�E �A
�Q�U�A�N�T�I�T�Y �A�N�A�L�O�G�O�U�S �T�O �T�H�E �E�R�R�O�R �T�E�R�M �F�O�R �O�U�T�P�U�T �N�O�D�E�S�� �(�E�R�E �I�S �W�H�E�R�E �W�E �D�O �T�H�E �E�R�R�O�R �B�A�C�K�

�P�R�O�P�A�G�A�T�I�O�N�� �4�H�E �I�D�E�A �I�S �T�H�A�T �H�I�D�D�E�N �N�O�D�Ej �I�S �h�R�E�S�P�O�N�S�I�B�L�E�v �F�O�R �S�O�M�E �F�R�A�C�T�I�O�N �O�F �T�H�E �E�R�R�O�R� k

�I�N �E�A�C�H �O�F �T�H�E �O�U�T�P�U�T �N�O�D�E�S �T�O �W�H�I�C�H �I�T �C�O�N�N�E�C�T�S�� �4�H�U�S�� �T�H�E� k �V�A�L�U�E�S �A�R�E �D�I�V�I�D�E�D �A�C�C�O�R�D�I�N�G
�T�O �T�H�E �S�T�R�E�N�G�T�H �O�F �T�H�E �C�O�N�N�E�C�T�I�O�N �B�E�T�W�E�E�N �T�H�E �H�I�D�D�E�N �N�O�D�E �A�N�D �T�H�E �O�U�T�P�U�T �N�O�D�E �A�N�D �A�R�E �P�R�O�P�

�A�G�A�T�E�D �B�A�C�K �T�O �P�R�O�V�I�D�E �T�H�E� j �V�A�L�U�E�S �F�O�R �T�H�E �H�I�D�D�E�N �L�A�Y�E�R�� �4�H�E �P�R�O�P�A�G�A�T�I�O�N �R�U�L�E �F�O�R �T�H�E�
�V�A�L�U�E�S �I�S �T�H�E �F�O�L�L�O�W�I�N�G��

� j = g�(in j )
�

k

wj,k � k . �������������	



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S

�I�X�Q�F�W�L�R�Q�"�!�#�+�
�0�2�/�0�
�,�%�!�2�.�)�.�'��examples��network�	�U�H�W�X�U�Q�V�A �N�E�U�R�A�L �N�E�T�W�O�R�K
�L�Q�S�X�W�V��examples�� �A �S�E�T �O�F �E�X�A�M�P�L�E�S�� �E�A�C�H �W�I�T�H �I�N�P�U�T �V�E�C�T�O�R�[ �A�N�D �O�U�T�P�U�T �V�E�C�T�O�R�\

network�� �A �M�U�L�T�I�L�A�Y�E�R �N�E�T�W�O�R�K �W�I�T�HL �L�A�Y�E�R�S�� �W�E�I�G�H�T�Swi,j �� �A�C�T�I�V�A�T�I�O�N �F�U�N�C�T�I�O�Ng
�O�R�F�D�O �Y�D�U�L�D�E�O�H�V�� � �� �A �V�E�C�T�O�R �O�F �E�R�R�O�R�S�� �I�N�D�E�X�E�D �B�Y �N�E�T�W�O�R�K �N�O�D�E

�U�H�S�H�D�W
�I�R�U �H�D�F�K�W�E�I�G�H�Twi,j �I�Nnetwork �G�R

wi,j � �A �S�M�A�L�L �R�A�N�D�O�M �N�U�M�B�E�R
�I�R�U �H�D�F�K�E�X�A�M�P�L�E(�[, �\) �L�Qexamples�G�R

�� �� �3�U�R�S�D�J�D�W�H �W�K�H �L�Q�S�X�W�V �I�R�U�Z�D�U�G �W�R �F�R�P�S�X�W�H �W�K�H �R�X�W�S�X�W�V�� ��
�I�R�U �H�D�F�K�N�O�D�Ei �I�N �T�H�E �I�N�P�U�T �L�A�Y�E�R�G�R

ai � xi

�I�R�U� � � � ��W�RL �G�R
�I�R�U �H�D�F�K�N�O�D�Ej �I�N �L�A�Y�E�R� �G�R

in j �
�

i wi,j ai

aj � g(in j )
�� �� �3�U�R�S�D�J�D�W�H �G�H�O�W�D�V �E�D�F�N�Z�D�U�G �I�U�R�P �R�X�W�S�X�W �O�D�\�H�U �W�R �L�Q�S�X�W �O�D�\�H�U�� ��
�I�R�U �H�D�F�K�N�O�D�Ej �I�N �T�H�E �O�U�T�P�U�T �L�A�Y�E�R�G�R

�[ j ] � g� (in j ) × (yj Š aj )
�I�R�U� �� L Š 1 �W�R�� �G�R

�I�R�U �H�D�F�K�N�O�D�Ei �I�N �L�A�Y�E�R� �G�R
�[ i ] � g� (in i )

�
j wi,j �[ j ]

�� �� �8�S�G�D�W�H �H�Y�H�U�\ �Z�H�L�J�K�W �L�Q �Q�H�W�Z�R�U�N �X�V�L�Q�J �G�H�O�W�D�V�� ��
�I�R�U �H�D�F�K�W�E�I�G�H�Twi,j �I�Nnetwork �G�R

wi,j � wi,j + � × ai × �[ j ]
�X�Q�W�L�O�S�O�M�E �S�T�O�P�P�I�N�G �C�R�I�T�E�R�I�O�N �I�S �S�A�T�I�S�l�E�D
�U�H�W�X�U�Qnetwork

�)�L�J�X�U�H �����������4�H�E �B�A�C�K�
�P�R�O�P�A�G�A�T�I�O�N �A�L�G�O�R�I�T�H�M �F�O�R �L�E�A�R�N�I�N�G �I�N �M�U�L�T�I�L�A�Y�E�R �N�E�T�W�O�R�K�S��

�.�O�W �T�H�E �W�E�I�G�H�T�
�U�P�D�A�T�E �R�U�L�E �F�O�R �T�H�E �W�E�I�G�H�T�S �B�E�T�W�E�E�N �T�H�E �I�N�P�U�T�S �A�N�D �T�H�E �H�I�D�D�E�N �L�A�Y�E�R �I�S �E�S�S�E�N�

�T�I�A�L�L�Y �I�D�E�N�T�I�C�A�L �T�O �T�H�E �U�P�D�A�T�E �R�U�L�E �F�O�R �T�H�E �O�U�T�P�U�T �L�A�Y�E�R��

wi,j � wi,j + � × ai × � j .

�4�H�E �B�A�C�K�
�P�R�O�P�A�G�A�T�I�O�N �P�R�O�C�E�S�S �C�A�N �B�E �S�U�M�M�A�R�I�Z�E�D �A�S �F�O�L�L�O�W�S��

€ �#�O�M�P�U�T�E �T�H�E� �V�A�L�U�E�S �F�O�R �T�H�E �O�U�T�P�U�T �U�N�I�T�S�� �U�S�I�N�G �T�H�E �O�B�S�E�R�V�E�D �E�R�R�O�R��

€ �3�T�A�R�T�I�N�G �W�I�T�H �O�U�T�P�U�T �L�A�Y�E�R�� �R�E�P�E�A�T �T�H�E �F�O�L�L�O�W�I�N�G �F�O�R �E�A�C�H �L�A�Y�E�R �I�N �T�H�E �N�E�T�W�O�R�K�� �U�N�T�I�L �T�H�E
�E�A�R�L�I�E�S�T �H�I�D�D�E�N �L�A�Y�E�R �I�S �R�E�A�C�H�E�D��

�± �0�R�O�P�A�G�A�T�E �T�H�E� �V�A�L�U�E�S �B�A�C�K �T�O �T�H�E �P�R�E�V�I�O�U�S �L�A�Y�E�R��
�± �5�P�D�A�T�E �T�H�E �W�E�I�G�H�T�S �B�E�T�W�E�E�N �T�H�E �T�W�O �L�A�Y�E�R�S��

�4�H�E �D�E�T�A�I�L�E�D �A�L�G�O�R�I�T�H�M �I�S �S�H�O�W�N �I�N �&�I�G�U�R�E ������������
�&�O�R �T�H�E �M�A�T�H�E�M�A�T�I�C�A�L�L�Y �I�N�C�L�I�N�E�D�� �W�E �W�I�L�L �N�O�W �D�E�R�I�V�E �T�H�E �B�A�C�K�
�P�R�O�P�A�G�A�T�I�O�N�E�Q�U�A�T�I�O�N�S

�F�R�O�M �l�R�S�T �P�R�I�N�C�I�P�L�E�S�� �4�H�E �D�E�R�I�V�A�T�I�O�N �I�S �Q�U�I�T�E �S�I�M�I�L�A�R �T�O �T�H�E �G�R�A�D�I�E�N�T �C�A�L�C�U�L�A�T�I�O�N �F�O�R �L�O�G�I�S�T�I�C



�3�E�C�T�I�O�N ���������� �!�R�T�I�l�C�I�A�L �.�E�U�R�A�L �.�E�T�W�O�R�K�S ������

�R�E�G�R�E�S�S�I�O�N ���L�E�A�D�I�N�G �U�P �T�O �%�Q�U�A�T�I�O�N �����������	 �O�N �P�A�G�E �������	�� �E�X�C�E�P�T �T�H�A�T �W�E �H�A�V�E�T�O �U�S�E �T�H�E �C�H�A�I�N
�R�U�L�E �M�O�R�E �T�H�A�N �O�N�C�E��

�&�O�L�L�O�W�I�N�G �%�Q�U�A�T�I�O�N �������������	�� �W�E �C�O�M�P�U�T�E �J�U�S�T �T�H�E �G�R�A�D�I�E�N�T �F�O�RLossk = ( yk Š ak)2 �A�T
�T�H�Ek�T�H �O�U�T�P�U�T�� �4�H�E �G�R�A�D�I�E�N�T �O�F �T�H�I�S �L�O�S�S �W�I�T�H �R�E�S�P�E�C�T �T�O �W�E�I�G�H�T�S �C�O�N�N�E�C�T�I�N�G �T�H�E�H�I�D�D�E�N �L�A�Y�E�R
�T�O �T�H�E �O�U�T�P�U�T �L�A�Y�E�R �W�I�L�L �B�E �Z�E�R�O �E�X�C�E�P�T �F�O�R �W�E�I�G�H�T�Swj,k �T�H�A�T �C�O�N�N�E�C�T �T�O �T�H�Ek�T�H �O�U�T�P�U�T �U�N�I�T��
�&�O�R �T�H�O�S�E �W�E�I�G�H�T�S�� �W�E �H�A�V�E

� Lossk

�w j,k
= Š2(yk Š ak)

�a k

�w j,k
= Š2(yk Š ak)

�g (in k)
�w j,k

= Š2(yk Š ak)g�(in k)
� in k

�w j,k
= Š2(yk Š ak)g�(in k)

�
�w j,k




�
�

j

wj,k aj

�




= Š2(yk Š ak)g�(in k)aj = Šaj � k ,

�W�I�T�H� k �D�E�l�N�E�D �A�S �B�E�F�O�R�E�� �4�O �O�B�T�A�I�N �T�H�E �G�R�A�D�I�E�N�T �W�I�T�H �R�E�S�P�E�C�T �T�O �T�H�Ewi,j �W�E�I�G�H�T�S �C�O�N�N�E�C�T�I�N�G
�T�H�E �I�N�P�U�T �L�A�Y�E�R �T�O �T�H�E �H�I�D�D�E�N �_�L�A�Y�E�R�� �W�E �H�A�V�E �T�O �E�X�P�A�N�D �O�U�T �T�H�E �A�C�T�I�V�A�T�I�O�N�Saj �A�N�D �R�E�A�P�P�L�Y �T�H�E
�C�H�A�I�N �R�U�L�E�� �7�E �W�I�L�L �S�H�O�W �T�H�E �D�E�R�I�V�A�T�I�O�N �I�N �G�O�R�Y �D�E�T�A�I�L �B�E�C�A�U�S�E �I�T �I�S �I�N�T�E�R�E�S�T�I�N�G �T�O �S�E�E �H�O�W �T�H�E
�D�E�R�I�V�A�T�I�V�E �O�P�E�R�A�T�O�R �P�R�O�P�A�G�A�T�E�S �B�A�C�K �T�H�R�O�U�G�H �T�H�E �N�E�T�W�O�R�K��

� Lossk

�w i,j
= Š2(yk Š ak)

�a k

�w i,j
= Š2(yk Š ak)

�g (in k)
�w i,j

= Š2(yk Š ak)g�(in k)
� in k

�w i,j
= Š2� k

�
�w i,j




�
�

j

wj,k aj

�




= Š2� kwj,k
�a j

�w i,j
= Š2� kwj,k

�g (in j )
�w i,j

= Š2� kwj,k g�(in j )
� in j

�w i,j

= Š2� kwj,k g�(in j )
�

�w i,j

�
�

i

wi,j ai

	

= Š2� kwj,k g�(in j )ai = Šai � j ,

�W�H�E�R�E� j �I�S �D�E�l�N�E�D �A�S �B�E�F�O�R�E�� �4�H�U�S�� �W�E �O�B�T�A�I�N �T�H�E �U�P�D�A�T�E �R�U�L�E�S �O�B�T�A�I�N�E�D �E�A�R�L�I�E�R �F�R�O�M�I�N�T�U�I�T�I�V�E
�C�O�N�S�I�D�E�R�A�T�I�O�N�S�� �)�T �I�S �A�L�S�O �C�L�E�A�R �T�H�A�T �T�H�E �P�R�O�C�E�S�S �C�A�N �B�E �C�O�N�T�I�N�U�E�D �F�O�R �N�E�T�W�O�R�K�S �W�I�T�H �M�O�R�E �T�H�A�N
�O�N�E �H�I�D�D�E�N �L�A�Y�E�R�� �W�H�I�C�H �J�U�S�T�I�l�E�S �T�H�E �G�E�N�E�R�A�L �A�L�G�O�R�I�T�H�M �G�I�V�E�N �I�N �&�I�G�U�R�E ������������

�(�A�V�I�N�G �M�A�D�E �I�T �T�H�R�O�U�G�H ���O�R �S�K�I�P�P�E�D �O�V�E�R�	 �A�L�L �T�H�E �M�A�T�H�E�M�A�T�I�C�S�� �L�E�T���S �S�E�E �H�O�W �A �S�I�N�G�L�E�

�H�I�D�D�E�N�
�L�A�Y�E�R �N�E�T�W�O�R�K �P�E�R�F�O�R�M�S �O�N �T�H�E �R�E�S�T�A�U�R�A�N�T �P�R�O�B�L�E�M�� �&�I�R�S�T�� �W�E �N�E�E�D �T�O �D�E�T�E�R�M�I�N�E �T�H�E
�S�T�R�U�C�T�U�R�E �O�F �T�H�E �N�E�T�W�O�R�K�� �7�E �H�A�V�E ���� �A�T�T�R�I�B�U�T�E�S �D�E�S�C�R�I�B�I�N�G �E�A�C�H �E�X�A�M�P�L�E�� �S�O �W�E �W�I�L�L �N�E�E�D
���� �I�N�P�U�T �U�N�I�T�S�� �3�H�O�U�L�D �W�E �H�A�V�E �O�N�E �H�I�D�D�E�N �L�A�Y�E�R �O�R �T�W�O�� �(�O�W �M�A�N�Y �N�O�D�E�S �I�N �E�A�C�H�L�A�Y�E�R��
�3�H�O�U�L�D �T�H�E�Y �B�E �F�U�L�L�Y �C�O�N�N�E�C�T�E�D�� �4�H�E�R�E �I�S �N�O �G�O�O�D �T�H�E�O�R�Y �T�H�A�T �W�I�L�L �T�E�L�L �U�S �T�H�E�A�N�S�W�E�R�� ���3�E�E �T�H�E
�N�E�X�T �S�E�C�T�I�O�N���	 �!�S �A�L�W�A�Y�S�� �W�E �C�A�N �U�S�E �C�R�O�S�S�
�V�A�L�I�D�A�T�I�O�N�� �T�R�Y �S�E�V�E�R�A�L �D�I�F�F�E�R�E�N�T �S�T�R�U�C�T�U�R�E�S �A�N�D �S�E�E
�W�H�I�C�H �O�N�E �W�O�R�K�S �B�E�S�T�� �)�T �T�U�R�N�S �O�U�T �T�H�A�T �A �N�E�T�W�O�R�K �W�I�T�H �O�N�E �H�I�D�D�E�N �L�A�Y�E�R �C�O�N�T�A�I�N�I�N�G �F�O�U�R �N�O�D�E�S
�I�S �A�B�O�U�T �R�I�G�H�T �F�O�R �T�H�I�S �P�R�O�B�L�E�M�� �)�N �&�I�G�U�R�E ������������ �W�E �S�H�O�W �T�W�O �C�U�R�V�E�S�� �4�H�E �l�R�S�T �I�S �A �T�R�A�I�N�I�N�G
�C�U�R�V�E �S�H�O�W�I�N�G �T�H�E �M�E�A�N �S�Q�U�A�R�E�D �E�R�R�O�R �O�N �A �G�I�V�E�N �T�R�A�I�N�I�N�G �S�E�T �O�F ������ �R�E�S�T�A�U�R�A�N�T �E�X�A�M�P�L�E�S



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S
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�-�U�L�T�I�L�A�Y�E�R���N�E�T�W�O�R�K

���A�	 ���B�	

�)�L�J�X�U�H �������������A�	 �4�R�A�I�N�I�N�G �C�U�R�V�E �S�H�O�W�I�N�G �T�H�E �G�R�A�D�U�A�L �R�E�D�U�C�T�I�O�N �I�N �E�R�R�O�R �A�S �W�E�I�G�H�T�S �A�R�E
�M�O�D�I�l�E�D �O�V�E�R �S�E�V�E�R�A�L �E�P�O�C�H�S�� �F�O�R �A �G�I�V�E�N �S�E�T �O�F �E�X�A�M�P�L�E�S �I�N �T�H�E �R�E�S�T�A�U�R�A�N�T �D�O�M�A�I�N�� ���B�	
�#�O�M�P�A�R�A�T�I�V�E �L�E�A�R�N�I�N�G �C�U�R�V�E�S �S�H�O�W�I�N�G �T�H�A�T �D�E�C�I�S�I�O�N�
�T�R�E�E �L�E�A�R�N�I�N�G �D�O�E�S �S�L�I�G�H�T�L�Y �B�E�T�T�E�R �O�N �T�H�E
�R�E�S�T�A�U�R�A�N�T �P�R�O�B�L�E�M �T�H�A�N �B�A�C�K�
�P�R�O�P�A�G�A�T�I�O�N �I�N �A �M�U�L�T�I�L�A�Y�E�R �N�E�T�W�O�R�K��

�D�U�R�I�N�G �T�H�E �W�E�I�G�H�T�
�U�P�D�A�T�I�N�G �P�R�O�C�E�S�S�� �4�H�I�S �D�E�M�O�N�S�T�R�A�T�E�S �T�H�A�T �T�H�E �N�E�T�W�O�R�K �D�O�E�S �I�N�D�E�E�D �C�O�N�V�E�R�G�E
�T�O �A �P�E�R�F�E�C�T �l�T �T�O �T�H�E �T�R�A�I�N�I�N�G �D�A�T�A�� �4�H�E �S�E�C�O�N�D �C�U�R�V�E �I�S �T�H�E �S�T�A�N�D�A�R�D �L�E�A�R�N�I�N�G �C�U�R�V�E �F�O�R �T�H�E
�R�E�S�T�A�U�R�A�N�T �D�A�T�A�� �4�H�E �N�E�U�R�A�L �N�E�T�W�O�R�K �D�O�E�S �L�E�A�R�N �W�E�L�L�� �A�L�T�H�O�U�G�H �N�O�T �Q�U�I�T�E �A�S�F�A�S�T �A�S �D�E�C�I�S�I�O�N�

�T�R�E�E �L�E�A�R�N�I�N�G�� �T�H�I�S �I�S �P�E�R�H�A�P�S �N�O�T �S�U�R�P�R�I�S�I�N�G�� �B�E�C�A�U�S�E �T�H�E �D�A�T�A �W�E�R�E �G�E�N�E�R�A�T�E�D �F�R�O�M �A �S�I�M�P�L�E
�D�E�C�I�S�I�O�N �T�R�E�E �I�N �T�H�E �l�R�S�T �P�L�A�C�E��

�.�E�U�R�A�L �N�E�T�W�O�R�K�S �A�R�E �C�A�P�A�B�L�E �O�F �F�A�R �M�O�R�E �C�O�M�P�L�E�X �L�E�A�R�N�I�N�G �T�A�S�K�S �O�F �C�O�U�R�S�E�� �A�L�T�H�O�U�G�H �I�T
�M�U�S�T �B�E �S�A�I�D �T�H�A�T �A �C�E�R�T�A�I�N �A�M�O�U�N�T �O�F �T�W�I�D�D�L�I�N�G �I�S �N�E�E�D�E�D �T�O �G�E�T �T�H�E �N�E�T�W�O�R�K �S�T�R�U�C�T�U�R�E �R�I�G�H�T
�A�N�D �T�O �A�C�H�I�E�V�E �C�O�N�V�E�R�G�E�N�C�E �T�O �S�O�M�E�T�H�I�N�G �C�L�O�S�E �T�O �T�H�E �G�L�O�B�A�L �O�P�T�I�M�U�M �I�N �W�E�I�G�H�T �S�P�A�C�E�� �4�H�E�R�E
�A�R�E �L�I�T�E�R�A�L�L�Y �T�E�N�S �O�F �T�H�O�U�S�A�N�D�S �O�F �P�U�B�L�I�S�H�E�D �A�P�P�L�I�C�A�T�I�O�N�S �O�F �N�E�U�R�A�L �N�E�T�W�O�R�K�S�� �3�E�C�T�I�O�N ��������������
�L�O�O�K�S �A�T �O�N�E �S�U�C�H �A�P�P�L�I�C�A�T�I�O�N �I�N �M�O�R�E �D�E�P�T�H��

������������ �/�H�D�U�Q�L�Q�J �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �V�W�U�X�F�W�X�U�H�V

�3�O �F�A�R�� �W�E �H�A�V�E �C�O�N�S�I�D�E�R�E�D �T�H�E �P�R�O�B�L�E�M �O�F �L�E�A�R�N�I�N�G �W�E�I�G�H�T�S�� �G�I�V�E�N �A �l�X�E�D �N�E�T�W�O�R�K �S�T�R�U�C�T�U�R�E��
�J�U�S�T �A�S �W�I�T�H �"�A�Y�E�S�I�A�N �N�E�T�W�O�R�K�S�� �W�E �A�L�S�O �N�E�E�D �T�O �U�N�D�E�R�S�T�A�N�D �H�O�W �T�O �l�N�D �T�H�E �B�E�S� T � N� E� T� W� O� R� K
�S�T�R�U�C�T�U�R�E�� �)�F �W�E �C�H�O�O�S�E �A �N�E�T�W�O�R�K �T�H�A�T �I�S �T�O�O �B�I�G�� �I�T �W�I�L�L �B�E �A�B�L�E �T�O �M�E�M�O�R�I�Z�E �A�L�L �T�H�E �E�X�A�M�P�L�E�S
�B�Y �F�O�R�M�I�N�G �A �L�A�R�G�E �L�O�O�K�U�P �T�A�B�L�E�� �B�U�T �W�I�L�L �N�O�T �N�E�C�E�S�S�A�R�I�L�Y �G�E�N�E�R�A�L�I�Z�E �W�E�L�L �T�O �I�N�P�U�T�S �T�H�A�T �H�A�V�E
�N�O�T �B�E�E�N �S�E�E�N �B�E�F�O�R�E������ �)�N �O�T�H�E�R �W�O�R�D�S�� �L�I�K�E �A�L�L �S�T�A�T�I�S�T�I�C�A�L �M�O�D�E�L�S�� �N�E�U�R�A�L �N�E�T�W�O�R�K�S �A�R�E �S�U�B�J�E�C�T
�T�O�R�Y�H�U�¿�W�W�L�Q�J�W�H�E�N �T�H�E�R�E �A�R�E �T�O�O �M�A�N�Y �P�A�R�A�M�E�T�E�R�S �I�N �T�H�E �M�O�D�E�L�� �7�E �S�A�W �T�H�I�S �I�N �&�I�G�U�R�E ��������
���P�A�G�E �������	�� �W�H�E�R�E �T�H�E �H�I�G�H�
�P�A�R�A�M�E�T�E�R �M�O�D�E�L�S �I�N ���B�	 �A�N�D ���C�	 �l�T �A�L�L �T�H�E �D�A�T�A�� �B�U�T �M�I�G�H�T �N�O�T
�G�E�N�E�R�A�L�I�Z�E �A�S �W�E�L�L �A�S �T�H�E �L�O�W�
�P�A�R�A�M�E�T�E�R �M�O�D�E�L�S �I�N ���A�	 �A�N�D ���D�	��

�)�F �W�E �S�T�I�C�K �T�O �F�U�L�L�Y �C�O�N�N�E�C�T�E�D �N�E�T�W�O�R�K�S�� �T�H�E �O�N�L�Y �C�H�O�I�C�E�S �T�O �B�E �M�A�D�E �C�O�N�C�E�R�N�T�H�E �N�U�M�B�E�R

10 �)�T �H�A�S �B�E�E�N �O�B�S�E�R�V�E�D �T�H�A�T �V�E�R�Y �L�A�R�G�E �N�E�T�W�O�R�K�S�G�R�G�E�N�E�R�A�L�I�Z�E �W�E�L�L�D�V �O�R�Q�J �D�V �W�K�H �Z�H�L�J�K�W�V �D�U�H �N�H�S�W �V�P�D�O�O� � � 4� H� I� S
�R�E�S�T�R�I�C�T�I�O�N �K�E�E�P�S �T�H�E �A�C�T�I�V�A�T�I�O�N �V�A�L�U�E�S �I�N �T�H�E�O�L�Q�H�D�U�R�E�G�I�O�N �O�F �T�H�E �S�I�G�M�O�I�D �F�U�N�C�T�I�O�Ng(x) �W�H�E�R�Ex �I�S �C�L�O�S�E �T�O �Z�E�R�O��
�4�H�I�S�� �I�N �T�U�R�N�� �M�E�A�N�S �T�H�A�T �T�H�E �N�E�T�W�O�R�K �B�E�H�A�V�E�S �L�I�K�E �A �L�I�N�E�A�R �F�U�N�C�T�I�O�N ���%�X�E�R�C�I�S�E �����������	 �W�I�T�H �F�A�R �F�E�W�E�R �P�A�R�A�M�E�T�E�R�S��



�3�E�C�T�I�O�N ���������� �.�O�N�P�A�R�A�M�E�T�R�I�C �-�O�D�E�L�S ������

�O�F �H�I�D�D�E�N �L�A�Y�E�R�S �A�N�D �T�H�E�I�R �S�I�Z�E�S�� �4�H�E �U�S�U�A�L �A�P�P�R�O�A�C�H �I�S �T�O �T�R�Y �S�E�V�E�R�A�L �A�N�D �K�E�E�P �T�H�E �B�E�S�T�� �4�H�E
�F�U�R�V�V���Y�D�O�L�G�D�W�L�R�Q�T�E�C�H�N�I�Q�U�E�S �O�F �#�H�A�P�T�E�R ���� �A�R�E �N�E�E�D�E�D �I�F �W�E �A�R�E �T�O �A�V�O�I�D�S�H�H�N�L�Q�J�A�T �T�H�E �T�E�S�T
�S�E�T�� �4�H�A�T �I�S�� �W�E �C�H�O�O�S�E �T�H�E �N�E�T�W�O�R�K �A�R�C�H�I�T�E�C�T�U�R�E �T�H�A�T �G�I�V�E�S �T�H�E �H�I�G�H�E�S�T �P�R�E�D�I�C�T�I�O�N �A�C�C�U�R�A�C�Y �O�N
�T�H�E �V�A�L�I�D�A�T�I�O�N �S�E�T�S��

�)�F �W�E �W�A�N�T �T�O �C�O�N�S�I�D�E�R �N�E�T�W�O�R�K�S �T�H�A�T �A�R�E �N�O�T �F�U�L�L�Y �C�O�N�N�E�C�T�E�D�� �T�H�E�N �W�E �N�E�E�D �T�O�l�N�D
�S�O�M�E �E�F�F�E�C�T�I�V�E �S�E�A�R�C�H �M�E�T�H�O�D �T�H�R�O�U�G�H �T�H�E �V�E�R�Y �L�A�R�G�E �S�P�A�C�E �O�F �P�O�S�S�I�B�L�E �C�O�N�N�E�C�T�I�O�N �T�O�P�O�L�O�G�I�E�S��
�4�H�E�R�S�W�L�P�D�O �E�U�D�L�Q �G�D�P�D�J�H�A�L�G�O�R�I�T�H�M �B�E�G�I�N�S �W�I�T�H �A �F�U�L�L�Y �C�O�N�N�E�C�T�E�D �N�E�T�W�O�R�K �A�N�D �R�E�M�O�V�E�SOPTIMAL BRAIN

DAMAGE

�C�O�N�N�E�C�T�I�O�N�S �F�R�O�M �I�T�� �!�F�T�E�R �T�H�E �N�E�T�W�O�R�K �I�S �T�R�A�I�N�E�D �F�O�R �T�H�E �l�R�S�T �T�I�M�E�� �A�N �I�N�F�O�R�M�A�T�I�O�N�
�T�H�E�O�R�E�T�I�C
�A�P�P�R�O�A�C�H �I�D�E�N�T�I�l�E�S �A�N �O�P�T�I�M�A�L �S�E�L�E�C�T�I�O�N �O�F �C�O�N�N�E�C�T�I�O�N�S �T�H�A�T �C�A�N �B�E �D�R�O�P�P�E�D�� �4�H�E �N�E�T�W�O�R�K
�I�S �T�H�E�N �R�E�T�R�A�I�N�E�D�� �A�N�D �I�F �I�T�S �P�E�R�F�O�R�M�A�N�C�E �H�A�S �N�O�T �D�E�C�R�E�A�S�E�D �T�H�E�N �T�H�E �P�R�O�C�E�S�S �I�S �R�E�P�E�A�T�E�D�� �)�N
�A�D�D�I�T�I�O�N �T�O �R�E�M�O�V�I�N�G �C�O�N�N�E�C�T�I�O�N�S�� �I�T �I�S �A�L�S�O �P�O�S�S�I�B�L�E �T�O �R�E�M�O�V�E �U�N�I�T�S �T�H�A�T�A�R�E �N�O�T �C�O�N�T�R�I�B�U�T�I�N�G
�M�U�C�H �T�O �T�H�E �R�E�S�U�L�T��

�3�E�V�E�R�A�L �A�L�G�O�R�I�T�H�M�S �H�A�V�E �B�E�E�N �P�R�O�P�O�S�E�D �F�O�R �G�R�O�W�I�N�G �A �L�A�R�G�E�R �N�E�T�W�O�R�K �F�R�O�M �A �S�M�A�L�L�E�R �O�N�E��
�/�N�E�� �T�H�E�W�L�O�L�Q�J�A�L�G�O�R�I�T�H�M�� �R�E�S�E�M�B�L�E�S �D�E�C�I�S�I�O�N�
�L�I�S�T �L�E�A�R�N�I�N�G�� �4�H�E �I�D�E�A �I�S �T�O �S�T�A�R�T �W�I�T�H �A �S�I�N�G�L�ETILING

�U�N�I�T �T�H�A�T �D�O�E�S �I�T�S �B�E�S�T �T�O �P�R�O�D�U�C�E �T�H�E �C�O�R�R�E�C�T �O�U�T�P�U�T �O�N �A�S �M�A�N�Y �O�F �T�H�E �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S �A�S
�P�O�S�S�I�B�L�E�� �3�U�B�S�E�Q�U�E�N�T �U�N�I�T�S �A�R�E �A�D�D�E�D �T�O �T�A�K�E �C�A�R�E �O�F �T�H�E �E�X�A�M�P�L�E�S �T�H�A�T �T�H�E �l�R�S�T �U�N�I�T �G�O�T �W�R�O�N�G��
�4�H�E �A�L�G�O�R�I�T�H�M �A�D�D�S �O�N�L�Y �A�S �M�A�N�Y �U�N�I�T�S �A�S �A�R�E �N�E�E�D�E�D �T�O �C�O�V�E�R �A�L�L �T�H�E �E�X�A�M�P�L�E�S��

�������� �.�/�.�0�!�2�!�-�%�4�2�)�#�- �/�$�%�,�3

�,�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N �A�N�D �N�E�U�R�A�L �N�E�T�W�O�R�K�S �U�S�E �T�H�E �T�R�A�I�N�I�N�G �D�A�T�A �T�O �E�S�T�I�M�A�T�E �A �l�X�E�D �S�E�T �O�F �P�A�R�A�M�

�E�T�E�R�S�Z�� �4�H�A�T �D�E�l�N�E�S �O�U�R �H�Y�P�O�T�H�E�S�I�Sh�Z(�[)�� �A�N�D �A�T �T�H�A�T �P�O�I�N�T �W�E �C�A�N �T�H�R�O�W �A�W�A�Y �T�H�E �T�R�A�I�N�I�N�G
�D�A�T�A�� �B�E�C�A�U�S�E �T�H�E�Y �A�R�E �A�L�L �S�U�M�M�A�R�I�Z�E�D �B�Y�Z�� �! �L�E�A�R�N�I�N�G �M�O�D�E�L �T�H�A�T �S�U�M�M�A�R�I�Z�E�S �D�A�T�A �W�I�T�H �A
�S�E�T �O�F �P�A�R�A�M�E�T�E�R�S �O�F �l�X�E�D �S�I�Z�E ���I�N�D�E�P�E�N�D�E�N�T �O�F �T�H�E �N�U�M�B�E�R �O�F �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S�	 �I�S �C�A�L�L�E�D �A
�S�D�U�D�P�H�W�U�L�F �P�R�G�H�O��PARAMETRIC MODEL

�.�O �M�A�T�T�E�R �H�O�W �M�U�C�H �D�A�T�A �Y�O�U �T�H�R�O�W �A�T �A �P�A�R�A�M�E�T�R�I�C �M�O�D�E�L�� �I�T �W�O�N���T �C�H�A�N�G�E �I�T�S �M�I�N�D
�A�B�O�U�T �H�O�W �M�A�N�Y �P�A�R�A�M�E�T�E�R�S �I�T �N�E�E�D�S�� �7�H�E�N �D�A�T�A �S�E�T�S �A�R�E �S�M�A�L�L�� �I�T �M�A�K�E�S �S�E�N�S�E �T�O �H�A�V�E �A �S�T�R�O�N�G
�R�E�S�T�R�I�C�T�I�O�N �O�N �T�H�E �A�L�L�O�W�A�B�L�E �H�Y�P�O�T�H�E�S�E�S�� �T�O �A�V�O�I�D �O�V�E�R�l�T�T�I�N�G�� �"�U�T �W�H�E�N �T�H�E�R�E �A�R�E �T�H�O�U�S�A�N�D�S �O�R
�M�I�L�L�I�O�N�S �O�R �B�I�L�L�I�O�N�S �O�F �E�X�A�M�P�L�E�S �T�O �L�E�A�R�N �F�R�O�M�� �I�T �S�E�E�M�S �L�I�K�E �A �B�E�T�T�E�R �I�D�E�A �T�O �L�E�T �T�H�E �D�A�T�A �S�P�E�A�K
�F�O�R �T�H�E�M�S�E�L�V�E�S �R�A�T�H�E�R �T�H�A�N �F�O�R�C�I�N�G �T�H�E�M �T�O �S�P�E�A�K �T�H�R�O�U�G�H �A �T�I�N�Y �V�E�C�T�O�R �O�F �P�A�R�A�M�E�T�E�R�S�� �)�F �T�H�E
�D�A�T�A �S�A�Y �T�H�A�T �T�H�E �C�O�R�R�E�C�T �A�N�S�W�E�R �I�S �A �V�E�R�Y �W�I�G�G�L�Y �F�U�N�C�T�I�O�N�� �W�E �S�H�O�U�L�D�N���T �R�E�S�T�R�I�C�T �O�U�R�S�E�L�V�E�S �T�O
�L�I�N�E�A�R �O�R �S�L�I�G�H�T�L�Y �W�I�G�G�L�Y �F�U�N�C�T�I�O�N�S��

�! �Q�R�Q�S�D�U�D�P�H�W�U�L�F �P�R�G�H�O�I�S �O�N�E �T�H�A�T �C�A�N�N�O�T �B�E �C�H�A�R�A�C�T�E�R�I�Z�E�D �B�Y �A �B�O�U�N�D�E�D �S�E�T �O�F �P�A�R�A�M�
NONPARAMETRIC
MODEL

�E�T�E�R�S�� �&�O�R �E�X�A�M�P�L�E�� �S�U�P�P�O�S�E �T�H�A�T �E�A�C�H �H�Y�P�O�T�H�E�S�I�S �W�E �G�E�N�E�R�A�T�E �S�I�M�P�L�Y �R�E�T�A�I�N�S �W�I�T�H�I�N �I�T�S�E�L�F �A�L�L
�O�F �T�H�E �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S �A�N�D �U�S�E�S �A�L�L �O�F �T�H�E�M �T�O �P�R�E�D�I�C�T �T�H�E �N�E�X�T �E�X�A�M�P�L�E�� �3�U�C�H �A �H�Y�P�O�T�H�E�S�I�S
�F�A�M�I�L�Y �W�O�U�L�D �B�E �N�O�N�P�A�R�A�M�E�T�R�I�C �B�E�C�A�U�S�E �T�H�E �E�F�F�E�C�T�I�V�E �N�U�M�B�E�R �O�F �P�A�R�A�M�E�T�E�R�S�I�S �U�N�B�O�U�N�D�E�D�ˆ
�I�T �G�R�O�W�S �W�I�T�H �T�H�E �N�U�M�B�E�R �O�F �E�X�A�M�P�L�E�S�� �4�H�I�S �A�P�P�R�O�A�C�H �I�S �C�A�L�L�E�D�L�Q�V�W�D�Q�F�H���E�D�V�H�G �O�H�D�U�Q�L�Q�J�O�RINSTANCE-BASED

LEARNING

�P�H�P�R�U�\���E�D�V�H�G �O�H�D�U�Q�L�Q�J�� �4�H�E �S�I�M�P�L�E�S�T �I�N�S�T�A�N�C�E�
�B�A�S�E�D �L�E�A�R�N�I�N�G �M�E�T�H�O�D �I�S�W�D�E�O�H �O�R�R�N�X�S� � � T� A� K� ETABLE LOOKUP

�A�L�L �T�H�E �T�R�A�I�N�I�N�G �E�X�A�M�P�L�E�S�� �P�U�T �T�H�E�M �I�N �A �L�O�O�K�U�P �T�A�B�L�E�� �A�N�D �T�H�E�N �W�H�E�N �A�S�K�E�D �F�O�Rh(�[)�� �S�E�E �I�F�[ �I�S
�I�N �T�H�E �T�A�B�L�E�� �I�F �I�T �I�S�� �R�E�T�U�R�N �T�H�E �C�O�R�R�E�S�P�O�N�D�I�N�Gy�� �4�H�E �P�R�O�B�L�E�M �W�I�T�H �T�H�I�S �M�E�T�H�O�D �I�S �T�H�A�T �I�T �D�O�E�S
�N�O�T �G�E�N�E�R�A�L�I�Z�E �W�E�L�L�� �W�H�E�N�[ �I�S �N�O�T �I�N �T�H�E �T�A�B�L�E �A�L�L �I�T �C�A�N �D�O �I�S �R�E�T�U�R�N �S�O�M�E �D�E�F�A�U�L�T �V�A�L�U�E��



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S
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��k = 1 � 	 � �k = 5 �	

�)�L�J�X�U�H �������������A�	 �!k�
�N�E�A�R�E�S�T�
�N�E�I�G�H�B�O�R �M�O�D�E�L �S�H�O�W�I�N�G �T�H�E �E�X�T�E�N�T �O�F �T�H�E �E�X�P�L�O�S�I�O�N �C�L�A�S�S �F�O�R
�T�H�E �D�A�T�A �I�N �&�I�G�U�R�E ������������ �W�I�T�Hk = 1 �� �/�V�E�R�l�T�T�I�N�G �I�S �A�P�P�A�R�E�N�T�� ���B�	 �7�I�T�Hk = 5 �� �T�H�E �O�V�E�R�l�T�T�I�N�G
�P�R�O�B�L�E�M �G�O�E�S �A�W�A�Y �F�O�R �T�H�I�S �D�A�T�A �S�E�T��

������������ �1�H�D�U�H�V�W �Q�H�L�J�K�E�R�U �P�R�G�H�O�V

�7�E �C�A�N �I�M�P�R�O�V�E �O�N �T�A�B�L�E �L�O�O�K�U�P �W�I�T�H �A �S�L�I�G�H�T �V�A�R�I�A�T�I�O�N�� �G�I�V�E�N �A �Q�U�E�R�Y�[q� � � l� N� D � T� H� Ek �E�X�A�M�P�L�E�S
�T�H�A�T �A�R�E�Q�H�D�U�H�V�W�T�O�[q� � � 4� H� I� S � I� S � C� A� L� L� E� Dk���Q�H�D�U�H�V�W �Q�H�L�J�K�E�R�U�V�L�O�O�K�U�P�� �7�E���L�L �U�S�E �T�H�E �N�O�T�A�T�I�O�NNEAREST

NEIGHBORS

NN (k, �[q) �T�O �D�E�N�O�T�E �T�H�E �S�E�T �O�Fk �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S��
�4�O �D�O �C�L�A�S�S�I�l�C�A�T�I�O�N�� �l�R�S�T �l�N�DNN (k, �[q)�� �T�H�E�N �T�A�K�E �T�H�E �P�L�U�R�A�L�I�T�Y �V�O�T�E �O�F �T�H�E �N�E�I�G�H�B�O�R�S

���W�H�I�C�H �I�S �T�H�E �M�A�J�O�R�I�T�Y �V�O�T�E �I�N �T�H�E �C�A�S�E �O�F �B�I�N�A�R�Y �C�L�A�S�S�I�l�C�A�T�I�O�N�	�� �4�O �A�V�O�I�D �T�I�E�S��k �I�S �A�L�W�A�Y�S
�C�H�O�S�E�N �T�O �B�E �A�N �O�D�D �N�U�M�B�E�R�� �4�O �D�O �R�E�G�R�E�S�S�I�O�N�� �W�E �C�A�N �T�A�K�E �T�H�E �M�E�A�N �O�R �M�E�D�I�A�N �O�F�T�H�Ek
�N�E�I�G�H�B�O�R�S�� �O�R �W�E �C�A�N �S�O�L�V�E �A �L�I�N�E�A�R �R�E�G�R�E�S�S�I�O�N �P�R�O�B�L�E�M �O�N �T�H�E �N�E�I�G�H�B�O�R�S��

�)�N �&�I�G�U�R�E ������������ �W�E �S�H�O�W �T�H�E �D�E�C�I�S�I�O�N �B�O�U�N�D�A�R�Y �O�Fk�
�N�E�A�R�E�S�T�
�N�E�I�G�H�B�O�R�S �C�L�A�S�S�I�l�C�A�T�I�O�N
�F�O�Rk = �� �A�N�D �� �O�N �T�H�E �E�A�R�T�H�Q�U�A�K�E �D�A�T�A �S�E�T �F�R�O�M �&�I�G�U�R�E ������������ �.�O�N�P�A�R�A�M�E�T�R�I�C �M�E�T�H�O�D�S�A�R�E
�S�T�I�L�L �S�U�B�J�E�C�T �T�O �U�N�D�E�R�l�T�T�I�N�G �A�N�D �O�V�E�R�l�T�T�I�N�G�� �J�U�S�T �L�I�K�E �P�A�R�A�M�E�T�R�I�C �M�E�T�H�O�D�S�� �)�N �T�H�I�S �C�A�S�E ���
�N�E�A�R�E�S�T
�N�E�I�G�H�B�O�R�S �I�S �O�V�E�R�l�T�T�I�N�G�� �I�T �R�E�A�C�T�S �T�O�O �M�U�C�H �T�O �T�H�E �B�L�A�C�K �O�U�T�L�I�E�R �I�N �T�H�E �U�P�P�E�R �R�I�G�H�T �A�N�D �T�H�E �W�H�I�T�E
�O�U�T�L�I�E�R �A�T ���������� �������	�� �4�H�E ���
�N�E�A�R�E�S�T�
�N�E�I�G�H�B�O�R�S �D�E�C�I�S�I�O�N �B�O�U�N�D�A�R�Y �I�S �G�O�O�D�� �H�I�G�H�E�Rk �W�O�U�L�D
�U�N�D�E�R�l�T�� �!�S �U�S�U�A�L�� �C�R�O�S�S�
�V�A�L�I�D�A�T�I�O�N �C�A�N �B�E �U�S�E�D �T�O �S�E�L�E�C�T �T�H�E �B�E�S�T �V�A�L�U�E �O�Fk��

�4�H�E �V�E�R�Y �W�O�R�D �h�N�E�A�R�E�S�T�v �I�M�P�L�I�E�S �A �D�I�S�T�A�N�C�E �M�E�T�R�I�C�� �(�O�W �D�O �W�E �M�E�A�S�U�R�E �T�H�E �D�I�S�T�A�N�C�E
�F�R�O�M �A �Q�U�E�R�Y �P�O�I�N�T�[q �T�O �A�N �E�X�A�M�P�L�E �P�O�I�N�T�[j �� �4�Y�P�I�C�A�L�L�Y�� �D�I�S�T�A�N�C�E�S �A�R�E �M�E�A�S�U�R�E�D �W�I�T�H �A
�0�L�Q�N�R�Z�V�N�L �G�L�V�W�D�Q�F�H�O�RL p �N�O�R�M�� �D�E�l�N�E�D �A�SMINKOWSKI

DISTANCE

L p(�[j , �[q) = (
�

i

|xj,i Š xq,i |p)1/p .

�7�I�T�Hp= 2 �T�H�I�S �I�S �%�U�C�L�I�D�E�A�N �D�I�S�T�A�N�C�E �A�N�D �W�I�T�Hp= 1 �I�T �I�S �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E�� �7�I�T�H �"�O�O�L�E�A�N
�A�T�T�R�I�B�U�T�E �V�A�L�U�E�S�� �T�H�E �N�U�M�B�E�R �O�F �A�T�T�R�I�B�U�T�E�S �O�N �W�H�I�C�H �T�H�E �T�W�O �P�O�I�N�T�S �D�I�F�F�E�R �I�S �C�A�L�L�E�D �T�H�E�+�D�P��
�P�L�Q�J �G�L�V�W�D�Q�F�H�� �/�F�T�E�Np= 2 �I�S �U�S�E�D �I�F �T�H�E �D�I�M�E�N�S�I�O�N�S �A�R�E �M�E�A�S�U�R�I�N�G �S�I�M�I�L�A�R �P�R�O�P�E�R�T�I�E�S�� �S�U�C�HHAMMING DISTANCE

�A�S �T�H�E �W�I�D�T�H�� �H�E�I�G�H�T �A�N�D �D�E�P�T�H �O�F �P�A�R�T�S �O�N �A �C�O�N�V�E�Y�O�R �B�E�L�T�� �A�N�D �-�A�N�H�A�T�T�A�N �D�I�S�T�A�N�C�E �I�S �U�S�E�D �I�F
�T�H�E�Y �A�R�E �D�I�S�S�I�M�I�L�A�R�� �S�U�C�H �A�S �A�G�E�� �W�E�I�G�H�T�� �A�N�D �G�E�N�D�E�R �O�F �A �P�A�T�I�E�N�T�� �.�O�T�E �T�H�A�T�I�F �W�E �U�S�E �T�H�E �R�A�W
�N�U�M�B�E�R�S �F�R�O�M �E�A�C�H �D�I�M�E�N�S�I�O�N �T�H�E�N �T�H�E �T�O�T�A�L �D�I�S�T�A�N�C�E �W�I�L�L �B�E �A�F�F�E�C�T�E�D �B�Y �A �C�H�A�N�G�E �I�N �S�C�A�L�E
�I�N �A�N�Y �D�I�M�E�N�S�I�O�N�� �4�H�A�T �I�S�� �I�F �W�E �C�H�A�N�G�E �D�I�M�E�N�S�I�O�Ni �F�R�O�M �M�E�A�S�U�R�E�M�E�N�T�S �I�N �C�E�N�T�I�M�E�T�E�R�S �T�O



�3�E�C�T�I�O�N ���������� �.�O�N�P�A�R�A�M�E�T�R�I�C �-�O�D�E�L�S ������

�M�I�L�E�S �W�H�I�L�E �K�E�E�P�I�N�G �T�H�E �O�T�H�E�R �D�I�M�E�N�S�I�O�N�S �T�H�E �S�A�M�E�� �W�E���L�L �G�E�T �D�I�F�F�E�R�E�N�T �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S�� �4�O
�A�V�O�I�D �T�H�I�S�� �I�T �I�S �C�O�M�M�O�N �T�O �A�P�P�L�Y�Q�R�U�P�D�O�L�]�D�W�L�R�Q�T�O �T�H�E �M�E�A�S�U�R�E�M�E�N�T�S �I�N �E�A�C�H �D�I�M�E�N�S�I�O�N�� �/�N�ENORMALIZATION

�S�I�M�P�L�E �A�P�P�R�O�A�C�H �I�S �T�O �C�O�M�P�U�T�E �T�H�E �M�E�A�Nµi �A�N�D �S�T�A�N�D�A�R�D �D�E�V�I�A�T�I�O�N	 i �O�F �T�H�E �V�A�L�U�E�S �I�N �E�A�C�H
�D�I�M�E�N�S�I�O�N�� �A�N�D �R�E�S�C�A�L�E �T�H�E�M �S�O �T�H�A�Txj,i �B�E�C�O�M�E�S(xj,i Š µi )/	 i �� �! �M�O�R�E �C�O�M�P�L�E�X �M�E�T�R�I�C
�K�N�O�W�N �A�S �T�H�E�0�D�K�D�O�D�Q�R�E�L�V �G�L�V�W�D�Q�F�H�T�A�K�E�S �I�N�T�O �A�C�C�O�U�N�T �T�H�E �C�O�V�A�R�I�A�N�C�E �B�E�T�W�E�E�N �D�I�M�E�N�S�I�O�N�S��MAHALANOBIS

DISTANCE

�)�N �L�O�W�
�D�I�M�E�N�S�I�O�N�A�L �S�P�A�C�E�S �W�I�T�H �P�L�E�N�T�Y �O�F �D�A�T�A�� �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S �W�O�R�K�S �V�E�R�Y �W�E�L�L�� �W�E
�A�R�E �L�I�K�E�L�Y �T�O �H�A�V�E �E�N�O�U�G�H �N�E�A�R�B�Y �D�A�T�A �P�O�I�N�T�S �T�O �G�E�T �A �G�O�O�D �A�N�S�W�E�R�� �"�U�T �A�S �T�H�E �N�U�M�B�E�R �O�F
�D�I�M�E�N�S�I�O�N�S �R�I�S�E�S �W�E �E�N�C�O�U�N�T�E�R �A �P�R�O�B�L�E�M�� �T�H�E �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S �I�N �H�I�G�H�
�D�I�M�E�N�S�I�O�N�A�L �S�P�A�C�E�S
�A�R�E �U�S�U�A�L�L�Y �N�O�T �V�E�R�Y �N�E�A�R�� �#�O�N�S�I�D�E�Rk�
�N�E�A�R�E�S�T�
�N�E�I�G�H�B�O�R�S �O�N �A �D�A�T�A �S�E�T �O�FN �P�O�I�N�T�S �U�N�I�F�O�R�M�L�Y
�D�I�S�T�R�I�B�U�T�E�D �T�H�R�O�U�G�H�O�U�T �T�H�E �I�N�T�E�R�I�O�R �O�F �A�Nn�
�D�I�M�E�N�S�I�O�N�A�L �U�N�I�T �H�Y�P�E�R�C�U�B�E�� �7�E���L�L �D�E�l�N�E �T�H�Ek�

�N�E�I�G�H�B�O�R�H�O�O�D �O�F �A �P�O�I�N�T �A�S �T�H�E �S�M�A�L�L�E�S�T �H�Y�P�E�R�C�U�B�E �T�H�A�T �C�O�N�T�A�I�N�S �T�H�Ek�
�N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S�� �,�E�T
� �B�E �T�H�E �A�V�E�R�A�G�E �S�I�D�E �L�E�N�G�T�H �O�F �A �N�E�I�G�H�B�O�R�H�O�O�D�� �4�H�E�N �T�H�E �V�O�L�U�M�E �O�F �T�H�E �N�E�I�G�H�B�O�R�H�O�O�D ���W�H�I�C�H
�C�O�N�T�A�I�N�Sk �P�O�I�N�T�S�	 �I�S� n �A�N�D �T�H�E �V�O�L�U�M�E �O�F �T�H�E �F�U�L�L �C�U�B�E ���W�H�I�C�H �C�O�N�T�A�I�N�SN �P�O�I�N�T�S�	 �I�S ���� �3�O��
�O�N �A�V�E�R�A�G�E��� n = k/N � � � 4� A� K� I� N� Gn�T�H �R�O�O�T�S �O�F �B�O�T�H �S�I�D�E�S �W�E �G�E�T� = ( k/N )1/n ��

�4�O �B�E �C�O�N�C�R�E�T�E�� �L�E�Tk = 10 �A�N�DN = 1 , 000,000�� �)�N �T�W�O �D�I�M�E�N�S�I�O�N�S ��n = 2 �� �A �U�N�I�T
�S�Q�U�A�R�E�	�� �T�H�E �A�V�E�R�A�G�E �N�E�I�G�H�B�O�R�H�O�O�D �H�A�S� = 0 .003�� �A �S�M�A�L�L �F�R�A�C�T�I�O�N �O�F �T�H�E �U�N�I�T �S�Q�U�A�R�E�� �A�N�D
�I�N �� �D�I�M�E�N�S�I�O�N�S� �I�S �J�U�S�T ���� �O�F �T�H�E �E�D�G�E �L�E�N�G�T�H �O�F �T�H�E �U�N�I�T �C�U�B�E�� �"�U�T �B�Y �T�H�E �T�I�M�E �W�E �G�E�T �T�O ����
�D�I�M�E�N�S�I�O�N�S��� �I�S �H�A�L�F �T�H�E �E�D�G�E �L�E�N�G�T�H �O�F �T�H�E �U�N�I�T �H�Y�P�E�R�C�U�B�E�� �A�N�D �I�N ������ �D�I�M�E�N�S�I�O�N�S �I�T �I�S ��������
�4�H�I�S �P�R�O�B�L�E�M �H�A�S �B�E�E�N �C�A�L�L�E�D �T�H�E�F�X�U�V�H �R�I �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\��CURSE OF

DIMENSIONALITY

�!�N�O�T�H�E�R �W�A�Y �T�O �L�O�O�K �A�T �I�T�� �C�O�N�S�I�D�E�R �T�H�E �P�O�I�N�T�S �T�H�A�T �F�A�L�L �W�I�T�H�I�N �A �T�H�I�N �S�H�E�L�L �M�A�K�I�N�G �U�P �T�H�E
�O�U�T�E�R ���� �O�F �T�H�E �U�N�I�T �H�Y�P�E�R�C�U�B�E�� �4�H�E�S�E �A�R�E �O�U�T�L�I�E�R�S�� �I�N �G�E�N�E�R�A�L �I�T �W�I�L�L �B�E �H�A�R�D �T�O �l�N�D �A �G�O�O�D
�V�A�L�U�E �F�O�R �T�H�E�M �B�E�C�A�U�S�E �W�E �W�I�L�L �B�E �E�X�T�R�A�P�O�L�A�T�I�N�G �R�A�T�H�E�R �T�H�A�N �I�N�T�E�R�P�O�L�A�T�I�N�G�� �)�N �O�N�E �D�I�M�E�N�S�I�O�N��
�T�H�E�S�E �O�U�T�L�I�E�R�S �A�R�E �O�N�L�Y ���� �O�F �T�H�E �P�O�I�N�T�S �O�N �T�H�E �U�N�I�T �L�I�N�E ���T�H�O�S�E �P�O�I�N�T�S �W�H�E�R�Ex < . 01 �O�R
x > . 99�	�� �B�U�T �I�N ������ �D�I�M�E�N�S�I�O�N�S�� �O�V�E�R ������ �O�F �T�H�E �P�O�I�N�T�S �F�A�L�L �W�I�T�H�I�N �T�H�I�S �T�H�I�N �S�H�E�L�L�ˆ�A�L�M�O�S�T
�A�L�L �T�H�E �P�O�I�N�T�S �A�R�E �O�U�T�L�I�E�R�S�� �9�O�U �C�A�N �S�E�E �A�N �E�X�A�M�P�L�E �O�F �A �P�O�O�R �N�E�A�R�E�S�T�
�N�E�I�G�H�B�O�R�S �l�T �O�N �O�U�T�L�I�E�R�S
�I�F �Y�O�U �L�O�O�K �A�H�E�A�D �T�O �&�I�G�U�R�E �������������B�	��

�4�H�ENN (k, �[q) �F�U�N�C�T�I�O�N �I�S �C�O�N�C�E�P�T�U�A�L�L�Y �T�R�I�V�I�A�L�� �G�I�V�E�N �A �S�E�T �O�FN �E�X�A�M�P�L�E�S �A�N�D �A �Q�U�E�R�Y
�[q�� �I�T�E�R�A�T�E �T�H�R�O�U�G�H �T�H�E �E�X�A�M�P�L�E�S�� �M�E�A�S�U�R�E �T�H�E �D�I�S�T�A�N�C�E �T�O�[q �F�R�O�M �E�A�C�H �O�N�E�� �A�N�D �K�E�E�P �T�H�E �B�E�S�T
k�� �)�F �W�E �A�R�E �S�A�T�I�S�l�E�D �W�I�T�H �A�N �I�M�P�L�E�M�E�N�T�A�T�I�O�N �T�H�A�T �T�A�K�E�SO(N ) �E�X�E�C�U�T�I�O�N �T�I�M�E�� �T�H�E�N �T�H�A�T �I�S �T�H�E
�E�N�D �O�F �T�H�E �S�T�O�R�Y�� �"�U�T �I�N�S�T�A�N�C�E�
�B�A�S�E�D �M�E�T�H�O�D�S �A�R�E �D�E�S�I�G�N�E�D �F�O�R �L�A�R�G�E �D�A�T�A �S�E�T�S�� �S�O �W�E �W�O�U�L�D
�L�I�K�E �A�N �A�L�G�O�R�I�T�H�M �W�I�T�H �S�U�B�L�I�N�E�A�R �R�U�N �T�I�M�E�� �%�L�E�M�E�N�T�A�R�Y �A�N�A�L�Y�S�I�S �O�F �A�L�G�O�R�I�T�H�M�S �T�E�L�L�S �U�S �T�H�A�T
�E�X�A�C�T �T�A�B�L�E �L�O�O�K�U�P �I�SO(N ) �W�I�T�H �A �S�E�Q�U�E�N�T�I�A�L �T�A�B�L�E��O(log N ) �W�I�T�H �A �B�I�N�A�R�Y �T�R�E�E�� �A�N�DO(1)
�W�I�T�H �A �H�A�S�H �T�A�B�L�E�� �7�E �W�I�L�L �N�O�W �S�E�E �T�H�A�T �B�I�N�A�R�Y �T�R�E�E�S �A�N�D �H�A�S�H �T�A�B�L�E�S �A�R�E �A�L�S�O �A�P�P�L�I�C�A�B�L�E �F�O�R
�l�N�D�I�N�G �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S��

������������ �)�L�Q�G�L�Q�J �Q�H�D�U�H�V�W �Q�H�L�J�K�E�R�U�V �Z�L�W�K �N���G �W�U�H�H�V

�! �B�A�L�A�N�C�E�D �B�I�N�A�R�Y �T�R�E�E �O�V�E�R �D�A�T�A �W�I�T�H �A�N �A�R�B�I�T�R�A�R�Y �N�U�M�B�E�R �O�F �D�I�M�E�N�S�I�O�N�S �I�S �C�A�L�L�E�D �A�N���G �W�U�H�H��K-D TREE

�F�O�R �K�
�D�I�M�E�N�S�I�O�N�A�L �T�R�E�E�� ���)�N �O�U�R �N�O�T�A�T�I�O�N�� �T�H�E �N�U�M�B�E�R �O�F �D�I�M�E�N�S�I�O�N�S �I�Sn�� �S�O �T�H�E�Y �W�O�U�L�D �B�E
n�
�D �T�R�E�E�S�� �4�H�E �C�O�N�S�T�R�U�C�T�I�O�N �O�F �A �K�
�D �T�R�E�E �I�S �S�I�M�I�L�A�R �T�O �T�H�E �C�O�N�S�T�R�U�C�T�I�O�N �O�F �A �O�N�E�
�D�I�M�E�N�S�I�O�N�A�L
�B�A�L�A�N�C�E�D �B�I�N�A�R�Y �T�R�E�E�� �7�E �S�T�A�R�T �W�I�T�H �A �S�E�T �O�F �E�X�A�M�P�L�E�S �A�N�D �A�T �T�H�E �R�O�O�T �N�O�D�E �W�E �S�P�L�I�T �T�H�E�M �A�L�O�N�G
�T�H�Ei �T�H �D�I�M�E�N�S�I�O�N �B�Y �T�E�S�T�I�N�G �W�H�E�T�H�E�Rxi 
 m�� �7�E �C�H�O�S�E �T�H�E �V�A�L�U�Em �T�O �B�E �T�H�E �M�E�D�I�A�N �O�F �T�H�E
�E�X�A�M�P�L�E�S �A�L�O�N�G �T�H�Ei �T�H �D�I�M�E�N�S�I�O�N�� �T�H�U�S �H�A�L�F �T�H�E �E�X�A�M�P�L�E�S �W�I�L�L �B�E �I�N �T�H�E �L�E�F�T �B�R�A�N�C�H �O�F �T�H�E �T�R�E�E



������ �#�H�A�P�T�E�R ������ �,�E�A�R�N�I�N�G �F�R�O�M �%�X�A�M�P�L�E�S
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���A�	 ���B�	

�)�L�J�X�U�H �����������4�H�E �C�U�R�S�E �O�F �D�I�M�E�N�S�I�O�N�A�L�I�T�Y�� ���A�	 �4�H�E �L�E�N�G�T�H �O�F �T�H�E �A�V�E�R�A�G�E �N�E�I�G�H�B�O�R�H�O�O�D �F�O�R
�����
�N�E�A�R�E�S�T�
�N�E�I�G�H�B�O�R�S �I�N �A �U�N�I�T �H�Y�P�E�R�C�U�B�E �W�I�T�H ������������������ �P�O�I�N�T�S�� �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �N�U�M�B�E�R
�O�F �D�I�M�E�N�S�I�O�N�S�� ���B�	 �4�H�E �P�R�O�P�O�R�T�I�O�N �O�F �P�O�I�N�T�S �T�H�A�T �F�A�L�L �W�I�T�H�I�N �A �T�H�I�N �S�H�E�L�L �C�O�N�S�I�S�T�I�N�G �O�F �T�H�E
�O�U�T�E�R ���� �O�F �T�H�E �H�Y�P�E�R�C�U�B�E�� �A�S �A �F�U�N�C�T�I�O�N �O�F �T�H�E �N�U�M�B�E�R �O�F �D�I�M�E�N�S�I�O�N�S�� �3�A�M�P�L�E�D �F�R�O�M ������������
�R�A�N�D�O�M�L�Y �D�I�S�T�R�I�B�U�T�E�D �P�O�I�N�T�S��

�A�N�D �H�A�L�F �I�N �T�H�E �R�I�G�H�T�� �7�E �T�H�E�N �R�E�C�U�R�S�I�V�E�L�Y �M�A�K�E �A �T�R�E�E �F�O�R �T�H�E �L�E�F�T �A�N�D �R�I�G�H�T �S�E�T�S �O�F �E�X�A�M�P�L�E�S��
�S�T�O�P�P�I�N�G �W�H�E�N �T�H�E�R�E �A�R�E �F�E�W�E�R �T�H�A�N �T�W�O �E�X�A�M�P�L�E�S �L�E�F�T�� �4�O �C�H�O�O�S�E �A �D�I�M�E�N�S�I�O�N�T�O �S�P�L�I�T �O�N �A�T
�E�A�C�H �N�O�D�E �O�F �T�H�E �T�R�E�E�� �O�N�E �C�A�N �S�I�M�P�L�Y �S�E�L�E�C�T �D�I�M�E�N�S�I�O�Ni mod n �A�T �L�E�V�E�Li �O�F �T�H�E �T�R�E�E�� ���.�O�T�E
�T�H�A�T �W�E �M�A�Y �N�E�E�D �T�O �S�P�L�I�T �O�N �A�N�Y �G�I�V�E�N �D�I�M�E�N�S�I�O�N �S�E�V�E�R�A�L �T�I�M�E�S �A�S �W�E �P�R�O�C�E�E�D �D�O�W�N �T�H�E �T�R�E�E���	
�!�N�O�T�H�E�R �S�T�R�A�T�E�G�Y �I�S �T�O �S�P�L�I�T �O�N �T�H�E �D�I�M�E�N�S�I�O�N �T�H�A�T �H�A�S �T�H�E �W�I�D�E�S�T �S�P�R�E�A�D �O�F �V�A�L�U�E�S��

�%�X�A�C�T �L�O�O�K�U�P �F�R�O�M �A �K�
�D �T�R�E�E �I�S �J�U�S�T �L�I�K�E �L�O�O�K�U�P �F�R�O�M �A �B�I�N�A�R�Y �T�R�E�E ���W�I�T�H �T�H�E �S�L�I�G�H�T
�C�O�M�P�L�I�C�A�T�I�O�N �T�H�A�T �Y�O�U �N�E�E�D �T�O �P�A�Y �A�T�T�E�N�T�I�O�N �T�O �W�H�I�C�H �D�I�M�E�N�S�I�O�N �Y�O�U �A�R�E �T�E�S�T�I�N�G �A�T �E�A�C�H �N�O�D�E�	��
�"�U�T �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R �L�O�O�K�U�P �I�S �M�O�R�E �C�O�M�P�L�I�C�A�T�E�D�� �!�S �W�E �G�O �D�O�W�N �T�H�E �B�R�A�N�C�H�E�S�� �S�P�L�I�T�T�I�N�G
�T�H�E �E�X�A�M�P�L�E�S �I�N �H�A�L�F�� �I�N �S�O�M�E �C�A�S�E�S �W�E �C�A�N �D�I�S�C�A�R�D �T�H�E �O�T�H�E�R �H�A�L�F �O�F �T�H�E �E�X�A�M�P�L�E�S�� �"�U�T �N�O�T
�A�L�W�A�Y�S�� �3�O�M�E�T�I�M�E�S �T�H�E �P�O�I�N�T �W�E �A�R�E �Q�U�E�R�Y�I�N�G �F�O�R �F�A�L�L�S �V�E�R�Y �C�L�O�S�E �T�O �T�H�E �D�I�V�I�D�I�N�G �B�O�U�N�D�A�R�Y��
�4�H�E �Q�U�E�R�Y �P�O�I�N�T �I�T�S�E�L�F �M�I�G�H�T �B�E �O�N �T�H�E �L�E�F�T �H�A�N�D �S�I�D�E �O�F �T�H�E �B�O�U�N�D�A�R�Y�� �B�U�T �O�N�E�O�R �M�O�R�E �O�F
�T�H�Ek �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S �M�I�G�H�T �A�C�T�U�A�L�L�Y �B�E �O�N �T�H�E �R�I�G�H�T�
�H�A�N�D �S�I�D�E�� �7�E �H�A�V�E �T�O �T�E�S�T�F�O�R �T�H�I�S
�P�O�S�S�I�B�I�L�I�T�Y �B�Y �C�O�M�P�U�T�I�N�G �T�H�E �D�I�S�T�A�N�C�E �O�F �T�H�E �Q�U�E�R�Y �P�O�I�N�T �T�O �T�H�E �D�I�V�I�D�I�N�G �B�O�U�N�D�A�R�Y�� �A�N�D �T�H�E�N
�S�E�A�R�C�H�I�N�G �B�O�T�H �S�I�D�E�S �I�F �W�E �C�A�N���T �l�N�Dk �E�X�A�M�P�L�E�S �O�N �T�H�E �L�E�F�T �T�H�A�T �A�R�E �C�L�O�S�E�R �T�H�A�N �T�H�I�S �D�I�S�T�A�N�C�E��
�"�E�C�A�U�S�E �O�F �T�H�I�S �P�R�O�B�L�E�M�� �K�
�D �T�R�E�E�S �A�R�E �A�P�P�R�O�P�R�I�A�T�E �O�N�L�Y �W�H�E�N �T�H�E�R�E �A�R�E �M�A�N�Y �M�O�R�E �E�X�A�M�P�L�E�S
�T�H�A�N �D�I�M�E�N�S�I�O�N�S�� �P�R�E�F�E�R�A�B�L�Y �A�T �L�E�A�S�T2n �E�X�A�M�P�L�E�S�� �4�H�U�S�� �K�
�D �T�R�E�E�S �W�O�R�K �W�E�L�L �W�I�T�H �U�P �T�O ����
�D�I�M�E�N�S�I�O�N�S �W�I�T�H �T�H�O�U�S�A�N�D�S �O�F �E�X�A�M�P�L�E�S �O�R �U�P �T�O ���� �D�I�M�E�N�S�I�O�N�S �W�I�T�H �M�I�L�L�I�O�N�S�O�F �E�X�A�M�P�L�E�S�� �)�F
�W�E �D�O�N���T �H�A�V�E �E�N�O�U�G�H �E�X�A�M�P�L�E�S�� �L�O�O�K�U�P �I�S �N�O �F�A�S�T�E�R �T�H�A�N �A �L�I�N�E�A�R �S�C�A�N �O�F �T�H�E �E�N�T�I�R�E �D�A�T�A �S�E�T��

������������ �/�R�F�D�O�L�W�\���V�H�Q�V�L�W�L�Y�H �K�D�V�K�L�Q�J

�(�A�S�H �T�A�B�L�E�S �H�A�V�E �T�H�E �P�O�T�E�N�T�I�A�L �T�O �P�R�O�V�I�D�E �E�V�E�N �F�A�S�T�E�R �L�O�O�K�U�P �T�H�A�N �B�I�N�A�R�Y �T�R�E�E�S�� �"�U�T �H�O�W �C�A�N
�W�E �l�N�D �N�E�A�R�E�S�T �N�E�I�G�H�B�O�R�S �U�S�I�N�G �A �H�A�S�H �T�A�B�L�E�� �W�H�E�N �H�A�S�H �C�O�D�E�S �R�E�L�Y �O�N �A�N�H�[�D�F�W�M�A�T�C�H�� �(�A�S�H
�C�O�D�E�S �R�A�N�D�O�M�L�Y �D�I�S�T�R�I�B�U�T�E �V�A�L�U�E�S �A�M�O�N�G �T�H�E �B�I�N�S�� �B�U�T �W�E �W�A�N�T �T�O �H�A�V�E �N�E�A�R �P�O�I�N�T�S �G�R�O�U�P�E�D
�T�O�G�E�T�H�E�R �I�N �T�H�E �S�A�M�E �B�I�N�� �W�E �W�A�N�T �A�O�R�F�D�O�L�W�\���V�H�Q�V�L�W�L�Y�H �K�D�V�K���,�3�(�	��LOCALITY-SENSITIVE

HASH



�3�E�C�T�I�O�N ���������� �.�O�N�P�A�R�A�M�E�T�R�I�C �-�O�D�E�L�S ������

�7�E �C�A�N���T �U�S�E �H�A�S�H�E�S �T�O �S�O�L�V�ENN (k, �[q) �E�X�A�C�T�L�Y�� �B�U�T �W�I�T�H �A �C�L�E�V�E�R �U�S�E �O�F �R�A�N�D�O�M�I�Z�E�D
�A�L�G�O�R�I�T�H�M�S�� �W�E �C�A�N �l�N�D �A�N�D�S�S�U�R�[�L�P�D�W�H�S�O�L�U�T�I�O�N�� �&�I�R�S�T �W�E �D�E�l�N�E �T�H�E�D�S�S�U�R�[�L�P�D�W�H �Q�H�D�U��
�Q�H�L�J�K�E�R�U�V�P�R�O�B�L�E�M�� �G�I�V�E�N �A �D�A�T�A �S�E�T �O�F �E�X�A�M�P�L�E �P�O�I�N�T�S �A�N�D �A �Q�U�E�R�Y �P�O�I�N�T�[q�� �l�N�D�� �W�I�T�H �H�I�G�HAPPROXIMATE

NEAR-NEIGHBORS

�P�R�O�B�A�B�I�L�I�T�Y�� �A�N �E�X�A�M�P�L�E �P�O�I�N�T ���O�R �P�O�I�N�T�S�	 �T�H�A�T �I�S �N�E�A�R�[q�� �4�O �B�E �M�O�R�E �P�R�E�C�I�S�E�� �W�E �R�E�Q�U�I�R�E �T�H�A�T
�I�F �T�H�E�R�E �I�S �A �P�O�I�N�T�[j �T�H�A�T �I�S �W�I�T�H�I�N �A �R�A�D�I�U�Sr �O�F�[q�� �T�H�E�N �W�I�T�H �H�I�G�H �P�R�O�B�A�B�I�L�I�T�Y �T�H�E �A�L�G�O�R�I�T�H�M
�W�I�L�L �l�N�D �A �P�O�I�N�T�[j � �T�H�A�T �I�S �W�I�T�H�I�N �D�I�S�T�A�N�C�Ec r �O�Fq�� �)�F �T�H�E�R�E �I�S �N�O �P�O�I�N�T �W�I�T�H�I�N �R�A�D�I�U�Sr �T�H�E�N �T�H�E
�A�L�G�O�R�I�T�H�M �I�S �A�L�L�O�W�E�D �T�O �R�E�P�O�R�T �F�A�I�L�U�R�E�� �4�H�E �V�A�L�U�E�S �O�Fc �A�N�D �h�H�I�G�H �P�R�O�B�A�B�I�L�I�T�Y�v �A�R�E �P�A�R�A�M�E�T�E�R�S
�O�F �T�H�E �A�L�G�O�R�I�T�H�M��

�4�O �S�O�L�V�E �A�P�P�R�O�X�I�M�A�T�E �N�E�A�R �N�E�I�G�H�B�O�R�S�� �W�E �W�I�L�L �N�E�E�D �A �H�A�S�H �F�U�N�C�T�I�O�Ng(�[) �T�H�A�T �H�A�S �T�H�E
�P�R�O�P�E�R�T�Y �T�H�A�T�� �F�O�R �A�N�Y �T�W�O �P�O�I�N�T�S�[j �A�N�D�[j � �� �T�H�E �P�R�O�B�A�B�I�L�I�T�Y �T�H�A�T �T�H�E�Y �H�A�V�E �T�H�E �S�A�M�E �H�A�S�H �C�O�D�E
�I�S �S�M�A�L�L �I�F �T�H�E�I�R �D�I�S�T�A�N�C�E �I�S �M�O�R�E �T�H�A�Nc r�� �A�N�D �I�S �H�I�G�H �I�F �T�H�E�I�R �D�I�S�T�A�N�C�E �I�S �L�E�S�S �T�H�A�Nr � � � &� O� R
�S�I�M�P�L�I�C�I�T�Y �W�E �W�I�L�L �T�R�E�A�T �E�A�C�H �P�O�I�N�T �A�S �A �B�I�T �S�T�R�I�N�G�� ���!�N�Y �F�E�A�T�U�R�E�S �T�H�A�T �A�R�E �N�O�T �"�O�O�L�E�A�N �C�A�N �B�E
�E�N�C�O�D�E�D �I�N�T�O �A �S�E�T �O�F �"�O�O�L�E�A�N �F�E�A�T�U�R�E�S���	

�4�H�E �I�N�T�U�I�T�I�O�N �W�E �R�E�L�Y �O�N �I�S �T�H�A�T �I�F �T�W�O �P�O�I�N�T�S �A�R�E �C�L�O�S�E �T�O�G�E�T�H�E�R �I�N �A�Nn�
�D�I�M�E�N�S�I�O�N�A�L
�S�P�A�C�E�� �T�H�E�N �T�H�E�Y �W�I�L�L �N�E�C�E�S�S�A�R�I�L�Y �B�E �C�L�O�S�E �W�H�E�N �P�R�O�J�E�C�T�E�D �D�O�W�N �O�N�T�O �A �O�N�E�
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